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Abstract

This thesis is concerned with the construction and development of new families of distribu-
tions including the Topp-Leone type II exponentiated half logistic-G family of distributions, the
Topp-Leone exponentiated half logistic generalized-G family of distributions, the Topp-Leone-
Gompertz-G power series class of distributions, the Marshall-Olkin-Topp-Leone-Gompertz-G
family of distributions and the gamma odd power generalized Weibull-G family of distributions.
Some mathematical and statistical properties of the new families of distributions are explored.
The statistical properties studied include the expansion of the density function, hazard rate
function and quantile function, moments, probability weighted moments, stochastic ordering,
distribution of the order statistics and Rényi entropy. The maximum likelihood technique is
employed in the estimation of model parameters and Monte Carlo simulations are conducted
to examine the consistency of the estimates considering average bias and root mean square er-
rors. Applications using data sets from various disciplines are presented to demonstrate the

importance and the applicability of these new families of distributions.
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1. Introduction and Literature Review

In this chapter, we present a statistical literature review on both previously known and recently
constructed distributions. Different types of generators in the literature are also discussed.

Lastly, we outline the objectives as well as motivations and justifications for this study.

1.1 Introduction

The development of generalized families of distributions for modelling data in many areas such
as economics, biology, insurance, finance and engineering to mention a few is of tremendous
practical importance (Lee et al. (2013), Nassar et al. (2018)). This has motivated researchers
to study and develop methods of generating new families of distributions from well known

distributions in order to get greater flexibility when modelling data in practice.

The development of new lifetime distributions and the generation of new generalized families
and classes of distributions in general are of tremendous practical importance in probability and
statistics. As implied by the title of this dissertation, the understanding and advancement of
lifetime distributions form the center of our investigation. A lifetime distribution provides a
way to describe and analyze the time-to-event data. Common examples include the time until a
machine fails, the time until a customer makes a purchase, or the time until a person experiences
a certain event. These distributions are necessary for understanding the reliability and survival
characteristics of systems, products, or processes, and can be applied in various fields, including

engineering, finance, biology, and epidemiology.

Recently, scholars have been extending classical and well known distributions in analysing data
by using important generators in the literature. Some of those methods of generating new fam-
ilies of distributions include the gamma-G family of distributions by Zografos and Balakrishnan
(2009), the Transformed-Transformer method of generating continuous distributions by Alzaa-
treh et al. (2013), Marshall-Olkin-G family of distributions by Marshall and Olkin (1997), the
Topp-Leone generated family of distributions by Al-Shomrani et al. (2016), the TITEHL-G fam-
ily of distributions by Al-Mofleh et al. (2020), the type I half-logistic family of distributions by
Cordeiro et al. (2016), and the Exp-G class of distributions by Cordeiro et al. (2013), among oth-
ers. Other useful examples of generators in the literature include the Kumaraswamy-G family of
distributions by Cordeiro and de Castro (2011), the beta Odd Lindley-G family of distributions
(Chipepa et al. (2019)) and the EHL-G distribution by Cordeiro et al. (2014).

The TL distribution was studied by Nadarajah and Kotz (2003) as a simple bounded J-shaped
distribution. The distribution can model failure times data since it has hazard rate function
which exhibit bathtub shapes. There are several distributions that has been developed using
the Topp-Leone generator, some of those useful distributions are: the odd Weibull inverse Topp-
Leone distribution by Almetwally (2022), the Topp-Leone Burr-XII distribution by Reyad and
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Othman (2017), the Weibull Topp-Leone generated amily by Karamikabir et al. (2020), the
Topp-Leone Marshall-Olkin-G family of distributions by Chipepa et al. (2020), Topp-Leone
Gompertz distribution by Nzei et al. (2020), Type II exponentiated half logistic Topp-Leone
Marshall-Olkin-G family of distributions by Moakofi et al. (2021a) and the generalized Topp-
Leone-G power series class of distributions by Warahena Liyanage et al. (2023). Oluyede et al.
(2022) developed Topp-Leone Gompertz-G distributions based on the works by Al-Shomrani
et al. (2016) and Alizadeh et al. (2017).

The importance of generalizing distributions is that they provide better fits than the existing
ones in modeling real-life data. Some examples of generalized distributions via the Marshall-
Olkin generator (Marshall and Olkin (1997)), include the Marshall-Olkin-Gompertz-G fam-
ily of distributions by Chipepa and Oluyede (2021), the Marshall-Olkin extended generalized
Gompertz distribution by Lazhar (2017), the Marshall-Olkin Lindley-log-logistic distribution
by Moakofi et al. (2021b), the Marshall-Olkin odd exponential half logistic-G family of distri-
butions by Oluyede and Chipepa (2021), the Marshall-Olkin-odd power generalized Weibull-G
family of distributions by Chipepa et al. (2022), type II exponentiated half logistic-Topp-Leone-
Marshall-Olkin-G distributions by Moakofi et al. (2021a) and the type II exponentiated half
logistic-Marshall-Olkin-G family of distributions by Oluyede and Gabanakgosi (2023).

Several recent studies include the work by Oluyede et al. (2018), where they developed the
gamma-Weibull-G family of distributions via the gamma-G transformation (Zografos and Bal-
akrishnan (2009)), the generalized modified Weibull distributions using the same generator
by Oluyede et al. (2015), Ristic-Balakhrishnan-Marshall Olkin-G distributions by Peter et al.
(2022), the generalized odd Weibull-G family of distributions by Korkmaz et al. (2018) and a
new Weibull-G family by Tahir et al. (2016).

Korkmaz et al. (2018) proposed a wider class of continuous distributions called the general-
ized odd Weibull-G by using the T-X family (Alzaatreh et al. (2013)) method of generating
distributions. Some distributions that utilized this method of generating distributions are, the
exponentiated T-X family by Alzaghal et al. (2013), odd power generalized Weibull-G family by
Oluyede et al. (2021b), type II exponentiated half logistic-G family by Al-Mofleh et al. (2020)
and TIHL family (Cordeiro et al. (2016)), just to name a few.

The power series class of distributions are of substantial importance in the areas of finance, reli-
ability and actuarial sciences. Some of the generalizations that involve power series distributions
include the Burr XII power series distribution by Silva and Cordeiro (2015), the generalized ex-
ponential power series distribution (Mahmoudi and Jafari (2012)), a compound class of Weibull
and power series distributions by Morais and Barreto-Souza (2011), Lindley-Burr XII power
series distribution by Makubate et al. (2021), generalized linear failure rate power series distri-
bution by Shams and Alamatsaz (2016), odd Weibull-Topp-Leone-G power series distribution by
Oluyede et al. (2021a) and Gompertz-power series distribution by Jafari and Tahmasebi (2016)
and the Topp Leone-G power series class of distributions by (Chipepa et al. (2021)). In the
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context of survival analysis, modeling lifetime data has become popular. Studies in survival
analysis involve examining the lifetimes of both biological and mechanical systems. To model
these types of data, several distributions have been introduced in recent years. Examples of
those distrbutions are: the exponential geometric distribution by Adamidis and Loukas (1998),
the exponential Poisson distribution by Kus (2007), the exponential logarithmic distribution by
Tahmasbi and Rezaei (2008), Weibull geometric by Barreto-Souza et al. (2011), and Weibull
poisson by Lu and Shi (2012), the beta exponential power series distribution by Khojastehbakht
et al. (2023), to name a few.

Weibull distribution has many limitations when it comes to applications in real data since it
only has monotonically increasing, monotonically decreasing and constant hazard rate function,
and this has drawn scholars’ attention to develop more generalized Weibull distributions that
can give the desired results in applications. A few Weibull distribution generalizations in the
literature, are two, three, four and five parameter distributions. The two parameter Weibull-
extensions include models by Bebbington et al. (2007) and Zhang and Xie (2011). The three
parameter Weibull extensions include models by Marshall and Olkin (1997), Xie et al. (2002)
and Nadarajah and Kotz (2005). Some of the four parameter generalizations include the additive
Weibull distribution by Xie and Lai (1996), modified Weibull distribution by Sarhan and Zaindin
(2009) and the beta-Weibull distribution which was proposed by Famoye et al. (2005). The
five parameter modified Weibull distributions include those introduced by Phani (1987), beta
modified Weibull distribution by Silva et al. (2010) and Nadarajah et al. (2011) among others.
Bagdonavicius and Nikulin (2001) developed an extension of the Weibull distribution called
the power generalized Weibull distribution which was later studied by Nikulin and Haghighi
(2009). Cordeiro et al. (2015) also studied a new generalized Weibull family of distributions.
Other examples of the Weibull generalizations include a three-parameter generalized inverse
Weibull distribution with decreasing and unimodal failure rate by Gusmédo et al. (2011) and the
exponentiated generalized inverse Weibull distribution by Elbatal and Muhammed (2014).

1.2 Some Generators in the Literature

In this section, we explain some of the key generators used in this thesis considering G(z;()
as the baseline continuous distribution, with the survival function G(z;¢) = 1 — G(z;¢) and

density function g(x; (), where ( is the baseline parameter vector.

1.2.1 Type I Exponentiated Half Logistic Generator

The TIEHL-G distribution was developed by Cordeiro et al. (2014) using the gamma gener-
ator (Zografos and Balakrishnan (2009)), with the cumulative distribution function (cdf) and
probability density function (pdf) given by
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—log[1-G(z;¢)] 204/\6_>‘t(1 o e—)\t)a—l
F : = 1-
TIEHL-G (JC, «, )‘7 C) /0 (1 + e—)\t)a—i-l dt
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TIEHL-G ) [ )] [1 + [1 . G(SE;C)])‘] +1

. ) _ 1-[1-G(=Q]
respectively, for a, A\ > 0 and parameter vector (, where Kg(z; A, () = TGO and a > 0

and A > 0 are shape parameters.

1.2.2 Type II Exponentiated Half Logistic Generator

Based on the gamma generator (Risti¢ and Balakrishnan (2012)), Al-Mofleh et al. (2020) devel-
oped TITEHL-G because if offers increased flexibility in accommodating various types of data,
and it has special models that can generate densities with left-skewed, right-skewed, symmetrical,
and reversed-J shaped patterns. The TIIEHL-G distribution is given by the cdf

—log G(z¢) 2a>\e—)\t(1 + e—)\t)a—l
TITEHL-G (x’ a, A, C) /0 (1 + e—)\t)a+1

S la [Ké(l‘;)\,C)]a, (13>

for a, A > 0, where G(z; () is the baseline cdf with parameter vector (. The pdf of the TITEHL-G

family of distribution is given by

— (G O

T
x; C)]A] att

Fritean_e (730, A, ) = 2arg(z; ¢)[G (x; C)]Ail

1
. (1.4)

[1+ (G

where a > 0, A > 0 are shape parameters, G(z; () is the baseline cdf with parameter vector ¢,

_ x; A
and Kg(l'a)HC) = %

1.2.3 Topp-Leone Generator

Topp-Leone distribution was first introduced by Topp and Leone (1955), known to exhibit
bathtub-shaped hazard rate functions. Based on the Topp-Leone distribution by Nadarajah and
Kotz (2003), Al-Shomrani et al. (2016) proposed the Topp-Leone family of distributions with
the cdf and pdf given by
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Fry o(x:5,0) = [1 - G (0, (1.5)

and

Froo(@30,0) = 2b[1 — G (25 Q)] Cl; O g (x5 ), (1.6)

respectively, for b > 0, where G(z;¢) = 1 — G(x; () with baseline parameter vector (.
The type II Topp-Leone-G family was studied by Elgarhy et al. (2018). The cdf

FTIITL—G(x; b,()=1- [1 — G(x; C)Q]ba (1.7)

and the corresponding pdf is given as

Frimn—e(@:0,¢) = 2b[1 — G(2;¢)*]" ' G(x; ¢)g(; ), (1.8)

with b > 0 as the shape parameter and G(x;() is the cdf of the baseline distribution which
depend on parameter vector (.
1.2.4 Transformed-Transformer (T-X) Generator

Let u(t) be the pdf of a random variable T' € [a,b] and W[G(z)] be a function of the cdf of a

random variable X, where W[G(x)] satisfies the conditions:

()W[G(z)] € [a,b]
(19)W[G(x)] is differentiable and monotonically non-decreasing, and
(z31) lim WI[G(z)]—a, and lim W[G(z)]—b,

T——00 T—>00

then, Alzaatreh et al. (2013) defined the cdf and pdf of the T-X family of distributions by

and

@) = { ZWIGE] b u WG (1.10)

respectively.

1.2.5 Compounding Method

In the compounding approach of generating new distributions, a continuous and a discrete dis-

tribution are merged. A discrete case is expressed as a power series. Power series family of dis-
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tributions are binomial, geometric, Poisson and logarithmic distributions (Johnson et al. (1994)).

Let us consider the order statistic X, as the k" smallest value when the sample observations are
arranged in ascending order such that X1, X, ..., X are iid random variables with cdf G(z;¢),
where £ is a parameter vector. Suppose N is a discrete random variable following a power series

distribution and assumed to be truncated at zero, with the pmf given by

n=12,..., (1.11)

where C'(0) = Y77, a,0" is finite, # > 0 and {ay}n>1 a sequence of positive real numbers and
let X (1) = min(X1, Xz, ..., Xn), then the cdf of X(1)|N = n is given by

Fx|v=n(2) =1 = (G(2:€))", where G(x;¢) =1—G(;€). (1.12)
The marginal cdf and pdf of Xy are

C(0S(=))
C(0)

and  fxy (z) = 2 <$)gl((:)5 @), (1.13)

Fx, (z) =1-

respectively, where S(z) = S(z;€) = 1 — G(x;&) is the survival function. Similarly, the cdf of
X(n):maa:(Xl, XQ, ceey XN) is

Fx,,(2) = (W (1.14)

1.2.6 Marshall-Olkin Generator

The Marshall-Olkin generator (Marshall and Olkin (1997)) is given by the cdf and pdf

. __0G@6)
FMO—G(m)57 5) 1 _ 5G(x7§)’ (115)
and
. 6g(; )
fMo,G(:L’,& f) m, (1.16)

respectively, where § is the tilt parameter, § = 1—¢6 and G(z; €) is the baseline cdf which depends

on the parameter vector &.
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1.2.7 Gamma Transformations

For a continuous baseline cdf G(x;1)), Zografos and Balakrishnan (2009) developed a gamma-

generator with the cdf and pdf

—l0g@@v) | _, BV oa (T
F(x;6,8,¢) = F(<51)55/o p-1c7 g — 105 I}(?)(G( W) (1.17)
and
F@:8.5.) = w3575 1 Toa(@las v~ (1= Glasi) g(wiv), (1.15)

respectively, for § > 0, (3 = 1) and parameter vector v, where G(x;¢) = 1 — G(x;),
I'(0) = J;° t°"le~!dt is the gamma function, and y(z,8) = [, t°'e~'dt is the incomplete gamma
function. Similarly, Risti¢ and Balakrishnan (2012) presented an alternative gamma-generator
with the cdf and pdf as

—log(G(z:9)) _t
F(x;0,B8,¢)=1— I“((Sl)ﬁfs/ ; 9" 1eT dt, (1.19)
0
and
F(@:8,8.0) = g5 0a(Glav))I Gl ) Hglaiv), (1.20)
respectively.

1.3 Objectives

Main Objective

The central purpose of this work is to propose new generalized families of continuous distributions
by extending well known distributions through the use of a combination of several generators in

the literature.

1.3.1 Specific Objectives

1. To propose new generalized families of continuous distributions by using the following

generators, and a combination of these generators:

e Type II Exponentiated Half Logistic Generator
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Topp-Leone Generator

Compounding Method

Marshall-Olkin Generator

Gamma Transformations

e T-X Generator

2. To derive some mathematical and statistical properties of the new generalized families of

distributions.

3. To assess and evaluate the consistency and effectiveness of the maximum likelihood esti-

mates by performing various simulations.

4. To show the usefulness and the flexibility of the proposed families of distributions through

applications to real data sets.

1.3.2 Motivations and Justifications of the Study

Classical distributions have been useful in many statistical applications, they frequently have
limits when dealing with complex and diverse datasets. These limitations include inflexibility
in capturing various shapes and tail behaviors, failure to model data with heavy tails or skewed
distributions. These limits can result in an inadequate representation of the underlying data

generating process and inaccurate statistical inference.

To address these challenges we propose new generalized families of distributions with the hope
that they will give greater flexibility when fitted to real-life data such as economic data, environ-
mental data, medical data, to mention a few. The new families of distributions have hazard rate
functions that are upside-down bathtub, decreasing, increasing, upside-down bathtub followed
by bathtub shapes as well as the bathtub shaped and thus, these families of distributions can

be important in reliability analysis, and several other areas.

Moreover, we were also motivated by the fact that those newly proposed distributions fit real-
world data more accurately than several other generalized distributions with the same number
of parameters because their hazard rate functions display monotone and non-monotone shapes.
Also, the underlying motivations for developing this new generalized distribution is to achieve
skewness for models which are symmetric, to develop special models which exhibit different

levels of skewness and kurtosis.

1.3.3 An Overview of the Thesis

The content of this thesis is organized as follows: In Chapter 2, we present the Topp-Leone
type II exponentiated half logistic-G family of distributions. Chapter 3 contains the Topp-
Leone exponentiated half logistic generalized-G family of distributions, and in Chapter 4, we
study the Topp-Leone-Gompertz-G power series class of distributions. In Chapter 5, we present

the Marshall-Olkin-Topp-Leone-Gompertz-G family of distributions and Chapter 6 contains the
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Gamma odd power generalized Weibull-G family of distributions. Lastly in Chapter 7, we give

conclusions and areas of future research.

1.3.4 Chapter Summary

The first chapter of this thesis is briefly summarized in this subsection. Statistical literature
review on both previously known and recently constructed distributions are provided in this
chapter. Different types of generators in the literature were also discussed in this chapter.

Lastly, we give objectives as well as motivations and justifications for this study.



2. The Topp-Leone Type II Exponentiated
Half Logistic-G Family of Distributions

In this chapter we extend the work of Al-Mofleh et al. (2020) and Al-Shomrani et al. (2016) by

proposing new family of continuous distributions.

2.1 Introduction

The Topp-Leone generator and TITEHL generator are very useful generators in the literature
of statistical distributions. A combination of these two generators was considered to produce
a new generalized distribution. We introduce a new family of distributions referred to as the
Topp-Leone type IT exponentiated half logistic-G distribution. We also present sub-families and
some of the special cases of the new family of distributions. Some statistical properties of the
new family of distributions are explored. The statistical properties studied include the expansion
of the density function, hazard and quantile functions, moments, moment generating functions,
probability weighted moments, stochastic ordering, distribution of order statistics and Rényi
entropy. Model parameters are estimated using the maximum likelihood technique followed by
Monte Carlo simulations. Lastly, the importance of the new family of distributions is examined

by means of applications to real data set.

2.2 The Model

In this section, we consider the Topp-Leone family of distributions (Al-Shomrani et al. (2016))
with the cdf and pdf given by equations (1.5) and (1.6). To obtain the new model, we insert the
TIIEHL-G family of distributions, equation (1.3) into the Topp-Leone family of distributions
given by equation (1.5), that is, equations (1.3) and (1.5) are combined to give a new family of
distributions named Topp-Leone type II exponentiated half logistic-G distribution, which has
the cdf and pdf

a b
Fo vipni-c(@7,a,0,0) = [1 - ([M] )2] = [1 — ([Ka(z;7, C)]a)Q b(,2.1)
and

fTLfTIIEHLfG (z;7,a,b,() = daby [1 - ([KG(J}; s C)]a)Q] o
(1= [Ga; Q) HG(z; Q)P g5 €)
(1 +[G(z; Q)])att
([K(;(Z‘;fj/, C)]a) ’ (22)

X

10
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respectively, for a,b,y > 0 and parameter vector ¢, where Kg(z;7,() = % The hrf is

given by

a2 b-1
hTL—TUEHL_G(x;%a: b, C) = daby {1 - ([KG(:K;%C)] ) ]

(1 =[G Q)G (@ O g(@: ()
1+ [G(z; Q)
X [Ka(;v, Q)"

< (1-[1- et o) (23

for x,a,b,v > 0 and baseline vector (.

Note that G(z;(¢) is the baseline survival function and it is a fundamental tool in reliability
analysis, survival analysis, and related fields, whereas Kg(x;7,() is part of the type II ex-
ponentiated half logistic-G distribution which was developed using the standard half logistic
distribution. The range of = in this new family of distribution is from 0 to + oo and v is a

shape parameter which is greater than zero.

2.2.1 Sub-Families of the TL-TIIEHL-G Distribution
e When b =1, we obtain a distribution with the cdf
F(z;7,a,¢) =1 - [Ka(z; 7,01,

for «v,a > 0 and parameter vector (.

e If we let a = 1, we obtain the TL-TITHL-G family of distributions with the cdf

b
Flzi7,,0) = [1-(Ka(@v.Q)]

for «v,b > 0 and parameter vector (.

e By letting a = b = 1, we get a family of distributions with the cdf

F(z;7,¢) =1~ (Kg(2:7.0))%,

for v > 0 and parameter vector (.

e When a =b =+ =1, we get a new family of distributions having the cdf

G(x;¢) ))27

P =1~ (1 Gl

for parameter vector (.

11



Chapter 2. The Topp-Leone Type II Exponentiated Half Logistic-G Family of Distributions

2.3 Some Statistical Properties

In this section, we present some of the statistical properties of the TL-TIIEHL-G family of
distributions. The properties include, expansion of the density, quantile function, moments,
generating function, probability weighted moments, stochastic ordering, distribution of order

statistics and Rényi entropy.

2.3.1 Linear Representation of Density Function

In this subsection, we express the density function of the TL-TITEHL-G family of distributions as

a linear representation of exponentiated-G (Exp-G) densities by using the following expansions

(1+ 2)~+D Z 1)'+‘7)zj, for |z] <1, and
]:0 )]‘
(b
1—2)0= —1)%2%, f 1.
(1-2) Z(S)< e for 2] <

~ (IKotmn o] =30 (*7 )0 (et o

we can write equation (2.2) as

f(l';’)/,a,b, C) = 401)’72( 1> KG z;7, C)]a)2i+1
X Kooy O (Gl P g 0)
-1 2i4+2)—1
= 4abfyz < > U [Ka(z; 7, C)]a( i+2)
x |Gz C)P tg(x;¢)

- 4am; (b 1) 73 Q) |o@+D-1

9(z;: QG (z; O
1+ [G(a; O ”2)“

Considering the generalized binomial expansions

1~ [G(a; )o@+ Z(“(2”.”‘1)<—1>J‘[G<x;<w,

=0 J

12



Chapter 2. The Topp-Leone Type II Exponentiated Half Logistic-G Family of Distributions

and
1+ [G(as ]2+ ; D G ot
we get

. B N (b—1) (a(2i+2) -1 e (@20 +2) + 1+ k)
f@iy,a.b,0) = 4“67”;_0( i )( j >(_1) o T(a(2i + 2) + 1)k!

X [G(z; QU gz 0).

Furthermore, noting that
t GHhtD-1 _ N YO +HE+1) =1\ =
Gl QP07 = [ =GPt =S (VT G g

and

(e u:f} v (e or,

p=

the pdf of the TL-TIIEHL-G family of distributions can be written as

flx;v,a,0,0) = 4daby Z (b B 1) <a(2i +.2) s 1) (_1)i+j+k+l+pr(a(2i +2)+1+4k)

4,k p=0 J

(U () (25 oo

= > tprihpi(a:0),

p=0

X

where

= (b—1\(a(2i+2)—1 _pyititkbipD(02i +2) + 14 F)
Co e

ty1 = dab
Pl “ ’Yij%:_o i j T(a(2i +2) + 1)kl

()G

X

T(a(2i +2) + 1)k!

(2.4)

(2.5)

and hy(z;¢) = (p+ 1)[G(2;¢)Pg(z; ¢) is the Exp-G density (Gupta et al. (1998)) with power
parameter (p+ 1) and parameter vector (. It follows from the results that statistical properties
of the TL-TIIEHL-G family of distributions can be directly obtained from those of the Exp-G
distribution. The exponentiated-G distribution in this paper refers to the exponentiated type
distribution first defined by Gupta et al. (1998), which was further generalized by Cordeiro et al.
(2013), as opposed to the distribution defined by Barreto-Souza and Simas (2013). It is worth

13



Chapter 2. The Topp-Leone Type II Exponentiated Half Logistic-G Family of Distributions

noting that a slightly different generalized family of distributions in the literature is also called
Exp-G distribution (see Barreto-Souza and Simas (2013) for additional details).

2.3.2 Quantile Function

The quantile function of the TL-TIIEHL-G family of distributions can be obtained by inverting

the non-linear equation

Fleiy,a6,0) = [1 - (Ka(ey, O] =u, for 0<us<1,

This can be written as

)7 = [Ka(w;v,0))°,

=

(1—-u

which simplifies to
1.1.1
Ka(z;7,¢) = [(1 —uv)z]a.

Therefore, the quantile function of the TL-TITEHL-G family of distributions is

>7 . (2.6)

In this subsection, we present the moments and generating function of the TL-TIIEHL-G dis-

1—[(
1+ [(

)2]
)?]

o= o=
Q| e~

Qc(u;v,a,b,¢) =G 1 (

1—u
1—u
2.3.3 Moments and Generating Function

tribution. The s* moment is obtained as

o [ee]
B(X') = / 5 frn v o (@700, Ode = 3t BV ), (2.7)
N 2

S

where E(Y,,,) is the s moment of Y,;; which follows the Exp-G distribution with power
parameter (p+ 1) and ¢,41 is defined in equation (2.5). The moment generating function (mgf)

is given by

Mx(h) = E (ehx> = itm-lE <€hy”“> ;

p=0

where F (ehYP“) is the mgf of the Exp-G density with power parameter (p + 1) and ¢, is
defined in equation (2.5).

14
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2.3.4 Probability Weighted Moments

The PWMs of the TL-TITEHL-G family of distributions are derived as follows. Note that,

Ny = E(XYF(X)]) = / P f (2)dz.

—0oQ

From equation (2.1) and equation (2.2), we can write

b—1

J@IF@)]" = daby |1~ (Ko(z7,O1")’]
X ([Kalws, Q1) [Ka(ws, )
< 6600 gtai6) ([1 - (ot 1Y) b)

= a3 (" DT 0y ot e
1=0
x (G O (s Q).

Considering the generalized binomial expansions

11— [Glas O]+~ —Z<“(2”.2>‘1)<—1>J‘[G<x; ),

j=0 J
and
14 (G(z;0)]™ a(2i+2)+1) _ Z 222j__|2’)2) +)z‘+ k)[ G(x; C)]’Yk
k=0 ;
we get
r = (b(r+1) =1\ [a(2i+2) -1 ik
f@)[F(x)]” = 4ab ' . (= 1)+
7z‘,j,g_o < t > < J )

T(a(2i+2) +1+k)

T(a(i 1 9) £ Dkl [0 QU g (25 ¢).

Furthermore, with the generalized binomial expressions

(Gl QPO = (1~ G QP = 3 (11 (”’““)‘1>[G<£;<>V
(=0
and

1 G0 = 3 (-1 (;) Glas QP

p=0

15
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we obtain

FoEEr = awy 3o (DT (DT

i J
Fai+2)+1+k) (vG+k+1) =1\ /1\(p+1)

* T(a(2i +2) + DA < l )()

X [G(x; Q)P g(x;C)

= ZVthpH(m?C)-

p=0

7:7j7k7l7p:0

Consequently, the PWMs of the TL-TIIEHL-G family of distributions is given by

ho =Y Vorr [ "y (wiQ)da, (2.8)
p=0 >
where hpi1(x;¢) = (p+1)[G(x; ()|Pg(x; () is the Exp-G density with the power parameter (p+1)

and parameter vector ¢, and

Vor1 = 4abyivj§l:_o (b(r +i1) = 1) <a(2i +j2) - 1> (—1)i+i+htlp
[(a(2i+2)+1+k) <7(j +k+1)— 1) (z)

* T(ai+2)+ Dkl(p+ 1) l p)

2.3.5 Stochastic Ordering

In this subsection, we present stochastic orders for the TL-TIIEHL-G family of distributions.
Let T and Q be random variables with the cumulative distribution functions Fr(r) and Fg(r),
respectively, and F'p(r) = 1 — Fp(r) the survival function. Then T is stochastically smaller
that Q if Fr(r) < Fg(r) for all r or Fr(r) > Fg(r) for all r, denoted by T' <s; @. Hazard
rate order and likelihood ratio order are given by T <p, @ if hp(r) > hg(r) for all r and
T < Q if % is decreasing in r, (Shaked and Shanthikumar (2007)). It is well known that
T <, Q=T <p @ =T <5 Q. In probability theory, a sequence of random variables or
probability distributions is said to be stochastically ordered if larger values in one sequence are

more likely to occur than in another sequence.

Theorem 1. Let X1 ~TL—-TIIEHL—G(v,a,b1,¢) and Xo ~TL—-TIIEHL—G(v,a,bs,(),
respectively. If by < by, then X1 and Xa are stochastically ordered.

Proof: The pdfs of X; and X5 are:

filzy,a,b1,¢) = dabiy |1 — ([Ka(w;v,C)]%)?

< (Koleir O |
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and

folwsya,b2,¢) = dabyy [1 = ([Ka(aiy, O")?]

respectively. Note that the ratio of the pdfs is

bi—b
fl(x;’y:aabhg) :ﬁ 1— <|:1_[G(xvg)]’y:|a>2 s (29)
fo(z;7,a,02,() Do 1+ [G(x; Q)] ’ .

and upon differentiating equation (2.9), we obtain

d (fi(z;v,a,01,0)\ by ' gl bi—bal
i (Gonane) = o= [1- (o oY)
o [1 = [Gla; )
x ([Ka(z;7,Q)] ){1+ LEIEH”}“H
x (GO g(:0). (2.10)

Clearly, equation (2.10) is < 0 if by < by. Therefore, X1 <j X2, X7 <pr X2 and X; <4 X2, and

the random variables X; and X5 are stochastically ordered.

2.3.6 Distribution of Order Statistics

Order Statistics play an important role in several areas of probability and statistics, including
reliability, survival analysis, and selection of experiments. Order statistics provide valuable in-
sights into extreme events, helping professionals across various fields to make informed decisions
and design systems that can withstand rare but impactful occurrences. In today’s world, where
complex systems and uncertainties are inherent, the application of order statistics contributes

to strong decision making and risk management.

Theorem 2. Let X1, Xo,..., X,, be iid random variables from the TL-TIIEHL-G family of dis-

tributions and X1., < Xo.pn <, ..., < Xy the corresponding order statistics.

The pdf of the i** order statistic can be written as

(i —q‘fn_z | ni (n—@> ()™ L,

m=0

fi:n (:B) =

Proof: Now, from equations (2.1) and (2.2), we have
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F@F@)™ = daby |1 - (Ko7, O1")?

o eypey L= (G 0P
([KG(Z'777 C)] ) [1 + [G(IL’, C):Iry:la+1

[G(z; )] g(;0).

X

X

Applying the generalized binomial expansions and following the steps used in the expansion of

the density, we obtain

F@FP@™ T = daby <b<m+.z')—1> (a(2i+'2)—1> A

1
0.4, klp=0 J

F(a(2i+2)+1+k) <7(j+k+1)—1) (l) (p+1)
I'(a(2i+2) 4+ 1)k! l p) (p+1)

(G (25 0)]Pg(; )
= > wprihpa(x;Q),
p=0

where hpi1(x;¢) = (p+ 1)[G(z; ()]Pg(x; ¢) is the Exp-G density with power parameter (p + 1)

and parameter vector ¢, and

N (b(m+i) =1\ [a(2i+2) 1
i,7,k,1=0

I'(a(2i4+2)+1+k) <7(j+k+1) — 1) <l>
I'(a(2i +2) + 1)k!(p+1) l p)

Therefore, the pdf of the it* order statistic for the TL-TIIEHL-G family of distributions is given
by

n—i 0o

Jion (@) = m > D (-1 <n - Z>wp+1hp+1($;0-

m=0 p=0

2.3.7 Rényi Entropy

In this subsection, we present Rényi entropy of the new family of distributions. Rényi entropy
(Rényi (1961)) is a measure of variation of uncertainty, a mathematical concept that quantifies
uncertainty and disorder within a distribution. This is important in today’s world as it provides
a quantitative measure of uncertainty, enabling more precise modeling and analysis in fields
ranging from finance to environmental science. Understanding and quantifying uncertainty is
key for making informed decisions in complex systems. The developed families of distributions,
including their entropy measures, contribute to advancing statistical methodologies and enhanc-

ing our ability to model and interpret diverse real-world phenomena. Rényi entropy is defined
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by

IR(6) = (1 —6)"'log [/oo f‘s(x)dx] for 6>0 and 0 #1.

From equation (2.2), we have

foz) = (daby)’

1=0
_ T yla—1 d(a—1)
(S

Considering the generalized binomial expansions

[1 - [G(a; 1)e@i+20)-0 = 3 (“@i w2 5) (—1Y Gl )7,

j=0 Y

and

[ [ (SL’ C)] a(2i+26)+6) _ Z 22 + 25) +4+ k‘) [G(:U, C)]’yk,

~ 22+25) + 9)k!

we can write

_ % (00— 1) (a(2i +26) — 6\ D(a(2i +20) + 5+ k)
Fle) = Gab)” 3 ( > j >F(a(2i+25)+5)k!

’L]:

X (=D)HHG s QPUHI0g0 (25 ¢)

— (k) N <(5b—1>< 22+25 ) a(2i +26) + 5+ k)
”mp o I'(a(2i + 20) + 0)k!

e (A )(;)[ (@0 0:).

Consequently, Rényi entropy of the TL-TIIEHL-G distribution is expressed as
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Ir(s) = 11;10% [(4%7)5 i (5(bi—1)> <a(2¢+25)_5)

,5,k,l,p=0 J
. D(a(2i+20) + 6+ k) (L1yiitktp VJ+k+0)—6\ /(I
I'(a(2i +20) + 0)k! l P

x @i1VAM<K§+>[($Oﬁ(%Or®>]

1 —
= 1_510g[;dpexp((l—é)IREg)], >0 and 0 #1,

where

nsc = ton | [ ([(5+1) G0l otei )] ar )

is the Rényi entropy of the Exp-G density with power parameter (% +1) and

& = (daby) i (5(5; 1)) (a(Qi + ?5) - 5) (—1)itithtiep

.4, Jed=0 J

T(a(2i420) + 5+ k) (7(]’—1—1{:—#—5) —5) (l) 1
I'(a(2i+ 20) + )k! l (Z+1)%

2.4 Maximum Likelihood Estimation

Let X ~ TL — TIIEHL — G(v,a,b,{) and A = (v,a,b,¢)” be the parameter vector, the
log-likelihood function (4,,) of a random sample of size n from the TL-TIIEHL-G distribution is

- ([res])
+ Zl <[%] > (a—1) Zlogl— (zi;O))]
- (a—l—l)Zlog[l—i—(G(azl, v —1) Zlog (zi; ¢

i=1

+ Zlog[g(:ri;C)]- (2.11)

lo(A) = mnlog(4vyab) + (b—1) Zlog

The elements of the score vector A = (v, a,b, () are given in the appendix.

The maximum likelihood estimates of the parameters, denoted by A is obtained by solving the
nonlinear equation (%iy, %, %Lg, %)T = 0, using a numerical method such as Newton-Raphson
procedure. The FIM given by I(A) = [Ip, o] (p13)x (p+3) = E(— 83 o9, ), 4,7 =1,2,...,(p+3), can

be numerically obtained by MATLAB or NLMIXED in SAS or R (Team (2010)) software. The
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total Fisher information matrix nI(A) can be approximated by

A 824y,
Jn(A) ~ {_ 96,00,

. ij=1,2,....(p+3). (2.12)

A=A] (p+3)X (p+3)

2.5 Special Models

In this section, we present some special models of the TL-TIIEHL-G family of distributions. The

baseline distributions considered are Weibull, Uniform and Lindley distributions, respectively.

2.5.1 Topp-Leone Type II Exponentiated Half Logistic-Weibull Distribution

Let the baseline distribution be the Weibull distribution with cdf and pdf given by G(x;\) =
1- e“”k, and g(x; \) = )\LI?A_IG—QEA, respectively for x > 0 and A > 0. The cdf, pdf and hrf of
the TL-TIIEHL-W distribution are given by

b
Fryrrrenn-w (@76, 0) = [1= (K@i 0]

a\2 b-1
fTL—THEHL—W(x;% a,b, )‘) = daby [1 o ([Kl (SE§ A, 7)] ) }
(1—[1— e P)al[l — e~ P-rgh-le=a’
(14 [1 — e=2]7)atl
X ([Ki(z; X)),

and

b—1
Ry rrrman_w (.1‘; v, a, b, )‘) = daby [1 - ([Kl (.1‘; A, ’7)](1)2}

(1 _ [1 _ e—:c/\]'y)a—l[l _ e—a:)‘]'y—l)\x)\—le—:c/\

(1+[1— e @]r)atl
x (Kl h )]

(1 B [1 = (K (= /\’7)]&)2} b> -1 |

X

1-[1—e)]

respectively, for x,v,a,b, A > 0, where Ki(z;\,7y) = T
—e xr
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Figure 2.1: Plots of the pdf and hrf for the TL-TIIEHL-W distribution

The pdf of the TL-TIIEHL-W distribution can take several shapes including left-skewed, right-
skewed, almost symmetric and reverse-J shapes, whereas the hrf displays bathtub, upside-down

bathtub, increasing and decreasing shapes as indicated in Figure 2.1. Table 2.1 gives the table
of quantiles for TL-TIIEHL-W distribution for.

Table 2.1: Some quantiles for TL-TIIEHL-W distribution

(v, a,b,\)

uw (1,15,1.3,35) (0.7,1,1.5,1.5) (2.4,1,0.6,1) (1.1,0.5,1.9,1.4) (1.1,0.5,1.9,1.4)

0.1 0.3726 0.0697 0.1209 0.3492 0.3516
0.2 0.4448 0.1177 0.2061 0.4884 0.4439
0.3 0.4987 0.1652 0.2884 0.6134 0.5172
0.4 0.5457 0.2160 0.3741 0.7391 0.5843
0.5 0.5903 0.2730 0.4682 0.8741 0.6512
0.6 0.6357 0.3402 0.5771 1.0275 0.7219
0.7 0.6849 0.4243 0.7119 1.2131 0.8024
0.8 0.7435 0.5402 0.8967 1.4593 0.9032
0.9 0.8266 0.7341 1.2094 1.8519 1.0553

Figures 2.2 and 2.3 shows the plots of skewness and kurtosis for TL-TIIEHL-W distribution.

From the plots, we see that:

e when the parameters b and A are fixed, skewness and kurtosis of the TL-TIIEHL-W dis-

tribution increases as v and a increase.
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e when the parameters v and a are fixed, skewness and kurtosis of the TL-TIIEHL-W

distribution increases as b and \ increase.

TL-TIEHL-W(y, a, 1, 30) TL-TIEHL - W(y, a, 1, 30)
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Figure 2.2: Skewness and kurtosis plots for TL-TIIEHL-W distribution
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Figure 2.3: Skewness and kurtosis plots for TL-TIIEHL-W distribution
2.5.2 Topp-Leone Type 11 Exponentiated Half Logistic-Uniform Distribution
Suppose the baseline distribution is the uniform distribution with the cdf and pdf G(x;0) = 7,

and g(x;6) = %, respectively for 0 < x < 6. Therefore, we obtain the cdf, pdf and hrf of the
TL-TITEHL-U distribution as

Frrripn—v(®7,0,b,0) = [1 - ({%} a)2] b,
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=[5
fro—rmpnn—v(®37,0,0,0) = daby |1 — N

and

- 51"
hTL—THEHL_U(x;%a:b,e) = daby |1 — N

X
—_
|

respectively, for xz,v,a,b,0 > 0.

— y=25a=22b=2.0,6=14 © 5,a=2.2,0=2.0/6=1.4

¥=1.5,a=1.0,0=6.8,0=2.5 =0.5,a=2.2,b=0,6,0=6.1
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Figure 2.4: Plots of the pdf and hrf for the TL-TIIEHL-U distribution

Figure 2.4 gives the pdf and hrf of the TL-TIIEHL-U distribution. The pdf exhibit right-skewed,
almost symmetric, J-shape, and left-skewed shapes. The hrf of the TL-TIIEHL-U distribution
on the other hand displays upside-down bathtub followed by bathtub, bathtub, increasing and
decreasing shapes. Table of quantiles for TL-TIIEHL-U distribution for selected parameter

values is given in Table 2.2.
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Table 2.2: Some quantiles for TL-TITEHL-U distribution

(’)/7a7b70)
uw (1,1.5,1.3,35) (0.7,1,1.5,1.5) (2.4,1,0.6,1) (0.9,1,0.5,2.5) (1.5,1,1.2,2)

0.1 0.1107 0.0277 0.1138 0.0098 0.2349
0.2 0.2013 0.0575 0.1862 0.0136 0.3558
0.3 0.2911 0.0972 0.2504 0.0366 0.4692
0.4 0.3974 0.1454 0.3123 0.0778 0.5782
0.5 0.5138 0.2009 0.3735 0.1358 0.6923
0.6 0.6477 0.2707 0.4377 0.2183 0.8116
0.7 0.8169 0.3607 0.5111 0.3424 0.9493
0.8 1.0461 0.4912 0.5931 0.5352 1.1152
0.9 1.4069 0.7002 0.7007 0.8853 1.3437

The 3D plots of skewness and kurtosis for TL-TIIEHL-U distribution are given in Figures 2.5
and 2.6. From the plots, we see that:

e when parameters a and 6 are fixed, skewness and kurtosis of the TL-TIIEHL-U distribution

decreases as v and b increase.

e when parameters v and a are fixed, skewness and kurtosis of the TL-TIITEHL-U distribution

decreases as b and 6 increase.

TL-THEHL - U(y, 4. b, 10) TL-TIEHL-U(y, 4, b, 10)

SSOUMBHS
sisouny|

Figure 2.5: Skewness and kurtosis plots for TL-TIIEHL-U distribution
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TL-TIEHL-U(1.5,2, b, 8) TL-TIEHL-U(1.5,2, b, 8)

SISOUM
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Figure 2.6: Skewness and kurtosis plots for TL-TIIEHL-U distribution

2.5.3 Topp-Leone Type II Exponentiated Half Logistic-Lindley Distribution

If we take the baseline distribution to be the Lindley distribution with the cdf and pdf given by
G(x;0)=1-— %6*9”, and g(x;0) = %(1 + )e~ % respectively for 2 > 0 and 6 > 0, then
the cdf, pdf and hrf of the TL-TIIEHL-L distribution are given by

b
0+1+0z ,— ay 2
1_[1_%6 996]7] )

Fri rirpni_r (l’; Y, a, b, ‘9) = |1- <

1+ [1 — 41482 —baly

—1

_ a\ 2 b
1_[1_ 94—91_:—19326 9&3]’}/] )

x;7v,a,0,0) = 4daby [1—
fTL—TIIEHL—L( Y ) Y ( 1+ [1 _ 9-|—01+-|-19~T679:B]'7

y (1 _ [1 . 9—0—01_:—19956—03:]7)a—1[1 o 9—}—91_:—19136—9w]'y—1

(1+1- 9-%-014_-0—19936—695]7)114-1

0 Ox ,— a
S

62 o
0r 1(1 + x)e

1+[1- %6_037]7
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and

hTL—TIIEHL—L (l‘; v, a, b, 9) =

(1-

daby |1 — (

[1 - 0—1—01:—10:56791]7)(171[1 _ 9+1+0x6791]771

97 b1

_ a
[1 9+01+10:ve 03:]’7
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14+ [1 _ %6 Gx]'y

0+1

2

respectively, for x,v,a,b,0 > 0.
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Figure 2.7: Plots of the pdf and hrf for the TL-TITEHL-L distribution

The pdf of the TL-TITEHL-L distribution can take several shapes including right-skewed, al-

most symmetric, J-shape and reverse-J shape, whereas the hrf displays upside-down bathtub,

increasing and decreasing shapes as indicated in Figure 2.7. Quantiles for the TL-TIIEHL-L

distribution for selected parameter values is given in Table 2.3.
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Table 2.3: Some quantiles for TL-TITEHL-L distribution

(77 a7 b? 0)

uw (1,1.5,1.3,35) (0.7,1,1.5,1.5) (2.4,1,0.6,1) (2.1,0.5,1.9,2.4) (1.5,1,1.2,2)

0.1 0.0140 0.0208 0.2300 0.3249 0.0912
0.2 0.0219 0.0435 0.3799 0.4347 0.1443
0.3 0.0326 0.0731 0.5192 0.5313 0.1958
0.4 0.0433 0.1116 0.6597 0.6297 0.2457
0.5 0.0565 0.1545 0.8067 0.7342 0.3049
0.6 0.0750 0.2138 0.9716 0.8581 0.3731
0.7 0.0970 0.2925 1.1735 1.0098 0.4541
0.8 0.1262 0.4095 1.4401 1.2135 0.5704
0.9 0.1831 0.6366 1.8690 1.5541 0.7618

Figures 2.8 and 2.9 shows the 3D plots of skewness and kurtosis for TL-TIIEHL-L distribution.

From the plots, we see that:

¢ by fixing the parameters b and 6, skewness and kurtosis of the TL-TITEHL-L distribution

decreases as v and a increase.

e by fixing the parameters v and a, skewness and kurtosis of the TL-TITEHL-L distribution

increases as b and 6 increase.

TL-TIEHL-L(y. . 1, 14.5) TL-TIEHL-L(y. a, 1, 14.5)
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Figure 2.8: Skewness and kurtosis plots for TL-TIIEHL-L distribution
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TL-TIEHL-L(4,1.5,b,0) TL-TIHEHL-L(4,1.5,b, 6)

o

SsOUMMS
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Figure 2.9: Skewness and kurtosis plots for TL-TIIEHL-L distribution

2.6 Simulation Results

In this section, we present the results of a simulation study that was done in order to examine the
performance of maximum likelihood estimators of the parameters of the TL-TITEHL-G family
of distributions. We performed various simulations for different sample sizes and for different
parameter values. Equation (2.6) was used to generate random samples from TL-TIIEHL-G
family of distributions via the bbmle (Bolker and Bolker (2017)) package in R when the base-
line cdfs are Weibull and Lindley distributions, respectively. The simulation were repeated for
N = 1000 times each with sample sizes n = 50,100, 200, 400, 800, 1200 and parameter values as
given in Tables 2.4 and 2.5, respectively.

Specifically, the estimated mean, ABIAS and RMSEs of the parameter say, é , are computed as
M _ Zz‘l\;1 Gi MSE — Zf:l(éi*(y ABIAS AN Eﬁiﬂfi*@ ivel
ean= ===t RMSE =/ ==tg—= and (¢) = ==, respectively.

Tables 2.4 and 2.5 list the mean MLEs of the parameters along with the respective RMSEs
and ABIAS. From the tables, we see that as n increases, the mean estimates of the parameters
approximate the true parameter values while the RMSEs decrease and ABIAS decay towards

zero. Hence, we can conclude that this model gives consistent estimates.
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Table 2.4: Simulation Results for TL-TIIEHL-W Distribution: Mean, ABIAS and RMSE

(1.0, 0.1, 1.0, 2.0) (0.5, 0.2, 1.0, 2.0) (1.0, 0.1, 0.5, 2.0)
Parameter T Mean RMSE ABIAS AABIAS RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
v 50 0.4389 0.3297 -0.0610 0.0610 0.4669 0.3914 -0.0330 0.0330 0.7662 0.6627 -0.2338 0.2338
100 0.4302  0.2579 -0.0698 0.0698 0.5072  0.3822 0.0072 0.0072 0.8272  0.5272 -0.1728 0.1728
200 0.4671 0.1759 -0.0329 0.0329 0.5233 0.3196 0.0233 0.0233 0.1908 0.4446 -0.1784 0.1784
400 0.4825 0.1292 -0.0175 0.0175 0.4928 0.2278 -0.0072 0.0072 0.8847 0.2942 -0.1153 0.1153
300 0.5129 0.0574 0.0129 0.0129 0.5067 0.2017 0.0067 0.0067 0.9061 0.2147 -0.0939 0.0939
1200 0.5096 0.0556 0.0096 0.0096 0.5497 0.1794 0.0047 0.0047 1.0161 0.1674 0.0161 0.0161
a 50 0.1613  0.1017 0.0613 0.0613 0.2733  0.2525 0.0733 0.0733 0.2158  0.1832 0.1158 0.1158
100 0.1491 0.0837 0.0491 0.0491 0.2331 0.1055 0.0331 0.0331 0.1804 0.1312 0.0804 0.0804
200 0.1287 0.0569 0.0287 0.0287 0.2229 0.0886 0.0228 0.0228 0.1678 0.1063 0.0678 0.0678
400 0.1155 0.0356 0.0155 0.0155 0.2237 0.0716 0.0237 0.0237 0.1408 0.0737 0.0408 0.0408
800 0.1028 0.0119 0.0028 0.0028 0.2155  0.0608 0.0155 0.0155 0.1243  0.0510 0.0243 0.0243
1200 0.1001 0.0098 0.0001 0.0001 0.1990 0.0462 -0.0009 0.0009 0.1076 0.0259 0.0076 0.0076
b 50 3.8057 8.8483 2.8057 2.8057 3.8768  7.4948 2.8768 2.8768 2.6115 5.5771 2.1115 2.1115
100 2.4729 1.4729 1.4729 2.5389 4.1212 1.5389 1.5389 1.5671 2.5695 1.0671 1.0671
200 1.5228 1.4851 0.5228 0.5228 1.9107 3.1424 0.9107 0.9107 1.2106 1.4773 0.7106 0.7106
400 1.2152 0.5665 0.2152 0.2152 1.5951 1.5459 0.5951 0.5951 0.8145 0.7157 0.3145 0.3145
800 1.0175 0.1208 0.0175 0.0175 1.3741 1.0420 0.3741 0.3741 0.6692  0.4176 0.1692 0.1692
1200 1.0049 0.1293 0.0049 0.0049 1.0887 0.5681 0.0887 0.0887 0.5339 0.1519 0.0339 0.0339
A 50 1.8085 0.3838 -0.1915 0.1915 1.9533 0.5547 -0.04674 0.04674 1.7212 0.5448 -0.2788 0.2788
100 1.8377 0.3333 -0.1624 0.1624 2.0037 0.4591 0.0037 0.0037 1.7867 0.4584 -0.2133 0.2133
200 1.8892 0.2465 -0.1108 0.1108 2.0022 0.3891 0.0022 0.0022 1.7702 0.3819 -0.2298 0.2298
400 1.9355 0.1687 -0.0645 0.0645 1.9503 0.2664 -0.0496 0.0496 1.8458 0.2884 -0.1542 0.1542
800 1.9809 0.0673 -0.0191 0.0191 1.9766 0.2456 -0.0234 0.0234 1.9074 0.2158 -0.0926 0.0926
1200 1.9981 0.0553 -0.0019 0.0019 2.0312 0.2049 0.0312 0.0312 1.9774 0.1367 -0.0226 0.0226

Table 2.5: Simulation Results for TL-TIIEHL-L Distribution: Mean, ABIAS and RMSE

(1.2, 1.2, 1.2, 0.1) (1.0, 0.1, 1.0, 0.5) (1.0, 0.3, 0.6, 0.2)
Parameter n Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
~ 50  2.3405 2.5896  1.1405 1.1405 1.1243  1.0052  0.1243 0.1243 1.7828  1.7529  0.7828 0.7828
100 1.9171 1.6579 0.7171 0.7171 1.0819 0.6787  0.0819 0.0819 1.6238  1.3319  0.6238 0.6238
200 1.489  0.9416  0.2886 0.2886 0.9817 0.4297 -0.0183 0.0183 1.4916  1.0681  0.4916 0.4916
400  1.3552  0.5953  0.1552 0.1552 0.9432  0.2797 -0.0568 0.0568 1.3316  0.7743  0.3316 0.3316
800  1.3123 0.5615 0.1123 0.1123 0.9822  0.1548 -0.0178 0.0178 1.1311  0.4984  0.1311 0.1311
1200 1.3189 0.5373  0.1189 0.1189 0.9931  0.1366 -0.0069 0.0069 1.0915  0.4262  0.0915 0.0915
a 50 1.7678 1.8606  0.5678 0.5678 0.1632  0.1206  0.0632 0.0632 0.5641  1.6113  0.2641 0.2641
100 1.496  1.3286  0.2961 0.2961 0.1687 0.1224  0.0687 0.0687 0.4042  0.9333  0.1042 0.1042
200  1.3426 0.7946  0.1426 0.1426 0.1613 0.1135  0.0613 0.0613 0.3434  0.4696  0.0434 0.0434
400  1.2047  0.4706  0.0047 0.0047 0.1501  0.1012  0.0501 0.0501 0.33461  0.3544  0.0346 0.0346
800  1.2315 0.3429  0.0315 0.0315 0.1188 0.0537  0.0188 0.0188 0.3359  0.2899  0.0359 0.0359
1200 1.2452 0.3228  0.0452 0.0452 0.1129 0.0416  0.0129 0.0129 0.3169  0.2073  0.0169 0.0169
b 50 1.1208 0.8383 -0.0792 0.0792 1.9527  3.9995  0.9527 0.9527 0.7386  0.7183  0.1386 0.1386
100 1.1818 0.8002 -0.0182 0.0182 1.5026 2.1691  0.5026 0.5026 0.7241  0.6348 0.1241 0.1241
200 1.2507 0.7339  0.0507 0.0507 1.4793 2.3171  0.4793 0.4793 0.6514  0.4043  0.0514 0.0514
400  1.2499 0.5955  0.0499 0.0499 1.2701  1.2450  0.2701 0.2701 0.6361  0.3146  0.0361 0.0361
800  1.2019 0.3670  0.0019 0.0019 1.0498 0.1973  0.0498 0.0498 0.6132  0.2209 0.0132 0.0132
1200 1.1597 0.2333 -0.0403 0.0403 1.0267 0.1440  0.0267 0.0267 0.6007  0.1924  0.0007 0.0007
2 50  0.1848 0.2440 0.0848 0.0848 0.4427  0.2379 -0.0573 0.0573 0.2672  0.3165  0.0672 0.0672
100  0.1664 0.1849  0.0664 0.0664 0.3972  0.2029 -0.1028 0.1028 0.2411  0.2175  0.0411 0.0411
200 0.1298 0.1141  0.0298 0.0298 0.4043  0.1836 -0.0957 0.0957 0.2209  0.1317  0.0209 0.0209
400  0.1218 0.0774  0.0218 0.0218 0.4095  0.1642 -0.0905 0.0905 0.2074  0.0805  0.0074 0.0074
800  0.1054 0.0346  0.0054 0.0054 0.4593  0.1041  -0.0407 0.0407 0.2060  0.0602  0.0060 0.0060
1200 0.1021 0.0223  0.0021 0.0021 0.4674 0.0885 -0.0326 0.0326 0.2052  0.0523  0.0052 0.0052
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2.7 Applications

We present two examples to show the flexibility and applicability of the TL-TIIEHL-G family
of distributions in this subsection. The TL-TIIEHL-W distribution is compared with other
existing models including the odd log-logistic exponentiated Weibull (OLLEW) distribution
by Afify et al. (2018), the Beta odd Lindley-exponential (BOL-E) distribution by Chipepa
et al. (2019), Weibull-Lomax (WL) distribution by Tahir et al. (2014), Kumaraswamy Weibull
(KW) distribution by Cordeiro et al. (2010) and Generalized Weibull-Log-logistic (GW-LLo)
distribution by Cordeiro et al. (2015). The pdf’s of the four parameter distributions are

06 aB—1e— (21007 [] _ o—(@/@)P1r0-11] _ [ _ o—(@/a)P 17101
fOLLEW(x;OZvB?FYa&) = Br}/ [ 8 ] { [ 8 2] } )
0B {[1 — /@) 0 4 {1 — [1 — /@) [1}0)

for x > 0,a,8,7v,6 > 0,

frosslrabng) = oo T o (02N
ez
ey )
for x > 0,a,b,\,0 > 0,
e @500,0,8) = "2 (14 (/81— (14 @) explal(L+ /)" — 1P,

for x > 0,a, b, a, 8 > 0,

frew(xsa,b,e,\) = abeX’a®exp —(Ax)°[1 — exp (Az)]* " {1 — [1 —exp —()\x)c]a}b_l ,

for x > 0,a, b, ¢, A > 0 and

afB0zf~1

foew—rro(z;0,8,a,0) = ———exp {—a [log <1 + (z)e)r} (1 + (2)9)_1

CL9
os (1))

forz > 0,a, 3, a,0 > 0. Maximum likelihood estimates of the parameters of the TL-TITEHL-W
distribution with (standard errors in parentheses) are presented in Tables 2.6 and 2.7, respec-
tively. The goodness-of-fit statistics including -2logL statistic, AIC, AICC, BIC, (W*), (A*)

statistic, K-S statistic and its p-value are also presented in the tables.

X

Plots of the fitted pdfs, the histogram of the data and probability plots (Chambers et al. (1983))
are presented in Figures 2.11 and 2.14. For the probability plots, we plotted F(a:(]-); v, a, l;, 5\)
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against j—l—W’ J=1,2,---, n, where z(; are the ordered values of the observed data. The
n + 0.
measure of closeness to the diagonal line is given by the sum of squares:

- e 7 —0.375\ 12
— Fz — (=22
SS ;[ (x(]), ,a, b, \) (n+0.25>}

2.7.1 Prices (in dollars) of 428 New Vehicles Data

The first 428 data points correspond to prices (in dollars) of 428 new vehicles for the 2004 year
(Kiplinger’s Personal Finance, Dec 2003). The data are listed in the appendix.

The estimated variance-covariance matrix of TL-TIIEHL-W model for the new vehicles data is

given by

1.6927 x 109 —2.3942 x 1079  1.0318 x 1079 1.3966 x 10~
—92.3942 x 10794 3.3866 x 1079  —1.4594 x 1079 —1.9728 x 109

1.0318 x 1079 —1.4594 x 1079  6.2893 x 10798 8.5244 x 10797

| 1.3966 x 10794 19728 x 1079 8.5244 x 10797  1.9822 x 1079

and the approximate 95% confidence interval are given by v € (6.4603,6.6215),
a € (15.2576,15.2804), b € (108.9095, 108.9105) and ) € (0.1276,0.1451).

The estimated variance measures the extent to which each estimated parameter deviates from
its mean, indicating the level of uncertainty in the parameter estimates. The estimated co-
variance matrix shows the relationship between pairs of estimated parameters, revealing how
changes in one correspond to changes in another. Variance-covariance structure helps in assess-
ing model precision, identifiability, and consistency across datasets. This analysis adds depth to

understanding the behavior of the distribution and evaluating the reliability of the model.
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Table 2.6: Estimates of models for prices of 428 new vehicles data

Estimates Statistics
Model v a b A —2log L AIC AICC BIC — W* A* K-S P-value SS
TL-TIEHL-W  6.5409x10%0 1.5269x 100! 1.0891x 1092 1.3636x10~%! 1488.9  1496.9 1496.9 1513.1 0.0335 0.2627 0.0212 0.9907 0.0334
(4.1143%1079%)  (5.8195x107%%)  (2.5079%x1079%) (4.4523x107%%)
@ B ¥ 0
OLLEW 0.0263 0.2503 17.0509 3.1452 1503.4  1511.4 15115 1527.6 0.0945 0.7467 0.0256 0.9415 0.0448
(0.0103) (0.0291 ) (3.9205) (0.5549)
a b A 0
BOL-E 4.0847x10700 1.5045x 10100 9.3264x10700  8.1676x107%* 15552  1563.2 1563.3 1579.3 0.6444 4.2958 0.0688 0.0348 0.6975
(3.4617x107%9)  (9.7052x10710)  (1.7265x10710) (1.9549x10~%)
a b « B
WL 2.1787x107%% 4.0853x 1070 7.4109%107%2  6.2112x107 1566.4  1574.4 1574.5 1590.7 0.7169 4.7396 0.0715 0.0251 0.8312
(8.6543x107%4)  ( 1.6851x107%0)  (4.3511x1079) (9.6157x107°1)
a b c A
KW 48.8501 0.4339 0.7762 3.1342 1490.4  1498.4 14985 1514.6 0.0432 0.3324 0.0232 0.9750 0.0425
(26.1532) (0.1867) (0.1694) (1.3689)
@ B a 6
GW-LLo 0.0014 2.6248 0.8952 9.2255 1489.7  1497.7 1497.8 1513.9 0.0595 0.4339 0.0302 0.8308 0.0871
(0.0005) (0.1173) (0.0463) (0.0075)

From Table 2.6, we can see that the values of the goodness-of-fit statistics: AIC, AICC and
BIC are smallest for the TL-TIIEHL-W distribution as compared to the non-nested OLLEW,
BOL-E, WL, KW and GW-LLo distributions. The value of SS from the probability plots and
the values of the goodness-of-fit statistics A*, W* and K-S are smallest for the TL-TIIEHL-W
distribution, which indeed showed that this model is a better fit for the new vehicles data. The
value of K-S p-value is closer to 1. Profile log-likelihood plots for new vehicles data are given

in Figure 2.10. The plots confirms that maximum likelihood estimates of the parameters v, a, b

and \ exist and are unique.
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Figure 2.11: Fitted densities and probability plots for prices of 428 new vehicles data
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Figure 2.12: Estimated cdf, K-M survival, TTT-Transform and estimated hrt plots of the TL-
TITEHL-W distribution for prices of 428 new vehicles data

The estimated cdf plot, K-M survival plot, TTT-Transform and the estimated hazard rate plots
for prices of 428 new vehicles data are given in Figure 2.12. The fitted cdf indicated by the
green line is close to the empirical cdf while the survival function in green is closer to the K-M
curve which shows that indeed the new proposed model is better in explaining the new vehicles

data. The estimated hrf for the new vehicles data has the upside-down bathtub shape.

2.7.2 Growth Hormone Data

The second data points represents the time since the growth hormone medication was given to
children until they attained the target height. This data was also analysed by Alizadeh et al.
(2018). The data are: 2.15, 2.20, 2.55, 2.56, 2.63, 2.74, 2.81, 2.90, 3.05, 3.41, 3.43, 3.43, 3.84,
4.16, 4.18, 4.36, 4.42, 4.51, 4.60, 4.61, 4.75, 5.03, 5.10, 5.44, 5.90, 5.96, 6.77, 7.82, 8.00, 8.16,
8.21, 8.72, 10.40, 13.20, 13.70.

The estimated variance-covariance matrix of TL-TIIEHL-W model for growth hormone data is
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given by

[ 2.4104 x 10-02
—1.6952 x 10793

2.4992 x 1079

—1.6952 x 10793
1.1878 x 10704
—1.7511 x 10796

—1.0171 x 1079

2.4992 x 1079
—1.7511 x 10796
2.5816 x 10798

1.5002 x 1079

1.4519 x 10793
—1.0171 x 1079
1.5002 x 1096

1.1047 x 10794

| 1.4519 x 10703

and the approximate 95% confidence interval are given by ~ € (7.3393,7.9491),

a € (30.8216, 30.8643), b € (512.8797,512.8803) and A € (0.0701,0.1113).

Table 2.7: Model estimates for growth hormone data

Estimates Statistics
Model y a b A —2log L AIC AICC BIC ~ W* K-S  P-value  SS
TL-TIHEHL-W  7.6442x10%%  3.0843x10%%"  5.1288x10%%2  9.0703x 10702 155.2  163.2 1645 169.4 0.0345 0.2483 0.0864 0.9562 0.0364
(1.5554x107%1)  (1.0899x10792)  (1.6069x107°)  (1.0510x107%)
«a B o 0
OLLEW 0.0044 0.0972 4.5893 12.3044 158.7  166.7 167.9 1729 0.0573 0.4130 0.0984 0.8873  0.0443
(0.0135 ) (0.0199) (1.7635) (0.4784)
a b A 4
BOL-E 4.1596x 1090 3.2395x107T0  4.8742x10700  4.8247x107% 160.2  168.2 169.6 174.5 0.1012 0.6568 0.1243  0.6515 0.1032
(4.3531x107%99)  (5.6716x10710)  (4.0227x1071%)  (3.9944x10~%)
a b @ B
WL 183.5850 3.8577 0.1287 1.1717 161.3  169.3 170.7 175.6 0.1135 0.7289 0.12623 0.6325 0.1006
(0.0472) (4.2627) (0.0796 ) (4.8634)
a b c A
KW 18.4540 9261.4000 0.1829 0.1199 163.5 1715 1728 177.7 0.1445 0.9116 0.1415 0.4851 0.1331
(9.1082) (0.0020) (0.0533) (0.2551)
« B8 a 4
GW-LLo 0.0025 9.0895 0.1688 0.4998 162.6  170.6 171.9 176.8 0.1322 0.8390 0.1339  0.5563 0.1170
(0.0151) (0.0082) (0.2536) (0.2317)

Table 2.7, shows that the statistics: AIC, AICC and BIC are the smallest for the TL-TITEHL-W
distribution as compared to the listed in the table. The value of SS from the probability plots
and the values of the goodness-of-fit statistics A*, W* and K-S are the smallest for the TL-
TITEHL-W distribution, the K-S p-value is the largest and closer to 1 which indeed showed that
the distribution is a better fit for growth hormone data. Figure 2.13 gives profile log-likelihood

plots for growth hormone data. The plots indicate that maximum likelihood estimates of the

parameters v, a,b and A exist and are unique.
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Figure 2.15: Estimated cdf, K-M survival, TTT-Transform and estimated hrt plots of the TL-
TITEHL-W distribution growth hormone data

Figure 2.15 gives the estimated cdf plot, K-M survival plot, TTT-Transform and the estimated
hazard rate plots for growth hormone data set. Again, The fitted cdf for the TL-TITEHL-W
distribution indicated by the green line is close to the empirical cdf while the survival function
in green is closer to the K-M curve which shows that indeed the proposed model is better in
explaining the growth hormone data. The estimated hrf for the growth hormone data gives the

upside-down bathtub shape.

2.8 Concluding Remarks

In this chapter, a new family of generalized distributions namely, the Topp-Leone type IT ex-
ponentiated half logistic-G distribution was introduced. Some statistical properties of the new
family of distributions were derived. Maximum likelihood estimation technique was used to
estimate the parameters. We also studied three special cases of the new family of distributions

namely, the Topp-Leone type II exponentiated half logistic-Weibull, the Topp-Leone type 1T ex-

38



Chapter 2. The Topp-Leone Type II Exponentiated Half Logistic-G Family of Distributions

ponentiated half logistic-uniform and the Topp-Leone type II exponentiated half logistic-Lindley
distributions. The importance and applicability of the new family of distributions for the special
case of the Topp-Leone type II exponentiated half logistic-Weibull distribution was examined
by means of applications to prices of 428 new vehicles and growth hormone data sets. From
these examples, we see that the proposed model can be very useful in the areas of science and
engineering among others. Furthermore, more applications can be done using other special cases
such as TL-TIIEHL-L and TL-TITEHL-U distributions. The new family of distributions contain

several new sub-models as indicated in subsection 2.2.1.
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3. The Topp-Leone Exponentiated Half
Logistic Generalized-G Family of

Distributions

3.1 Introduction

The Topp-Leone generator is important in generating distributions that are useful in reliability
analysis as it produces bathtub as well as other desirable shapes for the hazard rate functions,
and the EHL-G can be used to produce flexible models in lifetime data analysis. Hence combining
these two generators with the Generalized-G generator which gives models with better fits, we
obtain a more flexible family of distributions which is applicable in the areas of economics,

reliability and biology, just to name a few.

The Topp-Leone exponentiated half logistic-generalized-G family of distributions is proposed
and studied in this chapter. Some mathematical and statistical properties of the new family of
distributions presented are, the quantile function, linear representation of the density function,
moments, moment generating function, probability weighted moments, distribution of the "
order statistics and Rényi entropy. Some special cases of the proposed distribution are also
discussed in details. Maximum likelihood method is used for estimating the parameters and
Monte Carlo simulation is conducted to examine the consistency of the parameter estimates.
Finally, the usefulness and flexibility of a member of the new family of distributions is determined

by means of applications to three real data sets.

3.2 The New and Generalized Family

The TL-EHL-GG distribution and its sub-families are presented in this section. The Topp-
Leone generated family of distributions was introduced by Al-Shomrani et al. (2016) with the
cdf and pdf given by equation (1.5) and (1.6) respectively, for b > 0, G(x; ¥) = 1 — G(x; ¥) and
parameter vector W. Cordeiro et al. (2014) developed the EHL-G family of distributions with
cdf

F

EHL-G

(.’IZ;O&,B,\I’) = [BG'(x;aa\Il)]ﬂ’ (31)

1-G“ (2;0)

T () Note that the cdf

for a, 5 > 0 and baseline vector ¥, where Bg(x; o, U) =

F

G-G

(r;0,¥) =1 —éa(az; ),
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for a > 0 and parameter vector W, is the generalized-G family of distributions. Now, by
combining equation (1.5) and equation (3.1), we obtain the cdf of the TL-EHL-GG distribution

as

Fri pui-ce(@a,B8,b,¥) = {1 - (1 — (Ba(z; \P))B)2:| b ) (3.2)

for «, B,b > 0 and baseline vector W. The corresponding pdf is given by

b1
fri—pri-ce(@ia, B,0,¥) = 4apb [1 - (1 - (Bg(x;a,\lf))/6> :|

(1-G"(x;9))!
X (1 — (Bg(z; \IJ))B) (1 +éa(x; @))/54—1

X [Ga; 0))* g (z; W), (3.3)
for «, 3,b > 0 and parameter vector W.

The hrf for the new family of distribution is

9 b—1
hTL—EHL—GG(x§a=/Bab7 \IJ) = 4afb [1 - (1 ~ (Bg(x;oz,\lf))ﬁ) :| 9(17\1})

(1-C° (@ 0))*!
X (1 — (Bg(z; \I’))B) ( +éa(x; T))B+1

b
x  [G(a; ®)]* ! (1 = {1 - (1 — (Bg(x;a,\ll))B)T ) , (3.4)
for a, B8,b > 0 and baseline vector V.

3.2.1 Sub-Families
In this subsection, we present some of the sub-families of the TL-EHL-GG distribution.

o If we let b =1, we get a new distribution with the cdf

Fla;a,8,%) =1~ (1~ (Bo(z;a. \If))ﬁ)2 ,

for a,, 8 > 0 and baseline vector V.

e When g =1, we have a family of distributions with the cdf

F(z;0,b,0) = |1 — (1 — (Ba(z; o, ©)))? b,

for a, b > 0 and baseline vector V.

e By letting o = 1, we have the TL-EHL-G distribution with the cdf
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- 2"
F(x;8,b,0) = 1-(1—(%)) ,

for B,b > 0 and baseline vector V.

e When b = =1, we get a new family of distribution with the cdf
F(I;Oé, \Ij) =1- (1 - (BG(.’L';(X,\I/))>2,

for « > 0 and baseline vector V.

e If welet b= =a =1 we have a new family of distributions with the cdf

I (e

with parameter vector U.
3.3 Some Statistical Properties
In this section, we present some statistical properties of the TL-EHL-GG family of distributions.

3.3.1 Quantile Function

We compute the quantile function of the proposed family of distributions by inverting the non-

linear equation Frr_prr—ca(x;a,8,b,¥) = u, for 0 <wu < 1. That is,

[1 - (1~ Ba(aia \If))ﬂﬂ o

The above equation can be written as

(1—ub)? =1 — (Bg(z;a, V)"

which is equivalent to

i
—
[

Bg(z;a,0) = (1 —(1- u%)

and simplifies to
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|=

NI

Tl ) = - (1mameh)

1+(1—(1—u%) )[13

Hence, the quantile function of the TL-EHL-GG distribution is

(SIS

N

1—(1—(1—u%)

1+(1—(1—u%)

) ﬁ . (3.5)

)é

Utilizing the bbmle package (Bolker and Bolker (2017)) in R software, we can obtain random

QG(U;Oé,ﬁ,b,\I/) = Gil 1-

NI

numbers from equation (3.5) for a specified baseline cdf G.

3.3.2 Linear Representation of the Density Function

The series expansion of the density function of the TL-EHL-GG family of distributions is pre-
sented in this subsection. We derive the linear representation of the density function by consid-

ering the following generalized binomial expansion,

o

(1—2) = sz_%(‘l)s@)f’ for |2 < 1.

Taking into consideration the following generalized binomial expansions:

[1 (1~ Balio, \1/))5)2] =3¢ (b; 1) (1~ (Botwso, \I/))B)%,

and

(1 — (Bg(z;a, 7)) >2Z+1 i <2Z+ 1) (Ba(z; a, W)

J=0

we can write the pdf of the TL-EHL-GG family of distributions as

fTL—EHLch (113; a, 8,0, \I/) = 4apb Z z+y < > (21 + 1)

4,7=0 '7
(1= G (@ 0)PUFDt s

Applying the expansions,
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(1 _ @a(x; \I/))ﬁ(j*l’l)*l _ i(_l)k <B(] + 1) - 1)Gak($; ‘I’),

(1+G" (a3 0))"FUFDFY i ( .+1)+1)>Gal(r;\ll),
and

(I—G( ) a(k:-l—l-i—l io: < k+l+1) >Gm(37; \I/),

m
m=0

finally, the pdf of TL-EHL-GG family of distributions is

> " b—1\ /2i+1
fTLfE‘HLfGG (5“ a,B,b,¥) = 4dapb § (_1)Z+J+k+l+m< ) ) ( l + >
1

i.7,k,1,m=0 J
B+1)—1\/-BGH+1)+1)\ [ak+1+1)—1
< (T
(m+1) ,
X (m+1)G (z; U)g(z; ¥)
= ZWmHg;H(ﬂU;‘I’),
m=0

where

Wosr = 4afb Z (—1)i+i+hHm (b - 1> (2@' —|— 1) (m+ 1)

1
1,7,k,1=0 J

(B(j +k1> - 1) (—(ﬂ(j +l 1) + 1)) <a(k +Hi+1) - 1) (3.6)

m

and gy, (2; V) = (m+1)g(x; ¥)G™(x; V) is the exponentiated-G (Exp-G) density having power
parameter (m+1). Thus, the pdf of the TL-EHL-GG distribution can be expressed as an infinite
linear combination of Exp-G densities. Consequently the mathematical and statistical properties
of the TL-EHL-GG family of distributions can be readily obtained from those of the Exp-G

distribution.

3.3.3 Moments and Generating Function

We get the n® moment for the TL-EHL-GG family of distributions as follows

00 o0
E(Xn) = / mnfTL—EHL—GG (x50, 8,0, ¥)dx = Z Wm+1E(Ym+1)a

m=0
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where E(Y,, 41) is the n' moment of Y;,,1 which follows an Exp-G distribution with power
parameter (m + 1) and Wy, is given in equation (3.6). The moment generating function
(MGF) for the TL-EHL-GG family of distributions is given by

Mx(t) = B () = 3 Wit B (7)),

m=0

where E (eYm+1) is the MGF of the Exp-G distribution with power parameter (m + 1) and
Wpnt1 is given in equation (3.6).

3.3.4 Probability Weighted Moments

In this subsection, we present the PWMs of the TL-EHL-GG distribution. The PWMs are used
to estimate distribution parameters when the inverse form cannot be given explicitly (Greenwood
et al. (1979)). The PWMs for a random variable X is given by

Moy = E(XF(X)]") = / h 2o f (x)[F(z)]" dz.

o0

Note that, for the TL-EHL-GG family of distributions, we can write

fTL—EHL—GG (x)[FTL—EHL—GG ($)]T - 40&55 |:1 — <1 A (BG($; «, \Il))ﬁ) 2:| br+1)-1

X

(1—G"(a; 1))}
(1 — (Bg(z; a, \I’»B) (1+ G*(z; 0))P+!

X [G(a; 0)]* g (z; 0).

By applying the generalized binomial expansion used in the expansion of the density function,

we obtain
> » b(r+1) —1\ (2 +1
F@FE@) = 4a6bi,j,k,§l,;n:o(_l)z+ﬁk+l+m(( e
" <B(j +k1) — 1) <—(6(j j; 1) + 1)> (a(k+l7;— 1) — 1>
X EZiBGm(w;\P)g(fc;\P)
= i}VmHgan(%\P),
where
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Vins1 = 4afb i (—1)i+j+’“+l+m(b(r+.1)_1> <2i+1>(m+1)

(5@ :fg’;_—o 1> (—w(j +1)+ 1>>Z(a<k " lﬂfj” - 1)

and g5 i (z;¥) = (m + 1)g(z; ¥)G™(2; ¥) is the Exp-G pdf with power parameter (m + 1).
Therefore, the PWMs of the TL-EHL-GG family of distributions can be derived from the mo-
ments of the Exp-G distribution and is given by

Har =3 Vi / 2G5 1 (3 0)da. (3.7)
m=0

3.3.5 Stochastic Ordering

Stochastic orders for the TL-EHL-GG family of distributions are presented in this subsection.
Let Y and Q be random variables with the distribution functions Fy (r) and Fg(r), respectively,
and Fy(r) = 1 — Fy(r) the survival function. Then Y is stochastically smaller than Q if
Fy(r) < Fg(r) for all v or Fy(r) > Fg(r) for all r, denoted by Y <4 Q. Hazard rate order
and likelihood ratio order are given by Y <j, Q if hy(r) > hg(r) for all r and Y <, Q if
gg:; is decreasing in r, (Shaked and Shanthikumar (2007)), respectively. It is well known that

Y<,Q=Y <3, Q=Y <, Q.

Theorem 3. Suppose X1 ~TL—EHL—-GG(«,3,b1,V) and Xo ~ TL—EHL—-GG(a, 3,b2, V),
respectively. If by < by, then X1 and Xo are stochastically ordered.

proof: The pdfs of X; and Xs are given by

b1—1
Atz ®) = daph [1- (1- (Batwia,0))’]
(1T s
(14 G w7

X (1 - (BG(x;a,qf))ﬁ)

X [G(z; )] g(a; D)

and

bo—1
folw;a, 8,02, ) = dafby {1 ~ (1= (Ba(wso, xp))ﬂﬂ
(1-G ()7
(1+G" (23 W)+t

< (1= (Bo(wsa, v)))

x (Gl v g (),
respectively. Now,
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L0, Bb, W) b 2]t
Mg =1 (- wowmen?) ] o

and upon differentiating equation (3.8) with respect to x, we obtain

b1 —by—1

d (filz;o,8,01,9) N b, (L e 5\2
e <f2($;a”67b27\1,)> 4 ﬁbQ(bl b2) {1 (1 (Bg(z;a, 1)) ) ]
e, o B
< (1= (Botzia, v)) (W)
X [G(x; )] g (z; ), (3.9)

which is < 0 if by < by. Therefore, X7 <j X9, X1 <pr X2 and X7 <; Xo. Consequently, the

random variables X; and X5 are stochastically ordered.

3.3.6 Distribution of Order Statistics

Let X1, Xo,..., X, be a random sample from the TL-EHL-GG family of distributions, and
Xim < Xoyy < ... < Xy the corresponding order statistics. Let f(x;a,8,b,¥) = f(x) and
F(z;a,8,b,%) = F(x). The pdf of the i*" order statistic, X;., from the TL-EHL-GG family of
distributions is

n! an n—1 -
. €Tr) = — S €T o T 8+’L—1'
fl:n( ) (1_1)‘(n_1)' S:O( 1) < s >f( 9 7/87b7\11)[F( 9 7/87b7\11)]

Note that

F@FE@F = 1080 |1 (1~ (Bolaia,)")]

X

(1= Bala 1)) ¢
X [Ga; 0))* g (z; 0).

Applying the following generalized binomial expansions:

NE

r

{1 - (1 — (Ba(z; o, \11))/3)2] B

« (1- (Bg(:c;a,\If))B)2T,

(—1)T<b(s +1i) — 1)

o

r=
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(1+ G (z; @) =BG+ i < '+1)+1)>Gal($; ),
and

(1= G(a; W) EHHD=

M8
O
/\
=
_|_
_|_
=
|
_
~——
@Q
3
8
=

we can write

o0

F@F@)P L = 4a8b r7j7’§1_0(_1)r+j+k+z+m (b(s +:) - 1) <2r;r 1>
L (BUFD =1 (=BG D+ (alk+1+1) -1
(o )
i g(x; ¥)
_ go b1 (@ 0),

where

bos1 = 4dafb Z 1)tk m <b(s +1i) — 1) <2r + 1) (m+ 1)

r
r,7,k,l=0 J

(ﬁ(j +k1) - 1> (—(B(j +l 1)+ 1)) <a(k5 + l,,: 1) — 1)

and g5, 1 (z;¥) = (m+1)g(x; ¥)G™ (x; ¥) is the Exp-G density with power parameter (m +1).
Consequently, the pdf of the i** order statistics from TL-EHL-GG family of distributions is
given by
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> n—1 "
fin() = S0 ("] omsrgha 0, (3.10)
3.3.7 Rényi Entropy

In this subsection, we present Rényi entropy of the TL-EHL-GG family of distributions. Rényi
entropy (Rényi (1961)) of a random variable X following TL-EHL-GG family of distributions is

obtained as:

Ir(v) = (1 —v)"tlog [/000 f”(w;a,ﬂ,b,‘ll)dx] for v >0 and v # 1.

Note that

(20, B,0,%) = (4aBb)” |1 — (1 _ (B(;(a:;a,\ll))5>2] v(b—1)

. v (1= G 9))"0 )
X (1 — (BG(xvaa\Ij))’B) (1 _|_aa(x;\1;))u(ﬁ+1)

x  [Gla; ©)] Vg (2; 0).

Applying the generalized binomial expansions:

- (1- Batwa.w))’] st ()
1=0
« (1—(3(;(:5;@,@))5)%,
(1 — (Be(z: o, \11))/3>2i“ - 2 —1) (22]+ 1> (Ba(z; 0, W)

o ) _ N\ B(j+v) =V~
VT (NN ]
1+ G s o = Sy (TR gt

=0
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and
vy k+l+v)—v
1-— g ))elktitr) - _1ym af e
(1-G(x;0)) mz_:o( ) . G (2, W),
we obtain
Plasa s ) = (agy Yo (ko (MO D) (2T
. ; j
1,7,k,l,m=0

X

BU+v)—v\ (=BG +v)+v)\ (alk+l+v)—v
x gm(x;\ﬁ)g”(x;)\ll(). | >( " )

Finally, Rényi entropy of the TL-EHL-GG family of distributions is

In(v) = (1—v)"log [(4aﬁb)u . i (—1)FH+hHm <V(bi_ 1)> (2@;r 1)
(P <<5<§J€ ’ZT)nfu)) (otk 40 =)
X (73-1-11)” /000 ((% + 1) g(x;\If)GT(x;\If))de]
= (1-v)"tlog io: R} exp((1 —v)IgrEa)|,
m=0

where Ippg = (1 — v) " !log [fooo ((% +1) g(; \II)G%(m;\I/)>Uda;} is Rényi entropy of Exp-G

densities with power parameter (2* + 1) and

o

R;, = (4aBb)” Z 1)i+iHhAm <V(bi— 1)) <2i + 1)

%,5,k,0=0 J

( j-l—u )( j+u +V))<a(k+l'r—rty)_y>(zl_{1_1)y'

3.4 Maximum Likelihood Estimation

X

Suppose X ~ TL— EHL — GG (a,3,b,¥) and A = (a, 3,b, ¥)T the parameter vector, then the
log-likelihood function (¢,) of a random sample of size n from the TL — EHL — GG(«a, 3,b, V)

family of distributions is given by
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2
l—Ga(mi;\I/))ﬂ

lo(A) = nlog(4aBb) + (b—1) Zlog 1— 1_(1+Ga(x~'\lf)

—a B
1- G (xi; \Il) —a

i=1

— (B log[l+ G (2 0)] + (a — 1) Zlog[é(%; )]+ Zlog[g(xi; v)]

=1

Do’ OB b’ oYy
by numerical methods. Elements of the score vector A = («, 8, b, ¥) are given in the appendix.

T
The MLE’s are obtained by solving a system of non-linear equations (‘%" 0ty Oty Dby ) =0

The Fisher Information Matrix of the TL-EHL-GG family of distributions is given by I(A) =

LA;0;134q)x(34+q) = E( 8‘2 gA > i,7 =1,2,...,(3+ q), and can be numerically obtained by

mle2 package (Bolker and Bolker (2017)) in R software. The total Fisher information matrix

nI(©) can be approximated by

J. (A~ [—% } 40,7 =1,2,...., (34 ¢q). The multivariate normal distributio
n(A) BN | A=A (3400 x(31a) 0,7 (3+4q) multivariate normal distribution

N(z4+q)(0,J (A)~1) can be used to construct confidence intervals and confidence regions for the

individual model parameters. The approximate 100(1 — )% two sided confidence intervals for

a, 3,b and ¥y are given by:

atZy\[Tad (D), BEZy\[T55(A), b+Zy\JT,'(A) and Up+Zy4/T,) (A),

(A) and I_1 (A) are the diagonal elements of I, 1(A) =

respectively, where I 1(A), I, ( AT
(nI(A))~', and Z 1 is the upper (4t percentﬂe of the standard normal distribution.

3.5 Some Special Cases

In this subsection, we specify the baseline cdf G(z; V) and pdf g(z; ¥) in equations (3.2) and
(3.3) to come up with some special cases of TL-EHL-GG family of distributions.

3.5.1 Topp-Leone Exponentiated Half Logistic Generalized-Log-logistic Dis-
tribution

Suppose the baseline distribution is the log-logistic distribution with cdf and pdf given by
G(z;e) = 1 — (14 297! and g(z;¢) = cx® (1 + )72, respectively, for ¢,z > 0, then the
cdf and pdf of the TL-EHL-GLLo distribution are given by

b

FTLfEHLfGLLo (1‘; a, 57 b: C) = |:1 - (1 - (Bl (J}; «, c))6> 2}
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and

2 b-1
fTL*EHL—GLLo(J";O“ﬁ’b) C) = 4apb |:1 — <1 —( SC Q, c ]

(1—(142z%"9)
X (1_(31(33;0‘76)) ) (1+(1+$c) a)ﬁ+1

C:L‘Cil(l + J/,c)fozfl’

X

respectively. The corresponding hrf is given by

b—1
hrr eni-erie (r;0,8,0,c) = aBb {1 - <1 — (B, (z;q, C))B>Z] (1+ l,C)—a—l

(1= (L +a0) )
(1= B 0.0)) T

X

for a, 5,b,¢ > 0, and = > 0, where B, (z;a,¢) = h_L(ITC)—

—— =0.6,3=0.1,0=0.3/c=0.4
0=0.2,8=0.1,b=0/5,c=8.5
—— =1.0,3=0.2,0=0.5,c=7.0
0=1.5,8=2.5,b£2.1,c=4.0
—— =05,80.2,0£2.5,c=3.3

< A — a=35,3=2.0.b=6.0,c=1.5 0
0=2.5,8=1.0,b=6.5,c=0.1

— @=4.3,8=2.2,b=5.6,c=1.0

0=1.0,=0.2,b=3.3,c=2.5

0=2.5,8=2.0,0=9.0,c=2.0

1.0 1.5

density

0.5
|

0.0
|

Figure 3.1: Plots of the pdf and hrf for the TL-EHL-GLLo distribution

Figure 3.1 gives the plots of pdf and hrf of the TL-EHL-GLLo distribution. The pdf of the
TL-EHL-GLLo distribution can be right-skewed, left-skewed, reverse-J and almost symmetric
shapes. The hrf on the other hand displays upside-down bathtub, decreasing, increasing, bath-
tub, and bathtub followed by upside-down bathtub shapes. Figure 3.2 shows that TL-EHL-GLLo

distribution can model data sets with different levels of skewness and kurtosis.
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TL-EHL-GLLo(a, B. 1,3) TL-EHL-GLLo(a. B, 1. 3)

TL-EHL-GLLo(1.5, 8,5, ¢) TL-EHL-GLLo(1.5,8,5,¢)

Figure 3.2: Skewness and kurtosis plots for TL-EHL-GLLo distribution
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3.5.2 Topp-Leone Exponentiated Half Logistic Generalized-Weibull Distri-
bution

If we let the baseline distribution to be Weibull distribution with cdf and pdf given as G(z; \) =
1—e " and glz; \) = /\x”\_le_xk, respectively, for A, x > 0, we obtain the cdf, pdf and hrf of
the TL-EHL-GW distribution as

b
FTL—EHL—GW (:L‘; Oz,ﬂ,b, >‘) = |:1 - (1 - (B2 (x; «, )‘))6>2:| )

fTL—EHL—GW(x;a7ﬁ7b’ A) = 4dapb [1 - (1 — (B, (3 a, )‘))ﬁ>2:|

X
/N
—
|
—~
SS/

N
—~
5
L
>
—
®
N—

and

b—1
hre misow (T305B,0,0) = 4a8b {1 - (1- (B, (x;oz,)\))6>1

X
/N
—_

[
—~
Sy

N
—
°H
L
>
—
~—
®
N—

X
Y
—_
|
| — |
—_
|
/N
[a—
|
—~
&
[\V)
he
B
L
P
N~—
~—
sy
~—
| S
o
N——
L

—aﬁA
for a, 8,0, \ > 0, and x > 0, where B, (z;a,\) = ;eﬁ
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Figure 3.3: Plots of the pdf and hrf for the TL-EHL-GW distribution

Figure 3.3 represents the plots of pdf and hrf of the TL-EHL-GW distribution. The pdf of
the TL-EHL-GW distribution can be right-skewed, left-skewed, reverse-J and almost symmetric
shapes, whereas the hrf displays bathtub, decreasing and increasing shapes. Figure 3.4 indicate

that TL-EHL-GW distribution can model data sets with different levels of skewness and kurtosis.
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TL—EHL-GW(0.5, B. b, 1) TL—EHL-GW(0.5, B. b, 1)

TL-EHL-GW(3,2,b, ) TL-EHL-GW(3,2,b, &)

Figure 3.4: Skewness and kurtosis plots for TL-EHL-GW distribution

3.5.3 Topp-Leone Exponentiated Half Logistic Generalized-Power Distribu-
tion

If we take the baseline distribution to be power distribution with cdf and pdf given as G(z; A, d) =
(62)* and g(a; A\, 6) = A0 21, respectively, for A,d >0 and 0 <z < %. Then the cdf, pdf
and hrf of the TL-EHL-GP distribution are given by

2 b
FTL—EHL—GP (1‘; 0‘757 bv )‘a 6) = |:1 - (1 - (Bs (I; av/\vd))/6> :| )
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and

density

2
fTL—EHL—GP(x; a,ﬁ, b, )\7 5) == 404617 |:1 - (1 - (BS (l‘; «, )\, 5))6)

h

TL-EHL-GP (

< (1= (By(@s1,9)")
% (5$>A(a—1))\5kxk—l,

| I
7
[asy

b—1
v, B,b,\,8) = 4a5b[1—(1—(3 (z; 0, ), 0))° 2]

(1— (1= (82))*)* !
X 1— (B, (x;a, M\, 0 >
(1= (Betos 1.0 ) (= Gpympe
210\ 7!
x [1- [1 - (1 - (B3(x;a,/\,5))/8) }
> ((SiE)A(a_l))\(SAIL'A_l
. _ 1=(=(sm)M)~
for o, B8,b, A, 8 > 0, where B, (z;a, \,0) = ()M
< —— 0=2.8,3=2.0,b=1.0,1=2.0,5=0.5 < —— 0=2.8,3=2.0,b=1.0,A=2.0,5=0.5
0=2.8,8=2.0,b=1.0,1=1.4,3=0.7 0=0.4,8=1.0,0=0.9,1=0.8,5=0.5
—— =2.8,p=2.0,0=1.0.A=0.8,5=1.0 —— 0=0.3,3=05=2.5-2.0,5=1.5
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2 g 2

Figure 3.5 shows the plots of the pdf and hrf for the TL-EHL-GP distribution. The pdf displays
shapes that are left-skewed, almost symmetric, reverse-J and J-shapes, whereas the hrf shows
bathtub, upside-down bathtub followed by bathtub, decreasing and increasing shapes.
3.6 gives plots of skewness and kurtosis for the TL-EHL-GP distribution. The plots clearly show

0.0

0.5

Figure 3.5: Plots of the pdf and hrf for the TL-EHL-GP distribution

the dependence of skewness and kurtosis on the shape parameters.
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TL-EHL-GP(a. 1.b,2,0.1) TL-EHL-GP(a, 1,b,2,0.1)

TL-EHL-GP(2,6,b, 1,3) TL-EHL-GP(2,6,b, 1,3)

Figure 3.6: Skewness and kurtosis plots for TL-EHL-GP distribution
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3.6 Simulation Results

The effectiveness of maximum likelihood estimators of the parameters of the TL-EHL-GW distri-
bution is examined by conducting various simulations for different sample sizes (n= 50, 100, 200,
400, 800, 1600) via the mle2 (Bolker and Bolker (2017)) package in R. We simulate N = 3000

samples for the selected parameters values of (a, 3,b, ) as given in Tables 3.1 and 3.2, respec-

~

tively. The BIAS and RMSEs for the estimated parameter, say, 0, are given by:

N

ABIAS(0) = Z_N19 —0, and RMSE(f) =

respectively. From the results, we see that RMSEs decrease and ABIAS decreases towards
zero as n increases, and the mean estimates of parameter values are getting closer to the true

parameter values as the sample size increases.

Table 3.1: Simulation Results for TL-EHL-GW Distribution: Mean, ABIAS and RMSE

(0.5, 1.0, 0.5, 2.5) (0.1, 2.0, 1.0, 4.0) (0.1, 0.7, 0.7, 3.0)
Parameter [ Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
@ 50 0.5850 0.4902 0.0850 0.0850 0.1598 0.3240 0.0598 0.0598 0.2089 0.2777 0.1089 0.1089
100 0.5342  0.4001 0.0342 0.0342 0.1267 0.1259 0.0267 0.0267 0.1674  0.2006 0.0674 0.0674
200 0.4987 0.3385 -0.0013 0.0013 0.1139 0.0685 0.0139 0.0139 0.1378 0.1434 0.0379 0.0379
400 0.4771  0.2936 -0.0229 0.0229 0.1080 0.0474  0.0080 0.0080 0.1228 0.1172 0.0228 0.0228
800 0.4771  0.2457 -0.0229 0.0229 0.1033  0.0328 0.0033 0.0033 0.1154 0.0967 0.0154 0.0154
1600 0.4807 0.2018 -0.0193 0.0193 0.1020 0.0233 0.0020 0.0020 0.1115 0.0753 0.0115 0.0115
Ve 50 1.5869 1.2846 0.5869 0.5869 2.2705 2.7793 0.2705 0.2705 1.3784 1.3184 0.6784 0.6784
100 1.4333 1.1795 0.4333 0.4333 2.1514 1.0000 0.1514 0.1514 1.2325 1.1972 0.5325 0.5325
200 1.3381 1.0934 0.3381 0.3381 2.0938 0.5582 0.0938 0.0938 1.1115 1.0382 0.4115 0.4115
400 1.2199 0.9503 0.2199 0.2199 2.0709 0.5089 0.0709 0.0709 0.9850 0.8730 0.2850 0.2850
800 1.1572 0.8274 0.1572 0.157 2.0481 0.3976 0.0481 0.0481 0.9131 0.7308 0.2131 0.2131
1600 1.1059 0.6832 0.1059 0.1059 2.0266 0.3057 0.0266 0.0266 0.8294 0.5376 0.1294 0.1294
b 50 2.7004 8.9821 2.2004 2.2004 2.9124  9.0313 1.9124 1.9124 3.9604  3.4871 3.2604 3.2604
100 1.4469 3.8795 0.9469 0.9469 1.6445 3.5929 0.6445 0.6445 1.6764 3.4703 0.9764 0.9764
200 0.8400 1.1394  0.3400 0.3400 1.2774  2.0256 0.2774 0.2774 1.0252 1.2787 0.3252 0.3252
400 0.6889 0.5624 0.1889 0.1889 1.0895 0.6098 0.0895 0.0895 0.8672 0.6843 0.1671 0.1671
800 0.6345 0.4015 0.1345 0.1345 1.0471 0.4086 0.0471 0.0471 0.7897 0.4470 0.0897 0.0897
1600 0.5815 0.2768 0.0815 0.0815 1.0245 0.2086 0.0245 0.0245 0.7508 0.3087  0.0508 0.0508
A 50 3.3701 2.2041 0.8701 0.8701 4.3493 1.3711 0.3493 0.3493 3.3312 1.4174 0.3312 0.3312
100 3.1792 1.7922 0.6792 0.6792 4.1642 1.0253 0.1642 0.1642 3.3279 1.2457 0.3279 0.3279
200 3.0361 1.4232 0.5361 0.5361 4.0200 0.6594  0.0200 0.0200 3.2881 1.0466 0.2881 0.2881
400 2.9237 1.1094 0.4237 0.4237 4.0045 0.4968 0.0045 0.0045 3.2571 0.9051 0.2571 0.2571
800 2.7828 0.8051 0.2828 0.2828 4.0087 0.3631 0.0087 0.0087 3.1839 0.7461 0.1839 0.1839
1600 2.6845 0.5833 0.1845 0.1845 3.9977 0.2519 -0.0023 0.0023 3.0918 0.5705 0.0918 0.0918
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Table 3.2: Simulation Results for TL-EHL-GW Distribution: Mean, ABIAS and RMSE

(2.0, 2.0, 0.5, 1.5) (0.5, 1.0, 0.3, 3.5) (0.1, 1.0, 2.0, 4.0)
Parameter [ Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS

@ 50 1.6522  0.9609 -0.3478 0.3478 0.5230 0.4537  0.0230 0.0230 0.2072  0.4051 0.1072 0.1072
100 1.6256 0.8252 -0.3744 0.3744 0.4855 0.3797 -0.0145 0.0145 0.1397 0.1594 0.0397 0.0397

200 1.6340 0.7388 -0.3659 0.3659 0.4719 0.3316 -0.0281 0.0281 0.1189 0.0924 0.0189 0.0189

400 1.7082 0.6256 -0.2918 0.2918 0.4839 0.2930 -0.0161 0.0161 0.1199 0.0716 0.0199 0.0199

800 1.7879 0.5069 -0.2121 0.2121 0.4946 0.2528 -0.0054 0.0054 0.1108 0.0503 0.0108 0.0108

1600 1.8445 0.4243 -0.1555 0.1555 0.5067 0.2111 0.0047 0.0047 0.1071 0.0376 0.0071 0.0071

&) 50 1.7451 2.8126 -0.2549 0.2549 1.5562  1.4652 0.5562 0.5562 1.7435 4.2186 0.7435 0.7435
100 1.7161 1.8882 -0.2839 0.2839 1.4893 1.4088 0.4893 0.4893 1.2514 1.1209 0.2514 0.2514

200 1.7125 1.6476 -0.2875 0.2875 1.4346 1.3457 0.4346 0.4346 1.1925 0.8149 0.1925 0.1925

400 1.8049 1.5528 -0.1951 0.1951 1.4307 1.2971 0.4307 0.4307 1.2279  0.7963 0.2279 0.2279

800 1.8759 1.4283 -0.1241 0.1241 1.3875 1.1913 0.3875 0.3875 1.1553 0.6491 0.1553 0.1553

1600 1.9319 1.3308 -0.0681 0.0681 1.3228 1.0474 0.3228 0.3228 1.1010 0.5256 0.1010 0.1010

b 50 1.7699 5.2073 1.4699 1.4699 1.5273 3.9444 1.2273 1.2273 6.4417 9.2306 4.4417 4.4417
100 1.0355 2.2889 0.7355 0.7355 0.9374 2.3473 0.6374 0.6374 3.8541 6.9104 1.8541 1.8541

200 0.7475 1.0467  0.4475 0.4475 0.6036  1.1441 0.3036 0.3036 3.4697 6.1498 1.4697 1.4697

400 0.6298 0.6894 0.3298 0.3298 0.4536 0.6455 0.1536 0.1536 2.4469 2.8508 0.4469 0.4469

800 0.5767 0.4976 0.2767 0.2767 0.3654 0.2677 0.0654 0.0654 2.1883 1.5549 0.1883 0.1883

1600 0.5244 0.3985 0.2244 0.2244 0.3451 0.1763 0.0451 0.0451 2.0934 0.9089 0.0934 0.0934

A 50 1.8914 0.8928 0.3914 0.3914 4.9874 3.3345 1.4874 1.4874 4.2569 1.5032 0.2569 0.2569
100 1.8861 0.8176 0.3861 0.3861 4.7101 2.7727 1.2101 1.2101 4.2426 1.2029 0.2426 0.2426

200 1.8638 0.7341 0.3638 0.3638 4.4446  2.2434  0.9446 0.9446 4.1193 0.8713 0.1193 0.1193

400 1.8036 0.6249 0.3036 0.3036 4.0902 1.5939 0.5902 0.5902 3.9822 0.6428 -0.0178 0.0178

800 1.7494  0.4981 0.2494 0.2494 3.8435 1.0876 0.3435 0.3435 3.9883 0.4804 -0.0117 0.0117

1600 1.6662 0.3621 0.1662 0.1662 3.6637 0.7082 0.1637 0.1637 3.9829 0.3584 -0.0170 0.0170

3.7 Applications

In this subsection, we give examples of applications to real data sets in order to assess the

usefulness of the TL-EHL-GW distribution.

The TL-EHL-GW distribution is compared to

several competing models with the same number of parameters including Topp-Leone Weibull-

Lomax distribution by Jamal et al. (2019), Topp-Leone generalized inverted Kumaraswamy
distribution by Reyad et al. (2019), Weibull-Lomax distribution by Tahir et al. (2014), the Beta
odd Lindley-exponential distribution by Chipepa et al. (2019) and odd log-logistic exponentiated
Weibull distribution by Afify et al. (2018). The pdf’s of the models listed above are given by

Jriwre(z;a,b,0,0) =

for x > 0,a,b,a,6 > 0,

X

X

200ab(1 + bx)* 11 — (1 4 bx)~2}o!

exp 4 —2

1 —expq—2

60

1— (1+bz)*\*
(14 bx)—@

1—(1+bz)~*\“

(14 bx)—@

0—-1
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0—1
Fricrce(T a, ), 8,0) = &wxm*41—{1—u—(ywﬁrﬂﬁﬂ
(L) L (L 2P [ (L))

for x > 0,a,\, 3,0 > 0,

aba

5 0+ (2/B))" 7 (1 = (1 + (x/8))" ' exp{—a[(1 + (z/8))* = 1]},

fWL (CC;CL, byaaﬁ)

for x > 0,a, b, a, 8 > 0,

1 X+ e 0 (1- e 07) a1
_ ca, b\ 0) = 1-— A
fBoL-E(7;a,b,7,0) Blab) [ ESNE eXp{ =

—0x bz b—1
Ate " exp _)\(1 76 )
(1+ e 0= e~z

/\2 0 —0x 1— —0x
(igﬁen>—k( jx) 7
(1+X) e3 e

X

for x > 0,a,b,\,0 > 0, and

0ByzP e~ (@/@)7[] — g=(@/@)fo-1f1 _ [1 — e~ (@/@)?yy-1
ab {[1 Yy ef(x/a)ﬁ]w + {1 _ [1 _ po—(z/a)B ] }0}

forrew (z; 0, B,7,0)

for z > 0,a, 3,7, > 0.

The estimated values of parameters of the distributions with standard errors (in parentheses) are
given in Tables 3.3 and 3.4, respectively. The goodness-of-fit statistics including -2log-likelihood
statistic (-2log(L)), AIC, AICC, BIC, (W*), (A*) statistic, K-S statistic and its p-value are also

presented in the tables.

Plots of the fitted pdfs, the histogram of the data, probability plots, estimated cdf, K-M survival

plots, and TTT plots are given in Figures 3.8, 3.9, 3.11, 3.12, 3.14 and 3.15. For the probability

— 0. 375
plots, we plotted F'(z(;; & &, B, b, )\) against ‘ﬁ, j=1,2,---,n, where z;

values of the observed data. The measure of closeness to the diagonal line is given by the sum

are the ordered
of squares:
" A j—0.375\1%
SS = byA) — | ———
Z;[ (257, 8,6, 3) (n+0%>]’

(see Chambers et al. (1983) for additional details). For the scaled TTT-transform plot, we
plotted ®p(u) vs u, where
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3.7.1 Growth Hormone Data

The first data corresponds to growth hormone data, also cited by Alizadeh et al. (2018). The
observations are: 2.15, 2.20, 2.55, 2.56, 2.63, 2.74, 2.81, 2.90, 3.05, 3.41, 3.43, 3.43, 3.84, 4.16,
4.18, 4.36, 4.42, 4.51, 4.60, 4.61, 4.75, 5.03, 5.10, 5.44, 5.90, 5.96, 6.77, 7.82, 8.00, 8.16, 8.21,
8.72, 10.40, 13.20, 13.70.

The estimated variance-covariance matrix for TL-EHL-GW distribution on growth hormone

data set is given by

2.8531 x 10792 —6.3355 x 10794 —4.2978 x 10~ —3.2370 x 10793
—6.3355 x 10794 1.4068 x 1079  9.5436 x 10797  7.1921 x 109
—4.2978 x 1079 9.5436 x 10797  6.4741 x 1079 4.8793 x 10796

—3.2370 x 1079 71921 x 1079  4.8793 x 1079 4.4838 x 1004

Table 3.3: Parameter estimates and goodness-of-fit statistics of models for growth hormone data

Estimates Statistics
Model « B b A —2log L AIC AICC BIC w* A* K-S P-value
TL-EHL-GW 4.7814 13.6540 349.6700 0.1962 155.1 163.1 164.5 169.4 0.0352 0.2487 0.0851 0.9619
(0.1617) (0.0115) (0.0002) (0.0249)
a b « 4
TLWLx 8.0432 0.0065 13.5970 0.0504 188.6 196.6 197.9 202.8 0.3762 2.3515 0.2399  0.0355

(8.0040x10797)  (2.6926x1004)  (2.8529x100%) (8.6509x10°2)

« A B 0
TLGIKw 0.1058 12.1140 2.2225 6.9258 155.3 163.3 164.6 169.5 0.0417 0.2777  0.0949 0.9108
(0.0165) (0.0002) (0.6183) (0.1475)
a b « B
‘WL 162.3400 3.8678 0.1314 1.1459 161.3 169.3 170.7 175.6 0.1137 0.7300 0.12578 0.6371
(0.0071) (2.6003) (0.0537) (2.8892)
a b A (4
BOL-E 4.1532 39.7000 38.5640 0.0005 160.2 168.2 169.7 174.5 0.1013 0.6572 0.1229 0.6663

(4.8194x107°7)  (5.1120x10797)  (5.6004x10797) (4.1789x107°7)

@ B 0% 0
OLLEW 0.0060 0.0979 4.3426 12.4829 158.7 166.7 167.9 1729 0.0574 0.4135 0.0983  0.8880
(0.0197) (0.0211) (1.7941) (10.4294)

From Table 3.3, the TL-EHL-GW distribution has the smallest goodness-of-fit statistics com-
pared to other non-nested distributions. Therefore, we can conclude that the TL-EHL-GW
model performs better than the non-nested distributions listed in the table for the growth hor-
mone data. Moreover, the TL-EHL-GW model has the highest K-S p-value and smallest SS
value from the probability plots in Figure 3.8. Plots of the profile log-likelihood in Figure 3.7
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shows that maximum likelihood estimates of «, 3,b
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Figure 3.7: Profile log-likelihood plots for growth hormone data
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Figure 3.8: Fitted pdfs and probability plots for growth hormone data

Figure 3.9: Estimated cdf, K-M survival and scaled TTT-Transform plots for growth hormone
data

Figure 3.9 shows the estimated cdf, K-M curve and the scaled TTT plots. From the plots we
see that the estimated cdf line for the TL-EHL-GW distribution is closer to the empirical cdf
while the survival function is also close to the K-M curve, hence our model is best in explaining
the growth hormone data. The TTT-transform plot shows that our model can fit data with

increasing hrf.

3.7.2 Relief Times of Patients Data
The second data set represent the relief times of 20 patients (Gross and Clark (1975)). The obser-
vations are: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3, 1.6, 2.0.

The estimated variance-covariance matrix for TL-EHL-GW distribution on relief times of pa-
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tients data set is given by

0.0252 —2.1471 x 1079  —4.9453 x 10796 —0.0034
—2.1471 x 1079 18319 x 1079 42193 x 10799 2.9325 x 10~
—4.9453 x 1079 42193 x 10799  9.7181 x 10710 6.7553 x 10797

—0.0034 2.9325 x 1079 6.7553 x 10797 8.5287 x 10~

Table 3.4: Parameter estimates and goodness-of-fit statistics of models for relief times of patients
data

Estimates Statistics
Model « B b A —2log L AIC AICC BIC w* A* K-S P-value
TL-EHL-GW 10.8060 1170.9000 2589.5000 0.1714 30.8013  38.8013 41.4679 42.7843 0.0286 0.1619 0.0927 0.9954
(0.1586) (0.0001) (3.1174x10795) (0.0292)
a b @ (4
TLWLx 3.2376 0.4172 0.4999 68.0184 33.4483  41.4483 44.1149 45.4312 0.0693 0.4098 0.1716  0.5979
(1.2582) (0.2289) (0.2036) (78.9434)
a A 8 [
TLGIKw 0.3496 6.1246 1.6868 2.8426 30.8485  38.8842 41.5509 42.8671 0.0332 0.1863 0.1010 0.9868
(3.4728) (79.4909) (61.4218) (151.8967)
a b et B
WL 489.9400 5.1301 0.1582 0.4965 38.9939  46.9939 49.6606 50.9768 0.1519 0.8971 0.1767 0.5605
(0.0040) (4.6914) (1.1282) (1.6855)
a b A 4
BOL-E 9.6006 110.0100 21.8890 0.0021 35.6567  43.6567 46.3233 47.6396 0.1061 0.6285 0.1721  0.5944

(3.1958x1079%)  (2.8056x1098)  (1.5272x1098) (1.5198x10~%%)
a B 07 0
OLLEW 0.0041 0.1723 11.417 8.4420 32.9642 40.9642 43.6309 44.9471 0.0523 0.3122 0.1108 0.9669

(4.5122 x1079%)  (3.0926 x1079%) (1.1872x107%1) (5.8325x10%%)

According to the results in Table 3.4, the values of the goodness-of-fit statistics: AIC, AICC and
BIC are smallest for the TL-EHL-GW distribution compared to the other non-nested models.
Also, the values of the K-S, W;* and A* statistics are the least for the proposed model. Thus, we
can conclude that the TL-EHL-GW distribution performs better for the relief times of patients
data than the non-nested TLWLx, TLGIKw, WL, BOL-E and OLLEW distributions. Again,
Figure 3.11 indicates that our model outperforms the competing non-nested models on relief
times of patients data. Profile log-likelihood plots in Figure 3.10 shows that maximum likelihood

estimates of o, 8,b and A can be uniquely obtained.
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Figure 3.12: Estimated cdf, K-M survival and scaled TTT-Transform plots for patients data

In Figure 3.12, we see that the cdf line for the TL-EHL-GW distribution is superimposed on
the empirical cdf while the survival function is also close to the K-M curve indicating that our

model is good in explaining the relief times of patients data.

3.7.3 Waiting Times of Bank Customers Data

The following data set corresponds to the waiting times (in minutes) of 100 bank customers.
The data was analysed by Ghitany et al. (2008). The observations are as follows: 0.8, 0.8, 1.3,
1.5, 1.8, 1.9, 1.9, 2.1, 2.6, 2.7, 2.9, 3.1, 3.2, 3.3, 3.5, 3.6, 4.0, 4.1, 4.2, 4.2, 4.3, 4.3, 4.4, 4.4, 4.6,
4.7,4.7, 4.8, 4.9, 4.9, 5.0, 5.3, 5.5, 5.7, 5.7, 6.1, 6.2, 6.2, 6.2, 6.3, 6.7, 6.9, 7.1, 7.1, 7.1, 7.1, 7.4,
7.6, 7.7, 8.0, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6, 9.7, 9.8, 10.7, 10.9, 11.0, 11.0, 11.1,
11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.3, 13.6, 13.7, 13.9, 14.1, 15.4, 15.4, 17.3,
17.3, 18.1, 18.2, 18.4, 18.9, 19.0, 19.9, 20.6, 21.3, 21.4, 21.9, 23.0, 27.0, 31.6, 33.1, 38.5.
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The estimated variance-covariance matrix for TL-EHL-GW distribution on bank customers data

set is given by
0.0141  7.6168 x 1079 1.5592 x 1079  —0.0404
0.0076  4.2077 x 1079 8.4272 x 10~%  —0.0217

0.0002  8.4272 x 1079  1.7348 x 1079%  —0.0005

—0.0404 —2.1749 x 1079  —4.5053 x 1079 0.1172

Table 3.5: Parameter Estimates and Goodness-of-Fit Statistics of Models for Bank Customers
Data

Estimates Statistics
Model @ B b A —2log L AIC AICC BIC w* A* K-S P-value
TL-EHL-GW 0.0921 0.1412 32.9208 0.9614 633.9 641.9 6424 6524 0.0179 0.1322 0.0369  0.9992
(0.1186) (0.0649) (0.0013) (0.3423)
a b « 0
TLWLx 18.163 0.0041 0.5389 4.1174 636.6 644.6  645.1 655.1  0.0543 0.3508 0.0642  0.8050

(2.8594x10795)  (2.9104x107%%)  (4.0835x10792)  (2.9813x10703)

a A Jé] 0
TLGIKw 1.6288 0.7865 52.8214 0.2792 645.8  653.8 654.2  664.2 0.1254 0.8942 0.07389 0.6458
(0.4939) (0.1814 ) (40.0881) (0.1697)
a b « B
WL 2.3751x10~% 1.3714 1.0629 7.3688 x10793 637.5  645.5 645.9  655.9 0.0629 0.3961 0.0577  0.8920

(2.3750x107%6)  (4.5634x10710)  (5.8906x10710) (1.1148 x10~0%)

a b A 6
BOL-E 2.0015 21.3750 24.7340 0.0004 634.6 642.6 643.0 653.04 0.0279 0.1839 0.0434 0.9917

(5.0593x107%%)  (4.8510x10710)  (4.4519x10710)  (2.7384x107°%)

« B 0% 0
OLLEW 2.6990x1079° 0.1261 90.1420 2.5614 640.3 648.3  648.7 658.7 0.0693 0.4930 0.0551 0.9214

(2.0210x10795)  (7.5511x10793)  (5.9157x10797)  (1.9911x10%)

From Table 3.5, the values of the goodness-of-fit statistics: AIC, AICC and BIC are smallest
for the TL-EHL-GW distribution compared to other non-nested models. Again, the values
of the goodness-of-fit statistics: K-S, W;* and A* are smallest for the proposed distribution.
Therefore, we conclude that the TL-EHL-GW distribution performs better for the waiting times
of customers data than the non-nested distributions listed in the table. Figure 3.14 indicates
that our model outperforms the competing non-nested models on waiting times of customers
data. Figure 3.13 confirms that maximum likelihood estimates of «a, 3,b and A exist and are

unique.
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Figure 3.13: Profile log-likelihood plots for Bank Customers Data
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Figure 3.15: Estimated cdf, K-M survival and scaled TTT-Transform plots for customers data

In Figure 3.15, the survival function is close to the K-M curve, demonstrating that our model
is effective at describing the waiting times of customers data. The estimated cdf line for the

TL-EHIL-GW distribution is seen to be on the empirical cdf.

3.8 Concluding Remarks

We proposed a new family of generalized distributions known as the Topp-Leone Exponenti-
ated Half Logistic-Generalized-G distribution. Some important statistical properties of the new
family of distributions were derived. Some special cases of the new family of distributions were
also studied in details. We conducted a simulation study to examine the performance of the
maximum likelihood estimates. Lastly, three real data examples were given to show the impor-
tance and flexibility of the proposed family of distributions where we established that indeed

the model is useful and performs better than some selected competing models.
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4. The Topp-Leone-Gompertz-G Power

Series Class of Distributions

4.1 Introduction

The Gompertz generator can be used in the analysis of survival and failure times of computer
codes by computer scientists (Eliwa et al. (2020)). It is well known that power series class of
distributions are extremely important in the areas of finance, reliability and actuarial sciences.
Moreover, the combination of other generators with the Topp-Leone generator can be very
useful in reliability analysis and related areas. We combine the Topp-Leone generator with the
Gompertz generator, and compound the resulting family of distributions with the power series

distribution to obtain new Topp-Leone-Gompertz-G power series class of distributions.

The new generalized class of distributions, the TL-Gom-GPS distribution is presented in this
chapter. Some statistical properties of the new class of distributions are explored. For this
new class of distributions, we derived the quantile function, moments and generating function,
probability weighted moments, distribution of the order statistics and Rényi entropy. The
maximum likelihood method is used for estimating the parameters and simulations are conducted
to show the performance of the proposed model. Finally, the usefulness and flexibility of the

new class of distributions is examined by means of applications to real data sets.

4.2 The New Class of Distributions

In this section, we present the proposed model and its sub-models. Suppose N is a discrete
random variable following a power series distribution and assumed to be truncated at zero with

the pmf given by
n=12,..., (4.1)

where C(0) = > >° | a,0" is finite, § > 0 and {a,},>1 a sequence of positive real numbers.
The power series family of distributions includes Poisson, binomial, geometric and logarithmic

distributions (Johnson et al. (1994)).

The Topp-Leone Gompertz-G family of distributions was proposed by Oluyede et al. (2022). Let
X be a random variable such that X;, for ¢ = 1,2,..., N denote the time to failure of a device
due to the " defect with the assumption that the X;’s iid TL-Gom-G random variables and
X(1) =min(Xy, Xa, ..., Xy), with the distribution of N given by equation (4.1). The TL-Gom-
GPS class of distributions is defined by the marginal distribution of Xy, say Fy(z), and is given
by
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_ C(0S5(r;b,7,%))
Fy(x) = 1- 0

C (9 (1 - {1 (e[ -1- G@;;g))ﬂ)]ﬂ b))

c(o) ’

- 1-

(4.2)

where S(x;b,7,&) is the survival function of the TL-Gom-G distribution. The corresponding
pdf is given by

folw) = %@maa—Gug»ﬂ*<apﬁu—u—am@ynp2

1—(wpﬁu—a—amornbjml

cr (9 (1 - [1 (e[t~ G(x;g))—V)DZ] b))

C(0)

X

(4.3)

for b,v,60 > 0 and parameter vector &.

Special classes of the TL-Gom-GPS class of distributions are given in Table 4.1.

Table 4.1: Special classes of the TL-Gom-GPS class of distributions

Distribution an C(0) cdf

TL-Gom-G Poisson  (n!)~* ef -1 1-

(1-0) (1[1(expuu(lc(z;&))m)z}

ol
wfeofefresacor

log(1-0)

<1+9 (1— [1— (exp[%(l—(l—G(I;ﬁ))W)])2} b))m_l

+0)"—1

TL-Gom-G Geometric 1 0(1—0)7" 1-

TL-Gom-G Logarithmic ~ n~!  —log(1-6) 1-

TL-Gom-G Binomial ™M  a+em-1 1-

4.3 Some Statistical Properties

In this section, we present the linear representation of the density function, hazard and quantile

functions, moments, generating function, probability weighted moments, distribution of the i
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order statistics and Rényi entropy of the TL-Gom-GPS class of distributions.

4.3.1 Expansion of the Density Function

In this subsection, we obtain the linear representation of the TL-Gom-GPS class of distributions

using the following generalized binomial and Taylor series expansions:

(0.0} o0 k
S $ z <
(1-2)%= g (—1)k<k)zk, for |z] <1, and e* = E o
k= k=0

0

Note that the pdf of the TL-Gom-GPS class of distributions can be written as

f() = :ng?ee; (1[1(eXp [iu(la(x;ow})?r)

X 2b0g(2:)(1 = Glw;€) <eXp [i(l —(1- G(a:;g))—v)Dz

[1 - (e 20— 1= G )] )] a

Considering the following generalized binomial expansions:

n—1

X

and
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( ( f)) —y(4+1)-1 _ Z(_l)t (_7(l +1)— 1) Gt(it;f),

t=0

we can write the pdf of the TL-Gom-GPS class of distributions as

. na, 0" (n — i+1)— |+ 2)k(—1) It
% 260 9( 1><b(+1) 1)(2g+2)( 1)ttt

bl = nglz o ¢ ¢ i AREN(E+ 1)
* ( R [ [ERELI e
= Zngz‘H(x;g), (8.4
t=0
where
o 2b9nan n—1\ (b(i+1) — 1\ (25 + 2)F(—1)Hi++
e ;1;() < i )( i > YRR+ 1)

)

and g7, (@;€) = (t+ 1)g(;£)G(x;€) is the Exp-G density with power parameter (t+1). Con-
sequently, the pdf of the TL-Gom-GPS class of distributions can be written as a infinite linear

combination of Exp-G densities.

4.3.2 Hazard Rate and Quantile Functions

The hrf and quantile function of the TL-Gom-GPS class of distributions are presented in this

subsection. The hrf is

to(e) = 20— gtz 91 - e (e [La - 0 - ey )
b—1
x 1= <eXp[,1y(1 -(1- G(x;f))_”)]f]
o (9 (1 - [1 —(exp [20 - (1~ G(x;f))’y)DQ] b>>

) <0 <1 _ {1 - (e z0-a- G<x;£))‘”>}>2] b>> |

The quantile function of the TL-Gom-GPS class of distributions is derived by inverting the
non-linear equation Fy(z) = u, 0 < u < 1. Note that
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C (e (1 - [1 (e[ -1~ G(a:;g))—V)DQ} b))

1- .

and

and

1-(1-G(z:6)) 7 =vIn [1 — [1 —

Consequently, we obtain the quantile function of the TL-Gom-GPS class of distributions as

NI
2

cL(CO)(1 - u))} '

Qo(u) =G 1 |1-|1—~In [1—[1— - ] . (4.6)

By numerical methods with the aid of statistical softwares such as R (utilizing the bbmle (Bolker
and Bolker (2017) package), SAS (using NLMIXED procedure in SAS) and MATLAB, random
numbers can be generated using equation (4.6) for specified baseline cdf G and C(6).

4.3.3 Moments and Generating Function

The moments and generating function for the TL-Gom-GPS class of distributions are presented

in this subsection. The n" moment for the TL-Gom-GPS class of distributions is given by

BE(X") = / 2 fy(@)dn = S Wi B(Y(L),
-0 t=0

where E(Y;}H) is the n'® moment of Y;y; which follows an Exp-G distribution with power

parameter (t+1) and Wy, is given in equation (4.5). The moment generating function for the
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TL-Gom-GPS class of distributions is given by

Mx(h) =E (ehx> = i Wi B <6hYt“> ;
=0

where F (ethH) is the moment generating function of the Exp-G family of distributions with
power parameter (t+1) and W4 is given in equation (4.5).
4.3.4 Probability Weighted Moments

The PWMs for the TL-Gom-GPS class of distributions are presented in this subsection. The
PWNMs for a random variable X following the TL-Gom-GPS distributions is given by

o = EQCIEQON) = [ oo Fola)

—00

Note that

fo(z)[Fy(z)]" = Z Apr19741 (735 8),

t=0

where

o

Ay = i 5 2b9(7gl<7;9)7;:jfz,q(_1)q+i+j+l+t<;> <b(i+})—1>

n,z=1 q,1,7,k,l=0 J
(20 +2)% [k [(—y(1+1) -1
VRNt + 1) \ U ¢ ’

and g7, (x;€) = (t+1)g(z;§) G (x;€) is the Exp-G density with the power parameter (t+1) and
baseline vector £. Therefore, the PWMs of the TL-Gom-GPS distribution are

0 0o
eSS At+1/ zgi 1 (z;§)da.
t=0 —o°

See the appendix for details of the derivation.

4.3.5 Distribution of Order Statistics and Rényi Entropy

We present the pdf of the it order statistic and Rényi entropy for the TL-Gom-GPS distribution

in this subsection.
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Distribution of Order Statistics

Let X1, X5, ..., X, be a random sample of size n from the TL-Gom-GPS class of distributions.
The pdf of the i*" order statistic is given by

fin() = (” - ) Di1i (:6), (47

(1 —1)K n—l'

r=0 t=

where gf,,(z;€) = (t + 1)g(x; )G (2;€) is the Exp-G density with power parameter (t+1) and

- 2b0na,0"d, , i (T =1\ (b(i+1)—1
Dia = Z Z (C())at1 (=1 '

nye=1 g, k=0 4 J

E5OC)

Details of the derivations can be found in the appendix section.

Rényi Entropy

Rényi entropy (Rényi (1961)) of a random variable X following TL-Gom-GPS class of distribu-
tions is defined by

Ip(w) = (1 —w) 'log {/000 fg”(:v)dx} for w>0 and w # 1.

Rényi entropy of the TL-Gom-GPS class of distributions is given by

Ip(w) = (1—w) tlog Z Uy exp((1 — w)IREg)] , (4.8)
t=0
where Ippg = =5 log [f ((% +1) g(x;ﬁ)Gé(x;f))w dm} is Rényi entropy of Exp-G density

with power parameter (L+1) and

> nwn “’9"1 n — T4+ w) —w
RIS G4
(2z+2w)( )Z+J+l+t —(l+w)—w 1

o ( D) e

w

Details of the derivations are given in the appendix section.
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4.4 Maximum Likelihood Estimation

Let X ~ TL — Gom — GPS(b,7,0,¢) and ¥ = (b,7,0,£)T be the parameter vector. The log-
likelihood function, ¢,, of a random sample of size n from the T'L — Gom — GPS(b,~, 6,&) class

of distributions is given by

(W) = nlog(2b0) + 3 loglg(wis&)] = (v+1) 3 logl(l - G(::))]

n N 1 2
+ (b-1)) lo [1— exp | —(1—(1—G(2::¢)) ") ]

; |- (o2 )
4 32 G(x:;£))™")] = 3 log[C(0)]

+ glog ol [1 - <exp [ia . G(xi;g))—v)])T

Elements of the score vector U (W) (% Obn Oty Dby

b By 90 @> are presented in the appendix.

The FIM of the TL-Gom-GPS class of distributions is given by I(¥) = [Ly, y.](34q)x(34+q) =
E (—%) ,i,7 =1,2,...,(3 + q), can be numerically obtained by mle2 package (Bolker and
Bolker (2017)) in R software or MATLAB. The expectations in the FIM can be numerically
obtained and the total Fisher information matrix nI(A) can be approximated by

Jn(‘i’)% [—% \1,:\1,} (Bg)x(3+) vi,7=1,2,...., (34 ¢). The multivariate normal distribution

N(z1q)(0,J (¥)~1), can be used to construct confidence intervals and confidence regions for the

individual model parameters and for the survival hazard rate functions. That is, the approximate

100(1 — )% two sided confidence intervals for b, v, 0 and & are given by:

bt Zy 1, (V) A+Zg I (D), 04290/ 150 (V) &tZy\ /I (D),
respectively, where I&)l(\ll) I3

L (W), 1 (\IJ) and I_l(\i/) are the diagonal elements of I () =
(nI(¥))~!, and Z 7 s the upper (4)th percentlle of the standard normal distribution.

4.5 Some Special Cases

Some of the special models of the TL-Gom-GPS class of distributions are presented in this sec-
tion. We consider the cases when the baseline cdf G(z; ) is Weibull, log-logistic and exponential

distributions.

4.5.1 Topp-Leone-Gompertz-Weibull Power Series Distribution

If we take the baseline distribution to be Weibull distribution with the cdf and pdf given by
G(z;\) =1— e~ and glz; \) = Az*le=*" for A,z > 0, we obtain the cdf and pdf of the of
the TL-Gom-WPS distribution as
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and

I R CIE (e—x*r”)])z

respectively, for b,vy, A, 68 > 0.

4.5.2 Topp-Leone-Gompertz-Weibull Poisson Distribution

We consider when the power series distribution is a Poisson distribution. The cdf and pdf of
the TL-Gom-WP distribution are given by

exp (9 (1 4 [1 - <exp [%(1 _ (e—x*)—w)}ﬂ b)) 1

FTL*GO'm7WP ('I" b»% >\7 9) - 1 . 60 = 1

and

2
Frocomwp (@01, A, 0) = 200A 1 (e™) (exp E“ - <e—w*>‘”>]>

[1 - <exp [i(l — (erk)'y)bzl b1

X

respectively, for b, v, A, 8 > 0.
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Figure 4.1: Pdf and hrf plots for the TL-Gom-WP distribution

Figure 4.1 gives the pdf and hrf of the TL-Gom-WP distribution. The pdf can be right-skewed,

left-skewed, almost symmetric and reverse-J shapes whereas the hrf displays increasing, de-

creasing, upside-down bathtub and bathtub shapes.
the TL-Gom-WP distribution for different parameter values. The 3D plots for TL-Gom-WP
distribution are given in Figures 4.2 and 4.3. The plots indicate that TL-Gom-WP distribution

can model data with different levels of kurtosis and skewness.

Table 4.2: Quantiles for TL-Gom-WP distribution

Table 4.2 gives some quantile values of

(6,7, A,0)

v (1,2,1.3,0.2) (0.7,1,3,1.5) (2.4,1,1,2) (2.1,1,1.9,1) (1.5,1,1.2,3)
0.1 0.0933 0.1978 0.1492 0.3655 0.0867
0.2 0.1607 0.2816 0.2110 0.4485 0.1335
0.3 0.2226 0.3504 0.2642 0.5117 0.1757
0.4 0.2825 0.4137 0.3158 0.5674 0.2177
0.5 0.3429 0.4756 0.3696 0.6208 0.2622
0.6 0.4058 0.5393 0.4291 0.6752 0.3122
0.7 0.4742 0.6083 0.4999 0.7344 0.3721
0.8 0.5539 0.6884 0.5928 0.8043 0.4518
0.9 0.6607 0.7945 0.7405 0.9006 0.5815
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Figure 4.2: Skewness and kurtosis plots for TL-Gom-WP distribution
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Figure 4.3: Skewness and kurtosis plots for TL-Gom-WP distribution
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4.5.3 Topp-Leone-Gompertz-Log-logistic Power Series Distribution

Suppose we take the baseline distribution to be log-logistic distribution with the cdf and pdf
G(z;e) =1— (1 +2° 7! and g(z;¢) = ca® (1 + 2¢) 2, respectively, for ¢,z > 0, we obtain the
cdf and pdf of the of the TL-Gom-LLoPS distribution as

C <9 <1 - [1 ~(exp [0 -1 +xc)y)bz] b>>

Fp(x) = 1- 0 ,

and

b—1

X

e xcm]ﬂ

c' (9 (1 - [1 —(exp[201-(1 _’_xc),y)})g] b))

c(0) ’

respectively, for b,v,c,6 > 0.

4.5.4 Topp-Leone-Gompertz-Log-logistic Poisson Distribution

The TL-Gom-LLoP distribution cdf and pdf are

o (01 [1- w30 @ em))])) -1

F
e —1

TL—Gom—WP

(x;0,7,¢,0) =1 —

and

Frocomwe (@ 0,7,¢,0) = 200cx® (1 + )71 (eXp [fly(l 1+ zc)y)} >2
[1 - (eXp[i(l — (1 +xc)7)]>2] b1

(bt o))

e —1 ’

X

respectively, for b,~,c,0 > 0.
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Figure 4.4: Plots of pdf and hrf for the TL-Gom-LLoP distribution

The TL-Gom-LLoP distribution has the pdf that displays right-skewed, left-skewed, almost
symmetric and reverse-J shapes, whereas the hrf exhibit upside-down bathtub, increasing and

decreasing shapes.

Table 4.3: Some quantiles for TL-Gom-LLoP distribution

(b,7,¢,0)

v (1,2,1.3,02) (0.7,1,3,1.5) (2.4,1,1,2) (2.1,1,1.9,1) (1.5,1,1.2,3)
0.1 0.0949 0.1981 0.1609 0.3802 0.0887
0.2 0.1666 0.2826 0.2349 0.4755 0.1386
0.3 0.2352 0.3529 0.3024 0.5517 0.1851
0.4 0.3047 0.4186 0.3714 0.6222 0.2329
0.5 0.3780 0.4843 0.4471 0.6929 0.2855
0.6 0.4585 0.5538 0.5359 0.7688 0.3468
0.7 0.5512 0.6319 0.6486 0.8559 0.4239
0.8 0.6668 0.7279 0.8091 0.9662 0.5333
0.9 0.8359 0.8668 1.0969 1.1339 0.7295

Quantiles for selected parameters values of the TL-Gom-LLoP distribution are given in Table 4.3.
Figures 4.5 and 4.6 shows that TL-Gom-LLoP distribution can model data sets with different
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levels of skewness and kurtosis.
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Figure 4.5: Skewness and kurtosis plots for TL-Gom-LLoP distribution
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Figure 4.6: Skewness and kurtosis plots for TL-Gom-LLoP distribution
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4.5.5 Topp-Leone-Gompertz-Exponential Power Series Distribution

If we consider the baseline distribution to be the exponential distribution with the cdf and pdf
given by G(2;)\) = 1 — e and g(z;\) = A\e™?, for A\, 2 > 0, we obtain the cdf and pdf of the
of the TL-Gom-EPS distribution as

and

fole) = 203(e ) (exp | 21 - e”w)})z

X

respectively, for b, v, A, 60 > 0.

4.5.6 Topp-Leone-Gompertz-Exponential Poisson Distribution

The cdf and pdf of the TL-Gom-EP distribution are given by

F

TL—Gom—EP

(50,7, A,0) = 1—

and

Frrcom op(@i0, 7, A, 0) = 200A(e )71 (exp B(l — e”)v)} )2
b
exp (9 <1 — {1 - <eXp [%(1 - 6”)”)])2} b))

e —1

X

)

respectively, for b, vy, A, 60 > 0.
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Figure 4.7: Plots of pdf and hrf for the TL-Gom-EP distribution

The TL-Gom-EP distribution has the pdf that displays right-skewed, left-skewed, almost sym-
metric and reverse-J shapes, whereas the hrf can be upside-down bathtub followed by bathtub,
bathtub, decreasing, and increasing shapes. Quantiles for selected parameters values of the
TL-Gom-EP distribution are given in Table 4.4. Figures 4.8 and 4.9 shows that TL-Gom-EP

distribution can model data sets with different levels of skewness and kurtosis.

Table 4.4: Some quantiles for TL-Gom-EP distribution

(b,7, A, 6)
v (1,2,1.3,02) (0.7,1,3,1.5) (2.4,1,1,2) (2.1,1,1.9,1) (1.5,1,1.2,3)

0.1 0.0352 0.0026 0.1492 0.0778 0.0443
0.2 0.0714 0.0075 0.2110 0.1147 0.0743
0.3 0.1091 0.0143 0.2642 0.1473 0.1034
0.4 0.1488 0.0236 0.3158 0.1793 0.1337
0.5 0.1913 0.0359 0.3696 0.2127 0.1672
0.6 0.2381 0.0523 0.4291 0.2496 0.2061
0.7 0.2916 0.0750 0.4999 0.2928 0.2545
0.8 0.3569 0.1087 0.5928 0.3479 0.3212
0.9 0.4488 0.1672 0.7405 0.4314 0.4348
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Figure 4.8: Skewness and kurtosis plots for TL-Gom-EP distribution
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Figure 4.9: Skewness and kurtosis plots for TL-Gom-EP distribution

4.6 Simulation Results

In this subsection, we present some simulation results for the TL-Gom-WP and TL-Gom-EP
distributions. The simulation study was performed in order to examine the performance of
the mean, RMSEs and ABIAS of maximum likelihood estimators of the parameters of the TL-
Gom-WP and TL-Gom-EP distributions. We performed various simulations for different sample
sizes and different parameter values. Equation (4.6) was used to generate random samples from
the special cases of the TL-Gom-GPS class of distributions via the bbmle package (Bolker and
Bolker (2017)) in R. The simulation was repeated for N = 1000 times each with sample sizes
n = 50,100, 200,400, 800, 1000. Specifically, the estimated mean, ABIAS and RMSEs of the

parameter say, £, given as
N 2 N (& ~ N (&
Mean= #,RMSE: %&5)2 and ABIAS (§) = W, respectively.
Tables 4.5 to 4.8 list the mean MLEs of the parameters along with the respective RMSEs and
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ABIAS. From the results in tables, we can see that as the sample size n increases, the mean
estimates of the parameters tend to be closer to the true parameter values while the RMSEs

and ABIAS decrease with increasing sample size.

Table 4.5: Simulation Results for TL-Gom-WP Distribution: Mean, ABIAS and RMSE

(0.5, 2.0, 2.0, 1.2) (0.5, 0.2, 4.0, 0.2)
Parameter n Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
b 50 0.4589 0.5826 -0.0410 0.0410 0.4419 0.3597 -0.0581 0.0581
100  0.4026 0.2969 -0.0974 0.0974 0.4218 0.1649 -0.0782 0.0782
200 0.4384 0.1909 -0.0616 0.0616 0.4593  0.1236 -0.0407 0.0407
400  0.4624 0.1522 -0.0376 0.0376 0.4721 0.0846 -0.0279 0.0279
800 0.4821 0.1237 -0.0179 0.0179 0.4799 0.0594 -0.0201 0.0201
1000 0.4866 0.1107 -0.0134 0.0134 0.4818 0.0532 -0.0182 0.0182
~ 50 5.2053 9.7615  3.2053 3.2053 0.6034  0.5412  0.4034 0.4034
100  3.2273  2.7562  1.2273 1.2273 0.5242  0.4476  0.3242 0.3242
200  2.4837 1.0974  0.4837 0.4837 0.4498  0.3407  0.2498 0.2498
400  2.1866 0.5214  0.1866 0.1866 0.4242  0.3304  0.2242 0.2242
800  2.1063 0.2991  0.1063 0.1063 0.4000  0.3036  0.2000 0.2000
1000 2.0729 0.2440 0.0729 0.0729 0.3636 0.2694  0.1636 0.1636
PN 50 3.6861 2.5691 1.6861 1.6861 7.3821 5.0374  3.3821 3.3821
100  3.3075 2.0858  1.3075 1.3075 6.3266  3.4492  2.3266 2.3266
200 2.7399 1.3736  0.7399 0.7399 5.2007 2.0791 1.2997 1.2097
400  2.4353 0.9887  0.4353 0.4353 4.7499  1.2411  0.7499 0.7499
800  2.2342 0.6885 0.2342 0.2342 4.4491  0.7429  0.4491 0.4491
1000 2.1744 0.5995  0.1744 0.1744 4.3752 0.6418  0.3752 0.3752
o 50 1.9067 1.2679  0.7067 0.7067 1.7286 1.8287  1.5286 1.5286
100 1.6107 0.9959  0.4107 0.4107 1.4046  1.4814  1.2046 1.2046
200  1.4600 0.7823  0.2600 0.2600 1.0136 1.0316 0.8136 0.8136
400  1.3418 0.6229  0.1418 0.1418 0.7275 0.6964  0.5275 0.5275
800 1.2646 0.4874  0.0646 0.0646 0.5313  0.4591 0.3313 0.3313
1000 1.2316 0.4583  0.0316 0.0316 0.4743  0.4041  0.2743 0.2743

Table 4.6: Simulation Results for TL-Gom-WP Distribution: Mean, ABIAS and RMSE

(0.8, 2.0, 1.5, 0.4) (1.5, 0.3, 1.5, 0.6)
Parameter n Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
b 50 0.6406 0.8105 -0.1594 0.1594 3.1672 4.2155 1.6672 1.6672
100 0.5104 0.4539 -0.2896 0.2896 2.5054 2.8487  1.0054 1.0054
200 0.5728 0.3373 -0.2272 0.2272 1.9713 1.0082  0.4713 0.4713
400  0.6421 0.2597 -0.1579 0.1579 1.8534 0.7552  0.3534 0.3534
800  0.6929 0.1885 -0.1071 0.1071 1.7518 0.5755 0.2518 0.2518
1000 0.7125 0.1629 -0.0875 0.0875 1.7025 0.5099 0.2518 0.2518
~ 50 5.1672 8.9961  3.1672 3.1672 0.6344  0.4964  0.3344 0.3344
100  3.1284 2.6054  1.1284 1.1284 0.5402  0.4048  0.2402 0.2402
200 2.4898 1.1944  0.4898 0.4898 0.4707 0.2861  0.1707 0.1707
400  2.1225 0.4563 0.1225 0.1225 0.4417 0.2770  0.1417 0.1417
800  2.0479 0.2221  0.0479 0.0479 0.4148 0.2541  0.1148 0.1148
1000 2.0269 0.1744  0.0269 0.0269 0.3949  0.2347  0.0949 0.0949
PN 50 3.9503 3.5471  2.4503 2.4503 1.3025 0.6897 -0.1975 0.1975
100  3.4987 2.7555  1.9987 1.9987 1.3159 0.4667 -0.1840 0.1840
200 2.7650 1.9073  1.2650 1.2650 1.3411  0.3521 -0.1589 0.1589
400  2.2214 1.1940 0.7214 0.7214 1.3606 0.3389 -0.1394 0.1394
800  1.9078 0.7132  0.4078 0.4078 1.3931 0.3153 -0.1069 0.1069
1000 1.8041 0.5362  0.3041 0.3041 1.4122 0.2942 -0.0878 0.0878
o 50 1.8438 1.8165  1.4438 1.4438 0.7392  0.6414  0.1392 0.1392
100  1.6232 1.5812  1.2232 1.2232 0.6473  0.4323  0.0473 0.0473
200  1.2994 1.2140 0.8994 0.8994 0.6159 0.3924  0.0159 0.0159
400  1.0109 0.9104 0.6109 0.6109 0.5253  0.3079 -0.0747 0.0747
800 0.8143 0.6661 0.4143 0.4143 0.5071 0.2663 -0.0929 0.0929
1000 0.7268 0.5680 0.3268 0.3268 0.5102  0.2529 -0.0898 0.0898
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Table 4.7: Simulation Results for TL-Gom-EP Distribution: Mean, ABIAS and RMSE

(1.0, 1.0, 1.0, 0.6) (0.8, 0.8, 0.1, 1.6)
Parameter n Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
b 50 1.0772 0.2450 0.0772 0.0772 0.8051 0.1341 0.0051 0.0051
100  1.0337 0.1591  0.0337 0.0337 0.8044  0.1004  0.0044 0.0044
200 1.0206 0.1145  0.0206 0.0206 0.8110 0.0757 0.0110 0.0110
400  1.0091 0.0819  0.0091 0.0091 0.8024  0.0530  0.0024 0.0024
800  1.0074 0.0553  0.0074 0.0074 0.8036  0.0357  0.0036 0.0036
1000 1.0049 0.0516  0.0049 0.0049 0.8009  0.0347  0.0009 0.0009
~ 50 2.1754 2.0136  1.1754 1.1754 2.0277 1.9549  1.2277 1.2277
100 2.2388 1.9265 1.2388 1.2388 1.6198 1.4655 0.8198 0.8198
200  2.1209 1.7406  1.1209 1.1209 1.4371  1.2201  0.6371 0.6371
400  1.8891 1.3857  0.8891 0.8891 1.3041 0.9626  0.5041 0.5041
800  1.8484 1.3496  0.8484 0.8484 1.1274  0.6946  0.3274 0.3274
1000 1.7287 1.1857  0.7287 0.7287 1.0082 0.6616  0.2082 0.2082
BN 50 0.7975 0.3846 -0.2025 0.2025 0.0759 0.0374 -0.0241 0.0241
100  0.7449 0.3615 -0.2550 0.2550 0.0777 0.0334 -0.0223 0.0223
200 0.7596 0.3432 -0.2404 0.2404 0.0825 0.0307 -0.0175 0.0175
400  0.7902 0.3184 -0.2098 0.2098 0.0843 0.0288 -0.0157 0.0157
800  0.7973 0.3071 -0.2026 0.2026 0.0896  0.0260 -0.0104 0.0104
1000 0.8190 0.2869 -0.1809 0.1809 0.0962  0.0249 -0.0038 0.0038
o 50 1.5612 1.1920 0.9612 0.9612 1.9748 0.7886  0.3748 0.3748
100  1.5522 1.1779  0.9522 0.9522 2.0727 0.9292  0.4727 0.4727
200 1.4291 1.0663  0.8291 0.8291 2.0181 0.8146  0.4181 0.4181
400  1.2843 0.9631  0.6843 0.6843 2.0020 0.8459  0.4020 0.4020
800  1.2544 0.9440 0.6544 0.6544 1.8741 0.6966  0.2741 0.2741
1000 1.1753 0.8812 0.5753 0.5753 1.6834 0.6255  0.0834 0.0834

Table 4.8: Simulation Results for TL-Gom-EP Distribution: Mean, ABIAS and RMSE

(1.0, 0.1, 1.5, 2.0) (0.3, 0.2, 0.7, 0.7)
Parameter n Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
b 50 0.9286 0.8763 -0.0714 0.0714 0.4264  0.6133  0.1264 0.1264
100  0.9002 0.6031 -0.0998 0.0998 0.4199 0.5400 0.1199 0.1199
200 0.9322 0.3987 -0.0678 0.0678 0.4434  0.5719  0.1434 0.1434
400  0.9359 0.2756 -0.0641 0.0641 0.4188 0.4585 0.1188 0.1188
800 0.9822 0.1466 -0.0198 0.0198 0.3931 0.3365  0.0931 0.0931
1000 0.9819 0.1106 -0.0181 0.0181 0.3643 0.3129  0.0643 0.0643
~ 50 0.1800 0.1327  0.0800 0.0800 0.6142  1.7459  0.4142 0.4142
100  0.1595 0.1054  0.0595 0.0595 0.3753 0.9249  0.1753 0.1753
200 0.1415 0.0817 0.0415 0.0415 0.2498  0.1281  0.0498 0.0498
400  0.1212 0.0529 0.0212 0.0212 0.2491 0.1149  0.0491 0.0491
800  0.1075 0.0263  0.0075 0.0075 0.2299 0.0859  0.0299 0.0299
1000 0.1035 0.0191  0.0035 0.0035 0.2150 0.0670  0.0150 0.0150
PN 50 2.0145 1.4624  0.5145 0.5145 0.6039 0.2541 -0.0961 0.0961
100  1.7925 1.0233  0.2925 0.2925 0.6258 0.1825 -0.0742 0.0742
200 1.6737 0.7086 0.1738 0.1738 0.6437 0.1389 -0.0563 0.0563
400  1.5503 0.5323  0.0503 0.0503 0.6590 0.1171 -0.0409 0.0409
800  1.5162 0.4638 0.0162 0.0162 0.6744  0.0966 -0.0256 0.0256
1000 1.4856 0.4603 -0.0144 0.0144 0.6816 0.0808 -0.0184 0.0184
o 50 1.7873  0.4408 -0.2127 0.2127 0.6317 0.2088 -0.0683 0.0683
100  1.8165 0.3677 -0.1835 0.1835 0.6265 0.1669 -0.0735 0.0735
200 1.8583 0.2995 -0.1417 0.1417 0.6633 0.1209 -0.0367 0.0367
400  1.9164 0.2047 -0.0836 0.0836 0.6615 0.1068 -0.0385 0.0385
800 1.9693 0.1149 -0.0307 0.0307 0.6757 0.0843 -0.0243 0.0243
1000 1.9803 0.0829 -0.0197 0.0197 0.6884 0.0709 -0.0116 0.0116
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4.7 Applications

In this subsection, applications of the TL-Gom-EP distribution to actual data sets are pre-
sented to assess its relevance and significance. We compared the new TL-Gom-EP distribution
with the non-nested models including the Topp-Leone-Weibull Poisson distribution by Chipepa
et al. (2021), Log-logistic-Weibill Poisson distribution by Oluyede et al. (2016), the Marshall-
Olkin-Gompertz-Weibull distribution by Chipepa and Oluyede (2021) and the odd log-logistic
exponentiated Weibull distribution (Afify et al. (2018)). The pdf’s of the above distributions

are listed in the appendix.

4.7.1 Breaking Stress of Carbon Fibres Data

The first dataset correspond to breaking stress of carbon fibres data cited by El-Bassiouny et al.
(2015), and given as; 3.70, 2.74, 2.73, 2.50, 3.60, 3.11, 3.27, 2.87, 1.47, 3.11, 4.42, 2.41, 3.19, 3.22,
1.69, 3.28, 3.09, 1.87, 3.15, 4.90, 3.75, 2.43, 2.95, 2.97, 3.39, 2.96, 2.53, 2.67, 2.93, 3.22, 3.39,
2.81, 4.20, 3.33, 2.55, 3.31, 3.31, 2.85, 2.56, 3.56, 3.15, 2.35, 2.55, 2.59, 2.38, 2.81, 2.77, 2.17,
2.83, 1.92, 1.41, 3.68, 2.97, 1.36, 0.98, 2.76, 4.91, 3.68, 1.84, 1.59, 3.19, 1.57, 0.81, 5.56, 1.73,
1.59, 2.00, 1.22, 1.12, 1.71, 2.17, 1.17, 5.08, 2.48, 1.18, 3.51, 2.17, 1.69, 1.25, 4.38, 1.84, 0.39,
3.68, 2.48, 0.85, 1.61, 2.79, 4.70, 2.03, 1.80, 1.57, 1.08, 2.03, 1.61, 2.12, 1.89, 2.88, 2.82, 2.05, 3.65.

The estimated variance-covariance matrix of the TL-Gom-EP model for carbon fibres data is

given by

1.2966 x 10792 —5.1857 x 1079 —9.7543 x 1079 7.0402 x 10792
—5.1857 x 1079 9.6163 x 1079  6.9438 x 10796  —1.2166 x 1092

—9.7543 x 10796 69438 x 10796  7.2676 x 10797 —8.6541 x 1079

| 7.0402 x 10792 —1.2166 x 107%%  —8.6541 x 107°7  1.5414 x 101 |

and the approximate 95% confidence interval are given by b € (1.0116, 1.4579), v € (93.1229,93.16122),
X € (0.0083,0.0117) and 6 € (2.3361,7.2029).

The maximum likelihood estimates (MLE’s) of the TL-Gom-EP distribution with (standard er-
rors in parentheses) are presented in Tables 4.9 and 4.10. The goodness-of-fit statistics are also
given in the tables including -2logL, AIC, AICC, BIC, (W*), (A*) statistic, K-S statistic and its
P-Value.

Plots of the fitted pdfs, the histogram of the data and probability plots (Chambers et al. (1983))

are given in Figures 4.11 and 4.14. For the probability plots, we plotted F(x(j); 13, 4, ;\, é) against

7 —0.375

,J=1,2, -+, n, where x(;y are the ordered values of the observed data. The measure

)
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of closeness to the diagonal line is given by the sum of squares

Table 4.9: Estimates of models for carbon fibres data

Estimates Statistics
Model b 5 A 0 —2log L AIC AICC BIC ~W* A" KS P-value
TL-Gom-EP  1.2348x10*%°  9.3142x1070"  9.9999x107%  4.7695x10*%  281.63  289.63 290.05 300.05 0.0703 0.6141 0.0558 0.9149
(1.0473x107%1)  (2.5323%107%%)  (8.5433x107™)  (1.5585%10*%0)
a i b 9
TL-WP 1.8497x10700 1422710700 2.1985x10%%0  1.3279%107% 29447 30247 302.89 312.89 0.1309 0.6679 0.1057 0.2135
(4.2738x10792)  (1.4246x107°)  (4.0254x1071)  (9.8272x10~%)
¢ a I5 [
LLOGWP  2.6951x10%%  0.0000x107°  1.0621x107%  7.6903x10"%  308.79  316.79 317.21 327.21 0.4637 2.5406 0.1319 0.0613
(1.6793 x10701)  (7.4506x107%)  (6.8425x107%)  (9.4663x10~"1)
J 9 A 5
MO-Gom-W  461.0900 0.0230 0.0952 6.8646 284.29  292.29 292.72 30272 0.0741 0.6366 0.0637 0.812
(0.0003) (0.0183) (0.0143) (0.9236)
a I5 v [
OLLEW 18.4404 0.5347 0.5614 8.2657 289.19 20719 297.62 307.62 0.1936 0.9894 0.0899 0.3930
(9.9159) (0.2005) (0.1709) (2.1152)

In Table 4.9, we see that the values of the goodness-of-fit statistics: AIC, AICC and BIC are
the smallest for the TL-Gom-EP distribution. Also, the values of the goodness-of-fit statistics
W* A* and KS indicate that the TL-Gom-EP distribution fits the carbon fibres data better
than the selected non-nested models with the same number of parameters. The p-value of the
K-S statistic is closer to 1 and the SS value from the probability plots in Figure 4.11 is also the
smallest for the TL-Gom-EP distribution. Profile log-likelihood plots are given in Figure 4.10

indicating that maximum likelihood estimates of b,, A and 6 are unique and exists.
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Figure 4.10: Profile log-likelihood plots for carbon fibres data
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Figure 4.11: Fitted pdf and probability plots for carbon fibres data
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Figure 4.12: Estimated cdf, K-M survival and TTT-Transform plots for the TL-Gom-EP distri-
bution for carbon fibres data

Figure 4.12 gives the fitted cdf, survival function and TTT-Transform plots for the carbon fibres
data. The cdf line indicated by the blue line is close to the empirical cdf while the survival
function in blue is closer to the K-M curve which shows that indeed our model is better in

explaining the carbon fibres data set.

4.7.2 Time-to-Failure (103 h) of Turbocharger Data

The second data is the time-to-failure of turbocharger of one type of engine by Xu et al. (2003).
The data points are given by: 1.6, 2.0, 2.6, 3.0, 3.5, 3.9, 4.5, 4.6, 4.8, 5.0, 5.1, 5.3, 5.4, 5.6, 5.8,
6.0, 6.0, 6.1, 6.3, 6.5, 6.5, 6.7, 7.0, 7.1, 7.3, 7.3, 7.3, 7.7, 7.7, 7.8, 7.9, 8.0, 8.1, 8.3, 8.4, 8.4, 8.5,
8.7, 8.8, 9.0.

The estimated variance-covariance matrix of the TL-Gom-EP model for turbocharger data is
given by
1.8257 x 10792 1.2041 x 107  8.6715x 1076 —3.9368 x 1079
1.2041 x 107%  7.9419 x 107% 57193 x 10779  —2.5965 x 10~

8.6715 x 1079 57193 x 10799 52274 x 10799  —1.8699 x 10798

| —3.9368 x 1077 —2.5965 x 1077  —1.8699 x 107%®  8.4891 x 107 |

and the approximate 95% confidence interval are given by
b € (0.2102,1.8513), v € (379.0598, 379.0602), A € (0.0009,0.0011) and 6 € (68.8144,68.8156).
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Table 4.10: Estimates of models for turbocharger data

Estimates Statistics
Model b ¥ A 0 —2log L AIC  AICC BIC w* A* K-S P-value
TL-Gom-EP  1.5865x10*%  3.7906x107%%  1.0004x107%  6.8815x107%  150.96 167.96 169.10 17471  0.0349 0.2669 0.0942 0.8700
(1.3509%1071)  (8.9162x107%) (7.2287x107%) (2.9133x10~%)
a g b theta
TL-WP 2.0318x107  1.9850x107%  2.6192x107%°  8.5500x10™%  171.80 179.80 180.95  186.56 0.1633 1.1144 0.1143 0.6730
(5.1960x1079%)  (1.0634x107%)  (2.7043x107%)  (1.0776x10~%?)
¢ a B 0
LLOGWP 0.6565 0.0071 2.7666 9.2801 16488 172.88 17403  179.64 0.0653 04809 0.1043 0.7767
(1.9224 x107%0)  (6.7953x107%%)  (7.9627x107%)  (7.6265x107%0)
) [4 A v
MO-CGom-W 1.3442 0.0071 0.8206 1.0282 16018 168.18  169.33  174.94 0.0373 02853 0.1347 0.4622
(1.3919) (0.0089) (0.2906) (0.8137)
a B ¥ [/
OLLEW 12,5715 0.3613 1.1234 9.0836 17578 183.78 218492 190.5305 01947 12940 0.1369 0.4410
(11.2282) (0.3469) (0.5705) (6.7288)

Table 4.10 gives the MLE’s and goodness-of-fit statistics of the TL-Gom-EP for turbocharger
data. The values of the goodness-of-fit statistics: AIC, AICC and BIC are the smallest for the
TL-Gom-EP distribution. The goodness-of-fit statistics W*, A* and K-S values are also small
for the TL-Gom-EP distribution as compared to the non-nested models listed in the table. This
shows that indeed the TL-Gom-EP distribution fits the turbocharger data better. The p-value of
the K-S statistic is the largest and the sum of squares value from the probability plots in Figure
4.14 is also the smallest for the TL-Gom-EP distribution. Plots of profile log-likelihood in Figure

4.13 shows that maximum likelihood estimates of b,v, A and 6 can be uniquely obtained.
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Figure 4.14: Fitted pdf and probability plots for turbocharger data
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Figure 4.15: Estimated cdf, K-M survival and TTT-Transform plots for the TL-Gom-EP distri-
bution for turbocharger data

Figure 4.15 gives the estimated cdf, K-M survival and TTT-Transform plots for the turbocharger
data. The estimated cdf line for the TL-Gom-EP distribution is closer to the empirical cdf while
the survival function is also close to the K-M curve, hence our model is better in explaining the
turbocharger data. The TTT-transform plot shows that our model can fit data with increasing
hrf.

4.8 Concluding Remarks

In this chapter, we presented a new class of generalized distributions called the TL-Gom-GPS
distribution and derived some of the statistical properties of the new class of distributions. The
method of maximum likelihood estimation was used to estimate the parameters the new class of
distributions. We also studied some special cases of the new class of distributions. Applications
of the proposed model to real-life data sets has demonstrated its utility and applicability for the

special class of the Topp-Leone Gompertz-Exponential Poisson distribution.
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5. The
Marshall-Olkin-Topp-Leone-Gompertz-G

Family of Distributions

5.1 Introduction

Marshall-Olkin generator (Marshall and Olkin (1997)) was introduced as a method of obtaining
more flexible distributions by introducing a new parameter into the existing one. The Topp-
Leone-Gompertz-G (Oluyede et al. (2022)) family of distributions has been proved to model data
which are heavy-tailed and has hazard rate functions that are monotone and non-monotone,
hence by combing the two we obtain a more flexible generalized family of distributions that can

model data in several areas including economics, relativity and hydrology, just to mention a few.

A new family of distributions called the MO-TL-Gom-G distribution is developed and stud-
ied in detail. Some mathematical and statistical properties of the proposed distribution are
explored. Statistical properties of the new family of distributions considered are the quantile
function, moments and generating function, probability weighted moments, distribution of the
order statistics and Rényi entropy. The maximum likelihood technique is used for estimating the
model parameters and simulations are conducted in order to observe how the new model per-
forms. Finally, we give examples of real-life data to show the usefulness of the above mentioned

Topp-Leone-Gompertz generalization.

5.2 The New Family of Distriutions

In this subsection, we present the proposed family of distriutions. The Topp-Leone Gompertz-G
distribution was introduced by Oluyede et al. (2022) with the cdf and pdf given by

Fry o o@i,0.6) = P—<mpﬁa—u_c@®rﬂ)1i 51)
and
Fri-com-a(@:0,0,6) = 2bg(2:€)(1 — G(a;6)) " <exp B(l -(1- G(x;g))—e)]>2

P—(wpﬁu—a—cm@rﬁbjmi (5.2)

respectively, for z > 0, b,0 > 0 and parameter vector {&. Marshall and Olkin (1997) developed
the distribution with the cdf and pdf given by equations (1.15) and (1.16)

X
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respectively. Considering the generalization by Marshall and Oklin, and inserting equations
(5.1) and (5.2) into equations (1.15) and (1.16) respectively, we obtain the MO-TL-Gom-G
distribution with the cdf and pdf

(5.3)

5(1-[1-(exp[ 5 (1-(1-G(w:6)-))?]"
FMO—TL—Gom—G<x; 57 bvevg) =1- . (g [ e ] 2

(+-[-(eoli0-0-cae-2)7])

and

Fusorr-com o (:6,0,0,6) = 2b0g(w;€)(1 = G(x;€)) 701 (exp [5(1 = (1 = G(w;€)9)])°
57 b1
P—<wpﬁu—u—Gma>ﬂ)

x G—éﬁfirwwp%a—u—cu@»ﬂnﬂﬁ)d, (5.4)

X

for 9,b,0 > 0 and parameter vector &.

5.2.1 Sub-Families

In this subsection, we present some of the sub-families of the MO-TL-Gom-G family of distri-

butions.

e When 6 = 1, we get the TL-Gom-G distribution with the cdf given by

Fmaaozbf(mpﬁa—a—em@rﬂ>1i

for b,60 > 0, and baseline vector &.

e When b = 1, we have the distribution with the cdf given by

5 (1 (exp [5(1 - (1= Gz 9)))?)
1—9 <1 - (exp [%(1 —(1- G(«’U;f))fo)])Q)

I

for 6,0 > 0, and parameter vector &.

e When 6 =b =1, we get the distribution with the cdf given by

Pa0.9 = 1~ (e [la-0-cweor)])

for > 0 and parameter vector &.

In addition, several new distributions can be obtained when the baseline cdf G(z;¢) is specified.
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5.3 Some Statistical Properties

In this section, we present the linear representation of the density function, hazard and quan-
tile functions, moments, generating function, stochastic orders, probability weighted moments,

distribution of order statistics and Rényi entropy of the MO-TL-Gom-G distribution.

5.3.1 Expansion of the Density Function

We apply the general results by Barreto-Souza et al. (2013) to obtain the linear representations
of the MO-TL-Gom-G family of distributions in this subsection. Equation (5.4) can be written

as

;0,0
x757 b,07§) — fTL GoanG(:Z% ’ 7€> 7 (55)

0 [1 - 71FTL Gom— G(x;b,@,{)]z

f]\/IO—TL—Gom—G (

where f,, ... o(x;0,0,§) and F,, .~ . (x;0,0,§) are given in equations (5.2) and (5.1), re-

spectively.

If 6 € (0,1), we obtain the pdf of the MO-TL-Gom-G family of distributions as

1)itm (24 4 2)k b(j—q+1)—1
f]\/IO—TL—Gom—G(x;é’b797£) 3 Z Z Qkk' (m+ 1) 7j7Q(( : ) >

)
Jsisk,l,m=0 g=0

<_6(l [ 1> <k> (m +1)g(x; §)G™ ()

m l

— Z Vi1 1 (7€), (5.6)

m=0

where

00 J im0 k .
_ (=1)m(2i + 2) b(j—q+1)—1
Ymi1 = 26 Z 2 kRl (m+1) i

. (-9 121) . 1) (1;) -

and hp41(2;8) = (m+1)g(x;£)G™(x; €). Tt follows that for 6 € (0,1), the MO-TL-Gom-G fam-
ily of distributions can be expressed as a linear combination of the Exp-G density with power

parameter (m+1).

For & > 1, the series representation of the pdf of the MO-TL-Gom-G family of distributions is
given by

99



Chapter 5. Marshall-Olkin-Topp-Leone-Gompertz-G Family of Distributions

e i+l . k i
Frio-ti-com-c(1:0,0,0,6) = 2b > L@+ 2) ¢ (b(9+1)—1>

o 0%kl (g + 1) 7
—0(l+1) -1\ [k N
( q ) ( l) (q+ Dg(a: )G (x:€)
= ZWq—i—lhq-i-l(x;g)a (58)
q=0

where

1)i+a (24 + 2)F <b(j +1) — 1)
= 2b €; .
q+1 j Z; o ekk| q + ) J 7

)

and hgt1(z;€) = (¢ + 1)g(z; §)G(x;€). Again, for 6 > 1, the MO-TL-Gom-G family of distri-
butions can be expressed as an infinite linear combination of the Exp-G densities with power

parameter (q+1). Appendix section contains details of the derivations.

5.3.2 Hazard Rate and Quantile Functions

In this subsection, we present the hrf and quantile functions of the MO-TL-Gom-G distribution.
The hrf is given by

hNIO—TL—Gom—G(x;67 b,0,§) = 2bdg(x;€)(1 — G(x§§))_0_1 <exp |:;(1 —(1- G(x§f))_6):|>

[1 (e [j0-0-cworn]) -

« [1-3 (1 - [1 - (ew |00 —G(x;s>>-0>])2] b))

0 <1 - [1 — (exp [é(l - (1- G(m;g))—Q)Dﬂ b> -1
1-46 (1 - [1 — (exp [5(1—(1— G(x;£)>_0)])2]b>

X

-2

We obtain the quantile function of the MO-TL-Gom-G family of distributions by inverting the

non-linear equation

5 <1 - [1 —(exp[}(1— (1~ G(a:;é))‘e)])ﬂb)
1-6 <1 - [1 — (exp [(1— (1 - G(a;;g))—ﬁ)}ﬂ b>

1 —
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for 0 < wu <1, so that

(1 - u) 1 ? 1 o
In 1_<1_((5+(1—u)5> > —5(1—(1—(}(3:,5)) 0).

Therefore, the quantile function of the MO-TL-Gom-G family of distributions is

D=

1 —

Qau) =G ' |1—[1-[6ln [1 - <1 - 6—151(1_—U)u)(5> b] . (5.10)

5.3.3 Moments and Generating Function

In this subsection, we present the moments and the generating function of the MO-TL-Gom-G

family of distributions.

e For § € (0,1), we obtain the n!* moment of the MO-TL-Gom-G family of distributions as

E(Xn> = / " frro-r1-gom—-a (%36, b,0,8)dz = Z Vm+1E(Yr:LL+1)7 (5.11)

- m=0

where E(Y,, ;) is the n'" moment of Y,,, ;1 which follows an Exp-G distribution with power

parameter (m+1) and Vj,4; is given in equation (5.7).

e For § > 1, the n'* moment of the MO-TL-Gom-G family of distributions is given by

E(Xn) = / " frro-ri-com-c(%:6,0,0,§)dz = Z WQ+1E(Y;111)a (5.12)

—00 =0

n

where E(Y, ) is the n'" moment of Y, ;1 which follows an Exp-G distribution with power
parameter (q+1) and Wy41 is given in equation (5.9). The generating function of the
MO-TL-Gom-G family of distributions can be obtained as follows:

e For ¢ € (0,1), the moment generating function of the MO-TL-Gom-G family of distribu-
tions is
Mx(h)=FE (th> = Z Vinr1 B <6hYm“> ;
m=0

where F (ehYmH) is the MGF of the Exp-G density having power parameter (m+1).
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e For § > 1, the MGF of the MO-TL-Gom-G family of distributions is
Mx(h)=E (th) = ZWqHE <€th“> )
q=0

where E (ethH) is the mgf of the Exp-G family of distributions with power parameter
(q+1).

5.3.4 Stochastic Ordering

Stochastic orders for the MO-TL-Gom-G family of distributions are presented in this subsection.
Consider two random variables Z and T having the distribution functions Fz (k) and Fr(k), re-
spectively, and Fz(k) = 1 — Fz(k) the survival function. Note that Z is stochastically smaller
than T if Fz(k) < Fr(k) for all k or Fz(k) > Fr(k) for all k. This is denoted by Z <; T. Haz-
ard rate order and likelihood ratio order are stronger and are given by Z <px T if hz (k) > hp(k)
for all k, and Z <y, T if £ Z(Z) is decreasing in k, (Shaked and Shanthikumar (2007)). We know

fr(k)
that Z <y T =Z <. T = Z <;T.

Theorem 4. Suppose X1 and Xo are two independent random variables following MO-TL-
Gom-G(61,b,0,€) and MO-TL-Gom-G (62,b,0, &) distributions. If 61 < 62, then X1 and Xa are

stochastically ordered.
Proof:

The pdfs of X7 and X are respectively

)

P—(mpﬁu—u—amorﬂ)zhl

1-6 [1- [1 - <exp [;(1 —(1- G(x;g))‘(’)DT ,

SR

fi(x;61,0,0,€) = 2bo1g(z;€)(1 — G(x;f))fg*l <eXp [

X

X

and

P2 00.6) = Boaglei 1~ Glas) ™ (e [ 50— (1= Gt )]

P—(wpﬁa—u—amorﬂ)Z

=6 [1- [1 - <exp [;(1 (- G(m;f))_a)]>2]

b—1

X

b —2

X
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Note that the ratio of the pdf fi(x;d1,b,0,&) and fo(x;d2,b,0,&) is

-2

. (5.13)

neinoe 5 (16 (- [ e hu-a-cmarny])
Plem b 0600\ 4, (1 [1 - (e (b0 - (1 - G ) )] b)

and upon differentiating equation (5.13) with respect to x, we get

F(Genieg) - - (1- [1- o Bu-a-cmora)]) 3
B {1 - <1 - [1 — (exp [5(1— (1~ G(Jf;&))_eﬂ)g]b)

-6 [1—(exp [;u—<1—G<m;5>>—9>DT_1

< (1L~ G ) exp | 11— (1- Gl €))
(5.14)

which is < 0 if §; < do. Therefore, X7 <j Xo, X1 <pr X2 and X7 < Xs. This proofs that the

random variables X; and X5 are stochastically ordered.

5.3.5 Probability Weighted Moments

The PWMs of the MO-TL-Gom-G family of distributions are presented in this subsection. The
PWDMs were introduced by Greenwood et al. (1979). The PWMs for a random variable X
following the MO-TL-Gom-G distribution is

Na,r = E(XG[F(X)]T) = /OO ajafNIOfTLfGomfG(x)[F]\/lofTLfGom—G (;c)]rda:, (5'15>

—0o0

If 6 € (0,1), we can write

f(@)[F Z 101 (%5 €), (5.16)

where
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. 2 a (—1)iHEm (2 4 2)k b(j+r—q+1)—1
w1 = 2 ) Z Ok k! (m + 1) B””( i >

7,78,k 01=0 q=
—0(l+1)— k
m 1)’
and gy, 1(z;€) = (m~+1)g(2;§)G™ (x; ) is the Exp-G density with power parameter (m+1) and

baseline vector £. Therefore, the PWMs of the MO-TL-Gom-G family of distributions is given
by

X

e 00
hor = Vi / 20 (: €)d. (5.17)
m=0 —00

For § > 1, we have

F@IF@] = ) an1gm(@:6),
m=0

where

*
am—l—l

- i (—1)i+l+m(2i+2)kAj’T<b(j+7’+1)—1)

kol ;
W1 kKl (m 4+ 1) i

(_W J;nl) 2 1) (;“) (5.18)

and g, 1 (z;&) = (m+1)g(z; )G (2; &) is the Exp-G density with the power parameter (m-1)
and baseline vector £. Therefore, the PWMs of the MO-TL-Gom-G family of distributions is
given by

Na,r = Z a:n+1/ xagzkmﬂ)(w;f)dx- (5.19)
m=0 -0

Derivations follow in the appendix section.

5.3.6 Distribution of Order Statistics and Rényi Entropy

In this subsection, we present the pdf of the i** order statistic and Rényi entropy for the MO-
TL-Gom-G family of distributions.
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Distribution of Order Statistics

Let X1, X5, ..., X;, be iid sample from MO-TL-Gom-G family of distributions, then the pdf of

the " order statistic is given by

i) = 60 f 1, o (2:1.0.6) Z (1) Fri oty o (#:0.0.)
in TL—Gom—G — (1 —1D)l(n —1)! [ (5FTL Gom- G(x§b,97§)]T+Z—1

For 6 € (0,1), we obtain the pdf of the ith order statistic as

fim(z Z Qm+1gm+1(x €), (5.20)
m=0
where
o0 n—i j q+l+m 2 . _ N
q+2) bj+r—k+i)—1
Gt = 2 > zz i
7,4,p=0 r=0 k=0 pr m+1) q

50

and g5, 1 (2;€) = (m+ 1)g(x;€) [G(x;£)]™ is the Exp-G pdf with power parameter (m+1) and

parameter vector £.

If § > 1, we have

fzn(x) = ZDerlg;kn—i-l(x;g)a (5'21>

m=0

where g, 1 (2:€) = (m + 1)g(2; §)G™ (2 €) and

1)atHm(2q 4-2)P b(j+r+i)—1
Dm+1 = 2b ZOZO pr (m+1) D]7r< q )
J,4:p=01

(-9(1 tnl) - 1) (1;) (5.22)

Also, for § > 1, the pdf of the i*" order statistic of the MO-TL-Gom-G family of distributions can

also be expressed as an infinite linear combination of the Exp-G density with power parameter

(m+1) and parameter vector . See appendix section for derivations.
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Rényi Entropy

Rényi entropy (Rényi (1961)) of a random variable X following the MO-TL-Gom-G distribution

1S

Ir(v) = (1 —v)"tlog [/ Ivo-—TL—Gom—c(x; 0, b,@,{)dw] for v >0 and v # 1.
0

For 6 € (0,1), we obtain Rényi entropy of the MO-TL-Gom-G family of distributions as

o0

> Crexp((1 - V)IREG)] : (5.23)

p=0

In(v) = (1-v)'log

where Ippa = —— log [fooo ((% +1) g(m;g)G%(x;f)de} is Rényi entropy of Exp-G density

1-v
with power parameter (%' 4 1) and

Cm = i & /0 oo(2b)”(—1)5+q+l+m <7> <b<S+V) —v) (2q + 2v)P

J58,4:p,l=0 s q epp!(%+1)u

()

If 6 > 1, Rényi entropy is given by

X

Ir(v) = (1-v)llog [ ey, exp((1 — I/)IREg)] ) (5.24)
p=0

where Irpg = fly log [fooo ((% +1) g(x;f)G%(m;ﬁ))ydaj} is Rényi entropy of Exp-G density

with power parameter (* 4-1) and

e = i ej/ooo(zb)l/(_l)q+l+m<b(j+V)—y>W

Pyl (M v
7,a,p,1=0 q orpl( +1)

()

The full derivations are given in the appendix section.

X

5.4 Maximum Likelihood Estimation

Let X ~ MO —TL — Gom — G(6,b,0,€&) and © = (8,b,0,£)” be the parameter vector, then the
log-likelihood function (¢,) of a random sample of size n from the MO —TL—Gom—G(6,b,0,§)
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family of distributions is given by

n(©) = nlog(268) + > log[g(wi;&)] — (0+1) ) log[(1 — G(x;;€))]

i=1 =1

+ le:; [(1 —(1— G(fﬂi;f))_a)}

b b1l [1 ~(ew [ga-a- G(xz-;a)-")})gl

1=1

- Zélog 1-0 1—[1—<exp [;(1—(1—6:(3:1-;5))—9)})2]

b

Elements of the score vector U(@):(%Lgb, %Lg, aaiél, %) can be readily obtained. The MLE’s of

T
the parameters can be obtained by solving a system of non-linear equations (%‘%’;, %Lg, %LI;L, %) =

0 by numerical methods. Elements of the score vector are presented in the appendix.

5.5 Some Special Cases

In this section, we present some of the special models of the MO-TL-Gom-G family of dis-
tributions. We consider when the baseline cdf G(z;¢&) are log-logistic, Weibull and Burr III

distributions.

5.5.1 Marshall-Olkin-Topp-Leone-Gompertz-Log-Logistic Distribution

Suppose the baseline distribution is the log-logistic distribution with the cdf and pdf given by
G(z;e) =1— (142971 and g(x;¢) = ca® (1 + 2¢) 2, respectively, for ¢,z > 0. Then the cdf
and pdf of the MO-TL-Gom-LLo distribution are given by

) <1 - {1 — (exp [3(1— ((1+ xc)_l)_g)})ﬂ b)

F(x;0,b,0,c) = 1-—
15 (1 [1 = (e (b (@ + 2 )] b)

)

and

f(2:6,0,0,¢) = 2b0cxt 11+ 2¢)72((1+ 2%~ 1)1 (exp {1(1 —((1+ xc)l)e)]>2

7
[1 - <exp [;(1 (1 + $C)_1)_9):| >2] b-1
b -2

x [1-6]1- [1 - <exp [;(1 —((1+ xC)‘l)‘Q)DQI ,

respectively, for 6, b,6,c > 0.

X
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Figure 5.1 gives the plots of the pdf and hrf of the MO-TL-Gom-LLo distribution. The pdf
can take several shapes including right-skewed, left-skewed, bathtub followed by upside-down
bathtub and almost symmetric shapes whereas the hrf displays increasing, decreasing, upside-
down bathtub and bathtub shapes. In Tables 5.1 and 5.2, some quantile values and moments
for MO-TL-Gom-LLo distribution are presented for different parameter values. The 3D plots
for MO-TL-Gom-LLo distribution are given in Figures 5.2 and 5.3. The plots indicate that MO-

TL-Gom-LLo distribution can model data with different levels of kurtosis and that the skewness

density

3.0
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Al - - 8=0.4,b=1.2,6=3.8,c=1.8
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Figure 5.1: Pdf and hrf plots for the MO-TL-Gom-LLo distribution

can either be positive and negative.

Table 5.1: Quantiles for MO-TL-Gom-LLo distribution

(6,0,6,c¢)

v (1,2,1.3,02) (0.7,1,3,1.5) (24,1,1,2) (2.1,1,1.9,1) (1.5,1,1.2,3)
0.1 0.0009 0.1092 0.3439 0.1004 0.4244
0.2 0.0017 0.1778 0.4849 0.1943 0.5394
0.3 0.0078 0.2391 0.5949 0.2848 0.6236
0.4 0.0231 0.2987 0.6912 0.3751 0.6953
0.5 0.0605 0.3597 0.7822 0.4685 0.7609
0.6 0.1491 0.4237 0.8735 0.5685 0.8251
0.7 0.3700 0.4952 0.9714 0.6822 0.8917
0.8 0.9973 0.5809 1.0865 0.8226 0.9672
0.9 3.5238 0.6996 1.2486 1.0304 1.0686
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Table 5.2: Moments for MO-TL-Gom-LLo distribution

(6,b,6,¢c)

i, (1,05,0.3,1.2) (0.5, 15,05, 1.5) (1.3,0.1,1.8,0.6) (1.1,1,0.1,2) (0.2, 0.8, 0.6, 0.9)

Wy 0.4249 0.6168 0.0493 0.7819 0.1679
h 0.5715 0.5877 0.0360 0.9116 0.1812
Jus 1.5646 0.7969 0.0499 1.5415 0.4835
Wy 7.6037 1.4462 0.1006 3.9038 2.2387
s 60.8931 3.3474 0.2652 15.9183 15.5135
7 760.8010 9.5244 0.8615 114.2684 148.7158
SD 0.6253 0.4553 0.1832 0.5479 0.3912
Ccv 1.4716 0.7381 3.7164 0.7008 2.3297
CS 4.0479 1.8943 7.2863 2.1836 6.7115
CK 35.7593 9.0185 80.9886 14.4801 82.9597
MO - TL - Gom - LLo(3. 1.5. 0.5.c) MO-TL-Gom-LLo(8, 1.5, 0.5, c)

SISOUNY

SSOUMBMIS

40 1.0 40 1.0

Figure 5.2: Skewness and kurtosis plots for MO-TL-Gom-LLo distribution.

5.5.2 Marshall-Olkin-Topp-Leone-Gompertz-Weibull Distribution

If we take the baseline distribution to be the Weibull distribution with the cdf and pdf given by
Gz \)=1-— e and glxz; \) = )\x’\_le_ﬁ, for A\, z > 0, then we obtain the cdf and pdf of the

109



Chapter 5. Marshall-Olkin-Topp-Leone-Gompertz-G Family of Distributions

MO - TL - Gom—LLo(0.8, b, 8, 2) MO -TL-Gom-LLo(0.8, b, 6, 2)

SSOUMSHS
SISOLNY

Figure 5.3: Skewness and kurtosis plots for MO-TL-Gom-LLo distribution.

MO-TL-Gom-W distribution as

5 (1 - [1 - <eXp [%(1 _ eel»\)]>2] b)

1-5 (1 - [1 — (exp [5(1 - QW)DZT))

)

F(z;6,b,0,\) = 1—

i

and

f(x; 67 b’ 97 A)

SR

25z e (e )P eXp[
el
x [1-6[1- [1— (exp [%(1—(5"“)])11) _2,

respectively, for 6,b,0, A > 0.

X
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Figure 5.4: Plots of pdf and hrf for the MO-TL-Gom-W distribution

The pdf of the MO-TL-Gom-W distribution can be right-skewed, left-skewed, almost symmetric
and bathtub followed by upside down bathtub shapes, whereas the hrf displays bathtub, de-

creasing, and decreasing shapes. In Tables 5.3 and 5.4, some quantile values and moments for

MO-TL-Gom-W distribution are presented for different parameter values. Figures 5.5 and 5.6
shows that MO-TL-Gom-W distribution can model data sets with different levels of skewness

and kurtosis.

Table 5.3: Quantiles for MO-TL-Gom-W distribution

(8,b,60, )

v (1,2,1.3,0.2) (0.7,1,3,1.5) (2.4,1,1,2) (2.1,1,1.9,1) (1.5,1,1.2,3)
0.1 0.0005 0.1079 0.3342 0.0957 0.4193
0.2 0.0009 0.1734 0.4595 0.1774 0.5263
0.3 0.0035 0.2307 0.5503 0.2505 0.6011
0.4 0.0083 0.2839 0.6247 0.3185 0.6618
0.5 0.0187 0.3365 0.6909 0.3841 0.7146
0.6 0.0382 0.3901 0.7530 0.4501 0.7638
0.7 0.0769 0.4473 0.8151 0.5200 0.8123
0.8 0.1597 0.5121 0.8831 0.6003 0.8639
0.9 0.3870 0.5964 0.9692 0.7082 0.9274
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Table 5.4: Moments for MO-TL-Gom-W distribution

(6,b,6,\)
@, (0.1,1.5,0.5,1.5) (1.1,0.1,0.2,1.5) (3,1.2,0.1,3) (0.5,0.2,0.7,0.9) (0.5, 1.5, 3, 0.6)
1} 0.3233 0.1360 1.0740 0.0837 0.1733
1l 0.1929 0.1274 1.3238 0.0906 0.0699
1l 0.2000 0.2490 1.8508 0.2110 0.0439
1 0.3192 0.8665 2.9370 0.7864 0.0366
1 0.6986 5.1000 5.3433 4.1553 0.0375
1 1.9404 49.2592 11.3559 29.0809 0.0449
SD 0.2973 0.3300 0.4127 0.2891 0.1997
cv 0.9195 2.4265 0.3843 3.4543 1.1521
CS 3.0636 5.6221 0.8988 7.8373 2.2573
CK 19.0461 62.7446 5.3868 102.9504 10.1035

MO -TL-Gom-W(0.5,b, 3, )

o
o
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4.5

40 1.0

55
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MO - TL-Gom-W(0.5,b, 3, 1)

40 1.0

Figure 5.5: Skewness and kurtosis plots for MO-TL-Gom-W distribution
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MO - TL - Gom—W(8, 2, 0.2, 1) MO -TL-Gom-W(3,2,0.2, 1)

SSOUMMNS

SIsoUNy

Figure 5.6: Skewness and kurtosis plots for MO-TL-Gom-W distribution

5.5.3 Marshall-Olkin-Topp-Leone-Gompertz-Burr 111 Distribution

Suppose the baseline distribution is Burr III distribution with the cdf and pdf given by G(z; A, 8) =
(1+2 %) and g(x; N, B) = Bz P11 + 2=8) 2=, for A, 3,2 > 0, then the cdf and pdf of the
MO-TL-Gom-BIII distribution are given by

5 (1 - (e [ja-a-0+ x_ﬁ)_A)_e)])Q]b)

F(x36,6,0,),8) = 1-
1-46 (1 -[i-(ewla-a-a+ x—ﬁ)—k)—H)})Q]b)

bl

and
f(@:8,0,0,0,8) = 2668z P11 +27 )11 — (142 F)~H)01
X (exp [;(1 - (1-01+ $—6)—A)_9)] )2
X [1 — (exp [;(1 —(1-1+ I—ﬁ)—,\)_g)]f] b—1
x 101 [1 - (exp [;(1 —a-qa wwﬂmb 2’

respectively, for d,b,60, A, 3 > 0.
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Figure 5.7: Plots of pdf and hrf for the MO-TL-Gom-BIII distribution

The MO-TL-Gom-BIII distribution has the pdf that displays right-skewed, left-skewed, and
decreasing shapes, whereas the hrf exhibit bathtub, upside-down bathtub, increasing and de-
creasing shapes. In Tables 5.5 and 5.6, some quantile values and moments for MO-TL-Gom-BIII

distribution are presented for different parameter values.

Table 5.5: Quantiles for MO-TL-Gom-BIII distribution

(57 b7 97 A? ﬂ)

v (1,2,1.3,02,2) (0.7,1,3,1,1.5) (2.4,1,1,2.5,2) (2.1,1,2,1.9,1) (1.5,1,2,1.2,3)
0.1 0.0097 0.1092 0.8285 0.3945 0.4946
0.2 0.0232 0.1778 1.0303 0.6205 0.6055
0.3 0.0392 0.2391 1.1862 0.8191 0.6839
0.4 0.0579 0.2987 1.3234 1.0073 0.7486
0.5 0.0798 0.3597 1.4537 1.1954 0.8059
0.6 0.1058 0.4237 1.5853 1.3925 0.8607
0.7 0.1375 0.4952 1.7273 1.6118 0.9164
0.8 0.1796 0.5809 1.8959 1.8790 0.9772
0.9 0.2444 0.6996 2.1356 2.2669 1.0561
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Table 5.6: Moments for MO-TL-Gom-BIII distribution

(6,b,0,X,8)

i, (0.8,1,2,05,2) (2,05 1,15 3, 1) (1,2, 08,04,0.8) (0.5, 05,0.3,0.2 09) (15,2, 1.3,3,2.5)

wh 0.2391 0.8348 0.1383 0.0100 1.5255
wh 0.0860 0.7966 0.0633 0.0051 2.4252
T 0.0375 0.8318 0.0553 0.0083 4.0023
L 0.0188 0.9297 0.0758 0.0313 6.8343
7 0.0103 1.0977 0.1470 0.2345 12.0417
e 0.0061 1.3575 0.3784 3.2109 40.7003
SD 0.1698 0.3158 0.2102 0.0707 0.3131
(2% 0.7102 0.3783 1.5197 7.0711 0.2053
CS 0.6435 0.0103 3.6975 23.0489 0.1142
CK 3.1631 2.6195 26.3291 1238.8412 2.9343

5.6 Simulation Results

The performance of the MO-TL-Gom-LLo distribution is examined by performing various sim-
ulations for different sample sizes (n=25, 50, 100, 200, 400, 800, 1000) via the bbmle package
(Bolker and Bolker (2017)) in R package. We simulate N = 1000 samples for the true parame-
ters values given in Table 5.7. Additional simulation results are available upon request or in the
appendix. The tables list the mean MLEs along with the respective ABIAS and root RMSEs.
The ABIAS and RMSEs for the estimated parameter, say, 0, are given by:

R N 4 R N b _ g2
ABIAS(H):ZR;G’—Q, and RMSE(f) = W,

respectively. As the sample size n increases, RMSEs decreases, ABIAS decay towards zero and

the mean estimates of parameter values are getting closer to the true parameter values.
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Table 5.7: Simulation Results for MO-TL-Gom-LLo Distribution: Mean, ABIAS and RMSE

§=1.5,b=0.2,0 = 1.0, ¢ — 0.1 5§ =0.9,b=0.2,0 = 0.2,¢c = 2.0
Parameter rn Mean ABIAS AABIAS RMSE Mean ABIAS AABIAS RMSE
S 25 1.7891 0.2891 0.2891 2.1656 1.1146 0.2146 0.2146 1.4260
50 1.7868 0.2868 0.2868 2.0244 0.9730 -0.0730 0.0730 0.8375
100 1.5696 0.0696 0.0696 0.6909 0.8871 -0.0129 0.0129 0.2656
200 1.5205 0.0205 0.0205 0.3177 0.8926 -0.0074 0.0074 0.1610
400 1.4939 -0.0061 0.0061 0.1312 0.8932 -0.0068 0.0068 0.0677
800 1.4949 -0.0051 0.0051 0.0830 0.8998 -0.0002 0.0002 0.0390
1000 1.4994 -0.0006 0.0006 0.0698 0.9000 0.0000 0.0000 0.0304
b 25 0.4356 0.2356 0.2356 0.3218 0.7657 0.5657 0.5657 3.1847
50 0.4068 0.2068 0.2068 0.3041 0.4294 0.2294 0.2294 0.6390
100 0.3384 0.1384 0.1384 0.2306 0.2965 0.0965 0.0965 0.2003
200 0.2582 0.0582 0.0582 0.1344 0.2231 0.0231 0.0231 0.0821
400 0.2282 0.0282 0.0282 0.0844 0.2050 0.0050 0.0050 0.0396
800 0.2089 0.0089 0.0089 0.0404 0.2011 0.0011 0.0011 0.0217
1000 0.2055 0.0055 0.0055 0.0346 0.2010 0.0010 0.0010 0.0205
12 25 1.2173 0.2173 0.2173 0.7363 1.2219 1.0219 1.0219 1.7382
50 1.1851 0.1851 0.1851 0.6504 0.8872 0.6872 0.6872 1.1212
100 1.1452 0.1452 0.1452 0.4890 0.5015 0.3015 0.3015 0.5559
200 1.0595 0.0595 0.0595 0.2990 0.2716 0.0716 0.0716 0.2441
400 1.0205 0.0205 0.0205 0.1638 0.2158 0.0158 0.0158 0.1035
800 1.0040 0.0040 0.0040 0.0977 0.2028 0.0028 0.0028 0.0419
1000 0.9992 -0.0008 0.0008 0.0873 0.2014 0.0014 0.2014 0.0312
c 25 0.5795 0.4795 0.4795 0.6727 1.3333 -0.6667 0.6667 0.9528
50 0.5393 0.4393 0.4393 0.6431 1.4927 -0.5073 0.5073 0.8137
100 0.3763 0.2763 0.2763 0.5010 1.7227 -0.2773 0.2773 0.5343
200 0.1973 0.0973 0.0973 0.2588 1.9327 -0.0673 0.0673 0.2608
400 0.1337 0.0337 0.0337 0.1150 1.9969 -0.0031 0.0031 0.1157
800 0.1075 0.0075 0.0075 0.0350 2.0022 0.0022 0.0022 0.0517
1000 0.1033 0.0033 0.0033 0.0166 1.9999 -0.0001 0.0001 0.0121

5.7 Applications

This section provides illustrations of the flexible nature and usefulness of the MO-TL-Gom-
LLo distributions in data modeling. The fits of the MO-TL-Gom-LLo distributions are con-
trasted with several competing non-nested distributions with the same number of parameters.
MO-TL-Gom-LLo distribution is compared with Topp-Leone generated Weibull (Aryal et al.
(2017)), Topp-Leone-Marshall-Olkin Weibull (Chipepa et al. (2020)), beta-Gompertz (Jafari
et al. (2014)), Kumaraswamy Gompertz (Silva et al. (2022)), Marshall-Olkin extended general-
ized Gompertz (Benkhelifa (2017)), generalized Weibull Gompertz (El-Damcese et al. (2014)),
extended generalized Gompertz (Karamikabir et al. (2021)) and odd generalized exponential
Gompertz (El-Damcese et al. (2015)) distributions. The pdfs of the TLGW, TLMOW, BGom,
KGom, MOEGGom, GWGom, EGGom and OGEGom distributions are given in appendix.

Our model parameters were estimated using NLmixed in SAS and our goodness-of-fit test was
conducted using the package AdequacyModel in R software. The parameter estimates (standard
error in parenthesis), (—21n(L)), Akaike Information Criterion (AIC = 2p — 21n(L)), Bayesian
Information Criterion (BIC = pln(n) — 2In(L)) and Consistent Akaike Information Criterion
(AI CC=AIC+ 2%) , where L = L(A) is the value of the likelihood function evaluated
at the parameter estimates, n is the number of observations, and p is the number of estimated
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parameters are presented.

The following goodness-of-fit statistics: W* and A* described by Chen and Balakrishnan (1995),
as well as K-S statistic and its p-value were obtained. Note that for the value of the log-likelihood
function at its maximum (¢,), larger value is good and preferred, and for AIC, AICC, BIC, and
the goodness-of-fit statistics W*, A* and K-S, smaller values are preferred. The results are
shown in Tables 5.8 and 5.9.

Plots of the fitted densities, the histogram of the data and probability plots (Chambers et al.

(1983)) are given for each example to show how well the new model fits the observed data

A oA a j — 0.375
sets. For the probability plot, we plotted Fajo—7rL—Gom—c(Z(j);9,b,0,§) against %7 j =
n + 0.
1,2, .-+, n, where z(;) are the ordered values of the observed data. The measures of closeness

are given by the sum of squares:

SS=>" [FMOTLGomG(x(jﬁS, b,0,€) — (
5.8 and 5.12.

j—0.375

2
. These plots are shown in Figures
n + 0.25

5.7.1 Fatigue Fracture Data

The first data set represents the life of fatigue fracture of Kevlar 373 /epoxy The data set has
previously been used by Barlow et al. (1984). The observations are as follows:

0.0251, 0.0886, 0.0891, 0.2501, 0.3113, 0.3451, 0.4763, 0.5650, 0.5671, 0.6566, 0.6748, 0.6751,
0.6753, 0.7696, 0.8375, 0.8391, 0.8425, 0.8645, 0.8851, 0.9113, 0.9120, 0.9836, 1.0483, 1.0596,
1.0773, 1.1733, 1.2570, 1.2766, 1.2985, 1.3211, 1.3503, 1.3551, 1.4595, 1.4880, 1.5728, 1.5733,
1.7083, 1.7263, 1.7460, 1.7630, 1.7746, 1.8275, 1.8375, 1.8503, 1.8808, 1.8878, 1.8881, 1.9316,
1.9558, 2.0048, 2.0408, 2.0903, 2.1093, 2.1330, 2.2100, 2.2460, 2.2878, 2.3203, 2.3470, 2.3513,
2.4951, 2.5260, 2.9911, 3.0256, 3.2678, 3.4045, 3.4846, 3.7433, 3.7455, 3.9143, 4.8073, 5.4005,
5.4435, 5.5295, 6.5541, 9.0960.

The estimated variance-covariance matrix for MO-TL-Gom-LLo model on fatigue fracture data
set is given by

0.0726 6.3647 0.2039 —0.0192
6.3647  558.1588 17.8829 —1.6819
0.2039 17.8829 0.5781 —0.0547

—-0.0192 —-1.6819 —0.0547 0.0053

and the 95% two-sided asymptotic confidence intervals for §,b,6 and c are given by (119.39 +
0.5280), (10.5298 + 46.3058), (3.6039 + 1.4902) and (0.1531 £ 0.1431), respectively.
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Table 5.8: Estimates of models for fatigue fracture data

Estimates Statistics
Model 0 b 0 c —2log L AIC AICC BIC W* A* K-S  P-value
MO-TL-Gom-LLo 119.3900 10.5298 3.6039 0.1531 240.2 248.2  248.8  257.7 0.0575 0.3359 0.0754 0.7513
(0.2694) (23.6254) (0.7603) (0.0730)
a 0 B n
TLGW 0.8382 1.9633 0.9636 0.4227 244.2 2522 2527 261.5 0.1144 0.6778 0.0976 0.4358
(1.1722) (3.3561) (0.3835) (0.3173)
b 4 A o
TLMOW 0.6326 0.0006 4.48 x107° 2.2203 2421 250.1  250.7 259.4 0.0785 0.4713 0.0813 0.6661
(7.46 x10719)  (7.05 x1077) (8.68 x107%) (3.09 x1071)
«a B o [
BGom 1.6797 1.5086 7.06 x1078 0.4849 2445 2525 253.0 261.8 0.1169 0.6938 0.0957 0.4608
(0.3153) (0.0020) (0.0409) (1.2715)
a b y 0
KGom 1.5869 2.0031 1.48 x1078 0.3896 244.2 252.2 2528 261.5 0.1146 0.6791 0.0975 0.4374
(0.3708) (3.9509) (0.0217) (0.650)
a B A 0
MOEGGom 1.4534 0.0084 0.4669 0.0033 242.3 250.3  250.8 259.6 0.0900 0.5318 0.0875 0.5756
(0.2919) (0.0242) (0.2195) (0.0114)
a b c d
GWGom 0.4482 1.3256 0.5974 1.25 x1077 245.0 253.0 253.6 2624 0.1306 0.7672 0.1099 0.2953
(0.0380) (0.7974) (0.0379) (0.5942)
« B A o
EGGom 1.2974 0.0173 0.3058 0.0441 242.2 250.2  250.8 259.5 0.0891 0.5251 0.0870 0.5819
(0.2314) (0.0706) (0.2185) (0.1192)
el 8 A ¢
OGEGom 418.97 1.7006 0.0017 1.55 x1077 244.5 252.5 253.1 261.8 0.1169 0.6943 0.0946 0.4754
(2.26 x107%)  (0.3043) (0.0003) (0.0427)
- = e RIE———
° - TLGW(SS=0.1026593)
5| = i
2 z . GiGa(Eso0 130780D)
8 81 B
0 : . ) 0 ) 00 0 o4 05 os 10

Figure 5.8: Histogram, fitted density

Observed probability

and probability plots for fatigue fracture data

Table 5.8 indicates that MO-TL-Gom-LLo distribution has the highest p-value for the K-S statis-
tic and the least values for all goodness-of-fit statistics. Thus, we conclude that the MO-TL-
Gom-LLo model performs better on fatigue fracture data than non-nested TLGW, TLMOW,

BGom, KGom, MOEGGom, GWGom, EGGom and OGEGom models.

Further, Figure 5.8

shows that our model outperforms the competing non-nested models listed in the table. Ad-

ditionally, the findings of Khan et al. (2020), who analyzed fatigue fracture data using the

Transmuted Burr type X (TBX) distribution, were examined. Upon comparing the goodness-

of-fit statistics, including AIC, BIC, and K-S, presented in their study with our results derived
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from the MO-TL-Gom-LLo distribution, our model demonstrated superior performance, indi-
cated by consistently smaller values in the goodness-of-fit statistics. Profile log-likelihood plots
are given in Figure 5.9. The plots shows that maximum likelihood estimates of §, b, and c can

be uniquely obtained.
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Figure 5.9: Profile log-likelihood plots for fatigue fracture data
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Figure 5.10: Estimated cdf, K-M survival, TTT-Transform and estimated hrf plots for fatigue
fracture data

Figure 5.10 gives the estimated cdf, K-Msurvival, the scaled TTT-Transform plots and the
estimated hrf plot for fatigue fracture data. We see that the cdf line for the MO-TL-Gom-LLo
distribution indicated by the green line in (a) is close to the empirical cdf while the survival
function (b) in green is also close to the K-M curve which shows that indeed our model is better
in explaining the fatigue fracture data. The scaled TTT-Transform plot for fatigue fracture with

the upside-down bathtub shaped hazard rate function are also given in (c¢) and (d), respectively.

5.7.2 Bladder Cancer Data

As the second example, we consider remission times (in months) of a random sample of 128
bladder cancer patients reported in Lee and Wang (2003). The observations are as follows:

0.08, 4.98, 25.74, 3.70, 10.06, 2.69, 7.62, 1.26, 7.87, 4.4, 2.02, 21.73, 2.09, 6.97, 0.50, 5.17, 14.77,
4.18, 10.75, 2.83, 11.64, 5.85, 3.31, 2.07, 3.48, 9.02, 2.46, 7.28, 32.15, 5.34, 16.62, 4.33, 17.36,
8.26, 4.51, 3.36, 4.87, 13.29, 3.64, 9.74, 2.64, 7.59, 43.01, 5.49, 1.40, 11.98, 6.54, 6.93, 6.94, 0.40,
5.09, 14.76, 3.88, 10.66, 1.19, 7.66, 3.02, 19.13, 8.53, 8.65, 8.66, 2.26, 7.26, 26.31, 5.32, 15.96,
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2.75, 11.25, 4.34, 1.76, 12.03, 12.63, 13.11, 3.57, 9.47, 0.81, 7.39, 36.66, 4.26, 17.14, 5.71, 3.25,
20.28, 22.69, 23.63, 5.06, 14.24, 2.62, 10.34, 1.05, 5.41, 79.05, 7.93, 4.50, 2.02, 0.20, 7.09, 25.82,
3.82, 14.83, 2.69, 7.63, 1.35, 11.79, 6.25, 3.36, 2.23, 9.22, 0.51, 5.32, 34.26, 4.23, 17.12, 2.87, 18.1,
8.37, 6.76, 3.52, 13.8, 2.54, 7.32, 0.90, 5.41, 46.12, 5.62, 1.46, 12.02, 12.07.

The estimated variance-covariance matrix for MO-TL-Gom-LLo model on remission times data

set is given by

6.52 x 10~10

1.17 x 10711

—9.54 x 1077

7.47 x 1078

1.17 x 10711
2.08 x 10713

—1.71 x 1078

1.34 x 107?

1.40 x 1073

—9.54 x 1077

—1.71 x 1078

—1.09 x 104

7.47 x 1078

1.34 x 1079

—1.09 x 104

1.12 x 107°

and the 95% two-sided asymptotic confidence intervals for §,b,6 and c are given by (219.84 +
5.00 x 1077), (13074 4 8.94 x 1077), (4.9427 4 0.0733) and (0.0444 & 0.0067), respectively.

Table 5.9: Estimates of models for bladder cancer data

Estimates Statistics
Model 4 b [4 c —2log L AIC AICC BIC W A* K-S  P-value
MO-TL-Gom-LLo 219.84 13074.0 4.9427 0.0444 818.9 8269 827.2 8383 0.0140 0.0991 0.0293 0.9999
(2.55 x107°)  (4.56 x10~7)  (0.0374) (0.0034)
a 0 B 7
TLGW 1.1652 2.9000 0.5427 0.2039 821.2  829.2 8295 840.6 0.0414 0.2735 0.0444 0.9627
(1.9707) (6.2302) (0.2222) (0.3177)
b 4 A o
TLMOW 1.7215 6516.74 6.5826 0.1371 819.3  827.3 827.6 838.7 0.0190 0.1221 0.0338 0.9986
(0.5055) (5.8 x107?) (0.4824) (0.0206)
«a B8 o' 0
BGom 1.4485 0.1788 1.27 x107° 0.6454 824.7  832.7 833.0 844.1 0.5276 3.3945 0.0674 0.6053
(0.3102) (0.1412) (0.0062) (0.4809)
a b 5 0
KGom 1.4165 0.3708 6.58 x10~7 0.3190 825.1  833.1 8334 844.5 0.0925 0.5632 0.0705 0.5487
(0.3490) (0.3813) (0.0064) (0.3124)
@ 8 A 0
MOEGGom 1.4920 0.0024 0.0387 0.0022 819.3  827.3 827.7 838.8 0.0218 0.1534 0.0322 0.9994
(0.1772) (0.0067) (0.0215) (0.0084)
a b c d
GWGom 0.6474 1.0478 0.1354 5.57 x1078 828.2  836.2 836.5 847.6 0.1314 0.7865 0.0701 0.5552
(0.0049) (0.4798) (0.0248) (0.4443)
@ 8 A o
EGGom 1.2844 0.2173 2.97 x1078 0.0600 819.2  827.2 827.5 838.6 0.0189 0.1335 0.0313 0.9996
(0.2531) (1.0982) (0.0502) (0.1756)
« 8 A c
OGEGom 45.7510 1.2054 0.0025 3.00x10710  827.7 8357 836.1 847.1 0.1283 0.7696 0.0829 0.3420
(0.0001) (0.1702) (0.0004) (0.0062)
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Based on Table 5.9, MO-TL-Gom-LLo distribution has the highest p-value for the K-S statis-
tic and the lowest goodness-of-fit statistics compared to other non-nested models. Thus, we
conclude that the MO-TL-Gom-LLo model performs better with bladder cancer data than non-
nested TLGW, TLMOW, BGom, KGom, MOEGGom, GWGom, EGGom and OGEGom mod-
els. Moreover, Figure 5.12 shows that our model outperforms the competing non-nested models
on bladder cancer data. Profile log-likelihood plots are given in Figure 5.11. The plots shows

that maximum likelihood estimates of §, b, 6 and c exits are distinct.
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Figure 5.11: Profile log-likelihood plots for bladder cancer data
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Figure 5.13: Estimated cdf, K-M survival, TTT-Transform and estimated hrf plots for bladder

cancer data

In Figure 5.13 again, we see that the cdf line for the MO-TL-Gom-LLo distribution indicated

by the blue line in (a) is closer to the empirical cdf while the survival function in blue (b) is

also close to the K-M curve which indicate that our model is the best in explaining the bladder

cancer data. The scaled TTT-Transform plot for bladder cancer is also presented in (c¢) and a
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uni-modal hazard rate function in (d).

5.8 Concluding Remarks

A new generalized distribution called the Marshall-Olkin-Topp-Leone-Gompertz-G distribution
is developed. The MO-TL-Gom-G distribution has several new distributions as special cases
or sub-models. The behaviour of the hazard rate function of the MO-TL-Gom-G family of
distributions is flexible. We also obtained closed form expressions for the moments and gen-
erating function, distribution of order statistics and entropy. Maximum likelihood estimation
technique was used to estimate the model parameters. Performance of the MO-TL-Gom-G fam-
ily of distributions was assessed by conducting various simulations for different sample sizes.
Finally, we illustrated that the MO-TL-Gom-G distribution is useful for by fitting its special
case, MO-TL-Gom-LLo distribution to two real data sets.
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6. The Gamma Odd Power Generalized
Weibull-G Family of Distributions

6.1 Introduction

The odd power generalized Weibull generator (Oluyede et al. (2021b)) was developed based on
its flexibility when fitted to data in practice. The gamma-G (Zografos and Balakrishnan (2009))
generator helps the researchers to come up with heavy-tailed distributions and to get skewness
for symmetrical distributions, therefore combining the two generators we are confident to obtain

more flexible distributions to model real life data.

A new generalized distribution called the Gamma odd power generalized Weibull-G family of
distributions is developed and studied. Some special models of the new family of distribution
are explored. Statistical properties of the new family of distributions including the quantile
function, ordinary and incomplete moments, probability weighted moments, stochastic ordering,
distribution of the order statistics and Rényi entropy are presented. The maximum likelihood
method is used for estimating model parameters and Monte Carlo simulation is conducted to
examine the performance of the model. The flexibility of the new family of distributions is

demonstrated by means of two applications to real data sets.

6.2 The New Family of Distributions

In a recent note, Oluyede et al. (2021b) developed the odd power generalized Weibull-G family
of distributions with the cdf and pdf given by

Foporo(@10,8,6) = 1 —exp{l - [1+ (G(”“”g))ar},

G(x;€)

and

foraw—a(#:0:8,6) = aﬂexp{l - [1 " (%)]B} (1—G(cg§<£)s>>
[1 * (%)] - a—g(af)g»

respectively, for o, 8 > 0, where G(z;&) = 1 — G(x;¢) is the survival function with param-

eter vector &, and g(z;§) = %. The cdf and pdf of the proposed GOPGW-G family of

X

distributions are given by
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1 _IOg(FO el _G(x;a,ﬁ,é))
F / o -1t
0

coraw_c (T 0,0, 8,§) = 1_m

v(—log (Fopcwfc(x? @, 5’5)) ,0)
ING)! ’

- 1-

and

o s = gigon{e (1o - (GG T}
(G (G
e G -
respectively. The hrf is given by
ety = oo (320) T
(Geg) [+(Eea) T
=0\ %) gl
e[ (GE) T | s
X (7 (—log <1 —exp{l — [1 e <ggg>ar}) ’5>>17

for x, 4, a, f > 0, and parameter vector £, where 7(z,0) is the lower incomplete gamma function
and I'(.) is the gamma function. If a random variable X has the GOPGW-G distribution, we
write X ~ GOPGW — G(4,a, 3,€).

X

6.2.1 Sub-Families of the GOPGW-G Distribution
Some of the sub-families of the GOPGW-G family of distributions are given in this subsection.

e When § = 1, we obtain the OPGW-G family of distributions with the cdf given in equation
(6.1). (See Oluyede et al. (2021b) for additional details).

e When 6 = 8 = 1, we obtain the Weibull-G (W-G) family of distributions (Bourguignon
et al. (2014)) with the cdf

rona -1-om{- (820 }

for a > 0, and parameter vector £.
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6.3

If a =6 =1, the GOPGW-G reduces to the Odd Nadarajah-Haghighi family of distribu-

tions, with the cdf
F(x;8,§)=1—exp<1— {1 + (G(:C;é))}ﬁ ,
G(z;€)

for g > 0, and parameter vector &.

When g =1, the GOPGW-G reduces to the gamma odd Exponential-G family of distri-
butions with the cdf

y(—log(1l—expq— E(iff) “ )
F(z;6,0,8) =1— ( ( I‘{(é)(G( i)) }) )7

for 9, > 0, and parameter vector &.

When o = 1, we obtain gamma odd Nadarajah Haghighi-G distributions with cdf given

~ (—log <1—exp{1— [1+ (ggg)}ﬂ}) ,6>.

I'(9)

as

F(x;0,8,§) =1—

When 5 =1,a = 2, we have the gamma odd Rayleigh-G distributions with the cdf given

by ,
’y(—log <1—exp{— % }),5)
N | (&8) 1)°)

T(5)

Ifé=p05=1a=2, the GOPGW-G reduces to odd Rayleigh-G distributions with the cdf
G(z;6)\?
F(zx)=1—expq — <(w,£)) .
G(z;€)

Statistical Properties

In this section, expansion of the density function, quantile function, moments, incomplete mo-

ments, generating function, mean deviations, probability weighted moments, stochastic ordering,

order statistics and Rényi entropy are presented.
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6.3.1 Expansion of the GOPGW-G Density Function

We obtain the series expansion of the GOPGW-G family of distributions in this section. The
GOPGW-G family of distributions pdf is given by

o F(l(g)aﬁ i ii(6;1>b&m<651><a(”:+1)>

4,5,k,0,p,r=0m=0 s=0

o A DI (0 () (77 o0 D D gt

k! 1 r
= Zwﬂ—lhﬂ—l (;€), (6.3)
r=0
where
P Z Z Z (6 > o <B - 1) (a(i +7+ 1)>
1,7,k,l,p=0 m=0 s=0 m J r
( s+5)( DHPET (BN (BN (p—ali+j+1)+1
El(r+1 <l> i ) ( r > (6-4)
and

hri1(z;€) = (1 + D[G(z;6)]"g(z; ).

Equation (6.3) express the GOPGW-G density function as an infinite linear mixture of Exp-G
(Cordeiro et al. (2013)) densities, therefore, mathematical properties of the GOPGW-G family
of distributions can be directly obtained from those of the Exp-G distribution. See appendix for

more details of the derivations.

6.3.2 Quantile Function

The quantile function can be obtained by converting F,, oo (259, o, 8,€) = u,
where F (x50, 0, 8,€) is given in equation (6.1), and 0 < u < 1. Note that

] . v(—log (FOPGW—G(x; @, 3,€)), 5) o
Faopcwfa(l‘adaaaﬁ7§) =1- F(é) =u,
so that
7(_ log (FOPGW—G(x; Oé,ﬁ, g))v 5) = (1 - U,)F((S)
and
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That is,

{1 N (G(:cfé))ozr =1-log (1 — exp{—y~1((1 —w)'(6),6)}).
Furthermore,

ggg = (11— tog(1 — exp{— (1~ wI(E).HN)F —1)°

thus the quantile function of the GOPGW-G family of distributions reduces to

1

(11 = 1og(1 — exp{—1((1 = w)(8), 6) )] —1)°

1+ (1L~ log(1 ~ exp{—71((1 — wI(E). DI~ 1)°

QG(u;&,a,B,E) = Gil

6.3.3 Moments, Incomplete Moments and Generating Function

The ¢** moment of the GOPGW-G family of distributions is obtained from equation (6.3) as

E(X') = / S fooman—o (06,6, E)dz = 3 w1 E(Y4), (6.6)

e r=0

where E(YqH) is the ¢ moment of Y, which follows the Exp-G distribution with power

T

parameter (r+1) and w,4; is defined in equation (6.4). The incomplete moment and the MGF

are given by

t oo

IX (t) = / xqfcopcwfc (LE; Q, ﬂa 57 f)dl‘ = Z wr+llr+1 (t)a

> r=0
and

Mx(t) = E (") =) w1 E (e"41),

r=0

where I, (t) = ffoo 24(r +1)[G(z;€)]"g(x; €)dz and E (e'¥r+1) is the MGF of Exp-G family of
distributions with power parameter (r+1) and w,y; is defined in equation (6.4).
6.3.4 Probability Weighted Moments

The PWMs of the GOPGW-G family of distributions are presented in this subsection. The
PWDMs were introduced by Greenwood et al. (1979) which can be an alternative method for
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parameter estimation of probability distributions. From equations (6.1) and (6.2), we have

f@)(F(2)" = F(l(;)BOZ {—log (1 — exp {1 _ [1 N <gg:g>ar}> }5_1
(ggi:gyl {1 + (ggizgf)a] p-1

THss

{

[ (822))) o)

I'(9) ’

X
@
i
kel
—
—_
|
| —|
—_
+
N
2
8
A
~—

which can be rewritten as

e, 9]

FRE@N = po 3 (o ()

P (oo g mEIY I (R (31) (5 1)

k,l,i,7,r,qg=0
y <a(j +i;— 1) — 1> <q —a(y +,,,i +1)-— 1) G O g(w: €)
= ZUT+1hT'+1<x;€)7
r=0
where
> d+m—1 (=1 [n
v = e z,s%)_o < < >bS’de7p(F(5))p+l <p>
2 (24 s+ 5+ m)F(=1)Hatatr 7B\ (81 (B -1
> D)
k,l,i,7,q=0
y (a(j+i+1)—1> <q—a(j+i+1)—1>
q r

and hy41(x;€) = (r+ 1) (G(2;€))" g(;€) is the Exp-G density with the power parameter (r+1)
and parameter vector £. Consequently the PWMs of the GOPGW-G family of distributions are
given by

00 o0 o 00
Nayn = / ! Zvr+1hr+1($; §)dx = ZUT-H/ UNSICAILES
0 r=0 r=0 0

See Appendix for more details of the derivations.
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6.3.5 Stochastic Ordering

In this subsection, the stochastic orders for the GOPGW-G family of distribution are presented.
Suppose we have two random variables X and Y with distribution functions Fx(r) and Fy (1),
respectively, and Fx(r) = 1 — Fx(r) the survival function, X is stochastically smaller than Y if
Fx(r) < Fy(r) for all r or Fx(r) > Fy(r) for all r. This is denoted by X <4 Y. Hazard rate
order and likelihood ratio order are stronger and are given by X <, Y if hx(r) > hy (r) for all

r, and X <, Y if % is decreasing in r, (Shaked and Shanthikumar (2007)). We know that

X<, Y=X<,Y =X < Y.

Theorem 5. Let X1 and X9 be two independent random variables following GOPGW —G(«, 3,01, &)
and GOPGW — G(a«, 8,02,&) distributions. If 61 < 02, then the random variables X1 and Xo

are stochastically ordered.

Proof: Note that

filz) = F(l(si)ﬂa{—log (1—exp{1_ {1+ <g§2:g>ar}> }&-—1

” (gggi)aﬂ [1+ (G(xff) a] B-1

< oo+ (5E)

3 f (23'70(,,3,(5 75)
The ratio, m takes the form

fl(x§a75,51,£) . F((SQ) B B 2 G(Z’,f) a1 B d1—62
ol 0, B,02,€) _ T(61) { log <1 exp{l [1+ (G(x;f)) } })} . (6.7)

If we differentiate equation (6.7) with respect to x, we get

d (f1(x;a,ﬁ,51,€)> ()

dz \ fo(z; o, B, 62, )
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which is < 0 if §; < 9. Therefore, X7 <j X9, X1 <jr X2 and X7 <4 Xo and the random
variables X7 and X5 are stochastically ordered.

6.3.6 Order Statistics and Rényi Entropy

In this subsection, we present the pdf of the i order statistic and the Rényi entropy for the
GOPGW-G family of distributions.

6.3.7 Order Statistics

The pdf of the i*" order statistic of a distribution with cdf F(z) and pdf f(z) is defined as

o n!f(z) T — Fg)
finle) = G N = )

Thus, the pdf of the i*" order statistic of the GOPGW-G family of distributions is given by

| B n! < (i1, .\ C D(d(n—i+j)+o+m)
) = T (5 ) e

=0

s £ EECRESRAC )

i,3,k,l,p,r=0 m= 0

0 s=
B\ v~ TDp—ali+j+1)+r—1) e

= Y dpirhega(a36),

where
b = <—1><—> ] G
i ESCE
. m“”k(’? ) r!ﬁf—_iﬁff11>>—+5<?31>

r=

and hyy1(2;8) = (r+1)[G(2;6)]"g(x; €). The pdf of the i" order statistics can be expressed as a
linear combination of the Exp-G densities with a power parameter (r+1) and parameter vector

&. More derivations are given in the Appendix.

6.3.8 Rényi Entropy

Rényi entropy (Rényi (1961)) for the GOPGW-G family of distributions is given by
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s=0 m=0
= (1)1 = B+ ) (ali+j+v) —v
2 AW + >k!< p )

i,9,k,l,r,p=0
< et et () (7)) (23)
< [TIE ) Cm o]
= i > log [iw?ﬁ exp((1 — V)IREG)] ,

1
r=0

for v > 0,v # 1, where Irpg = 1=, log {fo (Z+1) [G(:B;{)]Zg(x)rd:l:], is the Rényi entropy
of the Exp-G distributions with power parameter (L + 1), and

wi = ”ﬂ”ZZ( D)o

s=0 m=0

5
i (=101 = B)v +4) <Oé(i+j+u)—y)

X

ity T =BT + DA! )
x ijgp(_pa_(iazyﬁ u+) i)r__yj) (s+m +V5)k<l;> (5;) <Vi 1>'

Derivations are given in the Appendix section.

6.4 Maximum Likelihood Estimation

In this subsection, the maximum likelihood technique to estimate the model parameters for
the GOPGW-G family of distributions is presented. Let X ~ GOPGW — G(a,f3,6,&) and
0 = (a,3,6,&)T be the parameter vector, then the log-likelihood function (4,) of a random
sample of size n from the GOPGW-G family of distributions is given by

(,(©) = nlogpf+ nloga —nlog(I'(d))

SR )
C¥ [exp{l_ 1+ (G r}
< (
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Elements of the score vector U(®) = <%L/§, %, %‘%, g%lf:) can be easily obtained. The mle’s
can be obtained by equating a system of equations %, %%, % and % to zero and solve them

simultaneously.

The FIM of the GOPGW-G family of distributions is given by I(0) = [y, 9,](31+9)x(3+q) =

E (_%E)%j) vi,7 = 1,2,...,(3 4 q), can be numerically obtained by mle2 package (Bolker and

Bolker (2017)) in R software or MATLAB. The expectations in the FIM can be numerically

obtained and the total Fisher information matrix nI(A) can be approximated by

J.(0)~ [—872( _A} ,i,7 =1,2,....,(3+¢q). Elements of the score vector U(®), are
( ) 96,00; |©=6 (340) % (310) J ( (I) ( )

given in the appendix section.

6.5 Some Special Models

In this section we present some of the special models of the GOPGW-G family of distribu-
tions. We considered the case where the baseline cdf G are the Burr XII, Weibull and Lomax

distributions, respectively.

6.5.1 The Gamma Odd Power Generalized Weibull-Burr XII distribution

Suppose the baseline distribution is Burr XII with the cdf and pdf given by G(z;¢, k) =1—(1+
z9)~% and g(x;c,k) = kex® (1 + 2¢)*1, for ¢,k,z > 0. When ¢ = 1 we obtain the Lomax
distribution. The cdf and pdf of the of the GOPGW-BXII distribution are given by

~y <—log (1 - exp{l -1+ (1 + z)k — 1)Q]B}) ,5)

I'(9) ’

F(z;a,8,0,¢,k) =1—

and

f(w;0,8,6,\) = F(lé)ﬁa{—log (1—exp{1_ [1+ ((1+$C)k_1)a]ﬁ}>}5—l

x (et —1)" [1+((1+x0)’< ”5 !
X exp{l—[1+<1+$ _ )a}ﬁ} kext™ 14—1;; ))2/6—1,

respectively, for a, 5,9, ¢, k > 0.
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Figure 6.1: Plots of the density and hazard functions for the GOPGW-BXII distribution

The pdf of the GOPGW-BXII distribution can be right skewed, left skewed, reverse-J shape and
decreasing shapes whereas the hazard rate function displays increasing, decreasing, bathtub, and
upside down bathtub shapes. Quantiles for selected parameters values of the GOPGW-BXII

distribution are given in Table 6.1.

Table 6.1: Some quantiles for GOPGW-BXII distribution

(o, 8,6, ¢, k)

w  (1,15,1.3,0.5,1.2) (0.7,1,1.5,1.5,2.1) (0.4,1,1,1.3,2) (2.1,0.5,1.9,0.4,1.9) (1.5,1,1.2,2,1.6)
0.1 0.0052 0.0707 0.0078 0.0074 0.3988
0.2 0.0127 0.1097 0.0326 0.0168 0.4678
0.3 0.0253 0.1541 0.0797 0.0296 0.5263
0.4 0.0450 0.2051 0.1559 0.0466 0.5797
0.5 0.0748 0.2643 0.2711 0.0696 0.6313
0.6 0.1199 0.3348 0.4391 0.1015 0.6834
0.7 0.1909 0.4218 0.6833 0.1479 0.7389
0.8 0.3124 0.5371 1.0536 0.2232 0.8033
0.9 0.5676 0.7156 1.7093 0.3759 0.8899

6.5.2 Some-Sub Models of the GOPGW-BXII distribution

o If we let § = 1, we obtain the odd power generalized Burr XII distribution with the cdf

given by

F(z;,B,¢,k) =1 —exp {1 — {1 + <(1 + %)k — 1>a]8}.

e When § = 8 = 1, we get the Odd Weibull-Burr XII distribution with the cdf given as
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follows
F(z;a,c,k)=1— exp{((l + 29)F — 1)a} .

e By letting 5 = 1 and a = 2 we obtain the gamma odd Rayleigh-Burr XII distribution with
the pdf given by

v(—log (1 —exp —((1+xc)k—1)2 ,0
e e P

6.5.3 Moments

We cam obtain the ¢ moment of the GOPGW-BXII from equation (6.6) as

BOC) = [ atf@de = Y wrn B,

- r=0

where E(Y,’, ;) is the ¢ moment of ¥;;; which follows the Exp-BXII distribution with power
parameter (r+1) and w,41 is defined in equation (6.4). The first six moments, SD, CV, CS
and CK for selected parameter values of the GOPGW-BXII distribution are given in Table
6.2. Figure 6.2 displays the plots of skewness and kurtosis for the GOPGW-BXII distribution.
The plots show that the skewness can either be positive and negative while kurtosis shows
that GOPGW-BXII distribution is highly flexible that it can model data for different levels of

skewness and kurtosis.

Table 6.2: Table of moments for selected parameters for GOPGW-BXII distribution

(Oé, ﬂv 6? (&) k)
(1,1.5,1.3,0.5,1.2)  (0.7,1,1.5,1.5,3)  (0.7,2,0.5,1.3,0.6) (0.4,2.5,0.9,0.7,0.4) (1.2,2.5,0.5,0.4,1.2)
EX 0.1345 0.2271 0.2393 0.1022 0.1856
EX? 0.0568 0.0896 0.1523 0.0476 0.0794
EX3 0.0338 0.0458 0.1107 0.0305 0.0461
EX* 0.0235 0.0274 0.0867 0.0223 0.0313
EX® 0.0179 0.0182 0.0711 0.0175 0.0233
EX® 0.0144 0.0129 0.0602 0.0144 0.0184
SD 0.1967 0.1950 0.3082 0.1928 0.2120
CcV 1.4633 0.8587 1.2877 1.8874 1.1422
CS 2.0669 1.1062 0.9835 2.5095 1.5389
CK 7.0425 3.7975 2.5665 9.0339 4.9102
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GOPGW - BXII(c. B. 0.5, 3,0.1) GOPGW -BXIl(o. B, 0.5, 3,0.1)

Figure 6.2: Skewness and kurtosis plots for the GOPGW-BXII distribution

6.5.4 Gamma Odd Power Generalized Weibull-Weibull Distribution

Let the baseline distribution be the Weibull distribution with the cdf and pdf given by G(x; \) =
1— e and g(z; A) = )\a:’\_le_xA, for x > 0 and A > 0. The cdf and the pdf of GOPGW-W

distribution are given as
A a1 f
~ (—log (1 —exp{l — [1—1— (ex — 1) } }) ,(5)
=1—

F("‘U; a? /87 57 A) F(é) 9

and

s = oo (1-co = [+ (=) TR}
<emx B 1>a—1 [1 A <6$>\ B 1)a] p-1
e =

respectively, for a, 3,9, A > 0.

X
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Figure 6.3: Plots of the density and hazard functions for the GOPGW-W distribution
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Figure 6.3 shows that the pdf of the GOPGW-W distribution can take several shapes including
right skewed, left skewed, uni-modal, decreasing and bathtub shapes whereas the hazard rate
function displays increasing, decreasing, bathtub followed by upside down bathtub and upside
down bathtub shapes. Table 6.3 gives the quantiles of the GOPGW-W distribution for selected
parameter values. The plots of skewness and kurtosis for GOPGW-W distribution are given in
Figure 6.4. From the plots, we see that GOPGW-W distribution can model data for different

levels of skewness and kurtosis.

Table 6.3: Quantiles for GOPGW-W distribution

(a7/875707)\)
v (1,1.5,1.3,0.5) (0.7,1,1.5,1.5) (0.4,1,1,1.3) (2.1,0.5,1.9,0.4) (1.5,1,1.2,2)

0.1 0.0069 0.1153 0.0132 0.0312 0.4859
0.2 0.0165 0.1778 0.0554 0.0666 0.5627
0.3 0.0314 0.2479 0.1339 0.1114 0.6255
0.4 0.0533 0.3264 0.2570 0.1671 0.6809
0.5 0.0841 0.4153 0.4326 0.2372 0.7325
0.6 0.1273 0.5171 0.6663 0.3275 0.7830
0.7 0.1893 0.6371 0.9628 0.4497 0.8350
0.8 0.2839 0.7861 1.3347 0.6301 0.8926
0.9 0.4541 0.9961 1.8354 0.9541 0.9660
GOPGW-W(o. . 1,15) GOPGW-W(a. .1,1.5)

Figure 6.4: Skewness and kurtosis plots for the GOPGW-W distribution
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6.6 Simulation Results

In this subsection, a simulation study is carried out to examine the performance of the mean,
RMSEs and ABIAS of maximum likelihood estimators of the parameters of the GOPGW-Lx
and GOPGW-W distributions. The experiment was conducted through various simulations for
different sample sizes and different parameter values. The quantile function given in equation
(6.5) was used to generate random samples from GOPGW-Lx and GOPGW-W distributions via
the bbmle (Bolker and Bolker (2017)) package in R. The simulation was repeated for N = 3000
times each with sample sizes n = 50, 100, 200, 400, 800, 1600 and parameter values as given in
Table 6.4 and 6.5. Specifically, the estimated mean, average bias and root mean square error of

the parameter say £ = «, 3,9, k are computed as:

N ¢ N (¢ ~ N (& _
Mean= #, RMSE= 1/ &%&5)2 and ABIAS (¢) = W, respectively.
The tables list the mean MLEs of the parameters along with the respective root RMSEs and

ABIAS. From the results in Table 6.4 and Table 6.5, we can see that as the sample size n
increases, the mean estimates of the parameters tend to be closer to the true parameter values
while the RMSEs and ABIAS decrease.

Table 6.4: Simulation Results for GOPGW-Lx Distribution: Mean, ABIAS and RMSE

(1.0, 1.0, 0.4, 1.5) (2.0, 0.4, 0.8, 0.5)
Parameter n Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
o 50 1.5612 1.9211 0.5612 0.5612 2.8382 2.4264 0.8382 0.8382
100 1.2858 0.7639  0.2858 0.2858 2.5851 1.0930 0.5851 0.5851
200 1.1421 0.3711  0.1421 0.1421 2.4149 0.8278  0.4149 0.4149
400  1.0699 0.2348  0.0699 0.0699 2.2408 0.6246  0.2408 0.2408
800  1.0276 0.1563  0.0276 0.0276 2.1537 0.4647  0.1537 0.1537
1600 1.0155 0.1080 0.0155 0.0155 2.1029 0.3624 0.1029 0.1029
B 50 1.7004 2.8552  0.7004 0.7004 0.5973  0.6714  0.1973 0.1973
100  1.3307 1.6846  0.3307 0.3307 0.5541 0.5827 0.1541 0.1541
200 1.2889 1.3786  0.2889 0.2889 0.4822 0.4582  0.0822 0.0822
400  1.1360 0.8647  0.1360 0.1360 0.4695 0.3987  0.0695 0.0695
800  1.0455 0.5027  0.0455 0.0455 0.4276  0.2697  0.0276 0.0276
1600 1.0347 0.3631  0.0347 0.0347 0.4153 0.1797 0.0153 0.0153
s 50 0.8407 0.9589  0.4407 0.4407 1.4829 1.3475  0.6829 0.6829
100 0.7578 0.8329  0.3578 0.3578 1.4235 1.2738  0.6235 0.6235
200 0.6320 0.5901  0.2320 0.2320 1.2955 1.0176  0.4955 0.4955
400 0.5172 0.3610 0.1172 0.1172 1.0974 0.7641  0.2974 0.2974
800  0.4507 0.2259  0.0507 0.0507 0.9954  0.5678  0.1954 0.1954
1600 0.4320 0.1495  0.0320 0.0320 0.9357 0.4441  0.1357 0.1357
)z 50 2.0623 2.1385  0.0320 0.0320 0.4195 0.3648 -0.0805 0.0805
100  2.0962 2.4326  0.5962 0.5962 0.4332  0.3259 -0.0668 0.0668
200 1.9169 1.8017 0.4169 0.4169 0.4290 0.2464 -0.0709 0.0709
400 1.8118 1.3710 0.3118 0.3118 0.4574  0.2145 -0.0426 0.0426
800  1.7004 0.9556  0.2004 0.2004 0.4721 0.1752 -0.0279 0.0279
1600 1.5729 0.6500 0.0729 0.0729 0.4801 0.1306 -0.0199 0.0199
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Table 6.5: Simulation Results for GOPGW-W Distribution: Mean, ABIAS and RMSE

(1.5, 1.5, 0.4, 0.7) (0.4, 0.4, 2.0, 3.0)
Parameter ke Mean RMSE ABIAS AABIAS Mean RMSE ABIAS AABIAS
fe% 50 1.1831 2.7143 -0.3169 0.3169 0.3627 0.1381 -0.0373 0.0373
100 1.1551 0.8479 -0.3449 0.3449 0.3664 0.0897 -0.0336 0.0336
200 1.2221 0.6046  -0.2779 0.2779 0.3788 0.0625 -0.0212 0.0212
400 1.2991 0.4519 -0.2009 0.2009 0.3850 0.0440 -0.0149 0.0149
800 1.3644 0.3362 -0.1356 0.1356 0.3915 0.0316 -0.0085 0.0085
1600 1.4204 0.2551 -0.0796 0.0796 0.3943 0.0219 -0.0057 0.0057
3 50 1.1311 0.8449 -0.3689 0.3689 0.5759 0.5952 0.1759 0.1759
100 1.1284 0.7907 -0.3716 0.3716 0.5388 0.4843 0.1388 0.1388
200 1.1415 0.6857 -0.3585 0.3585 0.4623  0.3439 0.0623 0.0623
400 1.2054 0.5612 -0.2946 0.2946 0.4279 0.2425 0.0278 0.0278
800 1.2265 0.4827 -0.2735 0.2735 0.4099 0.1836 0.0099 0.0099
1600 1.2942 0.3799 -0.2057 0.2057 0.3943 0.1222 -0.0057 0.0057
5 50 1.3804 1.6304 0.9804 0.9804 2.2178 1.3855 0.2178 0.2178
100 1.2722 1.4396 0.8722 0.8722 2.1277 1.1768 0.1277 0.1277
200 1.0719 1.0969 0.6719 0.6719 2.1568 1.0014 0.1568 0.1568
400 0.8606 0.7724 0.4606 0.4606 2.1119 0.7733 0.1119 0.1119
800 0.7534 0.5741 0.3534 0.3534 2.0743 0.5745 0.0743 0.0743
1600 0.6289 0.3899 0.2289 0.2289 2.0625 0.3924 0.0625 0.0625
A 50 2.5779 2.9130 1.8779 1.8779 3.4001 1.1303 0.4001 0.4001
100 1.9379 1.9606 1.2379 1.2379 3.2186 0.8905 0.2186 0.2186
200 1.4339 1.1852 0.7339 0.7339 3.1544 0.7369 0.1544 0.1544
400 1.1325 0.7325 0.4325 0.4325 3.1073 0.5811 0.1073 0.1073
800 0.9776  0.4649 0.2776 0.2776 3.0641 0.4250 0.0641 0.0641
1600 0.8633 0.2979 0.1633 0.1633 3.0502 0.2947 0.0502 0.0502

6.7 Applications

In this section, the GOPGW-Lx and GOPGW-W distributions are fitted to data sets and these
fits are compared to the fits of other models, including type II general inverse exponential Lomax
distribution by Hamedani et al. (2019), exponentiated modified Weibull distribution by Elbatal
(2011), and Kumaraswamy Weibull distribution by Cordeiro et al. (2010).

The pdf’s of the above distributions are given by

T z\ ala+1)
fTIIGIE—LJ:( )

Ty A\ o, a,b) = Aa— (1 + 3) Sy (1 + 3

(31 (1+3)"))

X

for x > 0, \,a,a,b > 0,
—1

Foanw (@37:6,0,0) = 4[6 +20*a*exp(—dz + (62))[1 — exp(—(z + (02)1))]"

for x > 0,v,5, A\, 0 > 0,
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and

b—1

)

Ffrw(@;a,b,e,N) = abed’a®exp —(Az)¢[1 — exp (Az)* ! {1-[1—exp—(A2)]"}

for x > 0,a, b, ¢, A > 0.

Plots of the fitted densities, the histogram of the data and probability plots (Chambers et al.

(1983)) are given in Figures 6.6 and 6.8. For the probability plot, we plotted F'(z(;); &, B, S,é)

st 0.375 9 b
against ————, j = .-+, n, where z;
g nt0.25 J ) 4 » T ()
measure of closeness is given by the sum of squares:

o s j—0.375\1?
SS:Z {F(ﬂf(j);a,/j,&f)— <n+025>] :
j=1 '

are the ordered values of the observed data. The

The goodness-of-fit statistics: Cramér-von Mises and Anderson-Darling described by Chen and
Balakrishnan (1995) and K-S statistic are also presented in the tables. In general, the smaller
the values of W* and A* and K-S, the better the fit.

6.7.1 Kevlar 49/Epoxy Strands Failure Data

The first data set consists of 101 data points of the stress-rupture life of kevlar 49/epoxy strands
which were subjected to constant sustained pressure at the 90% stress level until all had failed,
so that we have complete data with exact times of failure (Andrews and Herzberg (1985); Barlow
et al. (1984)). The failure times in hours are:

0.01, 0.01, 0.02, 0.02, 0.02, 0.03, 0.03, 0.04, 0.05, 0.06, 0.07, 0.07, 0.08, 0.09, 0.09, 0.10, 0.10,
0.11, 0.11, 0.12, 0.13, 0.18, 0.19, 0.20, 0.23, 0.24, 0.24, 0.29, 0.34, 0.35, 0.36, 0.38, 0.40, 0.42,
0.43, 0.52, 0.54, 0.56, 0.60, 0.60, 0.63, 0.65, 0.67, 0.68, 0.72, 0.72, 0.72, 0.73, 0.79, 0.79, 0.80,
0.80, 0.83, 0.85, 0.90, 0.92, 0.95, 0.99, 1.00, 1.01, 1.02, 1.03, 1.05, 1.10, 1.10, 1.11, 1.15, 1.18,
1.20, 1.29, 1.31, 1.33, 1.34, 1.40, 1.43, 1.45, 1.50, 1.51, 1.52, 1.53, 1.54, 1.54, 1.55, 1.58, 1.60,
1.63, 1.64, 1.80, 1.80, 1.81, 2.02, 2.05, 2.14, 2.17, 2.33, 3.03, 3.03, 3.34, 4.20, 4.69, 7.89.

The estimated variance-covariance matrix for GOPGW-Lx model of Kevlar data is given by

0.0236 —0.0041 0.0176 —0.1353
—0.0041 0.0368 —0.0297 —-0.5979

0.0176  —0.0297 0.0568  0.2728

| —0.1353 —0.5979  0.2728  11.8747 |
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Table 6.6: Estimates of models for kevlar 49/epoxy strands failure data
Estimates Statistics
Model o 8 B k “2log L AIC AICC BIC W*  A* K-S Poalue SS
GOPGW-Lx  0.7667 0.2579 0.9525 5.0782 2043 2123 2127 2228 0.230 07661 0.0731 0.6534 0.1629
(0.1537) (0.1917) (0.2383) (3.4426)
a B ) A
GOPGW-W  2.11986 0.76310 0.5360 0.2919 2063 2143 2147 2248 01644 09637 00844 04677 0.1639
(0.9227) (0.4673) (0.6285) (0.1813)
A a a b
TIGIE-Lx 69.0667 4.3650 0.0439 12.7699 2065 2145 2149 2249 02060 11486 00831 0.4887 0.1934
(0.6552) (0.0084) (0.0560) (17.3383)
5 B by 9
EMW 0.9289 1.0000 170.0000 0.0001 206.5 2145 2149 2249 0.1753 1.0032 0.1025 0.2389 0.2509
(1.1730x107%1)  (1.3055x10°01)  (9.7521x10°20) (1.6581x10°13)
a b c A
KW 10329 0.2886 0.8731 12658 2065 2145 2149 2249 02172 11998 01000 0.2646 0.2215
(0.4130) (0.1929) (0.1411) (2.7151)
] py
W 0.9758 1.0000 2069 2109 2111 2162 0.1987 1.0283 0.0888 0.4034 0.1645
(0.1036) (0.0766)

From Table 6.6, the values of the goodness-of-fit statistics: AIC, AICC and BIC for the GOPGW-
Lx and GOPGW-W distributions are the smallest as compared to TIIGIE-Lx, EMW, KW and
Weibull distributions hence the GOPGW-Lx and GOPGW-W distributions are better in fitting
Also, the value of SS from the probability plots and the

for Epoxy Strands Failure data.

values of the statistics A*, W* and K-S are the smallest for the GOPGW-Lx and GOPGW-W
distributions, which indeed showed that this model can be useful. Profile log-likelihood plots in

Figure 6.5 shows that maximum likelihood estimates of «, 3,6 and k exits.
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Figure 6.6: Fitted densities and probability plots of epoxy strands failure data
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6.7.2 Airborne Communication Transceiver Data

The second data correspond to maintenance on active repair times (in hours) for an airborne

communication transceiver with size n=46 cited by Balakrishnan et al. (2009) and Chhikara and
Folks (1989). The observations are: 0.2, 0.3, 0.5, 0.5, 0.5, 0.5, 0.6, 0.6, 0.7, 0.7, 0.7, 0.8, 0.8, 1.0,
1.0, 1.0, 1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0, 2.0, 2.2, 2.5, 2.7, 3.0, 3.0, 3.3, 3.3, 4.0, 4.0, 4.5, 4.7,
5.0, 5.4, 5.4, 7.0, 7.5, 8.8, 9.0, 10.3, 22.0, 24.5.

The estimated variance-covariance matrix for GOPGW-Lx distribution of airborne communica-

tion transceiver data is given by

1.7952x 10190
—5.0520%x 10792

1.6862x 10714

| 2.1629%107°!

—5.0520x 10792
1.7739%x 10793
—4.8636x10~16

—1.4044x 10792

1.5764x 10714
—4.5536x10716
1.4852x 10728

2.2053x10~1°

2.1629x 10791
—1.4044x 10702

2.3406x 1015

2.3387x107°" |

Table 6.7: Estimates of models for airborne communication transceiver data

Estimates Statistics
Model o g 1 k —2log L AIC AICC BIC W* A* K-S P-value SS
GOPGW-Lx 3.2776 0.0772 1.0000 2.0930 197.8 2058 206.8 213.2 0.0248 0.1866 0.0733 0.9658 0.0289
(1.3399)  (42118x107%) (1.2187x10°14) (4.83601x10-)
a 5 ) A
GOPGW-W 141.2300 0.0100 0.3946 0.2194 199.2  207.2 2082 2145 0.0427 0.3455 0.0984 0.7645 0.0395
(0.0001) (0.0022) (0.1773) (0.0119)
A a a b
TIIGIE-Lx 92.3050 3.2100 0.0114 8.7477 2059 2139 2149 221.2 0.0924 0.6092 0.1273 0.4449 0.0668
(3.4015x107%2)  (3.6148x107%) (7.0061x107%)  (6.7979x107%)
v d A 0
EMW 0.9583 0.2694 17.0010 0.0001 2099 2179 2189 2253 0.1442 1.0004 0.1519 0.2385 0.1889
(1.8975x107%)  (5.4358x107%2)  (2.5315x107 1) (4.3037x10712)
a b c A
KW 4.3024 0.2470 0.6846 3.8951 2011 209.1 210.0 2164 0.0575 0.3988 0.1181 0.5418 0.0874
(2.6279) (0.1972) (0.1451) (2.7323)
8 A
W 0.3337 0.8986 208.9 2129 2132 216.6 0.1298 0.9009 0.1204 0.5170 0.1157
(0.0750 ) (0.0958)
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Figure 6.7: Profile log-likelihood plots for epoxy communication transceiver data
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Figure 6.8: Fitted densities and probability plots of airborne communication transceiver data

Table 6.7 gives the MLE’s of the model parameters with (standard errors in parentheses), AIC,
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AICC, BIC, and the goodness-of-fit statistics W*, A*, K-S and its p-value as well as SS. The
values of the goodness-of-fit statistics: AIC, AICC and BIC for the GOPGW-Lx and GOPGW-
W distributions are the smallest as compared to those of the models listed in the table hence
the GOPGW-Lx and GOPGW-W distributions are better in fitting for the airborne communi-
cation transceiver data. Also, the value of SS from the probability plots and the values of the
statistics A*, W* and K-S are the smallest for the GOPGW-Lx and GOPGW-W distributions.
Furthermore, the p-value for the K-S statistic is very close to one indicating that this models
are the best in fitting Airborne Communication Transceiver data. Profile log-likelihood plots in

Figure 6.7 shows that maximum likelihood estimates of «, 3,6 and k can be uniquely obtained.

6.8 Concluding Remarks

In this chapter, we presented a new distribution called the Gamma odd power generalized
Weibull-G family of distributions. Statistical properties of the new generalized distribution
such as quantile function, ordinary and incomplete moments, probability weighted moments,
stochastic ordering, distribution of the order statistics and Rényi entropy were derived. The
maximum likelihood technique was used to estimate the model parameters. Two special cases
of the new family of distribution including Gamma Odd Power Generalized Weibull-Burr XII
and Gamma Odd Power Generalized Weibull-Weibull distributions are discussed in details. The
usefulness of the new family of distributions was examined by means of applications to two real
data.
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7. Conclusions and Areas of Further Studies

We studied and proposed several new families of distributions including the Topp-Leone type 11
exponentiated half logistic-G family of distributions, the Topp-Leone exponentiated half logistic
generalized-G family of distributions, the Topp-Leone-Gompertz-G power eries class of distri-
butions, the Marshall-Olkin-Topp-Leone-Gompertz-G family of distributions and the Gamma
odd power generalized Weibull-G family of distributions. Some special cases of the new families
of distributions for the baseline distribution G(x; &) were studied in details. We also considered
some mathematical and statistical properties of the new families of distributions. The statistical
properties studied include the expansion of the density function, hazard rate function and quan-
tile function, moments, moment generating functions, probability weighted moments, stochastic
ordering, distribution of order statistics and Rényi entropy. The method of maximum likelihood
estimation was used to estimate the model parameters and Monte Carlo simulations were con-
ducted to examine the consistency of the parameter estimates. Applications in several areas are
presented to illustrate the importance and the flexibility of these new families of distributions.
We discovered that our proposed distributions performed really well compared to some distri-
butions in the literature for different data sets in the areas of finance, survival analysis, science,

engineering and economics, to mention a few.

For future research, we plan to explore more of statistical properties that were not considered in
this thesis. Also, we intend to consider different methods of estimation such as maximum product
spacing, least squares, weighted lest squares, Cramér-von Mises, Anderson-Darling and Bayesian
techniques, and compare them with the maximum likelihood technique based on simulations.
Bayesian techniques are of interest because they are increasingly used in global health modeling,
and the maximum product spacing approach relies on maximizing the geometric mean of the

probability spacings in the data.

We are also interested in incorporating covariates or concomitant information to these new
generalized distributions, as well as the development of bivariate and multivariate extensions of

the proposed families of distributions.
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A. Chapter 2 Appendix

A.1 The Topp-Leone Type II Exponentiated Half Logistic-G
Family of Distributions

The elements of the score vector U(A) are
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Appendix A: R Codes for figures in Chapter 2
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This 428 data points correspond to prices (in dollars) of 428 new vehicles for the 2004 year
(Kiplinger’s Personal Finance, Dec 2003).

Table A.1: Data set for prices (in 10 of thousands of dollars) of 428 new vehicles
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B. Chapter 3 Appendix

B.1 The Topp-Leone-Exponentiated Half Logistic-Generalized-
G Family of Distributions with Applications

The elements of the score vector U(A) are given by
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Appendix B: Elements of the score vector in Chapter 3
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C. Chapter 4 Appendix

C.1 The Topp-Leone-Gompertz-(GG Power Series Class of Distri-

bution

The following link contains the Appendix for the TL-Gom-GPS class of distributions:

https://drive.google.com/file/d/1MSC2iFm4NNjxvgMbDjjrRDDEFO0zZr4R_/view?usp=sharing
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D. Chapter 5 Appendix

D.1 The Marshall-Olkin-Topp-Leone-Gompertz-G Family of Dis-

tribution

The link below contains the Appendix for the MO-TL-Gom-G family of distributions:

https://drive.google.com/file/d/1BLQjGat89t5VbGIyaQibDK66WmC8xIol/view?usp=sharing
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E. Chapter 6 Appendix

E.1 The Gamma Odd Power Generalized Weibull-G Family of

Distributions

The following link contains the Appendix for the GOPGW-G family of distributions:

https://drive.google.com/file/d/1i7a0WcTg6Xw-iRzRj3dwv2dssDgSrxFt/view?usp=sharing
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