Chaos, Solitons and Fractals 131 (2020) 109540

Nonlinear Science, and Nonequilibrium and Complex Phenomena

Contents lists available at ScienceDirect

Chaos, Solitons and Fractals

journal homepage: www.elsevier.com/locate/chaos

Magnetic field effect on a fractionalized blood flow model in the A
presence of magnetic particles and thermal radiations et

C.B. Tabi**, PA.Y. Ndjawa®, T.G. Motsumi¢, C.D.K. Bansi®, T.C. Kofané*¢

aDepartment of Physics and Astronomy, Botswana International University of Science and Technology, Private Mail Bag 16 Palapye, Botswana
b aboratoire de Biophysique, Département de Physique, Faculté des Sciences, Université de Yaoundé I, Yaoundé B.P. 812, Cameroun

¢ Department of Mathematics, University of Botswana, Private Mail Bag 22 Gaborone, Botswana

d Laboratoire de Mécanique, Département de Physique, Faculté des Sciences, Université de Yaoundé I Yaoundé B.P. 812, Cameroun

ARTICLE INFO

ABSTRACT

Article history:

Received 5 September 2019
Revised 9 November 2019
Accepted 18 November 2019
Available online 28 November 2019

Keywords:
Magnetohydrodynamics
Fractional derivatives
Magnetic field
Magnetic particles

The presence of magnetic particles is considered in a magneto-hydrodynamic blood flow through a circu-
lar cylinder. The fluid inside the tube is acted by an oscillating pressure gradient and an external constant
magnetic field. The blood temperature is assumed to change with the blood and particle velocities, and
the whole study is based on a mathematical model that includes Caputo fractional-order derivatives. So-
lutions for the particle and blood velocities, and blood temperature distribution, are obtained via the
combination of the Laplace and Hankel transformation methods. Effects of the fractional-order parameter
and magnetic field are addressed using numerical simulations. Results show that the applied magnetic
field reduces the velocities of the fluid and particles, which remarkably affects the blood temperature.
This is obvious for short and long time intervals. However, under long time intervals, particles seem to
be accelerated, but their velocity is suitably controlled by the fractional-order parameter which also mon-

itors the increase in blood temperature.

© 2019 Elsevier Ltd. All rights reserved.

1. Introduction

Biomagnetic fluid dynamics (BFD) is a new branch of science
which is devoted to the study of fluids that flow under the in-
fluence of an external magnetic field. Recent advances in bioengi-
neering and medical sciences have brought forth the importance of
Biomagnetic fluids, with specific applications in targeted drug de-
livery [1], conception and development of magnetic devices for cell
separation [2], attenuation of bleeding during surgeries and treat-
ment of cancer tumors through magnetic hyperthermia [3]. Indeed,
blood is a biomagnetic fluid, due to the strong presence of the ery-
throcytes playing the role of magnetic particles and the plasma as
liquid carrier. Erythrocytes, or red blood cells (RBCs), are in fact
negative charge carriers and this creates a magnetic field on the
vessel wall, capable of influencing the pulsatile character of the
blood flowing inside the vessel [4,5]. Moreover, the magnetization
of blood can be augmented by adding artificially created nanopar-
ticles to the flow as usually done in targeted drug delivery. More
precisely, this implies that biofluids can behave like ferromagnetic
fluids, reason why most of the magnetic particles that are fre-
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quently used in bio-medicine are manganese ferrite (CoFe;04), iron
oxides (Fe,03 or Fe30,), cobalt ferrite (CoFe;04) [6], just to cite a
few. One of the first models to address such aspect of BFD was
proposed by Haik et al. [7], where they made a comparative study
between mathematical models for BFD and ferrohydrodynamics
(FHD). However, they did not consider the induced magnetic field,
but rather assumed that the flow was under the effect of an ap-
plied magnetic field. This otherwise implies that biofluids should
be considered electrically poor conductors, contrarily to what is re-
ported in Refs. [8,9] and which supports that blood exhibits signifi-
cantly high electrical conductivity, especially when additional mag-
netic particles are injected in blood to carry drugs. This may justify
the use of the principles of magnetohydrodynamics (MHD) [10,11],
which rely on the generation of Lorentz forces, in elaborating suit-
able mathematical models. Sharma et al. [12] studied for example
the effect of external uniform magnetic field on flow parameters of
both blood and magnetic particles based on a mathematical model
using the MHD approach. Magnetic Drug Targeting (MDT) tech-
nique was used by Bose and Banerjee [13], where FHD and MHD
principles were coupled to track the magnetic particles under the
effect of a magnetic field. Mondal and Shit [6] studied the motion
of magnetic nano-particles in a biofluid, in the presence of exter-
nally applied magnetic field, with strong applications to drug de-
livery for some therapeutic procedures in the treatment of tumor
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cells, infections and removing blood clots. Kefayati [14] studied the
effect of a magnetic field on non-Newtonian blood flow between
two-square concentric duct annuli, and further extended the study
to non-Newtonian blood flow in a cavity driven by the motion of
two facing lids [15]. In both cases, the results showed that the in-
crement of Reynolds number augments the magnetic field effect
on the flow of blood.

In most of the above contributions, biofluid-related problems
were solved using classical models, i.e., with integer derivatives.
Most of physical problems nowadays have found suitable formu-
lation using the idea of fractional derivative, with applications in
dynamical systems [16,17], neural systems [18,19], biophysics [20],
mathematical biology [21], viscoelasticity [22,23] and fluid dynam-
ics [24,25]. In that respect, Nehad et al. [26] and Ali et al. [27] stud-
ied blood flow with magnetic particles and magnetic field effect
using the Caputo fractional derivatives concept in the fractal the-
ory, starting from the classical model [28-32]. Generalized sec-
ond grade fluids with Caputo-Fabrizio derivative were studied by
Sheikh et al. [33], using the MHD formulation. Heat and mass
transfer of differential-type fluids, with fractional Caputo deriva-
tives were analyzed by Imran et al. [34]. Bansi et al. [5,35] pro-
posed a fractionalized model to study the effect of heat trans-
fer and magnetic field on the blood flowing inside oscillatory
arteries and periodic pressure gradient. More recently, the effect of
magnetic fields on blood flow was studied by Ali et al. [36] us-
ing the Caputo-Fabrizio derivative, with blood considered as a
Casson fluid, with magnetic particles, flowing in the cylindrical
domain.

The main objective of the present work is to study a mathe-
matical model of blood flow in presence of magnetic particles and
blood temperature, using Caputo fractional derivatives[37,38]. Ex-
ternal magnetic effects are considered and the blood in the ves-
sel is assumed to be acted by a periodic pressure gradient. The
mathematical model, which includes Caputo fractional derivatives,
is generalized from the model containing integer derivatives, and
solutions for the blood velocity, particle velocity and blood temper-
ature are obtained by conjointly making use of the finite Hankel
and Laplace transforms. Since Laplace transformed expressions of
velocities and temperature are functions of a modified Bessel func-
tion, the inverse Laplace transform is difficult to find traditionally.
This is therefore done numerically, where we address the effect of
some flow parameters such as the Reynolds and Hartmann num-
bers on the joint dynamics of blood and particles, along with the
change in blood temperature, when the fractional-order parameter
is varied.

2. Model equation and general analytical solution
2.1. Mathematical modeling of the problem

In the present model, blood, which is considered as a non-
Newtonian fluid, is assumed to flow in a cylindrical vessel of ra-
dius Ry, together with magnetic particles (see Fig. 1). This makes
a two-phase mixture, with the solid phase consisting of magnetic
particles and the liquid phase being the blood. We consider the
magnetic particles to be uniformly distributed in the blood, while
the ensemble flows in the axial direction x of the vessel. The mag-
netic field acts perpendicular to the vessel and the induced mag-
netic field is neglected because of the smallness of the magnetic
Reynold’s number [39]. The particles, the tube and the blood inside
are supposed to be at rest at t = 0. Particles are subjected to an
electromotive force resulting from the interaction of current with
the magnetic field. Its expression can be found in Refs. [6,12,36] in
the form

= e
fem=—0B3U(r,t) 1, (1)

MAGNETIC FIELD B,

Fig. 1. Schematic representation of the model geometry with orange spots being
the magnetic particles.

with 7 being the unit vector in the x—direction and U(r, t), the
axial velocity of the blood. By is a uniform magnetic field and o
the electrical conductivity. The equation describing the motion of
magnetic particles is governed by the Newton’s second law and is
given in the form [6,12,36]

v
Mot
where K is the Stokes constant, m is the average mass of the mag-
netic particles and V is the velocity of the particles.

The unsteady pulsatile flow of blood in an axisymmetric cylin-
drical blood vessel of radius Ry, considered to be affected by a
uniform transverse magnetic field By, is governed by the following
momentum equation in polar coordinates [5,35]

p%—f:-%ﬁ 1§r<ru%[r]>+KN(V—U)—oB(2)U, (3)
where P is the blood pressure. i, o and p are the dynamic co-
efficient of viscosity, the electrical conductivity and the density of
blood, respectively. N is the number of magnetic particles per unit
volume. The first three terms on the right-hand side of Eq. (3) rep-
resent the pressure gradient, the viscosity and the force generated
by the relative motion between the fluid and the particle. The last
term stands for the Lorentz force brought by the magnetic field.
The oscillating pressure gradient g—’; is given by

—% = by + by cos(wt), t>0 (4)
where by and b; are the amplitude of the systolic and diastolic
pressure gradient, respectively [12,35,40], with @ being the fre-
quency. Eq. (3) can also be rewritten, by introducing the kinematic
viscosity fL = u/p, as

=KU-V), (2)

au 1 10 .0UY KN oBU
8t:p(b°+blcos(wt))+r8r<m8r>+,o(v_U)_ .
(5)

The energy equation, related to thermal radiation is given
by [4,5]

2
3T 19 ( T\ g, au
pCpatzKrar<rar>—8qr+,u<ar>, t>0, rel0,Rol,

(6)

where the term ﬂ(%—lr’)z in (6) represents the viscous dissipation
due to the assumption of the unidirectional flow. ¢, and « rep-
resent the specific heat at constant pressure and thermal conduc-
tivity. The radiative flux g, is written assuming that blood is an
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optically thin fluid with a relatively low density and heat absorp-
tion coefficient. g can then be simplified as proposed by Cogley
et al. [41] in the form

9 _ g2 r 1),

ar

87U:0, T=T, on r=0 )
ax

U=0, T=T, on r=Ryg,

where o2 = [§° dx B g7 Is the linear Planck mean absorption coeffi-
cient, with B and ¢ being respectively the Planck’s constant and
radiation absorption coefficient, and x being the frequency. The
above formulated models equations correspond to the initial and
boundary conditions

U(r,0) =0, V(r,0)=0, T(r,0) =T, re[0,Ro]; (8)
U(Rg,t) =0, V(Rp,t) =0, T(Rg,t) =Ty, t>0.
The set of model Egs. (2), (3) and (6) can be generalized to their
time-fractional versions by multiplying each of them by A = R,;’—Op.
This leads to the fractional-order equations
A _(0%U 10U
apayr — - -
ADIU = [b0+b1 cos(wt)]—i—k,u( 92 + - 8r)
Ao B3
_ “ﬂ(v uy - 2%y, (9a)
1DV = K(U V), (9b)
2
_jeper — _ k(9T _ 19T ﬁ M (39U
ADiT pCp<8r2 ror (T T)+,0Cp or |’
(9¢)
where
1 t 1 af(nt
DOf(r.t) = [0 e (10)

'l—a)jy (t—1)* Ot
is the Caputo fractional derivative of order a [18,19,37,38]. In the
meantime, recent works have developed new directions in frac-
tional derivative operators and using Mittag-Leffler functions. For
example, a new definition of fractional derivative, with a smooth
kernel which considers two different representations for the tem-
poral and spatial variable, was proposed in Ref. [42]. Operators
including the Atangana-Beleanu (AB) derivative and the Caputo-
Fabrizio derivative, respectively related to the Mittag-Leffler law
and the exponential law were applied to the non-linear Kaup-
Kupershmidt equation [43]. Making use of the traditional Ca-
puto derivative and Caputo-Fabrizio derivative with fractional or-
der and no singular kernel, the nonlinear Kaup-Kupershmidt was
extended to the span of fractional calculus by Atangana and
Doungmo [44]. Moreover, further relationship and new results of
Atangana-Baleanu derivative, with some integral transform opera-
tors, were obtained from a simple nonlinear system [45]. Another
important feature of the non-local and non-singular kernel opera-
tor was pointed out and applied to chaotic models whose the bi-
furcation, period doubling dynamics and chaotic behaviors were
discussed [46,47]. Additionally, the AB fractional derivative with
non-singular kernel and non-local kernel was applied to chaotic
processes with two-parameter derivative, including non-singular
and non-local kernel based on the one-parameter Mittag-Leffler
function [46,47]. To further proceed, the following dimensionless
variables can be introduced

r t U 1% )\bo )\,bl
*27 *27 *=7 V*=7 k *27
il A S A TR TR T
ot =\, T*= T-Tx (11)

Considering all the above and dropping the (*) notation, we get the
following fractionalized set of equations

0°U 19du 2
[b0+b1cos(a)t)]+<8r2+ar>—R(V—U)—H U,
(12a)
GDV =U -V, (12b)
2
oy K (9T 10T A2, (08U
DT+,0 <8r2+r8r ,onT_ Co\or )’ (12¢)

is a particle concen-

RE . KN
where Re = ﬁ is a Reynold number, R = =

tration parameter, % = ByRy % is a magnetic parameter or Hart-

mann number, G = & is the particle mass parameter. The initial

and boundary conditions then become
u@r,0) =0, V(@ 0)=0 T(0)=0,
u,t) =0, v(@d,t)=0, T(,t)=0,

rel0,1],

t>0. (13)

3. Solution of the mathematical model

To solve the mathematical model (12), we make use of the
Laplace transform with respect to time and the Hankel transform
with respect to the radial variable. The temporal transformation
then leads to the equations

92U(r,s) 10U(r,s b bis _
sUC.s) = |: 852 ) r Egr )i| ?0 s? —lja)2 +RV(y.5)
—(R+H>U(,s), (14a)
— U(r,s
V(r,s) = ng-i-)l (14b)
- Kk [3*T(rs) 19T(rs) 402
STs) = ,on|: or? roor pCpT(r $)
— 2 2
a(ou(r,s) In LOoU(r, T)
JrCp< or ) CP}T(I){[() or de .
(14¢)
with U(1,s) = V(,s) = and T(1,s)=0. In the rest of

2
study, it is considered that lim;_, ¢ :[Ot (%) dr} — 0. Apply-

ing the Hankel transform [48,49] of zero order to Eqs. (14a) and
(14c), and using the boundary conditions given in (13), we obtain

CrAUH(n,S) [ Gs2+[1+G(R+H?)[s" + H? T (. )
Re - Gsa+ 1 BT
bo bis  \Ji(rm)
_<s+52+w2> m— (15)

where Uy (1, S) = fol U (r, s)Jo (rrp)dy is the finite Hankel transform
of function U(r,s) and r, (n=1,2,....) are positive roots of the
equation Jy(x) = 0, Jo being the Bessel function of the first kind of
order zero. The inverse Laplace transform for Eq. (15) of fluid can
be written in the equivalent form

_ boRe 571 Ji(rn)
Uy(rp,s) = |:(1 Galn)sa+a1 -(1- Gaz”)sﬂ+a n} "
biRe s 51
T St a2 |:(1 al")sa+a
Ji(ra)
(l GaZn)sa + azn} rn ) (16)
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Fig. 2. Profiles of blood temperature T(r, t), axial velocity u(r, t), and particle velocity v(r, t) for small values of time t, with S = 0.01, Ag =107, A; = 1077, w =7 /4, B = 0.5,
A =05, G=15 R=0.2, Re=3 and # = 1. Panels (aj);j_1 2,3 correspond to t = 0.05, panels (bj);_; 3 give results for t = 0.2 and panels (cj);_; 23 correspond to t =0.3. In

all the panels, the fractional parameter takes the values a = 0.3, 0.5, 0.7 and 1.

where

bn —Cn bn + Cn
@n = SReG > "= JReC
/b2 — 4ReG(ReH2 +12). (17)

Inserting Eq. (16) into Eq. (14c) and applying the Hankel transform
leads to

b, = Re[1+ G(R+ #H?)] + Gr?

Cn

o) Ao As
To(ra. ) = 2Re(" + Fi7) 9 [(1—am671—a2nc)11(rn)} (18)

C,,(ﬂrﬁ st 4 %z) Oy | \s"+a;, sT+am /) raca
The Bessel expansion form, given by

nfn(x
B0 = 160 and Jua (0 — ot (0 = 20500,

X
and the approximation

i(’l (r”)) e (SRS 9))

drn \ mcn TnCn

(19)

—a},G(s" + a1p) — @y, (1 — a1,G)
(s* +ain)?
4 a,, G(s® + az,) + ay, (1 — az,, G)
(s + azn)?

0 (1 —a,G _ 1 —azHG) _

orp \ s+ aqy SA 4+ ayy,

(20)

can be employed to expand Eq. (18) so that

T sy = Yool | s71 0 —anG) 5711 —auG)
S 2 |G+ b)) 7+ kan) (57 + kan)
sybic,  Ji(r) (1 —a,,G)

(s2+w2)cz ra | (%4 L) (s + )

_ (1 —a1,G) Ybolo| (1-aG)s”!
(5% + k1) (% + kan)) Cn Ta| (ST +ln) (ST + 1)

 (1—anG)s™! ybis
(59 + kan)(s% + ki) | ca(s2+w2)
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Fig. 4. Profiles of blood temperature T(r, t), axial velocity u(r, t), and particle velocity v(r, t) for different values of Reynold number Re, at t = 0.2 (small value of time), with
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where Fy(.,, .) is the Robotnov-Hartley’s function, and R, (., .) is the
Lorenzo-Hartly’s function [50]. For the particular case a =1, Eq. (23) be-
come

1—e™
F(-m,t)=e™ and Ry _;(-m,t) = ———. (24)
Based on the fact that T(r,t) = Ty (r,t) + T (r, t), the inverse Hankel trans-

form of Eqgs. (16) and (21) leads to the solutions

Jo(rn)
TJ1 (1)

ut) =2y [Fin(t) + B (D).
n=1

o Jolma) Jo(rra)J2 (rn)
Ti(rt) =2 ; (Tnll S [Ba(t) + Ean (6)] + W[’%n(f) + Fen(f)])

o Jo(rra)
T; =2
200 =22

for 0<a<1

[F7n(t) + FSn(t) + FQn(t) + FlOn(t)],

e Jo(rra) (25a)
Ut =23 2 A + A ()]

o ( Jo(rra) Jo(rra)J2 ()
no =23 (r:h {1y Vo0 (O Aan O]+ 2005 Ao (0 +As,.(r>1),

B0, 0) = 230 20 (4, 0) 4 Agy (6) + Asn(©) + An ()], for a =1
e a1 (ra)
(25b)
where F;,;, and A;, (i=1,...,10) are given in Appendices A and B, respec-

tively.
4. Results and discussion

In this section, we collect the information due to the fractional-
order parameter a and the other flow parameters, on temperature
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T, fluid velocity U and particle velocity V using numerical simula-
tions and solutions (25). In that respect, we need positive solutions
of the equation Jy(x) = 0. The corresponding results are recorded
in Figs. 2-7, where the effect of a is studied in different situa-
tions related to changes in the Reynolds number (Re) and the Hart-
mann number (#). For the rest of the calculations, other parame-
ter values have been considered as: Ag = 10~7, A; = 107, S=0.01,
w=m/4, R=02,A=05=05and G=0.8.

In Figs. 2 and 3, we represent flow characteristics at small
and high values of the time t, respectively. For the two cases, the
temperature generally increases from the center of the vessel and
drops near the wall. With the help of the fractional parameter, it is
possible to control the increase of T, which is lower for a = 1. We
should however stress that blood temperature is higher for larger

time. The same remark is made for the velocities, where the ve-
locity of blood is higher than that of magnetic particles. This is
different from the study proposed by Ali et al. [27], where the frac-
tional parameter was controlling only the velocities, while it con-
trols both the velocities and the temperature in our case.

Fig. 4 gives results for small values of time, ie., t =0.2, with
changing the Reynolds number Re. For any of the values of the lat-
ter, the temperature, the blood velocity and particle velocity de-
crease with increasing the fractional parameter. Otherwise, the in-
crease in velocity simply implies a decrease in the blood viscosity.
Also, the velocity in general is an increasing function of the frac-
tional parameter as supported by the calculations. On the contrary,
temperature decreases with a, although changing the value of Re
does not really have a significant effect on the blood temperature
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inside the vessel. One also clearly notices that blood temperature is
lower near the tissues and increases progressively near the center-
line. However, the temperature profile is such that there is a peak
inside the vessel, which is significantly important in keeping the
tissues safe. For large values of time, i.e., t = 3 (see Fig. 5), Re also
takes the same values as in Fig. 4, but one notices small temper-
atures even though they still decreases with increasing a. The ve-
locities of blood and particles also increase when Re changes, ex-
cept that they are very small compared to what was obtained in
Fig. 4. This confirms the results obtained in Ref. [35], where parti-
cle were not included in the model. Moreover, such a behavior was
described by Shah et al. [51], who also obtained that the Reynolds
number, coupled to an increasing fractional parameter, can con-
tribute to increase considerably the speed of blood and cause an
acceleration of the magnetic particles. The influence of the mag-
netic field on the blood temperature, blood velocity and particles

velocity is depicted in Figs. 6 and 7. In Fig. 6, temperature and
velocity profiles are recorded for a small value of time (t = 0.5)
and columns from left to right correspond to #=1, 2 and 3 (Hart-
mann number). One notice that the velocities of the blood and the
particles are reduced with increasing . This becomes more pre-
dominant over long exposure time t =3 as depicted in Fig. 7. In
this last case, the temperature rather increases, which to our opin-
ion has an impact not only on the blood viscosity, but also on the
velocity of blood and the conveyed particles. Such a result is not
surprising because, when a moving electrically conducting fluid is
exposed to a magnetic field, there is electric induction in the fluid,
and this is pronounced when magnetic particles are present.

For example, numerical and experimental works by Sharma
et al. [12,52,53] revealed that Fe30, Magnetic particles can be
efficiently captured when the applied magnetic field intensity is
increased, with important applications in targeted drug delivery.
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Sheikholeslami and Shehzad [54] showed that in such conditions,
an augmentation of the nanoparticles may deeply affect the ther-
mal conduction of blood, and the whole process may be favorable
in slowing down the blood flow as a result of a Lorentz force that
is created and retards the flow of blood. At that stage, the tempera-
ture of blood may be enhanced as observed by Akbar et al. [55,56],
while the opposite trend is observed in the case of velocities of
fluid and particles. In the meantime, the fractional parameter that
varies also plays a role in controlling the flow characteristics. One
can for example notice that temperature and both velocities are
lower for the classical value of the fractional parameter, i.e., a = 1.
The various values that can be attributed to a make the model un-
der our study flexible in the sense that it can be applied to a broad
range of problems, each having specific applications either in tech-
nology or biomedicine.

5. Conclusion

The paper was devoted to the theoretical investigation of the
motion of magnetic particles and blood flow in the presence of
temperature and Caputo’s fractional derivative. Considering the
blood vessel as a cylindrical elastic tube, analytical solutions for
the nonlinear fractional equations have been obtained through the
Laplace transform, with respect to the time variable, and finite
Hankel transform. Numerical calculations have been conducted,
where information have been recorded for the blood temperature
and both the blood and magnetic particle velocities. In general,
for short intervals of time the blood flows faster that the parti-
cles, while the inverse is observed for large values of time, with
magnetic particles being accelerated. The temperature increases
from the center of the vessel and drops near the wall and all
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the flow characteristics remain very sensitive to the change in the
fractional-order parameter. The same results are obtained when
the Reynolds number changes, since the temperature, the blood
velocity and particle velocity decrease with increasing the frac-
tional parameter. One also notices that the velocities of blood and
particles are reduced with increasing #, while the temperature re-
mains an increasing function for both short and long time periods.
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Appendix A. Coefficients Fy,(t) of Eq. (25a)
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Appendix B. Coefficients Aq,(t) of Eq. (25b)
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