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Abstract

Outliers describe data points that deviate from the rest of a dataset. These deviations may be
caused by the following but not limited to; errors during data collection, instrumentation errors
and faults in data entry. These faults and errors make it difficult to capture and accurately model
the patterns that are inherent in the data. On the other hand, outliers may be an indication of
new discoveries in a field, calling for more research on why or how these outlying data points
came about. Considering the potential benefits of outliers as well as the problems they may pose,
this work focuses on the management of outliers in multivariate datasets with the primary focus
in classification problems. In this work, an algorithm to relabel outliers is developed. Support
Vector Machine (SVM) is used to detect outliers given its effectiveness in dealing with high
dimensional data. After detection, the outliers are relabelled using the developed technique.
This technique, measures how far off the outliers are in relation to respective class centroids.
Then, based on the comparison between the measured distances, the outliers are relabelled.
To evaluate the effectiveness of the developed technique, we use discrimination techniques such
as Fisher’s Linear Discriminant Analysis (FLDA), Gaussian Mixture Model (GMM) and the
unsupervised clustering technique to highlight the extent of discrimination. The results show a
significant improvement and in some cases obtain a 100% classification on evaluation using the
Adjusted Rand Index (ARI) metric.
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1. Introduction

Data processing and analysis play a pivotal role in various disciplines and or applications includ-
ing but not limited to; data mining, data science, data driven control, pattern recognition, fraud
detection and intrusion detection. Data is used to infer knowledge in the form of data models
otherwise termed as generalizations, in order to be able to predict or determine what will happen
to new data points in comparison to those used to generalize or come to the reached conclusions.
It is essential then, that the data that is used to generalize is reliable. Therefore, it is crucial that
those data points that don’t belong or may seem to not belong to any form of discrimination be
it classification or clustering are handled with care. These data points are termed as outliers.

There are different types of outliers;

• Univariate outliers; outliers appearing in a single feature space, for example, when capturing
the ages of a population, those who have lived longest will appear as outliers or when
capturing the heights of men, the tallest and shortest men in the distribution will stand
out on the curve or the graph used to visualize the patterns in the dataset.

• Bivariate outliers; outliers present in a two dimensional space where there is some relation-
ship between the features for example age and height of students. These outliers are as
well easy to point out especially with the use of data visualization tools and methods such
as bar charts and scatter-plots.

• Multivariate outliers; Outliers present when datasets have over two features. It becomes
more difficult here to point out these outlying points because of the complexity of high
dimensional spaces, making it important to develop models that are better able to capture
these outliers.

While various disciplines use different means to detect and treat outliers, it is a common practice
to remove outlying data points. In most cases, the mechanism used to remove outliers is more
in relation to the dataset being dealt with, for instance, an English physicist Rayleigh is said
to have discovered a new gas then, by having observed the differences in the measurements of
the gas densities. He is said to have discovered that atmospheric nitrogen gas always recorded
a relatively greater density than nitrogen obtained from chemical compounds. This observation
implied that there was a denser gas present, and that was how the gas argon, was discovered. A
discovery that led to the Nobel prize award for Physics in 1904, see Cheng [2002]. This factor,
implies that outliers should not just be easily dealt away with unless there has been more attempt
to investigate the origin and reason for encountering outliers before doing away with them.

1.1 Outliers

This section gives an insight on what constitutes an outlier and the various methods for detection
and management techniques. Hawkins [2013] defines outliers as observations which deviate from
the other observations raising doubt that they have been produced by a different approach.

Cheng [2002],Osborne and Overbay [2004] describe outliers as abnormal points in data. These
authors further point out that depending on the data, outliers may give analysts false information
or conversely, useful information that could lead to new discoveries. Data riddled with outliers
comes with the challenge of determining how much of the outliers to reject. Furthermore, this
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Chapter 1. Introduction 3

data point rejection should be done carefully to avoid loss of useful information as this may
compromise analysis of the data in the end.

It is possible that errors in data collection and entry are not the cause of outliers. In this scenario,
it cannot be conclusive that an outlier is a bad point. Outliers could be indicative of novelty in
the field, requiring further research into the new discovery. In the literature it has been shown
that other than novelty, outliers otherwise play an important role in various applications such
as network intrusion, fault detection systems, credit card fraud, weather prediction, medical
diagnosis, to name a few, see Divya and Babu [2016], Cheng [2002].

Statistically, outliers depend on an underlying distribution. According to the authors Last and
Kandel [2001] outliers are values that fall far from the centre of the distribution on either di-
rection. The authors further describe outliers as not only pertaining to distance but also to
frequency of occurrence. Therefore, this suggests that an outlier is a data point which will be
encountered in the dataset less frequently in comparison to other data points. This definition
shows that the inconsistencies in the data cannot be straight away considered good or bad unless
in extreme cases where the data being handled is not expected to yield such recorded points.
While in some cases it may be clear that there may have been errors during data collection or
entry, sometimes there is need to investigate why or what could be the reason for encountering
an outlier point.

In classification problems, outliers are considered as test instances that have not been classified
into either one of the learnt classes. This means, data points that do not fall in either one
of the categories that the classifier has learned during training may be considered outliers, see
Upadhyaya and Singh [2012]. This is the definition adopted in this work. Its application is later
seen by use of support vectors in a Support Vector Machine.

Given the various definitions of outliers as may be applied in various disciplines and having
identified a more suitable definition for this work, it is therefore more important to understand
what classification is as a Machine Learning technique that will be used in this work. The next
section defines classification and the problems that surround it.

1.2 Classification

Data is dealt with in various ways and to derive different patterns some quantitative, for exam-
ple, as in regression problems. However, at times interest is not in deriving or inspecting the
quantitative aspect of data but in its qualitative responses. That is to say, data is labelled or
categorized into groups otherwise termed as classes. In this regard, classification is then defined
as a supervised learning technique according to James et al. [2013] and Kotsiantis et al. [2007],
where categorical responses are predicted upon learning some patterns by training a model from
the features of a given dataset. Predicting a category or a class is categorizing an observation as
belonging to one of the learnt classes or categories.

Michie et al. [1994] also shares the same sentiments as James et al. [2013] and Kotsiantis et al.
[2007] that a classification method uses a set of data to determine patterns that are known prior.
Michie et al. [1994] otherwise terms classification as a pattern recognition or discrimination so
as to distinguish it from unsupervised learning where the classes are not known prior. It is also
important to know the approaches to classification being supervised and unsupervised by which
more attention is paid to the former in this thesis.

It is easier to classify data points when resultant data models have been trained on balanced data,
that is, where the classes have equal representation (equal number of observations per class), but
in application data is often unbalanced. This is one of the limitations with classification. The
authors Ali et al. [2015], Barandela et al. [2003], Mollineda et al. [2007], Kotsiantis et al. [2006a]
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Chapter 1. Introduction 4

all agree that most classification problems suffer from a problem of imbalance of classes where
one class may have less representation in the dataset. Ali et al. [2015] explains that small sample
size in training sets also contributes to lower classification accuracy and that this problem also
contributes to the problem of class overlapping where the degree of separability of the classes is
not clear.

Kotsiantis et al. [2006a], Kotsiantis et al. [2006b] and Ali et al. [2015] all agree that sampling
whether under-sampling or oversampling may come in as a data level approach for handling
the problem of imbalance of classes. According to Kotsiantis et al. [2006b], random sampling,
where part of the dataset is selected randomly or stratified sampling, where observations from
a minority class are selected with greater frequency in order to balance the distribution may
be used. Stratified sampling according to Sharma [2017] applies when the class values are not
distributed evenly in the training sets. Later on, some of these techniques used to deal with the
class imbalance problem are assimilated because most of the datasets are not balanced as will
be noticed in the latter chapters of this thesis.

The discussions outlined above give more insight on what an outlier is as may be encountered
in different fields of study. In light of what outliers are and with more emphasis on outliers in
classification, it is therefore important to investigate how conclusions on what constitutes an
outlier and what does not can be arrived at. Outlier detection in this light, is the next item of
discussion before getting to the management of outliers towards better parameter estimates and
effective data reflective modelling.

1.3 Outlier Management

In this section, the different techniques and approaches for managing outliers from different
domains and applications are explored based on existing literature. According to Xu et al. [2018],
outlier detection is used in areas such as clustering, pattern classification and decision making.
While it may be easier to identify outliers in low dimensional spaces, for high dimensional data,
distance is said to lessen significantly making it difficult to detect outliers using the distance
based techniques. Xu et al. [2018] discussed the following techniques that are aimed at dealing
with high dimensional data; Neighbour ranking based methods which use the rank of neighbours
as a proximity measure as opposed to using distance. Subspace learning based methods which
detect outliers using only appropriate attributes because not all attributes contain significant
information. Ensemble learning based methods, since it is difficult to use only one technique to
detect outliers given the complexity of data in real life, ensembles are necessary here to further
detect outliers in multiple subspaces.

On the detection of outliers, Acuña and Rodriguez [2004] vary the detection according to the
subspaces that the outliers are found in. Acuña and Rodriguez [2004] explains univariate out-
liers, which are usually depicted in a one dimensional space. These outliers are detected using
exploratory data analysis tools such as box plots which are dependant on the distribution. The
box-plot is able to detect mild and extreme outliers by the interquartile ranges the outliers fall
in.

Acuña and Rodriguez [2004] describe multivariate outliers to be detected in various ways in-
cluding; statistical based methods, detection by clustering, distance based and density based
methods. A combination of these techniques such as distance based outlier detection , detection
by cluster analysis were used to demonstrate their influence to parametric estimation.

According to Aggarwal [2016], outlier detection algorithms such as the score and binary labels
can be used to measure the outlierness (mild or extreme outliers) of data points. Scores measure
the outlierness of a point and binary labels determine whether a data point is an outright outlier
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Chapter 1. Introduction 5

or not. Aggarwal [2016] describes different methods of outlier detection models including, prob-
abilistic and statistical models, linear models, proximity based, high dimensional, supervised,
categorical, text and mixed attribute data, time series and multidimensional streaming, discrete
sequences, spatial data, graphs and networks models. However, given the many domains out-
lined in the book Aggarwal [2016] interest is in supervised outlier detection methods with more
emphasis on the case of classification.

The authors Mandhare and Idate [2017] and Kamble and Doke [2017] categorize outlier detection
techniques as described below;

• Cluster based : Combines data objects according to the information received from the data
which consists of the object relationship and grouping similar objects. Example models that
use this technique include; K-Means, Expectation Maximization(EM) and other techniques.

• Distance based : The parameters and distance between the data points are given in order
to detect outliers. The distance between the data points (usually the Euclidean distance)
is calculated and points furthest from others are deemed as outliers and those much closer
as normal data points.

• Density based : Each data point is referred to as a local outlier factor (LOF) where LOF is
the ratio between the local density of an object and the average of its k nearest neighbors.
An object’s local outlier score is checked and those having the highest LOF are considered
as outliers and those with low LOF as normal data.

• Statistical based; Mean values are calculated and the data point assessed against these
mean values as in the classic case of the Gaussian distribution.

• Deviation based; A data point’s properties are assessed for conformity to the rest.

The author Escalante [2005] describes outlier detection in statistical learning, to use properties
of data distribution. The properties include probabilistic and Bayesian methods to model in-
consistencies in data distributions. Escalante [2005] further states that the limitation with these
detection schemes is that they tend to support univariate data and multivariate samples with
only a few dimensions. Processing time becomes a limitation as distance based techniques and
functions showing dissimilarity in the data attributes require parameters that are difficult to set
due to high dimensional spaces. According to Escalante [2005], at times ensembles (combinations
of classifiers) are successfully used in classification problems to identify mislabelled points.

Outliers may be analysed according to which field of study the data is being dealt with, see
Cheng [2002]. This is due to the fact that outliers in various domains may be caused by different
factors. For instance, an outlier in banking information may imply that there was theft in an
Automatic Teller Machine (ATM) where a large unusual ATM cash withdrawal were discovered.

Last and Kandel [2001] suggest careful examination of scatter plots to detect outliers. They also
mentioned manual detection of which is said to be bound to the limitation of subjectivity and
poor scalability. They suggest that a quantitative approach consisting of boxplots that use the
median of the data to be used as a possible solution.

In order to improve classification accuracy, Smith and Martinez [2011] suggest that outliers or
misclassified points should be removed entirely from the training set. They use a method called
Preprocessing Instances that Should be Misclassified (PRISM) to identify and remove instances
that should otherwise be misclassified and compare it against a few existing outlier detection and
noise reduction methods. In relation to outliers, Smith and Martinez [2011] observe that there
is no universal agreement on what constitutes an outlier and that there is no clear distinction
between outliers and noise from exceptions. Therefore, their argument alludes to the fact that

5



Chapter 1. Introduction 6

since there is no conformity on what constitutes an outlier, important data points may well be
lost during the data cleaning process when removing the outliers from data.

Hodge and Austin [2004] discuss outlier detection approaches that are suited for unsupervised
learning where there is no prior knowledge of the dataset. The data is processed as a static
distribution which singles out the most remote points as outliers. They further described another
approach to detect outliers in supervised classification that requires prior knowledge of the data
labels to infer knowledge on which is normal and which is abnormal. Furthermore, they described
a technique cognate to the semi supervised detection which usually models novelty by modelling
what is normal and in few instances, abnormal cases.

Ndwapi [2018], suggest creating a robust discriminant analysis model that uses the SVM and the
Mixture Discriminant Analysis (MDA). The proposed model makes use of the support vectors
which are detected when training the SVM. The misclassified data points (support vectors) are
assigned to the classes that they find themselves in hence improving parameter estimation. The
authors suggest that using Support Vector Machines to detect outliers will improve parameter
estimates in Discriminant Analysis and hence improving the classification of unlabelled obser-
vations. Mostly, this work aims to achieve a similar outcome assuming that the underlying
distribution of the classes are not different.

Even though most authors support the removal of outliers as a data preprocessing technique, the
limitation associated with this approach is the loss of data. Data in various areas is considered
to be quite valuable. Analysts in these various areas should strive to not lose data points. This is
because the data points lost may contain information that is crucial to the successful modelling
of the data. This may lead to data models performing adversely due to loss of information.

An alternative way of managing outliers in classification is proposed in this work. In this proposed
method, Support Vector Machine (SVM) which solely depends on the data points deemed as
outliers (support vectors) to construct the classifier is used. The SVM is used to detect outliers
when training the model. Once detected, the outliers/support vectors are relabelled relative to
their distances away from the separation hyperplanes. By having relabelled the outliers, a new
working dataset is extracted. With this new dataset, the labels are removed from the dataset and
advertently, the dataset trained using LDA. It is expected that the performance scores measured
using the ARI metric show that relabelling, in comparison to removing outliers yields as much
good results. This is evidence enough that instead of immediately removing data points deemed
as outliers(bad outliers), finding a way to lessen their impact on parametric estimation in support
to losing as minimal data points as possible is an equally befitting approach.

SVMs have been identified as a rigorous technique for outlier detection given their sensitivity to
outliers. As seen in Thongkam et al. [2008], the SVM was used to identify misclassified instances
and those outliers were removed from the samples. SVMs have also been used in wireless sensor
networks to detect outliers as evident in Mohamed and Kavitha [2011]. The SVM algorithm has
also been used in computer security for anomaly detection as may be seen in Hu et al. [2003] to
detect outliers. While SVMs have been widely used to detect and remove outliers as an impact
mitigation measure, SVMs have not been used to relabel outliers as done in this work, neither
has a combination of two outlier detection techniques, SVM and Mahalanobis distance been used
to treat outliers in the manner used in this research. This constitutes a unique contribution of
this work in this field of research.

1.4 Problem Statement

The discussions on the treatment of outliers in classification problems show that the general or
common phenomenon towards handling outliers is removing them, a phenomenon that threatens
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Chapter 1. Introduction 7

the quality of modelling because data is being lost. The aim is to develop data reflective models
that generalise well on new data and so removing some points loses the information that is in these
data points which may well help categorise new points. Based on this aspect, this research work
investigates the impact of relabelling outliers, on modelling compared to the common approach
of removing outliers. It is in this light that in the next section, the aim and contributions of this
research work are discussed.

1.5 Contributions of this research work

1. The primary aim of this research was to investigate and compare the impact on modelling,
of relabelling outliers as opposed to removing outliers particularly in classification problems.

To achieve this primary objective, a breakdown of the research into objectives. The objec-
tives are as follows;

i Develop a Support Vector Machine to detect outliers in classification problems with the
help of an effective margin optimization technique which uses Lagrange multipliers.

ii Develop an algorithm to measure the distances of the support vectors from the margins
using vector norms, Euclidean distance and Mahalanobis distance.

iii Provide a relabelling criteria to decide which support vectors to relabel based on their
distance away from the margins. The algorithm is also used to remove some of the
support vectors in order to compare performance when removing outliers as opposed
to when relabelling outliers.

iv Evaluate how well a classification algorithm performed using more discrimination tech-
niques including clustering methods and Fisher’s Linear Discriminant Analysis algo-
rithm on the dataset scenarios as well as on the mixture models of these scenarios
where a scenario constitutes; an original dataset that has not been treated for outliers
by relabelling or removing, a dataset for which the outliers had been relabelled and a
dataset for which the outliers had been removed.

1.6 Thesis Outline

The thesis outline is as follows;

• Chapter 2, looks into the tools used in the thesis. The Chapter gives details of what con-
stitutes a support vector and how they can further be associated with outliers. A review of
Fisher’s Discriminant Analysis with a focus on Linear Discriminant Analysis is presented.
A brief description of Clustering and its performance measures, the Rand Index and The
Adjusted Rand Index is included in the Chapter. The Chapter also has parameter estima-
tion of Gaussian Mixture Models and the contribution of the EM algorithm in deriving the
estimates of the likelihood function when there are latent variables.

• Chapter 3, gives an overview of process flow of work towards attaining the set objectives.
It gives a discussion of how a dataset was derived where outliers are relabelled as well as
a dataset where outliers are removed after training the SVM model. A discussion of the
algorithm used to determine which support vectors to relabel is also given.

• Chapter 4, is a discussion of the results of the study, firstly datasets that were used are
described. A discussion of the problems that were encountered in carrying out these exper-
iments and how they were addressed of course having explored the possibilities that could
have been adopted. A discussion on the work that has already been done in summary, the

7



Chapter 1. Introduction 8

measurement criteria that are currently used especially the distance based techniques in
classification problems with inferences from the literature.

• Chapter 5 addresses the conclusions on what the study has achieved as well as room for
improvement in the methodology adopted given more time paving way for future work on
the research.

8



2. Background

In this Chapter, the tools and concepts that are used throughout the thesis are discussed. The
SVM as a supervised classification technique, clustering as an unsupervised learning technique,
Linear Discriminant Analysis (LDA) to maximize variability between classes, Adjusted Rand
Index (ARI) as an evaluation metric for LDA, existing relabelling mechanisms and distance
measures used to find how far off the support vectors are from the separating hyperplanes. An
insight on distance measures in multivariate data as well as relabelling techniques for misclassified
points is given.

2.1 Support Vector Machine

A Support Vector Machine (SVM) is a supervised learning classification technique (classifier)
conventionally defined by a separating hyperplane. In other words, given labelled training data
a case of supervised learning, the algorithm outputs an optimal hyperplane which categorizes
new examples James et al. [2013], Gunn et al. [1998].

2.1.1 Separating Hyperplane

The separating hyperplane is defined as follows.
Let X be an n × p data matrix where n is the number of observations and p is the num-
ber of entries under observation x1, ..., xn and that these are binary observations such that
y1, y2, ..., yn ∈ {−1, 1} where 1 represents one class and −1 represents another class.

Let β0, β1, ..., βp ∈ R, then for yi = 1,

(β0 + β1xi1 + β2xi2 + ...+ βpxip) > 0 (2.1)

and for yi = −1,
(β0 + β1xi1 + β2xi2 + ...+ βpxip) < 0. (2.2)

Now to generalise Eq. (2.2) for a case where one has p variables and yi ∈ {−1, 1}, then ;

yi(β0 + β1xi1 + β2xi2 + ...+ βpxip) > 0 (2.3)

for i = 1,2,...,n

2.1.2 Maximal Margin Classifier

It is not always the case that there is one separating hyperplane. Therefore, one that best
separates the data such that the data points are equi-distant from the hyperplane is identified.
Such a separating hyperplane is called the maximal margin classifier which finds the hyperplane
that gives the largest minimum distance (M) to the training examples asserting confidence that
observations are correctly classified.

Let β0, β1, ..., βp ∈ R, then to find the maximal margin classifier, one solves the following.
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maximize Mβ0,β1,...,βp

subject to

p∑
j=1

β = 1

yi(β0 + β1xi1 + β2xi2 + ...+ βpxip) ≥ M ∀i = 1, ..., n.

(2.4)

2.1.3 Support Vector Classifier

There are instances when observations are not separable by a hyperplane. In such cases some
observations are allowed to be incorrectly classified as a trade off for better robustness of the
classifier to observations and to classify most observations properly. That is to say there will
not be any best optimal hyperplane if the aim is to correctly classify the instances and so, some
extremely off data points are allowed to be in the wrong class they find themselves in. To do
that, introduce what is called slack variables (ϵ1, ϵ2, ...ϵn) to Eq. (2.4). These slack variables
allow violations to the margins, that is they allow observations to be misclassified;

maximize Mfor β0, β1, ..., βp, ϵ1, ...ϵn (2.5)

under the constraints

yi(β0 + β1xi1 + β2xi2 + ...+ βpxip) ≥ M(1− ϵi), (2.6)

ϵi ≥ 0 and Σn
i=1ϵi ≤ C (2.7)

Figure 2.1: Obtained from James et al. [2013]-Observations 11 and 12 on the second grid are
on the wrong side of the hyperplane as well as the margin and have an epsilon ϵ1 >1 as per the
optimization problem described in the equation above.

Observations that lie on the margins or the hyperplane or on the wrong sides of the optimal
hyperplane are the support vectors as shown in Figure 2.1. These support vectors influence the
separating hyperplane and a shift in one of support vectors may greatly affect the SVM classifier
resulting in over fitting of the training data. Therefore, a support vector classifier or a soft
margin classifier makes it worthwhile to misclassify a few training observations in order to do a
better job in classifying the remaining observations.

10
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The aim is to maximize the margin M given β0, β1, ..., βp and ϵ1, ϵ2, ...ϵn where the summation
of the β’s squared should be equal 1 and the regression estimators should be as large as possible.
The ϵ1, ϵ2, ...ϵn should be greater than zero but should be well within the budget tuning parameter
C which is the maximum allowable number of violations to the margins.

In cases where the data is not separable instead of identifying the largest possible margin such
that all the data points are not only on the correct side of the hyperplane but the margin as well,
it allows some data points to be on the incorrect side of the margin or even the margin giving us
a support vector classifier. The margin is soft because it can be violated by some of the training
observations. What is done is introducing the epsilons otherwise known as the slack variables
which allow violations to the margin and the tuning parameter C which is the maximum number
of violations to the hyperplane that may be allowable chosen by cross validation.

However, there may be instances where the data being dealt with is not separable by a linear
hyperplane. This scenario may be tackled by enlarging the feature space which in higher dimen-
sion proves to be complex and computationally expensive. The Support Vector Machine in this
regard extends on to the support vector classifier to enlarge the feature space through the use of
kernels.

2.1.4 Support Vector Machine

In trying to mitigate the complexity problem that comes with enlarging the feature space, the
Support Vector Machine is constructed as a solution to this problem. An SVM aims to cre-
ate decision boundaries that are not linear to solve cases of data that is inseparable by linear
boundaries and this is done by the use of kernels.

Kernels are a computationally efficient approach to enlarge the feature space by way of using
inner products of the data points as opposed to the data points themselves. The inner product
of two distinctive observations xi, x

′
i is given by:

⟨xi, x′i⟩ =
n∑

j=1

xijx
′
ij (2.8)

where n is the number of observations.

Based on the description of inner products, a kernel function K depicting the similarity between
two observations is defined as;

K(xi, x
′
i) =

p∑
j=1

xijx
′
ij (2.9)

The linear support vector classifier is presented as;

f(x) = β0 +
n∑

i=1

αi⟨xi, x′i⟩ (2.10)

where β0 is a constant and the number of αi parameters is n.

Some of the commonly used kernels include the linear kernel, polynomial kernel, and the radial
kernel. The linear kernel is the standard SVM which is equivalent to the support vector classifier
shown in Eq. 2.10.

11
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Other kernels include the polynomial and the radial which best works in quite high dimensional
spaces where computations are complex. The following functions f(x) in Eq. (2.11) and Kr in
Eq. (2.12) show the polynomial and radial kernel respectively, where;

f(x) = β0 +
∑
i∈S

αiKp(x, xi) (2.11)

where S is the support vector indices and Kp is a kernel function.

Kr(xi, x
′
i) = exp

{
−γ

n∑
j=1

(xij − x′ij)
2

}
(2.12)

where x is a real vector and γ is a positive constant, where terms xij and x′ij represents two
distinct observations.

2.1.5 Latest Work on Support Vector Machines and Outliers

According to the authors of Yang et al. [2007], when dealing with SVM outliers are identified as
the support vectors which make up the SVM. It is due to this instance that minor shifts in the
support vectors cause shifts in the optimal hyperplane showing the sensitivity of the SVM to the
outliers. Figure 2.2 illustrates how shifts in support vectors may greatly affect the separating
hyperplanes and subsequently classification of data points.

Figure 2.2: Obtained from Yang et al. [2007] - Different decision boundaries in the presence of
outliers as opposed to when they are absent.

In Figure 2.2, the solid line shows the optimal hyperplane when there are no outliers in the
dataset, therefore perfectly classifying the classes and the dotted line represents the optimal
hyperplane in presence of outliers which are the blue points 1 and 2 that find themselves amidst
the red points(Class 2) and the red point that finds itself on the other side of the optimal
hyperplane among the blue points(Class 1). This scenario indicates that indeed the optimal
hyperplane is sensitive to outliers as the presence of outliers coerces the hyperplane to shift so
that there is always maximal distance from the data points.

Literature on data classification suggests some of the following techniques to deal with outliers
especially when dealing with SVMs;

The authors Mohammadi and Sarmad [2019] state that outlier detection is a pre-training task
that in the end a researcher may opt to remove the identified outliers or use a robust SVM

12
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to intercept reducing the accuracy of classification. The authors propose using a Minimum
Covariance Determinant Estimator (MCD) to detect outliers for SMVs. In this technique, they
suggest that three things have to be present in order to construct the MCD classifier based on
the author Debruyne et al. [2009]’s outlier map. They outline; classifying function, the cut-off
point and the measure of outlierness that is how far off a point deviates from what is expected-in
this case, the cut-off point. In their proposed model, they suggest using a an MCD- based robust
Mahalanobis distance (RMD)- which is the difference between two points and for those with a
higher RMD than the cut-off will be deleted and hence the effect of outlying points on SVM is
reduced.

The authors of Kaiser [2013] discuss a class of robust SVM with a reduced sensitivity to outliers
by using an implicit outlier filtering method, and in this technique, they also use the SVM to
identify and remove outliers relative to their positions from the separating hyperplane. The
authors say;

“We are especially interested if the additional parameter which controls the removal of outliers
can be estimated from a training set which is contaminated by outliers.”

The preceding discussions show the persistent pattern of removing outliers as a data preprocessing
activity in addition to some, discussed in Chapter 1. However, other authors use the Support
Vector Machine to detect and downweight the impact of outliers on classification contrary to
removing them. The following is a summary of how SVMs have been used by different authors
to reduce the effect of outliers on effective parameter estimation.

Yang et al. [2007] proposes using a Weighted Support Vector (WSVM) to reduce the impact
that outliers (support vectors) have on the classifier. Their proposed method assigns weights to
the data points allowing the decision boundary to learn from the training data points depending
on how important they are in the set (judging by the weight they have). The results of their
work show that this model reduces the effect of outliers on the model’s classification accuracies
and hence an improvement to a standard SVM where outliers are present in the dataset during
training.

In Herbrich and Weston [1999], their solution to dealing with outliers was to use an Adaptive
Margin Support Vector Machine (AMSVM) which uses adaptive margins for each training point
as opposed to an equivalent margin for all training instances. A bounding generalization error
rate for this AMSVM is used to reduce their sensitivity to the outliers.

Lin and Wang [2002] make use of a Fuzzy Support Vector Machine (FSVM) where a fuzzy
membership is used for each data point. Different observations make different contributions to
the decision boundary during training, which tunes the classifier and observes its sensitivity to
the support vectors (reducing impact of outliers on the classifier).

Yang et al. [2007], Herbrich and Weston [1999], and Lin and Wang [2002] show how SVMs have
been used to reduce the impact of outliers (support vectors) on parameter estimation. However,
using the SVM to relabel outliers as a data level approach to minimising the impact of outliers
on modelling, has not been done before. This is the essence of this work, to use the Support
Vector Machine to detect outliers and relabel them by using their distances away from the
separating hyperplanes. To measure the effectiveness of this relabelling technique, class labels
are removed and a cluster analysis is performed. To see how well the clustering picks out inherent
classes, we then measure the degree of separability between classes making use of Fisher’s Linear
Discriminant Analysis (FLDA) evaluated using the Adjusted Rand Index (ARI) values. We then
compare the ARI values of the relabelled dataset to when the outliers are removed following the
same process used to relabel.

13
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2.2 Clustering

Lior and Maimon [2005], Grün [2018] describe clustering as an unsupervised learning technique to
determine new categories. It varies from classification in that classification is predictive in nature
deriving patterns from the data and using the learnt patterns to predict for new observations
as seen in James et al. [2013] and Kotsiantis et al. [2007]. Contrary to the predictive nature
of classification, Grün [2018] describes clustering as having different goals. Some of the goals
highlighted include as an exploratory mechanism to determine patterns in multivariate datasets.
Another aim may be to divulge groups that match the unobserved heterogeneity in datasets.
In this work, clustering is used with the primary goal to dredge up homogeneous groups such
that the different groups are as distinct as possible and similar groups are as close in pattern as
possible.

2.2.1 KMeans Clustering

There are various clustering algorithms including KMeans clustering, Density based clustering,
Hierarchical clustering, probabilistic clustering to name a few. However in this work, KMeans
clustering and the hierarchical clustering are used as will be seen in the latter Chapter 4. Ac-
cording to Nathiya et al. [2010] KMeans clustering makes use of the Expectation-Maximization
algorithm to calculate the KMeans. The E-step assigns the data points to the closest cluster
whereas the M-step calculates the centroid for each cluster. With a KMeans clustering algorithm,
the goal is to assign data points to clusters with the nearest centroids where the centroid is the
arithmetic mean of the observations in the cluster.

Let X = {x1, x2, ..., xn} be the set of data points, and K be the number of clusters, then the
following steps are performed in a KMeans clustering algorithm, see Maniriho and Effendi [2018];

1. Determine the number of clusters

2. Select at random, K data observations as the initial cluster centroids

3. Calculate the distance between each data point p and the cluster centroid q. The distance
computed is Euclidean and given by;

d(p,q) =
√
(q1 − p1)2 + q2 − p2)2 (2.13)

where p = (p1, p2) and q = (q1, q2)

4. Assign each data point to the closest cluster centroid

arg min
ci∈C

d(ci, x)
2 (2.14)

where ci is the cluster centroid

5. Recalculate each cluster centroid
ci =

1

Si

∑
xi∈Si

xi (2.15)

where Si is the points belonging to cluster i

6. If the centroid is still changing, repeat steps 3 to 5 until the cluster centroid converges

2.2.2 Hierarchical Clustering

With a hierarchical clustering algorithm, the goal is also to achieve high quality clusters evalu-
ated in various ways such as cluster cohesion where cluster cohesion is the level of association
between the observations of a cluster, see Kaur et al. [2015]. According to this author, since
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the technique uses a graphical form that is a tree based diagram, quality may also be measured
using measures such as silhouette index. Silhouette index measures similarity of observations in
a cluster. Furthermore, the time elapsed may well be used, this is the time it took to complete
the clustering.

2.3 Fisher’s Linear Discriminant Analysis

The Discriminant Analysis is used to determine which variables discriminate between two or
more groups. Fisher in this regard aims to transform the multivariate observations of x to
univariate observations y obtained from populations π1 and π2 were as distinct as possible.
According to Okwonu and Othman [2012] Fisher introduced Linear Discriminant Analysis(LDA)
as a dimension reduction and classification approach which uses sample mean and covariance
matrices. The authors Okwonu and Othman [2012] and Welling [2005] define Fisher’s Linear
Discriminant Analysis (FLDA) as a linear combination of observed variables that best separate
between the known groups of the data observations.

Okwonu and Othman [2012] states that Fisher’s classification rule maximizes the variation be-
tween samples variability to within samples variability. The objectives of FLDA are as follows;

• Maximize the distance between the means of the given groups

• Minimize the variation (called scatter) within each category

The purpose of Fisher’s LDA otherwise termed Fisher’s criterion is to maximize the following
objective function on the transformation matrix W ;

J(W ) =
W⊤SBW

W⊤SwW
(2.16)

where SB is the “between classes scatter matrix” and Sw is the “within classes scatter matrix”
and the definitions of these scatter matrices are as follows;

SB =
∑
c

(µc − x̄)(µc − x̄)⊤ (2.17)

Sw =
∑
c

∑
i∈c

(xi − µc)(xi − µc)
⊤ (2.18)

where x̄ is the overall mean of the data observations, µc is the mean of the ith class and xi is
the ith sample of a specific class and ⊤ is the transpose of a matrix.

The problem of maximizing J is transformed into the constrained optimization problem;

minW − 1

2
W⊤SBW (2.19)

s.t. W⊤SwW = 1 (2.20)

Once the between class scatter matrices and within class scatter matrices have been calculated,
a lower dimensional space is constructed as can be evidenced in Tharwat et al. [2017]. The
equation otherwise termed as Fisher’s criterion is shown in the equation below;
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arg maxW
W⊤SBW

W⊤SwW
(2.21)

SwW = λSBW (2.22)

where λ represents the eigenvalues of the transformation matrix W where;

W = S−1
W SB (2.23)

if SW is non-singular

According to Michie et al. [1994], the two reasons for using FLDA it either;

• Maximizes the separability between classes in the form of least squares or

• Maximum likelihood

Each of the above approaches have been proven to arrive at the same conclusion however in this
work the first approach was adopted.

The following is discussed in the next subsection; the commonly used metrics for clustering
beginning with the Rand Index (RI) and the Adjusted Rand Index (ARI).

2.3.1 Rand Index (RI)

According to the author Ndwapi [2018], one way of assessing performance of classification algo-
rithms is to use the classification error where there is need to know the true class labels and to
compare them against the predicted class labels that result from the model. The Rand index is
calculated as follows;

Let X = number of pairwise agreements, Y = number of pairwise disagreements , then

RI =
X

X + Y
(2.24)

where X + Y shows the total number of pairs. A pairwise agreement means that you assign the
same label to two observations that belong to the same class and or you assign different labels to
different observations belonging to different classes. The Rand Index can assume values ranging
from 0 to 1 where 1 shows perfect class agreement and 0 the reverse.

The authors Santos and Embrechts , Ndwapi [2018] both agree that the RI does not adjust for
chance making provision for the ARI.

2.3.2 Adjusted Rand Index (ARI)

Santos and Embrechts describes the ARI as a way of validating clustering since it measures
the agreement between partitions. The ARI measures the correlation allying pairs of dataset
elements not using information from class labels. Therefore because of this attribute about the
ARI, it can be used to detect intricacies with classification algorithms especially in combination
with common performance measures. Yang [2016] defines ARI in the following manner;

ARI (P ∗, P ) =

Σi,j

(
Nij

2

)
−
[
Σi

(
Ni

2

)
Σj

(
Nj

2

)]
/

(
N
2

)
1
2

[
Σi

(
Ni

2

)
+Σj

(
Nj

2

)]
−
[
Σi

(
Ni

2

)
Σj

(
Nj

2

)]
/

(
N
2

) (2.25)
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where N is the number of data observations, Nij is the number data observations of the class label
C∗

j ∈ P ∗ allocated to the cluster Ci in the partition P , Ni is the number of data observations
in cluster Ci and Nj is the of data observation in class C∗

j .

Lior and Maimon [2005] argue that common performance measures such as the Mean Squared
Error(MSE), AUC (area in percentage under the Receiver Operating Characteristic (ROC) curve)
compare the labels of the supervised classification algorithm with the target labels known prior.
Therefore, this attribute about these performance measures imply that an evaluation on how the
algorithm labelled the input data according to the required labels is being put to test by which
if the output labels are switched, they may yield poor results.

According to Vrbik and Mcnicholas [2014] when assessing clustering algorithms, the Adjusted
Rand Index (ARI) is used as can also be seen in Steinley [2004]. The underlying intuition here
is that by having carried out classification, the classes are known and as such it becomes easier
to measure the agreement partitions.

2.4 Mixture Models

In light of the models described above, and the limitations posed by each of the models especially
the KMeans clustering, more robust models have been developed which make use of the under-
lying patterns within the datasets. This includes the use of such models as the mixture models
where a mixture entails a group of different probability distributions to capture the different
underlying patterns inherent in the data. With the KMeans clustering, the clusters followed a
circular shape however, data does not always conform to this shape. This is where the mixtures
such as the Gaussian Mixture Model comes into play to capture the elliptical shape that may be
inherited by the data as opposed to the ellipsoidal shape rather captured by a KMeans clustering.

The Gaussian Mixture Model (GMM) extends on to the KMeans clustering algorithm catering
for cluster overlaps in the data. That is to say, by means of soft assignment of data points as
will be seen on the discussion on the GMM, data is not forced to conform to the set clusters
but new underlying clusters may emerge for data that doesn’t conform to the clusters that are
already defined.

To fit a Finite Mixture Model, the Expectation Maximization (EM) algorithm is used which con-
verges to a point known as the Maximum Likelihood (ML) which is an estimate of the parameters
of the mixture, see Figueiredo and Jain [2002]. Below is a definition of a mixture, the algorithm
followed towards getting the mixture parameters and an illustration of how the Maximum Likeli-
hood function and the Log Likelihood functions converge. First, a definition of a mixture as seen
in many publications as Redner and Walker [1984], Bouveyron [2014], Myung [2003], Andrews
and McNicholas [2012] Ndwapi [2018], with a difference of notation at times notwithstanding the
similarity of the general concept;

p(x|Φ) =
m∑
i=1

αipi(x|ϕi), x = (x1, ..., xn)
T ∈ Rn (2.26)

where m is the number of components and the mixing proportions αi > 0 such that
∑m

i=1 αi =
1,Φ = (α1, ..., αm, ϕ1, ..., ϕm) is the parameter vector and pi is the density function for the ith
component.

For a mixture of Gaussians, each component pi(x|ϕi), is represented by a normal distribution of
parameters ϕi = {µi,

∑
i}, which are the mean vector and the covariance matrix. The parameters

of the Gaussian mixture are defined by the set Φ = (α1, ..., αm, ϕ1, ..., ϕm)
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2.4.1 Parameter Estimation

Parameter estimation defines a phenomenon that estimates the parameters or constants of a
given model from the observations used in that model, Van den Bos [2007],Beck and Arnold
[1977].

2.4.2 Maximum Likelihood Estimation

Maximum Likelihood Estimation (MLE) defines a method used to find the density that is more
likely to have generated the data. This method works by identifying the Maximum Likelihood
Function which shows the likelihood that an observed sample is a function of possible parameter
values. The likelihood functions that are to be maximised share the same property of concavity
where a concave function is by definition a function which is twice differentiable, that is, having
a second derivative that is strictly negative. Getting the second derivative of the function is to
assert that the value obtained on the first derivative is in fact the maximum, see Redner and
Walker [1984].

Sugiyama [2015] formally defines MLE as follows;

“A set of probability density functions specified by a finite number of parameters is
called a parametric model. Let us denote a parametric model by q(x; θ), a param-
eter vector by θ, and the domain of parameters by Θ, respectively. Let b be the
dimensionality of θ: ”

θ = (θ(10), ..., θ(b))T (2.27)

where x is a random variable and θ is a parameter.

2.4.3 Maximum Likelihood Estimation for Gaussian Distribution

The mixture of distributions that will be used in this work is that of the normal distributions.
This is because as more samples from a dataset, they tend to take the shape of a Gaussian or a
normal distribution even if the underlying pattern in the data is not Gaussian. The attribute is
defined as the Central Limit Theorem as seen in Heyde [2006]. Below is a MLE for the parameters
of the Normal distribution, but first, the definition of the probability density function.

Let X = {x1, x2, ..., xn} given (µ, σ2) where both µ and σ2 are unknown, the pdf is given by;

f(xi|µ, σ2) =
1

σ
√
2π

exp

(
−(xi − µ)2

2σ2

)
, xi ∈ R (2.28)

Then the likelihood function is given by;

L(µ, σ2) =

n∏
i=1

f(xi|µ, σ2)

=

n∏
i=1

1

σ
√
2π

exp

(
−(xi − µ)2

2σ2

)

=

n∏
i=1

(σ2)−1/2
n∏

i=1

(2π)−1/2
n∏

i=1

exp

(
−(xi − µ)2

2σ2

)

= (σ2)−n/2(2π)−n/2exp

(
−1

2σ2

n∑
i=1

(xi − µ)2

)
(2.29)
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To manage the complexity of maximising the likelihood estimates, the log-likelihood function of
the likelihood function itself is used instead and it must be noted that obtaining the parameter
estimates by maximising the log likelihoods is the same as obtaining them by maximising the
likelihood function except for it may prove to be quite complex to maximise the actual likelihoods
given that we would be dealing with exponentials.

2.4.4 Log-Likelihood Function of the Gaussian distribution

The log likelihood function is given by

L(µ, σ2) = lnL(µ, σ2)

= ln

[
(σ2)−n/2(2π)−n/2exp

(
−1

2σ2

n∑
i=1

(xi − µ)2

)]

= ln(σ2)−n/2) + ln(2π)−n/2) + ln

(
exp

(
−1

2σ2

n∑
i=1

(xi − µ)2

))

= −n

2
lnσ2 − n

2
ln(2π)− 1

2σ2

n∑
i=1

(xi − µ)2

(2.30)

To get the parameter estimates, differentiate the log likelihood with respect to µ and σ2.

∂L(µ, σ2)

∂µ
=

1

σ2

n∑
i=1

(xi − µ) (2.31)

Omitting the detailed work on these estimates, the resulting MLE’s are given below for µ and
σ2 respectively;

µ̂ = X̄ (2.32) σ̂2 =

∑n
i=1(Xi − X̄)2

n
(2.33)

2.4.5 Maximum Likelihood Estimation for the Gaussian Mixture Model

From Eq. (2.26), the parameters Φ of the Gaussian mixture model is given by

Φ = (w1, ..., wm, µ1, ..., µm,Σ1, ...,Σm) (2.34)

Following the same process as the unimodal normal distribution, even though more complex now,
the resulting parameter estimates obtained from equating the derivatives to zero the maximum
likelihoods ŵℓ, µ̂l, and Σ̂ℓ should satisfy;

ŵℓ =
1

n

n∑
i=1

n̂i,ℓ

µ̂ℓ =

∑n
i=1 n̂i,ℓxi∑n
i′=1 n̂i′,ℓ

Σ̂ℓ =

∑n
i=1 n̂i,ℓ(xi − µ̂ℓ)(xi − µ̂ℓ)

T∑n
i′=ℓ n̂i′,ℓ

(2.35)

where n̂i,ℓ is called the responsibility of the ℓth component for sample xi.
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The likelihood function shown below shows how complicated it becomes to analytically solve for
the variables leading way for a technique which iteratively solves for these variables known as
EM algorithm described in the following subsection.

n̂i,ℓ =
ŵℓN(xi; µ̂ℓ, Σ̂ℓ)∑m
ℓ′=1 ŵ

′
ℓN(xi; µ̂′

ℓ, Σ̂
′
ℓ)

(2.36)

In the event that the Eq. (2.35) n̂i,ℓ is not be known the EM algorithm is used and it follows the
following steps;

2.4.6 Expectation Maximization Algorithm

The EM algorithm is a widely used technique in the iterative computation of parameter estimates
when the likelihood function is complicated in formation due to difficult maximization problems
either to analyse or computationally or both, see Gentle et al. [2012], McLachlan and Krishnan.
The authors Gentle et al. [2012] further point out that this algorithm works on incomplete data
problem and by filling the missing data. According to Ndwapi [2018], incomplete data refers
to the unobserved class labels. However, if the problem is that of a complete data problem,
the Maximum Likelihood estimation technique is used. Where it is difficult to differentiate the
likelihood function, a technique known as the Newton Raphson is used to get the estimates but
this technique will not be discussed here.

McNicholas [2016] defines the EM algorithm for Gaussian model based clustering to follow the
steps;

• Initialization step; Set of the initial values of the parameters are considered. A set of
incomplete observed data is given to the system with the assumption that the observed
data comes from a specific model

• Expectation step; Guess the value of n̂i,ℓ which are missing or incomplete data estimated
using the observed data

• Maximization step; Substitute in the equations obtained in the MLE using the n̂i,ℓ that was
obtained in the Expectation step. Use all the data to update the values of the parameters

• Convergence; Repeat the E-step and the M-step until it converges

Initialization Step

According to McNicholas [2016], the EM may be initialized in one of the following ways;

1. Random initialization

• Start EM with parameter values which provide the largest likelihood

• Repeat EM algorithm several times, each time start with a random initial position
and ensure that the parameter values used provide the largest likelihood from the
runs.

• Stop and start EM at random locations before it exhibits convergence using a large
number of short runs of the EM

2. Recursive initialization

• Involves splitting randomly one of the G components into two components to get a
(G+ 1) solution
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3. Hierarchical initialization

Expectation step

The data X are presumed not complete and the complete data set Y = (X,Z) is determined
by estimating the set of variables Z = {z1, z2, ..., zM} where each zm is an N-dimensional vector
[z1m, z2m, ..., zNm ]. The complete data Y has the following log likelihood;

logp(Y |Φ) =
N∑
l=1

M∑
l=1

zimlog[αip(x
i|ϕi], (2.37)

where,

zim = P (m|xi,Φt) =
αt
mp(xi|ϕt

m)∑M
l=1 α

t
lp(x

i|ϕt
l

(2.38)

is the posterior probability and Φt is the parameter estimate obtained after t iterations.

Maximization step

Here, the parameters Φt+1 are determined by the estimate of the variables zim. For Gaussian
mixture models this means re-estimating the αt+1

m , the µt+1
m , and

∑t+1
l=m for each m as per the

following;

αt+1
m =

1

N

N∑
l=1

zim, (2.39) µt+1
m =

∑N
l=1 z

i
mxi∑N

l=1 z
i
m

, (2.40)

and
t+1∑
l=m

=

∑N
l=1 z

i
m(xi − µt+1

m )(xi − µt+1
m )T∑N

l=1 z
i
m

(2.41)

Convergence and stopping the procedure

• The observed log-likelihood is increasing at each iteration, l0(ϕ(t+1) ≥ l0(ϕ(t)) with equality
if and only if Q(ϕ(t+1)|ϕ(t)) = Q(ϕ(t)|ϕ(t)). This applies when Jensen’s inequality is applied
to the convex function H(ϕ|ϕ(t)) and this is the fundamental convergence property of the
EM algorithm.

• Lack of progress in the log-likelihood i.e when l(t+1) − l(t) < ϵ for all ϵ is small where l(t) is
the observed log likelihood value from iteration t.

2.5 Relabelling Techniques

Relabelling and removing outliers as a data preprocessing task is a common procedure carried
out to improve classification accuracies Muhlenbach et al. [2004], Jiang et al. [2020] and Reb-
bapragada and Brodley [2007]. In Jiang et al. [2020], techniques such as suppression of sensitive
attributes, changing or relabelling class labels a task they termed as massaging the dataset. Here,
a ranker (Naive Bayesian classifier) is used to select the data point which should be relabelled.
Some of the tasks they take prior to modelling is sampling, carried out to reduce parameter
estimates. In the work by Sperrin et al. [2010], a framework based on the EM algorithm is used,
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probabilistic relabelling on Bayesian mixture models. In Muhlenbach et al. [2004] ,a preliminary
filtering procedure based on the cut edge weight statistic is used. Here a geometrical neighbor-
hood graph is used and a statistical test based on the cut edge weight for detecting the suspect
points (outliers- those with higher cut edge weight statistic values). From this cut edge weight
statistic, a training data is obtained and used as input to the learning algorithm known as 1-NN
strategy. The results of this study show that removing outliers outperforms relabelling but as
noise in the data increases, the generalization performance of the classifier decreases. It is evi-
dent from this study that that even though removing outliers outperforms relabelling, removal
of outliers is only efficient to an extent bearing in mind that data is being lost and hence poor
if not inaccurate or data reflective generalization rates.

2.6 Techniques used to measure distance of support vectors from
the separating hyperplane

According to Bernstein [2009], norms are used to quantify vectors and matrices. Where a norm
can be considered a mapping from a vector to a scalar used to estimate how big a vector is
or how close one vector is from another. A norm can be considered as a generalization of the
length of vectors and or matrices. According to Aggarwal [2003] in data mining applications
choosing a distance function to use is not usually a trivial task. He states that even though most
algorithms use Euclidean distance functions such as the L2-norm, they however have a limita-
tion of dimensionality that is, usually limited to 2-3 dimensions. Aggarwal et al. [2001] further
goes on to elaborate that the Manhattan distance metric (L1-norm) becomes more favourable
than the Euclidean distance metric (L2-norm) in higher dimensional spaces. They further state
that the Lk norm on the fractional distance function becomes more significant towards attain-
ing better results. Norms have the following properties, see Epperson [2013] and Bernstein [2009];

Vector norms satisfy the following axioms:

Positivity : ∥x∥ ≥ 0, and ∥x∥ = 0 ⇐⇒ x = 0 (2.42)

Homogeinity : ∥kx∥ = |k|∥x∥ (2.43)

where k is a scalar in R

Subaddivity : ∥+ ∥ ≤ |k|∥x∥+ ∥y∥ (2.44)

where k is a scalar in R, x ∈ Rn and y ∈ Rn.

From the above stated properties the following vector norms are derived;

Let x ∈ Rn, then

1. The 1-norm of x is defined by,

∥x∥1 =
n∑

i=1

|xi| (2.45)

2. The Lp norm is defined by,

∥x∥p =

{
n∑

i=1

|xi|p
}1/p

(2.46)
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3. In the case p = 2, then the L2 norm is defined.

∥x∥2 =

{
n∑

i=1

|xi|2
}1/2

(2.47)

The L2 norm is sometimes referred to as the Euclidean norm.

4. Finally, the L∞ is defined by,
∥x∥∞ = max|xi| (2.48)

Matrix norms satisfy the following axioms:

∥Av∥ ≤ ∥A∥∥v∥ (2.49)

∥AB∥ = max
∥v∥=1

∥ABv∥ ≤ max
∥v∥=1

∥A∥∥Bv∥ = ∥A∥∥B∥ (2.50)

Let X ∈ Rn×n be a data matrix, then

1. 1-norm of X is defined by
∥A∥1 = max

j

∑
i

|Aij | (2.51)

2. ∞-norm of X is defined by
∥A∥∞ = max

i

∑
j

|Aij | (2.52)

3. The 2-norm of X is computed as follows;

∥A∥22 =
(

max
∥v∥2=1

∥Av∥
)2

= max
vT v=1

vTA⊤Av

(2.53)

It is common practice to use L2 norms to calculate the margins from the separating hyperplanes as
well as the data points away from the margins. However, Pedroso and Murata [2001] do indicate
through the exploitation of geometrical properties of various norms L2 performs relatively similar
to the two norms L1 and L∞.

2.6.1 Mahalanobis distance

Mahalanobis distance is a technique used to measure distance of points from the class centroids,
McLachlan [1999].Mahalanobis distance makes use of the class centres x̄ and covariance matrix
(Cx) while a new point x is categorized as belonging to either one of the classes. Mahalanobis
distance is given using the following function.

Mdist =

√
(x− x̄)C−1

x (x− x̄)⊤ (2.54)

While the Mahalanobis distance is usually used on its own o detect outliers, we use it side to side
with the SVM which is another prominent outlier detection technique. The SVM is used to detect
outliers along the margins and calculate their Mahalanobis distance from the class centroid. The
combination of these two help us know exactly the points to consider for relabelling see Chapter
3.
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2.6.2 Summary

The tools that are used throughout this thesis have been discussed in this Chapter. The SVM
to detect outliers, distance measures to compute the distances of the support vectors from the
hyperplanes, relabelling techniques to, Discriminant analysis techniques to measure the level
of class distinctiveness. In the next Chapter is a detailed description and discussion of the
methodology that was followed to achieve the set objectives.
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3. Proposed Relabelling Technique

This Chapter gives a detailed description of the activities carried out to achieve the set objectives,
in general the process method for this work. The first section, is an outline of the construction
of the SVM. The resulting SVM is used to train data using different defined kernels to find the
best fit for each dataset.

3.1 Constructing the SVM

Given the following decision boundary

w⊤x+ b = 0, (3.1)

where w is a data matrix, and b a constant, some data points must be on one side of the
hyperplane and the others have to be on the other side. The data points must satisfy the
constraints

w⊤xi + b ≥ 0 ∀x ∈ {1, 2, ..., N} where yi = 1, (3.2)

and

w⊤xi + b ≤ 0 ∀x ∈ {1, 2, ..., N} where yi = −1, (3.3)

Maximizing d(w) is equivalent to minimizing w2 so the constrained optimization problem in
SVM is;

min
1

2
w2

subject to yi(w
⊤xi + b ≥ 1) ∀i ∈ {1, 2, ..., N}

(3.4)

Now, introduce the Lagrange Multipliers to get the optimal vales of w and b

L =
1

2
w2 −

m∑
i=1

αi(yi(w
⊤xi + b− 1)). (3.5)

Minimize Eq.(3.5) subject to w, b and α

θD(α) = minw,bL(w, b, α) (3.6)

Get the partial derivatives;

∂L
∂w

= w −
m∑
i=1

αiyixi = 0

w =
m∑
i=1

αiyixi

(3.7)
∂L
∂b

=
m∑
i=1

αiyi = 0 (3.8)
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Given the partial derivatives Eq.(3.7) and Eq.(3.8), substitute w into L(w, b, α) which on expan-
sion and simplification gives;

D(α) =

m∑
i=1

αi −
1

2

m∑
i=1

m∑
j=1

αjαjyiyj (3.9)

The following dual problem is derived and fed to the optimizer in this case CVXOPT optimization
package in Python.

maxα D(α)

such that αi ≥ 0
m∑
i=1

αiyixi

(3.10)

In solving the dual problem Eq.(3.10), the deduced α values are substituted into Eq.(3.7). The
support vectors are the values for which αi > 0 according to the Karush Kuhn Turker (KKT)
conditions which are primal feasibility, dual feasibility and complementary slackness respectively
as shown by Eq.(3.11), Eq.(3.12) and Eq.(3.13);

w =

m∑
i=1

αiyiΦ(xi) (3.11)

w =

m∑
i=1

αiyi = 0 (3.12)

αi[yi(w
⊤Φ(xi) + b)− 1 + ξi] = 0 1, 2, ..., N (3.13)

3.2 Training the SVM model

The SVM was trained on different datasets using different training to testing set ratios. Training
was done under the assumption that the classes may be unbalanced and that a model may
perform dismally or exceptionally well as a coincidence of the training sample it is working
with at a particular moment. This is a common problem in data mining referred to as random
allocation. To cater for issues of random allocation and class imbalance, the following control
measures were put in place;

1. Random Allocation: Data was resampled to obtain n combinations to take care of the
situation where the obtained results may be a coincidence that the model learnt very well
on the random training data chosen at that point or the model failed to generalize new
data well. For optimum results, the mean average µ of the ARI scores was calculated as
depicted in Table 4.2.

2. Class Imbalance: Here, there were two scenarios to observe;

• Having majority of observations of a single class going towards training, leaving the
model to test on completely new data it has not learnt from. To curb this effect,
the data is stratified, that is equal percentages of the stratum were chosen for both
training and for testing, say choose n% of each class to train with and the remaining
(100− n)% of each class to test with. This way, there is equal representation of each
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class for both training and testing. This applies where the classes are balanced that
is equal number of observations for each class in the data and is more of an imbalance
created by random allocation.

• The case where the data is imbalanced that is the number of observations for a single
class are not equal to the observations of the other class or classes of the same dataset.
In this case, instead of just sampling n% of the data and setting it aside for training,
select n% of each class in the dataset and combine these subsets to make up the
training set and leave the remaining observations of each class for testing. That way,
each class is well represented during training to enable the model to learn sufficiently
from the data.

Training a model comes with the risk that for a sample chosen at random, it is possible for
the model to perform dismally on that sample. This could be because of the sample that it
happened to be working on. To combat this, the model is run several times to cater for these
issues. One could suggest exhausting all the combinations of a given dataset but this is not
computationally feasible as for even a small dataset as the Iris which has 150 observations, the
combinations are very large. Alternatively one could run the model observing the error margin
between the previous accuracy and the current accuracy. If on the next several iterations the
error margin does not change, then a convergence is reached by which the iterations are retrieved.
However, the question that remains is the possibility of exhausting the sampling combinations
before achieving convergence by which it reverts back to exhausting the combinations. While
it may be possible to converge in a reasonable number of iterations, another uncertainty is on
the number of times no change is achieved on the error rate to conclude that the functions has
converged. So for this work, 100 iterations were chosen but an optimal number of iterations to
choose is beyond the scope of this work. This choice also gave samples for which the model best
performed on giving values of 1.

The following algorithm indicates the process followed when training the SVM;

Algorithm 1: Training the SVM on different dataset scenarios
Input: Dataset scenario
Output: SVM accuracy scores for different kernels

1 kernels = [linear, polynomial degree 2, polynomial degree 3, radial]
2 bestAccuracy, currentAccuracy, averageAccuracy, = 0
3 accuracyList = []
4 for i ∈ kernels do
5 while training sample ≤ 100 do

1. Select n% of observations from the given dataset at random such that there is equal
representation for each class where n ∈ [60, 70, 80];

2. Train SVM on different training set ratios on the different scenarios;
3. Test the set;
4. Calculate current accuracy score for both the training and testing set;
5. Add currentAccuracy to accuracyList
6. Calculate averageAccuracy
7. Find the best accuracy

6 end
7 averageAccuracy, bestAccuracy

8 end

After the SVM model has been fit and the kernel that best fits a given dataset identified, the
outliers identified as the support vectors are observed. The distance of the identified support
vectors is calculated relative to their respective class centers comparing this distance to the other
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class centers to come up with a criteria for relabelling the outliers. For each support vector in a
given class, compute the euclidean distance of the support vector from the other class centroid
with the intention of observing which centroid a point is closer to. Relabel the identified outliers
looking at how far off they are from separating hyperplane as well as from the class centroid. In
the next subsection, the relabelling process is elaborated.

3.3 Relabelling algorithm

Figure 3.1 is used to explain in more detail the relabelling process. While Figure 3.1 shows the
position of the support vectors on a hard margin SVM Figure 3.2 shows how the support vectors
are scattered in a soft margin SVM where some points are allowed to be on the other side of the
margin over a soft penalty term in compromise for better robustness of the classifier;

Figure 3.1: Distance of the support vectors
from the centroid and centroid from the sep-
arating hyperplane on a hard margin SVM

Figure 3.2: Distance of the support vectors
from the centroid and centroid from the sep-
arating hyperplane on a soft margin SVM

1. Compute the distance of a class centroid (shown as a blue dot) from the separating hyper-
plane. This distance is illustrated using a black arrow.

2. Compute the distance (shown by the blue arrow) of a support vector which is circled in
black, from the class centroid.

3. If the distance of a support vector from the class centroid (blue arrow) is greater than
the distance of the separating hyperplane from the centroid, then the support vector in
question belongs to the class it is located in. This is a clear case of a misclassification.

• It should be noted that the orthogonal distance of the centroid from the separating
hyperplane has to be obtained. For example, in the Figure 3.1, the green arrow is
greater than the black arrow if extended to the hyperplane, but both are from the
centroid to the hyperplane.

4. If the distance of the centroid from the separating hyperplane is greater than the distance
of the support vector from the hyperplane, then the support vector has been correctly
classified and should remain unchanged.

The activities for relabelling are summarised in the following algorithm.
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Algorithm 2: Relabelling the support vectors
Input: Dataset, supportVectorsList
Output: Relabelled,Removed dataset

1 centroidList = [centroid1, centroid2]
2 foreach i ∈ centroidList do
3 Compute the distance d1 of a class centroid from the separating hyperplane.
4 end
5 foreach xi ∈ supportV ectorsList do
6 Compute the distance d2 of a support vector from the class centroid.
7 end
8 if d2 > d1 then
9 relabel

10 end
11 else
12 break
13 end

It should be noted that the same algorithm as in Algorithm 2, is used but a point is removed
instead of being relabelled.

The above steps describe relabelling using the Euclidean distance. However more predominantly,
the Mahalanobis distance which also identifies as an outlier detection technique for multivariate
data is used. When using the Mahalanobis distance, the class centroids are computed by getting
the means from all the columns representing the attributes of the data and the covariance struc-
ture of the dataset is used. This means it takes into account how correlated the class features
are to one another giving a more robust representation of the data. This captures the inherent
structure in the dataset as compared to the Euclidean distance which seem to generalize on the
attributes of the dataset.

The Mahalanobis distance creates covariance ellipses around the dataset with the ellipsoids more
compact about the centre and increasing spread far away from the dataset. While the Maha-
lanobis will compute the distance of each point from the class centroid, and will show points that
are furthest from their centroid all around the class centers, using it alongside the SVM helps to
know exactly which points to consider and relabel about the margins reducing the computation
for going though all the samples. Figure 3.3 shows a combination of the two outlier detection
techniques, the SVM and the Mahalanobis distance, and it should be noted that the contours
were drawn for illustration purposes and were not drawn to accuracy of the covariance ellipses.

The Euclidean distance is circular in shape which suggests there is no to minimum correlation
between the variables of the dataset, while the Mahalanobis distance is ellipsoidal. This helps
capture whichever pattern is in the data whether there is positive or a negative correlation in
the data variables. Once the Mahalanobis distance of the support vectors is computed, steps
of the relabelling algorithm are carried out with this distance measure techniques and the same
comparisons for relabelling carried out. After the datasets have gone through the process for
relabelling, measure how well the model will discriminate the datasets as to how they have been
treated prior using the SVM.
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Figure 3.3: Positions of the support vectors from the separating hyperplane and as shown by
Mahalanobis distance

3.4 Step 1: LDA on original datasets

• Select a percentage n of observations from the original dataset such that there is equal
representation for each class i.e. n of each class for training and the remaining for testing
where n ∈ [60, 70, 80]. This task was to take care of the random allocation issue where a
model may have been assumed to perform well as a coincidence of the training set that it
happens to be executing on at a given time, that is, process takes care of an incident where
the model can pick majority of a single class for training leaving the majority of another
class for testing resulting in the model failing dismally because the model is trained on one
class and tested on another class.

• Perform LDA where training sets are n% of the observations in the original dataset then
test the set. This process should be repeated at least k times and the average recorded for
each ratio. This takes care of the randomness of train test selection.

• Calculate ARI for all n test sets in case most of the bad points went to the test set. Remove
the labels to check comparing the labels of the original class against the predicted classes.

3.5 Step 2: LDA modified by the support vectors

• Split the dataset into training and test set (without the classes/labels) and apply the SVM
to the complete original data and relabel.

• Select samples from the original data.

• Perform LDA on the transformed data (Drop the support vectors and perform LDA on k
the randomly selected training sets).

• Compare with the original data the classification accuracy score that is, the ARI values.
Calculate ARI based on original classes as opposed to the predicted classes with the SVM
transformation.

• Observe how the models perform when values are missing.
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The following algorithm is a summary of the activities carried out on the datasets when training
a LDA model.

Algorithm 3: Assessing performance of the LDA on removed outliers compared to relabelled
outliers
Input: Dataset scenario
Output: LDA values for k samples at a given training set ratio where k i s the number of

iterations
1 scenarios = [original, relabelled, removed]
2 bestARI, currentARI, average ARI, comparison, iteration = 0
3 ARIlist = []
4 for i ∈ scenarios do
5 while training sample ≤ 100 do

1. Select n% of observations from the given dataset at random such that there is equal
representation for each class where n ∈ [60, 70, 80];

2. Perform LDA where training sets are n% of the observations in the original dataset;
3. Test the set;
4. Calculate current ARI score for both the training and test set;
5. Remove the labels;
6. Compare the labels of the original class against the predicted classes;
7. Add currentARI to ARIlist
8. Calculate the averageARI
9. Find the bestARI

6 end
7 bestARI, average ARI

8 end

3.6 Gaussian Mixture Model for the dataset scenarios

The Gaussian Mixture models for the dataset scenarios are derived to map out the underlying
inherent patterns. This means the GMM for an original dataset as well as its relabelled and
removed outliers extraction are determined and modelled using LDA to see how well classification
has been carried out.

The expectation is that by using the Support Vector Machine to detect outliers and relabel them,
the impact that the support vectors will have on classification is being reduced. Data points that
find themselves in opposite classes are assigned to those classes and those that find themselves on
the margins are also assigned to classes they are most close to. In the latter parts of this work,
the Linear Discriminant Analysis is incorporated to see how it performs on the dataset that has
been preprocessed using the SVM as opposed to the original dataset before it was modelled with
the SVM. An evaluation on how the LDA performs against the datasets on all scenarios and
results are discussed in Chapter 4, Table 4.2. Figure 3.4 is a flow chart showing a summary of
the process flow of the above defined activities for meeting the set objectives.
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Start

Dataset

Select n% of each class for training leaving (100− n)% for testing

Train the SVM

Select the support vectors

Check distance

Relabel

Leave

Preprocessed Dataset

Remove class labels for cluster analysis

Final Dataset

Discriminant Analysis

ARI scores Stop

meet criteria

does not meet criteria

Figure 3.4: Process flowchart
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3.7 Summary

In this Chapter, outliers detected and relabelled or removed depending on the scenario that
needs to be achieved. For the different scenarios, further model using LDA to see the level of
discrimination. The mixtures for the scenarios are also derived and modelled using LDA. The
results for all these models are discussed in the next Chapter.
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4. Results and Discussions

This Chapter is a presentation of the results obtained when modelling three datasets. First is
a description of the datasets and their visual representations using scatter plots. In the next
sections, the results are presented and an analysis of data is given and interpretation on how the
models performed. The datasets are applied with the SVM to detect outliers otherwise shown
to be the support vectors. The resulting datasets are passed on to different classification and
discrimination models to observe the performance as seen in the Algorithm 1 in Chapter 3. The
algorithms used are Fisher’s Linear Discriminant Analysis (FLDA) evaluated using the Adjusted
Rand Index (ARI). FLDA is used both on the datasets as they are and on the Gaussian Mixture
Model form of the datasets.

4.1 Datasets

Three datasets Iris, Breast Cancer and Wine datasets were used for modelling. These datasets
are multivariate ranging from 4 features for the Iris dataset, 14 for the Wine and 31 for the Breast
cancer. In this work, the concern is on outliers in multivariate problems because multivariate
data has multiple attributes which are used for modelling which means that more descriptions
about the data are captured hence better accuracies during modelling.

The datasets are visualized as seen in Figures 4.1, 4.4, and 4.6. These datasets are plotted using 3
random features of each respective dataset in 3D scatter plots, which is the highest dimension that
could be visually captured. It is otherwise computationally expensive and difficult to visualize
the data in such higher dimensions as displayed by these datasets. The data spread in the
diagrams shows that the classes are overlapping meaning that there are outliers present in the
data. To further show the overlap in some of the datasets, 2D scatter plots were plotted on 2
random attributes to further elaborate how one class may find itself plotted in the other class
see Figure 4.3 for an elaboration of support vectors captured after applying the SVM to the Iris
dataset.

4.1.1 Iris

The Iris dataset is a data matrix X of 150 by 4 where the features are evaluated into classes;
setosa, versicolor and virginica having the class labels 0, 1 and 2 respectively. The Iris dataset
was originally presented by Fisher [1936]. The columns are abbreviated as sl, sw, pl, pw for sepal
length, sepal width, petal length and petal width respectively. This dataset has distinct classes
which have to be separated following the similarity of the class attributes meaning that a class
contains observations that have similar attributes or are very close in measurement. This is the
essence of the problem of classification, proper assignment of observations or data points to the
correct classes.

In the Figure 4.1 is a 3D scatter plot for the Iris dataset plotted on the first three attributes of
the dataset before training the SVM model. In this figure, setosa is represented in red, versicolor
in blue and virginica in green. While setosa tends to stand out, it is evident that versicolor and
virginica tend to overlap implying that there are outliers. Figure 4.2 shows how the hyperplane
separates between two classes shown in colors blue and red.
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Figure 4.1: The scatter plot for the classes
setosa, versicolor and virginica

Figure 4.2: Hyperplane separating between
setosa and virginica

Figure 4.3 shows a 2D scatter plot after the SVM is applied. The figure shows an overlap in
the classes where data points belonging to the versicolor class plotted in blue find themselves
classified as the setosa class plotted in red. Similarly, setosa data points have been classified as
versicolor. There is also evidence of the classes versicolor and virginica classified as one another.
When points are overlapping in this manner, they are identified to misclassified.

Figure 4.3: The scatter plot for the classes setosa, versicolor and virginica on the attributes, sepal
length and sepal width

The SVM was trained on Iris dataset on the following training to test set ratios; 80:20, 70:30
and 60:40. Training was done on linear kernel, polynomial kernel and the radial kernel yielding
performance scores of 1 across the trained SVM kernels, see Table 4.1 in Section 4.2. Upon being
trained, two datasets were extracted, one with the outliers being relabelled and another, with
the outliers being removed. The extracted datasets were further modelled using the LDA where
the removed outliers dataset trained at 80% best performed in comparison to the other models.
However, the other models were close in range, the relabelled dataset performed better than the
control or the original dataset as shown in Table 4.2.

After training the SVM, LDA was used to observe how it performs, first on the original dataset
for which no preprocessing had been carried out, then on a dataset for which outliers had been
removed as opposed to when outliers are relabelled see Algorithm 1 in Chapter 3. The results
are displayed in Table 4.2 see Section 4.2 and they show that LDA best performed on removed
outliers. This could be because the outliers detected may not be enough to cripple the perfor-
mance of the model or the generalization strength of the model on the dataset or that the model
has been overfit.
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On the issue of performance on the LDA, observation is made on how the model performed when
the outliers had been relabelled using Euclidean distance as well as the Mahalanobis distance.
There was also an investigation on how the model performed when the outliers treated using the
proposed criteria where removed, see Table 4.2. When the outliers are treated using Euclidean
distance, the performance scores obtained, are lower than on the original dataset. This can be
attributed to the limitations of Euclidean on high dimensional sets. The Euclidean has limitations
as follows see Ghorbani [2019]:

• Does not consider the correlation between closely correlated attributes

• Equal weight is assigned to class attributes implying that other attributes get more weight
than they are worth.

A summary of results on the Iris dataset show that on LDA, Iris ARI score improved when
the data was relabelled using Mahalanobis distance from the original dataset. There is an
improvement from 0.8878 on the best performing training ratio to 1 on the relabelled dataset. A
similar improvement on the removed outliers dataset is noticeable and this is expected because
removing outlying points reduces the scatter but it comes at a cost of data loss. There is also
improvement a Mixture of Gaussians on this dataset are used on the scenarios. Scores of 1 in
general in the relabelled dataset as well as in the removed outliers dataset are observed.

4.1.2 Breast Cancer

This dataset was first presented by Wolberg et al. [1992] and is available in the Scikit Learn
library Buitinck et al. [2013] in Python. The Wisconsin Breast Cancer dataset is a categorical
data matrix X of 569 by 30. It has classes, benign and malignant encoded into numerical values
0 and 1 respectively where benign means the cell is non-cancerous and malignant means the cell
is cancerous. The classes are unbalanced and distributed as 357 for the (benign) class and 212
for the (malignant) class.

The following Figure 4.4 shows the 3D scatter plot for the breast cancer dataset before applying
the SVM. The spread in the plot shows that the classes are overlapping and that some classes
find themselves well into the other class as can be seen traces of the blue class in the red class
and vice versa. This means that the observations are misclassified that is assigned to the wrong
class. Again here, the issue of data point removal becomes pertinent to say how many data
points could be removed without negatively affecting modelling by way of giving performance
scores that do not reflect the actual data.

Figure 4.4: The scatter plot for the first three attributes mean radius, mean texture and mean
perimeter

The following Figure 4.5 shows a 2D scatter on random features of this dataset to show the
presence of outliers and class overlaps in the data.
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Figure 4.5: The scatter plot for the first two attributes worst area and mean area

The results show that the best performing kernel for this dataset was the Linear kernel trained
at 70% and this was the model used to relabel the support vectors. On LDA, there is a slight
decrease in the performance scores from 0.8625 in the Original dataset to 0.7155 in the relabelled
dataset on the best performing models for these scenarios. This is also the phenomenon depicted
with the GMM for this dataset.

4.1.3 Wine

Wine dataset was first presented by Forina et al. [1998] although the version used in this work is
the preloaded version found on the Scikit Learn package in Python. The Wine dataset observes
13 categories for 3 different types of wine per the cultivars in a region found in Italy. The data
matrix X measures 178 by 13 with 3 sorted labels 0, 1 and 2 respectively. The dataset is ho
wever unbalanced having 59 instances for the first class,71 for the second class and 48 entries for
the third class.

Figures 4.6 and 4.7 show the 3D and 2D scatter plots for the wine dataset before applying the
SVM showing the overlaps in the classes. In each class, there are traces of the other two classes
present in a single class. For example, if the red class is picked, there are traces of both blue and
green observations sitting amongst the red class see more clearly on Figure 4.7. The same applies
to the other two classes, where the green class has traces of both the red and the blue class and
the blue class is as well riddled with both the green and the red class. Using the concept of the
SVM explained earlier, this tells us that there outliers in the dataset. When the SVM is applied,
these are the data points identified as the support vectors.

Figure 4.6: The 3D scatter plot for the first
three attributes alcohol, malic acid and ash

Figure 4.7: The 2D scatter plot for the first
two attributes alcohol, malic acid and ash
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Wine dataset well on the Radial kernel trained at 80%. Results for this dataset on the LDA
shown in Table 4.2 showed a perfect classification for both the scenarios relabelled and removed
datasets.A closer look into the relabelled dataset shows that against the control which is the
original dataset, LDA showed an improvement from 0.9785 on the Original dataset to 1 on the
relabelled dataset.In comparison to the removed dataset, for this dataset, the relabelled dataset
performed as well as the removed dataset. An improvement on the GMM is also noticed.

Figure 4.8: The scatter plot for the first two
attributes length, left and right edges Figure 4.9: The scatter plot for the first two

attributes length of the bill and left edge

On all the datasets discussed above, the data are multivariate so as to improve modelling and
to facilitate the classification task. However, data misclassifications are evident in all sets con-
tributing towards the classification problem. In all datasets, outliers identified as the support
vectors, contribute towards the data that may already be insufficient as of the case of Iris and
Wine datasets which have a relatively smaller number of observations compared to the Breast
Cancer dataset. This is to say, this work does not encourage removing data points as it is bad
for modelling. The following section, show how relabelling outliers yields as much competitive
results as removing outliers in support of not easily losing data points.

4.2 Discussion

This section is a summary of the results obtained and discussions on them. First, the performance
of the SVM on different kernels to show that there was close margin across all the datasets. The
SVM was trained on different training to test set ratios, see results on Table 4.1, and the best
performing kernel was chosen based on which kernel and which ratio was the best. What is also
discussed in this section is how the 3 dataset scenarios; original, relabelled and removed dataset
performed on the LDA where each dataset has these three scenarios for observation, see Table
4.2. These dataset scenarios are described more closely as;

• Original dataset; The unprocessed dataset by means of not being applied with the SVM
prior. Note that in some datasets, necessary preprocessing such as normalizing the data
or encoding labels had to be done without losing the context of this work i.e relabelling or
removing data points.

• Relabelled dataset; The dataset extracted upon being applied with the SVM and the
outlying data points relabelled using the developed relabelling technique.

• Removed dataset; The dataset extracted upon being applied with the SVM and the outlying
data points removed using the developed relabelling technique.

More results and discussions follow on how the models were implemented, the issues that were
encountered during modelling and how they were addressed.
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Dataset Original Distance measure Relabelled Removed
80 70 60 80 70 60 80 70 60

Iris 0.8772 0.8803 0.8852 Euclidean 0.6941 0.6891 0.6521 1 1 1
Mahalanobis 1 1 1 1 1 1

Breast Cancer 0.8493 0.8555 0.853 Euclidean 0.6027 0.5873 0.6027 0.868 0.8736 0.8788
Mahalanobis 0.7119 0.7112 0.7207 0.8819 0.8816 0.8776

Wine 0.7796 0.7968 0.7917 Euclidean 0.8642 0.8537 0.8556 1 0.9989 1
Mahalanobis 1 1 1 1 1 1

Table 4.3: Table showing LDA results for the GMM performed on datasets

4.2.1 Summary of the performance of the SVM on various datasets

Choice of kernel

Table 4.1 shows how the kernel used for modelling was chosen. Different SVM kernels were
trained on the three experiment datasets; Iris, Breast Cancer and Wine using different training
to test set ratio, 80:20, 70:30 and 60:40. The SVM accuracy scores that were of more interest
were the result of how well the SVM model predicted the labels in the test set having learned
the patterns from the training set depending on which ratio was being used at the moment. It
should however be noted that the table shows the accuracy scores on both the training set and
the testing set in order to make reference to the training performance of the model when testing.

The 90% percent ratio was not considered under the assumption that the resulting models could
be overfit that is learning patterns on the training set way too well and poorly generalizing on
other data. On training using the polynomial kernels, as far as Degree 3 kernels were trained on
the basis that, the higher dimensions you go, the more complex the computations are.

Results on training the SVM

From the Table 4.1, it shows that Iris depicted perfect classification giving scores of 1 across all
the SVM kernels. For Breast Cancer dataset, the best performing kernel was the Linear kernel
trained at 70% while it is also noticeable that the margins for this dataset were very close. For
the Wine Dataset best performing kernel was the Radial kernel trained at 80%. It should also
be emphasized that consideration was on the testing set performance. The model’s accuracy
scores are defined as the ratio of the predicted labels against the true labels, and was facilitated
Scikit learn API see Buitinck et al. [2013] in Python. This means that the predicted labels must
exactly match the true labels hence this metric.

4.2.2 Performance scores of the LDA on different datasets

After training the datasets using the simple SVM and identifying the outliers, the proposed rela-
belling technique was used to come up with two datasets, one where the outliers were relabelled
and one where the outliers were removed. All the dataset scenarios, original, relabelled and
removed datasets were taken up for further modelled using the Linear Discriminant Analysis.
Table 4.2, shows the mean ARI values obtained from training the LDA. The developed relabelling
technique was implemented using the Euclidean and it done alongside the Mahalanobis distance.
From Table 4.2, the results show that where the Euclidean distance was used, the performance
was rather lower compared to the Mahalanobis. This is due to the limitation of the Euclidean
distance in multivariate data.

The results show an improvement on average from the original dataset to the relabelled dataset
on treatment using the Mahalanobis distance. On Iris, the model improved from 0.8824 to 1
on average from the Original to the relabelled set. Breast Cancer on the other hand shows a
decrement from 0.8590 to 0.7116 on average from the original to the relabelled dataset. The
Wine dataset set showed an improvement from 0.9766 to 1 on average from the original to the
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relabelled dataset as well. However removing outliers shows to yield the best results but this
is a system that is discouraged on the basis of data loss and yielding models that are not data
reflective.

4.2.3 Performance scores of the LDA on the GMM of the different datasets

The Gaussian Mixture Models of the various datasets were also extracted and LDA was run
for the different scenarios. The results shown in Table 4.3 also show a general pattern similar
to that discussed in subsection 4.2.2, where datasets that were relabelled using Mahalanobis
distance perform well and in some cases yield ARI score of 1 for instance the Iris and the Wine
dataset. Breast Cancer was the only exception in so far as obtaining perfect classification.
The discrepancy could be worth investigating in future however the results are also arguably
competitive ranging from 0.7112 on training at 70% to 0.7207% on training at 60%, on average
being very close to 1.

4.3 Linear Discriminant Analysis on a Gaussian Mixture model
on the datasets

Datasets Iris, Breast Cancer and Wine were modelled using mixtures of Gaussians and applied
to an LDA. This was to improve on the KMeans clustering carried out prior. The Kmeans did
not capture well the clusters and so mixtures of Gaussians were adopted to capture well the
patterns underlying the data. The number of clusters were initialised using KMeans which uses
the Elbow method to show the optimal number of clusters k. A sample graph depicting the
elbow method on the Iris dataset is shown on Figure 4.10. The graph begins to converge when
the number of clusters is 3 depicting the optimal number of clusters.

Figure 4.10: Elbow method to determine the number of clusters for a KMeans clustering on the
Iris dataset

The LDA results shown on the Table 4.3 indicate a general improvement on the performance
of the LDA when mixtures of Gaussians are absorbed than not. This shows that the mixture
models capture better the underlying patterns in the data compared to when just modelling the
data as it is, see also Table 4.4 for the scores obtained on modelling. On this experiment the
Gaussian Mixtures were used for all the datasets discussed as well as the changes that were made
on the data that is relabelled data and data for which the outliers had been removed.

Moving on to when relabelling and removing was done using the Mahalanobis distance, there
is a noticeable improvement especially from the original set to relabelling in the Iris and Wine
datasets. An increment from 0.8809 to 1 on average is seen on the Iris dataset and an increment
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Dataset Original Relabelled Removed

Iris 0.5033 0.4666 0.4889
Breast Cancer 0.5137 0.362 0.4784
Wine 0.3646 0.3152 0.3918

Table 4.4: Table showing the silhouette scores of the performance of KMeans clustering on GMM’s

from 0.7894 to 1 on average on the wine dataset. However on Breast Cancer there is slight
decrease from 0.8526 to 0.7146 in Breast Cancer dataset, however the results are relatively as
good.

On the comparison of relabelled dataset compared to removed outliers dataset, note should well
be taken that removing outliers outperforms relabelling and it is expected because since the
SVM is primarily constructed from the support vectors, when they are removed, it means the
class centroids are modified and the remaining data have more distance from the separation
hyperplanes and the class compactness is better improved hence better model accuracies.

The performance of the GMM on LDA was measured using the silhouette score where a silhouette
score is a measure ranging between [-1,1] where 1 depicts a compact cluster which is distant from
the other clusters. Values near 0 show an overlap of clusters meaning samples are closest to the
decision boundary of other clusters. Negative scores depict a misclassification that is to say that
observations may have been assigned to the wrong clusters.

The Table 4.4 shows that on average the clusters have been well separated judging by how far
they are from 0. It is important to note that the ratio of training to testing did not have an
impact on the silhouette scores. hence only the non-repetitive values were captured and depicted
in this table, where non-repetitive means omitting the different ratios of training to testing.

It should be noted that in addition to Iris Breast Cancer and Wine dataset, Banknote Authen-
tication and Swiss Banknotes were also considered. However the outliers identified for these
datasets did not satisfy the developed relabelling criteria and hence the results not documented.
In future, ways to improve the algorithm can be investigated to make it more rigorous and robust
to identifying outliers as well as relabelling them.
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5. Conclusions and Future work

The main objective of this work was to detect outliers and downweight their impact on modelling.
The technique used to detect the outliers, used the concept of the Support Vector Machine (SVM)
and the support vectors where the outlierness of the support vectors have been demonstrated
with the use of the separating hyperplanes. In this work, the performance of data treated
using the developed relabelling technique using two distance measure algorithms, Euclidean and
Mahalanobis has been demonstrated. Euclidean as evidenced by literature has a generalization
limitation when it comes to high dimensional data and evidently so, from the results in both
Tables, 4.2 and 4.3. Mahalanobis with a stronger statistical power and relative to the dataset in
place has shown to perform better that Euclidean distance and is also backed up by the literature
on the detection of outliers in multivariate data.

Gaussian Mixture Models as well, have performed well in capturing data patterns unsupervised.
Just as with LDA on the datasets, where the data was treated using the Mahalanobis distance
relabelling technique, performance was better compared to on the Mixture of Gaussian in the
original datasets. Gaussian Mixtures were meant to clearly depict the inherent data patterns in
the data.

It is also worth mentioning some of the key issues that this research brought to light. This
research has shown that how well a model performed on data may be a result of the sample being
handled in a given time. This therefore, requires one to be methodical in how they handle this
phenomenon such addressing issues on the randomness of samples, optimal training and testing
ratios as well as choosing the best kernel for a Support Vector Machine on a given dataset. The
choice on the number of clusters in clustering and initialization of the EM-algorithm were also
key question that needed to be addressed and it has been shown that these are active research
areas that are expected to keep on improving.

When you remove outliers, there is a cost to modelling that data is being lost, a phenomenon that
is rather discouraged in data mining fields. Removing outliers yields better results and evidently
so, the techniques and models used show that indeed there is bound to be better results given
that the model may be underfit that is overgeneralizing on the given data. Arguably so, the
models adopted in this work for instance, LDA, clustering and the GMM as seen in Chapter 2
in some sense or another work by moving the class centers such that in the end, the clusters
or classes depending on whichever model is being used are compact and distinct. Therefore if
points that tend to make it difficult to achieve this distinctness are removed it therefore means
that the models will yield better results. In conclusion this research has shown that indeed other
than removing outlying data points, relabelling them instead produces relatively good results
that help discourage data point removal.

5.1 Future work

While working on this research, areas that could be investigated more have come to light and
are penned out next.

• Model the identified support vectors done taking consideration the statistical information
on the data, the class mean, the variance covariance structure standard deviation of the
data.

• Work on algorithm to find an optimal relabelling criteria
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• Observe the relationship between training accuracy and testing accuracy and the random
effect

• Find an optimal number of times that a model should be run to assert confidence that
the model did not happen to perform extremely well on the data that it happened to be
working on.
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