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Abstract

In this thesis, new generalized families of distributions namely, Weibull Odd
Burr III-G (WOBIII-G), Risti¢-Balakhrishnan Odd Burr III-G (RBOBIII-G), Ristic-
Balakhrishnan Marshall-Olkin-G (RBMO-G), Exponentiated Half-Logistc Odd Burr
I1I-G (EHL-OBIII-G) and Half-Logistic Odd Power Generalized Weibull-G (HLOPGW-
G) families of distributions are developed and studied in detail. Furthermore, the
mathematical and statistical properties of these new families of distributions such
as moments and moment generating functions, order statistics, probability weighted
moments, stochastic ordering and Rényi entropy are derived and studied in detail.
We use some of the existing known baseline models to generate some special cases
for these newly generated families of distributions. The maximum likelihood esti-
mation technique is used to estimate model parameters and simulation experiments
are conducted to illustrate the consistency of maximum likelihood estimates. Finally
we demonstrate the efficacy and flexibility for some of the special cases under these
distributions by fitting them to some real data sets. The proposed models presents

better fits than other existing equal parameter models.
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Chapter 1

Introduction

1.1 Introduction

Statistical distributions play an important role when it comes to description and
prediction of real data in various areas of research such as engineering, financial
modelling, economics, biological and reliability studies. However, there are instances
where classical distributions do not provide adequate fits to real data. It is for this
reason that several probability distributions have been developed by introducing
one or more parameters to generate new distributions. In literature, new families
of distributions have been developed by introducing shape parameters to control
skewness, kurtosis and tail weights thus providing great flexibility in modelling
skewed data. Some of the similar work include the two-piece approach introduced
by [61] and also the generators by [56], [44], [10]. Many subsequent articles apply
these techniques to induce skewness into well-known symmetric distributions such
as the symmetric Student t, see [1] for a detailed review. The recent perculiar works
include Odd Burr-G (OB-G) family [12], Gamma-Weibull-G family [81], Generalized
odd-log-logistic family [39], New Generalized odd log-logistic family [60], and Odd
log-logistic Lindley Poisson family [85]. Following the system of twelve cumulative
distribution functions proposed by [28], more work on Burr-XII models and other
related distributions were widely studied by various authors, (see [102], [95], [112],
[100], [107], [97]). Afify et al. [4] introduced a new four-parameter lifetime model

namely the Weibull Burr-XII distribution capable of modelling various shapes of



aging and failure rate. Recent useful extensions of the Burr-XII models were also

studied in detail by [15], [49], [109] and [111].

Some attempts have been made to define new families of probability distributions that
extend well-known families of distributions providing great flexibility in modelling
lifetime data. Some of the well-established generators and other recently developed
families of distributions include; the Kumaraswamy generalized [40], gamma-G
[91], exponentiated generalized [45], Weibull-G [27], Kumaraswamy transmuted-G
[5], Type I half-logistic-G [38], Garhy-G [55], Kumaraswamy Weibull-G [63], expo-
nentiated Weibull-G [64], additive Weibull-G [62], Topp—Leone-G [8], exponentiated
extended-G [54], Type II half logistic-G [65], alpha power transformed-G [78] and
Kumaraswamy generalized Marshall-Olkin-G [30] among others. Subsequently,
some of the new families of distributions were recently developed and the famous
ones being the Odd Burr-G family [12], Gamma-Weibull-G family [81], Generalized
odd-log-logistic family [39], New Generalized odd log-logistic family [60], and Odd
log-logistic Lindley Poisson family [85].

Despite many lifetime modelling distributions studied by different authors in the
literature, there is always an opportunity for the discovery of new distributions
which provides more flexibility in fitting various real-world problems. Other well
known generated families studied by various authors include the Weibull-G family of
distributions by [27], exponentiated-generalized-G family of distributions by [45] and
two log-gamma-G families by [18]. Another useful generators called gamma-G were
introduced by [113] and [91]. Alzaatreh et al. [16] developed a general approach,
the transformed-transformer (T-X) family and Alzaghal et al. [17] further extended
T-X family and proposed exponentiated-T-X family of distributions. Similar work was
done by Aljarrah et al. [14] where the T-X family was introduced using the quantile

function approach.

Some of the other well-known generators which played a major role in the extension
of generalized families of distributions include the Marshall-Olkin-G [74], the
beta-G [56], odd log-logistic-G [13], the transmuted-G [96], the gamma-G [113], the

2



Kumaraswamy-G [44], the logistic-G [105], exponentiated generalized-G [45], T-X
family [16], the Weibull-G [27], the exponentiated half-logistic generated family [42]
and the beta odd log-logistic generalized [43] to mention just a few. Burr [28] intro-
duced a system of cumulative distribution functions which were widely used by many
researchers, (see [102], [95] and [112] among others) to develop more distributions
with great flexibility. The Burr-XII models have wider applicability in other various
areas of research such as reliability and engineering, acceptance sampling plans and
failure time modelling. Afify et al. [6] developed a new flexible family of distributions
called the Odd exponentiated half logistic-G (OEHL-G) family of distributions using
the Half-Logistic (HL) distribution as the generator. Other related works include
the Weibull-G family [27], the Weibull-X family [16], the exponentiated Weibull-X
family [17], the new Weibull-X family [7], the new Weibull-G family [103], the
modified odd Weibull-G family [34] and the Weibull Generalized-G [110]. Similarly,
[6] developed a new flexible family of distributions called the odd exponentiated half
logistic-G (OEHL-G) family of distributions using the Half-Logistic (HL) distribution
as the generator. Cordeiro et al. [42] also used the same generator to develop the
Exponentiated Half-logistic (EHL) family of distributions. These new generators
have been widely applied recently by various researchers to generate new flexible

models useful in life time data analysis.

1.2 Some Important Generators

In this section, some of the important generators used in this study to extend some

lifetime distributions are briefly discussed.

1.2.1 The Transformed-Transformer (T-X) Generator

Consider the T-X transformation technique proposed by [16] having the cumulative

distribution function (cdf) given by



where r(t) is the probability density function (pdf) of a random variable 7" and
W(G(x;¢)) represent the function of the cdf for the baseline function of a random

variable X.

1.2.2 Beta-G Generator

Let G(7; ) and g(7; p) denote the cumulative distribution function (cdf) and probabil-
ity density function (pdf) of a continuous random variable X, then the cdf and pdf of
the beta-G distribution are given by

1 G(z;9)
F(x) = IG($§£)(G7 b) = B( b) / ta71<1 - t>b71dt (11)
a, 0
and
@) = g Ol [ = Glas o) 'g(az o), 1.2

respectively, for a,b > 0, and ¢ denotes the baseline parameter vector. Note that
I, = By(a,b)/B(a,b) is the incomplete beta ratio, B,(a,b) = [/ t* (1 — t)*"'dt is the
incomplete beta function and B(a,b) = I'(a)['(b)/I'(a + b) is the beta function and I'(+)

is the gamma function.

1.2.3 Gamma-G Generator

Let G(z;¢) and g(z; v) denote the cumulative distribution function (cdf) and proba-
bilty density function (pdf) of a continous random variable X, then the cdf and pdf of
the Gamma-G distribution by [113] are given by

_ L et o 7 (0.6 )
and
f(z) = ﬁ [G(a:;g)]éfl 9(z;¢),2 € R,6 > 0, (1.4)

respectively, for 6 > 0 and baseline parameter vector o, where v(z;6) = fom o le~tdt is

the incomplete gamma function.



1.2.4 Kumaraswamy-G Generator

Cordeiro and de Castro (see [40]) introduced the Kw-G distribution defined from an
arbitrary parent cdf G(z; ), having the cdf F'(x) given by

F(x)=1—(1—-G(x;9)")?, (1.5)

and its pdf is given by

fl@) = abg(2)(G(z;9))" (1 = G(zy9)")" ", (1.6)

for a,b > 0, x > 0 and baseline parameter vector .

1.2.5 Marshall-Olkin-G Generator

Marshall and Olkin (see [74]) developed the Marshall-Olkin (MO) extended family of
distributions. For any baseline distribution with pdf f(z) and cdf F(z), Marshall and
Olkin [74] defined a new survival function F'(z) by adding an additional parameter
a > 0. The survival function is defined by

_ aF(x)

MO(x> = 11— O?F(J})’ 1.7

where —co < & < 00, a > 0, @ = 1 — a, « is the tilt parameter since the hazard rate
function of the new family is shifted either above or below the hazard rate function of
the baseline distribution for 0 < o < 1 and « > 1, respectively. The cdf and pdf of the
MO-extended distribution are given by

 Glmy)
Fuo(®) =17 3G ) (1.8)
and
frola) = — 2908 1.9)

[1 — d@(m;g)f
respectively, where g(; @) and G(z; ) are the pdf and cdf resepctively from any base-

line distribution, with ¢ as a vector of parameters.



1.2.6 Half-Logistic-G Generator

Cordeiro et al. (see [38]) developed the type I half-logistic family of distributions with
the cdf and pdf given by

s

~in(1=G@e)  9) exp{—Az 1-[1-G(x;
F(x; )\72) = / ( ul ! dx = A’
0

b
1+ exp{—Az}) TTIT [1—G(x59)

where G(z; ¢) is the cdf of the baseline distribution, A > 0 is the shape parameter and

¢ is a vector of parameters. We obtain a special case, namely, half-logistic-G (HL-G)

model, with cdf
G(z; 9)

—_— (1.10)
1+ G(x;0)

F(z; ) =
by setting A = 1 in equation (1.10). The corresponding pdf of HL-G model is given by

2g(z; @)

AN , (1.11)
(14 G(z;9))?

fla; ) =

1.2.7 Competing Risk Approach

Let the lifetime of components in a series system follow G, (¢) and G5(t) distributions
with the correspoding reliability functions given by R;(¢) and R(t), respectively, then
the reliability R(t) = P(T > t) of the system is given by

R(t) = Ri(1)Ra(t).

The underlying cdf is given by G(¢) = 1 — R(¢), and in reliablity studies, a series model
is also known as the competing risk model and has the pdf given by ¢(¢) = %G (t).

1.2.8 Compounding Approach

Let N be a discrete random variable from a power series distribution assumed to be

truncated at zero, whose probability mass function (pmf) is given by

a, 0"

P(N:n):w,

n=12,..., (1.12)



where C(0) = > ° | a,0" is finite, § > 0, and {a,},>1 a sequence of positive real num-
bers. The power series family of distributions includes binomial, Poisson, geometric
and logarithmic distributions [68]. Table 1.1 presents some useful quantities includ-
ing a,,,C(0),C~*(6),C"(#) and C” () for the binomial, Poisson, geometric and logarith-

mic distributions.

Table 1.1: Useful Quantities for Some Power Series Distributions

Distribution C(0) C'(9) C”(9) o) a,  Parameter Space
Binomial 1+60)" -1 m(1+6)"" mm-1)A+0)™2 @G-1Y"-1 (7 (0,1)
Poisson e —1 el e log(14+6)  (n)™! (0, 00)
Geometric 01 -0t (1-06)? 2(1—-6)73 (1 +06)7! 1 (0,1)
Logarithmic —log(l —6) (1—6)7! (1-6)2 1—e® n~t (0,1)

Some of the power series generalizations available in literature include the Weibull-
power series (WPS) distributions by [76], generalized exponential-power series (GEP)
distribution by [72], extended Weibull-power series (EWPS) distribution by [98], dou-
ble bounded Kumaraswamy power series by [24], Burr XII power series by [99],
generalized linear failure rate-power series (GLFRP) distribution by [9], Birnbaum-
Saunders power series distribution by [26], linear failure rate-power series by [73],
complementary extended Weibull-power series by [48] and the new generalized Lind-

ley Weibull power series by [25], just to mention these few.

1.3 Characteristics of Probability Distributions

1.3.1 Swurvival Function

Survival function (S(z)) or reliability function R(z) is important in calculating sur-
vival probability or system’s reliability. Let X be a continuous random variable hav-

ing cdf F(z) and pdf f(z) = £ mathematically

dr ?

S(z) =F(z)=1- F(x).

Thus, S(x) is the probability of surviving more than time = and F(x) is the probability

of surviving up to time z. S(z) is a monotonic and decreasing function over [0, co).



1.3.2 The Hazard Rate, Reverse Hazard Rate and Quantile

Functions

The hazard rate function, denoted by i(z), can be defined as the force of mortality
or the failure rate. It is derived by dividing the probability density function by the
survival function. Mathematically h(z) = f(z)/F(z), where F(z) = 1 — F(x) and
F(z) is the cdf. The hazard rate function can adopt various shapes, that is, it can be
monotonic increasing or decreasing, non monotonic (bathtub or upside down bathtub).
In case where we have hidden failures, the hazard function may not capture such
failures and the reversed hazard rate function becomes a useful tool in such instances.
The reversed hazard rate is the conditional probability of failure of a component per
unit time interval (¢ — 0t), given that the failure occurred in [0, ¢] Desai et al. [50].

Mathematically it can be expressed as the ratio of the probability density function

f(=z)

) The reverse hazard

and the cumulative distribution function, that is, 7(z) =
rate function has application in maintenance management, especially for condition
monitoring [50]. The reversed hazard rate function is always a monotone decreasing
function irregardless of the shape of the hazard rate function [50].

The quantile function of a random variable X is the inverse of its distribution func-
tion. Quantile function gives the statistical properties of the random variable X, just
like the distribution function. The quantile function is the generalized inverse of F,

thatis, F~'(u) =inf{x: F(z) > u},0 <u < 1.

1.3.3 Ordinary and Incomplete Moments

The mean, variance, skewness and kurtosis are the four commonly studied moments.
They are generally used to describe the features of a statistical distribution. It is very
useful to derive the moments and incomplete moments of a generalized distribution
from a weighted infinite linear combination of established distributions. The ordinary
r*h moment for the real valued function can be defined as u, = E(X") = [a"f(z)dx
and the incomplete moment can be obtained as Ix(t) = fg " f(x)dx.

The coefficients of variation (CV), skewness (CS) and kurtosis (CK) can be readily

obtained. The variance (¢?), Standard deviation (SD=0), coefficient of variation (CV),



coefficient of skewness (CS) and coefficient of kurtosis (CK) are given by

2 /
0% = iy — 1%, Cvzgz%ﬂ/%—l,

EI(X —p)’] _ py — 3ppy + 244°
[E(X — p)?? (py — p2)3/2 7

and
EI(X — )] _ py — Appry + 6p°pty — 3
[E(X — p)?)? (hy — p?)? ’

h

respectively. Note that the r'* cumulant of the random variable X can be readily

r—1 (r—l
s=1 \s—1

obtained from the recursive relationship: x, = pu, — >

E(X — py)", so that the CS and CK are given by v, = 53; and v, = 4.
Ko 2

/ /
)NT—SKS, Where /‘LT =

1.3.4 Order Statistics

Let X, X5, ..., X,, be independent and identically distributed (i.i.d) random variables
distributed with pdf f(z) and cdf F(z). The pdf of the i'* order statistic X;.,, is given
by

D) P @) - )

1.3.5 Entropy

An entropy gives a measure of variation of uncertainty for a random variable X with
the pdf given by f(x). The two most popular measures of entropy are Shannon entropy,

(see [93]) and Rényi entropy, (see [90]). The Rényi entropy is defined by

Ip(w) = (1 - v) "' log UOOO f”(x)d:c] , (1.13)

where v > 0 and v # 1. Note that Shannon entropy is a special case of Rényi entropy

and is defined as E {— log[f(X)]}.



1.3.6 Stochastic Ordering

The three commonly known orders of distribution functions are the stochastic order,
the hazard rate order and the likelihood ratio order. These orders are defined as
follows;

Let X and Y be the two random variables with the cdfs Fx(¢) and Fy(t), respec-
tively, and Fx(t) = 1 — Fx(t) is the reliability or survival function. The random
variable X is said to be stochastically smaller than the random variable Y if
Fx(t) < Fy(t) for all t or Fx(t) > Fy(t) for all t. This is denoted by X <,; Y. The
hazard rate order and likelihood ratio order are stronger and are given by X <,, Y
if hx(t) > hy(t) for all ¢, and X <, Y if J;i_ég is decreasing in t. It is well established
that X <, VY = X <5, Y = X <Y, (see [92] for more details).

1.3.7 Estimation

There are many methods in the literature on parameter estimation. Some of the com-
mon methods are the method of moments, maximum likelihood estimation (MLE) and
the Bayesian estimation techniques. We used the MLE technique as the method of
estimation due to its consistency in yielding unbiased estimators with minimal vari-
ance. We computed the total likelihood function L(0;x) =[]}, f(x;;0) for a given pdf
and derive the score vector of parameters 6. The equations obtained by setting the
above partial derivatives to zero are not in closed form and the values of the parame-
ters 0 are obtained using iterative methods. The maximum likelihood estimates of the
parameters, denoted by A is computed by solving the nonlinear equation (%)T =0,
using a numerical method such as Newton-Raphson procedure. The Fisher informa-
tion matrix given by I(A) = [Iy, o, |xxr = E(—%;ej), i,j = 1,2,... can be numerically
obtained by using either MATLAB, NLMIXED in SAS or R software. The Fisher

information matrix nI(A) can be estimated by

2
[ i L ij=1,2,.. (1.14)

TV~ | = a0

A:A:| kXK
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Note that for a set of observations, equation (1.14) is obtained from Newton-Raphson

convergence procedure using R software or NLMIXED in SAS.

1.3.8 Methods for Assessing Goodness-of-Fit

The -2log-likelihood statistic (—2log(L)), Akaike Information Criterion (AIC), Con-
sistent Akaike Information Criterion (AICC) and Bayesian Information Criterion
(BIC) are used for model comparison. Mathematically (AIC' = 2p — 2log(L)),
(BIC = plog(n) — 2In(L)), (AICC = AIC + 2221) and where L = L(A) is the value
of the likelihood function evaluated at the parameter estimates, n is the number of
observations and p is the number of parameters. The model with smallest values of

these statistics is regarded as the best fit model for that particular data set.

The measures of closeness are obtained via the sum of squares
n j—0.375\17
SS = F(xi) — | —————
; { (z6)) ( n+025 )]

where j = 1,2, ---, n, and z(;) are the ordered values of the observed data. The
goodness-of-fit statistics W* and A*, described by Chen and Balakrishnan [33] are
also used to assess goodness-of-fit. Note that the smaller the values of W*, A*, SS and
K — S the better the fit.

1.4 Aim and Objectives

The main aim of this thesis is to use some of the important generators, namely,
the Marshall-Olkin-G, Half-Logistic-G, Gamma-G, Exponentiated Half-Logistic-G,

Weibull-G to develop new and generalized distributions and specifically

1. To develop the following models:

(i) Weibull Odd Burr III-G (WOBIII-G) family of distributions.
(i1) Risti¢-Balakhrishnan Odd Burr ITI-G (RBOBIII-G) family of distributions.

(iii) Risti¢-Balakhrishnan Marshall-Olkin-G (RBMO-G) family of distributions.

11



(iv) Exponentiated Half-Logistc Odd Burr III-G (EHL-OBIII-G) family of distri-

butions.

(v) Half-Logistic Odd Power Generalized Weibull-G (HLOPGW-G) family of dis-

tributions.

2. To derive and extensively study some of the statistical and mathematical proper-
ties of these newly developed distributions including their maximum likelihood

estimates.

3. To demonstrate the consistency and accuracy of the maximum likelihood esti-

mates via simulation studies.

4. To illustrate the usefulness and efficacy of these newly developed models by

fitting them to real data sets.

1.5 Motivation

In this thesis, the motivation to develop these new generalized families of distri-
butions arises from their efficiency and flexibility in modeling failure time data
with increasing, decreasing, unimodal and bathtub shaped hazard rates. The newly
introduced models present a good alternative to most of the failure time distributions
that lacks flexibility in modeling various forms of real life data problems. These new
families of distributions are more flexible and can adopt various forms of shapes com-
pared to the existing baseline models. Additionally, these models consistently give
better fits than some of the available models with the same number of parameters.
The generated models yields better fits to various forms of real life data and have
interesting tractability properties. These models can also fit data which is heavy-
skewed and heavy-tailed with high degree of flexibility. Another important factors
is that these generalized families of distributions are quite flexible for fitting data
which is evidently shown by the underlying special models that can accommodate
left-skewed, right-skewed, symmetrical, and reversed-J shaped densities. The new
family of distributions possesses very flexible and desirable properties including

hazard rate function that exhibits J, reversed-J, increasing, decreasing, bathtub,

12



bathtub followed by upside down bathtub, and upside down bathtub shapes.

Furthermore, the development of these new family of distributions is necessitated
by the need to model climate and lifetime data with models that takes into account
not only shape and scale but also consider skewness, kurtosis and tail variation.
We are also motivated by various applications of generalized combination of Weibull
and exponentiated half logistic distributions in several areas including reliability,
exponential tilting (weighting) in finance and actuarial sciences, as well as economics.
We are hopeful that these new families of distributions will find wider applications

in various fields of study such as genomic, engineering and survival analysis.

1.6 OQOutline of Thesis

The structure of this thesis is outlined as follows: Chapter 2 presents development of
the Weibull Odd Burr III-G (WOBIII-G) family of distributions, Chapter 3, presents
the new Risti¢c-Balakhrishnan Odd Burr ITI-G (RBOBIII-G) family of distributions,
Chapter 4, presents the Risti¢-Balakhrishnan Marshall-Olkin-G (RBMO-G) family of
distributions. In Chapter 5, we present the Exponentiated Half-Logistc Odd Burr III-
G (EHL-OBIII-G) family of distributions and Chapter 6, presents Half-Logistic Odd
Power Generalized Weibull-G (HLOPGW-G) family of distributions. We finally give

concluding remarks and areas of further study under Chapter 7.

1.7 Chapter Summary

This sub section gives a brief summary of Chapter 1 and its contents. In this chapter,
a detailed review of literature including the most recent works on the development
of families of distributions is given. We discuss different types of generators that
are commonly used in the literature including some of the important characteristics
of probability distributions as well as different parameter estimation methods. Fi-
nally, motivations and justifications for this study including the aim and objectives

are clearly stated.
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Chapter 2

The Weibull Odd Burr III-G Family

of Distributions with Applications

Published and Available Online at:

http://jsm.yazd.ac.ir/article_2021.html

2.1 Introduction

In this chapter, the new generalized family of distributions namely; Weibull Odd Burr
ITII-G (WOBIII-G) is developed and studied in detail using the T-X transformation
technique. Some of the useful mathematical and statistical properties such as the
hazard function, quantile function, moments and incomplete moments, moment gen-
erating functions, Rényi entropy, order statistics and stochastic orders are derived.
The method of maximum likelihood estimation is used to estimate the model parame-
ters. The usefulness of this new family of distributions is demonstrated via simulated

experiments and its special case is applied to real life data sets to illustrate flexibility.

2.2 Generating the Weibull Odd Burr III-G Model

We formulate and develop the new model using the T-X generator technique proposed

by [16] having the cumulative distribution function (cdf) given by

14



where r(t) is the probability density function (pdf) of a random variable 7' and
W(G(x;¢)) represent the function of the cdf for the baseline function of a random
variable X. To develop the WOBIII-G family using the T-X family technique, we let

r(t) = Bt~ e~ ¢t > 0,8 > 0 (one parameter Weibull distribution) and W(G(x;¢)) =

—log(1 — (1 + (%)‘“)‘b), where G(z; ) is the baseline cdf. From these results, we

can write the cdf 0} the WOBIII-G family of distributions as

—a\ —b B
G(x;
F(z;a,b,8,p) =1 —exp | —|—log [1— |1+ _(x 2 , (2.1)
- Gz )
for a,b, 8, * > 0 and parameter vector o, with the corresponding pdf given by
_a\ —b
G(z; )
f(x;a,b,ﬁ,go) = abﬂexp - _log =114+ |=
B Gz )
G N\
—log|1— {1+ _(‘T’@
G(z; )
G\ —b-1
z;p
(1 + (5(90@) ) (G(Jj;
—b 2
Gz;)\ ¢
(- 2)7))

The hazard rate function (hrf) is given by

X

X
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for a,b > 0, and parameter vector P.

2.2.1 Quantile Function

The quantile function for the WOBIII-G family of distributions is derived by inverting

the following function

—_a\ —b B
G(7; ) _
l—exp | — llog (1(1—1—(6(%@) ) )] = u,

for 0 < u < 1, so that

(o 82)) - oty

and

28— (e (e 1) 2.4

The last expression further simplifies to

1

Gz ) = <(1—exp<—(—log(l—u))é)_b—1)}1+1>_,

and therefore, we obtain the quantile function as

QX(n) (u) = G [((1 — exp (— (—log (1 — u))llf>bl — 1)31 + 1) _ ] , (2.5)

which can be solved using iterative methods from any applicable software such as R.

2.2.2 Linear Representation of the Density Function

This section presents results on linear representation of the pdf for the WOBIII-G

family of distributions. The expansion of the pdf will further allow us to derive impor-
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tant mathematical and statistical properties. By applying several series expansions,
(see Appendix (A.1) for details), we can write the pdf of W-OBIII-G family of distri-
butions given by equation (2.2) as

~ [e+1 k+1)—1
f(z;a,8,b,p) = abﬂk“pzrgs 0 IE OE )bSm( 1)k+p(5( +m) )
X (—a i+1) ) ( b(p +im +s+z2)— 1> (a(x;f))a(i+1)+p—1g(x;£)
_ Lz+1) e (Bl +1) — 1
- abﬂkzzp;ms 0 F(l bsm( 1)k+ ' ( m )
" ( a(i+1) +p 1)(1) +m+s+z) 1)
X ( a(i+ ) w11> ;0))" gz p)
= chﬂgwﬂ(iB 90 (2.6)
w=0

where g,41(z; ) = (w+ 1) (G(z;9))" g(z; ¢) is the exponentiated-G (Exp-G) distribu-

tion with power parameter w + 1 and

o1 = bﬁ?ii#iibm eree (61 )
(—a(i—ij-ol)—l)( a(i +1)w+ ( b(8 k+1)+lm+8+z)_1>

(2.7)

The details of these results are presented under the Appendix (A.1).

2.3 Some Special Cases

This subsection consider some of the special cases from various sub-models obtained
by changing the baseline distribution function G(;¢) to other flexible distributions.
The parameter vector space is limited to at most 2 component vectors to avoid redun-

dancy and over parametrization.
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2.3.1 WOBIII-Log-Logistic (WOBIII-LLo(G) Distribution

Consider the log-logistic distribution as the baseline distribution with parameter
A > 0 having cdf and pdf G(z;)\) = 1 — (1 + 2*)7! and g(z;)\) = X211 + 2M) 72,
respectively. The cdf, pdf and hrf of the WOBIII-LLoG distribution are given by

_a\ —b B
F(x;a,b,ﬁ>)\)=1—exp |:10g<1<1+(1(1(:_—;f))\)> ) )] |

“ay -0\ 17
f(x;a,b,8,\) = abfexp |:10g (1(1_1_(1(1(14;?;\) ) ) )i|

X
|
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0
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4
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SN—————
I |
iy
AR

—b—1
1-(142M) 1\ 7
(H( ) ) (1 - (1+xA)1)a1 A1+ at)
1\ @ —b (1 +.I'/\))‘ ((1 —’—ZE)‘)_l)z
(1 - (1 + (%) ) )

and

- afal- T
<1 + (%)‘“) o (1 —(1+ IA)—1>—a—1 A1+ 1) 2

(1_(”(%>a)b> e (L+ ) 1)

respectively, for a,b, 5, A > 0.

Plots of the pdf and hrf for the WOBIII-LLoG distribution are given in figure 2.1
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below.

density

Figure 2.1 shows the flexibility of the WOBIII-LLoG distribution for selected param-
eter values. The pdfs of the WOBIII-LLoG distribution can take various shapes that
include reverse-d, uni-modal, left or right skewed shapes. Additionally, the WOBIII-

LLoG distribution hrf plots reveal decreasing, increasing, bathtub, upside down bath-
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Figure 2.1: Plots of the pdf and hrf for the WOBIII-LLoG Distribution

tub and bathtub followed by upside down bathtub shapes.

2.3.2 WOBIII-Logistic (WOBIII-LoG) Distribution

Consider the logistic distribution as the baseline distribution with parameter A > 0

having cdf and pdf G(z;\) = (1 + e )"t and g(z; \) = Ae (1 + e~**) 2, respectively.

The cdf, pdf and hrf of the WOBIII-LoG distribution are given by

F(z;a,b,6,\) =1—exp | — |:10g (1 <1—|—(
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respectively, for a,b, 5, A > 0.
Plots of the pdf and hrf for the WOBIII-LoG distribution are given in figure 2.2 below.
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Figure 2.2: Plots of the pdf and hrf for the WOBIII-LoG Distribution

Figure 2.2 demonstrates different shapes adopted by the WOBIII-LoG distribution
for selected parameter values. The pdfs of the WOBIII-LoG distribution can take
various shapes that include reverse-J, uni-modal, left or right skewed shapes. Also,
the WOBIII-LoG distribution hrf plots give decreasing, increasing and upside down
bathtub shapes.

2.3.3 WOBIII-Lindley (WOBIII-L) Distribution

If we let the Lindley distribution as the baseline distribution with pdf and cdf given

by g(z;\) = %(1 +x)e™ and G(x;0) = 1 — (1 + £%)e ™, respectively, for A > 0,

then the cdf, pdf and hrf of the WOBIII-L distribution are given by

B

| i -2\ )
F(z;a,b,8,A) =1 —exp _[—log(l—(ﬂ-(@) > )] |
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respectively, for a,b, 5, A > 0.

-1

Plots of the pdf and hrf for the WOBIII-L distribution are given in figure 2.3 below.
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Figure 2.3: Plots of the pdf and hrf for the WOBIII-L Distribution

Figure 2.3 illustrates the flexible nature of the WOBIII-L distribution for selected
parameter values. The pdfs of the WOBIII-L distribution can adopt various shapes
that include reverse-dJ, uni-modal, left or right skewed shapes. The WOBIII-L distri-

bution hrf plots also exhibit decreasing, increasing, bathtub and upside down bathtub

shapes.

2.3.4 WOBIII-Uniform (WOBIII-U) Distribution

Suppose that we take the baseline distribution to be the uniform distribution with

pdf and cdf given by ¢g(z) = 1/) and G(z;\) = z/), respectively, for 0 < = < \, we

obtain the WOBIII-U distribution with cdf, pdf and hrf given by

F(z;a,b,6,\) =1—exp | — [—log (1— <1+(
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respectively, for a,b, 5, A > 0.

Plots of the pdf and hrf for the WOBIII-U distribution are given in figure 2.4 below.
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Figure 2.4: Plots of the pdf and hrf for the WOBIII-U Distribution

Figure 2.4 gives different shapes from the WOBIII-U distribution for selected param-
eter values. The pdfs of the WOBIII-U distribution follow various shapes that include
reverse-J, uni-modal, left or right skewed shapes. In addition, plots of the hrf for the
WOBIII-U distribution exhibit decreasing, increasing, bathtub, upside down bathtub
and bathtub followed by upside down bathtub shapes.

2.4 Some Mathematical Properties

In this section, some useful mathematical and statistical properties for the WOBIII-
G family of distributions such as moments, distribution of order statistics and Rényi

entropy are derived.

2.4.1 Moments

Let Y,;1 ~ Exp — G(w + 1). Then using equation (2.6), the n'* raw moment, 1/, of the
WOBIII-G family of distributions is obtained as

o0

w,=EX") = / 2" f(x)dx = chHE(YJ}H).
- w=0

o0

The first five moments for the WOBIII-LoG distibution together with the standard

deviation (SD), coefficient of variation (CV), coefficient of skewness (CS) and coeffi-
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cient of kurtosis (CK) for selected values are presented under table 2.2. The quantiles

for the selected parameter values are also given under table 2.1.

Table 2.1: WOBIII-LoG Quantiles for selected parameter values

(a,b,3,\)

u (0.9,3.55.54.5) (0.2,1.3,5.2,3.3) (1.3,1.2,4.5,2.5) (3.1,4.5,3.5,2.5) (1.2,2.5,5.5,0,5)
0.1 0.5386 1.6841 0.3263 0.3324 3.0381
0.2 0.5151 1.5168 0.2862 0.3125 2.8764
0.3 0.4968 1.3855 0.2548 0.2973 2.7498
04 0.4801 1.2651 0.2262 0.2837 2.6343
0.5 0.4636 1.1451 0.1977 0.2705 2.6343
0.6 0.4460 1.0172 0.1674 0.2568 2.3978
0.7 0.4261 0.8708 0.1328 0.2415 2.2590
0.8 0.4011 0.6859 0.0893 0.2228 2.0848
0.9 0.3635 0.4031 0.0229 0.1954 1.8211

Table 2.2: WOBIII-LoG Moments for selected parameter values

(a,b,3,\)
(0.9,1.5,0.5,0.5) (0.5,1.9,1.0,0.5) (0.7,2.0,0.5,0.3) (0.5,2.0,0.9,0.8) (0.7,1.6,0.6,0.3)
E(X) 0.0343 0.0339 0.0189 0.0528 0.0199
E(X?) 0.0227 0.0228 0.0125 0.0355 0.0132
E(X?) 0.0170 0.0171 0.0094 0.0267 0.0099
E(X%) 0.0135 0.0138 0.0075 0.0214 0.0079
E(X?) 0.0113 0.0115 0.0063 0.0179 0.0066
SD 0.1468 0.1470 0.1104 0.1808 0.1134
Cv 1.2742 2.3352 1.8557 3.4217 2.6971
CS 3.6492 4.6897 2.4648 3.6189 3.2820
CK 4.4561 5.7754 3.9514 5.3030 4.4636

2.4.2 Probability Weighted Moments (PWMs)

The (s, m)" Probability Weighted Moment (PWM) of X denoted by 7., is

Hom = E(X(F(X))™) = / 2(F (@)™ f(2)de.

o

By using equations (2.1) and (2.2), we can write
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_a\ —b B
G(z;9)
X l—exp| —|-log|l1—[1+ | =
{ ( ( (G@;f)) ) )]
Using the series expansion results (see Appendix (B.2) for details), we have
F@F@)™ = Y bwigui (@ 9), (2.8)
w=0

where g,,(z; 0) = (w+1) (G(z;9))" g9(z; ) is the exponentiated-G (Exp-G) distribution

with power parameter w and

() (ke T(+1)
= b 1 s,m
D VI U e e e =

(—a(i 4;1) — 1) <ﬂ(k +ni) - 1) (a(z’ + 1?w+p — 1)
(—b(ﬁ(l{—i— 1)+m+s+z) - 1)

X

]

(2.9)

Finally, the PWMs of the WOBIII-G family of distributions can be written as

Ns;m = / z° Z ¢w+lgw+1 (;U; f)dl’ = Z ¢w+1 / xsgw+1 ((E; f)d&l
% w=0 w=0 —©
This shows that the (s, m)" PWMs of WOBIII-G family of distributions can be ob-
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tained from the moments of the E-G distribution. The details of these results are

presented under Appendix (B.2)

2.4.3 Distribution of Order Statistics

Le X, X5, ..., X,, be a random sample from the WOBIII-G family of distribution and
suppose Xi., < Xo.p,... < X,., denote the corresponding order statistics. The pdf of
the k" order statistic is given by

n—

) = e 2 (1 ) @I @0

T 1=0

From the results derived under section 2.4.2, (also see Appendix C.3 for details), we

have

f (@) (F(a))H Z bu1Guw1 (T (2.11)

where g,41(2; ) = (w+ 1) (G(z;9))" g(z; p) is the exponentiated-G (Exp-G) distribu-

tion with power parameter w + 1 and

o0

kE+1-—-1 A kpw I'(z+1
but1 = abﬁz Z > ( " ) —1)ot (q+1)kmbs7m

q,k=0 z,i=0 p,m,s=0

(—a(z 21) — ) (ﬁ(k: +ml) — 1) (a(i + 1zﬂ+p — 1)

y (—b(ﬁ(k—l—l)—i—m—l—s—i—z)—l).

i

X

If we substitute equation (2.11) into (2.10), we obtain

n—k oo n—k
fin(2) = EDICET 'ZZ< ; )(—1)lbw+1gw+1(x;£), (2.12)

w

where g,1(z;¢) = (w + 1) (G(z;¢))

tion with power parameter w + 1 > 0 and parameter vector ©.

g(z; v) is the exponentiated-G (Exp-G) distribu-
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2.44 Rényi Entropy

An entropy gives a measure of variation for the random variable X and the commonly
known entropies are Shannon entropy ([93]) and Rényi entropy ([90]). Rényi entropy
is defined to be

Ir(v) = ! log (/Oo[f(x;a, b,ﬂ,f)]“dx) 0 #1v>0. (2.13)
0

1—w

Note that Iz(v) can be written as (see Appendix D.4 for details):

[R<U) = L log [Z Tw eXp((l — ’U)[REg)] s

1—w

for v > 0, v # 1, where Ippe = = log [fooo ( (2 +1] (G(x;g))?@(m;g)) dx] is the

Rényi entropy of Exp-G distribution with power parameter * + 1, and

B S (Yo

k=0 m=0 s,z,7,p=0

y (—a(v+i)—v) <—b(5(k+v)+m+s+z)—v> (a(v+i)—v+p)F(z—|—v)

P i w [(v)z!

2.4.5 Stochastic Ordering

In this section, the three most commonly applied orders for the WOBIII-G family
of distributions namely; the usual stochastic order, the hazard rate order and the
likelihood ratio order, (see Section 1.3.6 for definitions and [92] for more details) are
derived.

Consider X; and X, as two independent random variables following WOBIII —
G(a, b, B1,9) and WOBIII — G(a,b, B2, ) distributions, then the pdfs of X; and X,

are
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f1<x) _ &exp(—zﬁl) SB1-1
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2

where

_—log<1— (1+<%> ) )

If we differentiate equation (2.14) with respect to =, we get
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i(ﬁ(l’)) = &[exp(z — 2PN By 512ﬁ1_1)2ﬁ1_62]

dr \ fa(w) B
X (B — 52) B2)—1 exp(2%2 — 271,
a b—1
1+(9(”£)> > it
;o < Claie) G(z;0)\ ¢ 9(w;)
where 2/ = <§($@> G SD))Q, and finally if 5, < [, then

(-((522)7) )

% (%) < 0, and therefore, likelihood ratio order X; <, X, exists. As a result,

the random variables X; and X, are stochastically ordered.

2.4.6 Maximum Likelihood Estimation

Let X ~ WOBIII—G(a,b, 3, ) and A = (a,b, 3, g)T be the vector of model parameters,
then the log-likelihood function ¢,, = /,(A) based on a random sample of size n from

the WOBIII-G family of distributions is given by

—ay b\ 77
ln(A) = nln(apb) - [ log (1 - (1 ’ (ggg> ) )]
+ 8- Zln[ log (1 1+<gg:§;> ) )]
vip))
+ (=b- 1); (H (G(%@) )
n G(zi; ) - Clei o)
+ (ma—1) Zln (5(%;@)) . Zln (1 . (1 ’ <a<x“£)

i=1 i=1
+ iln( 9(xs; ) —22111 xz,go
i=1

The elements of the score vector are given in appendix E.5. Through the use of nu-
merical methods such as Newton-Raphson procedure, we can obtain the maximum
likelihood estimates of the parameters, denoted by A by solving the nonlinear equa-
tion (9, % %, %)T — 0. The multivariate normal distribution N,,5(0,.J(A)™"),
where the mean vector 0 = (0,0,0,0)” and J (A)‘1 is the observed Fisher information
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matrix evaluated at A, which is critical in the construction of confidence intervals

and regions for the model parameters.

2.5 Monte Carlo Simulations

In this section, we present the simulation results for the WOBIII-LoG distribution.
Monte Carlo simulations were performed to evaluate the accuracy of the MLEs. We
expect the estimates to converge towards the true values consistently as the sample
size increases. We generate N=1000 random samples of size n and determine the
MLEs for each sample. The bias and Root Mean Square Error (RMSE) are obtained
from each sample size. The numerical results for the simulation runs are collected
and presented under tables 2.3 and 2.4. From these results, for all the considered sets
of parameters, we see that the RMSE and bias decreases as the sample size increases
as expected which is consistent with the theoretical properties of convergence for the

MLEs.

2.6 Applications

We present two data sets to demonstrate the flexibility of the WOBIII-LoG distri-
bution compared to other models with the same number of parameters. In order
to show the flexibility of WOBIII-LoG distribution, we compared its performance to
other existing models namely, the Kumaraswamy Odd Lindley-Log logistic (KOLL-
LoG) by [35], the New Modified Weibull (NMW) distribution introduced by [52], the
Beta Generalized Lindley (BGL) distribution by [82], the Marshall Olkin-Kappa (MO-
K) distribution by [67], the Kumaraswamy Weibull (KW) distribution by [46] and
Generalized Weibull Log-Logistic (GWLLoG) distribution by [47]. The goodness-of-fit
statistics that were computed and used to compare the model performances include -2
log-likelihood (—21In(L)), Akaike Information Criterion (AIC), Bayesian Information
Criterion (BIC) and Consistent Akaike Information Criterion (A/CC). The pdfs of

the non-nested models used for comparison are given under the appendix 1.9.
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Table 2.3: WOBIII-LoG distribution Simulation Results; Mean, Average Bias and

RMSE

Parameter \ Sample Size | Set I: a=2.3, b=1.4, 5=0.7 , \=1.2 | Set II: a=1.4, b=1.3, 5=0.6 , \=2.3

Mean | Bias | RMSE Mean | Bias | RMSE

a \ 35 2.84774 | 0.54774 0.76384 1.84885 | 0.44885 3.46474

50 2.74884 | 0.44884 0.48860 1.63889 | 0.23889 2.48857

100 2.70940 | 0.40940 0.44073 1.60490 | 0.20490 2.11840

200 2.58959 | 0.28959 0.36915 1.53886 | 0.13886 1.83997

400 2.50949 | 0.20949 0.33092 1.47039 | 0.07039 0.67968

800 2.35070 | 0.05070 0.21884 1.42100 | 0.02100 0.48388

1000 2.30688 | 0.00688 0.19489 1.40090 | 0.00090 0.31674

b \ 35 1.89749 | 0.49749 0.68499 1.84776 | 0.54776 0.85500

50 1.69706 | 0.29706 0.63749 1.72678 | 0.42678 0.73885

100 1.61940 | 0.21940 0.58578 1.63856 | 0.33856 0.70477

200 1.57690 | 0.17690 0.53749 1.48970 | 0.18970 0.65883

400 1.55970 | 0.15970 0.51994 1.38548 | 0.08548 0.61784

800 1.48960 | 0.08960 0.43775 1.34299 | 0.04299 0.57489

1000 1.40887 | 0.00887 0.40048 1.30284 | 0.00284 0.50388

B \ 35 0.99397 | 0.29397 0.39858 0.93885 | 0.33885 0.47600

50 0.87848 | 0.17848 0.36488 0.78499 | 0.18499 0.44859

100 0.85499 | 0.15499 0.31094 0.75996 | 0.15996 0.42638

200 0.78939 | 0.08939 0.23848 0.63996 | 0.03996 0.38549

400 0.75940 | 0.05940 0.21995 0.61839 | 0.01839 0.35489

800 0.72092 | 0.02092 0.14886 0.61038 | 0.01038 0.32775

1000 0.71084 | 0.01084 0.11939 0.60821 | 0.00821 0.28177

A \ 35 1.79846 | 0.59846 0.74848 2.88795 | 0.58795 0.83774

50 1.69377 | 0.49377 0.62774 2.48589 | 0.18589 0.80588

100 1.48388 | 0.28388 0.60377 2.38849 | 0.08849 0.78499

200 1.42785 | 0.22785 0.58677 2.35377 | 0.05377 0.74889

400 1.29886 | 0.09886 0.53883 2.31929 | 0.01929 0.64884

800 1.23849 | 0.03849 0.42775 2.30688 | 0.00688 0.36044

1000 1.20179 | 0.00179 0.34266 2.30160 | 0.00160 0.31088
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Table 2.4: WOBIII-LoG distribution Simulation Results; Mean, Average Bias and

RMSE

Parameter | Sample Size \ Set III: a=2.1, b=1.3 , 5=0.6 , \=1.6 | Set IV: a=1.3, b=0.9 , 5=2.2 , \=1.2

Mean | Bias | RMSE Mean | Bias | RMSE

a \ 35 2.53754 | 0.43754 0.68499 1.84979 | 0.54979 0.39425

50 2.43854 | 0.33854 0.60377 1.79499 | 0.49499 0.24627

100 2.35677 | 0.25677 0.41887 1.63960 | 0.33960 0.21885

200 2.31665 | 0.21665 0.35886 1.58796 | 0.28796 0.19377

400 2.30066 | 0.20066 0.28849 1.39586 | 0.09586 0.15299

800 2.17869 | 0.07869 0.23998 1.35048 | 0.05048 0.12939

1000 2.10065 | 0.00065 0.21774 1.30849 | 0.00849 0.09948

b \ 35 1.95857 | 0.65857 0.73582 1.75494 | 0.85494 0.64886

50 1.93759 | 0.63759 0.70368 1.58384 | 0.68384 0.52836

100 1.87485 | 0.57485 0.65883 1.37589 | 0.47589 0.50883

200 1.81460 | 0.51460 0.52775 1.03738 | 0.13738 0.48362

400 1.64860 | 0.34860 0.49048 0.99937 | 0.09937 0.42749

800 1.30576 | 0.00576 0.45489 0.95388 | 0.05388 0.39847

1000 1.30211 | 0.00211 0.20478 0.91087 | 0.01087 0.23038

J6] \ 35 0.85899 | 0.25899 0.47848 2.84600 | 0.64600 0.46639

50 0.81126 | 0.21126 0.34665 2.63288 | 0.43288 0.36875

100 0.75869 | 0.15869 0.31877 2.43855 | 0.23855 0.34388

200 0.71649 | 0.11649 0.26488 2.41904 | 0.21904 0.29467

400 0.69848 | 0.09848 0.23849 2.33495 | 0.13495 0.24804

800 0.63996 | 0.03996 0.21065 2.29940 | 0.09940 0.20840

1000 0.60595 | 0.00595 0.10864 2.21044 | 0.01044 0.18038

A \ 35 1.93737 | 0.33737 0.84995 1.49955 | 0.29955 0.48359

50 1.91079 | 0.31079 0.73939 1.40360 | 0.20360 0.37468

100 1.82744 | 0.22744 0.62649 1.33959 | 0.13959 0.32039

200 1.78294 | 0.18294 0.60348 1.29299 | 0.09299 0.29076

400 1.77929 | 0.17929 0.56994 1.24740 | 0.04740 0.23050

800 1.64937 | 0.04937 0.38920 1.23095 | 0.03095 0.18072

1000 1.60894 | 0.00894 0.24094 1.20995 | 0.00995 0.12308
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2.6.1 Growth Hormone Data

The data consists of the estimated time since growth hormone medication until the
children reached the target age. The dataset was analyzed by [11] to demonstrate
the applicability of the exponentiated power Lindley power series (EPLPS) class of
distributions. The dataset is: 2.15, 2.20, 2.55, 2.56, 2.63, 2.74, 2.81, 2.90, 3.05, 3.41,
3.43, 3.43, 3.84,4.16,4.18, 4.36,4.42,4.51,4.60, 4.61, 4.75, 5.03, 5.10, 5.44, 5.90, 5.96,

6.77,7.82,8.00, 8.16, 8.21, 8.72, 10.40, 13.20, 13.70.

Estimates of the parameters of WOBIII-LoG distribution and other competing models
with (standard error in parentheses), AIC, AICC, BIC, and the goodness-of-fit statis-
tics W*, A*, Kolmogorov-Smirnov (K-S) and p-values are presented under Table 2.5.

Plots of the fitted densities and the histogram, observed probability vs predicted prob-

ability are given in Figure 2.5.

Table 2.5: The models estimates for Growth Hormone Data

Estimates Statistics
Model a b ] A —2log L AIC AICC BIC w* A* K-S p-value
‘WOBIII-LoG 0.6985 38.1163 0.6053 1.2416 156.1368 164.1368 165.4701 170.3582 0.0389 0.2821 0.0943 0.9143
(0.1183) (26.4480) (0.1326) (0.0672)
a b A c
KOLLLoG 9.1324x10° 8.6785x10° 7.1577 3.1726x10°2  162.0595 170.0596 171.3929 176.2809 0.1255 0.7996 0.1329 0.5666
(5.7564x107%) (4.1336x1077) (5.2293x1072) (3.8063x10~%)
« B c k
NMW 0.0006 2.8548 4.0927 0.0018 168.0796 176.0796 177.413 182.301 0.0551 0.3873 0.1618 0.3187
(0.0014) (0.8086) (0.7964) (0.0021)
a A a b
BGL 1.1079x1077 1.7823x107% 3.0140% 107" 1.0100x 10" 346.975 354.9765 356.3098 361.1979 0.0676 0.4631 0.5083 2.785x10~°
(8.9210x107%) (2.0558x107%)  (8.5445x107) (2.2384x107°)
@ 5] [4 0
MO-K 5.6571 6.2245x 107! 3.7305x10% 4.4175x10°7  158.6262 166.6262 167.9595 172.8476 0.0562 0.4076 0.0978 0.8908
(3.7007x10%) (4.0718) (6.2911x107%)  (1.4705x107")
a b ¢ A
KW 9.8285x 10! 3.3577x10° 6.0563x10° 6.3797x1072 163.6781 171.6781 173.0114 177.8995 0.1475 0.9294 0.1416 0.4839
(2.2442x1077)  (4.5271x107") (4.9683x107'%) (5.0671x10~*)
a B 0 a
GWLLoG 0.2962 2.7285 2.34793 1.48310 159.4803 167.4803 168.8137 173.7017 0.0863 0.5686 0.1158 0.7352
(0.5048) (1.3142) (1.6100) (0.7834)
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Figure 2.5: Fitted Density and Probability Plots for the Growth Hormone Data

From Figure 2.5 above, it is clear that the proposed model provides better fits com-
pared to other non-nested models used for comparison. We note that the fitted density
of the WOBIII-LoG distribution remain closer to the sample histogram and similarly
the fitted probability plot is also close to the diagonal line. This shows that the model
is consistent in providing a better fit, for both skewed and symmetric data, than the
other competing models used for comparison. From the results presented under Ta-
ble 2.5, it is also shown that the WOBIII-LoG distribution gives a better fit than the
competing models due to its smallest values for the goodness-of-fit statistics: W*, A*,

K — S and a higher p-value.

2.6.2 Tuborcharger Data

The second data set (n= 40) below is from [108] and it represents the time to failure
(103h) of turbocharger of one type of engine. The data are: 1.6, 3.5, 4.8, 5.4, 6.0, 6.5,
7.0, 7.3, 7.7, 8.0, 84, 2.0, 3.9, 5.0, 5.6, 6.1, 6.5, 7.1, 7.3, 7.8, 8.1, 8.4, 2.6, 4.5, 5.1,
5.8, 6.3, 6.7, 7.3, 7.7, 7.9, 8.3, 8.5, 3.0, 4.6, 5.3, 6.0, 8.7, 8.8, 9.0. Similarly, Table
2.6 presents the results on the performance of WOBIII-LoG model in comparison to
other existing non-nested models having equal number of parameters. The associated

observed probability plots and fitted density curves are given under Figure 2.6.
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Table 2.6: The Models estimates for Tuborcharger Data

Estimates Statistics
Model a b il A —2log L AIC AICC BIC w= A* K-S p-value
WOBIII-LoG 1.1546 7.223x107T 6.735x 10" 1.4499x10~2 160.7012 168.7012 169.844 175.4567 0.0350 0.2475 0.0877 0.9176

(2.2116x107°)  (8.7960x107%)  (8.4971x107%)  (1.7813x107?%)

a b A c
KOLLLoG 7.3457x107" 1.3032x 107 2.8768x10~7 2.6842 164.983 172.983 174.1258 179.7385 0.0757 0.5644 0.1064 0.7553
(9.3756x107%)  (1.0608x107°%) (1.0537x107*) (2.6470x107%)
a 5 c k
NMW 2.4811x107° 2.7395 2.4983x 107 1.7696 x 10" 285.3333 293.3323 294.4751 300.0878 0.0926 0.5954 0.6354 1.876x10~ %
(1.0357x107%)  (2.0757x107Y) (5.1494x1071%) (7.3026x10719)
a A a b
BGL 1.1793x107 " 9.6058x10~F 3.0140x10°T 1.0100x 10" 407.2801 415.2771 416.4199 422.0326 0.2630 1.6888 0.4985 4.645x10°°
(8.5453x1073) (2.1485x107%) (7.6072x107%) (2.4583x107°)
a B (4 )
MO-K 1.3453 4.8001 0.0014 23.2131 177.3219 185.3219 186.4647 192.0774 0.2138 1.4053 0.1447 0.3718
(1.9822) (0.6596) (0.0016) (0.0713)
a b c A
KW 2.1372x 107 5.4862x10° 1.3227x107 8.5648x1072  166.7622 174.7622 175.9051 181.5177 0.0988 0.7164 0.1128 0.6885
(4.7822x107%) (1.2246x107"%) (1.8364x107'%) (3.2614x107*)
@ ] ¥ a
GWLLoG 217.73470 0.4412 16.3149 8.7795 164.9742 1729742 174.117 179.7297 0.0771 0.5741 0.1077 0.7415
(0.5048) (1.3142) (1.6100) (0.7834)
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Figure 2.6: Fitted Density and Probability Plots for the Tuborcharger Data

Figure 2.6 shows that the model fits the data well compared to other competing non-
nested models. The goodness-of-fit statistics W*, A* and K-S presented under Table
2.6 clearly shows the superiority of the WOBIII-LoG distribution over other compari-
son models. Additionally, the values of AIC and BIC also show that the WOBIII-LoG

distribution is better than these competing equal parameter models.
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2.7 Conclusions

A new family of distributions called the Weibull Odd Burr III-G (WOBIII-G) has been
developed using the T-X transformation technique and studied in details. Its various
structural properties have been derived. We applied WOBIII-LoG distribution as
a special case to real life dataset to demonstrate its flexibility and goodness-of-fit.
The proposed model has been found to provide the best fit in modelling the real life

datasets compared to other non-nested models with equal number of parameters.

A similar technique was also used to generate the Weibull Exponentiated Half

Logistic-G model, details of which are omitted in this thesis.
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Chapter 3

The New Generalized Odd Burr
III-G Family of Distributions with
Applications

Published and Available Online at:
https://revistas.unal.edu.co/index.php/estad/article/view/89320/80264

3.1 Introduction

In this chapter, a new family of distributions namely the Risti¢-Balakhrishnan Odd
Burr III-G (RBOBIII-G) family of distributions is being generated. We obtain some
mathematical and statistical properties of this new family of distributions such as
hazard and reverse hazard functions, quantile function, moments and incomplete
moments, moment generating functions, Rényi entropy, order statistics and stochastic
ordering. The model parameters are estimated using maximum likelihood estimation
technique. Finally, the efficacy and importance of these newly developed families of
distributions is illustrated via simulation experiments. We fit some of the special
cases under these models to some real life data sets and compare the results with
other existing non-nested models having the same number of parameters. The details

on the development of this new family of distributions are given below.
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3.2 The Risti¢-Balakhrishnan Odd Burr III-G Model

Consider the cumulative distribution function (cdf) and probability density function

(pdf) of Burr III distribution (see [29]), given by
F(;a,8) = (14+27)7F (3.1)

and

flz;o,B) =aBr™ Y1 +27 )P >0, «ofB>0, (3.2)

respectively, where o and 3 are both shape parameters. [12] derived a new family of
distributions, namely, Odd Burr III-G by replacing = with the odds G(z)/[1 — G(x)]
and defined its cdf by

G(z)

1-G(=z — : [ —B
Fop_(x;, 8,1) = / 7 Bt (1 ey = {1+ (%‘;;")) } (3.3)
0 )

and the corresponding pdf is given by

- _ G =Gy -G\l "
Jos-c(z;a,8,¢) = af Gla )t {1+ <W> ] g(@;9), (3.4)

where G(z;1) and g(z;v) is the cdf and pdf respectively of any baseline distribution,
and v is the vector of parameters. In the remaining part of this section, we present
the RBOB III-G model by combining the Odd Burr III-G distribution with the Gamma
generator proposed by [91] having the cdf and pdf given by

Frp(@:d) =1 — — o) “tat, 6 3.5
RB(I,)— —m/o t e t, >0 ()
and
1 _
Jrn(:0) = g5 [~ log (G@)]" 'g(), zeR, (3.6)
respectively.
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If we substitute G(z) = Fop_¢(z;«, 5,1) in equations (3.5) and (3.6), then we get a
new extended generator called Ristié-Balakhrishnan Odd Burr III-G (RBOB III-G)
having the cdf and pdf given

; a\ —B
FRBOB]II—G(I';()‘76757¢) = 1—%/_10g<<1+< G?I(’l’;p)> > >t§—le—tdt
(9) Jo )
) 1_’Y<ﬁlog (1+ (452) ).9) o

()

and

faomnratio0) = LI g 1 (Lo ElE) )]

T(6) G(a;)ett G(z;9)
< (i )) s

respectively, for «, 3,0 > 0 and parameter vector ¢). The parameters « and 3 are two
positive shape parameters representing different patterns of the RBOB III-G family of
distributions. The other additional parameters are from the baseline distribution and
their role is to enhance flexibility of these newly family of distriutions in modelling

any form of lifetime data.

3.2.1 Series Expansion for RBOB III-G Density Function

This section presents series expansion of the RBOB III-G density function.

o\ P . .
Lety=1— <1 + (1_0(“”) ) > , then by series representations

Glz)
~log(1 —y) = 7%, L5, we have
6—1 00 00 m
0—1 y°
—1 1— — .01 m
eeow] =B 0 ) (85)

m=0 s=0

and using the result on power series raised to a positive integer, with a, = (s + 2)71,

that is,

( Z asys) " = Z bs,mysv (39)
s=0

s=0
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where b, ,,, = (sag) * Y _;[m(l + 1) — sla;bs_im, and by, = af’, (see [58]), and applying

the generalized binomial series representations,

i Jr 5+]+1)Zj

(1+2) =
and
o~ (=urkk)
=9 =2 g

for |z| <1, 5 > 0 and k > 0, we can write the RBOB III-G pdf as

G(x; )

0 — m+s+0—1 (1 B
S ( - )bs,my
(

frBoBII-c(T; 00, 3,0,9) = a_?) Z :
m,s=0
+< — G(z;9)\*\ P~

G(x; p)ott

BREEIRS
- T Gl )t

< (1

I
1 1G(x—,w)> ) g(z;v)

< |
<5 1)7(1—
(

1+

Gy )

bs,m
G(xéq/;) ) } —5>m+s+5—1

—1)T'(m + s+ 0)

B
"Tm+s+d—)I'(+1)
B(

B [ 1 —G(z;v)
X [1 + (%)a} 719(93;@/1)
< Came) 1T e
e
y F(ﬁ(jf1)+z'+_1) [1_(1_G($;¢))ra

LB +1)+ 1)
X [1 = Ga; )] g ;)
—1

bs

(=1 T(m + s +9)

m,s,j,i,k=0

TTm+s+6—HI(G+1)
FBH+)+i+ DT (ali+1)+1+k)

F(BE+1)+1)! T(ai+1)+ 1)E!

X [1= Glayp)] D g (2 )
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_ap = d—1\[(k+a(i+1)—1
ST, 2 G G [
(=) PD(m+s+d) T(B(+ 1)+ + 1)d!
Pm+s+d—j)(G+1) T(BGE+1)+1)
Dla(i+1)+1+k)

T afi+ 1)+ 1)k! [G(a;9)]Pg(w;4))

_% i (57;1)(k:+oz(i;—1)—1>

m,s,j,i,k,p=0
(—=1)7T T (m + s + 0) N1l g

FrBG+)+i+H)T(a@+1)+1+k) p+1

X b

© TBGED L0 Tlalr D+ Dk (pr1)
= ZOP+1fE—G(x;¢7p+1)a (312)
p=0
where
o _ OB - §—1\(k+a(i+1)—1\ (=1)7F*PT(m + s+ 6)
ST, 2 (m )( p )P(m+s+6—j)F<j+l)

m,s,j,i,k=0
PG+ +i+D)T(ai+1)+1+Ek) bem
r

B+ 1)+ 1)l T+ 1)+ 1)k (p+1) (3.13)

and fg g(z;0,p+ 1) = (p+ 1)[G(x;9)]P™ " g(x;9) is the Exponentiated-G (E-G) pdf
with power parameter vector p+ 1. The mathematical and statistical properties of the

RBOB III-G family of distributions follows directly from those of the E-G distribution.

3.2.2 Sub-families of Distributions

Sub-families of the RBOB III-G family of distributions are presented below. If we fix
some of the parameter values then we obtain the reduced form of the RBOB III-G

family of distributions as sub-families.

(a) If 0 = 1, we obtain the baseline OB-G family of distributions having the pdf

_ 0B(L= Gz 9)*! [1 L (S

—B-1
G(z; 1)t )> ] g(z;1p), (3.14)

1= G(x;¢
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for a, 8 > 0 (see [12] for details).

(b) If « = = = 1, we obtain a reduced RBOB III-G family of distributions having
the pdf

-2

f(z;9) = G(z;1p) 2 [1 + (%) _1] g(x; ). (3.15)

(¢c) If a = § =1, we obtain a reduced RBOB III-G family of distributions having the
pdf

X (1 + (%)_1>_29@;¢), (3.16)

for § > 0.

(d) If « = 6 = 1, we obtain a reduced RBOB III-G family of distributions having the
pdf

faspw) = 6ty (r (o)) e, @D

for 5 > 0.

(e) If 5 =1, we obtain a reduced RBOB III-G family of distributions having the pdf

f(x; a, o, 1/1) = - (1 - G(x;lﬁ))afl [_ log <1 N (1_G(x—’¢))> _a)_ll 5—1

@)  Gz;p)tt G(w;9
y <1+<%)_Q)_29($; ) (3.18)
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for o, 6 > 0.

3.2.3 Hazard, Reverse Hazard and Quantile Functions

This section presents the results on the hazard, reverse hazard and quantile functions
for the RBOB III-G distribution. The hazard and reverse hazard functions for the
RBOB III-G distribution are given by

—G(z;1p))—1 — Gl ay16—1
afg(as ) e [log {1+ (555") }]
hrpopri-c(r) = SN
{pos (14 (G552) )0}

{1 . <1 _Ggffp;)w>>a}_ﬁ_l (3.19)

X

and

. w1 (e «@ —1
oyl ) Ui |loe {1+ (555 ]
_ 1-G(z;%) «
') —~ {510g (1 + ( G(z3) ) >’5}

X {1 + (%ﬁ;@)a}_ﬁ_l, (3.20)

T RBOBHFG(SE )

respectively. Furthermore, the quantile function for the RBOB III-G family of distri-

butions is also derived by solving the non-linear equation

F(z;a,8,0,¢) =1 - ! {mog <1 +F((jS;G%%M) >5} = (3.21)
for 0 <wu < 1, that is,
log (1+ (=5 f@jfg;%)‘“) - [m)(ﬁl =R (3.22)
and
Glas 1) oo (2
Gl (7 -1)". (3.23)
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We can finally write the quantile function for the RBOB III-G family of distributions

as

Qrponrr-c(u;a, 8,6,¢9) =G} (3.24)

21 @) a—u) 5] ) il
- (eﬁ

3.3 Some Special Cases

Some special cases of various sub-models are derived in this section. The baseline
distribution function G(z;) is changed to other flexible distributions restricting the

parameter vector space to at most 2 component vector to avoid over parametrization.

3.3.1 RBOBIII - Log Logistic (RBOB III-LLoG) Distribution

Consider the Log Logistic distribution as the baseline distribution with parameter
A > 0 having cdf and pdf G(z;\) = 1 — (1 + 2*)~! and g(z; \) = Aa*1(1 + 2*)~? respec-
tively. The cdf and pdf of RBOB III-LLoG distribution are given by

IECEE D

FRBOBUFLLOG(%; a, 3,0, )\)
and

af® ((L+aY)"h)!
L) (1= (1 +a%) e

MN—1 a9
o (1+ (o))

(1+ (1 Elg j_ZA;_JQ) o (3.26)

Az (1 + 2?2

frBoBIIT-LL0G(T; 0, B, 6, N)

X

X

respectively, for «, 5,9, A > 0. The hazard rate function is given by
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é AN —-1\a—1
hRBOBIH—LLoG(f) = aﬂ(s (1(9(—;;6_;)\)) )a+1

o1+ (i) )]
< (o))

< (oo 1+ (FER) ) o))

)\x)\—l(l + :L,)\)—Q

6—1

X

(3.27)
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Figure 3.1: Plots of the pdf and hrf for RBOB III-LLoG Distribution

Figure 3.1 describe the flexibility of the RBOB III-LLoG distribution for some of the
selected parameter values. The pdfs of the RBOB III-LLoG distribution assume var-
ious shapes that include reverse-dJ, uni-modal, left or right skewed shapes. Further-
more, the RBOB III-LLoG distribution exhibit decreasing, increasing, bathtub, upside
down bathtub and bathtub followed by upside down bathtub shapes.

Tables 3.1 and 3.2, give results on the quantiles and moments, respectively for the

RBOB III-LLoG distribution for selected parameter values.
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Table 3.1: RBOB III-LLoG quantiles for selected values

(v, 8,6, M)
u (0.2,1.2,2.1,1) (0.1,1.2,2.2,1) (0.2,1.2,2.3,1) (0.2,1.2,2.4,1) (0.1,1.2,2.5,1)
0.1 2.06150 2.18009 2.10302 2.11959 2.19788
0.2 2.24955 2.37087 2.29119 2.30802 2.39000
0.3 2.42861 2.55571 2.47151 2.48902 2.57667
0.4 2.60903 2.74396 2.65386 2.67232 2.76718
0.5 2.79908 2.94383 2.84642 2.86608 2.96978
0.6 3.00849 3.16533 3.05895 3.08010 3.19478
0.7 3.25245 3.42481 3.30692 3.32997 3.45879
0.8 3.56219 3.75578 3.62211 3.64773 3.79618
0.9 4.03111 4.25913 4.09970 4.12949 4.31049

Table 3.2: RBOB III-LLoG Moments for selected parameter values

(0.1,0.2,0.2,0.5) (0.7,1.0,1.5,0.5) (0.2,2.0,2.0,0.2) (3.4,4.0,0.5,0.9) (0.2,2.0,1.5,0.5)

EX) 0.00216 0.04406 0.00434 0.02813 0.01167
E(X?) 0.00118 0.03545 0.00345 0.02451 0.00882
E(X3) 0.00081 0.02963 0.00286 0.02169 0.00708
E(X%) 0.00062 0.02543 0.00245 0.01943 0.00592
E(X5) 0.00050 0.02227 0.00213 0.01759 0.00508
F(X5) 0.00042 0.01981 0.00189 0.01606 0.00445

SD 0.00036 0.01783 0.00170 0.01477 0.00396
Cv 0.00032 0.01621 0.00154 0.01366 0.00357
CS 0.00028 0.01486 0.00141 0.01271 0.00324
CK 0.00025 0.01372 0.00130 0.01188 0.00297
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3.3.2 RBOB III-Kumaraswamy (RBOB III-K) Distribution

Let the Kumaraswamy distribution be the baseline distribution with paramters
a,b> 0 having cdf and pdf G(z) =1 — (1 —2%)%,0 <2 < 1, and g(z) = abz® (1 — 2)* 1,
respectively. The cdf and pdf of RBOB III-K distribution are given by

1—20 b a
7{mog <1+<1£<1—w3‘>b> )5}

Frpopri-r(z;a,B,0,a,b) =1 — To)

and

aBoab (1 — z)b)at
(@) (1—(1—a)b)ott

e (A2t}

o\ e 76!
[log (1 - (%) >] : (3.28)

respectively, for o, 3,9, a,b > 0. The hazard rate function is given by

« 6—1
aflab  ((1—z2)b)et (1 —29)®
nsoniit- i) = TGy T (1 — ey [bg (H (ﬁ) )]

etnme o (el )

1—(1—a°

(7{510g (1+ (%)Q),a})_l. (3.29)

xafl (1 . xa)bfl

fRBOBIHfK(x; a,3,0,a, b)

X

X

X
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Figure 3.2: Plots of the pdf and hrf for RBOB III-K Distribution

Figure 3.2 shows the behaviour of RBOB III-K distribution plots for selected param-
eter values. The pdfs of the RBOB III-K distribution can take various shapes that
include reverse-J, uni-modal, left or right skewed shapes. In addition, the plots of the
hrf for the RBOB III-K distribution exhibit decreasing, increasing, bathtub, upside
down bathtub and upside down bathtub followed by bathtub shapes.

Tables 3.3 and 3.4, presents results on the quantiles and moments, respectively for

the RBOB III-K distribution on selected parameter values.

Table 3.3: RBOB III-K quantiles for selected values

(a,3,8,a,b)
u (1.4,1.3,1.1,1.805) (15151.220.3) (1.3,1.2,1,1,04) (1.2,1.1,1.3,1.1,0.5) (1.8,0.4,1.6,0.6,0.6)
0.1 0.98436 0.99806 0.99301 0.96344 0.50181
0.2 0.96354 0.99371 0.97525 0.91495 0.35243
0.3 0.93952 0.98718 0.94795 0.86016 0.25064
0.4 0.91213 0.97837 0.91067 0.79962 0.17432
0.5 0.88047 0.96673 0.86206 0.73312 0.11598
0.6 0.84323 0.95139 0.79916 0.65990 0.07205
0.7 0.79779 0.93076 0.71699 0.57851 0.04043
0.8 0.73910 0.90170 0.60505 0.48668 0.01931
0.9 0.65516 0.85701 0.43691 0.38025 0.00698
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Table 3.4: RBOB III-K Moments for selected parameter values

(0.10.20.20.50.1) (0.30.20.20.10.2) (0.10.20.30.10.5) (0.90.10.20.10.2) (0.10.10.20.10.1)

EX) 0.03430 0.00957 0.02966 0.01010 0.00726
E(X?) 0.02639 0.00740 0.02089 0.00858 0.00561
BE(X?) 0.02159 0.00607 0.01617 0.00749 0.00460
B(XY 0.01831 0.00516 0.01321 0.00665 0.00391
E(X?) 0.01592 0.00449 0.01118 0.00599 0.00341
E(X°) 0.01410 0.00398 0.00969 0.00545 0.00302

SD 0.01265 0.00358 0.00855 0.00501 0.00271
Cv 0.01148 0.00325 0.00765 0.00463 0.00246
CS 0.01051 0.00297 0.00693 0.00431 0.00226
CK 0.00969 0.00274 0.00633 0.00402 0.00208

3.3.3 RBOBIII - Beta (RBOB III-B) Distribution

Consider the Beta distribution as the baseline distribution with parameters
a,b > 0 having the cdf and pdf G(z) = L(a,b) = 5i 3 [yt (1 — 1)"'dt and
g(x) = B(Z b)x“_l(l —z)b7t for 0 < x < 1, respectively. The cdf and pdf of RBOB III-B

distribution are given by

[e3
’Y{Blog (1+<7(1;z’@f‘;)‘b>) )5}

Frpoprir-s(z;a, 8,0,a,b) =1 — ()

and

1 o a—1
froprii-p(T;, 3,0,a,b) = P((;)QBB(CL b) (1(112(6;7);211 z“(1 _x)l%l

(e (s}

« 6—1
[log (1 + (#) )] : (3.30)

respectively, for o, 3,9, a,b > 0. The hrf is given by

aBd — I,(a,b))* ! —I.(a,b N\
hasonn-os) = TEGT (T llog <1+<%(b>)> )1
L(ab)ye) P
X x“(l—x)bl{lJr (—1 szsz)b)) } )
X (7{ﬁ10g<1+<%’(;b))a>,5}) . (3.31)
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Figure 3.3: Plots of the pdf and hrf for RBOB III-B Distribution
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Figure 3.3 gives good illustration on the flexible nature of the RBOB III-B distri-

bution for selected parameter values. The pdfs of the RBOB III-B distribution can

take various shapes that include reverse-J, uni-modal, left or right skewed shapes.

Furthermore, the RBOB III-B distribution exhibit decreasing, increasing, bathtub,

upside down bathtub and upside down bathtub followed by bathtub shapes.

Tables 3.5 and 3.6, give results on the quantiles and moments, respectively for the

RBOB III-B distribution with selected parameter values.

Table 3.5: RBOB III-B Quantiles for selected values

(a,8,0,a,b)

u

(1.6,0.7,0.9,0.5,1.9) (1.6,0.7,0.9,0.6,1.9) (1.5,0.7,0.9,0.5,1.9) 1.7,0.7,0.9,0.5,1.9) (1.6,0.7,0.9,0.5,1.8)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.56175
0.29265
0.18229
0.11812
0.07567
0.04582
0.02442
0.00955
0.00101

0.45911
0.31488
0.23067
0.17081
0.12411
0.08571
0.05315
0.02556
0.00419

0.62379
0.30989
0.18781
0.11837
0.07355
0.04295
0.02181
0.00794
0.00073

0.51395
0.27811
0.17757
0.11789
0.07759
0.04853
0.02694
0.01125
0.00137

0.60242
0.30853
0.19047
0.12253
0.07800
0.04695
0.02487
0.00966
0.00102

3.4 Some Mathematical and Statistical Properties

This section presents some mathematical and statistical properties of the RBOB III-

G family of distributions, namely; moments and generating functions, conditional
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Table 3.6: RBOB III-B Moments for selected parameter values

(0.10.20.20.50.7) (0.21.50.50.22.0) (0.10.30.20.20.5) (0.30.10.40.20.5) (0.20.10.30.20.4)

EX) 0.02499 0.03390 0.03628 0.23681 0.14712
E(X?) 0.01525 0.01204 0.02387 0.15496 0.10258
E(X?) 0.01145 0.00620 0.01893 0.12265 0.08433
E(X*") 0.00936 0.00379 0.01613 0.10438 0.07374
E(X5) 0.00800 0.00255 0.01427 0.09229 0.06660
E(X%) 0.00704 0.00184 0.01293 0.08356 0.06135

SD 0.00632 0.00139 0.01190 0.07688 0.05728
Ccv 0.00575 0.00109 0.01108 0.07157 0.05400
CS 0.00529 0.00087 0.01041 0.06720 0.05128
CK 0.00492 0.00072 0.00984 0.06354 0.04898

moments, entropy, distribution of order statistics, stochastic ordering and probability

weighted moments.

3.4.1 Moments and Generating Functions

Consider Y,,; ~ Exponentiated-G(¢);p+1), then the " moment can be derived using

equation (3.12) as follows

BE(X") = Zcp-&-lE(Y;;—l):ZCp-&-l/ Y fe-c(y;v,p+1)dy
p=0 p=0 0

o0

= ) Cplp+ 1)/0 [Qr (u; V)] uidu. (3.32)

p=0

The moment generating function (mgf) for |a| < 1, is given by

M) = Y Gl a) = 303G TE0), (3.33)

p=0 p=0 =0

where My, (a) is the mgf of Y, ,,. The coefficient of variation (CV), skewness (CS) and
kurtosis (CK) can be readily obtained and the results of these coefficients together
with the first six moments for various baseline distributions are presented under
section 3.3. Figures 3.4 and 3.5 below presents the 3D plots of skewness and kurtosis

for the RBOB III-LLoG distributions for some selected parameter values.
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Figure 3.4: 3D Plots of Skewness for RBOB III-LLoG Distribution for some selected
Parameter Values

Figure 3.5: 3D Plots of Kurtosis for RBOB III-LLoG Distribution for some selected
Parameter Values

3.4.2 Conditional Moments

This subsection present results of the conditional moments for the RBOB III-G dis-
tribution. The " conditional moment of the RBOB III-G distribution is given by

T _ 1 > T .
EX"X >a) = Faa, ﬁ 5¢)/ 2" f(x;a, B,0,¢)dx

" Flaao 6 8,1)) ZCPHE( p+1I{YJ+12t}>’ (8.34)
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where

0 1
L (%THI{YJHB}) :/ Y fe—a(y;¥,p+1)dy = (p+ 1)/G( g)[QG(U%ﬁ/))]Tuqduv (3.35)
t u

for o, 5,0 > 0, and parameter vector ). The mean residual life function is given by

E(X—-a|lX >a)=E(X|X >a)—a=V,

".(a)—a, where V,_(a) is referred to as the vitalilty

function of the distribution function 7. Note that the mean deviations, Bonferroni and

Lorenz curves can be readily obtained from the conditional and incomplete moments.

3.4.3 Rényi Entropy

Entropy measures variation of uncertainty for a random variable X having the prob-
ability distribution f(z). The Rényi Entropy (see [90]) which is an extension of Shan-
non Entropy, (see [93]) can be defined as

v

Ir(v) = L 10g</OO [f(x;a,ﬁ,é,@/z)] dm), v#1,v>0. (3.36)
0

1—v

Rényi Entropy tends to Shannon Entropy as v — 1.

N Rt
Lety = 1 — {1 + (1;?1%3[})) } , then using the result on power series raised to a

positive integer, with ¢, = (s +2)7!, that is,

( > csys) T > domy’, (3.37)
s=0

s=0

where d;,, = (sco) ™' > [m(l+ 1) — slads—im, and dy,, = ¢, (see [68]), we have

[l (=0)]" = v [ () (2 )

m=0 s=0
oS
_ v(6—1) d. . gmts+o-1
— s,m )
m
m,s=0

so that [f(x; «, 5,d,v)]" = f¥(z) can be written as
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f*(x)

(@B)” (1= G(z;9)" ) &K (v(0-1)
(T(8)  G(w;ep)rla+D > ( m )ds,m

—aq —v(B+1)
G(JI; ¢> m+s+d—1 . v
m) ] y (g(x1))

(46~ 1), o 4Gy

m,s=0

m )@Y Gl ) et
G(x:9) )“]”‘B*”

1 —G(x;9)

—aq -8
G(z;¢)
a (1—G< ,w>> ]
N (aB)” (1 — G(z;ap))rle=b
mg()( m )dsm<r(5))” G(x;p)vlet))
; <(m+$;—5—1 ) 1
—aq —Bk+v(—f-1)
H (1 ?g(f)@) ] g(w; )"
2 ( m )d“”a‘(a))v Z( ; )< 0y

m,s=0
( 5k+y

(m+s+6—1)

b- g(z; )"

) (1 — G(a;1p)) D=

G —a(itv)— vg(l_,w)y
)
1

f: ( vO—1), {aB)F i((m+8+5_1))(—1)’“

‘ k
m,s,i,k=0

(r©) &

—Bk+v(-B—-1)\I'(ali +v)+v+Ek)
( U ) [(a(i+v) + v)k!

G(z;9)) g(x;v)".

(3.38)



Now,

[ rwassne = 3 (700 ). S0

m,s,i,k=0

i ((m + sl-: 5 — 1)) 1) (—mc + yi(—ﬁ — 1))

k=0

Fé((ys(:r +V,)/)++V,;)Lk]?) [ /O OO(G(x; ) g(x; w)”d:c} . (3.39)

X

Finally, the Rényi entropy for the RBOB III-G family of distribution is given by

= ppes| 32 ()i
LN ((m+s;5—1))( 1% ( Bl +v(=p - 1))
T el [ (i) o
= (1_7/)_1108;{iWke(l_VﬂREG], (3.40)

k=0

k

where Ippe = (1 — v) log [i° ([ + 1]g(z;9)Gv (2;¢)) dz is the Rényi entropy of

exponentiated-G distribution with power parameter % + 1 and

W, — i <u(5n:1)) (Fozg Vi(m+s+5—1))< 1y <_5k+yf_5_1))

m,s,1=0 k=0
MNa(i+v)+v+k) 1
Cla(i+v)+v)k! [E41]" (3.41)
3.4.4 Distribution of Order Statistics
Consider the binomial expansion
a-rar = X ("7 eiEe (3.42)
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then we can write the i'" order statistic pdf from the RBOB III-G pdf f(x;«, 3,6,v) =
f(z) as

finl®) = i gt @I - F@I
N —711!){((?_ b1 i(—m (n; 2) [F ()™ (3.43)

From [66], the pdf of the i*" order statistic can also be written as

fin(x) = ) merglipn(@), (3.44)

r,k=0
where g*,, ., (z) is the exp-G density function with power parameter r + £ + 1,

n—i

n!(r + 1)(2 - DIC 41 (_1)jfj+i—1,k
r+k+1 ]Z;(n—i—j)!j!7 (3.45)

My =

and C,,, is defined as C,,; under equation (3.13). The quantities f;,;,_;, are recur-

sively given by
k
Fizicin = (kCo) ™ " [m(j + 1) — K]Con fsit hom- (3.46)

m=1

3.4.5 Stochastic Ordering

In this section, we present the most commonly applied three orders for the RBOB
ITI-G family of distributions namely; the usual stochastic order, the hazard rate order

and the likelihood ratio order, (see [92] for more details).
Let X; and X, as two independent random variables following RBOBIII —

G(a, 5,61,v) and RBOBIII — G(«a, 3, 62,1) distributions, then the pdfs of X; and X;

are
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af® (1— Gz ) — G\ 1™
fl(ff) = F(’;l) (1 G(‘Gt(’w;il)l {IOg <1+<%&D)¢)> >}

X (1 + <%@;)¢))a> 7,3719(33;@

and

aB” (1 -Gz )t 1= Gz )y ]2
RO = Te) G [log (1+ <W> )]
1— Gz )\ Bt
< (14 (W> ) alwv).
The ratio, % takes the form

x a(8y — G(x; ay 10170
e = er e (e )] (3.47)

If we differentiate equation (3.47) with respect to =, we get

d (fi@)Y _ aBil(@) (1 = Gz ) L= Gz )]
dx (f2($)) o OBT(0)  Glap)et! {log (1 * <W> )}
(62 — 01)g(w; %)

1-Ga) |’
<1 + ( C) )

and finally % (f 1) > < 0,1if 6 < 61, and therefore, the likelihood ratio order X; <, X»

f2(@)
exists. As a result, the random variables X; and X, are stochastically ordered.

3.4.6 Probability Weighted Moments (PWMs)

A distribution function F' = F(z) = P(X < x) may be characterized by the probability
weighted moments defined by
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M@%W%;MX%NXWO—PW@VUZ/mxﬁF@WU—F@WW@ML

—00

where ¢,/ and w are real numbers. If | = w = 0 and ¢ is a non-negative integer, then
M, represents the conventional moment about the origin of order ¢. If M, exists
and X is a continuous function of F, then M(q,[,w) exists for all the non-negative

real numbers [ and w.

Now, by using equations 3.7 and 3.8, and applying the generalized binomial expan-

sion, we can write

F - s = 3 (M) e e =Y () e ()

et (D)

()

Bt

(- (25) |
(e () e

Furthermore, by using the result on power series raised to a positive integer, with

= (s +2)7!, that is,

X

X

( > asyS) e D bomy’, (3.48)
s=0 5=0

where b, ,,, = (sag) * Y_,[m(l + 1) — sla;bs_y.m, and by, = a', (see [58]), and applying

the generalized binomial series representations,

Si ]Fﬂ+j+wy

j=0

(1+2) (3.49)
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and

(1—2)F Z 0 ) 2, (3.50)

for |z] <1, 8> 0and k > 0, we can write (F(z))!(1 — F(z))*f(z) = Q, as

i S5 L)oo
X( ( ( ))le G(a; )

z—i—r—l—q( )
s,m
m,s=0 z,r,q=0

»h
: “;fif“f;)f?f -0+ ) )

e () ] e

_ Wﬁﬂng;wg;o<>(?+f> nﬁrmft;vmmr@tfggyj;&jln

< e () T R e

= i, 2, 2 () () e (L Y s

m,s,j,i=0 z,r,q=0

- Fé(g@:li)il 1+>;) 1= (= Glawp]

x 1= G( ,w)]“(””’lg(x;w)

Ce
RSO
G

i 5 2 (e (L e

m,s,7,4,k=0 z,7,q=0

r( (]+1)+z+1)F( (i+1)+1+k)
D(B(i+1)+1)i!  T(a(i+ 1)+ 1)k!
x U—G@WN“W“*EWW)

i 5 S O ()

m,s,j,i,k,p=0 z,7,q=0

o _(E)TPT(m A s +0) DB +1) +i+ 1)i
F'm+s+d—7)T(G+1) TPBGE+1)+1)
o “g( D LR s v pg (s )

(1+1)+ 1)k!
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_ (ngl §: E:( )C+¢) 1YHH(%;§<k+a%jD—l)

m,s,j,i,k,p=0 z,r,q=0
(— 1)]+i+pf(m+s+6) Niptl—1

r(5(9+1)+@+1)r( (i+1)+1+k) p+1

F(ﬁ( 4+l T(a(@+1)+ Dk (p+1)

= Z Cyiife—alz;d,p+ 1), (3.51)

bsm
% T

where

w o aB = =1\ (k+a(i+1)—1\ (=1)"PT(m+ s+ 0)
Qﬁl__Fw) 2 (7”)( p )Nm+8+5—ﬁFU+U

TBG+D)+i+ DT (a+1)+1+k) bom
T3+ 1)+ )il D(ali+1)+ 1kl (p+1)

m,s,j,i,k=0

(3.52)

and fp g(z;v,p+ 1) = (p+ D[G(z; )P f(z;4) is the Exponentiated-G (E-G) pdf
with power parameter vector p + 1. Finally, the PWMs of the RBOB III-G family of

distributions can be written as

ML) = [ xqz “ foa(@ v p+ 1) Zc;il | atte-atai v+ 1,

which shows that the (¢, [, w)"" PWMs of RBOB III-G family of distributions can be

obtained from the moments of the Exp-G distribution.

3.5 Maximum Likelihood Estimation

Let X ~ RBOBIII — G(a, 3,0,%) and © = (a, 3,9,%)T be the vector of model param-
eters. The log-likelihood function ¢, = ¢,(®) from a random sample of size n is given

by
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(,(®) = nln(a)+nln(B) — nIn(T'(6)) + (o — 1) Zln[l — G(z;0)]

- @+ )L nlG( o] + (o) + 6= 1)

Glaid) )

The elements of the score vector are given in appendix F.6. The maximum like-

lihood estimates (MLEs) of the parameters, denoted by © is obtained by solving

%%%%)T

the nonlinear equation (%2, 55 B8 5o

= 0, using a numerical method such as
Newton-Raphson procedure. Note that from the multivariate normal distribution
N,.3(0,.7(©)~"), where 0 = (0,0,0,0)7 is the mean vector and J(®) ! is the observed
Fisher information matrix evaluated at ©, we can construct confidence intervals and
confidence regions for the individual model parameters. The 100(1 — ¢)% two-sided

confidence intervals for «, 3,9 and v, are as follows;

G+ Ze\[IHO), B+ Zen\[155(O), 0+ Ze\/1;;(©), and ¢y, + Zs\ /I, (©),

respectively, where 1-1(©), I; 58 1(©), I;'(©) and I, ! (é) are the diagonal elements
of I71(®) = (nI(®))~", and Z¢ represents the standard normal (£)" percentile. Note
that the asymptotic behaviour still holds when 7(®), (which is the expected Fisher

information matrix) is replaced by the observed information matrix evaluated at ©.

3.6 Monte Carlo Simulations

In this section, we conduct simulation experiments to evaluate consistency of the
maximum likelihood estimators for the RBOB III-LLoG distribution using different
parameter values. The simulation study is repeated for N = 1000 times with sample
size n = 35, 50, 100, 200, 400, 800 and 1000. The simulation results (mean of the

MLESs, average bias and root mean square error (RMSE)) are presented under Tables
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3.9 and 3.10. The results shows that as the sample size n increases, the mean esti-
mates of the parameters tend to be closer to the true parameter values, with Average
Bias and RMSEs converging towards zero. The Average Bias and RMSEs are given
by:

A~ n A. R n A' _ 2
Bias(0) = 21y ong RMSE(f) = \/ M
n

n

respectively.

3.7 Applications

In this section, the RBOB III-LLoG distribution was applied to two real data sets
to demonstrate its performance compared to other existing models. The first data
set represents the lifetimes data relating to relief times (in minutes) for 20 patients
receiving an analgesic as reported by [569] and is given by: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8,
1.6,22,1.7,2.7,4.1,1.8,15,1.2,1.4,3.0,1.7,2.3,1.6,2.0. The second data relates to
the effects of variations in airborne exposure on concentration of urinary metabolites
studied by [70] and is given by: 1.5, 1.7, 2.1, 2.2, 2.4, 2.5, 2.6, 3.8, 3.8, 4.2, 4.3, 5.6,
6,7,75,9.3,9.9, 10.2, 10.6, 12.3, 12.9, 13.7, 14.1, 17.8, 27.6, 31, 42, 45.6, 51.9, 91.3,
131.8.

The RBOB III-LLoG distribution was compared to other existing models namely,
the Burr-Weibull (BW) by [80], Kumaraswamy Weibull (KW) by [46], Weibull-Lomax
(WLx) by [104], Beta Generalized Lindley (BGL) by [84] and New Modified Weibull
(NMW) by [52] distributions. The goodness-of-fit statistics was used for comparisons,
namely, -2 log-likelihood (—21In(L)), Akaike Information Criterion (A/C), Bayesian
Information Criterion (BIC') and Consistent Akaike Information Criterion (A/CC).
We obtained results on the Cramer-von Mises (1/*) and Anderson-Darling Statistics
(A*) described by [33], as well as Kolmogorov-Smirnov (KS) statistic and its p-value.
Note that for the value of the log-likelihood function at its maximum (/,,), the smaller
value is preferred, and for AIC, AICC, BIC, and the goodness-of-fit statistics W*, A*

and K — S, smaller values are also preferred. The results from two real lifetime data
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sets are presented under Tables 3.7 and 3.8. We used the R software to compute esti-
mates for model parameters and run goodness-of-fit tests. The pdfs of the non-nested

models (BW, KW, WLx, BGL and NMW) used for comparisons are

flz;a,Bek) = e‘“ﬁ[lﬂﬂ"“{aazﬁ—lm - } (3.54)

for o, B, ¢,k > 0and x > 0,

f(zya,b,c,\) = abeX’s ‘exp{—(\z)°}[1 — exp{—(\z)°}]**
x {1 —[1 —exp{—(\z)}]"}"7, (3.55)

for a,b,c,\ > 0and x > 0,

s = £ Qb ()
" eXp{ _G{H (%)a_l}b}’ (3.56)

for a,b,c,\ > 0and x > 0,

af?(1+ x)e % 1+0+0x _, )"
;a,0,a,b -
f(w; .9, a,0) B(a,0)(1 +0) 116
ay b—1
R

for a,b,a,0 > 0 and x > 0 and
A

f@sa, BA7) = (aya? e 4 2B le e e (3.58)

for o, 5, A\, > 0 and z > 0, respectively.
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The TTT plots for relief times and urinary metobolites data sets are presented un-
der Figures 3.6(a) and 3.6(b), respectively. These plots show that the empirical
hazard rate functions for data sets is increasing and therefore the RBOB III-LLoG
distribution is appropriate to fit these data. The TTT plots are given by plot-
ting T(i/n) = D4y Yk + (0= 7)Yin] /> 1y Yrn against (i/n), where ¢ = 1,..,n and

yrn(k = 1,..,n) represent order statistics of the sample.

1.0
1.0

08
08

T(i/n)
04 06
|
T(in)
04 06

02
02

00
|
00
|

(a) (b)
Figure 3.6: TTT Plots for Relief Times and Urinary Metabolites Data
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Table 3.7: Parameter estimates and goodness-of-fit statistics for different models
fitted in dataset relating to relief times (in minutes) for patients receiving

analgesic
| Estimates | Statistics
Model P . B
\ «a 0 A 153 \ —2log L AIC CAIC BIC W A K-S p-value
2.2301 0.8719 2.0967 7.4257
RBOB III-LLoG (0.6220) 0.8814) (0.6616) (2.8589) 30.8 38.8 41,5 42.8 0.03114 0.1956 0.1469 0.78
‘ a b c A ‘
KW 9.3780 0.3073 1.9780 1.1543 33.7 41.7 444 4577 0.0743 0.4419 0.1795 0.54
(11.6562) (0.3462) (0.6181) (0.4181)
‘ c k @ 8 ‘
BW 165.7300 0.0060 0.0263 3.4398 37.8 458 484 49.7 0.1087 0.6373 0.1918 0.45
(21x1077)  (0.0034) (0.0409) (0.9816)
‘ @ 5y A &) ‘
NMW 0.1255 0.8021 6.5457 0.0149 51.0 59.0 61.7 63.0 0.03811 0.3006 0.2286 0.25
(0.0612) (0.4008) (1.5533) (0.0152)
‘ a b a B ‘
WL 2806.0 5.8231 0.1168 0.3478 38.9 46.9 49,5 509 0.1506 0.8897 0.1766 0.56
(3.8x107°)  (4.0485) (0.0409) (0.9022)
‘ a [4 a b ‘
BGL 0.1203 1.5 x 1077 0.3016 10.1 162.5 170.5 173.2 1745 0.0887 0.5230 0.5123 5.5 x 10~°
(0.0127) (4.3 x 107%) (0.0013) (3.5 x 107°)
2 —— RBOBLLOG =] 4
— KW -
— WL °
— NMW 2
BW //,/
2 -
2 &
RBOB_LL0G(SS=0.0957)
P KW(SS=0.1034)
H ——  WL(SS=0.1266)
—— BGL(SS= 2.1874)
3 ! ° —— BW(SS=0.1711)
° T T T T T 1 S T T T T T T
1.0 15 25 30 35 40 0.0 0.2 0.4 0.6 0.8 1.0

(a)

Observed probability

(b)

Figure 3.7: Fitted Density and Probability Plots of the RBOB III-LLoG Distribution
for Relief Times Data

The estimated covariance matrix is given by

[ 0.38695 —0.52759 0.41157
—0.52759 0.77685 —0.56115
0.41157 —0.56115 0.43775
_—0.57037 1.26736  —0.60666

—0.57037]
1.26736
—0.60666
8.17335

and the 95% confidence intervals for the model parameters are given by a € [2.2301 +
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1.21923], § € [0.8719 &+ 1.72752], A € [2.0967 £ 1.29679] and 5 € [7.4257 £ 5.60346].

Table 3.8: Parameter estimates and goodness-of-fit statistics for different models
fitted to data relating to effects of variations in airborne exposure on
concentration of urinary metabolites

| Estimates | Statistics
Model rx X
| a 5 A 8 | —2log L AIC CAIC BIC w A K-S p-value
1.9844 0.9653 0.5658 6.7645
RBOBIII-LLOG | (91205)  (1.3223)  (0.4225)  (3.0050) | 233.0 2410 2425 246.7 0.0365 02754 0.0954  0.94
| a b c A |
KW 8.3694 0.2140 0.5854 1.8193 234.0 242.0 243.6 247.7 0.0488 0.3535 0.1188 0.77
(6.9477) (0.2990) (0.1549) (1.4783)
‘c k o 3 ‘
BW 35.3400 0.0069 0.0175 1.0895 236.5 2445 246.0 250.2 0.0824 0.5288 0.1331 0.64
(5.1x1077)  (0.0031)  (0.0243)  (0.2764)
@ g A 8 |
NMW 0.0907 0.2647 1.1684 0.0356 263.6 271.6 273.1 277.3 0.0633 0.5240 0.2488 0.04
(0.0899) (0.6904) (0.7031) (0.0506)
| a b a 8 |
WL 1339.4 2.3647 0.0173 0.0065 234.8 242.8 2444 248.6 0.0506 0.3728 0.1038 0.89
(0.0059) (2.9203) (0.0343) (4.8302)
| o 0 a b |
BGL ‘ 0.1089 3.4 x10°8 0.3007 10.1000 347.7 355.7 357.4 361.6 0.0667 0.4774 0.4679 2.54 x 107

(0.0087)  (1.79 x 107%)  (0.0006)  (2.46 x 105)
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Figure 3.8: Fitted Density and Probability Plots of the RBOB III-LLoG Distribution
for Concentration of Urinary Metabolites Data

The estimated covariance matrix is given by

[ 0.01450 —0.15722  0.05089 —0.27533-
—0.15722  1.75030 —0.55154 3.30879

0.05089 —0.55154 0.17852 —0.96593

_—0.27533 3.30879  —0.96593  9.02983 |

and the 95% confidence intervals for the model parameters are given by o € [1.9844 +

0.23607], & € [0.9653 + 2.59306], A € [0.5658 + 0.82813] and 3 € [6.7645 + 5.88973).
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Table 3.9: Monte Carlo Simulation Results for RBOB III-LLoG Distribution; Mean,
Average Bias and RMSE

‘ ‘ Set I: a=1.0, 5=0.8 , 6=0.5, A\=1.0 ‘ Set II: a=1.2, §=1.0, §=0.6 , A=1.5

Parameter | Sample Slze\ Mean  Bias RMSE | Mean  Bias RMSE
35 0.95664 | -0.04336 | 0.69133 | 1.01516 | -0.18484 | 2.35483

50 0.96133 | -0.03867 | 0.58158 | 1.03503 | -0.16497 |  0.67562

100 0.96136 | -0.03864 | 0.34073 | 1.09029 | -0.10971 |  0.58593

N 200 0.96517 | -0.03483 | 0.27915 | 1.11648 | -0.08352 | 0.51709
400 0.96678 | -0.03322 | 0.22092 | 1.11722 | -0.08278 | 0.51518

800 1.00089 | 0.00089 | 0.17599 | 1.21571 | 0.01571 | 0.41114

1000 1.00012 | 0.00012 | 0.15728 | 1.20051 | 0.00051 | 0.28453

35 0.51213 | -0.28787 | 0.57845 | 1.73592 | 0.73592 | 0.60866

50 0.55566 | -0.24434 | 0.54865 | 1.33972 | 0.33972 | 0.60192

100 0.63118 | -0.16882 | 0.51090 | 1.23692 | 0.23692 | 0.54608

5 200 0.67801 | -0.12199 | 0.50636 | 1.15581 | 0.15581 | 0.53129
400 0.70886 | -0.09114 | 0.50509 | 1.10924 | 0.10924 |  0.52400

800 0.80053 | 0.00053 | 0.37358 | 1.08134 | 0.08134 | 0.50346

1000 | 0.80036 | 0.00036 | 0.25251 | 1.00872 | 0.00872 | 0.46234

35 0.71279 | 0.21279 | 0.43846 | 0.98798 | 0.38798 | 0.57907

50 0.71109 | 0.21109 | 0.42965 | 0.84478 | 0.24478 | 0.56681

100 0.65505 | 0.15505 | 0.33578 | 0.71697 | 0.11697 | 0.53755

5 200 0.60439 | 0.10439 | 0.26315 | 0.67810 | 0.07810 | 0.49036
400 0.56590 | 0.06590 | 0.20094 | 0.65597 | 0.05597 | 0.41630

800 0.55032 | 0.05032 | 0.15559 | 0.63246 | 0.03246 | 0.34346

1000 | 0.50053 | 0.00053 | 0.13370 | 0.60091 | 0.00091 | 0.25730

35 0.88513 | -0.11487 | 0.47263 | 1.75370 | 0.25370 | 0.78269

50 0.88689 | -0.11311 | 0.41593 | 1.74089 | 0.24089 | 0.77227

100 0.89647 | -0.10353 | 0.39038 | 1.72322 | 0.22322 |  0.75097

) 200 0.95618 | -0.04382 | 0.34119 | 1.63949 | 0.13949 | 0.69160
400 1.00809 | 0.00809 | 0.32204 | 1.61459 | 0.11459 | 0.55876

800 1.00061 | 0.00061 | 0.31592 | 1.51687 | 0.01687 | 0.28940

1000 1.00004 | 0.00004 | 0.27577 | 1.50056 | 0.00056 | 0.24761
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Table 3.10: Monte Carlo Simulation Results for RBOB III-LLoG Distribution; Mean,
Average Bias and RMSE

‘ ‘ Set III: a=1.5, §=1.2 , 6=0.5 , A\=2.0 ‘ Set IV: a=0.6, 5=1.0, 6=1.5, \=1.4

Parameter | Sample Size | “nroo | Bias | RMSE | Mean | Bias | RMSE
35 1.65846 | 0.15846 |  0.72472 | 0.64134 | 0.04134 |  0.24185

50 1.62834 | 0.12834 |  0.62353 | 0.62120 | 0.02120 |  0.20292

100 1.53509 | 0.03509 |  0.46937 | 0.69012 | 0.09012 |  0.13789

o 200 1.52670 | 0.02670 |  0.39081 | 0.68045 | 0.08045 |  0.10881
400 1.51122 | 0.01122 |  0.30902 | 0.66008 | 0.06008 |  0.08265

800 1.50808 | 0.00808 |  0.26033 | 0.61033 | 0.01033 |  0.06719

1000 | 1.50052 | 0.00052 |  0.25740 | 0.60029 | 0.00029 |  0.06523

35 1.25877 | 0.05877 |  0.84088 | 1.25059 | 0.25059 |  0.79295

50 1.24764 | 0.04764 |  0.73485 | 1.20947 | 0.20947 |  0.71019

100 1.23983 | 0.03983 |  0.63747 | 1.16784 | 0.16784 |  0.64150

3 200 1.23581 | 0.03581 |  0.50057 | 1.11054 | 0.11054 |  0.61578
400 1.21107 | 0.01107 | 0.47207 | 1.07268 | 0.07268 |  0.57400

800 1.20475 | 0.00475 | 0.42575 | 1.00823 | 0.00823 |  0.47615

1000 | 1.20014 | 0.00014 |  0.14565 | 1.00106 | 0.00106 |  0.46641

35 0.66112 | 0.16112 |  0.35865 | 1.66396 | 0.16396 |  0.59323

50 0.63567 | 0.13567 |  0.33348 | 1.55225 | 0.05225 |  0.53846

100 0.62631 | 0.12631 |  0.30234 | 1.52034 | 0.02034 |  0.47229

5 200 0.56796 | 0.06796 |  0.23245 | 1.51497 | 0.01497 |  0.43555
400 0.54348 | 0.04348 |  0.16918 | 1.50443 | 0.00443 |  0.42873

800 0.52659 | 0.02659 |  0.12928 | 1.50259 | 0.00259 |  0.36730

1000 | 0.50072 | 0.00072 |  0.11974 | 1.50028 | 0.00028 |  0.31811

35 3.11606 | 1.11606 |  0.92648 | 1.55936 | 0.15936 |  0.58519

50 2.87745 | 0.87745 |  0.92164 | 1.54008 | 0.14008 |  0.49292

100 2.27689 | 0.27689 |  0.91941 | 1.40882 | 0.00882 |  0.44626

A 200 2.16928 | 0.16928 |  0.45793 | 1.40580 | 0.00580 |  0.42997
400 2.06812 | 0.06812 |  0.38234 | 1.40126 | 0.00126 |  0.37838

800 2.00180 | 0.00180 |  0.25083 | 1.40116 | 0.00116 |  0.22376

1000 | 2.00058 | 0.00058 |  0.20583 | 1.40065 | 0.00065 |  0.21932
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3.8 Conclusions

We developed and studied in detail a new family of generalized distributions called
the Risti¢-Balakhrishnan Odd Burr III - G (RBOB III-G) distribution. The new
proposed distribution presents a flexible mechanism for fitting a wide spectrum of
real world data sets. From the application results and comparison to several known
models such as Burr-Weibull (BW) by [80], Kumaraswamy Weibull (KW) by [46],
Weibull-Lomax (WLx) by [104], Beta Generalized Lindley (BGL) by [84] and New
Modified Weibull (NMW) by [52], we confirm that it provides a better fit, see results
under tables 3.7 and 3.8.

Note that in addition to the above model, another model which belongs to the same
family called Zografos-Balakhrishnan Odd Burr III-G Model was also developed. The
model was developed using the Odd Burr ITI-G generator by [12] which is an extension
of the Burr type III distribution first introduced by [29] and the work is omitted in
this thesis.
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Chapter 4

The New Generalized
Marshall-Olkin-G Family of

Distributions with Applications

Forthcoming and Available Online at:

https://inderscience.com/info/ingeneral/forthcoming.php?jcode=ijmor#101370

4.1 Introduction

We introduce and study in detail a new family of distributions called Ristic-
Balakhrishnan Marshall Olkin-G (RBMO-G) family of distributions. We obtain some
mathematical and statistical properties for this new family of distributions such as
hazard and reverse hazard functions, quantile function, moments and incomplete mo-
ments, moment generating functions, Rényi entropy and order statistics. The model
parameters are obtained through method of maximum likelihood. We finally illus-
trate the usefulness of these families of distributions via simulation experiments and

real life data sets are used for model fittings.
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4,2 The Risti¢-Balakhrishnan Marshall-Olkin-G
Model

Consider the Marshall-Olkin-G (MO-G) class of distributions with the cumulative
distribution function (cdf) given by

6G(x;1))

T 50w 0) (4.1)

Fyo(w;6,9) =1
for 6 > 0 (tilt parameter), 6 = 1 — ¢ and G(x;¢) = 1 — G(z;7)), where G(z;v) is the
baseline cdf with parameter vector ). Note that when § = 1, we have the baseline
distribution function, Fyo(z;¢) = G(x;1). The corresponding probability distribution
function (pdf) for MO-G class of distributions is given by

6g(w; 1))

g\ , 42
1= 3@ o) “2)

fruo(z;0,9) =

(see [74] for details).

We generate this new family of distributions by combining the Marshall-Olkin-G
(MO-G) distribution with the Gamma generator proposed by [91] having the cdf

Fiaa (0] 1 /1og<G<x>> S ws)
ra)=1——— t* e tdt, >0 .
i I'(a) Jo

and the corresponding pdf is given by
. _ 1 o a—1
fre(z;a) = _F(a)( logG(z))* "g(x), x€R. (4.4)

Ifwelet G(z) = Fyo-c(z;d,1) in equations (4.3) and (4.4) then the cdf and pdf of a new
extended generator Risti¢-Balakhrishnan Marshall-Olkin-G (RBMO-QG) are given by
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“log | 1 §G(2,v) )
Freyvo-c(x;0,0,1) = 1——/ ttemtdt
0

1 T 1-3G(w, )
I'(a)
7{—10g <1 - %)a}
= 1= o) (4.5)
and
_ ar1
Frono_c(z;6,a,0) = ﬁ log (1 - iiﬁ(;b)@b))]
» 0g(z;¢) (4.6)

(1—0G (z;9))?’

respectively, for «,§ > 0 and parameter vector .

4.3 Series Expansion of the Density Function

This section presents series expansion of the RBMO-G density function. The series

expansion allows for the mathematical and statistical properties of the model to be

easily established.
Let y = 1555%6(;%), then using the series representations —log(l1 —y) = > 2, 3’Z’+—+11,
we have
6—1 00 51 00 ys m
—1 1— — .01 m
] =[S0 ()

and applying the result on power series raised to a positive integer, with a, = (s+2)7},
that is,
(o) S
s=0 s=0

where b;,,, = (sao)™' > [m(l + 1) — slaibs—1m, and by, = ag, [58],

(1—2)" :ir(“,‘f) (4.8)
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for |z| < 1,a > 0 and j > 0, then we can write the RBMO-G pdf as

fa;6, 0, 9)

where frp_g(x;9,i+ 1)

L (a1 m+s+a—1 Q(JTQ@D)
(o) ZZ( ) st (1 — 3G (z; 1))’
o)

mojo s;() a—1 0G(z;))) \mtsta-l
F(@)%%( m )bs’m(l—m(fcnﬂ)>
g9(z;9)
(1= 0G(x;4))?
S (' el
(m+s+a—1) glx; 1)
(-Te0) T G map
L el

(1-50w) " g

gmEstag i a—1 b I'm+s+a+1+k)
(o) Y™ T(m+ s+ a+ 1)k

m
m,s,k=0

(o)™ (Gw0) gt )

gmtstagh i a—1), Fm+s+a+1+k)
['«) T T T(m 4 s+ a4 1k!

( >m+s+a+k 1 )
(=

5m+s+a5 ) oo ( 1)b m+s—|—0¢+1—|—k)
['(a) mao N M " T(m A+ s+ a+1)k!
m+s+a+k—1
(" )( ) e
5m+5+°‘5k(— 1) -1 b m—l—s—l—a+1+k)
I'(a) mskl o "™ T(m A+ s+ a+ 1)k!
m+s+a+k—-1\i+1 i
(e +1(G(zzc,w) o )
> Cinfoala;p,i+1), (4.9)
i=0

=(+1) (G(az; @ZJ))H g(x; ) is the exponentiated-G pdf with

power parameter i + 1 > 0 and the parameter vector 1,
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(5m+3+0‘3k(—1)i = (a-—1 Pm+s+a+1+k)
Ci—i—l Z s,m
['(a) L \m F(m+s+a+1)k!
m+s+a+k—-1\ 1
i i+1

(4.10)

It follows therefore that the RBMO-G density is an infinite linear combination of
the exponentiated-G (E-G) pdf. The statistical and mathematical properties of the
RBMO-G distribution can be readily obtained from those of the E-G distribution.

4.4 The Sub-families of Distributions

In this section, sub-families of the proposed family of distributions are given as fol-

lows;

¢ If o = 1, then the RBMO-G family of distributions reduces to a distribution with
the pdf

0G (7;1)
[1—6G(z;9)]

f(x;6,¢) = : (4.11)

for § > 0.

e If ) = 1, the RBMO-G family of distributions reduces to a distribution with the
pdf

flea0) = o [log(l— Glr )] (), (4.12)

for a > 0.

e If a =0 =1, the RBMO-G family of distributions reduces to the baseline pdf

TrBmo-c(x;9) = g(x;9). (4.13)
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4.5 The Hazard, Reverse Hazard and Quantile
Functions

This section presents results on the hazard rate (hrf), reverse hazard (rhf) and quan-

tile functions for the RBMO-G distribution. The RBMO-G hrf and rhf are given by;

a—1
_ _ _0G(zp) _ Oglwp)
[ log (1 16G<z;w>] (1-3G(z:1))?

hreymo-c(x) = (4.14)
6G (1)
¥ {—log (1 — 1—E(x,¢)>’a}
and
a—1
_ __8G(z) _ Og(mh)
[ log (1 1—6G(x;¢>)] (1-0G(z:1))?
) (4.15)

TRBMO—G(ﬂf = )

respectively. Furthermore, the quantile function of RBMO-G family of distributions

is obtained by solving the non-linear equation;

(ool 22)d
F(%&%d’) =1-

I(a)

for 0 <wu <1, thatis

6G(x;1)) 4
—log (1 — m) = 7 'T(@)(1 —w),a

and

0Gid) (e—w [r(axl—u),a])
1 — 3G (w;9))

such that



We can therefore write

<{1 _ (e—vl [P(@)(1-u).a] )] 1 . g) -

5 (4.16)

Qravo—c(u,0,c,1) =G |1 —

4.6 Some Special Cases

Some of the special cases for the RBMO-G family of distributions are derived and

presented in this section.

4.6.1 RBMO-Nadarajah-Haghighi (RBMO-NH) Distribution

Let the Nadarajah-Haghighi distribution be the baseline distribution with pa-
rameters )\, 3 > 0 having the cdf and pdf, G(z) = 1 — exp(1 — (1 + Az)”) and
g(z) = AB(1 + Xz)?texp(l — (1 + A\z)?) respectively. The cdf and pdf of RBMO-NH
distribution are given by

§(exp(1—(1+22)P))

o (—log (1— n 3 ),a)
. o —(1=8)(exp(1—(1+Az)P))
Frpyo-nm(z;0,0, A, ) =1 — (o)

and

: 1 S(exp(1 — (1 + A\x)P)) a-1
frEMO-NH(T; 0,0, A, B) = m [ — log (1 1 (1 —08)(exp(l — (1+ )\3;)6)))}
OAB(1 + \x)P~Lexp(l — (1 + A\x)P)

(1= (1 =d)exp(l — (14 Azx)?))* ’

(4.17)
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respectively for «, d, A, 3 > 0. The corresponding hazard rate function is given by

S(exp(1 — (1 + A\x)P)) a=1
essio-ila) = [ =1og (1 = === )]
SAB(1+ Ax)P~Lexp(l — (1 + Az)P)

(1—(1—=20)exp(l—(1+Ax)P))?

exp(l — x)? -1
< (oo (1= ((15(— g)((lexpgtf\l R@ﬁ)))’o‘)) - (4.18)

The pdf and hrf plots for the RBMO-NH distribution are given in figures 4.1 (a) and
4.1 (b) below.
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Figure 4.1: Plots of pdf and hrf for the RBMO-NH Distribution

Figures 4.1 (a) and 4.1 (b) illustrates the flexibility of the RBMO-NH distribution
for the selected parameter values. From the above pdf plots, it is evident that the
RBMO-NH distribution can adopt various shapes that include reverse-dJ, uni-modal,
left or right skewed shapes. In addition, the RBMO-NH hrf plots gives decreasing,
increasing, bathtub and upside down bathtub shapes.

4.6.2 RBMO-Burr XII (RBMO-BXII) Distribution

Consider the Burr XII distribution as the baseline distribution with param-

eters s, k,A > 0 having cdf and pdf G(z;s,k\) = 1 — (1 + (£)*)" and
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g(z;s,k,\) = Mes™ 2 1(1 + (£)*)7F~1, respectively. The cdf and pdf of RBMO-

s

BXII are given by

7(,@ (1,w) a)
] 1-(1-8)(1+ (L)) =k )7
Frpymo-xri(v;0,0,8,k,0) =1 — T(a)

and

1 H(H () e
o bk A) = g 1o (1= 5 g )]

SAks™ 2N (1 + (f)/\>—kz—1
R R G T (FEN RSV ER (4.19)

respectively for «, d, s, k, A\ > 0. The corresponding hazard rate function is given by

5((1+ (£))7)
o pxirle) = [‘ o (1 R <f>A>-k>)]

ks A A1+ (
(1= (1 =)((1+(

I R (T DR IR AN
(7( log <1 1— ((1 _ 5)((1 + (f)A)—k)))v )) . (4.20)

Note that when s = k£ = 1, then the RBMO-BXII distribution reduces to RBMO-log
logistic (RBMO-LLoG) distribution having the cdf and pdf given by

_ __ s(a+aMHThH
’Y( log (1 1((15)((1+1A)1)>70¢>
(x;0,0,\) =1—

I'(a)

X
w8 |» I8

X

Freymo-LLoG

and

ey 1 s+ ]
frRBMO-LLoG (750, 0,)) = m [ — log (1 T 1-0)((1+ x)‘)l))]

SAAH(1 4 2t) 72
8 (1—(1=0)((1L+aM"1)2 (4.21)

respectively, for o, §, A > 0. The corresponding hazard rate function is given by
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1 S((1+ 2~ o
hRBMOfLLoG(m) = Ta) [ - log (1 - 1 _ (1 _ 5)((1 + xk)_1)>]
S (1 + 2*) 72
(1= (1 =0)((1+2)"1))?

5((1+ M) B
(e V) o

The pdf and hrf plots for the RBMO-BXII distribution are given in figures 4.2 (a) and
4.2 (b) below.
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Figure 4.2: Plots of the pdf and hrf for RBMO-BXII Distribution

Figures 4.2 (a) and 4.2 (b) shows that the RBMO-BXII distribution can model differ-
ent forms of data behaviours for selected parameter values. The pdfs of the RBMO-
BXII distribution can take various shapes that include reverse-J, uni-modal, left or
right skewed shapes. The hrf plots for RBMO-BXII distribution also gives decreas-
ing, increasing, bathtub, upside down bathtub and upside down bathtub followed by
bathtub shapes.
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4.6.3 RBMO-Weibull (RBMO-W) Distribution

Let the Weibull distribution be the baseline distribution with shape parameter
A > 0 and scale parameter ¢ > 0 having cdf and pdf G(z;),¢§) = 1 — e~¢" and
glx; N §) = e le ¢ respectively. The cdf and pdf of RBMO-W distribution are

given by
eigl)\
i (—bg (1—1(55)651)\>> 7OC>
FRBMOfW(fE; @, 0, A, 5) =1- I'(a)
and

1 Se—&" o
frevo-w(T;0,0,),8) = (o) [ — log (1 TIo((1- 5)6_§$A>>]
SEN e
(1—(1—d)e)?’

(4.23)

respectively for «,0,\,¢ > 0 and x > 0. The corresponding hazard rate function is

given by

Se—& o SENP L6
hparo-w (@) = [_ log <1 T1o((1- 5)6&*))] (1—(1—0)et)

v [ —10g |1 56_w_ .o B (4.24)
1= ((1=3)e &)

Note that when \ = 1, the RBMO-W distribution reduces to RBMO-Exponential dis-

tribution with parameters «, ¢, > 0 having the cdf and pdf given by

se— &
~ (log (11«166)6_51)) ,a)
=1-

I'(«)

FRBMO—E(I; «, 57 5)
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and

1 de= !
freMo-B(T;0,0,8) = (o) [ — log (1 T (- 5)6&))]

dée 5
(1—(1—4)e8v)2’

(4.25)

respectively. The corresponding hazard rate function is given by

a—1
Je— &% SEe %
[—bg (1 - W)] (m)
hreyvo-p(x) = . (4.26)
fe—&x
7(‘1°g (1—m>va>

Also, when )\ = 2 we obtain the RBMO-Raleigh (RBMO-R) distribution and for o =
0 = 1, we obtain the baseline Weibull distribution.

The pdf and hrf plots for the RBMO-W distribution are given in Figures 4.3 (a) and
4.3 (b) below.
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(a) pdf plots (b) hrf plots
Figure 4.3: Plots of the pdf and hrf for RBMO-W Distribution

As shown by Figures 4.3 (a) and 4.3 (b) above, the shapes of the RBMO-W distribu-

tion plots indicate that the distribution can fit various forms of real data for selected

84



parameter values. The pdfs can flexibly adopt various shapes that include reverse-
dJ, uni-modal, left or right skewed shapes. Moreover, the hrf plots for the RBMO-W
distribution exhibit decreasing, increasing, bathtub, upside down bathtub and upside

down shapes.

4.7 Mathematical and Statistical Properties

In this section, some of the mathematical and statistical properties of the RBMO-G

family of distributions are presented.

4.7.1 Moments and Generating Functions

Let Y;.; ~ Exponentiated-G(i,i+1), then the r* moment of the RBMO-G family of

distributions is given by

E(X") = Zci+1E(}/i:1):ZCi+1/o v fe_c(y;,i+ 1)dy
= Z&H /[QF( )" du (4.27)

and the moment generating function (mgf) for |a| < 1, is given by

My ZCZHMYM ZCZH i Y7) (4.28)

i=0 j=0
where My,  (a) is the mgf of Y, ;. We present the first five moments for the RBMO-
LLoG distibution together with the standard deviation (SD), coefficient of variation
(CV), coefficient of skewness (CS) and coefficient of kurtosis (CK) for selected val-
ues, (see Table 4.1) below. The quantiles for the selected parameter values are also

presented under Table 4.2.
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Table 4.1: RBMO-LLoG Moments for selected parameter values

1.5,1.3,0.6 0.7,1.1,1.0 0.5,1.0,1.1 0.6,1.3,1.0 (1.0,0.5,1.2)

E(X) 0.1469 0.1407 0.1136 0.1106 0.2477
E(X?) 0.0771 0.0868 0.0725 0.0698 0.1393
E(X?) 0.0562 0.0621 0.0528 0.0506 0.0944
E(X*) 0.0387 0.0482 0.0414 0.0395 0.0707
E(X°®) 0.0309 0.0394 0.334 0.0324 0.0563
SD 0.2356 0.2588 0.2441 0.2398 0.2792
Cv 1.6043 1.8394 2.1494 2.1682 1.1272
CS 1.8345 1.7930 2.1319 2.1836 0.975
CK 5.4940 4.9905 6.334 6.6021 2.8232

Table 4.2: RBMO-LLoG Quantiles for selected parameter values

| (v, 6, M)

v | (1.0,0.8,1.3) (1.4,1.2,0.7) (1.0,1.3,1.4) (1.1,1.2,1.3) (1.3,1.5,0.8)
1 0.1554 0.0691 0.251 0.2532 0.1444
2 0.2899 0.1403 0.4481 0.4113 0.2735
3 0.4389 0.2494 0.6585 0.5899 0.4568
4 0.6166 0.4158 0.9028 0.8035 0.7199
5 0.8423 0.6761 1.2061 1.0735 1.1098
6 1.1506 1.106 1.6113 1.4384 1.722
7 1.6163 1.8877 2.2092 1.9807 2.7804
8 2.4467 3.5855 3.2466 2.9243 4.959
9 4.5455 9.1348 5.7942 5.2353 11.6166
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4.7.2 Conditional Moments

For lifetime models and measures of inequality such as Bonferonni and Lorenz curves,
it is of particular interest to find the conditional and incomplete moments. The

conditional moments of the RBMO-G distribution is given by

E(X"|X >a) = m/t ' f(x;7,6,¢)dw

1

—= = _ C’L E }/;:T _[ - : 4'29
F(a;d,a,qp)iz; +1 ( +1 {}/ZHZt}) ( )

where

oo 1
E(K—’;J{mlzt}) = /t Y fe-c(y; i+ Ddy = (i +1) /G ( {)[Qg(u;w)]ru’“du, (4.30)

for 5, > 0, and parameter vector ). The mean residual life function is given by
E(X —alX > a) = E(X|X > a) —a = V,.(a) — a, where V,_(a) is referred to as the
vitalilty function of the distribution function F. The mean deviations, Bonferroni and

Lorenz curves can be readily obtained from the conditional and incomplete moments.

4.7.3 Rényi Entropy

The Rényi entropy, (see [90]), is an extension of Shannon entropy. An entropy mea-
sures variation of uncertainty for a random variable X having the probability distri-

bution f(z) and it is derived as follows

Ir(v) = ! log (/oo[fRBMO—G($§57a71/))]vdx> ,v# Lv>0. (4.31)
0

1—w

Rényi entropy tends to Shannon entropy as v — 1. Note that

(4.32)
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G (x; S —2v o0 v
Lety = ({25522 ) . Note that (1 - 3G (w; 1)) > = 332 150 Gla; v)* and

= v(a—1) 00 .
[— log [ 1— —5G<_$’ v) ] = Z (va v) dymy™ Tt
1 —0G(z;9) T~ m ’

by applying the result on power series raised to a positive integer, with ¢, = (s +2)7,

that is,
(Z csyS) = domy’, (4.33)
s=0 5=0

where d;,, = (sco)™ ' > [m(l+ 1) — s]ads—im, and dy,, = ¢, [58], so that

00 ) B 1 v a—v (2’0 + k) v
A fRBIWOfG (m)dx o (m) ;mzszo ( > s F(QU)]C' TR ° 5
m—+s+a—1

g /0°° [1 — 5G )} Gla; ) g(a; ) do

o 1 v — v d F(Q'U + k) 5v+m+s+a—1
— \I(a) k gy 0 m T T(20)k!
G

« /OOO 1 - 5G ()
X 3Gl )kg(x, b)) dx

() X3 ()

k=0 m,s,j=0

m+s+a 1 < —(m+s+a—1)

F(m+8+&—1+])5k+]6v+m+s+a 1
C'm+s+a—1)j!

x /0 ) (5(56;¢))m+s+a+kﬂ_lg(x;¢)”dw

- () = 2 ()i

k=0 m,s,j,p=0

m+s+a—1+ ])5v+m+s+a 15k+3

8 C'm+s+a—1)j! (=1
m+s+a+k+j5—1 o N
x ( , ) /0 (G@,@) g(z;0)dr  (4.34)

and finally, the Rényi for the RBMO-G family of distributions is given by
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Ip(v) = 1ivbg[( (1a) Z Z (’Ucz—v) %

k=0 m,s,5,p=0

y F(m+s+a—1+.]) m+s+a+k+j—1 grmsta=1gI 1y
I(m+s+a—1)j! p

/OOO <G(:L“; ¢)>p9(93; @D)”dﬂﬁ}

 Im+s+a—-1+75) 1 < (p Y
-~ TI(m+s+a—-1);! [gﬂ}v/o ([Uﬂ]g(az,w)G (x,w)) dz. (4.35)

X

Finally, the Rényi entropy for the RBMO-G family of distribution can be written as

Ir(v) = (1 —v) 'log [Z Upe(lv)IREG] ,
p=0
for v > 0,v # 1, where U, is a linear component and Ippe = (1 — v) log [;° ([2 +

1] g(2;¢)G* (x;¢))"dz is the Rényi entropy of exponentiated-G distribution with power

parameter  + 1.

4.7.4 Distribution of Order Statistics

Let X;, X5, ....X,, be independent and identically distributed RBMO-G random vari-

ables. The k' order statistic cab be expressed as

n! Uy (n—k b1
frale) = (k_l)!<n_k)!;<—1>f( i)

- <k—1>7<!n—k>!§(‘”j( gl)

> Conli+ 165t

=0

o j+k—1
x> CG(x) : (4.36)
i=0
where p =i + 1. We can write
00 J+k—1 00
ZCPG(x)p = ijJrk 1p
p=0 p=0
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where

fith-10 = (Co)kala

fivk—1p = (pCo) ' >2F _Im(5 + k) — p|Confisk—1p-m, for k = 1,2,... and C, can be

m=1

obtained from equation (4.10). Hence,

n—k oo
frn(T) = Z Z mjipfe—c(z;p,i+p+1), (4.37)
=0 i,p=0
where
o n!Ci1(i +1) firh—1p _i(n—k
M3 = G D= R+t 1) 1)]( j ) (4.38)

4.7.5 Maximum Likelihood Estimation

Let X ~ RBMO — G(«,6,7) and A = (a,6,¢)" be the vector of model parameters.
The log-likelihood function ¢,, = ¢, (A) based on a random sample of size n from the

RBMO-G family of distributions is given by

£(8) = —nll(@)+(@=1) ) In [— log(l e fi%”(j)w) + nln(s)
+ D Inlg(as )] =23 Infl - 3G (i), (4.39)

The elements of score vector are given in appendix G.7. The maximum likelihood es-

timates of the parameters, denoted by A is obtained by solving the nonlinear equation

ol O OMUNT
(a_oﬂ%v@)

= 0, using a numerical method such as Newton-Raphson procedure. The
multivariate normal distribution N,.,(0,.7(A)~!), where the mean vector 0 = (0,0, 0)”
and J(A)"! is the observed Fisher information matrix evaluated at A, can be used
to construct confidence intervals and confidence regions for the individual model pa-

rameters.
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4.8 Monte Carlo Simulations

This section presents simulation experiments for the RBMO-LLoG model to examine
the reliability of maximum likelihood estimators using different parameter values.
The summary of these results for simulation studies are presented under Table 4.3
below, repeated for N = 1000 times with sample size n = 35, 50, 100, 200, 400, 800 and
1000. The table present results on the mean of the MLESs, average bias and root mean
square error (RMSE). From these results, we can confirm that as the sample size n
increases, the mean estimates of the parameters reduces towards the true parameter

values, with Average Bias and RMSEs converging towards zero. The Average Bias

and RMSEs can be computed as follows;

Bias(f) = izt g and RMSE () =

Table 4.3: RBMO-LLoG Distribution Simulation results; Mean, RMSE and Average

Bias

~

Z?:l(éi — 9)2 .

n

| Set I: a=1.0, §=0.5, A=1.0 | Set IL: a=1.0, §=1.0, \=0.5 | Set III

- a=1.8, 6=1.0, \=1.0

Parameter | Sample Size |"yjoo RMSE  Bias | Mean RMSE Bias | Mean RMSE  Bias
25 2.7079 3.4885 17079 | 2.6548 3.4614 1.6548 |2.6398 3.3566 0.8398

50 1.5561 1.9338 0.5561 | 1.4746 1.8870 0.4746 | 2.5505 1.8901  1.7505

100 1.1635 0.9376 0.1635 | 1.2886 0.9661 0.2886 | 1.9747 0.9688  0.1747

o 200 1.0765 0.5722 0.0765 | 1.2457 0.5030 0.2457 | 1.9245 0.5432  0.1245
400 1.0130 0.1554 0.0130 | 1.1176 0.1592 0.1176 | 1.8863 0.1592  0.0863

800 1.0103 0.1140 0.0103 | 1.1023 0.1281 0.1023 | 1.8550 0.1140  0.0550

1000 | 1.0063 0.0967 0.0063 | 1.0082 0.1012 0.0082 | 1.8009 0.0972  0.0009

25 9.4509 2.7300 8.9509 | 8.6860 1.7000 7.6860 |6.8401 4.7940  5.8401

50 8.1605 1.9450 7.6605 | 4.8260 0.9220 3.8260 | 2.2803 3.2600  1.2803

100 1.3705 0.9184 0.8705 | 2.3369 0.4030 1.3369 | 1.9122 1.3530 0.9122

5 200 1.0482 0.1977 0.5482 | 2.0406 0.3928 1.0406 | 1.7954 11978  0.7954
400 0.5331 0.1725 0.0331 | 1.1080 0.3306 0.1080 | 1.0662 0.3824  0.0662

800 0.5199 0.1410 0.0199 | 1.0151 0.2959 0.0151 | 1.0385 0.2608  0.0385

1000 | 0.5027 0.1171 0.0027 | 1.0049 0.2107 0.0049 | 1.0275 0.2192 0.0275

25 1.2372 0.4404 0.2372 | 0.6349 0.2311 0.1349 | 1.2365 0.4357 0.2365

50 11032 0.2540 0.1032 | 0.5660 0.1318 0.0660 | 1.1019 0.2507  0.1019

100 1.0466 0.1554 0.0466 | 0.5346 0.0798 0.0346 | 1.0463 0.1563  0.0463

A 200 1.0214 0.1017 0.0214 | 0.5219 0.0535 0.0219 | 1.0199 0.0983  0.0199
400 1.0102 0.0581 0.0102 | 0.5201 0.0373 0.0201 | 1.0105 0.0595 0.0105

800 1.0044 0.0408 0.0044 | 0.5096 0.0267 0.0096 | 1.0040 0.0407  0.0040

1000 | 1.0043 0.0365 0.0043 | 0.5002 0.0211 0.0002 | 1.0037 0.0365  0.0037
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4.9 Applications

The RBMO-LLoG model was fitted to two real data examples to demonstrate
usefulness compared to other known non-nested distributions. The goodness-of-fit
statistics, namely, -2loglikelihood (-2 log L), Akaike Information Criterion (AIC),
Consistent Akaike Information Criterion (AICC), Bayesian Information Criterion
(BIC), Cramer-von Mises (I7*) and Andersen-Darling (A*) was used to evaluate the
model fits as described by [33]. The model with lower values of these statistics is
deemed to be the best. The results on the estimates of Model parameters (with
standard errors in parenthesis) and the goodness-of-fit-statistics for the two data
sets are shown in Tables 4.4 and 4.5. The probability plots and fitted densities are

also presented under Figures 4.4 and 4.5.

Some of the existing non-nested models that were fitted and their performances com-
pared with the RBMO-LLoG model include; the Weibull Exponential (WE), Marshall-
Olkin Extended Fréchet (MOEFr), Generalized Weibull (GW), Half-Logistic General-
ized Weibull distribution (HLGW), Topp-Leone-Marshall-Olkin-Log-Logistic (TLMO-
LLoG) and Marshall-Olkin Extended Inverse Weibull IWMO) distributions proposed
by [79], [69], [561], [19], [36] and [86] respectively. The pdfs of these models are as

follows;

_ = Ar\B-1 _ _=xz\ B
fwelr;a,B,N) = aB(e™) {%} exp {(1 ¢ )], (4.40)

67/\33

for a, 5, > 0 and x > 0,

a@éﬁe_(g)ﬁ
- = 4.41
fMOEFT(x767ﬁ7a) .’L‘BJFI(Oé—i—(l _&)e(%)ﬂ)27 ( )

for 0,5,a > 0 and = > 0,
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faw (w0, 0,7) = wAy(@* (1 + 92N exp(l = (14 727)), (4.42)

forw,\,y >0and z > 0,

2wy (AN (1 + v Texp(l — (14 ya?)¥)

. — 4.4
fHLGW(wia )\7’}/) (1 + eXp(l _ (1 + f}/x)\)w))Z y ( 3)
for w,\,v > 0and x > 0,
206%ca (1 + 2¢) 3 62(1 4 x¢)~2 b—1
_rroc(x: b, 6, = — , 4.44
fTLMO LL G(I C) (1 - 6(1 + xc)—1)3 |:(]_ — 5(1 + .ZUC)_1>2:| ( )
for b,6,c>0and z > 0
and
“A—A—1,—(0x)~>
Jrwmo(x;0,0,\) = oA ‘ (4.45)

(o — (a—1)e(02)7*)2’

for o, 0, A > 0 and = > 0.

4.9.1 Carbon-Fibre Strength Data

The first real data set was originally reported by [20] which represents the strength
measured in GPa for single carbon fibres at gauge lengths of 1, 10, 20 and 50 mm.
The dataset is given by: 1.901, 2.132, 2.203, 2.228, 2.257, 2.350, 2.361, 2.396, 2.397,
2.445,2.454,2.474, 2.518, 2.522, 2.525, 2.532, 2.575, 2.614, 2.616, 2.618, 2.624, 2.659,
2.675, 2.738, 2.740, 2.856, 2.917, 2.928, 2.937, 2.937, 2.977, 2.996, 3.030, 3.125, 3.139,
3.145, 3.220, 3.223, 3.235, 3.243, 3.264, 3.272, 3.294, 3.332, 3.346, 3.377, 3.408, 3.435,
3.493, 3.501, 3.537, 3.554, 3.562, 3.628, 3.852, 3.871, 3.886, 3.971, 4.024, 4.027, 4.225,
4.395, 5.020.
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The estimated variance-covariance matrix is given by

0.27493 0.00004  —0.54367
0.00004 6.05 x 107 —0.00008
—0.54367 —0.00008  1.11428

and the 95% confidence intervals for the model parameters are given by

a € [1.0012 + 1.02771], § € [1.31 x 10* £ 0.00015] and A € [8.6433 + 2.06896].

Table 4.4: Goodness-of-fit statistics and estimates of parameters for different models
relating to carbon fibre strength (GPa) data

| Estimates | Statistics
Model - . B
‘ a ) A | —2log L AIC CAIC BIC W A K-S p-value
1.0012 1.31 x 10* 8.6433
RBMO-LLoG ‘ (0.5243) (0.0001) (1.0556) ‘ 115.7 1217 122.1 1281 0.0884 0.4986  0.0912 0.67
| « B A |
WE 7.36 x 10? 4.5168 0.0627 125.1 131.1 131.5 137.5 0.1374 0.9514  0.0923 0.65
(4.21 x 107°) (0.3631) (0.0062)
‘ o A 0 ‘
IWMO 5.10 x 107° 0.8774 0.0248 116.5 1225 1229 1289 0.1116 0.5925  0.0940 0.63
(5.28 x 107°)  (3.06 x 107%) (0.0029)
‘ @ 0 A ‘
MOEFr 4.82 x 10° 0.4750 8.3642 115.8 121.8 122.2 128.2 22.0947 126.4542 0.9871 2.20 x 1016
(1.68 x 107%) (0.0913) (0.8664)
\ w A v \
GW 13.1 3.249 0.0010 137.1 143.1 143.5 149.5 0.2228 1.4917 0.1421 0.16
(0.0031) (0.2953) (0.0004)
| w A v |
HLGW 1.43 x 10° 2.4245 3.38 x 107° 139.7 145.7 146.1 152.1 0.2614 1.7069 0.1599 0.08
(4.69 x 1071)  (9.47 x 10~') (1.98 x 1079)
| b 5 c |
TLMO-LLoG 1.16 x 10% 0.5 2.7980 117.3 123.3 123.7 129.7 0.1114 0.6166  0.0985 0.57
(3.86 x 107°) (0.1249) (0.2611)
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Figure 4.4: Fitted Density and Probability Plots of RBMO-LLoG Distribution for
Carbon Fibre Strength (GPa) Data

From Table 4.4 and the fitted density plots (see Figure 4.4 above), we can confidently
conclude that the RBMO-LLoG distribution provides a better fit to the carbon fibre

data set better than the non-nested models used for comparison in this paper.

4.9.2 Toluene Exposure Concentrations Data

The second dataset represent time series data for toluene exposure concentrations
(8 hr TWAs) for a worker doing stain removing as reported by [71]. The data is
presented as follows: 0.9,1.1,1.9,2.1,2.6,2.9,3.1,3.2,4.9,4.9,5.2,5.8,
6.2,6.9,7.8,8.3,8.7,10.5,11.1,13.6,16.6,17.4,20.4,21.9,22.4,50.9,57.4,58.3,5 8.6,66.9.

The estimated variance-covariance matrix is given by

0.61077  18.46410 —0.27388
18.46410 758.64392 —5.52854
—0.27388 —5.52854 0.17725

and the 95% confidence intervals for the model parameters are given by

a € [1.00150 + 1.53178], § € [22.14470 = 53.98524] and A € [1.44592 + 0.82518).
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Table 4.5: Goodness-of-fit statistics and estimates of parameters for different models
relating to time series data for toluene exposure concentrations

‘ Estimates Statistics
Model | 5 N |-2lgL AIC CAIC BIC W~ A KS  palue
1.0055 22.1447  1.4459
RBMO-LLOG‘ 0.9009)  (28.8452) (0.4204) | 2264 2324 2333 2366 0.0315 0.2955 0.0968 0.94
‘ « B A ‘
WE 280.2500 0.8921  0.0001 | 2284 2344 2353 238.6 0.1079 0.7919 0.1227 0.76
(3.23x 1075 (0.1201) (0.0001)
‘ «a A 0 ‘
IWMO 0.6481 0.8202  0.1502 | 227.6 233.6 234.5 237.8 0.0461 0.3770 0.1042 0.90
(1.0675) (0.3589)  (0.1907)
‘ o 4 A ‘
MOEFr 988.1 0.0087  1.0001 | 231.6 237.6 2385 241.8 10.4368 60.4128 0.9057 2.20 x 10716
(8.54x 1078 (0.0097) (0.1561)
o ) 1|
GW 20.9930 0.5915  0.0063 | 231.7 237.7 238.7 241.9 0.1656 1.1362 0.1245 0.74
(4.56 x 1075)  (0.0895)  (0.0022)
‘ w A 0% ‘
HLGW 635.8300 0.0624  0.0014 | 318.4 3244 3253 3286 0.0409 0.3598 0.6071 4.98 x 10°'°
(4.42 x 10719 (0.0113)  (0.0001)
| b ) c |

TLMO-LLoG | 3.39 x 10? 0.1250  0.0488 | 226.6 232.6 233.5 236.8 0.0360 0.3154 0.0982 0.92
(5.54 x 107%)  (0.0157) (0.0669)

o Qg
s RBMOLLoG -
< «© _]
S~ <]
o
>
1 ES)
© o
S o gg,
z °© o
(%]
5 o
[a] 2
g | o < ]
5] 8 ©
>
w

RBMOLL0oG(SS=0.02758)
WE(SS=0.18678)
MOEFr(SS=8.227069)
GW(SS=0.13762)

S I = L] o | —— HLGW(SS= 2.97255)
e T T T T T T T 1 T T T T T T
0 10 20 30 40 50 60 70 0.0 0.2 0.4 0.6 0.8 1.0
X Observed probability
(a) (b)

Figure 4.5: Fitted Density and Probability Plots of RBMO-LLoG Distribution for
Toluene Exposure Concentrations Data

Table 4.5 also presents model estimates and from these results it is evident that the
RBMO-LLoG distribution fits the time series dataset on toluene exposure concen-

trations better than other non-nested models considered. Furthermore, the fitted
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plots (see Figure 4.5) indicate that the RBMO-LLoG model outperforms the compet-
ing models with a better fit.

4,10 Conclusions

In this chapter, a new family of distributions (RBMO-G) is introduced and some
of its mathematical and statistical properties have been examined. Some of the
special cases for this family of distributions are also discussed including the
RBMO-LLoG distribution which has been applied to lifetime data examples and

has been found to yield better fits compared to other existing equal parameter models.
Similarly, another new model namely, the Zografos-Balakhrishnan Marshall Olkin-G

family of distributions was also developed. The details on the development of this

model are omitted in this thesis.
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Chapter 5

The Exponentiated Half-logistic
Odd Burr III-G Family of

Distributions with Applications

Published and Available Online at: https://doi.org/10.18187/pjsor.v18i1.3668

5.1 Introduction

This chapter presents the newly developed family of distributions namely the expo-
nentiated half-logistic Odd Burr III-G (EHL-OBIII-G) family of distributions. Math-
ematical and statistical properties such as the hazard function, quantile function,
moments, probability weighted moments, Rényi entropy and stochastic orders are de-
rived. The model parameters for this new family of distributions are estimated based
on the maximum likelihood estimation method. The usefulness of the newly proposed
distributions is demonstrated via extensive simulation studies. Finally the proposed
models and their special case is applied to real data sets to illustrate flexibility in

fitting the data.
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5.2 The Exponentiated Half-logistic Odd Burr III-G
Model

Consider a family of distributions called the exponentiated half-logistic (EHL) family
by [42] derived from the gamma-generator by [113]. The cumulative distribution
function (cdf) of the EHL-G family of distributions is given by

N e el ) i 5.1)
(1‘7057 ’é)_ 1—|—[1—G<x,§)])‘ .
and the corresponding probability distribution function (pdf) is given by

et

(5.2)

. _ . N e e AT 3
f(z;a, N\ &) = 2arg(z; §)[1 — G(z; )] I+ [ =G )

where G(z;€§) and g(z; £) is the cdf and pdf respectively for any baseline distribution,
and o, A > 0 are additional shape parameters with £ as the vector of parameters. [12]

proposed a new family of distributions called the Odd Burr III-G (OBIII-G) family
having the cdf and pdf given by

G(z;%) —b
- _ [T (1 g ey — 1-Gg) }
F(x,a,b,g)_/o abt=b"1(1 + 1% dt—{1+< 9 ) (5.3)
e 1 - Gl Gl )]
1= G(z; )" 1 =G(z;9)\e] ™ _
f(:z:;a, b,%) =ab G(l’;ﬁ)‘“ﬂ |:1 + <W> :| g(!l?,%), (54)

respectively, for a,b > 0 and the parameter vector .

If we let equation (5.3) to be the baseline cdf in equation (5.1), then the cdf of the
EHL-OBIII-G family of distributions can be written as

; (5.5)
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and the corresponding pdf is given by

by - 200 e\ '\ (L (G
flzaba1) = 2 b<<1+<a<x;@> ) ) (H(@(%@) >

a—1 b—1

h(z;a,b,0,) = 20“”’((”(22?%;) ) ) (H@Eig) )
lemw

5.2.1 Quantile Function

The quantile function for the EHL-OBIII-G family of distributions is derived by in-

verting the following function

b
Glzyp)\ ™"
(H(G(x;w)) )

)\

(e (e)7)
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for 0 < u < 1. Note that

that is,

Gw) (2t \T ) 5
G(;9) 1+ ua ' '

The expression further simplifies to

G(z;¢) = ((fﬁu) —1) +1

and therefore, the quantile function is given by

B Qua _% B
cco-e () ) D) e

which can be solved using iterative methods.

5.2.2 Series Expansion of the Density Function

In this section, series expansion of the pdfis presented. The linear representation of
the pdf allows for useful mathematical and statistical properties to be derived. Recall

that the pdf of EHL-OBIII-G family of distributions is given by




and using the expansion

_a\ —b —(a+1)
G(z;) - L(a+1+p)
(H [1 - (H (@(:c;@) ) D B ;(—1) T(a+ 1)p!

X
1
—_
|
R
+
/N
Q2
88
<&
N~
\
IS)
N~ —
L5

> pigl(@+14p)(p
p;O(_ ) P(a+1)p! <q>

we can write the EHL-OBIII-G pdf as

Fa+14+p)/p
f(z;a,b,0,%) = 20ab pPrd—— = ()
pqzo Tla+Dp! \g

(H(G(x;@) )b(‘”“) (G( @) g
G(;9) G(x;9) (Gl )

Furthermore, by applying the expansion

—a\ —blg+a)—1 al
G(7; ) — (g+a)—1 (z;%)
(”(@@;@) ) Z< ! ><@< @) |

we get

f(z;a,0,a,%) = 2aab Z p+QM(p) (_b(Q+O‘) - 1)

T Lla+1)p! \¢ !
a(l+1)—1 g(; ¢)
X ( (; @b)) ( (= ¢>) a(l+1)+

Using the expansion

(Gls) 0 (1= Gl ) ! {;(‘““ “evEme),

J:
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we have

flzia,b,a,9p) = 20ab f: (_1)p+q+jw(p) (—b(q+a)—1)

palj=0 Pla+1)p! \q l
x (—a(u; 1)—1)9(96;_) (Gl )1
= 2aabpq§€0(_1)P+q+j+kréaa++11+p]? < > ( bq-|—a _1>
o G | R ) PO )
= 2aabpq;_o(_l)pﬂﬂwFlgaa—i——i_ll-i-p}‘? () —b(q )
< (T )i e )
) iwkgk(gC;—)’ (5.10)
=0

where gi,(z;9) = (k+1) (G(x; g))k g(x; 1) is the exponentiated-G (Exp-G) distribution

with power parameter k£ and

- wL(a+1+p) (p) (—b(q+a) — 1)
— -1 p+q+j+k
W p,q%z(]( ) F(a+1)p! \g [
—a(l+1) =1\ fa(l+1) =1+ 7\ 2cad
( j ) ( A )_k ot (5.11)

5.2.3 Some Special Cases

In this subsection, some of the special cases for the EHL-OBIII-G family of distribu-
tions are presented by changing the baseline distribution function G(z;1) to some
flexible distributions. The parameter vector space is limited to at most 2 component

vector to avoid over parametrization and redundancy.

5.2.3.1 EHL-OBIII-Log-Logistic (EHL-OBIII-LLoG) Distribution

Consider the log-logistic distribution as the baseline distribution with parameter \ >
0 having cdf and pdf G(z;\) = 1 — (1 +2*)"! and g(z; \) = \z* (1 +2*) 2, respectively.
The cdf, pdf and hrf of EHL-OBIII-LLoG distribution are given by
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—b «
1—(142*)~! —a
(1 + ( (l—l—l‘)‘)*l > )
F(z;a,b,a,\) = - | 512
1+ ) ) ]

- (((58258) ) ) () )
(e[ ) ) e

A1+ 22) 2
(<1+x)‘)—1)2 ’

(5.13)

and

-1

o = e (n(7557) ) ) (o059 )
e ) ]) sy

ay —1
—b
(el t) ™
o, (1 ()
’ - )
((1+22)-1)? AP
1+ |1- (1+( e >

respectively, for a, b, a, A > 0.
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Figure 5.1: Plots of the pdf and hrf for EHL-OBIII-LLoG Distribution

Figure 5.1 illustrates the flexible nature of the EHL-OBIII-LLoG distribution for se-
lected parameter values. The pdfs of the EHL-OBIII-LLoG distribution can adopt
various shapes that include reverse-J, uni-modal, left or right skewed shapes. In
addition, the EHL-OBIII-LLoG distribution exhibit decreasing, increasing, bathtub,
upside down bathtub and bathtub followed by upside down bathtub shapes.

5.2.3.2 EHL-OBIII-Exponential (EHL-OBIII-E) Distribution

Let the exponential distribution be the baseline distribution with pdf and cdf given
by g(x; ) = e and G(x;\) = 1 — e, respectively, for A > 0, then the cdf, pdf and
hrf of the EHL-OBIII-E distribution are given by

, (5.14)
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Figure 5.2: Plots of the pdf and hrf for EHL-OBIII-E Distribution
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Figure 5.2 demonstrate the efficacy of the EHL-OBIII-E distribution for selected pa-
rameter values. The pdfs of the EHL-OBIII-E distribution takes various shapes that
include reverse-d, uni-modal, left or right skewed shapes. Furthermore, the EHL-
OBIII-E distribution gives decreasing, increasing and bathtub followed by upside
down bathtub shapes.

5.2.3.3 EHL-OBIII-Lomax (EHL-OBIII-Lx) Distribution

Suppose that we take the baseline distribution to be a Lomax distribution with cdf
and pdf given by G(z;7,\) = 1 — (1 4+ A\z) " and g(z;7, ) = yA (1 + \z) ", for 4, A > 0,
and = > 0, then we obtain the EHL-OBIII-Lx distribution with cdf, pdf and hrf given
by

—b
1—(1+ )7\ @
(1 - < (1+ra) ) )

F(z;a,b,0,7v,\) = , (5.16)

b
1—(14+x2)" 7\ ¢
1+ 1_<1+<W) ) ]

o - () ) ) () )
(e ) ) e

AN+ Az) !
(1 +Az)=)*

X

(5.17)

and
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respectively, for a, b, a, v, A > 0.

density

From Figure 5.3 above, we note that the EHL-OBIII-Lx distribution can adopt various
flexible shapes and these include reverse-dJ, uni-modal, left or right skewed shapes. It
can also be noted that the hrf of the EHL-OBIII-Lx distribution gives decreasing, in-
creasing, bathtub, upside down bathtub and bathtub followed by upside down bathtub

shapes.
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Figure 5.3: Plots of the pdf and hrf for EHL-OBIII-Lx Distribution

5.2.4 EHL-OBIII-Lindley (EHL-OBIII-L) Distribution

If we let Lindley distribution be the baseline distribution with pdf and cdf given by
(1+2z)e ™ and G(z;\) = 1 — (

g(z; )

)\2
(1+X)

A\x
1+1+—>\
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the cdf, pdf and hrf of the EHL-OBIII-L distribution are given by

and

F(z;a,b,a,\) =

flz;a,b,a,\) = 2aab (

h(z;a,b,a,\) =

(1+1+>\) 7)\30
(1 + < (1+1+)\) e— AT

Y

14 1—<1+( i

1+

(
(o
el

—)\m
L+ 5)e

1+)\

Az )6 Az)

(1_;’_ 1+A )6 Az

1 - 1+>\

1+)\x

1+A

1+/\x6,\x

1+)\

M)_a>

) -z

7
))

—b—1

f)\x
1+>\

2cvab (1 + (

1+

1+

(1+ e

JEDY

(1+

)

14+

Az ) —\x

— (L4 £5)e *))

(1+A) (1+z)e™

((1+ 1+>\) 7/\‘%)

1—(1+1+A

(1+ 1+A)e Az

1 - (1 + 1+/\) _M)

(1+ f5x)e

=)

.

—-b—1

()

-+ e

(1+ 1H)e Az

109

(1+ 1+,\) e

-

)\2
(1))

(1+x)e ™

—b

—b a—

—b

—_p\ a—1

1

—(a+1)

—(a+1)

(5.18)

(5.19)



a\ —1

—a\ Y
1-(14 2% )e
(]. + < (1+1>-\~_7m)\)e—/\z
N
B 1-(1+ 1/}:&)67)‘1

respectively, for a,b, 5, A > 0.

X 1-—

3.0
1
3.0
1

25
25

20

20

density
15

density
15

1.0
1.0

— a=0.9,b=0.8, a=04,2=01

—— a=0.6,b=10]0=1.3,2=3.4

— az24,b=0.2,0=1.2,2=2.0

a=3.6,b=0.1, 0=2.8,2=09

— a=2.3,b=0.3, o=T47=23
T T T T T T T T

0.0 05 1.0 15 0.0 05 1.0 15

05
1
05
1

hoooo
[ TR

o O =
fpPpooo

Y4

0.0
0.0

Figure 5.4: Plots of the pdf and hrf for EHL-OBIII-L Distribution

Figure 5.4 reveals the flexibility of the EHL-OBIII-L distribution. The pdfs of the
EHL-OBIII-L distribution can flexibly take different shapes that include reverse-d,
uni-modal, left or right skewed shapes. Additionally, the EHL-OBIII-L distribution
hrf plots also give decreasing, increasing, bathtub and upside down bathtub shapes

and decreasing-increasing-decreasing shapes.

5.3 Some Mathematical Properties

In this section, we derive some useful mathematical and statistical properties for the
EHL-OBIII-G family of distributions such as moments, conditional moments, Lorenz
and Bonferroni curves, probability weighted moments, Rényi entropy and maximum

likelihood estimates.
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5.3.1 Moments

Let Y, ~ Exp-G(k), then using equation (5.10) the s raw moment, 1/, of the EHL-
OBIII-G family of distributions is obtained as

(e 9]

w=Ex) = [

—00

z° f(x)dx = Z wp B (YY),
k=0

where wy is given by equation (5.11). We presnt the first five moments for the EHL-
OBIII-E distibution and the corresponding standard deviation (SD), coefficient of
variation (CV), coefficient of skewness (CS) and coefficient of kurtosis (CK) from se-
lected values. These results are given under Table 5.2. The quantile values are also

presented under Table 5.1.

Table 5.1: Quantiles for EHL-OBIII-E Distribution for selected parameter values

(a,b,a, \)

u (1.4,8.5,6.1,04) (1.3,8.3,6.4,0.6) (1.1,9.9,5.8,0.8) (1.6,9.1,6,0.3) (1.2,8.2,6.2,0.6) (1.1,8.9,5.7,0.2)
0.1 3.0531 2.0120 1.7548 3.7952 2.1975 7.8777
0.2 2.3981 1.6071 1.3186 3.0811 1.6747 5.3712
0.3 2.1813 1.4615 1.1694 2.8329 1.5039 4.7265
0.4 2.0543 1.3753 1.0823 2.6859 1.4046 4.3598
0.5 1.9664 1.3154 1.0224 2.5836 1.3362 4.1103
0.6 1.9001 1.2702 0.9775 2.5062 1.2847 3.9244
0.7 1.8474 1.2341 0.9419 2.4444 1.2440 3.7779
0.8 1.8040 1.2043 0.9128 2.3933 1.2104 3.6580
0.9 1.7672 1.1791 0.8882 2.3499 1.1821 3.5572

Table 5.2: Moments for EHL-OBIII-E Distribution for selected parameter values

(a,b,a, \)
(0.8,1.4,0.6,1.5) (0.3,1.7,1.1,1.8) (0.8,2.2,0.7,2.4) (0.4,2.3,0.7,1.7) (0.5,1.5,0.7,0.9)
E(X) 0.2298 0.0843 0.3063 0.1210 0.1169
E(X?) 0.1378 0.0525 0.1930 0.0746 0.0692
E(X3) 0.0980 0.0384 0.1395 0.0543 0.0493
E(X*) 0.0759 0.0304 0.1088 0.0427 0.0383
E(X?) 0.0619 0.0252 0.0889 0.0352 0.0313
SD 0.2916 0.2131 0.3149 0.2449 0.2356
(0AY 1.2691 2.5277 1.0280 2.0239 2.0157
CS 1.1002 2.7252 0.6298 2.0916 2.1548
CK 2.9224 9.4740 2.0402 6.2188 6.6049
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5.3.2 Probability Weighted Moments (PWMs)

The (i,7)" Probability Weighted Moment (PWM) of X denoted by &, is

iy = E(X(F(X))) = / " () (2)de

Using equations (5.5) and (5.6), we can write

X

~
—_
+

Using the series expansion
G2 1)) —an —b7\ —(a+1)+1) -
(1+[1<1+<5(I@)> ) D = pz
g\ b7 P
G(x;9)
[1<1+<5<w;@) )|

-y (_1)p+qf(0é(n +1)+1+p) (p)

n+1)+1+p)
an+1)+ 1)p!

X

— F(a(n+1)+1)p! \¢
G\ ")
X (1 + <_G—(a:,y)> > ’
we can write
" oen pq 77+1)+1+P) p
f@)(F(x))" = 2 bZ ’ (a(n+1) + 1)p! (Q)

e —ay —blat+(a(nt+1)))—-1 —a—1
( (c@;@) ) (G(:v;@) g(;9)
x [1+ | = = — 2
G (x;) G(z; ) (G(x;9))
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Furthermore, applying the series expansion

—ay —blg+(a(n+1)))—1
Gl ) & (—bg+ (aln+ 1) =1\ (Gl
<1+<@(f€5@> ) - IZO:( l )(@@:;

we get

S

))al
) )

n+1)+1+p)( )(—b(q+(a(n+1)))—1)
q

(a(n+ 1)+ 1)p! l

o)
(Glasp)) "V

S

f@)(F(x)" = 2aab Z p+q

p,q,l=0

. ( (SL’ 'lb)) a(l+1)—1

Using the expansion

(Gla; ) "V = (1= Glayp)) YT Z(‘“” _1)<—1>j5j(x;@,

we have
AF — oeah S (e L@@t +14p) () (=blg+ (a(y+ 1)) — 1
@ = 20 3 (et ) (G
x (_“(l E” ) 1)g<x; ) (Gl )"
= 2aab Z (—1)p+q+j+krls((77+1 +1+p ()( 77+1 1)
—a(zlji)—1 a(l+1) =1+
S G [ )<x¢><<@>
= > wig(z;9), (5.20)

where g, (z;9) = (k+1) (G(z; g))k g(z;9) is the exponentiated-G (Exp-G) distribution

with power parameter k£ and

o

wh = Z (_1)p+q+j+kf(a(77 +1)+1+p) (p) (—b(q + (a(n+1))) — 1)

palj=0 T(a(n+1)+ p! \q l
—a(l+1) = 1\ (a(l +1) = 1+ 20ab

' 21

" ( J ) ( k k1 (5.21)
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Finally, the PWMs of the EHL-OBIII-G family of distributions can be written as

Rig = /0 xiZw};gk(x;g)dx:ZwZ/ xigk(a:;g)dx,
k=0 k=0 -

which shows that the (i, )" PWMs of EHL-OBIII-G family of distributions can be

obtained from the moments of the E-G distribution.

5.3.2.1 Rényi Entropy

The Rényi entropy ([90]), is an extension of Shannon Entropy ([93]) and is defined as

Ir(v) = log (/Ooo[f(x;a, b,a,ﬂ)]“dm) 0 #1,0>0. (5.22)

1—w

Note that as v — 1, the Rényi entropy tends to Shannon entropy and /z(v) for the
EHL-OBIII-G distribution can be written as

—a\ —b\ va—v —ay —vb—v
oo G(x; G(;
Inlt) = 1= log </ [(gaab)v (<1 " (52% ) ) <1 : <@E£> )
_ax —b —v(a+1) —va—v
< |1+ [1- (1 + (g@;@) > (g@;@) EAGLYS ]dx).
G(z; ) G(x; ) (G(x,ﬂ)) ’
Using the generalized binomial series expansion

—an —b7\ —vletl)
Gz w) &, Tt +p)
(H {1<1+<5<w>> ) ]) - D V' T+ 0w

p

G\ "\ ]
{%”(@M) ) ]

X




we can write

S L(v(a+1)+p) <p>

fU(z;a,b,009) = (2aab)’ Y (=1)7" P(v(a+1))p!
(c(:c;@)_w_v gwd)
Cww)) (@)

p,q=0

Gz )\~ —b(q+v+ (va—v))—
x |1+ _x7$>
G(x;1)

Furthermore, applying the expansion

1

-1

—a\ —b(g+v+(va—v)) —al
G(z;%) K (bt v (va =) 1) [ Gz )
<1 * <@(az,g)> ) N ; < ! ) <a($7£)> 7

we get
(o b o el d ieLla+1) +p) (P (~blg+ v+ (va—wv)) — 1
Pl = o) p;()( v [(v(e + 1))p! (Q)( l )
—a v v ( )
x (Gla; )" e
(G(z:9)) ) ™

Using the generalized binomial series expansion

(Gl ) 7 = (1= Gl ) Z(_GHU _U)<—1>f@j<ws@7

we have
—a(l +v) —v) , . Yol a(l+v)—v+j
< (T g @)

o0

— (2aab)’ Y (—1ypreeie ['(v(a+1)+p) <p> <—b(q + v+ (va —v)) — 1>

el ['(v(a+1))p!

X <a(l * U>k_ v j) (_a(l +jv> - U) g"(z; ) (Gla; )"

(5.23)
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Finally, we can write the Rényi entropy for the EHL-OBIII-G family of distributions

as
00

Ir(v) = 1 i " 10g<(204ab)v Z (—1)p+Q+j+kF(U(04 +1)+p) (2;) <—b(q +ouv+ (ZUOé —v)) - 1)

|

) (a(l + v)k— v+ j) (—a(z +jv) - v) ﬁ /OOO ({1 + %} G(:c;g)ﬁg(x;g)dx) )

log [Z wi exp((1 —v [REG)]

for v > 0, v # 1, where Ippc = - log [fooo < (& +1] (G(x;%))%(m;ﬂ)) dx] is the

Rényi entropy of Exp-G distribution with power parameter (£ + 1), and

qﬁ*zlivmngmmvff<—nwﬁﬂ*”“a+1*ﬂﬂ05(—Mq+v+uw—v»—1>

a0 Fo(e+1)p! \g l
» (a(l +v)k— v +]) (—a(l —;v) — v) 5 j%}v

5.3.3 Stochastic Ordering

The stochastic ordering for random variables is a common and widely used concept.
The usual stochastic order, the hazard rate order and the likelihood ratio order are
the commonly known orders of distribution functions. These three orders are defined

under section 1.3.6 in chapter 1 and also see [92] for additional details.

Let X; and X, be the two independent random variables following EHL — OBIII —
G(a,b,a1,¢) and EHL — OBIII — G(a,b, as, ) distributions, then the pdfs are given
by

G(z; ) A G(z; ) -
fil) = 2oad G*(@myﬂ ) ) Q+<@Wﬂ) )
_ Can b7\ —(eat1) —a—1
x {14 [1- <1+ (E(x;@> ) (E(x;@) A=)
G(x;) G(a; ) (Ga:))




and

_ e\ Y\ [, (Cmw)”
fo(z) = 2agab (1 + (5(%%)) ) ) (1 + (@(x,ﬁ)) )
_ Can b —(a2+1) —a—1
x (14 1= (1 + (g@@)) ) (g@@)) _Swg) .
G(z;9) G(z; 1) (G(z;9))

The ratio, 2 Eg takes the form
fl(l’) ay —aa —(a1—az2+2)
= T2 (][] — 4 12 , (5.24)
) -~ (T4 [1—2])
where

B Gasp)\ "\
Z‘(”(%@) )

If we differentiate equation (5.24) with respect to x, we get

i f1<£17) _ % 1 — ) 20102 — 5 —(a1—az+2) 1 (1+2(051—062))
dx(fg(x)) = o, ) (1+[1—2]) L* A+n—2) |

—b—1
;o Gasp)\ Glaw)\ """t glai) :
where 2/ = ab(l + (5(:10;@) ) (5(:1:;@) G and finally if ap, < a7, then
d

o (%) < 0, and therefore, the likelihood ratio order X; <, X exists. Consequently,
X1 <« Xg, since X, <y, Xy — X <pr Xo = X <u XQ, where X1 <pr Xo and

X1 <4 X5 denote hazard rate order and stochastic order, respectively.

5.3.4 Maximum Likelihood Estimation

In this section, the method of maximum likelihood estimation (MLE) is used to esti-
mate the model parameters. Let X ~ EHL—OBIII—-G(a,b, o, %) and A = (a, b, a, )"
be the vector of model parameters. The log-likelihood function ¢,, = ¢,(A) based on a

random sample of size n from the EHL-OBIII-G family of distributions is given by
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(D) = nln(mab)”o‘_niln (H(ng—‘%) )

- . Gls®)\ "\ ey, (Gl d)
+ (=b—1 Zl (1+( (x“@) >+( 1)21 <_G—(xi;@>
_ (a%—l)iln 1+ 1—<1+<%> )
+ iln( :cl, —ZZln x@,

The elements of the score vector are given in appendix H.8. To obtain the estimates

of model parameters denoted by A, the Newton-Raphson procedure is used to solve

Oln Oy 86)
Oa ’86’804’611:

distribution N,,3(0,.J(A)™!), where the mean vector 0 = (0,0,0,0)” and J(A)™! is

the system of non-linear equations (%= = 0. The multivariate normal
the observed Fisher information matrix evaluated at A, is critical in approximating

confidence intervals for model parameters.

5.4 Monte Carlo Simulations

In order to evaluate consistency of the MLEs, simulation experiments were conducted
using the EHL-OBIII-E distribution. The MLEs are computed for each sample by
generationg N=1000 random samples of size n obtaining average bias and Root Mean
Square Error (RMSE) from each sample. The results are presented under table 5.3.
We note that as the sample size n increase the values of average bias and RMSE
decreases which satisfies convergence propoerties of consistent and unbiased estima-

tors.

5.5 Applications

We present applications based on the two real-life data sets to evaluate the efficacy of
the proposed model and measure its performance in comparison to other non-nested

models. The first data set is reported by [23] and relates to the survival times (in
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Table 5.3: Simulation Results for EHL-OBIII-E Distribution; Mean, Average Bias

and RMSE
Parameter n Set I: a=1.4, b=0.6 , a=1.8 , \=2.1 | Set II: a=2.6, b=0.9, a=1.4, \=0.7 | Set III: a=1.8, b=1.3 , =0.8 , \=2.3

Mean | Bias | RMSE Mean | Bias | RMSE Mean | Bias | RMSE

a \ 50 | 4.3848 | 2.9848 0.5194 4.1738 | 1.5738 3.0836 3.7459 | 1.9459 0.3548
100 | 4.2985 | 2.8985 0.3322 3.4377 | 0.8377 2.2148 3.3726 | 1.5726 0.2216

200 | 3.6489 | 2.2489 0.2997 3.1527 | 0.5527 1.8854 2.7388 | 0.9388 0.1970

400 | 3.4375 | 2.0375 0.2510 2.9376 | 0.3376 1.6376 2.4628 | 0.6628 0.1744

800 | 2.3385 | 0.9385 0.2250 2.8365 | 0.2365 0.6049 1.9285 | 0.1285 0.1377

1200 | 1.6028 | 0.2028 0.1488 2.6838 | 0.0838 0.4307 1.8827 | 0.0827 0.1164

1800 | 1.4204 | 0.0204 0.1325 2.6184 | 0.0184 0.2819 1.8327 | 0.0327 0.0895

b \ 50 | 1.7489 | 1.1489 0.4658 1.9264 | 1.0264 0.7609 2.6374 | 1.3374 0.5840
100 | 1.3385 | 0.7385 0.4335 1.7256 | 0.8256 0.6576 2.3787 | 1.0787 0.4755

200 | 1.2538 | 0.6538 0.3983 1.2737 | 0.3737 0.6272 1.8266 | 0.5266 0.4579

400 | 1.1439 | 0.5439 0.3655 1.1828 | 0.2828 0.5864 1.5218 | 0.2218 0.4353

800 | 0.8399 | 0.2399 0.3536 1.1029 | 0.2029 0.5499 1.4375 | 0.1375 0.3847

1200 | 0.7039 | 0.1039 0.2977 0.9938 | 0.0938 0.5116 1.3848 | 0.0848 0.3586

1800 | 0.6298 | 0.0298 0.2723 0.9204 | 0.0204 0.4485 1.3265 | 0.0265 0.2073

a \ 50 | 3.1939 | 1.3939 0.2710 2.1654 | 0.7654 0.4236 1.6267 | 0.8267 0.4197
100 | 2.8399 | 1.0399 0.2481 2.0918 | 0.6918 0.3992 1.4878 | 0.6878 0.3319

200 | 2.8028 | 1.0028 0.2114 1.8928 | 0.4928 0.3795 1.2528 | 0.4528 0.3095

400 | 2.2739 | 0.4739 0.1622 1.7628 | 0.3628 0.3431 1.0266 | 0.2266 0.2652

800 | 2.0177 | 0.2177 0.1496 1.5277 | 0.1277 0.3158 0.9827 | 0.1827 0.2232

1200 | 1.9274 | 0.1274 0.1012 1.4829 | 0.0829 0.2917 0.8928 | 0.0928 0.1876

1800 | 1.8199 | 0.0199 0.0812 1.4593 | 0.0593 0.2508 0.8478 | 0.0478 0.1623

A \ 50 | 3.6488 | 1.5488 0.5090 1.6749 | 0.9749 0.7456 5.3737 | 3.0737 0.4352
100 | 3.5388 | 1.4388 0.4269 1.5784 | 0.8784 0.7172 3.2668 | 0.9668 0.3372

200 | 2.9366 | 0.8366 0.4106 1.5187 | 0.8187 0.6986 2.8266 | 0.5266 0.2883

400 | 2.6313 | 0.5313 0.3990 1.1739 | 0.4739 0.6665 2.6527 | 0.3527 0.2617

800 | 2.2885 | 0.1885 0.3664 0.9277 | 0.2277 0.5775 2.4726 | 0.1726 0.2074

1200 | 2.1938 | 0.0938 0.2909 0.7828 | 0.0828 0.3208 2.3744 | 0.0744 0.1627

1800 | 2.1084 | 0.0084 0.2330 0.7256 | 0.0256 0.2767 2.3018 | 0.0018 0.1108

years) of a group of patients given chemotherapy treatment alone. The data consists
of survival times (in years) for 46 patients and is as follows; 0.047, 0.115, 0.121, 0.132,
0.164, 0.197, 0.203, 0.260, 0.282, 0.296, 0.334, 0.395, 0.458, 0.466, 0.501, 0.507, 0.529,
0.534, 0.540, 0.641, 0.644, 0.696, 0.841, 0.863, 1.099, 1.219, 1.271, 1.326, 1.447, 1.485,
1.553, 1.581, 1.589, 2.178, 2.343, 2.416, 2.444, 2.825, 2.830, 3.578, 3.658, 3.743, 3.978,
4.003, 4.033. The second data set is a real life example presented by [37] also reported
by [83], and consists of 101 data points representing the stress-rupture life of kevlar
49/epoxy strands that are subjected to constant sustained pressure at the 90% stress
level. The data set is as follows; 0.01, 0.01, 0.02, 0.02, 0.02, 0.03, 0.03, 0.04, 0.05,
0.06, 0.07, 0.07, 0.08, 0.09, 0.09, 0.10, 0.10, 0.11, 0.11, 0.12, 0.13, 0.18, 0.19, 0.20,
0.23, 0.24, 0.24, 0.29, 0.34, 0.35, 0.36, 0.38, 0.40, 0.42, 0.43, 0.52, 0.54, 0.56, 0.60,
0.60, 0.63, 0.65, 0.67, 0.68, 0.72, 0.72, 0.72, 0.73, 0.79, 0.79, 0.80, 0.80, 0.83, 0.85,
0.90, 0.92, 0.95, 0.99, 1.00, 1.01, 1.02, 1.03, 1.05, 1.10, 1.10, 1.11, 1.15, 1.18, 1.20,
1.29, 1.31, 1.33, 1.34, 1.40, 1.43, 1.45, 1.50, 1.51, 1.52, 1.53, 1.54, 1.54, 1.55, 1.58,
1.60, 1.63, 1.64, 1.80, 1.80, 1.81, 2.02, 2.05, 2.14, 2.17, 2.33, 3.03, 3.03, 3.34, 4.20,
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4.69, 7.89.

The EHL-OBIII-E distribution is compared to other known non-nested models
namely, the Kumaraswamy Odd Lindley-log logistic (KOLLLoG) distribution by
[35], Weibull-Lomax (WLx) distribution by [104], the Beta Generalized Exponential
(BGE) distribution by [22], the Exponentiated Modified Weibull (EMW) distribution
by [563], the Kumaraswamy Weibull (KW) distribution by [46] and Generalized
Weibull Log-Logistic (GWLLoG) distribution by [47]. To evaluate and measure the
model performances, we used the goodness-of-fit statistics namely, -2 log-likelihood
(—2In(L)), Akaike Information Criterion (AIC), Bayesian Information Criterion
(BIC) and Consistent Akaike Information Criterion (A/CC). We computed results
on the Cramer-von Mises (I1//*) and Anderson-Darling Statistics (A*) proposed by [33],
including the Kolmogorov-Smirnov (K-S) statistic and the associated P-values. Note
that smaller values are preferred for the log-likelihood function at its maximum (¢,,)
and similarly for AIC, AICC, BIC, and the goodness-of-fit statistics W*, A* and K-S,
smaller values are also preferred. The results from two real lifetime data sets are
presented under Tables 5.4 and 5.5. The R software was used to compute estimates
for model parameters and run goodness-of-fit tests. The pdfs of the non-nested

models used for comparisons are;

Kumaraswamy Odd Lindley-log-logistic (KOLLLoG) distribution

A2 cxc! (1+ x°)
f([L‘,(l,b, )‘7 C) ab [(1_,_/\) (1+ZEC)_1 eXp{ 1+$C }}

{1_(>\+(1+x0)—1lexp{_k(1— 1+:1; H
)

X

L4+ A)(1+ )~ 1+ z¢)~

y (1_{1_ A+ (142! X{ ( ((1+a:

1+ N1+ 201 P 1+ 2°)

W

for a,b,\,c > 0and z > 0,

Weibull-Lomax (WLx) distribution
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e = 2 (5] {1- g Gy

for a,b,c,A > 0and x > 0,

Beta Generalized Exponential (BGE) distribution

f(ZE; a, b, a, )\) _ e—A:c(l o e—Am)aa—l{l o (1 o 6—>\x)a}b—1’

for a,b,a, A\ > 0 and = > 0,

Exponentiated Modified Weibull (EMW) distribution

f(CC; O~/767 /\7 9) _ 0(04 + /\Bx)\—l)e—(a:v+ﬂa;>\)(1 . eoc.I-FBa,‘A)G—l’

for o, 5, \,0 > 0 and x > 0,

Kumaraswamy Weibull (KW) distribution

f(z;a,b,c,\) = abeA“z® exp{—(\z)}[1 — exp{—(Az)}]**

x {1 —[1—exp{—(Az)}"}"",

for a,b,c,A>0and z > 0

and
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Generalized Weibull Log-Logistic (GWLLoG) distribution.

om0 2)) o ()]
+

for a, 5,v,a > 0 and = > 0.

The estimates of model parameters for the EHL-OBIII-E distribution and the other
non-nested models (with standard error in parentheses), AIC, AICC, BIC, and the
goodness-of-fit statistics W*, A*, Kolmogorov-Smirnov (K-S) and the associated p-
values are given in Table 5.4. The plots of the fitted densities and observed proba-

bilities are given in Figure 5.5.

Table 5.4: Model estimates for Survival Times Data

Estimates Statistics
Model a b @ A —2log L AIC AICC BIC w* A* K-S p-value
EHL-OBIII-E  0.8594 10.4693 0.1369 1.1934 114.5943 122.5943 123.5943 129.821 0.0694 0.4713 0.1059 0.6541
(0.2946)  (12.0444) (0.1283) (0.5663)
a b A c
KOLLLoG 1.2521 0.1422 5.8092 0.9775 115.8898 123.8898 124.8898 131.1164 0.0735 0.4963 0.1150 0.5521
(0.8038)  (0.0839) (3.1117) (0.1733)
a b « 15
WLx 5.4516 0.9734 1.969 x 103 17.2670 1159419 123.9419 124.9419 131.1685 0.0887 0.5897 0.1114 0.5924
(1.1398)  (0.1136)  (3.8605 x 107%)  (4.4017 x 10~%)
o A a b
BGE 13.8679 0.4085 0.0617 11.0365 115273  123.273  124.273 130.4996 0.1080 0.7146 0.12763 0.421
(14.8578)  (0.2297) (0.0675) (39.0023 )
5 0 A 0
EMW 1.1049 0.7943 17.001 1.0 x 107% 116.1897 124.1897 125.1897 131.4163 0.0785 0.5268 0.1099 0.6094
(0.2196)  (0.1511) (1.8250 x 107'%) (3.1034 x 10~'3)
a b 3 o
KW 0.2060 3.6323 4.4705 0.1451 115.5601 123.5601 124.5601 130.7867 0.0974 0.6443 0.1157 0.5439
(1.2986) (16.9361) (25.1920) (0.4282)
@ B a 0
GWLLoG 31.7894 0.3602 36.5270 2.9245 116.2522 124.2522 125.2522 131.4788 0.0813 0.5437 0.1094 0.6143
(6.6608) (1.2399) (6.1217) (10.0601)
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Figure 5.5: Fitted Density and Probability Plots for Survival Times Data

From Table 5.4 and Figure 5.5 above, we note that the EHL-OBIII-E model performs
better than other non-nested models looking at its smallest values of W*, A*, AIC,
AICC, BIC and the higher p-value for the K-S statistic. The fitted density of the
EHL-OBIII-E distribution also remain closer to the sample histogram and similarly
its fitted probability plot is also closer to the empirical line. Basing on these results,
the EHL-OBIII-E provides a better fit compared to these other known non-nested

models used for comparison.

The model parameter estimates for the EHL-OBIII-E distribution and other non-
nested models (with standard error in parentheses), AIC, AICC, BIC, and the
goodness-of-fit statistics W*, A*, Kolmogorov-Smirnov (K-S) with p-values are pre-
sented under Table 5.5. Plots of the fitted densities and observed probability are

given in Figure 5.6.
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Table 5.5: Model Estimates for Kevlar Epoxy Data

Estimates Statistics
Model a b « —2log L AICC BIC w* A* K —S p-value
EHL-OBIII-E  1.7704 0.7699 0.4634 203.2637 211.6804 221.7242 0.0650 0.5220 0.0648 0.7886
(0.5205) (0.6396) (0.3549)
a b A
KOLLLoG 0.9437 3.1448 0.6028 205.0603 213.477 223.5208 0.1480 0.8781 0.0786 0.5591
(0.4861) (12.7460) (1.5014)
a b «
WLx 0.2506 0.7860 1.3580 205.1976 213.6143 223.6581 0.14402 0.8627 0.0787 0.5587
(0.4172) (0.1803) (0.4580)
« A a
BGE 2.8508 0.5761 0.2831 205.0185 213.4351 223479 0.1414 0.8493 0.0775 0.5781
(3.8184) (0.5246) (0.3695)
¥ 4 A
EMW 0.8663 0.8883 17.8940 205.6399 214.0566 224.1004 0.1786 1.0183 0.0887 0.4045
(0.1098) (0.1201) (2.0310 x 1071)
a b @
KW 1.2800 2.0691 x 107 2.6750 x 101 205.9592 214.3758 224.4197 0.1991 1.1134 0.0911 0.3714
(0.0245) (7.6348 x 107%)  (1.6886 x 10~%)
@ B8 a
GWLLoG 3.1309 0.1734 3.0819 207.0122 215.4289 225.4727 0.2240 1.2327 0.0900 0.3858
(0.3872) (0.0166) (0.1552)
Fitted Densities Probability plots
o _ - o
— i - —
—o-
t
© A —- ©
o 7 l“ o
h
o =z
o | \‘l % ©
> o “. g o
2 A g
@ ) =]
[a) < | \q % =~
o 8 [ o
N I3 — EHL-OBII-E(SS=0.0638 )
\ w — WL(SS=0.1426)
~ | \ o~ EMW(SS=0.1795)
© A\ © — BGE(SS=0.1389)
T —— KOLLOG(SS= 0.1448)
T\EF’ — KW(8S5=0.1970)
g _ T = g — GWLL0oG(SS=0.2131)
T T

Figure 5.6: Fitted Density and Probability Plots for Kevlar Epoxy Data

From the results presented under Table 5.5, the EHL-OBIII-E distribution gives the
smallest values of W*, A*, K-S and higher p-value compared to other competing mod-
els which shows its superiority over the other models. Figure 5.6, also show that the

EHL-OBIII-E distribution provides a better fit to the real life data compared with the

other non-nested models.

5.6 Conclusions

In this chapter, a new generalized family of distributions called exponentiated

half-logistic Odd Burr III-G (EHL-OBIII-G) was developed. The structural properties
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of this new family of distributions have been derived and studied. Some of its special
cases have been discussed and the EHL-OBIII-Exponential distribution is applied
to two real life data examples together with the other known non-nested models
for comparison. Based on the results, the model provides better fits and performs
better than the other non-nested models in fitting real life data. From the simulation
results, the consistency of the model estimators is indicated by bias and RMSE cov-
erging towards zero as the sample size increases. We hope that these new generated
family of distributions will find wider applicability in different disciplines such as
financial modelling, economics, agriculture, engineering, genomics and operations

research, to mention just a few.
Furthermore, another model namely; the Exponentiated Half-Logistic Generalized

Marshall-Olkin-G model was also generated using the exponentiated half-logistic

generator. The development of this work is omitted in this thesis.
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Chapter 6

The Half-Logistic Odd Power
Generalized Weibull-G Family of

Distributions with Applications

Published and Available Online at:
http://cejeme.org/publishedarticles/2022-35-07-637798665004778595-4700.pdf

6.1 Introduction

In this chapter, another new family of distributions namely the Half-logistic odd
Power Generalized Weibull-G (HLOPGW-G) family of distributions is developed. Fur-
thermore, some of the structural properties for this newly generated family of distri-
butions such as the quantile function, hazard function, moments and moment gener-
ating functions, Rényi entropy and order statistics are derived. In addition, to illus-
trate its ability to fit heavy tailed data and its non-monotonic hazard rate functions,
some special cases under these distributions are studied. Finally, the performance of
this family of distributions is assessed via simulation experiments. Real data exam-
ples are given to show the applicability of the proposed models compared to several

other existing baseline models.
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6.2 The Half-Logistic Odd Power Generalized
Weibull-G Model

A new family of distributions, namely, the Half Logistic odd Power Generalized
Weibull-G (HLOPGW-QG) distributions is developed and studied in this section. Con-
sider a random variable X having the cdf given by G(z;¢), where ¢, is a vector of
parameters, then the survival function of X is given by G(z;§) = 1 — G(2;&) with
the pdf defined by g(z;¢) = £ The odd power generalized Weibull-G (OPGW-G)

dx
family has its cdf and pdf defined by
aq B
G .
o il 6.1)
G(z;€)

F(x)lexp{l

and

x (G(w:6)" " (Glw; €))Mg(a;0), (6.2)

respectively for o, 8 > 0 and § as vector of parameters from the baseline distribution,
(see [75]). We combine and extend the results by [41] (see equations (1.10) and (1.11))
and equations (6.1) and (6.2), to derive the HLOPGW-G family of distributions with
cdf and pdf given by

(6.3)

1 —exp {1 — [1 + (ggg
G

Plaa,B,€) = —
1+ exp {1 — [1 + (é(zfg)

127



and

flria,8,§) = 2af

G(Jf,é) 1" . a—1
”(m;@) }(G(J”@)

oo\ 7\
H(%@)] }) st 68

respectively, for o, 3 > 0 and parameter vector {. Note that by fixing some of the

X

(Gla:0) " (1 T oxp {1 -

parameters, we obtain new sub-families of the HLOPGW-G family of distributions
given by Table 6.1 below.

Table 6.1: New Sub-families of HLOPGW-G family of Distributions

Distribution a f
Half-Logistic Odd Weibull-G (HLOW-G) -1
Half-Logistic Odd Nadarajah Haghighi-G (HLONH-G) 1 -
Half-Logistic Odd Exponential-G (HLOE-G) 1 1
Half-Logistic Odd Rayleigh-G (HLOR-G) 2 1

6.2.1 The Hazard Rate and Quantile functions

This subsection presents the hazard rate function (hrf) and quantile function (qf)
for the HLOPGW-G family of distributions. The hrf for the HLOPGW-G family of

distributions is given by

s [1+ (528) T (6 0) tsg

G0 (1 + exp {1 - [1 + (iiiii)ar}) |

for o, 3 > 0 and parameter vector {. The qf is derived by inverting the cdf given by

h(z; o, B,€) =

equation (6.3). We invert the function

_ _ G(z;¢)
1 exp{l [1—1—( o)

G
1+exp {1 — [1 + (G(xfé)
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for 0 < u < 1, which simplifies to

1u(1—|—u)exp{1

and can be written as

([1 +In(1 +u) — In(1 — u)]"/? — 1) ’ = (G(m,§)> :

which simplifies to

G(z;€) = ([(1 +In(1 4 u) — In(1 —u))]¥/? - 1]%1 + 1) :

The quantiles of the HLOPGW-G family of distributions may be determined by solving

the equation

r(u) =G™! [ ([(1 +1In(1 4+ u) — In(1 —w))]"/? — 1] o + 1)_1] : (6.5)

using iterative methods.

6.2.2 Expansion of the Density Function

Series expansion of the HLOPGW-G family of distributions is presented under this
subsection. By applying equation (6.4) and using series representation (1 — z)™? =

>0 na" 1, for |z| < 1, we obtain

G(ﬂ@ 1 72_ S n—1
<1+exp{1 1+<@(3¢;§))] }) —;(—1) n{exp{l
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so that

flwia,8,6) = 208) (=)™
n=1

o0 $

Applying the exponential series expansion e” = )~ | *; and the binomial expansion

(z+y)" =2 o (")z™y"™™, n > 0, an integer or |z/y| < 1, we can write
GO\ T\ e, [, (G0
exp{n<1 1+<@(9€,§)>])} B Z;Q{ ( §>] ]
e[ (@5 ]
q,k’=0 §

so that

n=1 q,k=0

= nit! k+n 1
flzia,8,8) = MZ ()
7;6))

x (G(:€)" ((

Considering the generalized binomial expansion, we get

1+< (; §)> ] s (ﬁ(k:+1)—1> (G(x;@)am
G(x §) m=0 m @(l’»@ 7
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for f(k + 1) > 1, such that

flzio,8,8) = 2@62 Z ( Ak +1) _1)”;“ (Z)(_l)k+n1

n=1 q,k,m=0

x (G ) ™Gl )T g ().

Now applying the series expansion

g e =3 (T e,

we have

fazang = 23 S (el DE ) (DY

n=1 q,k,m,l=0

‘ n;!“ (Z) (=) (Gl )T g3 9),

We can therefore write the series expansion of equation (6.4) as
flw;o,8,6) = Y vpgp(;8), (6.6)
p=0

where

v, — 20‘52 Z < m+1)+1)>(6(k+ﬂ;)—1)

n=1 q,k,m=0
y natl q (_1)l+k+n—1 ©.7)
¢ \k)p+alm+1) '

and g,(z; &) = pg(x; §)[G(x; §)]P~" is an Exp-G with power parameter p. The HLOPGW-
G distribution is an infinite linear combination of Exp-G densities and the mathe-
matical properties of the HLOPGW-G family of distributions can be readily obtained
directly from the Exp-G family of distributions.
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6.3 Some Special Cases

This section presents some special cases of the HLOPGW-G family of distributions.
The baseline distributions considered are restricted to at most two parameter models

to avoid the problem of over-parametrization.

6.3.1 Half-Logistic Odd Power Generalized Weibull-Uniform
(HLOPGW-U) Distribution

Let the uniform distribution be the baseline distribution with pdf and cdf given by
g(x) = 1/X and G(z;\) = z/\, respectively, for 0 < 2 < A\. We obtain the cdf, pdf and
hrf of the HLOPGW-U distribution which are given by

(6.8)

tono = 5[ ()] o () )60

X
—~
—_
|
> 8
N
|
0
+
=
VR
—_
+
0]
i
o}
—
—_
|
| — |
-y
+
VR
>~
|18
S
~
5
®
—
~_
b
~~
o
)
N

and

o3[+ ()T (@)

A1=9)" (1ren {1- 1+ (2)7})

h(z;a, B, \) =

respectively for o, 3, A > 0. The pdf and hrf plots for the HLOPGW-U distribution are

given in figure 6.1 below.
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Figure 6.1: Plots of the pdf and hrf for the HLOPGW-U Distribution

Figure 6.1 above demonstrate the flexible nature of the HLOPGW-U distribution for
some parameter values. The pdfs of the HLOPGW-U distribution can take various
shapes that include reverse-J, uni-modal, left or right skewed shapes. Furthermore,
the HLOPGW-U distribution exhibit decreasing, increasing, upside down bathtub,
bathtub followed by upside down bathtub shapes for the hrf.

The corresponding quantile function (qf) for the half logistic odd power generalized
Weibull-Uniform (HLOPGW-U) distribution is derived by inverting the cdf given by

equation 6.8 as follows;

F(x;o,8,\) =

t—exp {1- 1+ (%)}
{1-[1+ (=)}

14 exp

for 0 < u < 1, which implies

1—u:(1—|—u)exp{1— [H(Aix)ar}’

and we can write

1—u €T b
() - {1- [ () T}
such that
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o500 62)T)

Consequently, after some few algebra, we can write the quantile function for

HLOPGW-U distribution as

2(u) = A (({1ln<i+z>]él>i)l+1 _1,

and may be determined using iterative methods. The quantile values for the

HLOPGW-U distribution are given in Table 6.2.

Table 6.2: Table of Quantiles for Selected Parameters of the HLOPGW-U

Distribution
u | (0.4,0.6,1.0) (0.5,0.6,1.0) (0.2,0.8,1.0) (0.5,0.5,1.0) (0.9,0.6,1.0)
0.1 0.0704 0.1126 0.0010 0.1632 0.2411
0.2 0.3374 0.3682 0.0402 0.4875 0.4256
0.3 0.6276 0.6029 0.2780 0.7244 0.5577
0.4 0.8089 0.7603 0.6713 0.8533 0.6550
0.5 0.9029 0.8561 3.8921 0.9205 0.7292
0.6 0.9505 0.9140 0.9670 0.9565 0.7881
0.7 0.9752 0.9497 0.9902 0.9767 0.8365
0.8 0.9884 0.9724 0.9973 0.9883 0.8786
0.9 0.9957 0.9873 0.9994 0.9953 0.9185

6.3.2 Half-Logistic Odd Power Generalized Weibull-Lomax
(HLOPGW-Lx) Distribution

Consider the Lomax distribution as the baseline distribution having shape param-
eters a > 0,b > 0 having cdf and pdf G(z) = [1 + £]7* and g(z) = ($)[1 + (£)],
respectively. The cdf, pdf and hrf of the HLOPGW-Lx distribution are given by
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(6.10)

and

respectively for «, 5,a,b > 0. The pdf and hrf plots for the HLOPGW-Lx distribution

are given in Figure 6.2 below.
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The above Figure 6.2 illustrates the flexible nature of the HLOPGW-Lx distribution
for some parameter values. The pdfs of the HLOPGW-Lx distribution can take
various shapes that include reverse-J, uni-modal, left or right skewed shapes.

Furthermore, the HLOPGW-Lx distribution exhibit reverse-J, decreasing, increasing,

Hazard
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bathtub and upside down bathtub shapes for the hazard rate function.

Similarly, we derive the quantile function for the HLOPGW-Lx distribution by invert-

ing equation 6.10 as follows;

F(z;a,,a,b)

for 0 <u <1and

1—u=(14mu)exp

such that

endi [ (lfl(jjgg)ja)a-
! 1+expql— 1+<1_(1(:+<l(73;)_)a

1—
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Furthermore, we can write

1

= ([1 +In(1 +u) —In(1 —u)]% - 1) )

—~
—_

—~

Sl

~

IR e
|

IS

Q=

that is to say

Q=

(1+ (5)) = (1+ (1 +w) (L —w)? —1) " +1

Finally, the quantile values for the HLOPGW-Lx distribution are obtained by solving

the equation

2(u) = b <(([1+1n(1+u) ~In(1— w)]F — 1)‘1‘ + 1)“ - 1) ,

using iterative methods.

6.3.3 Half-Logistic Odd Power Generalized Weibull-Beta
(HLOPGW-B) Distribution

Let the Beta distribution be the baseline distribution having shape parameters
a,b > 0 having the cdf and pdf G(z) = L(a,b) = 5gy [yt '(1 — 1)"'dt and
g(x) = B(}l’b) 2271 (1—2)b"1, for 0 < 2 < 1, respectively. The cdf, pdf and hrf of HLOPGW-

B distribution are given by

F(z;a,B,a,b) = | , (6.11)
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a B-1
203 (L, (a, b)]* [H (;gg;f;}b) } 291 (1 — z)b1

=

f(.T;O[,/B,CL,b) = a- B 2
B(a,b) (1 + exp {1 — {1 + 1{”(:(5)5,)) } })
L(a.b) \*7’ (o
X exp{l— {1+ (%) ] }(I—Im(a,b)) (a+1)
and
aq pf-1
af [L(a, b)) {1 + <—1E;<j(f}b)> } 21— z)b !
h(z;a, 5,a,b) =

T ) )

respectively for «, 3,a,b > 0. The pdf and hrf plots for the HLOPGW-B distribution

are given in Figure 6.3 below.

Density
Hazard

00 05 10 15 20 25 30
00 05 10 15 20 25 30

o _
o

02 04 0.6 038 1.0

o
o

0.2 04 0.6 0.8 1.0

Figure 6.3: Plots of the pdf and hrf for the HLOPGW-B Distribution

Figure 6.3 above presents good illustration on the flexibility of the HLOPGW-B
distribution for selected parameter values. The pdfs of the HLOPGW-B distribution
exhibits various shapes that include reverse-J, uni-modal, left or right skewed
shapes. The shapes of HLOPGW-B hrf are decreasing, reverse-J, bathtub, bathtub
followed by upside down bathtub shape.
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The quantile function for the HLOPGW-B distribution is derived by inverting equa-
tion 6.11, such that

F(z;a,6,a,b) = u, 0<u<l,

and therefore we can write

e Ty}

such that

Q=

% — ([1+ln(1+u)—1n(1—u)]%—1) ,

which simplifies to

I.(a,b) = (([1 +In(14+u) —In(1 — u)]% — 1)_(i + 1) h :

r(u) = Q! (a,b (([1 +In(l +u) —In(l — u)]% — 1>; + 1)_1> ,

which can be solved using iterative methods.
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6.4 Mathematical and Statistical Properties

In this section, some of the statistical properties of the HLOPGW-G family of distri-
butions, namely; order statistics, entropy, moments, incomplete moments, probability

weighted moments (PWMs) and generating functions are derived.

6.4.1 Distribution of Order Statistics

The use of order statistics is critical in the study of probability and statistical infer-
ence. It has wider applications in various studies namely; hypothesis testing, theory
of estimation, reliability, and statistical quality control. The pdf of the i*" order statis-

tics can be obtained using equation (6.12),

) A
fm@)_B(i,n—inLl) Ao( j )F<x>]+ E (6.12)

<

where B(.,.) is the beta function. Substituting equations (6.3) and (6.4) into equation
(6.12), and applying the generalized binomial series expansion used under the density
expansion, we can write the pdf of the i** order statistic from the HLOPGW-G family

of distributions as

fim(z) = B(WQOiﬂiH) (nj—z> i (—(a(q:;l)jtl))(_l)w

y (B(k: +1)— 1) (m+n 77%1—7TI'Z));(’q:ﬂl:)(’lJr” (2)) (j +i— 1) <—(j +i+ 1))
q p: n m
X (G(z;€)" T g6

= D U Gug(:8), (6.13)

w,q=0

after some algebra, where g, ,(z; &) = (w+a(g+1))g(z; §)[G(z; )]V~ is an Exp-G

distribution with power parameter w + a(¢ + 1) and

o= g ) X CM)0)

i i e T ]
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Finally, the pdf of the i'* order statistics from the HLOPGW-G family of distributions

can be expressed as an infinite linear combination of Exp-G densities.

6.4.2 Entropy

An entropy is a measure of variation for uncertainty on a random variable X with the
probability distribution f(x). There are two common types of entropy, namely, Rényi
entropy [89] and Shannon entropy [94]. Shannon entropy is a special case of Rényi
entropy. In this paper, we derive the Rényi entropy (/z(v)) of the HLOPGW-G family

of distributions as follows

Ir(v) = (1 —v)tlog [/ f”(x)dw} 0 #1v>0. (6.14)
0
Using equation (6.4), f”(x), can be written as

aq v(B-1) a1 B8
G(x;§) Y G(x;§)
Lt (m;g)) ] p{ (l [” <§(x;§>> ] )}

fre) = (2ap)"

X
—~
S
ks
|y
S~—
N—
s
o
+
N
 ~
—_
+
o)
S
o)
——
—_
|

Applying the generalized binomial expansion, used under sub-section 6.2.2, the Rényi

entropy for the HLOPGW-G family of distributions can be written as
Ir(v) = (1 —v) tlog [Z wmeU-V”REG] £ 1> 0, (6.15)
m=0
after some mathematical simplifications, where

o B ()

j7i7k7p7S:0

<v(a —D+az+ m) <p> (—1)r (S ), (6.16)

P 5 v
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and Irpe = (1—v)tog [~ [(£ 4+ 1) g(x; §)[G(x;€)]7]” dz is Rényi entropy of Exp-G dis-
tribution with parameter * + 1. Lastly, the Rényi entropy of the HLOPGW-G family
of distributions can be obtained directly from Rényi entropy of Exp-G distribution.

6.4.3 Moments

The 7" ordinary moment can be derived using equation (6.6) as follows:

[e.9]

=> n,E(Y,), (6.17)
p=0
where Y, follows an Exp-G distribution with power parameter p and v, is given in

equation (6.7). The s central moment of X is given by

“s:i:C)( py)* T E(XT) ZZ%() )T E(Y).

r=0 r=0 p=0

The cumulants of X follow recursively from

s—1
s—1
ke = . — kel
T8 Dl (M [
where ky = ), ke = puhy — p?, ks = phy — 3ubpy + pf, ete. Ordinary moments may
also be used to calculate the measures of dispersion, namely, variance, skewness and

kurtosis.

The 7" incomplete moment of X is given by

or(z) = /z z" f(z)dx = va /Z z" gp(; §)d. (6.18)
—0o0 p=0 —00

The incomplete moment is very useful and can be used to estimate some important
quantities such as Lorenz and Bonferroni curves. These quantities have a wide
application in demography, economics, insurance, medicine and reliability. Mathe-
matically, the Lorenz and Bonferroni curves for a given probability p are given by

L(p) = ¢1(q)/py and B(p) = ¢1(q)/(pwy), respectively, where ) is given by equation

142



(6.17), with r = 1 and ¢ = Q(p) is the quantile function of X at p. The incomplete

moment (equation (6.18)) can be expressed as

0r(2) = 3 v,y (), (6.19)

p=0
where H,(z) = [*_ 2"g,(x; §)dx is the ' incomplete moment of the Exp-G distribution.
We present the first five moments with the standard deviation (SD or o), coefficient

of variation (CV), coefficient of skewness (CS) and coefficient of kurtosis (CK) for the
HLOPGW-U distribution for some parameter values (see Table 6.3, for details).

Table 6.3: Moments of the HLOPGW-U distribution for some parameter values

(0.5,0.7,1.2) (0.6,0.5,1.1) (0.2,0.9,1.1) (0.4,0.8,1.4) (0.8,0.7,1.5)
E(X) 0.2897 0.3378 0.1941 0.1932 0.2698
E(X?) 0.2125 0.2651 0.1401 0.1314 0.1963
E(X3) 0.1715 0.2233 0.1137 0.1015 0.1560
E(X*%) 0.1451 0.1948 0.0971 0.0834 0.1301
E(X?) 0.1263 0.1738 0.0853 0.0710 0.1118
SD 0.3585 0.3886 0.3200 0.3067 0.3514
Ccv 1.2372 1.1501 1.6486 1.5873 1.3021
CS 0.7689 0.5396 1.4263 1.3791 0.8385
CK 1.9504 1.5610 3.4527 3.4072 2.0670

6.4.4 Probability Weighted Moments

Probability Weighted Moments (PWMs) are very useful in estimating parameters of
distributions which are not in closed form. The (j,7)th PWM, say 7, of X~ HLOPGW-
G (o, B;§) distribution is defined by

o0

ma = BOOF(X)) = [ a9 f(@)F(a)'do.

—00
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Using equation (6.13), we can write

FFE = 23y Y (—(a(q;1)+1))(_1>w(ﬁ(k+1)—1)

m=0 n= Opkqw 0 q

()

% (G($;£))w+a qt+1)— é

which simplifies to

f Zh;q‘ng‘rf

w,q=0

where
g = ZaBii i <_(O‘(Q+1)+1)><_1)w<5(k’+1)—1)

=0 n=0 py=0 q
)G

y (m+n+ 1)P(=1)kn (p
k
7;§)

p!
% (G(x;§))w+a(q+1)fl g(

and g,(7;§) = (w + alg + 1))g(z; §)[G(z; §)* @ D=1 is an Exp-G distribution with
power parameter w + «(q + 1). The PWM is therefore given by

Nji = Zh / ¥ G (@ ) da

qu

= Z hy, JE(T!

w,q=0

where T3, is j'* power of an Exp-G distributed random variable having power param-

eter w4+ a(q +1).
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6.4.5 Moment Generating Functions

The moment generating function (mgf) of HLOPGW-G family of distributions is given
by

My (t) = E(e'™) = iva t

where M, (t) is the mgf of Exp-G with power parameter p. The mgf of HLOPGW-G
family of distributions can be derived directly from that of the Exp-G distribution.

6.5 Maximum Likelihood Estimation

Let X; ~ HLOPGW — G(a, 3;€), for i = 1,..n, with parameter vector A = («, 3;¢)".

The log-likelihood for ¢ = ¢/(A) from a random sample of size n is given by

(3t

(xu@
+ (a—1 Zln (5;6)) — (a+1) Zln (75;€ +Zln g(xi; €

Ca% (Hexp{llu(gg;g)] })

The elements of the score vector are given in appendix I1.9. These functions are not in

closed form and can only be solved using iterative methods from applicable softwares.
The maximum likelihood estimates of the parameters, denoted by A is obtained by
solving the nonlinear equation (2%, g—é, %)T = 0, using a numerical method such as
Newton-Raphson procedure. To obtainiconﬁdence intervals for model parameters
(o, B,€), and test hypothesis concerning these parameters, the observed information

matrix is required and is given by
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920(A)
ords

asymptotically normal distributed, (see, [57]), that is A ~ N3(0,I71(A)) as n — oo,

where J,, = —

for r,s = «,3,{. Under the usual regularity conditions, A is

where /(A) is the expected information matrix. The asymptotic behavior remains

valid if I(A) is replaced by J(A), the observed information matrix evaluated at A.

6.6 Monte-Carlo Simulations

In this section, a Monte-Carlo simulation study is conducted using the R package
to evaluate and examine consistency of the maximum likelihood estimators. We
replicate N=1000 times for sample size n=35, 50, 100, 200, 400, 800 and 1000 from
the HLOPGW-U distribution. The simulation results are given under Table 6.4.
From these results, we deduce that as the sample size increases, the mean estimates
of the parameters tends to be closer to the true parameter values, since RMSEs and

average bias converges towards zero in all instances.

6.7 Applications

The HLOPGW-U model is applied to two real data examples to show the applicability
of the proposed distribution when compared to other known non-nested distributions.
The best performing model is examined using the goodness-of-fit statistics, namely,
-2loglikelihood (-2 log L), Akaike Information Criterion (AIC), Consistent Akaike
Information Criterion (AICC), Bayesian Information Criterion (BIC), Cramer von
Mises (IW*) and Andersen-Darling (A*) as given under [32]. The model that gives

smaller values of these statistics is deemed to have the best fit.

The R software is used to estimate model parameters through the nlm func-
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Table 6.4: Simulation Results for HLOPGW-U distribution; Mean, Average Bias and
RMSE

Parameter | n | SetL: a=L5, 3=2.3, \=0.4 | SetII: a=2.4, 5=2.2, A=1.0 | Set ILI: a=1.0, 5=0.6, \=0.2
Mean Bias RMSE Mean Bias RMSE Mean Bias RMSE
a 35 | 1.87951 0.37951 0.02292 | 3.25398 0.85398 0.13859 | 1.25608 0.25608 0.06165

50 1.81423 0.31423 0.01466 | 2.88445 0.48445 0.09954 | 1.20708 0.20708 0.05434
100 | 1.78820 0.28820 0.01322 | 2.82462 0.42462 0.08474 | 1.16660 0.16660 0.03770
200 | 1.70913 0.20913 0.01107 | 2.70839 0.30839 0.07360 | 1.14674 0.14674 0.03230
400 | 1.65626 0.15626 0.00993 | 2.58788 0.18788 0.02719 | 1.13883 0.13883 0.02596
800 | 1.55146 0.05146 0.00657 | 2.50097 0.10097 0.01936 | 1.07845 0.07845 0.02160
1000 | 1.52254 0.02254 0.00585 | 2.46558 0.06558 0.01267 | 1.03982 0.03982 0.01960
] 35 |3.13086 0.83086 0.02740 | 3.25206 1.05206 0.04275 | 0.96949 0.36949 0.05887

50 | 2.80014 0.50014 0.02550 | 3.03913 0.83913 0.03694 | 0.95911 0.35911 0.05629
100 | 2.67201 0.37201 0.02343 | 2.88386 0.68386 0.03524 | 0.92805 0.32805 0.05271
200 | 2.60188 0.30188 0.02150 | 2.62187 0.42187 0.03294 | 0.89822 0.29822 0.04222
400 | 2.57350 0.27350 0.02080 | 2.43844 0.23844 0.03089 | 0.81605 0.21605 0.03924
800 | 2.45784 0.15784 0.01751 | 2.36367 0.16367 0.02874 | 0.64635 0.04635 0.03639
1000 | 2.32463 0.02463 0.01602 | 2.29299 0.09299 0.02519 | 0.64455 0.04455 0.01638
A 35 | 0.65602 0.25602 0.02391 | 1.65237 0.65237 0.00428 | 0.42520 0.22520 0.01435

50 | 0.57980 0.17980 0.02189 | 1.38159 0.38159 0.00404 | 0.40158 0.20158 0.01040
100 | 0.56430 0.16430 0.01866 | 1.33753 0.33753 0.00384 | 0.37555 0.17555 0.00956
200 | 0.52100 0.12100 0.01431 | 1.12633 0.12633 0.00347 | 0.35466 0.15466 0.00795
400 | 0.50120 0.10120 0.01320 | 1.08837 0.08837 0.00319 | 0.34575 0.14575 0.00715
800 | 0.47581 0.07581 0.00893 | 1.07426 0.07426 0.00295 | 0.31678 0.11678 0.00632
1000 | 0.46915 0.06915 0.00716 | 1.07045 0.07045 0.00254 | 0.29994 0.09994 0.00326

tion. The results for these Model parameter estimates together with their standard
errors (in parenthesis) and the goodness-of-fit-statistics are given under Tables 6.5
and 6.6. The fitted densities and observed probability plot (see [31]) that demonstrate
how best these model fits the observed data sets are shown in Figures 6.4 and 6.5.

The HLOPGW-U distribution was compared to other competing three parameter non-
nested models, namely the Marshall-Olkin Log-logistc (MO-LLoG) distribution by
[106], exponentiated-Fréchet (EFr) distribution by [77], Marshall-Olkin extended in-
verse Weibull (IWMO) by [87], Marshall-Olkin extended Fréchet (MOEFr) by [21],
exponentiated Weibull (EW) by [88] and Exponentiated Half-Logistic Exponential
(EHLE) by [2]. The pdfs of these models are as follows;

a)\H_’\a:_A_le_(em)_A
[a — (o — 1)e(#2) ]2’

fIWMo (:E; a, 0)‘) -

for o, 0, A > 0,

fEF'r (ZIJ; Q, )‘7 5) - Oé)\(S)\ [1 B e_(a/w)/\] " I_(l‘*')‘)e_()\"‘l)((s/x)/\;
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for a, \,6 > 0,
a)\(s)\xf(/\Jrl)ef(é/x)A

11— a(l —e G/

f]WOEFr (ZL‘; a, A, 6) -

for a, A\, 6 > 0,
Fow (:0,8,6) = for? e~ (1 — e},
for o, 3,0 > 0,
o’ By’
fMo—LLoG (:L"; a, 6’ 7) - mv
for o, 3,7 >0
and

2a aexp (—aAz)(1 — exp —az)*!

(14 exp (—ax))et! ’

fEHLE(:E; A @, CL) =

for A\, a,a > 0.

6.7.1 Half-Way House (Failure times in days (49 Cases) Data

The first dataset presents failure times in days (49 cases) for half-way house parolees
in the District of Columbia and it was first studied by [101]. The dataset is given by;
13, 16, 20, 22, 22, 25, 32, 45, 49, 59, 64, 70, 88, 8, 89, 93, 95, 10, 112, 116, 122, 147,
150, 151, 177, 179, 190, 204, 207, 221, 233, 240, 245, 247, 264, 267, 272, 283, 291,
301, 307, 320, 337, 343, 352, 362, 367, 396, 421.
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Table 6.5: The Models parameter estimates and goodness-of-fit statistics for

half-way house data

Estimates Statistics
Model @ B A —2log L AIC AICC  BIC w A* K-S p-value
HLOPGW-U 0.6323 1.4380 0.1825 590.94 596.94 597.48 602.62 0.0338 0.2684 0.0703 0.97
(0.1124) (0.2898) (0.0553)
OPGW-U 1.0465 40.4810 1.01x10* 594.48 600.48 601.01 606.15 0.0755 0.5129 0.0932 0.79
(0.1296) (18.2100) (0.0081)
Weibull - 0.0011 1.3056 600.53 604.53 604.79 608.32 0.1455 0.9488 0.1169 0.52
- (0.0009) (0.1576)
« ﬂ 0
EW 1.2358 0.2499 37.5554 619.64 625.64 626.17 631.31 0.3787 2.2668 0.1706 0.12
(0.7570) (0.0760) (19.7592)
«a B 5y
MO-LLoG 18.7236 1.6231 24.6109 614.51 620.51 621.04 626.18 0.3040 1.8809 0.1360 0.33
(4.5697) (0.1940) (2.1419)
@ 0 A
EFr 5.8717 6.8262 0.0599 673.89 679.89 680.42 685.56 0.6275 3.5043 0.3072 1.93 x103
(7.7003) (1.0339) (0.1813)
MOEFr 116.2064 6.8742 1.6021 614.31 620.31 620.84 625.99 16.6901 96.7639 0.9928 < 2.2x107!6
(9.8739) (5.6548) (0.2030)
« A 0
IWMO 1.16x10? 1.6021 0.1455 614.30 620.30 620.83 625.98 0.3129 1.9192 0.1375 0.31
(2.71x107%)  (0.1818)  (5.52x1072?)
A @ a
EHLE 3.0255 2.68x107° 1.0677 600.30 606.30 606.83 611.97 0.1396 0.9148 0.1098 0.60
(3.32x1077) (3.82x107%)  (0.1907)
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Figure 6.4: Fitted pdfs and observed probability plots for half-way house data

Note that the HLOPGW-U distribution gives a better fit to the half-way house data

set compared to other non-nested models considered in the comparison. In addition,

from the fitted density plots (see Figure 6.4), we confirm that the proposed model fits

the heavy-tailed data well.
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6.7.2 Leukemia Data

The second data set relates to lifetimes in days of fourty three (43) blood patients
who had leukemia and was first collected from one hospital in Saudi Arabia and
reported by [3]. The data is as follows; 115, 181, 255, 418, 441, 461, 516, 739, 743,
789, 807, 865, 924 ,983 ,1025, 1062, 1063 ,1165, 1191, 1222 ;1222 1251, 1277, 1290,
1357, 1369, 1408, 1455, 1478, 1519, 1578, 1578, 1599, 1603, 1605, 1696, 1735, 1799,
1815, 1852, 1899, 1925, 1965.

Table 6.6: The Model parameter estimates and goodness of fit statistics for leukemia

data
Estimates Statistics
Model « JE] A —2log L AIC AICC  BIC w* A* K-S p-value
HLOPGW-U 1.0049 0.8746 0.2267 648.17 654.17 654.79 659.46 0.0199 0.1471 0.0650 0.99
(0.2293) (0.2289) (0.0493)
OPGW-U 1.8505 20.8620 1.003x10* 651.10 657.10 657.72 662.39 0.0341 0.2557 0.0776 0.95
(0.2370) (7.8754) (0.0041)
Weibull - 1.65x107" 2.1767 660.28 664.28 664.59 667.80 0.1482 0.9563 0.1456 0.32
- (1.23x107%  (0.9613)
o B )
EW 0.0667 0.5572 15.5090 685.74 691.74 692.36 697.03 0.4393 2.5642 0.1978 0.07
(0.0287) (0.1595) (11.3452)
a B ol
MO-LLoG 202.9888 3.1368 228.1210 673.59 679.59 680.21 684.88 0.3152 1.8977 0.1557 0.25
(47.3798) (0.4129) (13.4405)
@ 0 A
EFr 1.8668 167.4499 0.2905 758.63 764.63 765.25 769.92 0.7989 4.4088 0.3942 3.14 x1076
(0.5507) (45.1699) (0.1253)
MOEFr 1.46x10* 53.8340 3.1362 673.59 679.59 680.21 684.88 13.5791 84.0707 0.9992 < 2.200 x107'6
(0.0277) (22.5960) (0.0411)
«@ A [%
IWMO 1.52x10% 3.1362 0.0019 673.59 679.59 680.21 684.88 0.3158 1.9008 0.1557 0.25
(2.77x107%)  (0.0412)  (7.93x107?)
A @ a
EHLE 1.1326 1.39x1073 2.6078 667.43 673.43 674.05 678.72 0.2459 1.5160 0.1494 0.29

(4.11x1077) (1.72x10~%)  (0.0583)

Furthermore, from the results shown in Table 6.6 that the HLOPGW-U distribution
fit the leukemia data set better than other non-nested models. The HLOPGW-U dis-
tribution gives smaller values of the goodness-of-fit statistics that is A*, W* and SS.
Furthermore, according to the fitted density plots (see Figure 6.5), we note that the
HLOPGW-U model fit the relief times data better than the selected non-nested.

6.8 Conclusions

A new family of generalized distribution namely the Half Logistic odd Power Gen-
eralized Wiebull-G (HLOPGW-G) family of distributions. The new distribution is a
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Figure 6.5: Fitted pdfs and probability plots for leukemia data

linear combination of the exponentiated-G distribution. The maximum likelihood
estimation technique is used to estimate the model parameters. We applied the
HLOPGW-U to two data sets that are heavily-skewed. Our new proposed model
performs better than the selected equal-parameter non-nested models. Lastly, we
expect that the new family of generalized distributions will find wider applicability
in various disciplines such as finance, economics, engineering, reliablity and survival

analysis just to mention a few.

In addition, another new family of distributions belonging to the same family of dis-
tribution with the above model namely; the Half-Logistic Odd Power Generalized
Weibull-G Power Series family, was also generated. The details on the development

of this new class of distributions are also omitted in this thesis.
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Chapter 7

Conclusions and Suggestions For

Further Studies

7.1 Conclusions

In this work, we introduced and studied in detail new generalized families of dis-
tributions, namely, the Weibull Odd Burr III-G (WOBIII-G), Risti¢-Balakhrishnan
Odd Burr III-G (RBOBIII-G), Risti¢-Balakhrishnan Marshall-Olkin-G (RBMO-G),
Exponentiated Half-logistc Odd Burr III-G (EHL-OBIII-G) and the Half-Logistic Odd
Power Generalized Weibull-G (HLOPGW-G) families of distributions. We extensively
derived some of the mathematical and statistical properties for these distributions
and further shown that these new family of distributions can be expressed as linear
combination of the Exp-G distribution. The proposed distributions can model heavily
tailed and skewed data. These distributions exhibit monotonic and non monotonic
hazard rate functions. We conducted some simulation experiments to evaluate the
effectiveness and accuracy of the maximum likelihood estimates. In addition, the
usefulness and practicability of some of the special cases for these generalized mod-
els was demonstrated via applications to some real data sets and their performances
were compared to some of the existing equal-parameter models. In conclusion, we
have evidently demonstrated the usefulness of these newly proposed models by show-
ing their better fits to real life datasets compared to other models considered in this

study. Finally, we are optimistic that the proposed models will find wider applicability
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in various fields such as actuarial science, economics, engineering, survival analysis

and reliability, just to mention these few.

7.2 Suggestions for Reading and Further Studies

¢ Develop multivariate generalizations of these new models and stochastic depen-

dence order via the parameters of the models.
* Consider different parameter estimation techniques on the proposed models.

* Relate the newly developed models in the context of whether they are among

the extreme types such as exponential type, Cauchy type or the limited type.
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Appendix

Some Useful Expansions

A.1 Series Expansion of W-OBIII-G Density Function
The WOBIII-G pdf can be written as:
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Also, by applying the generalized binomial series expansion
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the pdf then reduces to
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Using the generalized binomial series expansion
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where g,,11(z; ) =

w=0

(w+1) (Gz:9)" gla; ¢

) is the exponentiated-G (Exp-G) distribu-
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tion with power parameter w + 1 and
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B.2 PWMs Series Expansion for W-OBIII-G Distribution

Consider the series expansion given by
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Applying the generalized series expansion
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where g,41(2; ) = (w+ 1) (G(z;9))" g(z; o) is the exponentiated-G (Exp-G) distribu-
tion with power parameter w + 1 and
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C.3 Distribution of Order Statistics Expansion for W-OBIII-G
Distribution

Using equations (2.1) and (2.2) we write
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Applying the series expansion
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where b, and g,,.1(z; ) are as defined in equation (2.11).

D.4 Entropy Series Expansion for W-OBIII-G Distribution

Using the series expansion
—a(v+i)—v - —a(v+i)—v - —CL v+ ) —p
(G(x; ) = (1 -G = Z ) G’ (5 ),
p=

then the Rényi entropy for the W-OBIII-G family of distributions can be written as
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Rényi entropy of Exp-G distribution with power parameter * + 1, and
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E.5 Elements of Score Vector for W-OBIII-G Distribution

The elements of a score vector, U(A) are given by
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F.6 Elements of Score Vector for RBOBIII-G Distribution

The elements of the score vector U(®) for RBOBIII-G family of distributions are given
by
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G.7 Elements of Score Vector for RBMO-G Distribution

The elements of a score vector U = (4, 55, 5;-) are given by
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respectively.
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H.8 Elements of Score Vector for EHL-OBIII-G Distribution

The elements of the score vector, U(A) are given by
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1.9 Elements of Score Vector for HLOPGW-G Distribution

The elements of score vector U = (55, 55, &) are given by:

o n <§(ﬂf §))°‘1n (E(mié))
fa = AtV (G(mi;gfﬁiif
= G(zi;€)
() () [+ (520)
T (&Y
+ In (G(z;€)) = > In (Gla;€))
=1 i=1
s 0 (G () [+ (529) ] e {1 1 (822)T)




APPENDIX 175

or n ~
% - B‘FZIH

and
a—1 _
G(xi;€) 0G (2458) -~ - 9G (x45€) '
3( " a(G(Ii§§)) 8§k (xl’é) 8§k G($Z’€):| n 1 ﬁg(xz,ﬁ)
pe, — PTUL N T Y2 e o,
+ 6(3%7@ (xlvé)
o)\ 17 (ewie " [0cwio ~ 3G (z:56)
o o[ (68) | () [0 - Hgfoeo)
_ o
i= G(z —
1 (o (22) T
n 0G (z456) n G (24;€)
o€ B3
+ (a—1) - — (a+1) ="
-1 a—1 _
G(z4;€) G(xi;€) 0G (2456) ~ _ G (24;)
oo (B8] (58) [t - S
+ 2 s
=1 <1+exp{1 — [1—1— <g§ig> } )GQ(:L‘Z,f)
a7 8
G(z;
x exp¢l— |14 7($§) )
G(z;§)
respectively.

Density Functions for Some non-nested Models

J.10 KW Distribution

f(zya,b,c,N) = abeX’z Texp{—(\z)}[1 — exp{—(\z)}]*?
x {1 —[1—exp{—(Az)}"}"",

for a,b,c, A > 0 and z > 0.
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K.11 GWLL0oG Distribution

peasns = 00 (2)) Il ()]
ol i+ ()]}

L.12 NMW Distribution

for o, 8,v,a > 0 and z > 0.

fz;a,y, A\, B) = (ofynr:'y_leo‘”"”W + ABmA_le_BIA>e_6 +e=? , x>0,

for o, 8,¢c,k > 0 and z > 0.

M.13 BGL Distribution

al? e
f(x;oz,)\,a,b) = W(l—l—l’)e A [1—

I

1+A+A$ Y aa—1
——/—¢€
1+ A

for o, \,a,b >0 and z > 0.

N.14 KOLLLO0G Distribution

A2 cxt1 (1+ ) -1
f(x,a,b,)\,c) = ab |:(1+)\) (1+$c)71 exp{— 1+xc }:|
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(1 [ A e (A

X

X

for a,b, \,c > 0 and z > 0.

0.15 MO-K Distribution

f(z;a,8,0,0) =

for o, 3,6,0 > 0 and = > 0.
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R-Codes for Model Applications, Density and hrf
Plots

#define HLOPGW_Uniform pdf

HLOPWG_U_pdf <- function (alpha,beta, lambda, x) {
((2xalpha*betax* (1+ (x/ (lambda-x)) “alpha) " (beta-1)) x

(exp (1-(1+(x/ (lambda-x)) "alpha) "beta)) » ( (x/lambda) " (alpha-1))
(1/lambda))/ (((1-(x/lambda)) "~ (alpha+l)) *

(1+exp (1-(1+(x/ (lambda-x) ) "alpha) "beta)) "2)

}

## define HLPWG_LLoG hazard

HLOPWG_U_hazard <-function (alpha,beta, lambda, x) {
HLOPWG_U_pdf (alpha, beta, lambda, x)

}

x=seq(0,1,by=0.001)

par (mar = c¢(5,5,3,1), xpd = TRUE) # Specify par parameters
z1=HLOPWG_U_hazard(0.9,4.9,1.8, x)

par (mar = c())

plot (x,z1,ylim=range(c(0,4)),col=2,"1’, frame.plot = FALSE,
1wd=2,x1lab="x",ylab="Hazard")
z2=HLOPWG_U_hazard(0.35,1.2,0.5, x)

lines (x,z2,col=3,1lwd=2)

z3=HLOPWG_U_hazard(1.5,5.8,2.8, Xx)

lines (x,z3,col=4, 1lwd=2)

z4=HLOPWG_U_hazard(6.9,8.8,2.3 , x)

lines (x,z4,col=5, 1lwd=2)

z5=HLOPWG_U_hazard(0.4,2.3,8.4,x)

lines (x,z5,col=6, 1lwd=2)

###APPLICATIONS

HLOPGWU_LL<-function (alpha,beta, lambda) {-sum(log((((2*alpha
*betax (1+ (x/ (lambda-x)) "alpha) " (beta-1)) * (exp (1-(1+ (x/
(lambda-x) ) “alpha) "beta)) = ( (x/lambda) " (alpha-1)) * (1/lambda) )/
(((1-(x/lambda)) " (alpha+l)) * (1+exp (1-(1+(x/ (lambda-x)) "alpha)
"beta))"2))))}

mle.result<-mle2 (HLOPGWU_LL, hessian = NULL, start=1list
(alpha=2.201, beta=0.2281,lambda=500),optimizer="nlminb",
lower=0)

summary (mle.result)

##QUANTILES AND MOMENTS

HLOPWGU_quantile=function (parameter, u) {
alpha=parameter[1]



APPENDIX 178

beta=parameter[2]

lambda=parameter[3]

f=function (x) {

HLOPWGU_cdf (alpha, beta, lambda, x) —u

}

x=min (uniroot.all (f, lower=0, upper=1,tol=0.0001))
return (x)

}

HLOPWGU_QuantileTable=function (parameter_matrix) {
u=seq(0.1,0.9,0.1)

size=dim (parameter _matrix) [1]
Table_Quantile=matrix (NA, nrow=length (u),ncol=size)
row.names (Table Quantile)=u

colnames (Table_Quantile)=apply (parameter_matrix, 1, function (x)
{pastel (’ (' ,pastel (x,collapse=","),")")})
Table_Quantile

for (iter in 1l:size) {
parameter=parameter_matrix[iter, ]

for(i in 1l:length(u)) {

Table_Quantile[i, iter]=HLOPWGU_quantile (parameter,uli]) }
}

return (Table_ Quantile)

## table of quantile
parameter_matrix=as.matrix (rbind (

parl=c(0.4,0.6,1.0),
par2=c(0.5,0.6,1.0),
par3=c(0.2,0.8,1.0),
pard4=c(0.5,0.5,1.0),
par5=c(0.9,0.6,1.0)

))

HLOPWGU_QuantileTable (parameter matrix)

sink ("C:/Users/ppeter/Desktop/SIMU/HLOPWGU_quantile_table.txt")
print (parameter_matrix)

print (HLOPWGU_QuantileTable (parameter_matrix))

sink ()

FHFHF#HFHHMOMENT SH 4 4 # 4 4 4

HLOPWGU_moments=function (parameter, k) {
alpha=parameter[1]

beta=parameter[2]

lambda=parameter [3]

f=function (x) {

(x"k) * (HLOPWGU_pdf (alpha, beta, lambda, x) )

}

y=integrate (f, lower=0, upper=1, subdivisions = 1000000)
return (ySvalue)
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}

HLOPWGU_MomentsTable=function (parameter _matrix, K) {
list=c(pastel0('EX’,1:K),’SD’,'CV’,’CS’,"CK")
Table_Moments=matrix (NA,nrow=length (list),
ncol=dim(parameter_matrix) [1])

row.names (Table_Moments)=1ist

colnames (Table_Moments)=apply (parameter_matrix, 1, function (x)
{pastel (’ (' ,pastel (x,collapse=","),")")})

Table Moments

for(iter in l:dim(parameter_matrix) [1]) {
parameter=parameter_matrix[iter, ]

for(i in 1:K) {

Table_Moments[i, iter]=HLOPWGU_moments (parameter, i)

}
Table_Moments
Table_Moments
Table_Moments[’/CV’,iter]=sqrt (Table_Moments[’EX2’,iter]/
Table_Moments[’EX1’,iter] "2-1)

[/SD’,iter]=sqgrt (Table_Moments[’'EX2',iter]-
[
[
[
Table_Moments[’CS’,iter]=(Table_Moments[’EX3’,iter]-3+%
[
[
[
[

"EX1’,1iter] "2)

Table_Moments[’EX1’,iter]*Table_Moments[’EX2’,iter]+2+
Table_Moments[’'EX1’,iter] "3)/ ((Table_Moments[’'EX2’,iter] -
Table_Moments ['EX1’,iter]~2) " (3/2))
Table_Moments[’CK’,iter]=(Table_Moments[’EX4’,iter]—-4*«Table_
Moments[’EX1’,iter]*Table_Moments[’EX3’,iter]+6+Table_Moments
["EX1’ ,iter] "2+«Table_Moments[’EX2’,iter]-3+«Table_Moments
["EX1’,iter]"4)/ ((Table_Moments[’'EX2’,iter]-Table_Moments
["EX1’,iter]"2)"2)

}

return (Table Moments)

## Moments Table
parameter_matrix=as.matrix (rbind (

parl=c(0.5,0.7,1.2),
par2=c(0.6,0.5,1.1),
par3=c(0.2,0.9,1.1),
pard4=c(0.4,0.8,1.4),
par5=c(0.8,0.7,1.5)
))

K=5

HLOPWGU_MomentsTable (parameter_matrix, K)

sink ("C:/Users/ppeter/Desktop/SIMU/HLOPWGU_moment_table.txt")
print (parameter_matrix)

print (HLOPWGU_MomentsTable (parameter_matrix,K))

sink ()



