
 
 
 

1 
 

 

 

 

 

School of Pure and Applied Sciences  
Department of Computing and Informatics, 

 
 

ADVANCING BERT PRUNING TECHNIQUES: A CONCEPTUAL 
FRAMEWORK AND AN ENSEMBLE METHOD OF NEURAL 

SUBNETWORKS. 
by 

NYALALANI SMARTS 

Student ID number: 14100105 

BA (Multimedia) (RMIT university), MSc (Information Systems) (BIUST) 

 

A Dissertation/Thesis Submitted to the Faculty of Sciences in Partial Fulfilment of the 

Requirements for the Award of the Degree of Doctor of Philosophy in Computer Science 

of BIUST 

 

Supervisor(s): Prof. Rajalakshmi Selvaraj,  

Department of Computing and Informatics  

School of pure and applied Sciences, BIUST 

selvarajr@biust.ac.bw, 

Supervisor(s): Prof. Venumadhav Kuthadi 

Department of Computing and Informatics  

School of pure and applied Sciences, BIUST 

kuthadiv@biust.ac.bw 

 

July 2025 

mailto:selvarajr@biust.ac.bw


 
 
 

2 
 

 

POSTGRADUATE SCHOOL 

Declaration Regarding the Work and Copyright 

 
 

DECLARATION REGARDING THE WORK AND COPYRIGHT 
 

 
Candidate: NYALALANI SMARTS 

 
Student ID: 14100105 
 
 
Thesis Titled: ADVANCING BERT PRUNING TECHNIQUES: A CONCEPTUAL FRAMEWORK 
AND AN ENSEMBLE METHOD OF NEURAL SUBNETWORKS 
 
I, Nyalalani Smarts, certify that the Thesis is all my own original work and that I have not 
obtained a degree in this University or elsewhere on the basis of any of this work.  

(If the thesis is based on a group project, then the student must indicate the extent of her / his 
contribution, with reference to any other theses submitted or published by each collaborator in the 
project, and a declaration to this effect must be included in the thesis)   
 

This dissertation/thesis is copyright material protected under the Berne Convention, the 
Copyright and Neighbouring Rights Act, Act. No. 8 of 2000 and other international and national 
enactments, in that behalf, on intellectual property. It must not be reproduced by any means, in 
full or in part, except for short extracts in fair dealing; for researcher private study, critical 
scholarly review or discourse with an acknowledgement, without the written permission of the 
office of the Postgraduate School, on behalf of both the author and the BIUST. 

 
 
 
Signed: ----------------------------------------------------  Date:  01 July 2025 
 
 
Primary Supervisor (please write in caps or type) 
 PROF RAJALAKSHMI SELVARAJ______ 
 
I, the Candidate’s Primary Supervisor, hereby confirm that I have inspected the above titled 
thesis and, to the best of my knowledge, it is based on the original work of the candidate.  
 

Signed: ---------------------------------------- Date:  -----01/07/2025-------------------------------- 
 
 



 
 
 

3 
 

  

POSTGRADUATE SCHOOL  

Antiplagiarism check  

FORM PGS - 330  

 

  

MEMORANDUM   
  

Postgraduate candidate: NYALALANI SMARTS                     Student ID:14100105  

Degree level: PhD [], or Master [     ] (tick the appropriate)  

Thesis Titled: ADVANCING BERT PRUNING TECHNIQUES: A CONCEPTUAL FRAMEWORK AND 
AN ENSEMBLE METHOD OF NEURAL SUBNETWORKS.  

  

The Antiplagiarism Check had been completed and the results is detailed below.   

Software and version used: TURNITIN FEEDBACK STUDIO  

Outcome: 8 % SIMILARITY INDEX SCORE  

  

Resolution: Comment from the Supervisor needed:  YES [     ], or NOT [√] (tick the appropriate)  

Officer who completed the check (please write in caps or type) KELEBONYE BAGAI  

Signed:       Date: 25/02/2025  

COMMENTS BY THE PRIMARY SUPERVISOR (if requested):   

  

__________________________________________________________________________________

_______________________________________  

 

Primary supervisor (please write in caps or type) __PROF RAJALAKSHMI SELVARAJ__ 

  

  

Signed: ---------------------------------------------------- Date:  ---25/02/2025---------------------  



 
 
 

4 
 

 CERTIFICATION 

 

This document signatory endorses that he or she has reviewed the document and firmly 

recommends for approval by the Faculty of Sciences a thesis titled:  ADVANCING BERT 

PRUNING TECHNIQUES: A CONCEPTUAL FRAMEWORK AND AN ENSEMBLE METHOD OF 

NEURAL SUBNETWORKS, in partial fulfillment of the degree of Doctor of Philosophy in 

Computer Science of the Botswana International University of Science and Technology 

(BIUST).  

 

 

Supervisor: Prof. Rajalakshmi Selvaraj Co-Supervisor: Prof. Venumadhav Kuthadi 

 

  Signature: _______________   Signature:________________ 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 



 
 
 

5 
 

ACKNOWLEDGEMENTS 
 

Firstly, I would like to thank God for seeing me through my studies and for protecting my 

health all through. I am indebted to BIUST for agreeing to provide 50% tuition fee waiver for 

the full entire programme of Ph.D. I am truly grateful to my supervisors Prof Rajalakshmi 

Selvaraj and Prof Venumadhav Kuthadi for carving out time off schedule to avail themselves 

of their expertise, motivation, and encouragement. This research would be nothing if it wasn’t 

their support and guidance. To my wife, I would like to express an extra deep gratitude for 

being exceptional throughout the journey of this PhD. We not only provided financial support 

to me but also, she stood by me emotionally and mentally. She was my confidence as I shared 

the progress, setbacks, and successes of this endeavor. Truly, she has been the most pivotal 

pillar of my strength. To my fellow postgraduates and friends at BIUST, I will be grateful for 

the encouragement you have given me. Your faith has inspired me to continue when this 

course as it was so rigorous I wanted to quit. And finally, to all those individuals who actively 

participated in this endeavor, all the good words, encouragement and help in the technical 

process, a HUGE thank you. This thesis represents the culmination of collective efforts, and I 

am overwhelmed with gratitude for the essential contributions each of you has made to this 

achievement. To all of you who stand by my side and who have been so incredibly generous, 

I say thank you. 

 

 

 

 

 

 



 
 
 

6 
 

DEDICATION 
 

To My beautiful wife Ratanang and two daughters Thokgamo and Buthu. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 

7 
 

TABLE OF CONTENTS 
ACKNOWLEDGEMENTS ........................................................................................................................... 5 

DEDICATION ............................................................................................................................................ 6 

LIST OF TABLES ...................................................................................................................................... 11 

LIST OF FIGURES .................................................................................................................................... 12 

LIST OF APPENDICES .............................................................................................................................. 13 

ABSTRACT .............................................................................................................................................. 14 

Chapter 1: Introduction and Motivation .............................................................................................. 16 

1.5.1. Research Objectives ............................................................................................................ 22 

1.5.2. Research questions ............................................................................................................. 24 

1.8.1. The Advancement Contributed to the Field of Deep Learning .......................................... 26 

1.8.2. Sections of the Thesis that have Undergone Peer Review and been Published .............. 26 

1.9. Thesis Structure.......................................................................................................................... 28 

CHAPTER 2: LITERATURE REVIEW ......................................................................................................... 30 

2.1. Exploring the Structure of BERT ................................................................................................ 30 

2.1.1 Pretraining BERT Model ....................................................................................................... 33 

2.1.2 Fine Tuning ........................................................................................................................... 35 

2.2. Role of Transformer Models in Modern NLP. ........................................................................... 36 

2.3 Model Compression Techniques ................................................................................................ 38 

2.3.1. Pruning Method .................................................................................................................. 38 

2.3.2. Quantization ........................................................................................................................ 44 

2.3.3. Knowledge Distillation ........................................................................................................ 47 

2.3.4. Neural Architecture Search (NAS) ...................................................................................... 51 

2.3.4.1. Search Space .................................................................................................................... 51 

2.3.4.2. Search Strategy ................................................................................................................ 52 

2.3.5. Low-Rank Factorization ...................................................................................................... 55 

2.3.5.1. Matrix Decomposition ..................................................................................................... 55 

2.3.5.2. Singular Value Decomposition (SVD) .............................................................................. 55 

2.3.5.3. Fisher-Weighted SVD (FWSVD) ....................................................................................... 56 

2.3.5.4. Progressive Low-Rank Decomposition ............................................................................ 57 

2.3.5.5. Low-Rank and Sparse Approximation Approach ............................................................ 57 



 
 
 

8 
 

2.3.6. Weight Sharing and Clustering ........................................................................................... 58 

2.3.6.1. Weight Sharing ................................................................................................................. 58 

2.3.6.2. Clustering ......................................................................................................................... 59 

2.3.6.3. Combining Weight Sharing and Clustering ..................................................................... 59 

2.3.7. Parameter Sharing .............................................................................................................. 60 

2.3.7.1. Layer Sharing .................................................................................................................... 60 

2.3.7.2. Embedding Sharing .......................................................................................................... 61 

2.3.7.3. Grouped Parameter Sharing ............................................................................................ 61 

2.3.8. Tensor Decomposition ........................................................................................................ 62 

2.3.8.1. Tucker decomposition ..................................................................................................... 63 

2.3.8.2. Canonical Polyadic Decomposition (CPD) ....................................................................... 63 

2.3.8.3. Tensor Train Decomposition (TTD) .................................................................................. 64 

2.3.9. Early Exit Mechanisms ........................................................................................................ 65 

2.3.9.1. Confidence Estimation ..................................................................................................... 66 

2.3.9.2. Internal Ensemble Methods ............................................................................................ 66 

2.3.9.3. Learned Exits .................................................................................................................... 67 

2.3.9.4. Global Information Utilization ........................................................................................ 67 

2.4.  Applications of Compression Techniques to BERT Models ..................................................... 68 

2.4.1. Application of Quantization Techniques to BERT Models ................................................. 68 

2.4.4. Application of Low Rank Factorization............................................................................... 71 

2.4.5. Application of Weight Sharing and Clustering ................................................................... 73 

2.4.6. Application of Parameter Sharing ...................................................................................... 74 

2.4.7. Application of Tensor Decomposition ................................................................................ 75 

2.4.8. Application of Early Exit Mechanism .................................................................................. 76 

2.5. Iterative Magnitude Pruning (IMP) and the Lottery Ticket Hypothesis. .................................. 78 

2.5.1 IMP........................................................................................................................................ 78 

2.5.1.3. Advantages and Limitations of IMP ................................................................................ 80 

2.6 Attention head pruning in BERT. ................................................................................................ 84 

2.6.1. Attention head pruning effects on performance ............................................................... 87 

2.6.2. Attention head pruning effects on Model Size .................................................................. 88 

2.7 Ensemble Learning Methods in Deep Neural Networks ............................................................ 88 



 
 
 

9 
 

2.7.1 Bagging (Bootstrap Aggregating) ......................................................................................... 88 

2.7.2 Boosting ................................................................................................................................ 93 

2.7.3 Stacking ................................................................................................................................ 98 

2.8.1 Role of Subnetworks .......................................................................................................... 101 

2.8.2 Impact of Combining Multiple Pruned Models ................................................................. 102 

2.9 Sustainability and Resource Efficiency in AI ............................................................................ 104 

2.9.1 Key Initiatives and Tools for Sustainable AI ...................................................................... 104 

2.9.2 Challenges and Future Directions ...................................................................................... 105 

2.10. Resource Efficiency in AI ........................................................................................................ 106 

2.10.1. Key Strategies for Resource Efficiency ........................................................................... 106 

2.10.2. Challenges and Future Directions ................................................................................... 107 

2.11. Research Gaps ........................................................................................................................ 108 

2.12. The need for advanced pruning framework. ........................................................................ 109 

Chapter 3: Methodology ..................................................................................................................... 113 

3.1 Research Paradigm .................................................................................................................... 113 

3.2. Research Design ....................................................................................................................... 114 

3.2.1. Problem Definition and Research Objectives .................................................................. 114 

3.3. Proposed Pruning Framework ................................................................................................. 115 

3.3.1. Reviewing Literature on Specific Research Concepts ...................................................... 116 

3.3.2. Planning the Review ......................................................................................................... 116 

3.3.3. Developing a Review Protocol .......................................................................................... 116 

3.3.4. Conducting the Review ..................................................................................................... 117 

3.3.5. Identification of relationships between key concepts .................................................... 118 

3.4 Multi-objective Optimization Algorithm for Performance, Speed, and Resource Efficiency. 119 

3.4.1. Efficient Model Pruning Optimization Algorithms........................................................... 119 

3.5 Ensemble of Winning Tickets Method ..................................................................................... 126 

3.5.1. Dataset and Preprocessing ............................................................................................... 127 

3.5.2. Initialization of the Model and Tokenizer ........................................................................ 128 

3.5.3. Ensemble of Winning Tickets ............................................................................................ 131 

3.5.4. Aggregating Predictions in Ensemble Learning ................................................................ 136 

3.5.5. Training Configuration ...................................................................................................... 138 



 
 
 

10 
 

3.5.6. Selection of Informative Attention Heads ....................................................................... 138 

3.5.8. Performance Metrics ........................................................................................................ 143 

3.5.9. Tools and frameworks used for measuring performance. .............................................. 148 

Chapter 4: Results and Discussion ...................................................................................................... 150 

4.1. Conceptual Framework Components ...................................................................................... 150 

4.1.1 Sparsification Schemes ...................................................................................................... 150 

4.1.4. The Potential Impact of Model Optimization .................................................................. 153 

Chapter 5: Conclusions and Recommendations ................................................................................ 176 

References ........................................................................................................................................... 179 

Appendices .......................................................................................................................................... 199 

Appendix 1: Efficient Model Pruning Optimization Algorithm Code ............................................ 199 

Appendix 2: pruning BERT attention heads_accuracy metrics. ..................................................... 203 

 

 

 

 

 
 

 
 

 

 

 

 

 

 



 
 
 

11 
 

LIST OF TABLES 
 

Figure 1: The Transformer model architecture 

Figure 2: Pre-training and fine-tuning procedures for BERT 

Figure 3: Proposed Conceptual Framework for Pruning of neural networks 

Figure 4: Steps of optimizing BERT models through an ensemble of pruned subnetworks 

Figure 5: Pruning Percentage Verses Model Size Reduction 

Figure 6: Model Size Verses Performance Matrix 

Figure 7: Pruning Percentage Verses Performance Matrix 

Figure 8: Accuracy and F1 Score Across Pruning Ratios and Steps 

Figure 9: Training and validation loss oversteps and pruning ratios 

Figure 10: Metrics oversteps: (a) CoLA dataset-F1score and Accuracy scores (b) SST-2 dataset- 

F1 and Accuracy scores. 

Figure 11: Training and Validation Loss Vs Epochs 

Figure 12: Ensemble Iterations and Evaluation Metrics: (a) Ensemble Iterations per Epoch (b) 

Evaluation Metrics per Epoch 

 

 

 

 

 

 

 

 



 
 
 

12 
 

LIST OF FIGURES 
 

Table 1: Network pruning reduces parameters without compromising predictive performance. 

Table 2: Performance and Compression Rates of Pruned Models Compared to BERT Baselines 

Table 3: Comparison of pruned model with other BERT variants 

Table 4: Performance Comparison Between Original and Pruned Models 

Table 5: Model performance Comparison with other ensemble techniques. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 

13 
 

LIST OF APPENDICES 
 

Appendix 1: Efficient Model Pruning Optimization Algorithm Code 

Appendix 2: pruning BERT attention heads accuracy metrics. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



 
 
 

14 
 

ABSTRACT 
 

Large Language Models (LLMs), such as BERT (Bidirectional Encoder Representations from 

Transformers), have experienced rapid growth and increasing complexity, which has 

introduced significant challenges related to computational costs, resource consumption, and 

environmental impact. Although existing pruning techniques offer certain advantages, they 

frequently entail trade-offs, such as reduced model accuracy, increased computational 

overhead, and inadequate consideration of sustainability. To address these challenges, in this 

study we propose a conceptual framework aimed at improving the efficiency and 

sustainability of BERT models through innovative pruning techniques. This framework 

incorporates a novel multi-objective optimization algorithm that clarifies the trade-offs among 

model accuracy, computational expenses, inference speed, and energy usage. Furthermore, 

the study proposes an Ensemble of Winning Tickets, grounded on the lottery ticket hypothesis, 

for the pruning of BERT attention heads. Pruning techniques reduce model size while 

preserving performance, enabling the deployment of highly efficient and environmentally 

sustainable models. The experimental evaluations show how these techniques are effective 

to real world tasks including linguistic acceptability and sentiment analysis using the Stanford 

Sentiment Treebank (SST-2) and Corpus of Linguistic Acceptability (CoLA) datasets. The results 

show that the proposed multi objective method achieves significant model compression of 

BERT Base model being pruned to 70.4 million parameters gaining an accuracy of 96.3% on 

SST-2 dataset and F1-score of 95.2%. Furthermore, the pruned model demonstrated F1 score 

of 82.3% and 56% of Matthews Correlation Coefficient in CoLA dataset respectively. The 

findings of this study also include model size that has been reduced by 36%, with our ensemble 

model reaching greater performance as compared to the baseline BERT model on both SST-2 

and CoLA datasets. The results show F1-score of 94% and 96%, respectively, and accuracy 

scores of 95% and 96% on the two datasets. The findings of this study demonstrate that 

advanced pruning techniques enhance model performance, computational efficiency, and 

environmental sustainability. This study present practical framework to researchers and 

practitioners to move from large, resource-heavy models to sparse, efficient, and scalable 
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options, thereby aiding the broader initiative to implement deep learning models in an 

environmentally conscious way. 
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Chapter 1: Introduction and Motivation 
 

1.1. The Importance of Model Compression for BERT 

Model compression is an important feature for optimizing the deployment of BERT 

(Bidirectional Encoder Representations from Transformers) Devlin et al. [1]  in NLP 

applications. The BERT model, especially BERT large, has 340 million parameters which are 

both computationally and resource intensive Lu et al.  [2]. The famous large language models 

with transformer architecture are over parameterized and are in need of lots of resources, like 

for example BERT as illustrated above  have 340 million parameters, OpenAI’s Generative 

Pretraining Transformer (GPT-2) Radford et al. [3] with 1.5 billion parameters, the model of 

Raffel et al. [4] Text-to-Text Transfer Transformer (T5) has 11 billion parameters and GShard 

have a massive 600 billion parameters Bianco et al. [5], Sanh et al. [6], Gupta & Agrawal [7]. 

Several studies have revealed that the baseline models have attained cutting-edge results in 

several benchmarks [1], making BERT the best Transformer-based model currently available. 

An interesting investigation made by Strubell et al. [8] indicate that it requires a lot of 

computational resources which demand substantial high memory consumption and high 

energy to power this hardware for weeks or even months to train the BERT model. 

This complexity creates challenges for real-world deployment, particularly on hardware 

with limited processing power, such as IoT devices and mobile phones Tambe et al.  [9]. To 

overcome these challenges, model compression techniques like for example knowledge 

distillation, pruning and quantization, and are used for model size reduction while still 

achieving high performance Zhao et al. [10]. These strategies do not only make BERT more 

appropriate for real-life application but also increase its scalability across platforms. This 

results in another facet of model compression, that is accelerating the inference speed, which 

will be explained in the subsequent paragraph. 

The computational demands of BERT as well as other large models generally suffers from 

slower inference speeds which is a significant drawback in real-time systems. Because of the 
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large parameter count, BERT models exhibit long inference times, making them a bottleneck 

in systems like information retrieval, where response time is highly crucial Wang et al [11]. 

Model compression techniques are an important factor for enabling this issue by enhancing 

inference speed. For instance, special protocols such as early exit allow models to provide 

answers at intermediate stages, which makes the time spent in simple queries for instance 

shorten Ganesh et al. [12]. This is especially desirable in applications that require quick 

response times directly influence user experience, like the chatbots and virtual assistants as 

shown in Yin et al. [13]. In addition to providing an increase of inference speed, techniques of 

model compression have advantages or benefits in terms of resource efficiency. 

Large language models such as BERT, for instance, often requires substantial 

computational resources, such as high-performance GPUs and memory leading to 

organizational cost in environments with constrained resources [13]. Because of the increased 

size and computation complexity of large transformer-based models, they pose challenges to 

deployment on platforms with minimal memory and computational capacity. Clinical NLP 

tasks present even greater demands, for example, to facilitate clinical decision-making, where 

lightweight models are needed to operate effectively in resource-constrained environments 

Rohanian et al. [14]. For these challenges to be solved, a robust method for compressing 

models is needed to lower their size and resource requirements. These techniques enable 

realising of sophisticated NLP capabilities on low resource devices and thus ensuring practical 

language processing solutions across various applications Min et al. [15]. Thus, in addition to 

increasing resource efficiency, the impact of model compression extends to environmental 

considerations. 

The growth in the size and complexity of deep learning models has been exponential, 

and these models contribute significantly to the environmental footprint, due to the high 

energy consumption required for both training and inference Min et al. [15]. The 

computational complexities of these large-scale models become less demanding due to model 

compression techniques, not to mention the conservation of the environment through the 

reduction of deploying large-scale models. Knowledge distillation and quantization techniques 
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have been adopted to increase resource efficiency, thus conforming to the Green AI principles 

that advocates for efficient AI design development Min et al. [15]. Treviso et al. [16] show the 

effectiveness of optimization strategies, like pruning and quantisation, that can decrease 

processing demands and energy intake while enhancing sustainability of the advanced NLP 

models available. In addition, Ramesh et al. [17] stresses that model compression methods do 

not only increase efficiency but also help in mitigating the environmental costs associated with 

large models, while maintaining fairness in their application. The focus on resource efficiency 

and sustainability paves the way for further investigation of compression methodologies into 

how they can optimize the practical deployment of NLP models. 

The compression methods have become more important in different domains such as 

sentiment analysis, question answering, and information retrieval, where maintaining high 

accuracy is needed with less computational demands. For instance, the usage of compressed 

BERT models has shown to achieve a great optimization of the computational overhead as 

well as retaining accuracy in these tasks Lin et al. [18]. Techniques such as knowledge 

distillation are useful in this process since they allow the transfer of knowledge of large 

complex models to small efficient models. The transfer ensures that compressed models are 

as effective as big models in specific tasks hence useful in deployment in resource-constrained 

environments. Therefore, model compression does not only improve NLP systems for various 

applications but also guarantees the scalability and accessible across different platforms of 

advanced language models. 

1.2. Pruning and Its Benefits in Reducing BERT Model Size and Complexity 

Pruning is a compression technique whereby redundant layers or individual heads of a 

large language model can be removed without any degradation in performance and accuracy 

as demonstrated in Michel et al. [19] Kovaleva et al. [20], Baan et al. [21] and Li et al. [22]. 

Further to that, some investigations have investigated pruning in the setting of BERT as 

proposed in the studies of Prasanna et al. [23], Chen et al. [24]  and it has proven highly 

effective in shrinking the storage size of fine-tuned models tailored to specific NLP tasks. 

Pruning strategies commonly encompass unstructured pruning and structured pruning. In 
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unstructured pruning, individual weights are eliminated according to their significance, often 

assessed using their absolute values or gradients Han et al. [25]. The result of unstructured 

pruning is a sparse model with numerous weights being set to zero. However, while 

parameters of the model can be significantly reduced, it may not lead to important 

improvements in inference speed unless specialized hardware’s are used Jin et al. [26]. On the 

contrary, structured pruning involves removing complete components of the model, which 

might include blocks of weights as suggested by Li et al. [27], attention heads proposed by 

[19], layers as shown by Fan et al. [28] or even the entire structural parts as presented by Voita 

et al. [29], McCarley et al. [30] of pre-trained language model. 

Reducing the number of parameters is beneficial since it reduces memory footprint of 

the model and enables quicker inference times that enable real time processing. Studies like 

that of [31] have investigated pruning during pre-training, the research also revealed that 

pruning 40% of BERT allows for efficient inference without a significant drop in performance. 

Further observation from studies shows that pruning together with other methods such as 

knowledge distillation can retain or even improve the model performance after compression 

[32]. Pruning the size of complex models, for example, BERT will lead to less energy 

consumption and have a positive environmental impact [33]. 

1.3. Challenges and Limitations of Pruning Methods 

Pruning methods for large language models (LLMs) can be broadly categorized into 

unstructured pruning and structured pruning. Both approaches have unique challenges and 

limitations, especially when applied to transformer-based models like GPT, BERT, and others. 

Unstructured pruning removes individual weights or connections without considering the 

overall structure of the model, offering high sparsity but introducing several challenges. One 

major limitation is hardware inefficiency, as standard processing units like GPUs and TPUs are 

optimized for dense matrix operations rather than irregular sparsity patterns, leading to 

minimal speedup despite significant weight reduction [25]. Additionally, unstructured pruning 

often necessitates retraining or fine-tuning to recover lost accuracy, which is computationally 

expensive, especially for large models like BERT and GPT-3 Zhu & Gupta [34]. Another key 
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drawback is the potential loss of important weights, as some pruned connections may play a 

critical role in model performance, such as capturing long-range dependencies in transformer 

models Frankle & Carbin [19]. These challenges make unstructured pruning less effective in 

real-world applications where computational efficiency is a priority. 

Structured pruning, on the other hand, removes entire structures such as neurons, 

layers, or attention heads, leading to more hardware-friendly sparsity patterns but also posing 

significant challenges. One major issue is the reduction in model capacity, as removing entire 

structures may limit the expressiveness of the model, negatively affecting performance on 

complex tasks Michel et al.[19] . Furthermore, structured pruning is highly task-dependent, as 

the importance of structures varies based on the application, making it difficult to develop 

universally effective pruning strategies Voita et al. [35]. Lastly, inter-structure dependencies 

create additional complexity, as removing one structure may alter the function of another, 

leading to unstable pruning decisions Molchanov et al. [36]. Despite these limitations, 

structured pruning remains a preferred choice for optimizing models in practical scenarios due 

to its compatibility with modern hardware accelerators. 

Pruning BERT models presents unique challenges, particularly due to the critical role 

of attention heads in capturing diverse linguistic features and the model's sensitivity to task-

specific requirements. For instance, Michel et al. [19] demonstrated that while many attention 

heads in BERT are redundant, pruning them indiscriminately can degrade performance on 

tasks requiring specialized heads, such as coreference resolution or syntactic parsing. 

Additionally, task-specific sensitivity complicates pruning, as heads important for one task 

(e.g., sentiment analysis) may be less relevant for another (e.g., question answering), as 

highlighted by Voita et al. [35] . Furthermore, inter-head dependencies make it difficult to 

assess redundancy in isolation, as pruning one head may increase the importance of another, 

leading to unstable pruning decisions Molchanov et al. [36].  

Our research directly addresses these challenges by introducing a conceptual 

framework that enhances BERT’s efficiency through advanced pruning techniques while 

maintaining its performance across NLP tasks. First, we analyze the shortcomings of existing 
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pruning methods to identify key areas for improvement regarding computational cost, 

accuracy loss, and sustainability. To overcome the trade-offs between model accuracy, 

inference speed, and resource consumption, we propose a novel multi-objective optimization 

algorithm that dynamically balances these factors during the pruning process. Additionally, 

we introduce the Ensemble of Winning Tickets approach, which selects and fine-tunes optimal 

subsets of pruned attention heads, preserving essential linguistic features and enhancing 

model robustness. This method mitigates the instability of structured pruning by leveraging 

multiple pruned configurations, ensuring that no critical structures are lost. Finally, we 

validate our framework through extensive evaluation of NLP tasks which are sentiment 

classification and linguistic acceptability, comparing the performance of our pruned models 

against existing benchmarks.  

1.4. Statement of Problem 

The growing complexity of BERT as a large language model, although very important 

for NLP tasks, there are significant challenges related to computational expenses, resource 

consumption, and environmental impact. Jaiswal et al. [37] reveal that large language models 

are computationally expensive, and excessive memory demands of large models, highlighting 

the necessity for pruning techniques to address these challenges. While the existing pruning 

strategies are beneficial and comprehensive, they often lead to trade-offs such as 

performance degradation and increased computational overhead as highlighted in Wang et 

al. [38]. These models often do not achieve the optimal balance of resource savings with 

model accuracy, particularly in real-world applications. Furthermore, at present, many of the 

current pruning methods lack focus on sustainability; for instance, the study on enhancing 

clinical language [39] highlights the negative environmental impact of energy-intensive 

computations, stating the critical need for greener, more efficient pruning strategies. 

Determining optimal pruning criteria is another prevailing challenge, as noted in various 

studies which discuss the importance of balancing performance with resource savings. 

These shortcomings lay the groundwork for this research through the proposal of a 

conceptual framework. for enhancing BERT model efficiency through advanced pruning 
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techniques. Particularly, our study presents a multi-objective optimization algorithm that 

formalizes the balancing between computational cost, accuracy,  inference speed, and energy 

consumption. Additionally, the research proposes a novel method of pruning BERT attention 

heads based on an Ensemble of Winning Tickets considered under the lottery ticket hypothesis 

which maintains and enhances the model’s performance while simplifying it. The proposed 

research tries to go further and tackle both computational and sustainability issues to provide 

the basis for more practical, efficient, and environmentally responsible deployment of BERT 

models across various real-world applications. 

1.5. Main Objective 

The goal of this study is to formulate a conceptual framework that enhances BERT’s 

computational efficiency and environmental sustainability through advanced pruning 

techniques. While this framework is validated on BERT, its principles such as the multi-

objective optimization algorithm and the Ensemble of Winning Tickets approach are designed 

to generalize to other transformer-based architectures (e.g., GPT, T5, and encoder-decoder 

models). This paves the way for future research in two key directions: (1) hardware-aware 

pruning strategies tailored to edge devices (e.g., IoT, mobile GPUs), where memory and energy 

constraints are critical, and (2) dynamic compression techniques that adapt to model 

architectures evolving toward larger scales (e.g., trillion-parameter models). By addressing 

these gaps, this study contributes a foundation for scalable and sustainable deployment of 

NLP systems across domains. 

1.5.1. Research Objectives 

1. To analyse the shortfalls in existing pruning frameworks (Unstructured pruning 

trade-offs in accuracy and efficiency) 

Building on the limitations identified by Wang et al. [38] and Michel et al. [19], this 

objective systematically evaluates why current pruning methods fail to balance 

accuracy loss e.g., task-specific head removal [20] with computational gains e.g., GPU 

latency [26]. 
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2. To propose a novel multi-objective optimization algorithm (Lack of holistic 

optimization) 

Directly responding to the hardware inefficiency challenges noted in Section 1.4 [25], 

[26], this objective formalizes a multi-objective optimization algorithm that 

simultaneously optimizes: 

• Model accuracy (mitigating performance degradation risks [38]) 

• Inference speed (targeting GPU/TPU architectures [26]) 

• Energy consumption (addressing environmental concerns [15]) 

3. To propose an Ensemble of Winning Tickets method (Instability in structured 

pruning) 

In contrast to the task-sensitive pruning limitations highlighted by Voita et al. [35] 

and Molchanov et al. [36], this objective develops a robust attention-head selection 

strategy that preserves linguistic capabilities while reducing model size by ≥40% [19], 

[23]. 

4. To validate the proposed framework (Insufficient real-world benchmarking) 

Where prior studies focus narrowly on accuracy metrics (e.g., [24]), this objective 

evaluates: 

• Computational efficiency (FLOPs reduction vs. [25]) 

• Environmental impact (energy savings vs. [15]) 

• Task performance (sentiment analysis, linguistic acceptability vs. [13], [18] 

5. To measure cross-task impact (Limited sustainability focus) 

Extending beyond conventional accuracy benchmarks (e.g., GLUE), this objective 

quantifies: 

• Energy efficiency gains (watts per inference vs. [8], [15]) 

• Hardware deployment potential (edge-device compatibility vs. [9], [14]) 
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1.5.2. Research questions 

1. What are the limitations and gaps in current pruning techniques for BERT models, 

particularly in terms of computational overhead, accuracy loss, and sustainability 

challenges? 

2. How can a multi-objective optimization algorithm be designed to strike a balance 

between maintaining model accuracy, reducing computational overhead, improving 

inference speed, and minimizing energy consumption in the pruning process? 

3. How does the use of an Ensemble of Winning Tickets for pruning attention heads in 

BERT impact model complexity and performance, and how does it compare to existing 

pruning methods? 

4.  What are the effects of the proposed pruning techniques on the computational 

efficiency and energy consumption? 

5. How does the proposed pruning method affect the efficiency and accuracy of 

compressed BERT models in NLP applications such as sentiment analysis and linguistic 

acceptability? 

1.6. Justification of the Study 

The size and the increasing intricacy of LLMs such as BERT significantly affect 

computation and hinder their use in low-power computing scenarios such as smartphones and 

embedded IoT systems. BERT is a popular transformer-based model, which carries millions of 

parameters making it impossible to implement in real-time due to large memory 

requirements. These studies by [12] and Rogers et al. [40] shows that deploying large language 

models for sentiment analysis involves significant computational costs, largely due to the 

model's size and complexity, indicating that efficient deployment solutions are needed. This 

PhD study seeks to address these issues through advanced pruning techniques that reduce 

computational overhead without compromising model performance.  

Further, the environmental sustainability of artificial intelligence (AI) is becoming a 

vital concern. Large AI models training and deployment have an impact on the constant rise 

in energy use and CO2 emissions. Such work as Xu and McAuley’s [41] does point to the 
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environmental impacts of AI and demands for more energy-saving approaches. This research 

is particularly justified as it seeks to focus on balancing computational efficiency and 

sustainability. By introducing novel pruning methods, this paper aims to minimize energy and 

carbon cost of large model use, contributing to Green AI practices. 

1.7. Significance of Study 

This research offers a novel contribution to model compression and sustainability by 

proposing a novel framework for increasing the computational efficiency of large-scale 

language models through advanced pruning techniques. In particular, this study proposes a 

multi-objective optimization algorithm that formalizes the balance between computational 

cost, accuracy, inference speed, and energy consumption. This represents a key aspect that 

adds towards the optimization of LLMs for both computational efficiency and sustainability. 

Additionally, the research proposes a novel method of pruning BERT attention heads based 

on an Ensemble of Winning Tickets considered under the lottery ticket hypothesis which 

maintains and enhances the model’s performance while simplifying it.  

The efficient pruning techniques, like most of the studies have suggested, allow for 

faster and more resource-efficient models, which are necessary for tasks like language 

translation and decision making. In addition, this research also addresses gaps for deploying 

AI in resource-constrained environments, which possibly could encourage democratizing 

access to AI technology in developing countries and low-cost devices. In this way, the findings 

of this work will significantly contribute to more practical and sustainable AI deployment, this 

study will have a lasting impact on the field of AI research. 

1.8. Contributions 

The contributions of this PhD research are presented in two forms: The contributions 

include the body of knowledge in deep learning and published works generated as a result of 

this study 
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1.8.1. The Advancement Contributed to the Field of Deep Learning  

We present a conceptual framework alongside a new multi-objective optimization 

algorithm that balances pruning decisions across accuracy, computational cost, inference 

speed, and energy consumption. Through analyzing the connections between these concepts 

and assessing computational efficiency and power consumption, the framework and the novel 

multi-objective optimization algorithm goal is to elaborate practical steps to enable efficient 

resource usage and energy expenses in real-world NLP projects using pruning strategies. This 

work aims to look for a balance between the size of the models and their accuracy and, also 

to provide green directions in Natural Language Processing. This framework, along with the 

algorithm, functions as a valuable reference for researchers and experts, who can select a 

suitable approach based on the specific application requirements for deep learning pruning. 

We also introduce a new pruning technique that we call Ensemble of Winning Tickets 

which utilizes the lottery ticket hypothesis to enhance BERT’s performance metrics while 

drastically reducing its complexity. In this proposed approach, we implement an iterative 

attention head pruning for BERT retaining the minimal features of the model. In our approach 

the combined pruned subnetworks or winning tickets are combined into a robust ensemble 

model which gives up to 36% reduction in model size without deteriorating the performance. 

Pruning techniques have become important in overcoming the challenges of increasing model 

complexity in deep neural networks. The techniques of pruning streamlines network 

structures, improving inference speed, reducing memory usage, and enhancing computational 

efficiency by selectively removing redundant or less impactful components. A promising 

approach is the concept of "winning tickets," which identifies efficient subnetworks within 

sparse deep neural networks that match or exceed the performance of the original model. 

1.8.2. Sections of the Thesis that have Undergone Peer Review and been Published 

1. our original research article titled "Ensemble of Winning Tickets: Pruning BERT 

Attention Heads for Enhanced Model Efficiency" Smarts et al. [42] Published in the 

International Journal of Electrical and Computer Engineering (IJECE), p-ISSN 2088-8708, e-ISSN 

2722-2578, a Scopus/ScimagoJR indexed journal, DOI:  
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http://doi.org/10.11591/ijece.v15i2.pp2070-2080.  This paper was published as one of our 

objectives from the thesis whereby we introduced a new pruning technique that we call 

Ensemble of Winning Tickets which utilizes the lottery ticket hypothesis. The approach 

implements an iterative attention head pruning for BERT retaining the minimal features of the 

model.  

2. The review paper titled “Natural Language Processing Revolution from Humble 

Beginnings to Deep Learning and Beyond”, Presented to the 4th International Conference on 

ICT in Business, Industry and Government, the flagship conference of IEEE Computer Society, 

the paper published by IEEE Xplore, DOI: 10.1109/ICTBIG64922.2024.10911728. Our literature 

review from the thesis was prepared into a review paper which was peer reviewed and 

published by IEEE Xplore.  The paper highlights key NLP concepts, tracing chronological 

advancements, exploring deep learning innovations, and discussing effective pruning 

techniques to optimize model performance. The paper also suggests future developments for 

scholars to investigate and find solutions for current challenges in NLP. Its results not only act 

as a guide for practitioners today but also suggest new directions for research and 

development that will help meet the challenges of tomorrow in this dynamic discipline of NLP. 

3. An original research article titled “A Conceptual Framework for Efficient and 

Sustainable Pruning Techniques in Deep Learning Models. Published by the Journal of 

Computer Science”. Could be cited as: Smarts, N., Selvaraj , R. & Kuthadi, V. (2025). A 

Conceptual Framework for Efficient and Sustainable Pruning Techniques in Deep Learning 

Models. Journal of Computer Science, 21(5), 1113-1128. 

https://doi.org/10.3844/jcssp.2025.1113.1128. The other objective of this thesis is to 

introduce a conceptual framework and a novel multi-objective optimization algorithm that 

formalizes pruning as a balance between computational cost, accuracy, inference speed, and 

energy consumption. The objective was prepared into an original research paper which was 

peer reviewed and published. The paper proposes a conceptual framework that emphasizes 

sparsity-driven efficiency, it discusses how it contributes to the realization of sustainable 

technological development, fostering the development of environmentally friendly and 

http://doi.org/10.11591/ijece.v15i2.pp2070-2080
https://doi.org/10.1109/ICTBIG64922.2024.10911728
https://doi.org/10.3844/jcssp.2025.1113.1128
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sustainable technologies. The paper also discusses how the framework was developed in the 

following steps: 1) reviewing the literature on key research concepts which are model pruning, 

efficiency, inference, and sustainable technology development. 2) identifying connections 

between research concepts. 3) design and development of the proposed conceptual 

framework for pruning. The paper also discusses the novel multi-objective optimization 

algorithm that prunes the model while maintaining accuracy, reducing computational cost, 

minimizing inference time, and optimizing energy consumption 

1.9. Thesis Structure 

This thesis is further divided as follows: Chapter 2 introduces the structure of BERT, 

and how transformer-based models are significant to NLP, and continues to discuss the model 

compression techniques such as knowledge distillation, quantization and pruning with a 

specific focus to BERT. Further, the critical pruning approaches, such as Iterative Magnitude 

Pruning (IMP), and attention head pruning are discussed and along with ensemble methods, 

wherein the pruned subnetworks are combined for enhanced performance. Issues related to 

sustainability in Artificial Intelligence and highlighting Green AI practices for decreasing energy 

consumption are explored. Finally, it highlights some of the gaps present in the current 

techniques for pruning BERT and ensemble methods; this forms the motivation for an 

advanced pruning framework. 

Chapter 3 outlines the Methodology and Theoretical Framework of the study. Starting 

with the general research design of the investigation, followed by an in-depth explanation of 

the proposed pruning framework for pruning BERT’s attention heads through a multi-

objective approach balancing performance, speed, and resource efficiency. This current 

chapter presents the idea of ensemble of winning tickets; it discusses the process of 

subnetworks (winning tickets) selection and how they are trained to create an efficient model 

ensemble. The dataset used as well as the preprocessing and tokenization processes are being 

explained, it also details the training and pruning of BERT using the iterative magnitude 

pruning technique. The chapter closes by discussing the following metrics accuracy and 

inference speed, memory usage and energy consumption including the tools for evaluation. 
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In Chapter 4 the results of the research together with the comprehensive discussion 

of their implications are presented here. The outcomes are structured in such a way that they 

shed light on the baseline results of the unpruned BERT model and the outcomes of applying 

cutting-edge pruning techniques, and the benefits of combining pruned subnetworks into an 

ensemble. Additionally, the chapter delves into resource efficiency, resource utilization, and 

the contributions of the proposed framework to sustainable AI. Chapter 5 brings the thesis to 

a close by outlining the main discoveries, with a particular focus on the study’s impact on the 

fields of model compression and neural ensemble strategies, notably for BERT models. It does 

sum up the theoretical progress practical advancements made in pruning, while pointing out 

limitations related to trade-offs and generalization challenges. Recommendations for future 

research consist of expanding the advanced pruning strategies and applying these techniques 

to other deep learning models and architectures paving the way for further improvement of 

efficient AI methods. 
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CHAPTER 2: LITERATURE REVIEW 
 

2.1. Exploring the Structure of BERT 

BERT has enhanced the field of NLP because of its novel architecture, the model which 

was introduced by [1], employs bidirectional methodology for modeling a language since it is 

able to determine left context as well as right context at the same time, it is different from 

previous unidirectional approaches [12]. Bidirectional processing is implemented using the 

masked language modeling (MLM) approach and involves masking and training the model on 

randomly selected words in a given sentence Lai et al. [43] based on their surrounding context. 

The benefit of BERT architecture BERT is that it was built upon the transformer 

architecture originally introduced by Vaswani et al. [44]. A study of [44] have indicated the 

Transformer model leverages self-attention to assign contextual importance to different 

words in a sentence. The self-attention mechanism captures complex relationships and 

dependencies as compared to the limitations associated with the recurrent neural networks 

(RNNs) Hernández and Amigó [45]. BERT is made up of multiple layers of encoders, the multi-

head self-attention mechanisms in every layer empower the model to process and emphasize 

various components of the input sequence concurrently [16]. According to the study by Roy 

et al. [46] the architecture does not only enhance the model's contextual understanding but 

also enables parallelization during training, making it more efficient than traditional sequential 

models. 

Here is an example which demonstrate bidirectional training approach, a sentence 

“The dog ran to the chicken,” the model realize that “dog” and “chicken” are related given the 

context of the entire sentence, not just prior words. The power of being able to comprehend 

words in context is valuable for cases like question answering and natural language inference 

where getting the whole context is important for making the right prediction [11]. This is also 

true, as emphasised by Hou et al. [47]  further highlights that it enables fine-tuning on specific 

tasks with little alterations allowing it to serve as a highly adaptable tool across diverse NLP 
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applications. BERT's innovative use of the Transformer architecture and its bidirectional 

training approach have significantly raised the standards in NLP, demonstrating important 

improvements across multiple tasks and establishing it as a foundational model for 

subsequent research and applications in the field Campino [48]. 

 

Figure 1: The Transformer model architecture [44] 

The above figure 1 illustrates the transformer neural network architecture that was 

initially created to solve the problem of language translation. Researchers and practitioners 

have very well utilized it, before the inception of the transformers the Long Short Term 

Memory networks (LSTM) Gers and Schmidhuber [49] and Hochreiter and Schmidhuber [50]  

were used to solve this problem but experience some limitations.  Wang and Jiang, [51] in 

their study they reflect that the premise and the hypothesis is decreased to a single 

embedding vector before matching them. LSTM networks have slow training times due to 

their sequential processing of words, both in input and output, requiring a large number of 

timestamps for effective learning. The models are not the best option when capturing the true 

meaning of words. Even the bidirectional-LSTMs Graves and Schmidhuber [52] they process 
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left-right and right-left contexts in isolation before concatenating them, leading to a partial 

loss of the original context. The transformer model tackles these limitations effectively by 

processing words concurrently, resulting in much faster performance. Their deeply 

bidirectional nature allows them to capture word context more effectively by processing 

information from both directions at the same time. 

At the core of the transformer are its two primary elements, the encoder and decoder, 

crucial for understanding its operation, let’s give an example of training this architecture to 

convert English to Setswana language. The encoder handles the English words in parallel, 

generating embeddings for each word at the same time. The embeddings are vector 

representations that capture word meanings, and words with similar meanings have vectors 

that are numerically closer. The decoder takes the encoder’s embeddings and the preceding 

words of the Setswana translation to sequentially generate the next word in the output 

sentence. The translation into Setswana is built sequentially, one word at a time, until the 

entire sentence is formed. This approach is more appealing than some LSTMs because it 

distinctly separates tasks, with the encoder focusing on understanding English, grammar, and, 

most importantly, context. The decoder, on the other hand, learns the connections and 

mappings between English and Setswana words. Even individually, both parts have a deep 

underlying knowledge of language, allowing sections of this architecture to be adapted for 

developing systems that understand language. 

Stacking the decoder part of transformer OpenAI's GPT will be created and conversely 

when the encoders component is stacked, we get BERT Ghaemi et al. [53]. BERT can be utilized 

for learning neural machine translation, answering questions, analyzing sentiment, and 

summarizing text and many more tasks Lamsiyah et al. [54]. All these tasks need the 

understanding of language, therefore BERT is first trained to grasp language and can later be 

adapted through fine-tuning for particular problem-solving needs. BERT is trained in two 

phases, starting with pretraining, where the model acquires knowledge of language and 

contextual relationships. In the fine-tuning phase, the model is trained to grasp the 
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relationships and interactions between two sentences Su and Vijay-Shanker [55]. The pre-

training and fine tuning process is illustrated in figure 2 below. 

 

Figure 2: pre-training and fine-tuning procedures for BERT [1] 

2.1.1 Pretraining BERT Model 

The purpose of pretraining is to enable BERT to understand the fundamentals of 

language and the concept of context. Liu [56]. To develop linguistic proficiency, BERT is trained 

concurrently on two key unsupervised objectives: Masked Language Modeling (MLM) and 

Next Sentence Prediction (NSP) [40], Kryeziu and Shehu [57]. The MLM task requires BERT to 

reconstruct masked words within a sentence, enabling it to develop a deeper understanding 

of bidirectional linguistic dependencies. For NSP, BERT receives a pair of sentences and 

predicts whether the second sentence is a natural continuation of the first, using a binary 

classification approach. This enables BERT to grasp contextual relationships between 

sentences, and by combining both tasks, it develops a deeper understanding of language Liu 

et al. [58]. 

During pretraining, BERT is trained in MLM and NSP, but in implementation, both tasks 

are learned concurrently. The model receives two sentences as input, with some words 

hidden, and each token corresponds to a word, and those words are converted into 

embedding using pretrained embeddings. The process could be represented mathematically, 

like on the following notations and equations:   



 
 
 

34 
 

1. Input Representation: Let 𝑆𝐴 and 𝑆𝐵 be two sentences, where: 

𝑆𝐴 = {𝑤𝐴1, 𝑤𝐴2, … , 𝑤𝐴𝑁}                                                                                                                        (1) 

𝑆𝐵 = {𝑤𝐵1, 𝑤𝐵2, … , 𝑤𝐵𝑀}                                                                                                                     (2) 

Here, 𝑁 and 𝑀 indicate the number of words in sentences 𝐴 and 𝐵, respectively. 

2. Masked Language Modeling (𝑴𝑳𝑴): Let 𝑀 Denote the group of positions where 

words have been masked in 𝑆𝐴 and 𝑆𝐵. The masked input can be represented as: 

𝑆̃ = {𝑤𝐴1, 𝑤𝐴2, … , 𝑤𝐴𝑀, MASK , … , MASK }                                                                                          (3) 

where the words at indices in 𝑀 are replaced with a special token 𝑀𝐴𝑆𝐾. 

3. Embedding Representation: Each token 𝑤𝐴𝑖 and 𝑤𝐵𝑖 is converted into an 

embedding vector using a pre-trained embedding function 𝐸: 𝐄(𝑤𝐴𝑖) and 𝐄(𝑤𝐵𝑖)                                                                                                                                                

The input embeddings are represented as: 

𝐗 = {𝐄(𝑤𝐴1), 𝐄(𝑤𝐴2), … , 𝐄(𝑤𝐴𝑁), 𝐄(MASK), … }                                                                                             (4) 

4. Next Sentence Prediction: The output 𝐶 for the next sentence prediction can be 

defined as: 

𝐶 = {
1     if 𝑆𝐵 follows 𝑆𝐴

0     otherwise 
                                                                                                                                     (5) 

5. Masked Language Modeling Output: Let 𝐓 = {𝐓1, 𝐓2, … , 𝐓𝐾} be the set of output 

word vectors linked to the hidden words, where 𝐾 is the number of masked tokens. The 

output for the 𝑀𝐿𝑀 problem can be represented as:  

𝐓𝑖 = MLM(𝑆̃)                                                                                                                                           (6) 

where 𝑀𝐿𝑀 is the function that predicts the original tokens for the masked positions. 
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6. Input-Output Relationship: The total input token vectors correspond directly to the 

total output token vectors: 

|𝐗| = |𝐓|                                                                                                                                                               (7) 

To illustrate the process of applying MLM and NSP to transformer-based models like 

BERT is being shown by the above mathematical framework. In the first place the input 

representations, embeddings are created for each token, including masked positions, to 

create a more contextual aware embedding sequence. On the other hand, the MLM function 

is then to predicts the masked tokens, while the NSP task determines the consistency between 

sentence pairs. By maintaining a consistent input-output relationship, this structure ensures 

effective model training, enabling both performance enhancement and flexibility in various 

NLP applications. 

On the input side, the first-layer representation is built using token embeddings, 

segment embeddings, and position embeddings. The token embeddings are the pretrained 

embeddings, [1] which use the word piece embeddings as indicated by Gomez-Perez et al. [59] 

comprising a vocabulary set of 30k tokens. The segment embedding represents the sentence 

index encoded as a vector, while the position embedding captures the word’s location within 

the sentence in vector form. By summing these three vectors, an embedding vector is formed, 

which serves as the input to BERT. Since all vectors enter BERT at once, segment and position 

embeddings are necessary to preserve the temporal sequence required for effective language 

modeling. 

2.1.2 Fine Tuning 

Adapting a BERT model through fine-tuning is essential for improving its performance 

on NLP tasks. To demonstrate the process, start with a pre-trained BERT model, which has 

acquired general language representations from an extensive corpus, and is initialized with 

weights that encompass a wide range of linguistic features Wang et al. [60]. To adapt BERT 

for particular tasks like named entity recognition, sentiment analysis and question answering 

a task-specific output layer is added. The layer be denoted as 𝑓(𝑥; 𝜃, 𝛾), where 𝑥 is the 
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input, 𝜃 represents the model parameters, and 𝛾 denotes the parameters of the new output 

layer. The fine-tuning process adapts the model by training it on a labeled dataset relevant 

to the specific application, minimizing a loss function 𝐿(𝜃, 𝛾) over the dataset 𝐷:  

𝐿(𝜃, 𝛾) =
1

|𝐷|
∑  (𝑥𝑖,𝑦𝑖)∈𝐷 ℒ(𝑓(𝑥𝑖; 𝜃, 𝛾), 𝑦𝑖)                                                                                                               (8) 

where 𝑦𝑖 is the true output for 𝑥𝑖  whereas ℒ represents a loss function, like cross-

entropy. As the BERT model goes through fine-tuning it becomes task aware, thus improving 

its performance as compared to utilizing a pre-trained model. The process is mostly important 

in tasks such as question and answering, Allowing the model to determine the exact start and 

end locations of an answer span in a contextual paragraph, represented by (𝑠, 𝑒), where 𝑠 and 

𝑒 are the start and end indices, respectively. Consequently, fine-tuning enables BERT’s 

effective application across various NLP tasks, improving both accuracy and efficiency in 

language processing. As indicated earlier on, BERT is formed when layers of encoders stacked 

together. The key difference between BERT Base and BERT Large lies in the number of encoder 

layers. BERT Base is built with 12 encoder layers, while BERT Large doubles this with 24 

encoder layers Ganesh et al. [61]. 

2.2. Role of Transformer Models in Modern NLP. 

As studies have suggested, the landscape of NLP has been drastically changed by the 

transformer models due to their novel architecture that has importantly improved the ability 

for language generation and understanding. The model first proposed by [44] as earlier 

indicated, leverages self-attention to weigh the importance of different words in a sentence, 

enabling it to model complex relationships and dependencies while avoiding the limitations 

of sequential processing in recurrent neural network (RNNs) Torfi et al. [62]. This ability 

enables the transformers Handles entire text sequences at once, making it highly effective for 

tasks that demand long-range contextual understanding, such as question answering, text 

summarization and machine translation. 
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The creation of pre-trained language models such as BERT and GPT are emerging as 

one of the most significant developments in NLP. According to Raiaan et al. [63] the ability to 

be bidirectional greatly enhances performance on various NLP tasks which involve a deep 

appreciation of language intricacies; this is because the model can comprehend words in their 

entirety by considering the full sentence context. In the example of “The bank can deny 

lending money “the BERT model is able to infer from the context that the term “bank” refers 

to a financial entity and not the edge of a river. 

On the other hand, the GPT models including GPT-2, GPT-3 use a unidirectional 

method, where the network predicts the next word in a sentence based on the words that 

come before it. Nonetheless, the models have shown excellent performance in producing 

syntactic and semantically meaningful, operationally relevant text, and set new records in 

tasks like text completion and dialogue generation [60]. These models are highly effective as 

a result of being trained on large-scale data which allows them to learn rich language 

representations and semantic knowledge. 

Transformer models are not limited to language processing only; they have been 

effectively utilized across various domains. of activity, like in healthcare, where they can 

contribute to clinical decision-making, by analyzing patient data and predicting outcomes [39]. 

For instance, the DPAL-BERT model used for question-answering for clinical practice improves 

the preliminary BERT design in terms of enhancing efficiency and performance while 

minimizing computational needs, making it ideal for use in resource-limited settings [13]. In 

addition, the transformer architecture has open doors for innovations in model compression 

methods designed to shrink the size and complexity of models while maintaining 

performance. Techniques like quantization, knowledge distillation and pruning have been 

employed in order to make large models like GPT and BERT more efficient and accessible for 

real-world applications [7]. This is definitely useful, especially as we observe a rising trend in 

the need to run NLP models on mobile and other edge devices. Transformer models are 

critically essential for NLP since they advance the comprehension and generation of language 

and lay the foundations for improved and more diverse solutions in multiple domains. Its 
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ability to learn and model complex language patterns has brought about massive 

enhancements in tackling NL innovative language understanding problems making them the 

building blocks of current language processing technologies Wolf et al. [64]. 

2.3 Model Compression Techniques 

 

2.3.1. Pruning Method 

It is a model compression method whereby redundant layers or individual heads of 

BERT can be removed without any degradation in performance [19], [20]; Baan et al., [65] and 

accuracy [22]. Further to that, some investigation have looked into pruning in the setting of 

BERT Chen et al.[66] and It has demonstrated significant success in reducing the storage 

requirements of models tailored for specific NLP tasks. Due to the reduced memory size, large 

models can be implemented on edge computing devices such as edge devices, mobile phones 

and sensors. There are two main categories where pruning fall into, which are structured and 

unstructured pruning [22]. 

 

 2.3.1.1. Structured Pruning 

Noticeably some studies have discovered that structured pruning mostly leads to a 

reduction in inference cost and model size. In addition to that, structured pruning can be used 

to remove blocks of weights [22] attention heads [19], layers [28] or even the entire structural 

parts [30], Voita et al. [35]  of pre-trained language model, to ensure that it is smaller in size 

and less complicated. The first technique of pruning pretrained language models that we shall 

discuss is block structure pruning. The study by [22] proposed using block structured pruning 

in pretrained language representation, whereby a reweighted group Lasso was incorporated 

for optimization. Their work have its footprint on that of Wen et al. [67], they have also 

demonstrated the use of group Lasso acts as a relaxation of the hard constraints, thus making 

the transformer-based model become more capable and performs well on computation and 

remains accurate. 
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Secondly, pruning attention heads can remarkably have the model performing well 

and giving higher accuracy with only a few attention heads per encoder unit, at the same time, 

it is important to acknowledge that the BERT baseline model runs on sixteen heads [19]. 

Furthermore, the study illustrate that a single head is enough for training at test time using 

twelve (BERT) attention heads. It is worth noting that Zhang et al. [67] introduced the Single-

Shot Meta-Pruning method for eliminating attention heads from deep pre-trained 

Transformers, the pruning took place before fine tuning because the study states that it helps 

with reducing computational overhead during the stages of fine-tuning and inference. 

Moreover the study by [35] illustrated an important discovery through identification of 

important specific attention heads in the encoder and how they affect the performance of the 

model. The study went further and examines the role played by each individual attention 

head. The method for identifying the usefulness and the role played by each specific attention 

head was enabled by the use of stochastic gates combined with a differentiable relaxation of 

the L0 penalty. Another work proposed a pruning technique which they termed differentiable 

subset pruning Li et al.[68] sparsifying Transformers. The advantage of this technique is that 

it can enable users to establish the level of sparsity within a model. 

In their paper Lin et al. [69] revealed a pruning method that wholly penalizes the sub-

modules which might include; attention heads, feed-forward sub-networks, attention 

modules etc. The paper reports that in order to conduct an effective pruning, spectral 

regularization must be utilized and also to achieve good model compression pruning must be 

applied on mappings. The paper by Parnami et al. [70] used A* search algorithm to aid in 

compressing the transformer model and remove redundant heads for them to achieve higher 

accuracy. Compared to Kim et al., [71] the paper by Wang et al. [72] demonstrated what they 

have termed (spatten), a cascade token and head pruning method that have shown efficiency 

in removing tokens and heads from layers. In contrast [71] proposed a token pruning method 

which operates in an adaptive manner as input sequence passes through layers it gets rid of 

insignificant tokens. The value of the attention score is learnt during training and those whose 

scores are below the threshold goes through pruning. Furthermore [72] in their paper came 

up with three optimizing algorithm to cut down computation and memory access which are 
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cascade head pruning, progressive quantization and cascade token pruning. Local value (𝑉) 

pruning is also introduced by [72] whereby pruning happens after softmax and the current 

head’s probabilities identify the 𝑉 vectors to be removed. 

Khetan and Karnin [73] explored pruning-based architecture search technique by 

parameterizing each layer with five different dimensions, then re-train each variant and apply 

pruning-based architecture search technique to optimize the model. Similarly, [1] using the 

same technique suggested a fixed value for other dimensions and parameterizes the others. 

In the same way Liu et al. [74], Pham et al. [75] , Singh et al. [76] have applied Neural 

Architecture Search (NAS). Likewise, Tsai et al. [77] re-parameterized the transformer model 

and at the same time search the model’s depth and width using one-shot architecture search 

method for optimal inference. An interesting aspect to point out Sridhar and Sarah [78] have 

emphasized what is call the intermediate layers within the BERT model and their work 

committed to look into the impact of those layers on how the network is performing in 

general. The study demonstrated that pruning the intermediate layers and changing the 

structure of BERT had little impact on accuracy. In the same order Sajjad et al. [79] examined 

how to remove top, bottom, middle, alternate, or layers that contribute the least to the 

network. According to the findings, many attention heads can be removed during testing 

without compromising performance [19], regardless of models being trained with many 

heads. They further illustrate unbelievably that a model can have many layers can be 

converted to a single attention head without negatively reducing the performance of the 

model during test time, but that most of heads must stay intact to avoid disastrous drops in 

performance. The performance of the winning tickets can be at par or overboard compared 

to that of the original model Liang et al. [80] if appropriate compression ratios are applied. 

The study focused on the slightly compressed sub-networks and how they operate within large 

language models 

Another technique for pruning of transformer network is layer dropout as it is applied 

by [28]  in what they have termed layer-Drop it doesn’t require any fine tuning and smaller 

networks of a chosen complexity are selected from the large network with no interference on 

performance. In layer dropout a plan is devised in advance during training to randomly drop 
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encoder units like dropping model weights in Dropout Hinton et al. [81] or DropConnect Wan 

et al. [82]. Previous work Huang et al. [83] has worked in layer dropout on deep convolutional 

networks and came to a conclusion that it can prevent over-fitting in neural networks and 

shorten training time. 

 

2.3.1.2. Unstructured Pruning 

The other category of pruning individual weights that we shall discuss is a paradigm 

called unstructured or sparse pruning. It can be considered to be one of the best ways to 

compress a network by identifying the less important weights in the model; therefore the least 

important fine grained connections in the over-parameterized model are individually removed 

from the network by adjusting them to zero. Early work can be traced back to LeCun et al. [84] 

and Hassibi et al. [85] where they used a second-order Taylor expansion approximation to 

estimate the target and predicted output values of a trained model. However, unstructured 

pruning often results in most frameworks and hardware failing to accelerate sparse matrices, 

which means that it cannot be utilized without computing resources or libraries available 

exclusively for the task at hand [9] and [25]. However, the networks can be pruned in such a 

way that architecture of the network is directly changed, which any framework can handle. 

We will cover different techniques or criteria used by researchers and practitioners when 

applying unstructured pruning to pretrained BERT model. There are a number of unstructured 

criteria or techniques used in the literature like; magnitude weight pruning, Movement 

pruning and reweighted proximal pruning etc. 

 

On magnitude weight pruning weights that are far from zero are considered, [66], 

Gordon et al. [86], Mao et al. [87] this means that if the weight values are greater than zero 

they remain, if they are zero then just splash them out. In contrast to other works which 

discovered their sub networks after some training or fine-tuning [66] found theirs at 

(pretrained) initialization and in terms of performance, they surpassed those derived by 

arbitrarily pruning and arbitrarily reinitializing. The method only prunes the model without 

fine-tuning Jiang et al. [88] making pruning decisions using movement trend of weights not 
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the actual movement in movement pruning. For further enhancement of the method a new 

masking function was introduced to align the remaining weights with the architecture of the 

(PLMs). A recent study Huang et al. [89] created a framework that automatically prunes 

weights, despite the overall pruning ratio constraints; it identifies a strong sub-network 

candidate with excellent accuracy. It eliminates the need for expert knowledge and extensive 

training iterations, relying instead on available auto-weight pruning techniques while 

preserving accuracy He et al. [90], Liu et al. [91]. Studies have revealed that magnitude pruning 

works well with regularization (𝐿1/𝐿2) while training and to achieve effective pruning 

dropouts can also be utilized. 

 

As stipulated in the paper by [6] movement pruning is a first-order approach that relies 

on fine-tuning objectives [9]. Something that we should note about movement pruning is that 

weights that have low and high values, if they shrink during training they can be eradicated 

[6]. Furthermore, movement pruning is very effective when compressing models for transfer 

learning. Soft movement pruning introduced by [6], on the other hand, is a type of movement 

pruning that is centered on the binary mask function Mallya and Lazebnik [92], [93]. A recent 

study Zhang et al. [93] presents reinforced evolutionary search as a method for determining 

the optimal layer-wise sparsity that meets the target latency requirement while preserving 

accuracy, using structured based movement pruning rather than magnitude pruning. Guo et 

al. [94] inspired by the experiments done and Loshchilov and Hutter [95] they developed 

Reweighted Proximal Pruning (RPP), which integrates reweighted L1 minimization Candes et 

al. [96] and the proximal algorithm Parikh et al. [97] for large scale models. The method was 

the first to achieve an actual weight pruning result on language models like BERT. 

 

2.3.1.3. Hybrid Pruning 

Hybrid pruning involves a combination of methods which are used to remove 

individual weights, neurons, attention heads, layers, weight blocks, or even entire structural 

parts as examined by [22]. LadaBERT, a combination of knowledge distillation, matrix 

factorization, and weight pruning, was proposed by [87]. According to the study, the 
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researchers took advantage of combining different compression methods and applied weight 

pruning to matrix factorization using Singular Value Decomposition (SVD) matrices. Zafrir et 

al. [98]combined weight pruning and model distillation to produce a method for training 

sparse language models that can keep the sparsity pattern while transferring learning to new 

tasks. The method introduced by Kurtic et al. [99] employs a blend of second order pruning 

and block pruning of weights that have been scaled for the first time to BERT and it’s also 

highly accurate. The method being second order approach was adopted from the Optimal 

Brain Surgeon framework [23], [84]. The study by [23] have outlined the position of attention 

heads during pruning that the ones trimmed at the end tend to assume the first and middle 

layers. It is very clear from their observations that whether good or bad sub-networks may be 

fine-tuned to perform well after pruning, so most BERT weights are usually useful. The work 

of [23] found its inspiration from [66] and [86] because they also used magnitude weight 

pruning, implying that the pruned model's weights, prior to fine-tuning, can achieve 

performance comparable to the original model. At the fine-tuning stage, Lagunas et al. [100] 

approach integrates block pruning and movement pruning techniques, and it provides the 

ability to prune full model components. 

 

Furthermore, because the proposed method by Fan et al. [101] avoids irregular 

memory access, functions globally based on signals from the top layer, and each layer is 

pruned by spreading the output of global signals through layers, the proposed model of MI-

based layer-wise pruning results in a high speed up of the model with the same sparsity. Xia 

and shin [102] discovered that element wise and rank pruning strategies can over all tasks 

outperform training models separately because of the multitask objective. They experimented 

with various pruning strategies, such as magnitude and movement, element-wise pruning and 

rank pruning and global with local which hybridized with one another. Kim and Awadalla [103] 

to significantly improve the model's inference efficiency, they employed Knowledge 

Distillation, Structured Pruning and Model Quantization. On model pruning they focused on 

reducing attention heads and feedforward layers to preserve accuracy and attain efficiency of 

the model during pretraining and finetuning. A learnable pruning method implemented by 
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Yao et al. [104] to effectively prune the model based on thresholds learned by stochastic 

gradient descent. The method is different from other pruning methods because it utilizes a 

regularization function that connects with the preset target pruning ratio, unlike previous 

methods which use L0 or L1 penalty to indirectly affect the final pruning ratio. Another work 

Xu et al. [31] utilizes sparse pruning technique and knowledge distillation to present a method 

called Sparse- BERT, directly focused to BERT and executed at the fine-tuning stage. The 

observation drawn from the hybrid methods is that the combination were mostly made from 

structured pruning and unstructured pruning categories together with incorporating pruning 

with other methods of compressing pretrained language methods like Quantization, matrix 

factorization and Knowledge Distillation. We foresee more compression methods being 

combined with pruning and interesting results shall surface from hybridization. In addition, to 

determine the optimal layer size other proposed methods used regularization functions like 

group sparsity regularization and the L0, L1 penalty Alvarez and Salzmann [105]. 

 

2.3.2. Quantization 

Quantization is one of the essential compression methods in the area of deep learning 

and is crucial for fine-tuning LLMs including BERT among others. The idea behide quantization 

is to reduce the memory footprint and computation costs of these models represent their 

parameters and activations using lower precision values, usually in fixed-point format or 

binary representations. This process not only simplifies the procedure of fast inference but 

allows the usage of models in different resource-limited devices like mobile phones and edge 

computing systems [106]. Quantization generally falls into two main categories: quantization-

aware training (QAT) and post-training quantization (PTQ). QAT entails training the model by 

focusing on quantization such that the model is optimized for the quantization process at 

some training phase. This method calls for high computation power and involves an extra 

usage of the entire training data set; and thus, this is less parameter efficient [107]. On the 

other hand, PTQ is done after the training process, where it needs only a small subset of data 

for calibration. This approach is especially valuable when working with large models, because 

it makes it possible for deployment without the need for extensive retraining [106]. 
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New trends in quantization are focused on dealing with challenges brought about by 

large models. For example, [106] uses dynamic per-token activation quantization and group-

wise weight quantization; while the results are promising in maintaining accuracy while 

remarkably it can reduce model size [106]. The study by Zhang et al. [108] have argued that 

as models scale beyond a certain size, the effectiveness of traditional quantization methods 

can diminish due to the emergence of systematic outliers in activations. The idea has further 

proved by [106] indicating that it can lead to increased quantization errors. To counter these 

challenges, researchers have suggested the following: Outlier Suppression+ framework, which 

shifts and scales in order to suppress the outliers effectively Wei et al. [109]. This method 

enhances the quantization process by ensuring that the quantized representations can more 

accurately reflect the original continuous values, thereby reducing the accuracy degradation 

typically associated with quantization. The technique adds upon the quantization process by 

attempting to allow the quantized representation to be closer to the original continuous 

values, thereby minimizing the accuracy degradation normally observed during quantization. 

Moreover, methods like knowledge distillation have been applied in conjunction with 

quantization to enhance model performance while maintaining a compact size [108]. 

1. The Basic Concept of Quantization can be mathematically described as mapping a 

continuous range of values to a specific range of values. For instance, let a weight vector ( 𝑊 ) 

in a neural network in which elements are denoted in floating points. 

The quantization process defined as: 

𝑊𝑞 = 𝑄(𝑊) = clamp (
𝑊

𝑆
, −2𝑏−1, 2𝑏−1 − 1)                                                                                                  (9) 

where: 

(𝑊𝑞) represent quantized weight, 

(𝑄) represent the quantization function, 
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(𝑆) represent the scaling factor, 

(𝑏) represent the number of bits used for quantization, 

(𝑐𝑙𝑎𝑚𝑝) restricts the values to the specified range determined by 𝑏 

The above formula illustrates how the continuous values of (𝑊) are mapped to a discrete set 

defined by the bit-width (𝑏). 

2. In an 8-bit quantization scheme, weights are typically represented using 256 discrete 

levels (from -128 to 127 for signed integers), with maximum absolute value max(|𝑊|) = 10.  

The scaling factor (𝑆) can be computed as: 

𝑆 = max(|𝑊|)                                                                                                                                                         (10) 

For example, if the maximum absolute value in (𝑊) is 10, the scaling factor would be: 

[ 𝑆 =  10 ]                                                                                                                                                               (11) 

The quantized weight can then be calculated as: 

𝑊𝑞 = clamp (
𝑊

10
, −128,127)                                                                                                                       (12) 

The process reduces the model's memory usage, enabling more efficient computation. 

3. Per-channel quantization permits different scaling factors for each output channel 

in a layer, which can lead to better performance. Mathematically, this can be expressed as: 

𝑊𝑞,𝑖 = clamp (
𝑊𝑖

𝑆𝑖
, −2𝑏−1, 2𝑏−1 − 1)                                                                                                                   (13) 

where (𝑆𝑖) denote the scaling factor for the (𝑖)-th channel. This method is particularly useful 

in transformer architectures, where different channels may have different distributions of 

weights Bai et al. [110].  
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4. In quantization-aware training, the effects of quantization are modeled during the 

training process.. The loss function can be modified to include quantization effects, which can 

be represented as: 

𝐿 = 𝐿original + 𝜆𝐿quantization                                                                                                                                     (14) 

where ( 𝐿original ) is the original loss, ( 𝐿quantization ) is a term that penalizes deviations from the 

quantized values, and ( 𝜆) is hyperparameter that governs the balance between the two loss 

components Kim et al. [111]. 

5. Post-training quantization can be performed after the model has been trained. The 

process typically requires calibrating the quantization parameters using a small subset of the 

training dataset. The calibration can be mathematically expressed as: 

𝑆 =
max(𝑊)−min(𝑊)

2𝑏−1
                                                                                                                                             (15) 

The above formula calculates the scaling factor determined by the highest and lowest values 

of the weights allowing for effective quantization without retraining the entire model [110]. 

Thus, as the need for efficient models increases, the current research in quantization 

techniques which is ongoing will help to form the advances of NLP and machine learning at 

large. It is expected that even more effective solutions for deploying large scale models in real 

world scenarios can be attained from the synergy of novel quantization approaches and other 

techniques that are aligned to them such as pruning and knowledge distillation as noted by 

Bibi et al. [112]. 

2.3.3. Knowledge Distillation 

Knowledge distillation incorporates passing information or knowledge from a huge 

and complicated model called the teacher model to a simpler and more efficient one called 

the student model. The process objective is to preserve the performance of the teacher model 

while drastically decreasing the amount of computations needed in the inference phase. 
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Hinton et al. [113] introduced this concept, demonstrating that by aligning a student model 

with a teacher model through minimizing the difference between their output distributions, 

particularly using soft labels, effective knowledge transfer can be achieved. The primary 

motivation behind knowledge distillation is to overcome the challenges emerging through the 

integration of large models into real-world applications, which requires computation speed 

and minimal latency. For example, the studies by Zhao et al. [114] and Liu et al. [115] state 

BERT among others which possess millions of parameters can be resource hungry in terms of 

computation and memory demand. By employing knowledge distillation, researchers can 

create smaller models that maintain a high level of accuracy while being more well-suited for 

deployment on devices with limited resources, such as mobile phones and edge computing 

systems [6], [112]. 

Actually, there are different methods of how to apply knowledge distillation in 

practice. On of the most usual methods is to leverage the logits produced by the teacher 

model as soft labels in student model training. It then aids the student model to learn from 

the richer probability distributions generated by the teacher as opposed to relying solely on 

hard labels [106], Kim and Rush [116]. Furthermore, the latest developments have Integrated 

the teacher model’s intermediate outputs to improve the effectiveness of student model 

training and provide better training transfer of knowledge as demonstrated by Yao et al. [117], 

Yao et al. [118]. 

Moreover, studies shows that it is possible to have a combination of knowledge 

distillation and other compression methods such quantization and pruning to enhance the 

student model’s efficiency even further. For example, Q-BERT uses both knowledge distillation 

and quantization to yield ultralow precision quantization of BERT models as stated by Cui et 

al. [119], leading to substantial decreases in model size and inference time while maintaining 

high accuracy.  This shows that knowledge distillation can be used in conjunction with other 

techniques in attempts to to optimize large language models. Since knowledge distillation is 

expected to improve with greater demand for efficient AI solutions, its importance is expected 

to grow in driving the development of future machine learning models Gu et al. [120]. Below 
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mathematical descriptions are provided of critical terms for knowledge distillation, especially 

in relation to LLMs. 

1. The knowledge distillation loss function, as stated earlier, focuses on minimizing the 

difference between the predictions of the teacher and student models. Two components are 

said to be combined which are distillation loss and standard loss. This can be mathematically 

represented as: 

𝐿 = 𝛼 ⋅ 𝐿KD + (1 − 𝛼) ⋅ 𝐿CE                                                                                                                                 (16) 

Where: 

• (𝐿) is the total loss. 

• (𝐿𝐾𝐷) represent Kullback-Leibler (𝐾𝐿) divergence between the temperature-scaled 

probability distributions of the teacher and student models. 

• (𝐿𝐶𝐸) is the cross-entropy loss with respect to the true labels. 

• (𝛼) is a weighting factor that balances the two loss components. 

2. The purpose of applying temperature scaling to the softmax function is to smooth 

the teacher model's output probabilities, with the temperature parameter controlling this 

effect𝑇 is introduced in the softmax function. The temperature-scaled softmax function is 

defined as follows: 

𝑝𝑖 =
𝑒

𝑧𝑖
𝑇

∑  𝑗 𝑒

𝑧𝑗
𝑇

                                                                                                                                                               (17) 

Where: 

𝑝𝑖 denote the probability of class 𝑖 

𝑧𝑖 are the logits (raw output scores) for class 𝑖. 

𝑇 is the temperature parameter. A higher 𝑇 results in a more uniform distribution. 
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3. Kullback-Leibler divergence is employed to assess how one probability distribution 

differs from a second, expected distribution. For two distributions 𝑃 (teacher) and 

𝑄 (student), the 𝐾𝐿 divergence is defined as: 

𝐷KL(𝑃‖𝑄) = ∑  𝑖 𝑝𝑖𝑙𝑜𝑔 (
𝑝𝑖

𝑞𝑖
)                                                                                                                                  (18) 

where: 

𝑝𝑖 is the probability of class 𝑖 from the teacher model, 

𝑞𝑖 is the probability of class 𝑖 from the student model. 

4. In Patient Knowledge Distillation (PKD) allows the student model to extract learning 

from various layers of the teacher model. The two methods can be mathematically 

represented as: 

PKD-Last: The student extracts knowledge from the last 𝑘  layers of the teacher model 

PKD-Skip: The student extracts knowledge from every 𝑘 -th layer of the teacher model 

The loss function for PKD can be expressed as: 

𝐿PKD = ∑  𝑙∈ layers 𝐿KD(𝑓𝑙(𝑥; 𝜃), 𝑔𝑙(𝑥; 𝜃′))                                                                                                           (19) 

where: 

• 𝑓𝑙  is the output of the 𝑙 -th layer of the teacher model, 

• 𝑔𝑙 is the output of the 𝑙 -th layer of the student model, 

• 𝜃 and 𝜃′are the parameters of the teacher and student models, respectively. 

5. In the Uncertainty-Driven Knowledge Distillation is whereby an uncertainty 

estimation module (UEM) is introduced. The uncertainty of the feature distribution can be 

represented as: 
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𝑈 = Var(𝑓(𝑥; 𝜃))                                                                                                                                                (20) 

where: 

• 𝑈 is the uncertainty estimate, 

• 𝑓(𝑥; 𝜃) is the output of the teacher model for input 𝑥. 

The modified loss function incorporating uncertainty is: 

𝐿𝑈 = 𝐿KD + 𝜆 ⋅ 𝑈                                                                                                                                                  (21) 

where: 

• 𝜆 is a hyperparameter that controls the influence of uncertainty on the loss. 

The mathematical explanations given above in this section provide a framework for 

understanding different ideas and techniques in knowledge distillation more especially in the 

context of large language models like BERT. Every part is important in enabling the student 

model effectively learns from the teacher model while maintaining performance and 

efficiency. 

2.3.4. Neural Architecture Search (NAS) 

Numerous studies have shown that NAS is a subdomain of ML which is more inclined 

to automation of neural network architecture designs. It has been found that its main goal is 

to discover architecture that improves performance on specific tasks while minimizing 

computational costs. Therefore, the idea of NAS is particularly relevant to LLMs like BERT, 

which have demonstrated significant capabilities in NLP but additionally, they present 

challenges because of their large size and high resource demand. 

2.3.4.1. Search Space 

Research indicates that the search space determines the range of architectures that 

can be evaluated during the NAS process. In the context of BERT, the search space may include 

a couple of variations in the number of layers, types of feed-forward networks configurations 
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and attention mechanisms. For example, search space definition can be a cell-based approach, 

where each cell represents a combination of operations (e.g. feed-forward networks, multi-

head self-attention) that can be stacked to form the complete architecture Chitty-Venkata et 

al.[121], Pouy et al. [122].  

Mathematical Representation: 

𝐴 = {𝐴1, 𝐴2, … , 𝐴𝑛}                                                                                                                                                (22) 

where: 

• 𝐴 is the set of architectures, 

• 𝐴𝑖  denote 𝑖-th architecture, 

• 𝑛 represents the complete set of architectures within the search space. 

A simple search space could be defined as: 

𝐴 = { BERT-base, BERT-large, DistilBERT }                                                                                                      (23) 

This allows the NAS algorithm to explore different configurations of BERT architectures Xu et 

al. [123]. 

2.3.4.2. Search Strategy 

Research indicates that the search strategy determines the method for navigating the 

search space. It can be framed as an optimization task aimed at identifying the architecture 

𝐴∗ that achieves the highest performance metric 𝑃. 

Mathematical Representation: 

𝐴∗ = arg 𝑚𝑎𝑥
𝐴∈𝐴

 𝑃(𝐴, 𝜃)                                                                                                                                           (24) 

where: 
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• 𝐴∗ is the optimal architecture, 

• 𝑃 represent a performance metric (e.g. latency, or memory usage). 

Common strategies include: In this approach, Reinforcement Learning (RL) is a controller, 

often in the form of a RNN, they generates architectures which are then trained and 

evaluated. Some studies like that of Jaafra et al. [124] and Ren et al. [125] have considered 

that the performance of these architectures is used to update the controller's policy. 

𝜋(𝐴) =  probability of selecting architecture 𝐴                                                                                               (25) 

The performance feedback is used to adjust 𝜋 to favor better-performing architectures., Klein 

et al. [126]. 

The Evolutionary Algorithms are said to simulate the process of natural selection, 

where a population of architectures evolved over generations based on their performance 

Bartz-Beielstein et al. [127]. 

The method of Differentiable Architecture Search (DARTS) is a technique that defines 

the architecture search problem using a differentiable approach, allowing for gradient-based 

optimization of architecture parameters as suggested by  [126], Liu et al. [128]. Assessing the 

performance of candidate architectures is essential, due to traditional methods involves fully 

training each architecture, which is computationally expensive. Therefore some studies like 

that of Liu  et al. [129],  Klyuchnikov et al. [130] have demonstrated that methods like early 

stopping, weight sharing, and performance prediction can help reduce the computational 

burden. This strategy estimates the performance of candidate architecture without fully 

training them, which is computationally expensive. It can be represented as a function 𝐸 that 

estimates the performance of architecture 𝐴. 

Mathematical Representation: 𝐸(𝐴) ≈ 𝑃(𝐴, 𝜃) 

where: 
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• 𝐸 is the estimation function, 

• 𝑃(𝐴, 𝜃) is the actual performance metric of architecture AAA. 

Early stopping or weight sharing techniques proves that they can be used to estimate 

performance. For instance, in weight-sharing NAS, by training a super-network, the 

performance of different architectures is approximated based on shared weights: 

𝐸(𝐴𝑖) =
1

𝑚
∑  𝑚

𝑗=1 𝑃(𝐴𝑖 , 𝜃𝑗)                                                                                                                                   (26) 

where: 

• 𝐸(𝐴𝑖) represent estimated performance architectures 𝐴𝑖, 

• 𝑚 represent number of shared weights, 

• 𝜃𝑗  are the shared weights for the architectures. 

Chen [131] in their study suggest that the technique of AdaBERT uses differentiable NAS 

to compress BERT into smaller, task-adaptive models. The study further illustrates that it 

incorporates task-specific knowledge distillation and an efficiency-aware loss function to 

optimize the architecture for specific NLP tasks. A compression ratio of 11.5x to 17.0x was 

agained by AdaBERT model while maintaining competitive performance. The method NAS-

BERT focuses on task-agnostic compression, allowing for the generation of multiple 

compressed models that is adaptable to multiple downstream applications. Studies shows 

indicated that search space includes feed-forward networks and multi-head self-attention 

where the training is performed on standard self-supervised tasks, making it adaptable to 

different applications [123]. 

The authors of a study which aimed at optimizing DistilBERT in a resource-constrained 

environment, inorder to explore a hierarchical search space an evolutionary algorithm was 

employed for that particular reason. The results on Yang et al. [132] suggested that efficient 

exploration could lead to significant improvements in performance while adhering to 

computational limits. Studies shows that an important aspect that is emerging from these 
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findings is that NAS can help researchers and practitioners to develop more efficient 

architecture that meet the demands of various applications through automation of the design 

process. It is evident from research that researchers continue to refine search strategies, 

expand search spaces, and improve performance estimation methods, paving the way for 

more accessible and effective use of LLMs in practical settings. 

2.3.5. Low-Rank Factorization 

According to the study by Pletenev et al. [133] low-rank factorization is reported as 

another powerful technique utilized in compressing large language models which are 

transformers based. The study further indicate that the main idea behind low-rank 

factorization is to approximate a large matrix, such as the weight matrices of neural networks, 

by breaking it down into the product of two or more smaller matrices. Several studies shows 

that this approach minimizes the parameter count in the model, which leads to less memory 

usage and computational requirements while attempting to maintain performance. 

2.3.5.1. Matrix Decomposition 

The idea behind matrix decomposition is to be expressed as like a matrix 𝑊 of size 

𝑚 × 𝑛 as the product of two matrices 𝐴 and 𝐵, where 𝐴 is of size 𝑚 × 𝑟 and 𝐵 is of size 𝑟 × 𝑛. 

This relationship can be expressed as: 

𝑊 ≈ 𝐴𝐵                                                                                                                                                                 (27) 

Where 𝑟 is the rank of the decomposition, which is less than or equal to the minimum 

of 𝑚 and 𝑛. The parameter reduction is significant, as the total number of parameters in 𝑊 is 

𝑚𝑛, while in the factorized form it is 𝑚𝑟 + 𝑟𝑛. The work of Zhang et al. [134] mention that 

decomposing the weight matrix of a fully connected layer into two smaller matrices helps 

reduce the overall number of parameters while approximating the original output. 

2.3.5.2. Singular Value Decomposition (SVD) 

It has been reported that SVD is a specific method that is used for performing low-rank 

factorization. It factorizes the matrix 𝑊 into three distinct matrices: 
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𝑊 =  𝑈 Σ𝑉𝑇                                                                                                                                                          (28) 

where: 

• 𝑈 comprises the left singular vectors, 

• 𝛴 represents a diagonal matrix containing the singular values, 

• 𝑉 comprises the right singular vectors. 

To achieve a low-rank approximation, we can reduce 𝑈, 𝛴, and 𝑉 by retaining only the top 𝑘 

singular values, yielding. 

𝑊𝑘 = 𝑈𝑘Σ𝑘𝑉𝑘
𝑇                                                                                                                                                        (29) 

where 𝑈𝑘, Σ𝑘, and 𝑉𝑘 correspond to the top 𝑘 components. 

In the paper by Ben and Zhu [135], SVD is applied to compress BERT, achieving a compression 

rate of 2x with a 5% drop in performance on the GLUE benchmark. 

2.3.5.3. Fisher-Weighted SVD (FWSVD) 

Detailed examinations shows that FWSVD improves traditional SVD by incorporating 

Fisher information to weigh the role of parameters in the factorization procedure. Fisher’s 

information matrix 𝐹 being utilised to adjust the singular value decomposition to prioritize 

parameters that significantly impact model performance: 

𝑊 ≈ 𝑈𝑘Σ𝑘𝑉𝑘
𝑇                                                                                                                                                                (30) 

where the weights in 𝑊 are adjusted based on the Fisher information. FWSVD has 

been shown to maintain model performance better than standard SVD by focusing on the 

most critical parameters, allowing for higher compression rates without significant accuracy 

loss, Pletenev et al. [136]. 
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2.3.5.4. Progressive Low-Rank Decomposition 

Here in this method of low-rank decomposition is iteratively applied to the model during 

the fine-tuning stage. It can be described as: 

1. Decompose the weight matrix 𝑊 into two smaller matrices  𝐴  and  𝐵. 

2. Adjust the model through fine-tuning to restore accuracy 

3. Repeat decomposition with smaller rank until the desired compression is achieved. 

Hajimolahoseini et al. [137] mentioned that the progressive low-rank decomposition method 

allows for significant compression ratios which are  greater than 8x while using knowledge 

distillation to improve performance. 

2.3.5.5. Low-Rank and Sparse Approximation Approach 

Low-Rank and Sparse Approximation approach like its name implies it combines low-

rank approximation with sparse representation and the weight matrix 𝑊 can be approximated 

as: 

𝑊 ≈ 𝐿 + 𝑆                                                                                                                                                           (31) 

where 𝐿 represent low-rank matrix while 𝑆 represent sparse matrix. Decoupling allows 

for efficient compression while retaining important features Li et al. [138]. LoSparse method 

as discussed from their research effectively separates coherent and incoherent parts of 

neurons, allowing for better pruning of non-expressive components while maintaining model 

performance. The following methods like truncated SVD, FWSVD, and DRONE give valuable 

ways of optimizing model efficiency through parameter reduction while maintaining 

performance. As the demand for deploying AI models on edge devices continues to grow, the 

importance of these techniques will rise, driving further research and innovation in the field. 
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2.3.6. Weight Sharing and Clustering 

In this subsection we discuss weight sharing and clustering as the two most important 

techniques used to compress large language models, optimize them for use in environments 

with limited resources. 

 

2.3.6.1. Weight Sharing 

Weight sharing is often described as the phenomenon where one uses the same 

weights for different sections of a neural network to minimize the total count of distinct 

parameters. This is especially helpful in large language models like BERT that can contain an 

extremely large number of parameters, reaching the scale of billions. It has been identified 

that the model can sustain overall performance while optimizing memory consumption 

through effective weight sharing. The process involves grouping similar weights and replacing 

them with a single shared value. If we have a weight matrix 𝑊 of size 𝑚 × 𝑛, weight sharing 

can be represented as: 

𝑊′ =  arg min
𝑊′ ∑ ∑ ||𝑊𝑗−𝑐𝑖||

2

𝑗∈𝐶𝑖
𝑘
𝑖=1

                                                                                                                            (32) 

where: 

• 𝐶𝑖 represent weights set in a cluster 𝑖, 

• 𝑐𝑖 represent cluster’s centroid. 

For instance, in the ALBERT model by Lan et al. [139], its proposed modification is founded 

on the BERT architecture, the also authors employed weight sharing across all the encoder 

layers. It also enables the model to have a far reduced memory consumption yet achieves near 

optimal performance on different NLP tasks. In particular, ALBERT applies the same weights 

for all layers, that is, it has less parameters than BERT and, therefore, it is possible to train 

models that are larger and deeper without a direct increase in memory consumption. 
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2.3.6.2. Clustering 

Clustering, especially weight Clustering means uniting close weight values into clusters 

and depict them through a single centroid or representative weight. It may be regarded as the 

method of quantization in which the main task is to minimize the bit representation of the 

weights, while the performance remains unaffected. When it comes to BERT, weight clustering 

can be performed on the embedding matrix or layer weights in the neural network. To give an 

example, when training a model, weights could be quantized to use K-means algorithm since 

weight values which are nearer to each other would be grouped together. Next, each group is 

represented by a centroid, this decreases quantity of distinct weights to be stored and 

retrieved during inference. 

It is usually gained using algorithms like K-means, which partitions 𝑛 observations into 𝑘 

clusters. K-means aims to minimize the WCSS (within-cluster sum of squares), defined as: 

WCSS = ∑ ∑ ||𝑥 − μ𝑖||
2

𝑥∈𝐶𝑖

𝑘
𝑖=1                                                                                                                            (33) 

which: 

• 𝜇𝑖 represent centroid of cluster 𝐶𝑖. 

2.3.6.3. Combining Weight Sharing and Clustering 

Weight sharing and clustering can be understood in two ways. steps of an optimization 

process. First, weights are grouped and can then be shared. 

The combined objective can be expressed as: 

min 𝑊′ ∑ 𝑖 = 1𝑘 ∑ 𝑗 ∈ 𝐶𝑖 ||𝑊𝑗 − 𝑐𝑖||
2

+ λ ∑ 𝑗 = 1𝑚||𝑊𝑗 − 𝑊𝑠ℎ𝑎𝑟𝑒𝑑
′ ||

2
                                          (34) 

where: 

• 𝑊′is the shared weight value for the cluster, 
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• λ acts as a regularization factor that regulates the balance between clustering and 

sharing. 

Formulae above allows for better compression through minimizing the total variance 

within the clusters while forcing weights similarity to similar clusters. Hu [140],  performed a 

similar approach, where he used both a threshold pruning technique and KMeans++ weight 

sharing technique in attempt to compress the model to a compression ratio of 6.28x with the 

least loss of performance. This shows how these approaches can be employed together to 

achieve similar levels of accuracy with less overhead of larger models. 

2.3.7. Parameter Sharing 

The LLMs, such as BERT, use parameter sharing as a method of minimizing the number 

of parameters but still improve or possibly equal the models performance. This strategy is 

even more beneficial in cases where the resources available to run computations are scarce, 

for example, in mobile or edge implementation. Parameter sharing involves reusing the same 

parameters across different layers or components of a neural network. Within the BERT 

framework, parameter sharing can be implemented in several ways, including the following: 

In traditional models, each layer 𝑙 has its own parameter 𝑊𝑙. In parameter sharing, this is 

simplified as: 𝑊𝑙 = 𝑊 for all layers 𝑙 

where a unified weight matrix𝑊 is employed throughout all layers. 

2.3.7.1. Layer Sharing 

One approach is layer sharing, where identical weights are applied across multiple 

layers of the network. In the ALBERT model, cross-layer parameter sharing is implemented, 

meaning different transformer layers reuse the same parameters [139]. It effectively shrinks 

the model size and simultaneously facilitates the creation of more complex architectures 

[139]. This can be mathematically represented as: 

ℎ𝑙 = 𝑓(𝑊 ⋅ ℎ𝑙−1 + 𝑏) for all 𝑙                                                                                                         (35) 
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where: 

• ℎ𝑙  represents the output generated by the layer𝑙, 

• 𝑓 represent the activation function, 

• 𝑏 represent the bias term. 

2.3.7.2. Embedding Sharing 

The approach of embedding sharing involves using the same embedding weights 

across tasks or layers, reducing redundancy. In models like TinyBERT, Jiao et al. [141] the 

embeddings are shared across different tasks, which helps in reducing the model size while 

retaining effectiveness. This can be expressed as: 

𝐸shared = 𝐸task1 = 𝐸task2 = ⋯ = 𝐸taskN                                                                                                          (36) 

where 𝐸shared is the shared embedding matrix across tasks or layers, allowing for parameter 

efficiency without sacrificing performance. 

2.3.7.3. Grouped Parameter Sharing 

This technique of grouped parameter sharing it gives chances for sharing parameters 

among groups of layers rather than all layers, where each group has its shared parameters, 

but different groups may use different parameters. The process allows for some flexibility 

while still reducing parameter count across the network. The study by Liu at al. [142] in the 

FoldGPT model grouped parameter sharing is implemented where parameters from the 

corresponding layers of the parent block are shared with each child block. This can be 

mathematically represented as: 

𝑊group1 = 𝑊group2 = ⋯ = 𝑊groupN                                                                                                         (37) 

Parameter sharing benefits are various, firstly it results in achievement of reduced 

model size which helps reduce the model and makes the model lighter to be deployed for 

running in environment which has limited resources. Second, it makes the training process 

more efficient, requiring fewer parameters to train, thus leading to the reduction of training 



 
 
 

62 
 

time and memory. Lastly, parameter sharing can either maintain or improve the performance, 

while in other circumstances, better generalization may be achieved as the model learns how 

to apply the shared parameter properly. Efficient large language models like BERT and its 

variants heavily rely on parameter sharing. Through decreasing the number of parameters, it 

makes such models more accessible for deployment in different environment regardless the 

available computational power. 

2.3.8. Tensor Decomposition 

Tensor decomposition is a mathematical technique that generalizes matrix 

factorization for use on higher-dimensional arrays, known as tensors. This method is sought 

to be useful in various domain such as machine learning, signal processing, data analysis etc., 

since it can simplify the representation of complex data structures. In the case of LLMs such 

as BERT, tensor decomposition can have a considerable impact on boosting model efficiency 

through model size reduction as well as improving computational performance without 

substantial loss in accuracy. A tensor, represented by a bold-faced letter, is a multi-

dimensional array that builds upon the principles of scalars, vectors, and matrices. An 𝑛-order 

tensor can be represented as: 

𝒜 ∈ 𝑅𝐼𝟙×𝐼𝟚×⋯×𝐼𝑛                                                                                                                              (38) 

where 𝐼𝟙 × 𝐼𝟚 × ⋯ × 𝐼𝑛 are the dimensions of the tensor along each mode (axis). For example, 

a 3rd-order tensor 𝒜 would be: 

𝒜 ∈ 𝑅𝐼𝟙×𝐼𝟚×𝐼𝟛                                                                                                                                       (39) 

As indicated by the study of Kolda & Bader [143] the notation indicates that 𝒜  is a three-

dimensional array with dimensions 𝐼𝟙, 𝐼𝟚, and 𝐼𝟛 along its three modes. Below, we detail the 

fundamental concepts of tensor decomposition, providing mathematical explanations and 

examples for each.  
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2.3.8.1. Tucker decomposition 

An advanced form of SVD in higher dimensions, Tucker decomposition represents a 

tensor using a core tensor and matrices applied across each mode [143]. For example, the 

tensor of a third-order can be represented by a core tensor and three factors matrices which 

will curtail the dimensionality of the parameters required to be stored for the tensor being 

decomposed. Tucker Decomposition can be considered as an extension of Canonical Polyadic 

Decomposition CPD; it breaks down a tensor into a core tensor and a set of matrices applied 

along each of its modes. In the case of a third-order tensor 𝐴, the Tucker decomposition can 

be expressed as: 

𝒜 ≈ 𝒢 ×1 𝐔1 ×2 𝐔2 ×3 𝐔3                                                                                                                               (40) 

where: 

• 𝒢 is the core tensor, 

• ×𝑛 represents the mode−𝑛 multiplication of a tensor with a matrix, 

• 𝐔1, 𝐔2, and 𝐔3 are factor matrices corresponding to each mode. 

In a multi-dimensional dataset, for an example user-item ratings in different categories 

Tucker decomposition allows us to identify all the hidden factors that could be influencing 

user preferences by storing all the information in a compact core tensor while preserving the 

relationships held by the factor matrices. In the context of BERT which take use of the 

transformer architecture, tensor decomposition can be applied to the weight matrices of the 

models. For example, in BERT, the fully connected layers can be expressed in the form of a 

tensor, these tensors can be approximated using a fewer parameter. This is especially 

advantageous because BERT has a massive number of parameters: it often ranges from 

hundreds of millions and leads to high memory usage and slow speed of inference [137]. 

2.3.8.2. Canonical Polyadic Decomposition (CPD) 

Canonical Polyadic Decomposition (CPD), or PARAFAC, represents a tensor as the sum 

of rank-one tensors. For a third-order tensor 𝒜, CPD is expressed as: 
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𝒜 ≈ ∑ 𝑎𝑟
𝑅
𝑟=1 ∘ 𝑏𝑟 ∘ 𝑐𝑟                                                                                                                                    (41) 

whereby: 

• ∘ represent the outer product, 

• 𝑎𝑟, 𝒃𝒓 and 𝑪𝒓 they represent the factors corresponding to each mode in the tensor, 

• 𝑅 is the rank of the decomposition. 

2.3.8.3. Tensor Train Decomposition (TTD) 

TTD represents a high-order tensor through a chain of smaller tensors, improving 

computational efficiency and storage. A tensor 𝐴 in Tensor Train format can be expressed as: 

𝒜 ≈ 𝐺1 ×1 𝐗1 ×2 𝐗2 ×3 ⋯ ×𝑁 𝐗𝑁                                                                                                                     (42) 

where: 

• 𝐺𝑘 are core tensors, each of which is lower-dimensional, 

• 𝐗𝑘 are factor matrices for each mode 𝑘. 

TTD is mostly tailored for deep learning to provide compression large models by 

representing weight tensors in smaller version and using less memory and time for making 

computations. 

When tensor decomposition is applied to BERT, it is often interesting to target the 

embedding layers as well as the feed-forward networks (FFNs). The embedding layer that 

takes tokens as input and returns dense vectors can be very large, especially with large 

vocabularies. Through tensor decomposition, the embedding matrix can be divided into a 

series of smaller tensors, while maintaining the same size as the original model and preserving 

its semantic depth [144]. For example, Liu et al. [145], presented the work where it became 

clear that low-rank tensor decomposition of the embedding layers of BERT will allow achieving 

a decrease in the number of parameters by 8 times with acceptable accuracy degradation. It 

is accomplished on the basis of preserving the important features of the tensor in terms of 
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their significance and discarding others, thus making the model as effective as possible in its 

storage and computations. 

Tensor-train decomposition applied to BERT is said to have retained or enhance the 

accuracy of the benchmark datasets such as GLUE while reducing the parameters by a very 

large margin [137]. Incorporating new techniques like gated multi-head attention allows the 

model to focus on more crucial features, making it possible to perform superior on various 

tasks like sentiment analysis and question answering Jin et al. [146]. Furthermore, to improve 

the model performance the following compression methods has been utilized to improve 

model performance after compression, tensor decomposition and Knowledge distillation. By 

using fewer parameters, researchers have reached results close to state-of-the-art 

performance [145], through the transfer of knowledge from a larger, pre-trained model to a 

smaller, compressed version. Through a reduction in parameters, the model accuracy is 

preserved, not only does tensor decomposition enable efficient deployment in resource-

constrained settings, but it also improves the model's utility across multiple NLP tasks  It 

remains clear that more work remains to be done in this field of research, which opens up the 

potential for additional progress in the field of model compression and efficiency. 

2.3.9. Early Exit Mechanisms 

Early exit strategies are applied in models like BERT to improve inference performance 

and speed by enabling the model to stop processing after intermediate layer rather than 

processing through all layers of the model. This approach is especially valuable when there is 

a constraint on computational power or where rapid responses are necessary, such as in real-

time applications. This approach has mathematical fundamentals in confidence estimation, 

internal ensemble methods, and learned exits. Below are details of the fundamental concepts 

along with mathematical explanations and examples. 
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2.3.9.1. Confidence Estimation 

This approach utilises entropy or on the maximum predicted class probability to 

estimate the confidence of the predictions occurred at intermediate layers. For example, if 

entropy of the predicted distribution at an internal classifier is less than some predefined 

value, it is possible to exit early [41]. Confidence estimation calculates a model’s probability 

or, more formally, the degree of confidence regarding its outputs at each layer of a model, 

often quantified in entropy.  For a given layer 𝐋𝑖 with output probabilities 𝑝(𝑦|𝑥) for class 

𝑦 given input 𝑥, the predicted probability distribution has an entropy 𝐻 given by: 

𝐻(𝑝) = − ∑ 𝑝𝑦 (𝑦|𝑥)log(𝑝(𝑦|𝑥))                                                                                                                        (43) 

Model exits early if this entropy measure falls below a predefined threshold 𝜃: 

𝐻(𝑝) <  𝜃                                                                                                                                                     (44) 

DeeBERT incorporates entropy-based early exit where processing is terminated if the 

entropy of internal classifier’s output distribution is low, implying high-confidence prediction 

Xin et al. [147]. 

2.3.9.2. Internal Ensemble Methods 

This strategy utilizes multiple internal classifiers at multiple layers, and making exit 

decisions based on consistent predictions. For instance, the Patience-based Early Exit (PABEE) 

method involves exiting after classifiers a get to a particular number of consecutive classifiers 

to agree on a prediction before exiting [41]. The internal ensemble techniques use multiple 

classifiers within layers to evaluate the degree of agreed prediction, thus improving the 

robustness Zhou et al. [148]. This approach helps mitigate the risk of making premature exits 

based on unreliable predictions. For classifier 𝐶𝑖 at layer 𝑖, the model can exit if: 

Count(𝐶𝑖(𝑥) = 𝐶𝑖−1(𝑥)) ≥ 𝑡                                                                                                             (45) 

where  𝑡 is the threshold specifying how many consecutive classifiers must agree for an exit 

to occur.  
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2.3.9.3. Learned Exits 

Some methods, such as BERxiT, uses a learned mechanism to generate a score for the 

early prediction so that the model can exit as soon as the score exceeds certain threshold, He 

et al. [149]. Learned exits consist of training a scoring function to evaluate early predictions 

for accuracy. Let 𝑓 be a function that generates a score 𝑠 from an internal classifier 𝐶𝑖 based 

on the hidden state ℎ𝑖  at layer 𝑖: 

𝑠 = 𝑓(𝐶𝑖(ℎ𝑖))                                                                                                                                         (46) 

The model exits if the score 𝑠 exceeds a threshold 𝜏: 𝑠 > τ                                                                                                                                 

2.3.9.4. Global Information Utilization 

The function in global information utilization is to combine hidden states from all layers 

to make better prediction. The Global Past-Future Early Exit method augments past states 

along with the future states to provide more insights, as the previous methods only used the 

local data Liao et al. [150]. In BERT, the ability to compute early exit is achieved by adding 

internal classifiers at each of the transformer layer. In inference, if the model decides that it 

can make a confident prediction based on the output of an internal classifier, it can exit early, 

thus avoiding unnecessary computations in subsequent layers. This is highlighted by [148], 

where the authors use cross-layer consistency to develop a patience-based approach to 

decision of when to exit. This aggregation denoted as: 

𝑔(𝑥) = ∑ 𝑤𝑖
𝑛
𝑖=1 ℎ𝑖                                                                                                                                          (47) 

whereby 𝑤𝑖 are weights assigned to each hidden state ℎ𝑖  from the 𝑖-th layer. The model’s 

decision is then based on this aggregated global information.  

It is critical to design and place early exits with the network architecture to maximise 

their effectiveness. The research by Rahmath et al. [151] specifies that increased performance 

with lesser computational costs may be achieved if early exits are strategically placed at 

different layers. For example, there has been suggestions to use the Bag-of-Features (BoF) 
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models that assemble comprehensive yet lightweight representation from the feature maps 

at each exit layer in order to make better predictions with reasonable increase in complexity 

Passalis and Tefas [152]. In conclusion, incorporating early exit strategy mechanisms into the 

development of PLMs is a major improvement in improving the practicality of models to make 

them more efficient and adaptable to real-world applications. Using a confidence estimation 

strategy, internal ensemble methods, and hierarchical representations, researchers remain 

focused on enhancing early exiting approaches and applications for numerous natural 

language processing tasks [150]. 

2.4.  Applications of Compression Techniques to BERT Models 

 

2.4.1. Application of Quantization Techniques to BERT Models 

The new methods of quantization have concentrated on PTQ, which enables 

quantization the pre-trained models without excess to retraining Xiao et al. [153]. 

Nevertheless, PTQ can result in large accuracy loss in the models with extreme outliers in the 

activation distributions Xiao et al. [154]. To overcome these problems, several techniques 

have been suggested such as Outlier Suppression+ framework in which to address outlier 

problem, channel-wise shifting, and scaling are used efficiently [109]. Furthermore, 

ZeroQuant has been also described as an efficient end-to-end quantization pipeline that 

merge fine-grained quantization schemes with layer-wise knowledge distillation provided 

ssubstantial compression of the model and faster inference with minimal impact on accuracy 

[118]. 

In addition, studies on integer only quantization techniques like I-BERT have shown 

that it is possible to perform inference entirely with integer arithmetic, which enhances the 

model support to hardware designed for low-precision computations Kim et al. [155]. 

Achieving competitive accuracy, this approach provides a very valuable advantage in terms of 

a computing speed, increasing the speed of inference, in comparative with the traditional 

floating-point methods, achieving up to a 4.0× speedup [155]. In summary, Applying 
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quantization techniques in deploying large language models is a promising approach to 

enhancing their real-world applicability and efficiency Zheng et al. [156]. 

2.4.2. Application of Knowledge Distillation  

Although there are many other advancements in the area of knowledge distillation, by 

far the most famous one applied to BERT is DistilBERT, that reduces BERT to a smaller model 

but nonetheless remarkably portion of its performance. Here, DistilBERT employs both 

response-based and feature-based distillation where the student model is trained to mimic 

the predictions of the teacher model as well as the intermediate representations of the 

features. With a 60% smaller footprint, it delivers 97% of BERT’s performance and operates 

2.5 times faster Sanh et al. [157]. The Patient Knowledge Distillation (PKD) method improves 

conventional distillation by enabling the student model to leverage the teacher’s hidden 

representations on multiple layers. PKD introduces two strategies: PKD-Last, PKD-Last involves 

knowledge transfer from the last (𝑘) layers of the teacher, whereas PKD-Skip enables the 

student to learn from every (𝑘)-th layer. This approach has shown superior performance and 

better generalization across various NLP tasks Sun et al. [158].  

MobileBERT model is designed for resource-constrained devices and uses knowledge 

distillation to reduce BERT. MobileBERT is performed in a teacher-student protocol where the 

teacher is the larger BERT model pretrained on particular tasks, and a smaller BERT model acts 

as the student, learning to emulate the teacher model. This approach enables MobileBERT to 

retain high accuracy but also makes it scalable and compatible with the resource-constrained 

targeted mobile devices Sun et al. [159]. Another unique approach is Stochastic Knowledge 

Distillation (SKD) that also combines the problems of diversity loss and capacity gaps in the 

model compression methodology. According to the paper by Ding et al. [160], SKDBERT also 

reduces BERTBase by 40% with only an off 0.5% loss in language comprehension tasks, while 

also experiencing 100% boosts in inference speed [160]. This method stresses multiple teacher 

models and different distillation approaches to affect the student learning process. The 

current paper’s exploration of PKD, SKD, and other knowledge distillation approaches 
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demonstrated their importance in ongoing work aimed at improving the usability of large 

language models for practical use in everyday life. When using these techniques, researchers 

can then gain the ability to reduce models such as BERT and still maintain their usefulness as 

natural language processing tools for use in constrained environments. 

2.4.3. Application of NAS 

The essential applications of NAS is the development of the task-agnostic compression 

strategies [123]. For example, the NAS-BERT framework uses NAS to shrink BERT models, but 

the shrunk models must be able to dynamically adjust to size and latency. This is highly 

relevant to deployment on devices with different memory and latency characteristics. NAS-

BERT is based on the idea of training a large-scale model that integrates multiple potential 

architectures, in order for the architecture search space can be efficiently searched to identify 

find optimal configurations that are at the same time robust for downstream tasks. Another 

importance use is in the establishment of the adaptive-size BERT models. NAS-BERT not only 

can compress the model, but also the model size can also be adjusted according to the desired 

smallest size, according to the unique demands of the given task. This is made possible by 

spacing out the search space with the help of a technique that incorporates multi- head 

attention; separable convolutions as well as feed-forward networks, enabling the discovery of 

efficient architectures that meet different operational constraints [123]. 

As part of improving search efficiency in NAS frameworks, some strategies have been 

applied. For instance, block-wise search is used in the breakdown of the supernet into 

manageable blocks hence making the search space smaller significantly reducing the size G.M. 

and Pillai [161]. This method lets each block be trained by leveraging a pre-trained teacher 

model, which aids in preserving performance and at the same time minimizing computational 

costs. Moreover, performance approximation techniques are used to enhance the search 

process in order to make it feasible to conduct architecture searches even in rather 

constrained environments. 
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The paper on ‘’Optimizing DistilBERT’ clearly explained how one could implement an 

evolutionary algorithm within a limited GPU budget. This approach managed search space in 

a way that is computationally feasible, and demonstrated  to democratize access to advanced 

NLP models. Since the study established the connection between pre-training and 

downstream tasks, pre-training validation was proposed as a criterion for model training 

Paraskeva et al. [162]. NAS techniques have also been used in defining the baseline for 

measuring the performances of BERT models. For example, NAS-Bench-NLP framework is a 

useful framework for designing benchmarks for Recurrent Neural Networks on textual data 

sets and enables both, intrinsic and extrinsic assessment of trained models. This 

benchmarking is important for evaluating the quality and the scope of discoverable NAS 

algorithms and their ability to address diverse NLP challenges and, thereby, enhancing the 

climate of the NAS and NLP research fields [130]. The utilization of Neural Architecture Search 

technique on BERT models is a major breakthrough in NLP field. NAS improves BERT model 

efficiency and scalability through automated architecture design, tackling issues related to 

resource constraints. This research area shows promising development in the near future if 

NAS is combined with BERT models, more innovative solutions can be derived for tackling 

various NLP problems. 

2.4.4. Application of Low Rank Factorization 

Among those several factorization strategies applied to BERT, a commonly employed 

technique is SVD. SVD breaks down a weight matrix into three matrices, so that dimensionality 

is reduced but it retains most relevant features of the weight matrix. For example, Noach and 

Goldberg [163] used SVD for compressing BERT by applying it to decompose every weight 

matrix in the model. They found that it can attain a 2x compression rate while only losing 5% 

of its performance on the GLUE benchmark Xu et al. [164]. This shows that SVD is useful in 

preserving the model accuracy in addition to minimizing the parameters needed as compared 

to the standard matrices. 
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Traditional SVD is not capable of weighing the significance of parameters during the 

factorization; that is why the Fisher-Weighted SVD (FWSVD) is a modification of the traditional 

SVD. Several authors have tried to use standard SVD, but they discovered its weaknesses, 

mainly, inability to take into consideration the level of importance of the different parameters; 

Hsu et al. [165] developed FWSVD to combat these drawbacks that were present in SVD. The 

study used FWSVD technique to compress BERT model with increased efficiency compared 

with the traditional SVD while the model performance remained unaffected. In their 

experiments, they demonstrated that FWSVD could compress the BERT models and the 

models achieved up to 30% compression ratio with minimal impact on task accuracy [165]. 

The analysis of low rank compression is done under DRONE criteria proposed by Chen 

et al. [166]. This approach acknowledge the fact that although BERT's weight matrices may 

not inherently be low-rank, the input vectors often belong to a subspace with lower 

dimensions. Overall, by focusing on the data distribution, DRONE’s performance can increase 

its speed or compress data dramatically without requiring extensive fine-tuning. For instance, 

the DRONE model achieved 1.92x speed up enhancement on MRPC task that requires 1.5% 

reduction in test accuracy demonstrating its effectiveness in practical applications. 

Another novel methods is Progressive Low-rank Decomposition which makes it 

possible to compress BERT models through iterative compression. The above idea was 

introduced by Hajimolahoseini et al. [137] in this approach, the transformer model's fully 

connected layers are broken down into smaller layers using a gradual SVD technique. This 

method enables compression during the fine tuning and is not as demanding as when pre 

training a new model from the ground up. In their respective tests, they postulated that it was 

possible to obtain better than 8X compression with these techniques providing reasonable 

performance. 

  LoSparse is a type of a structured compression method that utilizes a combination of 

low-rank and sparse techniques to compress large models, including BERT. This method can 

be used to achieve the low ranked structure while also preserving sparse structures which can 
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enhance the efficiency of the result. In another study, Li et al. [138] proved that LoSparse is 

capable of compressing BERT models with higher performance compared with conventional 

approaches and maintain accuracy across different tasks. For the BERT model, employing low-

rank factorization method has also been demonstrated to have merits in model compression 

and efficiency. There are methods like SVD, FWSVD, DRONE, progressive low-rank 

decomposition, LoSparse that have shed light on how BERT’s size can be decreased on par 

with its performance 

2.4.5. Application of Weight Sharing and Clustering  

Weight sharing is the process of categorizing similar weights in a neural network and 

putting all the individual values into a single shared value. This approach consequently 

eliminates the workload of having many unique parameters, which in turn makes the model 

small. For instance, the ALBERT model, a variant of BERT, employs weight sharing across its 

layers allowing it to maintain high performance while reducing memory consumption. In 

particular, all encoder layers of ALBERT have the same weights, and such an approach allows 

to train larger and deeper models without a proportional increase in memory usage [139]. The 

technique is particularly useful in those scenarios in which resources as memories and 

processing power are scarce, like in mobiles or edge computing. 

It is also possible to apply clustering techniques, such as K-means clustering, for 

compressing the BERT models. In this context, weights are as a set of clusters and each cluster 

contains a centroid to represent all weights in the cluster. This method enables the model to 

achieve a considerable decrease in the number of weights that are unique. For example, Cho 

et al. [167] proposed the eDKM method in which K-means clustering is used on weight sharing 

during training to optimize weight sharing. Besides the compression of the model, this method 

also retains high accuracy by minimizing the weight variance, the model's capacity for 

representation is preserved. Hence, ideas on weight sharing and clustering are crucial in 

compressing BERT models in a way that expansions of their use can fit in numerous tasks, 

particularly in systems with limited resources. Through these mechanisms, the researchers 
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pave a way for use of large language models in real-time AI systems, mobile applications, and 

IoT devices. There is still ongoing research taking place in this field and focusing on improving 

the effectiveness and accessibility of NLP solutions. 

2.4.6. Application of Parameter Sharing 

One of the useful uses of parameter sharing in BERT is demonstrated in the ALBERT 

model where cross-layer parameter sharing is used. In ALBERT, all transformer layers use 

identical parameters, allowing for a deeper network architecture but generally makes the 

model lighter. This method enables the model to operate with a smaller parameter count as 

the base model of this proposal has only twelve million parameters, while BERT in contrast, 

has 110 million [139]. It also expends the shared weights spread across the layers which help 

in cutting down of redundancy and memory consumption which makes the model trainable 

on devices such as mobile phones. 

Another example is seen in the TinyBERT model developed where knowledge 

distillation is used together with parameter sharing. TinyBERT applies shared parameters 

across layers, this proves helpful in size reduction but retains a massive portion of the BERT 

model performance. This model achieves a compression ratio of approximately 7.5 times 

smaller than BERT while preserving 98.5% of the performance on several GLUE benchmark 

tasks Jiao et al. [141]. Knowledge distillation and parameter sharing make it possible for 

TinyBERT to learn from the big BERT model while minimizing on the number of parameters 

required. 

Besides, the authors propose a new parameter sharing mechanism that combines 

embeddings with hidden layers as part of the ShareBERT framework. This approach permits 

the compatible design of near-zero parameter encoders that work at 95.5% of BERT’s 

performance using only 5 million parameters which is 21.9 times fewer than the original BERT 

model Hu et al. [168]. Parameters are shared between embeddings and the following couple 

of hidden layers in ShareBERT, proving that BERT can be compressed substantially, while 
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leaving knowledge distillation as a separate research direction, thus providing a new avenue 

for model compression. 

In addition, to achieve efficient computation, FoldGPT model leverage something 

called grouped parameter sharing mechanism in which all blocks within a group utilize 

identical weights and additional trainable parameters. It also compresses the model while 

boosting performance on storage-constrained devices through higher cache hit rates [142]. 

The process of block removal and parameter sharing in FoldGPT also unlocks how parameter 

sharing is quite useful in attaining high levels of model reduction, especially while retaining 

the performance. Techniques for parameters sharing used in BERT models including the 

models described in ALBERT, TinyBERT, ShareBERT, and FoldGPT show how large amount of 

model reduction is possible without much effect on performance.  

2.4.7. Application of Tensor Decomposition 

One of the uses of tensor decomposition in BERT is reducing the size of the multi-head 

attention mechanism. The parameters or weights learned in each of the attention layers in 

BERT are in large numbers, which can be reduced using tensor decomposition methods such 

as Tucker decomposition and Block-Term Tensor Decomposition (BTD). As an example, Ma et 

al. [169] presented a new self-attention approach known as Multi-linear Attention where BTD 

is used to compress attention related representation. Specifically, it uses an efficient way to 

initialize a low-rank core tensor and employ the sharing factor matrices across the attention 

heads therefore greatly decrease the parameters yet increase or at least retain the language 

modeling performance. 

Another important area where tensor decomposition applies to BERT for efficient 

compression of fully connected layers is Tensor-Train (TT) decomposition. Indeed, as far as the 

efficiency of the proposed approach is concerned, Xu et al. [170] showed, in particular, that 

TT decomposition can effectively reduce a large number of parameters in BERT models while 

maintaining its high accuracy. The TT decomposition enables high-dimensional weight 

matrices to be expressed as a sequence of lower-dimensional tensors, which can be processed 
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more efficiently.  This method not only cuts down the memory complexity but also improves 

the inference time. 

Similarly, techniques for tensor decomposition can also be incorporated with 

knowledge distillation toward improving the efficiency or BERT models. For example Pletenev 

et al. [136] looked onto the integration of Tensor Train Matrix (TTM) decompositions with 

Fisher information to align the objectives of the task and the decomposition process.  This 

method, called FWTTM, showed that there was a significant enhancement in the proposed 

approach leverages tensor decomposition to facilitate parameter transfer from a large teacher 

transformer to a smaller student model, improving the performance of compressed 

transformer-based architectures. 

 Various low-rank tensor decomposition methods have been shown to enhance BERT 

model performance by eliminating redundancies in the weight matrices. Dantas et al. [144] 

also stressed that several of the embedding layers of BERT can be effectively reduced 

following the low-rank approximation, without a notable loss of the model’s semantic 

information. This is especially ideal when the model is to be deployed on a restricted resources 

device as it allows for faster inference times without a substantial drop in accuracy. The 

further development of these methods is useful in helping to advance the development of 

better natural language processing solutions. 

2.4.8. Application of Early Exit Mechanism 

DeeBERT is one example where early exit in BERT has been utilized to state but one. 

This model has confidence-based early exit strategy, within which the model utilise entropy 

from the internal classifiers to exit early. If the entropy is lower than the predefined limit, the 

model proceeds with the prediction without processing every layer meaning that the 

inference time will be greatly reduced [147]. DeeBERT has been revealed to make the 

inference time reduce to 40% while maintaining minimal quality loss. 
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Another example such as PABEE (Patience-based Early Exit), which adds a patience 

mechanism into the process, where several internal classifiers to agree on a prediction before 

exiting. Besides, increasing efficiency, it also makes an algorithm more resistant to adversarial 

examples using the internal classifiers ensemble effect [148]. From this study, it can be 

concluded that PABEE is more accurate than traditional methods and this approach offers a 

more favourable balance between accuracy and computation time compared to other 

techniques that can be used in deploying BERT in areas of limited resources. The BERxiT 

framework applies early exiting to regression tasks and adds a learning-to-exit module to 

scores the correctness of early predictions. This allows the model to adaptively decide when 

to exit based on the complexity of the input, achieving significant speed-ups while maintaining 

high accuracy Xin et al.  [171]. The flexibility in applying early exiting in regression tasks only 

further extends the use of BERT models for tasks across the finance sector, healthcare and 

others. 

For sequence labeling tasks, the SENTEE and TOKEE mechanisms have been presented 

to extend early exiting for these applications. With SENTEE, a sequence of tokens exits 

simultaneously when uncertainty is minimal, while TOKEE permits partial token exits at 

varying layers based on localized information Li et al. [172]. These adaptations show the 

extendibility of early exit mechanisms for dealing with the difficulties of sequence labeling 

tasks, which involve token-level predictions. 

In addition, by considering past and future contexts, the Global Past-Future Early Exit 

method improves the effectiveness of early exit strategies. This approach offers the benefit of 

enabling the utilize information from layers that have not been processed yet, leading to more 

informed predictions and improved performance [150]. Combining such information enables 

this method overcome challenges that the conventional early exit strategies present 

particularly because they use local representations. The early exit mechanism utilizing BERT 

models appear to be effective in enhancing the inference’s speed for several task such as 

classification, regression, and sequence labelling. These techniques do not only offer 

computational savings but also improve or at least preserve model performance. 
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2.5. Iterative Magnitude Pruning (IMP) and the Lottery Ticket Hypothesis. 

 

2.5.1 IMP 

IMP is a method that has gained recognition as a clear and efficient way to achieve 

compression large neural networks. The concept used in IMP is to trim weights from a neural 

network depending on the magnitude of weights and subsequently, a fine-tuning step is 

performed to restore the accuracy lost due to weight pruning. This method reduces the 

parameter count in the model, resulting in notable gains in efficiency and faster inference. 

2.5.1.1. The Process of IMP 

The IMP process typically involves several key steps: model training, pruning weights, 

and fine-tuning the model. First, the neural network is trained until convergence, so the 

network can generalize the forms or patterns in the data. After training the model, the process 

of pruning begins. During this phase, specified number of weights with the minimum absolute 

values are set to zero, thus reducing the model. In determining which of the weights to prune, 

it is decided that those weights with the lowest absolute values are likely to be less influential 

in the computation of the overall output output [25]. 

Next is the fine turning phase in which a fine-tuning process is applied to the retained 

weights to recover the model’s performance that is attributed to the pruning. Fine-tuning 

plays a crucial role in allowing the model to adapt to the more compact and sparse weight 

distribution. This pruning and fine-tuning can be iterated until the required level of sparsity is 

obtained. This kind of process assists in preventing degradation of model’s accuracy while 

reducing the size of the model down Zhu & Gupta [34]. 

The significance of a weight 𝑤𝑖 is gauged by its magnitude, |𝑤𝑖|. For each iteration, the 

weights are pruned based on a certain sparsity level that has to be achieved. If the target 

sparsity is 𝑠, the smallest 𝑠 × 𝑁 weights, in which 𝑁 represents the total number of weights, 

all of which are set to zero. The remaining weights are fine-tuned to help recover from the 

effect of pruning performed. The process proceeds iteratively until the required sparsity level 
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is achieved by the network. In [25] work, they employed IMP on the AlexNet architecture, 

which led to the removal 90% of the weight while maintaining the same level of performance, 

they argued that IMP is an effective way of achieving reduced model size with the least 

compromise on the model’s performance. 

IMP can be defined as an optimization problem aimed at minimizing the loss function 

𝐿(𝑤) under sparsity constraints. Represented as: 

min 𝐿 (𝑤) subject to ||𝑤||
0

≤ 𝑘                                                                                                        (48) 

In which ||𝑤||
0
 is the 𝑙0, denoting the count of non-zero weights, and 𝑘 represents the desired 

number of weights to keep. 

Weight Importance: The significancy of each weight 𝑤𝑖 in a neural network is assessed 

based on its absolute value: |𝑤𝑖| 

Pruning Criterion: At each iteration of pruning, a set percentage 𝑝 of weights with the 

least magnitudes are removed. Given that 𝑁 represents the total number of weights, the 

quantity of weights to be pruned is: Number of weights to prune = 𝑝 × 𝑁 

Pruned Weights: After pruning, weights are updated to zero based on a threshold 𝑡 

that reflects the desired sparsity level: 

𝑤new = {
0 if|𝑤𝑖| < 𝑡
𝑤𝑖 otherwise

                                                                                                                   (49) 

Fine-tuning: After pruning, the model undergoes fine-tuning to minimize the loss 

function 𝐿, helping it to recover performance: min𝐿(𝑤) 

For a neural network with 1,000 weights, pruning 20% would mean removing the 200 weights 

with the smallest magnitudes. Afterward, the model undergoes fine-tuning to regain its 

performance. 
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2.5.1.2. Examples of IMP in Practice 

An interesting work of Gordon et al. [86] based on the BERT model explores iterative 

magnitude pruning, and they proved that BERT’s performance does not degrade, regardless 

of the presence of pruning subsequent to pre-training or fine-tuning. This result highlights the 

adaptability of IMP to different training schedules. Moreover, the authors found that a 

significant portion of the weights can be removed without risk such that the network’s 

performance is significantly not compromised, a fact that is proof of the success of this 

method. Another example can be observed in the paper of [25] where the authors have 

introduced IMP in the work on deep compression. They showed that using IMP, the technique 

reduced weights in the AlexNet architecture by as much as 90%. This was achieved through 

the use of iterative pruning followed by fine-tuning, which helped the model effectively adapt 

to the reduced set of parameters. 

2.5.1.3. Advantages and Limitations of IMP 

A major benefit of the proposed technique is that IMP facilitates model sparsity by 

eliminating weights that are close to zero while retaining its good performance. It also suitable 

for deployment where memory and processing power are restricted, like in mobile devices or 

edge computing. Also, IMP is an iterative process that allows for a more controlled pruning 

process, thereby reducing the impacts of over-pruning which negatively impact the 

performance [34]. To begin with, it is essential to take the following aspects of IMP into 

account; It can be computationally expensive, as training and fine-tuning step are used 

repeatedly in the process. Therefore, this tends to impose higher training times particularly 

for large model sizes. Moreover, it is conceivable that while IMP works well for many 

architectures, it performs differently on the basis of the nature of the model and dataset [99]. 

IMP can achieve substantial reduction of model size while preserving parameter accuracy by 

repeated pruning of weights and fine-tuning of the model. Its application in various contexts, 

such as BERT and AlexNet, demonstrates its effectiveness and versatility.  

2.5.2 The Lottery Ticket Hypothesis (LTH) 
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LTH first proposed by Frankle and Carbin [173] demonstrate that in a dense, randomly 

initialized neural network, several sub-networks, known as winning tickets, can be trained 

individually to perform on par with the original network. This hypothesis postulates that over-

parametrization of neural networks is not simply a feature of deep learning, but a necessary 

aspect that enables the discovery of these winning tickets Chen et al. [174]. 

2.5.2.1. Understanding the Lottery Ticket Hypothesis 

The LTH is predicated on the observation that neural networks often contain 

redundant parameters across the neural networks. According to the hypothesis, if such 

winning tickets can be identified and trained then what is sought to be suggested is that it is 

possible to achieve similar or even superior performance with a significantly smaller model. 

The process typically involves three main steps training a dense network, pruning it to identify 

the winning tickets, and then resetting the remaining weights to their initial values before fine-

tuning Frankle et al. [175]. For instance, in their experiments, Frankle and Carbin have shown 

that one could obtain a sparse fully connected network with similar accuracy of one trained 

on the MNIST dataset through pruning. They discovered that these winning tickets could be 

found by iteratively pruning where weights with the smallest magnitudes were removed, and 

the retained weights were reinitialized to their original values [173], [174]. 

Mathematically, LTH can be described in terms of the loss function 𝐿 of a network. A 

pruned model can attain equivalent loss performance 𝐿ticket to original network’s loss 𝐿full 

after pruning and rewinding. The hypothesis suggests the existence of a sparsity pattern 𝑆 

such that: 

𝐿ticket(𝑆) ≈ 𝐿full                                                                                                                                          (50) 

This implies that winning tickets retain the network's ability to generalize well. 

LTH as an Optimization Problem: Identifying winning tickets in LTH can also be framed 

as finding a subnetwork 𝑆 ⊆ 𝑊 that minimizes the loss while maximizing performance: 
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min𝐿ticket(𝑆) for 𝑆 ⊆ 𝑊                                                                                                                    (51) 

in which 𝑊 denotes all the weights present in the unpruned network. 

Initial Network: Let 𝜃0 represent the initial weights of a dense neural network. 

Masking: A binary mask 𝑚 is created to indicate which weights to keep, defined as: 

𝜃ticket = 𝜃0 ⊙ 𝑚                                                                                                                                (52) 

where ⊙ denotes element-wise multiplication. The mask 𝑚 is created based on weight 

importance after training. 

Pruning Criterion: The mask 𝑚 selects weights based on their magnitudes in the 

trained model 𝜃𝑇: 

𝑚𝑖 = { 
1 if |𝑤𝑖| is among the largest 𝑘 weights
0 otherwise

                                                                        (53) 

Training the Ticket: The pruned subnetwork, or "winning ticket," is then trained to 

achieve performance similar to the original network: 

𝐿(𝜃ticket) ≈ 𝐿(𝜃0)                                                                                                                                (54) 

Given a neural network with initial weights 𝜃0, after training, weights can be pruned 

down to 20% while maintaining performance. Applying the mask 𝑚 to 𝜃0 creates the 

subnetwork 𝜃ticket, which is then trained to match the original performance. 

2.5.2.2.  Practical Applications and Examples 

Surprisingly, for the LTH, their implications go beyond theoretical investigations; they 

were implemented in model compression and efficiency. For instance, [174] carried out LTH 

using pre-trained BERT models where subnetworks obtained during the masked language 

modeling task were later found to be transferable to other downstream tasks [31]. This 
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discovery shows that Smaller models derived from winning tickets can achieve similar 

efficiency and accuracy as their larger counterparts. 

Furthermore, researchers have leveraged LTH in diverse areas, including NLP and 

computer vision. For instance, [23] conducted a study in which he checked the winning ticket 

properties of BERT models and concluded that even the least performing sub-networks could 

be further trained to give good performance; suggesting that a majority of weights in BERT 

contribute meaningfully to its performance. Such flexibility demonstrates the robustness of 

the LTH across significantly different architectures and tasks. 

2.5.2.3.  Challenges and Future Directions 

However, besides its promising discoveries, the LTH has its limitations pointed out 

next. One problem is practicality — finding winning tickets entails training full models multiple 

times and is computationally expensive, especially for large models. Furthermore, studies 

shows that specific winning tickets can perform much better or worse depending on the 

initialization and it depends on the architecture that is employed [98], Cheong and Daniel 

[176]. Advancement in efficient algorithms for identification winning tickets and their 

application across various tasks and datasets may form the next research frontiers. The 

Lottery Ticket Hypothesis delivers a strong foundation for comprehending the possibilities of 

sparse subnetworks within over-parameterized models. Leveraging the existence of winning 

tickets, can enable future research to explore how to build more efficient models that possess 

high performance, for model compression and deployment in constrained contexts. 

2.5.2.4.  Relationship Between IMP and LTH 

LTH marks the IMP as a practical strategy whereby winning tickets can be identified. 

IMP’s iterative pruning and fine-tuning aligns with the LTH framework, where a subnetwork 

or winning ticket is identified through repeated pruning based on weight magnitude [174],  

[175]. The study by [23] prunes BERT using structured pruning which removes attention heads 

and multi-layer perceptron’s (MLPs) layers. They found that even when pruned aggressively 
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down to their subnetworks, BERT could be retrained quite effectively, which supports the IMP 

hypothesis implying that during successive iterations these weights can be regained. 

2.6 Attention head pruning in BERT. 

Moura et al. [177] describe in their study how Attention head pruning in BERT 

decreases the quantity of attention heads within the multi-head attention layer. Researchers 

observed that different attention heads have varying impacts on accuracy, prompting them 

to leverage this finding for model optimization. The models can be compressed by deleting 

underperforming attention heads yet still maintain or enhance model accuracy. According to 

Qiu and Yang [178] BERT's multi-head attention mechanism uses multiple attention heads to 

attend to different portions of the input sequence at the same time. Studies suggest that 

distributing computations among multiple attention heads boosts the model’s overall 

capability and efficiency. Several studies have found out that the reduced number of attention 

heads in models does not reduce performance quality. A study by [19] proves that keeping 

just 60% of BERT attention heads maintains accurate results throughout various applications. 

The analysis shows that there is redundancy in the attention heads, and that some heads may 

not be essential for the model's performance. Therefore, this indicates that not all attention 

heads are needed for accurate model output. 

During attention head pruning we analyze the extent to which each head influences 

the model's predictions, which is the importance of each head. Several evaluation methods 

help measure head importance which include the change in loss function when a head is 

pruned or the average attention weights assigned to specific tokens during training. For 

example, pruning can be guided by the average attention weight that each head assigns to 

critical tokens, like the [CLS] token in BERT, which functions as a key element for classification 

tasks Rajapaksha and Crespi  [179]. The model optimization reduces its size by finding and 

removing heads with low importance rankings. 

Through attention head pruning you can boost inference speed and reduce memory 

usage with not requiring extensive retraining. The researchers Zhang et al. [180] created 
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Single-Shot Meta-Pruning to remove attention heads before fine-tuning, allowing for efficient 

adaptation to downstream tasks. The technique decreases model size and fastens fine-tuning 

to deliver better performance in systems with limited resources. We can use attention head 

pruning together with knowledge distillation methods to make the models smaller and 

improvements in efficiency. The Optimal BERT Surgeon (oBERT) system applies incorporates 

second-order that boost model accuracy while maintaining scalability [99]. Researchers can 

combine multiple model compression techniques to produce small versions of advanced 

systems which retain the performance of their larger counterparts, rendering them applicable 

across a wide range of NLP tasks. The process can be mathematically described and illustrated 

through various notations and examples as follows: 

Multi-head Attention Mechanism: can be represented as: 

MultiHead(𝑄, 𝐾, 𝑉) = Concat(head1, … , headℎ)𝑊𝑂                                                                      (55) 

In which each head is calculated as: 

head𝑖 = Attention(𝑄𝑊𝑖
𝑄 , 𝐾𝑊𝑖

𝐾 , 𝑉𝑊𝑖
𝑉)                                                                                               (56) 

Here, 𝑄, 𝐾, 𝑉 correspond to the query, key, and value matrices, respectively, while 

𝑊𝑖
𝑄, 𝑊𝑖

𝐾, 𝑊𝑖
𝑉 denote the weight matrices that have been learned for each individual attention 

head 𝑖. Attention (𝑄𝑊𝑖
𝑄 , 𝐾𝑊𝑖

𝐾 , 𝑉𝑊𝑖
𝑉) calculates the attention for each head using these 

matrices, acquiring insights from separate representation subspaces for every head. The 

Concat(head1, … , headℎ) represents the combined outputs from all ℎ attention heads. 𝑊𝑂 is 

the final transformation matrix applied to the concatenated attention heads. 

Attention Function: defined as: 

Attention(𝑄, 𝐾, 𝑉) = softmax (
𝑄𝐾𝑇

√𝑑𝑘
) 𝑉                                                                                                (57) 

In which  𝑑𝑘 is the dimensionality of the keys. 
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Head Importance Score: The start of head pruning is measuring the significance of 

each attention head. The importance of each head shows through multiple assessment 

methods like averaging attention weight assigned to critical tokens (e.g., the [SEP] token) or 

the entropy of the attention distribution across different positions. The research from [35] 

showed that measuring how attentively the [SEP] token receives attention from each head 

helps identify candidates for removal. To determine which heads to prune, an importance 

score 𝐼ℎ for each head ℎ can be calculated. One criterion could be the average attention 

weight to a specific token, such as the [SEP] token: 

𝐼ℎ =
1

𝑁
∑ Attentionℎ

𝑁
𝑖=1 (𝑥𝑖, [SEP])                                                                                                   (58) 

In which 𝑁 represent the number of tokens in the input sequence, and Attentionℎ (𝑥𝑖, [SEP]) 

measures attention weight for head ℎ focusing on [SEP]. 

Pruning Criterion: After calculating importance scores, heads can be removed from 

the model based on a predefined threshold. The network discards any heads whose measured 

values fall beneath a predefined standard. Michel et al. [19] performed research showing that 

removing a large portion of heads did not affect the model performance because extra heads 

provide redundant information. A threshold 𝑇 is set to determine which heads to prune based 

on their importance scores: 

Prune(ℎ) = {
 1 if 𝐼ℎ < 𝑇
 0 otherwise

                                                                                                                 (59) 

where the function returns 1 if head ℎ is pruned and 0 otherwise. 

Fine-Tuning After Pruning: After pruning, the model requires fine-tuning to recover 

any performance that may have been lost. This step is important for the model because it 

needs this step to adapt its new structure and optimize the remaining heads for the specific 

downstream tasks. Fine-tuning is applied to the model to recover performance and reduce 

the loss function 𝐿(𝑤) while ensuring the pruned heads are excluded: 
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min 𝐿(𝑤) subject to Prune(ℎ) = 0                                                                                               (60) 

where 𝐿(𝑤) is the model’s loss function. Consider a BERT model consisting of 12 

attention heads per layer. Post-training, the importance scores for each head are calculated 

by averaging the attention weight directed towards the [SEP] token. Suppose we obtain these 

scores: Head 1: 0.8, Head 2: 0.5, Head 3: 0.3, Head 4: 0.6, Head 5: 0.4, Head 6: 0.2, Head 7: 

0.7, Head 8: 0.9, Head 9: 0.1, Head 10: 0.4, Head 11: 0.5, Head 12: 0.6. 

When we use a pruning threshold T=0.4 our model will remove heads 3, 6, and 9 

because these heads have lower importance scores than 0.4. The remaining heads will be kept 

by the model and undergo fine-tuning to recover any performance losses by adjusting the 

weights. It has been established through research that pruning attention heads leads to 

improved model efficiency. Michel et al. [19] found that removing up to 40% of BERT's 

attention heads did not impact its performance and even demonstrated the method ability to 

boost accuracy results. According to Voita et al. [35] their results revealed that reducing 38 of 

48 transformer heads in an encoder system only caused a 0.15 decrease in BLEU score when 

translating from English to Russian on WMT dataset. 

2.6.1. Attention head pruning effects on performance  

Research shows that reducing many attention heads barely affects model efficirncy. 

According to the research by  [180] they found that pruning 50% of the attention heads in 

BERT should not reduce its performance when executing tasks like machine translation or 

natural language inference. According to their results only a small number of heads carry 

unique information that helps the model to generalize well. Models respond differently to 

head pruning when completing distinct tasks. In machine translation research Rugina et al. 

[181], discovered that pruning half of the attention heads from encoder-decoder attention 

heads the approach decreased both latency and memory demands for attention-based 

models, supporting the creation of enhanced models for existing or new NLP applications. 

Conversely, self-attention heads could be pruned more aggressively without a noticeable 

impact on performance. Reducing attention heads improves both model size and speeds up 
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inference processing. BERT led to a speedup of approximately 17.5% in inference time for 

larger batch sizes [35], when half of its attention heads are trimmed. Systems that depend on 

real-time response can take advantage of increased performance through this enhancement. 

2.6.2. Attention head pruning effects on Model Size 

Each attention head in BERT increases the number of parameters in the model 

substantially.  The study by [19] revealed that in BERT, around 8.34% of the model’s total 

parameters are contributed by the multi-head attention mechanism. The total number of 

model parameters count can significantly drop when we remove these attention heads 

leading to a lighter model. The study by Behnke and Heafield [182] shows that a model size 

can be decreased at about 10% when pruning half of their attention heads. Fewer parameters 

result in a reduced memory footprint. The ability to maintain performance while reducing the 

model size makes attention head pruning an attractive option for practical applications [89]. 

2.7 Ensemble Learning Methods in Deep Neural Networks 

Deep neural networks show better performance and robustness through ensemble 

learning as explained by Mohammed and Kora [183]. The strategy works well for deep learning 

projects since separate models often suffer from both overfitting and variance issues. 

Combining different models through ensemble methods allows the model to attain good 

accuracy and better generalization capabilities. According to Mienye and Sun [184] ensemble 

learning falls into three main categories: bagging, boosting, and stacking. Each of these 

methods employs different strategies to combine the predictions of multiple models. 

2.7.1 Bagging (Bootstrap Aggregating) 

Bootstrapping Aggregation (Bagging) an ensemble learning method aimed at 

enhancing machine learning models for more reliable and accurate outcomes while handling 

variance issues and overfitting challenges. The main goal of using bagging is to create several 

variant predictors and merge their output to develop a reliable model. Bagging uses multiple 

subsets of the training dataset Risch and Krestel [185] to reduce variance. Introduced by 
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Breiman [186], bagging involves creating multiple subsets of the training dataset through a 

process known as bootstrapping, where samples are drawn with replacement to lower 

prediction uncertainty. This method allows for the generation of diverse training sets, which 

are subsequently employed to train several models separately. The method combines the 

outcome of parallel trained models through common aggregation methods called averaging 

for regression tasks or majority voting for classification tasks to generate predictions [183]. 

The main objective is to boost predictive performance by leveraging diversity among 

the base learners. Bagging trains models on different subsets of data to reduce the likelihood 

that all models will make the same errors, thus improving the overall robustness of the 

ensemble Ganaie et al. [187]. Decision trees thrive with bagging because it controls their 

tendency towards overfitting. Ensemble learning methods create better predictions when 

combined because the aggregation process helps to smooth out the predictions, leading to a 

more generalized model that performs better on unseen data Khan et al. [186]. The research 

by Katpally and Bansal [188] shows that bagging methods make image classification neural 

networks more accurate by combining the predictions of multiple convolutional neural 

networks (CNNs) together on different subsets of training data. In addition, the study by Guo 

et al. [189] have demonstrated that bagging can effectively handle imbalanced datasets, 

where the distribution of classes is skewed, by guaranteeing that each model in the ensemble 

learns from a broad sample of the data.  

Despite delivering benefits bagging faces practical restrictions. Training several models 

at once takes up high computer which may not be feasible for large datasets or real-time 

applications Cassales et al. [190]. Although bagging helps decrease reduces variance it does 

not solve model bias issues when individual base models perform poorly. This requires 

carefully balancing model complexity, computational efficiency, and predictive performance 

when applying bagging Altman and Krzywinski [191]. 

The bagging process involves the following steps: 
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Bootstrap Sampling: A large dataset of 𝑁 samples produce many smaller bootstrap 

samples after random selection with duplicates. The algorithm creates multiple new 

samples by picking 𝑁 random cases from the main dataset. As a result, some data points 

can appear more than once in one sample, while others may not appear at all. 

 Model Training: Separate basic models called weak learners are trained using random 

selections on each bootstrap sample. To generate 𝑀 models require making 𝑀 bootstrap 

samples from the source dataset. 

 Aggregation: The ultimate prediction is made by aggregating the predictions from all 

𝑀 model. When predicting results for regression tasks the system calculates an average of 

inputs and uses a majority voting approach for classification tasks. 

Mathematically, the final prediction 𝑦̂ in an ensemble is represented as: 

𝑦̂bag =
1

𝑀
∑  ℎ𝑚

𝑀
𝑚=1 (𝑥)                                                                                                                           (61) 

where: 

• 𝑦̂bag represents the final prediction, which is computed by averaging the outputs from 

all models in the ensemble., 

• 𝑀 refers to the count of models in the ensemble, and 

•  ℎ𝑚(𝑥) represents the output generated by the 𝑚-th model for the given input 𝑥.  

This method decreases variation while improving prediction accuracy through aggregating 

multiple model predictions, especially when individual models produce high variance. 

Bootstrap Sampling: From the original training dataset 𝐷 of size 𝑁, 𝑀 bootstrap 

samples 𝐷𝑚 are created. Each sample is generated by randomly selecting 𝑁 instances from 𝐷 

with replacement. The probability of selecting an instance 𝑥𝑖  in a bootstrap sample is: 

𝑃(𝑥𝑖 is selected) = 1 − (1 −
1

𝑁
)

𝑁

≈ 0.632                                                                                                  (62) 
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This shows that approximately 63.2% of the original data points will appear in each bootstrap 

sample. 

Model Training: A separate model ℎ𝑚 is trained on each bootstrap sample 𝐷𝑚. These 

model predictions are then aggregated for the final output. 

Aggregation: The final prediction 𝑦̂ can be expressed as: 

For regression tasks: 

𝑦̂ =
1

𝑀
∑ ℎ𝑚

𝑀
𝑚=1 (𝑥)                                                                                                                                             (63) 

Classification tasks: 

𝑦̂ = mode{ℎ𝑚(𝑥)}𝑚=1
𝑀                                                                                                                                          (64) 

In which 𝑀 represent the number of models, and ℎ𝑚(𝑥) denote the prediction from the 𝑚-th 

model. Bagging is theoretically grounded in the principles of bias-variance decomposition. The 

ensemble model’s expected error is calculated as: 

𝐸[𝑦̂] = Bias2 + Variance + 𝜎2                                                                                                                        (65) 

where 𝜎2 is the irreducible error. Bagging primarily reduces variance by averaging multiple 

model predictions, leading to a more stable and accurate result. 

2.7.1.1. Types of Bagging 

Random Forest algorithm stands out as one of the top uses for the bagging technique. 

For Random Forest many decision trees are trained on random bootstrap samples and for 

each node split, a randomly selected subset of features is evaluated. By creating multiple 

random trees this method develops diverse results that boost the ensemble's performance 

[187]. Bagged Decision Trees is a straightforward application of bagging where each decision 

tree is trained on a unique dataset created through bootstrap sampling.  For regression, the 
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method takes the mean of all tree predictions, while for classification, it selects the most 

common prediction. Yang et al. [192] states that bagged decision trees can reduce the 

variance as compared to a single decision tree. In bagging decision trees are the main base 

learners which are being used, even though other algorithms can be employed. Like for 

example, research shows that bagging works well with both support vector machines and 

neural networks where different models learn from various bootstrap samples, and their 

predictions are merged Chikhi  et al. [193]. 

2.7.1.2. Examples of Bagging Application 

Bagged decision trees provide better predictive results reducing variance than a single 

decision tree Zhou [194]. In their study Ali et al. [195] applied XGBoost gradient-boosting 

technology to find financial statement frauds. The model achieved 96.05% accuracy through 

SMOTE method handling of imbalanced classes while showing effectiveness of ensemble 

methods in real-world applications. 

In bioinformatics scientists use bagging methods to make their models predicting gene 

expression and biological processes more reliable. The research paper [192] described how 

ensemble methods can improves bioinformatics analysis with effective handling of high 

dimensionality and small sample sizes typical in bioinformatics datasets. As reported by Zhang 

et al. [196] their analysis included examining decision strategies for ensembles particularly 

bagging in image classification tasks. The evaluation showed that unweighted averaging 

produced better results than alternative methods when each basic learner delivered similar 

test accuracies. Through multiple weaker learners over randomly selected subsets of data 

bagging improves model accuracy. Bagging solves the problems of data variance and helps 

generalize better models while maintaining its role as a necessary tool in machine learning 

applications. 
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2.7.2 Boosting 

Boosting is commonly referred to as a prominent ensemble learning method boosting 

accuracy of machine learning models through combination of multiple weak learners to create 

a strong learner. Boosting uses an approach where models execute in sequence to confront 

and rectify past model errors. The model weights are assigned according to their individual 

performance levels whereby predictions are combined using a weighted sum. The method 

effectively minimizes bias while advancing ensemble predictive power.  The theoretical base 

of Boosting rests upon the bias-variance decomposition principle. Extending from its core 

concept Boosting achieves lower error because it merges many weak learners together. The 

expected error of the ensemble is given by: 

𝐸[𝐻(𝑥)] = Bias2 + Variance + 𝜎2                                                                                                               (66) 

where 𝜎2 is the irreducible error. Boosting reduces bias while maintaining a controlled 

variance. The mathematical formulation for boosting can be expressed as: 

𝑦̂boost = ∑ 𝛼𝑚
𝑀
𝑚=1 ℎ𝑚(𝑥)                                                                                                                     (67) 

In which: 

• 𝑦̂boost represent final prediction coming from the boosting ensemble, 

• 𝑀 denote the number of models in the ensemble, 

• ℎ𝑚(𝑥) represent prediction from the 𝑚-th model for the input 𝑥, 

• 𝛼𝑚 represent the weight assigned to the 𝑚-th model, which is typically determined 

based on the model's accuracy or performance, Drucker et al. [197]. 

The systematic process of model weighting provides superior accuracy because boosting 

algorithms improve performance by focusing on challenging predictions through promoted 

model predictions. The boosting process can be summarized in the following steps: 
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Initialization: Begin with a dataset 𝐷 of 𝑁 instances. Assign equal weights to all 

instances, typically 𝑤𝑖 =
1

𝑁
for𝑖 = 1,2, … , 𝑁. 

Model Training: For each iteration 𝑚 (from 1 to 𝑀): 

• Train a weak learner ℎ𝑚 using the weighted dataset. 

• Compute the error 𝜖𝑚 for the weak learner on the training set: 

𝜖𝑚 = ∑ 𝑤𝑖
𝑁
𝑖=1 ⋅ 𝐼(ℎ𝑚(𝑥𝑖) ≠ 𝑦𝑖)                                                                                                                     (68) 

where 𝐼 it is the function that outputs 1 when the prediction is wrong and 0 when it is 

correct. 

Model Weighting: Compute weight 𝛼𝑚 of the weak learner based on its error: 

𝛼𝑚 =
1

2
ln (

1−𝜖𝑚

𝜖𝑚
)                                                                                                                           (69) 

This weight reflects the importance of the weak learner in the final model. 

Update Weights: The instances will receive weight updates during the next iteration 

so misclassified instances receive increased weight and correctly classified instances get 

lowered weight values: 

𝑤𝑖 ← 𝑤𝑖 ⋅ 𝑒−𝛼𝑚𝑦𝑖ℎ𝑚(𝑥𝑖)                                                                                                                                 (70) 

Normalize the weights so that they sum to 1. 

Final Prediction: The final model 𝐻(𝑥) this represents the sum of predictions from all 

weak learners, each weighted accordingly: 

𝐻(𝑥) = ∑ 𝛼𝑚
𝑀
𝑚=1 ℎ𝑚(𝑥)                                                                                                                           (71) 
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2.7.2.1. Types of Boosting 

a) AdaBoost (Adaptive Boosting) 

The training strategy of AdaBoost updates instance weights after each weak learner 

run to highlight misclassified instances by giving them higher weights in the next iteration. A 

weak learner's incorrect classifications during binary classification steers instance weights to 

rise in future training cycles thus prompting the next weak learner to focus on them 

[197], Jovanovic [198]. The sentiment analysis task AdaBoost can utilize weak classifiers like 

decision trees to accomplish improved overall classification results [184]. Sequential weak 

classifier training occurs on AdaBoost while it reweights instances that get incorrectly 

classified by prior weak learners. The steps of the algorithm can be outlined as follows: 

Initialization: (Set identical weights for every instance in the training dataset 𝐷: 

𝑤𝑖 =
1

𝑁
,  for𝑖 = 1,2, … , 𝑁                                                                                                                          (72) 

where 𝑁 represent the number of instances. 

Model Training: In each iteration 𝑚: 

Train a weak learner ℎ𝑚 using the weighted dataset. 

Calculate the error 𝜖𝑚 

𝜖𝑚 = ∑ 𝑤𝑖
𝑁
𝑖=1 ⋅ 𝐼(ℎ𝑚(𝑥𝑖) ≠ 𝑦𝑖)                                                                                                   (73) 

In which 𝐼 represent the indicator function. 

Model Weighting: Determine the weight 𝛼𝑚 associated with the weak learner: 

𝛼𝑚 =
1

2
ln (

1−𝜖𝑚

𝜖𝑚
)                                                                                                                                       (74) 
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Updating the Weights: Adjust the weights of the instances: 

𝑤𝑖 ← 𝑤𝑖 ⋅ 𝑒−𝛼𝑚𝑦𝑖ℎ𝑚(𝑥𝑖)                                                                                                                                 (75) 

Scale the weights to ensure their sum is equal to 1. 

Final Prediction: The final model 𝐻(𝑥) represent weighted sum of the predictions: 

𝐻(𝑥) = ∑ 𝛼𝑚
𝑀
𝑚=1 ℎ𝑚(𝑥)                                                                                                                                  (76) 

b) Gradient Boosting  

Model building with Gradient Boosting occurs in stages that trains models to generate 

predictions concerning previous ensemble errors. The approach employs gradient descent to 

optimize a loss function during its operation. The rule for updating in the 𝑚-th iteration is 

expressed as: 

𝐹𝑚(𝑥) = 𝐹𝑚−1(𝑥) + 𝜂ℎ𝑚(𝑥)                                                                                                                        (77) 

In which 𝜂 represent the learning rate, and ℎ𝑚(𝑥) denote the weak learner trained on the 

residuals. The core concept is to reduce a loss function 𝐿 by progressively incorporating 

weak learners to address the mistakes of earlier learners: 

𝐹𝑚(𝑥) = argmin𝐹 ∑ 𝐿𝑁
𝑖=1 (𝑦𝑖, 𝐹(𝑥𝑖))                                                                                            (78) 

The research work of Bentéjac et al. [199], showed XGBoost and other gradient boosting 

algorithms provided efficient multi-class classification while improving accuracy results. The 

optimized gradient boosting implementation called XGBoost uses regularization to prevent 

overfitting, used throughout machine learning competitions because of its strong efficiency 

along with scalability.  

The objective function for XGBoost can be expressed as: 
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ℒ = ∑ 𝐿𝑁
𝑖=1 (𝑦𝑖, 𝑦̂𝑖) + ∑  𝛺𝐾

𝑗=1 (𝑓𝑗)                                                                                                                (79) 

where Ω(𝑓𝑗) is a regularization term penalizing model complexity. XGBoost employs a 

second-order approximation of the loss function to achieve efficient optimization. The rule 

for updating in the 𝑚-th iteration is: 

𝑦̂𝑖
(𝑚)

= 𝑦̂𝑖
(𝑚−1)

+ 𝜂 ⋅ ℎ𝑚(𝑥𝑖)                                                                                                                        (80) 

c) CatBoost (Categorical Boosting) 

The CatBoost algorithm allows direct implementation of categorical features without 

the need for extensive preprocessing. Although based on gradient boosting principles 

CatBoost implements additional solution methods to handle categorical data efficiently. 

CatBoost transforms categorical features into numerical representations through methods 

which both maintain category-based information and minimizing model overfitting. 

Categorical Feature Encoding: For a feature 𝐶 with categories 𝑐1, 𝑐2, … , 𝑐𝑘 , the encoding 

for a category 𝑐𝑖 computed as: 

Enc(𝑐𝑖) =
∑ 𝑦𝑗𝑗∈train ⋅𝐼(𝐶𝑗=𝑐𝑖)

∑ 𝐼(𝐶𝑗=𝑐𝑖)𝑗∈train
+                                                                                                                      (81) 

where 𝑦𝑗 is the target value for instance 𝑗, 𝐼 is the indicator function, and 𝜖 is a small value 

added to avoid division by zero. 

Gradient Boosting Framework: CatBoost follows a stage-wise process where each 

iteration 𝑚 adds a tree 𝑇𝑚 to the model. The cumulative prediction for an instance 𝑥 after 

mmm iterations is: 

𝐹𝑚(𝑥) = 𝐹𝑚−1(𝑥) + 𝜂𝑇𝑚(𝑥)                                                                                                                      (82) 

In which 𝜂 denote the learning rate. 
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The Loss Function: CatBoost minimizes a loss function 𝐿 customized for the specific task. For 

binary classification, it can be expressed as: 

𝐿(𝑦, 𝐹(𝑥)) = − [𝑦log (𝜎(𝐹(𝑥))) + (1 − 𝑦)log (1 − 𝜎(𝐹(𝑥)))]                                                  (83) 

where 𝜎 represents the sigmoid function and 𝑦 is the true label. 

By providing controlled target information embedding, CatBoost helps prevent overfitting 

effects from traditional encoding approaches so it works best with datasets that contain 

numerous categorical features. A comparison between algorithms showed CatBoost delivered 

better performance than XGBoost and LightGBM in multi-class classification while maintaining 

superior generalization accuracy and AUC scores Odeh et al. [200]. CatBoost operates as a 

robust algorithm that excels in managing categorical features so it is useful across several 

applications, more importantly where categorical variables are prevalent. 

2.7.3 Stacking 

The use of stacking trains multiple models (base learners) followed by the application 

of a meta-learner for prediction combination Muslim et al. [201]. The individual base learners 

operate as diverse models yet the meta-learner trains using their prediction outputs. The 

mathematical representation for stacking is computed as: 

𝑦̂stack = 𝑔(ℎ1(𝑥), ℎ2(𝑥), … , ℎ𝑀(𝑥))                                                                                                               (84) 

where: 

• 𝑦̂stack represent the final prediction from the stacking ensemble, 

• 𝑀 is the number of base learners, 

• ℎ𝑀(𝑥) denotes the output from the 𝑚-th base learner for the given input 𝑥, 

• 𝑔 is the meta-learner, a model designed to aggregate the predictions of the base 

learners ℎ1(𝑥), ℎ2(𝑥), … , ℎ𝑀 to make a more accurate final prediction.  
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Base learners training in multi-class classification problem can use the following algorithms 

together; CNNs, RNNs and support vector machine. Combining their predictions through a 

logistic regression model creates a meta-learner that produces higher accuracy Ghosh et al. 

[202]. A mathematical analysis of ensemble methods uses the bias-variance decomposition. 

The expected error of an ensemble model can be expressed as: 

𝐸[𝑦̂] = Bias2 + Variance + 𝜎2                                                                                                                               (85) 

where: 

• Bias2 represents the squared bias of the estimator, 

• Variance represents the variance of the estimator, 

• 𝜎2 is the irreducible error (also known as the noise). 

Base Learners: Let 𝑚 be the number of base learners ℎ1, ℎ2, . . . , ℎ𝑚. Each base learner is 

trained on the dataset 𝐷 and produces predictions 𝑦̂𝑖  for each instance 𝑥: 

𝑦̂𝑖
(𝑗)

= ℎ𝑗(𝑥𝑖),  for𝑗 = 1,2, … , 𝑚                                                                                                                        (86) 

In which 𝑦̂𝑖
(𝑗)

 represent the prediction of the 𝑗-th base learner of the 𝑖-th instance. 

Meta-Learner: The outputs of the base learners serve as the input features for a meta-learner 

ℎmeta, which is trained on a new dataset 𝐷meta that includes these predictions 

𝐷meta = {(𝑦̂𝑖
(1)

, 𝑦̂𝑖
(2)

, … , 𝑦̂𝑖
(𝑚)

, 𝑦𝑖)}𝑖=1
𝑁                                                                                                            (87) 

In which 𝑦𝑖 represent the true label for the 𝑖-th instance. 

Final Prediction: The final prediction 𝑦̂ for a new instance 𝑥 is obtained from the meta-learner: 

𝑦̂ = ℎmeta(𝑦̂(1), 𝑦̂(2), … , 𝑦̂(𝑚))                                                                                                                               (88) 
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Bagging technique goal is to minimize variance while boosting operations minimize 

bias [192]. Stacking is based on both bias-variance trade-off theory to merge different model 

strengths while lowering error rates on prediction problems. The expected error of a stacked 

model can be expressed as: 

𝐸[𝑦̂] = Bias2 + Variance + 𝜎2                                                                                                                            (89) 

where 𝜎 is the irreducible error. By combining different models, stacking can achieve a lower 

overall error compared to individual models Van  et al [203], Ju et al. [204]. 

Basic Stacking: Wolpert [205] conducted a traditional study by implementing stacking 

which involves combining trained base models and a meta-learner is used to aggregate their 

predictions. The final prediction are computed as follows: 

𝑦̂ = ∑ 𝑎𝑗
𝑚
𝑗=1 𝑦̂(𝑗)                                                                                                                                                      (90) 

where 𝑎𝑗 are the weights acquired by the meta-learner. 

The Super Learner: By applying cross-validation, the Super Learner improves stacking 

and optimizes the base learners' weights. The Super Learner optimizes the combination of 

predictions through cross-validated risk minimization according to Naimi and Balzer [206], Van 

Der Laan et al [207]. 

Cross-validated loss for the 𝑗-th base learner is computed as: 

𝑅CV
(𝑗)

= ∑ ∑ 𝑙𝑖∈val(𝑣)
𝑉
𝑣=1 (𝑦𝑖, 𝑝𝑗𝑖

−𝑣)                                                                                                                      (91) 

where 𝑝𝑗𝑖
−𝑣 represent the prediction for the 𝑖-th is the instance from the 𝑗-th base learner 

trained excluding the 𝑣-th fold. 

The robust method of ensemble learning in deep networks produces better model 

performance through collective features of multiple learners. Ensemble techniques including 
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bagging, boosting and stacking give different approaches to harness the advantages of each 

model while minimizing their limitations. Literature shows that ensemble methods' have the 

ability to generate outstanding results across image classification and natural language 

processing Jia et al. [208]. The ensemble methods maintain their essential role in deep 

learning research and application, driving advancements in predictive modelling throughout 

the evolving deep learning field. 

2.8 Role and impact of subnetworks  

Subnetworks in the context of model pruning which focused on transformer-based 

architectures such as BERT prove essential for systematic performance maintenance alongside 

improved model efficiency. Subnetworks represent smaller, pruned versions of larger models 

which maintain essential features and can be customized for specific applications. Research 

shows how combining multiple pruned models delivers both improved performance and 

efficiency. 

2.8.1 Role of Subnetworks 

The construction of subnetworks happens through pruning methods which eliminate 

key model components or less important parameters which include attention heads and 

layers. The model compression technique removes unimportant parameters while decreasing 

model size while eliminating superfluous network elements to minimize overfitting. Bian et al. 

[209] demonstrated how BERT models could benefit from pruning attention heads leading to 

size reductions without sacrificing performance levels because many attention heads proved 

redundant. Researchers can construct compact variants of language models using 

subnetworks that deliver similar performance results when applied to downstream tasks. 

The implementation of diversified model types leads to enhanced ensemble method 

performance. The ensemble benefits from combining diverse subnetworks which separately 

process different architectures, of data structures or operate through different system designs 

to understand a broader array of patterns without overfitting. The study by [196] introduced 
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the fragmented neural network ensemble method, that involved training various weak neural 

networks with feature-sampled and sample-sampled data. This strategy permitted the 

ensemble method to extract beneficial capabilities from its subnetwork while decreasing the 

computational load involved in training a single large model. 

The performance of subnetworks reaches peak effectiveness when subjected to fine-

tuning methods. A study by [180], demonstrated that pruned subnetworks can undergo fine-

tuning to regain performance on par with the initial model, demonstrating the adaptability of 

these smaller models. Because of their adaptability these models provide unique advantages 

they help achieve faster inference and decrease memory usage. The use of subnetworks 

produces substantial performance-based reductions in computational resource requirements 

across both training stages and inference phases. The research presents an approach 

demonstrating that training multiple smaller models, each with fewer parameters, is more 

effective than using a single large model, multiple subnetworks can be trained Sun et al. [210]. 

By parallelizing the training process the system both accelerates learning operations and 

facilitates distributed computing techniques. 

2.8.2 Impact of Combining Multiple Pruned Models 

Enhanced performance results can be achievable through the strategic combination of 

multiple pruned models leveraging the strength of diverse subnetworks. The integration of 

multiple pruned models provides better data representation since different subnetworks 

captures different points across the input data space. Held and Yang [211] demonstrated in 

multilingual model studies that combining subnetworks through pruning reduce interference 

and boost cross-lingual performance without the need for additional parameters tailored to 

each language. The integration of subnetworks results in a more reliable model which 

demonstrates improved generalization performance across different tasks. 

The generalization abilities of pruned models surpass those of unpruned models 

because pruning minimizes overfitting effects. Multiple pruned models grouped together 

within an ensemble utilize the superior performance of each model component while 
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mitigating their individual weaknesses. A combination of multiple pruned models results in 

better prediction outcomes on new data sets. Research by Yang et al. [208] demonstrated that 

combining pruned deep learning algorithms together improved performance as compared to 

individual models throughout natural language processing operations. According to the study 

the ensemble delivered improved accuracy and robustness by seamlessly harmonizing the 

strengths of each pruned model. 

When using pruned models together their combination results in reduced processing 

demands during both training and inference stages. By using smaller pruned models because 

they need fewer computational resources, the ensemble can operate efficiently. Real-time 

applications benefit most from this technique because it delivers essential computational 

efficiency. Research by Ju et al. [212] produced an ensemble of pruned convolutional neural 

networks which demonstrated equivalent accuracy to more extensive models yet used 

reduced time for inference. The combination exhibits optimal resource management for 

adequate deployment in networks with limited resources according to the authors. 

Multiple pruned subnetworks can be integrated for producing a single superior model 

which minimizes performance reduction triggered by aggressive model pruning. A study in 

[34] showed that combining multiple pruned models resulted in better outcome performance 

compared to a single model because ensemble models distribute individual model errors 

among themselves. Better accuracy paired with stronger adaptability to diverse input data 

emerges when this method is implemented. This combination technique produces robust 

performance and enhanced results from multiple pruned models which proves beneficial for 

real-world transformer-based deployments. Modifying each subnetwork independently 

improves their operational outcomes while lowering computing requirements. These 

components ensure efficient machine learning development because they contribute to 

model diversity as well as generalization ability while cutting computational costs. These 

advanced techniques will strengthen their role in solving complex domain problems as the 

field matures throughout bioinformatics, natural language processing and computer vision 

domains. 
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2.9 Sustainability and Resource Efficiency in AI 

Artificial intelligence technologies need improved sustainability along with resource 

efficiency because their widespread use across different industries grows rapidly. Focusing on 

environmental impact of AI systems while maximizing their operational efficiency.  AI 

sustainability is the systematic creation and implementation of AI systems that produce 

minimum harm to the environment. Organizations should lower their energy requirements 

while they minimize carbon output and select sustainable renewable energy options. The 

concept of "green artificial intelligence" aims to solve the major energy usage problems which 

are associated with training and operating AI models. Alzoubi and Mishra [213] note that 

different organizations implement initiatives which focus on reducing environmental 

consequences through sustainability-based AI development practices. Google operates the AI 

Platform for Sustainability which incorporates cutting-edge AI solutions to tackle 

environmental issues. Through this platform businesses can leverage data-driven insights to 

achieve reduced environmental impact by optimizing their manufacturing energy 

consumption [213]. Through its workload optimization tools coupled with carbon footprint 

tracking the platform demonstrates how AI technology can serve sustainability objectives. 

2.9.1 Key Initiatives and Tools for Sustainable AI 

Optimizing cloud infrastructure stands as one of the main sustainability targets in AI 

while seeking to reduce power consumption. To solve environmental challenges through its 

platform Google AI Platform for Sustainability uses advanced AI technologies. Companies can 

leverage this system to make data-driven decisions that reduce environmental effects because 

it optimizes their manufacturing processes' energy usage Bolón-Canedo et al. [214].  This 

platform demonstrate how AI technology helps sustainability efforts through features which 

enable both workload optimization and carbon footprint measurement. 

The sustainability of artificial intelligence requires enhancing the efficiency of AI 

models. NVIDIA Green GPU Platform and the Microsoft Azure ML Sustainability are used for 

decreasing the computing needs of AI models. The NVIDIA platform demonstrates 
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environmentally sustainable of deep learning operations by reducing power requirements 

through hardware optimization methods which deliver up to a 50% decrease Rashid and 

Kausik  [215]. By optimizing performance these tools simultaneously contribute to reducing 

the environmental impact of AI operations. Assessment and optimization of AI systems carbon 

footprint stands as an essential factor for sustainability. The Climate Change AI Toolkit along 

with CodeCarbon deliver methods to measure AI workload carbon emissions. AI application 

monitoring tools provide organizations with environmental impact information about their 

systems and direct them toward sustainable choices [213]. Organizations can utilize these 

tools to detect regions of high energy consumption which helps establish operational 

sustainability goals. The EarthAI platform alongside Microsoft AI for Good Projects develop AI 

solutions that directly address environmental challenges. Through EarthAI's platform 

organizations can explore minerals without harming the environment as part of responsible 

resource management Rivas [216]. Microsoft AI for Good Projects use artificial intelligence to 

help minimize environmental sustainability problems in both deforestation detection and 

agricultural yield prediction, demonstrating the potential of AI to contribute positively to 

environmental sustainability. 

2.9.2 Challenges and Future Directions 

Multiple sustainability problems still hinder AI development despite the 

advancements. Large AI model training operates with excessive energy usage which generates 

substantial sustainability problems. The power consumption required to train models such as 

GPT-3 reaches 1,287 MWh because of which the process generates extensive carbon 

emissions according to reports [214]. Progress in sustainable AI depends on continuing 

research into better AI technologies which focuses on creating efficient algorithms while 

improving hardware utilization. The sustainability of AI features multiple complex approaches 

that are focused on reducing the ecological footprint of AI technologies. Cloud optimization 

tools alongside model efficiency strategies create essential pathways to sustainability in AI 

systems which ensure technology benefits are both environmentally sustainable. The research 
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presented in this section demonstrates how these topics will define AI technology 

development and its capacity to meet sustainability objectives going forward. 

2.10. Resource Efficiency in AI 

AI resource efficiency defines methods which optimize computational resource usage 

including energy, memory, and processing power, to achieve desired outcomes with minimal 

waste. The implementation of efficient algorithms alongside model optimization strategies 

becomes an effective method for achieving the goal of resource efficiency. The NVIDIA Green 

GPU Platform optimizes deep learning workload energy efficiency while achieving power 

consumption reductions exceeding 50% according to Waltersmann et al. [217]. This platform 

provides proof that combining hardware with software produces optimized resource 

management systems for AI engineering applications. The EarthAI initiative showcases its 

mineral exploration tools as they help reduce environmental damage. The EarthAI platform 

uses AI to develop resourceful methods which discover productive mining locations with 

improved environmental conditions for sustainable industrial practices [213]. 

2.10.1. Key Strategies for Resource Efficiency 

Model optimization serves as a primary mechanism to improve resource efficiency 

rates. Methods such as model pruning, quantization, and knowledge distillation are frequently 

used together by researchers. Model size reduction with minimum accuracy reduction 

becomes possible through the process of weight pruning in a neural network according to 

Dantas et al. [144]. The hardware selection decision stands as a fundamental determinant of 

resource efficiency. The use of dedicated hardware like GPUs and TPUs leads to considerable 

enhancements in resource efficiency. The NVIDIA Green GPU Platform optimizes deep 

learning workloads by achieving an energy efficiency boost of 50% according to Shahid and 

Mushtaq [218]. This platform demonstrates how advances of hardware can contribute to 

more sustainable AI practices. 

Resource efficiency stands as an integral part of contemporary cloud computing 

platforms. Through its use of advanced AI technologies, the Google AI Platform for 
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Sustainability helps businesses follow data-driven paths to reduce their environmental impact 

Jakkani [219]. Cloud services increase resource efficiency by offering tools which maximize AI 

application energy consumption. The concept of energy-aware deep learning applies 

optimization methods to accomplish lower resource consumption across training and 

inference operations. Reaching this goal involves implementing energy-efficient strategies, 

including dynamic voltage and frequency scaling, task scheduling, and power tracking [213]. 

Another study demonstrates that energy-aware deep learning techniques decreased energy 

utilization for large language models (LLMs) by 30% while retaining equivalent performance 

levels. 

2.10.2. Challenges and Future Directions 

Advancement in sustainable and resource-efficient artificial intelligence solutions face 

continuing difficulties. Academic research shows that the high amounts of energy 

consumption to train big AI systems creates major sustainability problems. The training of 

GPT-3 and similar models requires more than 1,287 MWh of electricity according to Tabbakh 

et al. [220] leading to carbon emissions. Research along with technological innovation must 

continue to address these issues. 

Sustainable AI development requires three fundamental elements to flourish: the 

implementation of energy-efficient algorithms together with better hardware utilization and 

the deployment of regulatory standards that support environmentally friendly AI strategies. 

Research advancement in this field requires combined efforts of researchers alongside 

practitioners and policymakers according to Olawade et al. [221]. AI-based systems need 

resource efficiency development to create sustainable AI systems. The approach achieves 

optimal utilization of computational elements energy, memory, and processing power while 

maintaining or enhancing performance. The approach applies dual benefits because it enables 

both better environmental preservation of AI technologies and reduced operational costs.  
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2.11. Research Gaps 

A detailed assessment of current methodologies shows how existing BERT pruning 

methods and ensemble subnetworks remain limited. The effectiveness of pruning techniques 

in reducing BERT model sizes contrasts with their difficulty in maintaining performance across 

various tasks. The widespread adoption of magnitude-based pruning has demonstrated 

ineffective performance when applied to transfer learning scenarios. Based on their research, 

Sanh et al. [6] demonstrate that magnitude pruning fails to capture the dynamic nature of 

weight importance during fine-tuning leading to poorer downstream task performance [10]. 

Contemporary pruning approaches demonstrate a fundamental weakness in their adaptive 

control of weight importance during the training procedure. 

A fundamental gap exists because researchers have not systematically examined 

ensembles built from subnetworks that underwent pruning. The literature demonstrates how 

attention head pruning leads to efficient models with minimal performance loss [19],  [35] 

despite lacking evidence for combining these pruned models as ensembles to improve 

generalization potential. Going forward the ensemble approach might solve performance 

problems that result from extreme pruning of subnetworks. The literature presents limited 

investigation into ensemble behaviours between multiple subnetworks which can leverage 

the strengths of each subnetwork to improve overall accuracy [35]. 

According to the lottery ticket hypothesis researchers have found compact 

subnetworks embedded inside large models which perform the same as the initial model 

[173]. The successful application of this hypothesis to BERT models remains an unexplored 

research topic. The work of [23] shows that truncated attention heads create valuable 

subnetworks but does not establish the stability of these subnetworks across different tasks 

or training runs. Researchers have yet to determine effective methods for discovering robust 

winning subnetworks in BERT-based systems. 

Today's pruning methods fall short because they fail to implement coherent structured 

pruning approaches that permit full layers or attention heads rather than individual weights 
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removal. Studies show that structured pruning balances computational performance with 

substantial model size reductions [100]. Most existing research employs unstructured pruning 

methods yet real-world applications demand optimized hardware so these methods may 

prove ineffective. Standard hardware benefits from structured pruning for efficient inference 

yet unstructured pruning generates sparse networks that challenge hardware optimization 

[10]. 

Connections between pruned subnetworks for combined performance boost remain a 

major under-explored area in current research. The paper by [79] describes methods for 

developing compact models by pruning yet fails to show effective blending strategies that 

would merge individual subnets into a continuous ensemble system. Current analysis lacks 

critical research that demonstrates how ensemble approaches could enhance the 

generalization potential of pruned models. Research into transformer model attention head 

pruning has progressed substantially but additional study into how ensemble subnetworks 

should integrate with these pruning approaches remains inadequate. The future of efficient 

and robust natural language processing models could emerge from systematic evaluation of 

ensemble performance, dynamic importance of attention heads, integration of structured 

pruning, and the application of ensemble methods to the lottery ticket hypothesis. Future 

studies need to integrate these knowledge points to maximize ensemble technique 

effectiveness together with pruning approaches. 

2.12. The need for advanced pruning framework. 

Various critical factors associated with model efficiency, performance and deployment 

challenges motivate the development of advanced pruning frameworks within transformer-

based models specifically for NLP. BERT as Transformer based model is commonly used in NLP, 

and their large parameter counts have brought the above challenges for practical applications, 

whereby it now calls for effective pruning strategies. 

Firstly, transformer models, such as BERT, are characterized by their large parameter 

counts, which can exceed hundreds of millions. To illustrate, BERTBASE includes 110 million 
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parameters, in contrast to BERTLARGE with 340 million parameters [1]. This over-

parameterization leads to significant computational and memory overhead, this makes these 

models unsuitable for deployment in environments with limited resources, like mobile devices 

or edge AI systems [89]. As highlighted in the literature, the demand for efficient models that 

achieving high accuracy with reduced size and latency is essential Kurtic et al. [222]. An 

advanced pruning framework can gradually decrease the model size without compromising 

performance, thus addressing these challenges. For example, the AE-BERT framework has 

demonstrated the ability to achieve a 75% pruning ratio on the QNLI dataset, delivering better 

accuracy than existing top-performing techniques. 

Current pruning methods need users to do extensive hyperparameter tuning and 

manual intervention while requiring large amounts of time since these methods fail to achieve 

optimal outcomes [89]. For example, traditional methods often depends on heuristics to 

identify the to prune, leading to suboptimal pruning ratios and performance degradation 

Gupta et al. [223]. An automated pruning framework which works across different models and 

tasks can substantially boost both efficiency and performance according to research [179]. 

The Optimal BERT Surgeon (oBERT) framework surpasses current methods through its scalable 

second-order pruning strategies which deliver precise results [99]. The growing complexity of 

transformer models requires advanced pruning techniques because of their increasing 

requirements. 

Existing research mainly analyse singular baseline models without studying how 

ensembles of pruned subnetworks might leverage the strengths of each subnetwork.  The 

authors of [23] demonstrate effective subnetworks from attention head pruning yet they do 

not address stability between different training scenarios and tasks. An advanced pruning 

framework could facilitate the identification and utilization of these winning subnetworks, 

enhancing model robustness and generalization. Model generalization becomes more 

effective through proper pruning because the architecture's vital elements stand as the main 

focus of an optimized framework according to Li et al. [224]. 
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The present research fails to acknowledge the valuable advantages that can emerge 

when whole layers along with attention heads are removed through structured pruning 

protocols [100]. Recent research indicates structured pruning methods can sustain 

computational efficiency while significantly reducing model sizes [100]. Research focuses 

predominantly on unstructured pruning methods which might not perform as well in practical 

scenarios where hardware efficiency is critical. Standard hardware typically performs better 

under structured pruning approaches yet unstructured pruning produces common sparse 

structures that make performance optimization challenging [61].  The advanced pruning 

framework is determined to maintain a balance model efficiency with performance, reduce 

the complexity of pruning processes, leverage insights from the lottery ticket hypothesis, and 

enable practical deployment of transformer models in diverse environments.  

This chapter provided a comprehensive review of BERT’s architecture, model 

compression techniques, and pruning methodologies, highlighting their significance in 

improving computational efficiency and sustainability. The discussion covered structured and 

unstructured pruning, the Lottery Ticket Hypothesis, attention head pruning, and ensemble 

learning, emphasizing their roles in optimizing transformer-based models. Despite these 

advancements, research gaps remain, particularly in the systematic integration of pruned 

subnetworks into ensembles and the development of automated, multi-objective pruning 

frameworks. These gaps underscore the need for innovative approaches that balance model 

performance, efficiency, and environmental impact. 

Chapter 3 will present the methodology and theoretical framework of this study, 

detailing the proposed multi-objective optimization algorithm for BERT pruning and the 

Ensemble of Winning Tickets approach. The chapter will outline the research design, datasets 

(SST-2 and CoLA), preprocessing steps, and evaluation metrics (accuracy, F1-score, inference 

speed, and energy consumption). Additionally, it will describe the iterative pruning process 

and the validation techniques used to assess the effectiveness of the proposed framework. By 

the end of the chapter, the groundwork for experimental evaluation in Chapter 4 will be 
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established, demonstrating how the proposed methods address the limitations identified in 

the literature. 
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Chapter 3: Methodology 
 

This thesis utilizes a positivist paradigm in its methodology to pursue empirical 

research, rigorous experimentation, and quantifiable results. Ali [225] shows that positivism 

centres itself on the comprehension that reality remains objective because scientists can 

measure it through standardized empirical approaches. Within this research framework 

scientists create research results that maintain scientific integrity for replication and offer 

generalized conclusions. BERT's computational and environmental challenges demand the 

positivist paradigm to validate whether the proposed advanced pruning approaches show 

effectiveness. Experimental data collection and analysis supports this research as it measures 

the proposed methods against performance metrics including as model accuracy, F1 score, 

computational cost, inference speed, and energy consumption. 

3.1 Research Paradigm 

As a fundamental research paradigm the positivist framework puts physical evidence 

alongside scientific research methods at its core. Research into BERT large-scale language 

model applications uses this paradigm to allow systematic evaluation of compression 

techniques through experimental validation. According to Auguste Comte's original construct 

key members of the Vienna Circle expanded his theory which holds that scientists should 

exclusively use empirical data while studying observable events Holden and Lynch [226]. The 

methodology operates from the basis that researchers can measure and analyze objective 

realities by conducting stringent experimental investigations. The study of model compression 

techniques can benefits from statistical methods which enable assessment of BERT model 

performance after pruning. 

Research has extensively studied the model compression technique known as pruning 

which removes neural network weights or neurons to minimize network size while 

maintaining inference speed and accuracy levels [7], [25]. Researchers using positivist 

methodology can provide measurements of pruning impacts by capturing key metrics 
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including accuracy, F1 score, and inference speed. before and after the application of pruning 

techniques. Weight pruning methods were tested by Gordon et al. [86] showing how these 

methods could compress BERT without sacrificing performance in downstream tasks. 

Under a positivist framework research requires reproducible results that can apply to 

broader populations. Research findings regarding model compression effects in natural 

language processing (NLP) gain broader acceptance through the application of established 

evaluation frameworks such as GLUE and SQuAD [11]. Systematic methodology improves both 

research validity and also facilitates the development of best practices for implementing 

model compression techniques in real-world applications. By using a positivist paradigm to 

investigate model compression methods for BERT and similar large-scale language models 

researchers can systematically analyse data-driven evidence with scientific procedures. 

Through observable phenomena analysis alongside quantitative measurement the positivist 

approach enables a sophisticated understanding of model compression operations in natural 

language processing settings. 

3.2. Research Design 

The experimental framework of this research is structured to systematically 

investigate and optimize pruning techniques for BERT models, with a focus on enhancing 

computational efficiency, maintaining task performance, and improving energy sustainability. 

The design integrates three major contributions: a conceptual framework for pruning BERT 

attention heads, a multi-objective optimization algorithm, and the creation of ensembles of 

neural subnetworks/ winning tickets. These contributions collectively address the challenges 

of balancing model size reduction with computational and performance trade-offs. 

3.2.1. Problem Definition and Research Objectives 

This PhD thesis address efficiency improvements for BERT through attention head 

pruning approaches designed to boost performance while minimizing computational 

overhead and energy consumption. The first part of the study develops a thorough framework 

for attention head pruning which identifies less significant components in the attention 
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mechanism and systematically remove them. Simultaneously, a multi-objective optimization 

algorithm is applied to find an optimal balance between task accuracy, inference time, and 

energy consumption. Additionally, we explore the creation of neural subnetworks (winning 

tickets) that can independently perform well on tasks and be combined into ensembles for 

increased robustness and adaptability. 

3.3. Proposed Pruning Framework 

This research presents the new sparsification-driven framework in an effort to obtain 

pruned models for sustainable technological development. The proposed framework aims at 

exploiting the idea of sparsity in deep learning to map pruned models into resource limited 

devices in line with long-term technology roadmap. Efficient models are those that refine 

metrics such as model size, latency during inference, and time required for training while 

minimizing quality loss and improving model generalization. Sparsity in deep learning enables 

compression techniques to target the representational efficiency of over-parameterized 

models Menghanin [227]. “Sustainable technological development involves articulating 

functions to meet future demands and societal needs while reducing environmental impact” 

Vergragt & Jansen [228] . 

The sparse centered to sustainable technological development approaches are 

currently lacking. The framework aims to make BERT and other large language model more 

efficient, sustainable, and effective in real-world applications by demonstrating techniques for 

reducing their size, optimizing their training schedules, and considering practical deployment 

factors. Thus, the research that presents a conceptual framework based on the analysis of 

sparsity in scientific publications will help to contribute to achieving goals of a sustainable 

technology development for creating environmentally friendly and sustainable technologies. 

The following steps were taken to develop the framework:  
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• An analysis of literature on the fundamental ideas pertaining to the key 

research topics that include model pruning, efficiency, inference, and 

sustainable information technology. 

•  identifying connections between research concepts.  

• design and development of the proposed conceptual framework for pruning. 

3.3.1. Reviewing Literature on Specific Research Concepts 

This study has undertaken a rigorous and structured approach to determine the 

relationships between the key concepts of this research. The structured approach is based on 

Kitchenham guidelines Kitchenham & Brereton [229], which include the preparation of 

research questions, a search strategy, and research selection criteria. 

3.3.2. Planning the Review 

The general research question which was identified is as follows: How can model 

pruning be used to enhance efficiency and support sustainable technological development in 

deep learning models? To make it possible to further explore the problem, the general 

question was divided into three narrower sub questions. 

1. In what way does pruning help make large language models more efficient? 

2. What is the association between model efficiency and inference performance in sparse 

models? 

3. How exactly does increased model efficiency impact the further development of 

sustainable technologies? 

3.3.3. Developing a Review Protocol 

The aim is to establish a conceptual framework that supports the implementation of 

pruning methods for improving the efficiency and sustainability of deep language models. The 

search strategy in this study, the key concepts represented the search terms that were applied 

to a variety of resources. Boolean search strategy is defined as the process of converting a 
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research question into a research string with the view of querying a database or search engine, 

Sivarajkumar et al. [230]. The academic internal databases employed in this study include 

semantic scholar, Google Scholar, PubMed, IEEE Xplore and ACM Digital Library. Keywords are 

"model pruning," "deep learning efficiency," "neural network optimization," and "sustainable 

AI. 

To fulfill the inclusion criteria, we restricted our sources to the articles from the 

referred scientific journals, evaluation reports and technical papers and conference papers of 

peer review. More precisely, we only considered papers that focused on the effects of pruning 

on the model as well as papers that focused on the broader issue of sustainability in AI and 

deep learning. We prioritized articles that demonstrated a link between the search terms and 

described the relationships between them. Additionally, we included articles addressing the 

search terms in conjunction with any of the four core concepts of this study: model pruning, 

efficiency, inference, and sustainable technology development Shao & Zhang [231]. 

The articles were excluded based upon the following: articles that did not relate 

directly to deep learning or pruning techniques, papers and articles with no prior experimental 

results or data, the papers with the search terms but not looking into the connection or 

relevance between them were considered irrelevant and thereby excluded. To achieve the 

data extraction methods, we created a standardized data extraction form to capture relevant 

information from each study, including pruning methods, metrics for efficiency, impacts on 

inference, and sustainability considerations. 

3.3.4. Conducting the Review 

The identification of research was achieved by using the ‘AND’ and ‘OR’ Boolean 

operators to construct search strings to extract articles that join terms based on the research 

questions. The search strings included the following "model pruning AND deep learning 

efficiency," "pruning techniques AND inference performance," and "sustainable AI AND neural 

networks." The strings for the OR operator included "model pruning OR deep learning 
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efficiency," "pruning techniques OR inference performance," and "sustainable AI OR neural 

networks." 

In the process of selecting primary studies, initially, we searched and selected studies 

based on the titles and the abstracts of the studies and then, we checked and selected the full 

text of these studies. Of 500 original identified articles, 120 papers were reviewed after 

excluding irrelevant and low-quality articles while 46 were reviewed in this final review. Data 

was systematically extracted using the predefined form and the extraction process was 

monitored to maintain consistency and accuracy. Some of the data considered during 

extraction involved the type of pruning technique applied whether structured or 

unstructured, efficiency measurements such as model size and inference latency, and whether 

sustainability impacts have been realized such as energy efficient consumption. 

3.3.5. Identification of relationships between key concepts 

These relationships were formed through an extensive examination of relevant studies 

in the field. To find studies that investigated how pruning influences the performance of 

neural network models, we concentrated on peer-reviewed journal articles, conference 

papers and technical papers that described certain approaches to pruning and their results. 

Also, the relevant literature concerning sustainability in AI and deep learning was discussed. 

Any articles that showed utilization of the search terms and explained the correlation between 

the identified search terms were included into the study. This involved reviewing different 

articles to see how model pruning affects efficiency and inference and how such gains fitted 

sustainable technology progress Singh & Gill [232]. We began by analyzing the effect of model 

pruning in model efficiency. For instance, Tay et al. [233] and Cho et al. [234] showed that 

pruning led to smaller models. 



 
 
 

119 
 

 

Figure 3: Proposed Conceptual Framework for Pruning of neural networks 

3.4 Multi-objective Optimization Algorithm for Performance, Speed, and Resource 

Efficiency. 

We propose efficient model pruning optimization algorithms that are crucial for 

reducing the size and computational demands of large language models, particularly large-

scale transformer-based architectures like BERT. The algorithm has been designed to detect 

minimal parameters which do not affect model performance thus enabling deployment across 

resource-limited systems that include mobile devices and edge-based AI systems. 

3.4.1. Efficient Model Pruning Optimization Algorithms 

Researchers have developed various algorithms to improve model pruning methods 

by balancing model size reduction with performance retention. Here are some notable 

approaches: Through the Iterative Magnitude Pruning (IMP) technique, the model is pruned 

iteratively, with retraining steps aimed at restoring any reduced accuracy. The approach first 

trains models to achieve convergence before using magnitude-based pruning to eliminate 

weights of lower magnitude. The model returns to its initial weight configuration after 

resetting all remaining weights [173]. This methodology successfully picks out "winning 

tickets" which represent subnetworks that deliver equivalent performance to the original 

model according to research by [37]. Movement Pruning method which is proposed by [6], 
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the technique Emphasizes preserving weights that show significant deviation from zero during 

fine-tuning, rather than simply preserving those that are far from zero.  Researchers have 

demonstrated this approach produces better results when trained for transfer learning 

because the pruning method tracks the model's training behaviour [7]. 

The Differentiable Pruning method allows pruning decisions to be made dynamically 

during training. The model incorporates pruning as a differentiable process, allowing it to learn 

which weights are essential during training. This method can lead to more optimal pruning 

decisions without the need for separate retraining phases [68]. The weight importance guide 

from Upper Confidence Bound (UCB) Pruning by Zhang et al. [235] this approach utilizes the 

upper confidence bound of weight relevance to inform pruning decisions. The technique 

enables assessments of uncertainty impacts on weight contributions to model performance, 

so that practitioners can make better pruning choices. 

Through our Efficient Model Pruning Optimization Algorithm we have developed a 

structured approach to deep learning model pruning which optimizes both performance and 

cost while controlling both inference time requirements and power usage. Before the method 

commences there is a requirement to establish initial weights 𝑊 together with model 

accuracy measure 𝐴(𝑊), acceptable accuracy loss threshold 𝜖 and computational cost 𝐶(𝑊), 

real-time execution 𝑇(𝑊), energy utilization 𝐸(𝑊) and optional pruning ratio 𝑝. A target 

pruning ratio 𝑝 directs the model pruning process which identifies the smallest weights based 

on their magnitude to remove 𝑝 ⋅100% weighted elements from weights 𝑊. The computation 

evaluation 𝐶(𝑊′) of the pruned model follows to confirm significant computational savings 

with maintained acceptable accuracy levels 𝐴(𝑊′), where 𝐴(𝑊′) ≥ 𝐴(𝑊) − 𝜖. 

The system assesses inference efficiency by measuring time 𝑇(𝑊′)  to perform 

inferences while achieving desired accuracy levels. The sustainability evaluation of the pruned 

model happens through an examination of its energy consumption 𝐸(𝑊′) which requires 

optimization under identical accuracy requirements. When initial pruning leads to suboptimal 

output the algorithm dynamically adjusts parameter 𝑝 to align efficiency with performance 
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needs. A combined objective optimization run minimizes W\prime's computational cost 

𝐶(𝑊′), 𝑇(𝑊′), and energy utilization 𝐸(𝑊′) while maintaining accuracy levels higher than 

predefined standards. Multi-objective optimization technique helps users identify optimal 

trade-off points. After meeting the objectives, the proposed algorithm produces both 𝑊′ and 

its performance metrics. The method provides a structured way to perform model 

compression by balancing precision and speed alongside sustainability performance. 

The method builds a system for reducing deep learning models through systematic 

approaches which enhances their performance combined with lower computational demands 

and decreased inference time requirements as well as increased resource efficiency. Below is 

a detailed explanation of each step, with examples for better clarity: 

Input Definitions 

1. Original model weights (𝑾): The parameters of this model exist as 𝑾 in an unpruned 

state commonly used for a pre-trained BERT model. 

2. Accuracy of the original model 𝑨(𝑾): The task performance metric of the original 

model, e.g., accuracy on a sentiment analysis task. 

3. Acceptable accuracy loss threshold 𝜺: Pruning operations need to maintain accuracy 

performance within an acceptable range of ε percent from baseline performance. A 

𝜀 =  1% threshold applied to the 90% baseline accuracy standard requires the pruned 

model to maintain higher than 89% accuracy. 

4. Original computational cost 𝑪(𝑾): Models normally quantify their computational 

costs through FLOPs (floating-point operations per second) measurements. 

5. Original inference time 𝑻(𝑾): The model process time duration as measured during 

input processing while executing in milliseconds. 

6. Original energy consumption 𝑬(𝑾): Reality-based inference needs energy measured 

in Joules. 

7. Target pruning ratio 𝒑: A value that defines the fraction of weights for pruning when 

this amount remains the target or when dynamic adjustments occur 
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Step 1: Model Pruning 

1. Initialization: The model reduction process begins with all of its complete weight 

parameters 𝑊. 

• Example: A BERT-base model with 110M parameters. 

2. Set target pruning ratio 𝒑: Choose which fraction of weights to remove from the 

model space for values between 0 ≤ 𝑝 ≤ 1. 

• Example: The target pruning scheme chooses to remove a ratio 𝑝 = 0.3, which 

means removing 30% of weights from the initial network. 

3. Prune weights: Choose all weights with smallest magnitude from the pool according 

to the target pruning ratio 𝑝 ⋅ 100% for elimination. 

• Example: If 𝑊 = [0.8, −0.5,0.03, −0.1] and 𝑝 = 0.5, prune the smallest two 

weights (0.03, −0.1), resulting in 𝑊′ = [0.8, −0.5]. 

Step 2: Model Efficiency 

4. Calculate computational cost 𝐶(𝑊′): Establish the resource consumption known as 

FLOPs in the pruned model. A lower operating FLOP count remains the key objective 

when conducting this optimization work on original models. 

• Example: A pruned BERT model may reduce FLOPs from 50 billion to 35 billion. 

5. Verify accuracy: accuracy threshold for pruned models is defined by 𝐴(𝑊′) ≥ 𝐴(𝑊) −

𝜖. 

• Example: If the original accuracy is 90% and 𝜖 = 1%, the pruned model's 

accuracy must remain at or above 89%. 

By applying 𝜖 = 1% to a 90% accurate model the maintained minimum acceptance 

threshold should still be at or above 89%. 

Step 3: Inference Efficiency 
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6. Measure inference time 𝑻(𝑾′): The duration needed to execute an input needs 

evaluation. The goal remains to decrease this processing time behind acceptable 

accuracy thresholds. 

• Example: Basic BERT algorithms process one input within a spam duration of 

50 milliseconds. The inference time decreased to 30ms after implementing 

pruning. 

Step 4: Sustainability 

7. Compute energy consumption 𝑬(𝑾′): NVIDIA Power Profiler tools enable users to 

measure system energy consumption. The system will reduce energy consumption 

while upholding the accuracy requirements. 

• Example: Pruning reduces energy use from its initial value of 100 Joules down 

to 70 Joules. 

Step 5: Optimal Pruning Criteria 

8. Optimize pruning ratio 𝒑: Sequential minor adjustments of the 𝑝 parameter should 

occur when starting pruning ratios produce unacceptable performance drops. 

• Example: Lower the pruning ratio value to 𝑝 =0.2 after 𝐴(𝑊′) falls beneath 

𝐴(𝑊) − and measure the results. 

Step 6: Multi-Objective Optimization 

9. Simultaneous optimization: The combination of multi-objective optimization and 

NSGA-II enables the minimization of 𝐶(𝑊′), 𝑇(𝑊′), and 𝐸(𝑊′) while ensuring 

𝐴(𝑊′) ≥ 𝐴(𝑊) − 𝜖. 

• Example: For a trade-off scenario: 

▪ Option 1: FLOPs = 35B, accuracy = 89.5%, inference time = 32ms, energy 

= 75J. 



 
 
 

124 
 

▪ Option 2: FLOPs = 33B, accuracy = 89%, inference time = 30ms, energy 

= 70J. 

The deployment-focused selection process should return the configuration which 

maximizes performance while achieving optimal settings. 

Final Output 

10. Return pruned model 𝑾′: The final pruned model 𝑊′should output together with 

accuracy measurement 𝐴(𝑊′)and power measurements 𝐶(𝑊′), 𝑇(𝑊′) and 𝐸(𝑊′). 

The organized methodology proves that this algorithm efficiently cuts down processing 

overhead while maintaining peak performance and sustainability standards. 

Algorithm 1: Efficient Model Pruning Optimization Algorithm 

Input : • Original model weights 𝑊 

  • Accuracy of the original model 𝐴(𝑊) 

  • Acceptable accuracy loss threshold 𝜖 

  • Original computational cost 𝐶(𝑊) 

  • Original inference time 𝑇(𝑊) 

  • Original energy consumption 𝐸(𝑊) 

  • Target pruning ratio 𝑝(optional, can be tuned) 

Output : • Pruned model weights ′𝑊′ 

  • Pruned model's accuracy 𝐴(𝑊′) 

  • Optimized computational cost 𝐶(𝑊′) 

  • Optimized inference time 𝑇(𝑊′) 

  • Optimized energy consumption 𝐸(𝑊′) 

Step 1  Model Pruning 

 I Initialize: Start with the original weigh 𝑊. 

 II Set target pruning ratio: Choose a target pruning ratio 𝑝, where 

 0 ≤ 𝑝 ≤ 1 

 III Prune weights: 

• Compute the pruned weights 𝑊′ by removing 𝑝 ⋅ 100% of the 

least important weights from 𝑊. 



 
 
 

125 
 

• 𝑝 =
|𝐖−𝐖′|

|𝐖|
 

Step 2  Model Efficiency 

 IV Calculate computational cost: 

• Measure the computational cost C(W′) of the pruned model 

(e.g., using FLOPs). 

• Objective: Minimize C(W′). 

 V Verify accuracy: Ensure that the pruned model’s accuracy A(W′) 

satisfies: 

• 𝐴(𝐖′) ≥ 𝐴(𝐖) − 𝜖, where 𝜖 is a predefined acceptable loss. 

Step 3  Inference Efficiency 

 VI Measure inference time: Compute the inference time 𝑇(𝑊′) of the 

pruned model. 

• Objective: Minimize 𝑇(𝑊′) subject to 𝐴(𝐖′) ≥ 𝐴(𝐖) − 𝜖. 

Step 4  Sustainability 

 VII Compute energy consumption: Measure the energy consumption 

𝐸(𝑊′) of the pruned model. 

• Objective: Minimize 𝐸(𝑊′) subject to 𝐴(𝐖′) ≥ 𝐴(𝐖) − 𝜖 

Step 5  Optimal Pruning Criteria 

 VIII Optimize pruning ratio 𝒑: If necessary, adjust 𝑝 iteratively to balance 

performance and pruning efficiency. 

• Objective: Maximize 𝑝 such that 𝐴(𝐖′) ≥ 𝐴(𝐖) − 𝜖 

Step 6  Multi-Objective Optimization 

 IX Perform multi-objective optimization: 

• Simultaneously minimize 𝐶(𝐖′), 𝑇(𝐖′), and 𝐸(𝐖′) subject to: 

𝐴(𝐖′) ≥ 𝐴(𝐖) − 𝜖 

 X Return pruned model: Once an optimal trade-off is reached, output the 

pruned model 𝑊′. 

The algorithm presents an optimization method for multi-objective pursuits that 

prunes models while sustaining accuracy standards while lowering computational expenses 

and decreasing inference periods combined with energy optimization goals. The optimization 

of the pruning ratio 𝑝 occurs according to the particular requirements from the specific 

application domain. The deployment of large-scale transformer models depends significantly 

on efficient model pruning optimization algorithms which shrink complexity and 

computational requirements. The practical implementation of deep learning solutions 
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throughout different environments depends heavily on this algorithm as AI demand for 

efficient solutions continues to expand. 

3.5 Ensemble of Winning Tickets Method 

The Lottery Ticket Hypothesis (LTH) suggests that within large over-parameterized 

neural networks, specific subnetworks, known as "winning tickets," emerge naturally and can 

be trained independently to match the performance of the original model. Recent studies 

have explored various methods for leveraging multiple pruned subnetworks to enhance 

model performance and robustness, frequently interpreted using the LTH and ensemble 

techniques Zheng et al.  [236].Another study by [24] introduced structured winning tickets at 

intial BERT training and Kobayashi et al.  [237] discovered four winning tickets during the fine-

tuning process. Gong et al. [238] applied the L1 distance method to regularize fine-tuning and 

explored the structure of the discovered subnetworks. Study [182] displays an 

implementation of this technique by applying lottery ticket hypothesis tactics for attention 

heads pruning during machine translation research. In this work, we leverage the LTH for 

iterative pruning of attention heads., identifying winning tickets by retaining only the most 

critical attention heads from a BERT model. This method refines the subnetwork structure 

iteratively and integrates these pruned subnetworks into a robust ensemble. 

Figure 4 shows a generalized ensemble method framework where this study optimizes 

BERT model through application of winning ticket subnetwork pruning. Using a fully trained 

BERT network allows iterative pruning to extract pruned subnetworks keeping performance 

at equal levels. These smaller BERT models called winning tickets are combined into an 

ensemble Mohammend et al. [183], enhancing efficiency and performance over the original 

model. The ensemble pruning technique selects essential BERT attention heads for 

implementation through careful identification and retaining informative attention heads 

based on the lottery ticket hypothesis. 
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Figure 4: steps of optimizing BERT models through an ensemble of pruned subnetworks [42] 

3.5.1. Dataset and Preprocessing 

We utilized the SST-2 and CoLA datasets from the GLUE benchmark for our 

experiments, dividing and shuffling the datasets using different random seeds to ensure that 

the model see the data in different order, with the BERT model checkpoint "bert-base-

uncased" employed. The SST-2 dataset serves as a binary sentiment dataset for detecting 

positive or negative sentiment at the sentence level in analysis. The SST-2 dataset works 

without processing and functions widely throughout NLP tasks to maintain consistent well-

structured sentences with valid labels. For the SST-2 dataset, the training set was slightly 

reduced to 40,000 shuffled samplesthe validation dataset consisted of 800 instances, while 

the test set contained 1,500 instances reason being to allow fast experimentation, to minimise 

the requirements of computational resources, including memory, processing power, and time. 

For the CoLA dataset which is used for linguistic acceptability classification to tests a model’s 

understanding of linguistic rules. The CoLA dataset is well-organized, with grammatically 

acceptable and unacceptable sentences already labeled and has been done by linguistic 

experts, to ensure quality and reliable data. For our experiments the training set contained 

8,000 shuffled samples, the validation set included 1,000 samples, and the test set consisted 

of an equal number, 1,000 samples. This specific splitting and shuffling ensured that our model 

training and evaluation were based on diverse and representative data samples. 

Input Representation 
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Both datasets require tokenized sentences as input. The input format for BERT is structured 

as: Input = [ CLS ] +  Token 1 +  Token 2 + ⋯ +  Token 𝑁 + [ SEP ]  

• [CLS]: A classification token, used for downstream classification tasks. 

• [SEP]: This special token functions as an indicator which separates each sentence 

group. 

For classification tasks that involve single sentences, like SST-2 and CoLA, the input structure 

is defined as: Input = [CLS] +  Sentence + [SEP] 

3.5.2. Initialization of the Model and Tokenizer 

Our sequence classification operations with BERT models began by initializing them 

together with their tokenizer from pretrained checkpoints. During this step our model 

retrieves knowledge from BERT's extensive pretrained architecture while applying transfer 

learning principles. For sequence classification tasks BertTokenizer (BertTokenizer) from the 

Hugging Face Transformers library associated with bert-base-uncased combined with the 

BERT model delivered suitable tools for our experimental needs by enabling efficient and 

accurate sequence classification tasks. The following section explains these processing stages 

while breaking down their mathematical aspects. 

1. Loading the Pre-trained Model 

The process begins by loading BERT Base model, consisting of: 

12 Transformer block of layers: model's internal structure extracts information at successively 

higher levels of abstraction. 

• 768 hidden units per layer: Each embedding unit in the token representation contains 

768 dimensions. 

• 12 self-attention heads per layer: Each head captures different aspects of word 

relationships. 
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• Total Parameters: Approximately 110 million. 

This model was initially trained on an extensive text corpus using two primary tasks: 

Masked Language Modeling (MLM) and Next Sentence Prediction (NSP), as applied by Google. 

In the pre-training stage the model establishes word contextual understanding through the 

analysis of surrounding text. 

2. Initializing Parameters 

Once the model is loaded, next is initiation which involves the processing of model 

parameter values. The parameters include: 

• Embedding Weights (𝑊𝑒): It does the mapping of the tokens to dense vector 

representations. 

• Attention Layer Weights (𝑊𝑞 , 𝑊𝑘, 𝑊𝑣): Simplify the mathematical procedures for self-

attention by establishing definitions for query and key parameters with their 

associated value function. 

• Feed-Forward Layer Weights (𝑊𝑓𝑓): The attention mechanism produces its results 

through the weights 𝑊𝑒 , 𝑊𝑞 , 𝑊𝑘, 𝑊𝑣 which form part of the attention layer. 

Mathematically, this initialization is represented as: 

{𝑊𝑒 , 𝑊𝑞 , 𝑊𝑘, 𝑊𝑣} ←  Pre-trained weights                                                                                                          (92) 

Quantities of well-learned weights obtained during extensive pre-training are used 

within BERT initialization to maintain their application. 

3. Attention Mechanism Initialization 

By implementing its self-attention mechanism BERT can fully recognize contextual 

relationships throughout sequential input text. Key mathematical steps include: 
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Input Representation: A BERT model maps every token across a sequence with 𝑛 tokens into 

vector form 𝑥𝑖: 

𝑋 = [𝑥1, 𝑥2, … , 𝑥𝑛]                                                                                                                                   (93) 

Linear Transformations: Learning weights transform input tokens into three types of 

components which are queries (𝑸), keys (𝑲), and values (𝑽) using learned weights: 

𝑄 = 𝑋𝑊𝑞 , 𝐾 = 𝑋𝑊𝑘, 𝑉 = 𝑋𝑊𝑣                                                                                                               (94) 

Scaled Dot-Product Attention: The attention calculations produce scores through the dot 

product operation between 𝑸 and 𝑲 while scaled by the square root of the key dimension 𝑑𝑘: 

Attention(𝑄, 𝐾, 𝑉) = softmax (
𝑄𝐾𝑇

√𝑑𝑘
) 𝑉                                                                                                      (95) 

Concatenation of Heads: The completed attention output emerges from concatenating all 

attention head outputs and following them with a linear transform. 

Example: An Initialization with a Simple Sentence 

When using the input text "I love NLP," Therefore the initialization would look like this: 

Tokenization: The input data is processed into numerical IDs by the tokenizer, e.g., 

[101,1045,2293,17953,102] where [101] is [𝐶𝐿𝑆], and [102] is [𝑆𝐸𝑃].  

Embedding Layer: Embeddings demonstrate 𝑊𝑒 to convert tokens into vectors which create 

a dense sequential output 

Weight Initialization: Pre-trained weights (𝑊𝑞 , 𝑊𝑘, 𝑊𝑣) are used to initialize the attention 

layers. 

For example, queries (𝑄), keys (𝐾), and values (𝑉) for "I" are computed as: 
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𝑄 = 𝑋𝑊𝑞 , 𝐾 = 𝑋𝑊𝑘, 𝑉 = 𝑋𝑊𝑣                                                                                                                          (96) 

Attention Calculation: The system determines using attention scores what degree "I" needs 

to focus on "love" combined with "NLP." 

Output Processing: The output from attention is processed through the feed-forward layers 

to produce contextualized representations. 

During BERT model initialization it involves setting up pre-trained weights for 

embeddings, attention layers, and feed-forward layers. Model initialization enables pre-

trained knowledge to form a sturdy foundation which enabling effective fine-tuning for 

specific downstream tasks.. The mathematical basis of the attention model within BERT 

enables sequence relationship detection to achieve outstanding measurable performance 

throughout natural language processing tasks. 

3.5.3. Ensemble of Winning Tickets 

The winning ticket ensemble required initial setup as an empty set. The model required a 

mask matrix containing all values set to 1 to facilitate attention head pruning. The essential 

components of BERT architecture are identified and retained by the mask matrix. The BERT 

architecture served as a basis to initialize a random ticket / a sub-network while using the 

specified checkpoint. Adam performed as optimizer together with cross-entropy as loss 

function when training the sub-network. Tailored configurations enabled both efficient 

training and optimization of the sub-network to obtain results that matched the model 

objectives. 

• The number of sub-networks (𝑛) for the ensemble is defined. 

• An empty set (𝑇 = {}) is initialized to store the winning tickets. 

Ensemble Initialization: Ensemble initialization functions as a foundational step for 

creating neural network ensembles under LTH implementation. LTH suggests that randomly 

initialized neural networks with numerous weights harbor compact, trainable structures 
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known as "winning tickets" which match the performance of the entire system. Ensemble 

initialization requires determining sub-network counts along with storing them for future 

ensemble prediction. The procedure is outlined in detail as below. 

Setting Sub-network number (𝒏): The ensemble's configuration begins with selecting 

the number of winning tickets which will become its sub-networks. The number (𝑛) of sub-

networks depends on both ensemble diversity needs and computational resource capacity. 

Let the value of 𝑛 = 10 to automatically generate an ensemble composed of ten sub-

networks. Mathematically denoted as: 𝑛 ∈ ℕ+ 

In which ℕ+ denotes set of positive integers. 

Initializing the Set for Winning Tickets (𝑻): The initialization step begins with an 

empty set 𝑇 which functions to store winning tickets. Each successful winning ticket signifies 

a pruned sub-network holding particular parameters (𝜃𝑖). 

This initialization is denoted as: 𝑇 = {} 

At this initialization step 𝑇 contains no elements but will later receive parameters from 

identified winning tickets which follow in subsequent steps. 

Example of Initialization Process 

Define the Number of Sub-networks: Let’s say we choose 𝑛 = 5. This means that we develop 

an ensemble model consisting of five sub-networks. 

Initialize the Set: The winning ticket storage set 𝑇 = {} will start empty. 

Identify and Store Winning Tickets: Through iterative training and pruning methods winning 

tickets get identified. For example: 

Winning Ticket 1: 𝜃1 
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Winning Ticket 1: 𝜃2 

Winning Ticket 1: 𝜃3 

Winning Ticket 1: 𝜃4 

Winning Ticket 1: 𝜃5 

After identifying these tickets, the set 𝑇 is updated as: 𝑇 = {𝜃1,, 𝜃2, 𝜃3, 𝜃4, 𝜃5} 

Mathematical Representation of the Ensemble: The ensemble becomes ready for 

making predictions when winning ticket predictions are stored. For an input 𝑥, the ensemble 

output 𝐸(𝑥) is the average of predictions from all 𝑛 sub-networks: 

𝐸(𝑥) =
1

𝑛
∑  𝑛

𝑖=1 𝑓𝑖(𝑥; 𝜃𝑖)                                                                                                                                       (97) 

Where: 

• 𝐸(𝑥): The ensemble's output for input 𝑥. 

• 𝑓𝑖(𝑥; 𝜃𝑖): The 𝑖-th sub-network’s prediction using its parameters 𝜃𝑖. 

Ensemble initialization begins the winning ticket ensemble process through its setup of 

sub-network count (𝑛) and an empty ticket storage set (𝑇) while preparing for subsequent 

pruning and training steps. The initialization stage sets the foundation for the ensemble to 

harness Lottery Ticket Hypothesis benefits which generate a strong compact model through 

the aggregation of individual winning tickets. Mathematical structures defined here explain 

ensemble procedures that establish foundation blocks for efficient and accurate ensemble 

predictions. 

Mask Matrix Initialization: Each sub-network iteration 𝑖 begins with a 𝑀𝑖  binary mask 

matrix serving to control which attention heads are retained. At the beginning of the process 

all elements in the mask receive a value of 1 to show that pruning has not commenced. 
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Mathematical Representation:  𝑀𝑖 = [

1 1 … 1
1 1 … 1
⋮ ⋮ ⋱ ⋮
1 1 … 1

] 

Here: 

• ℎ: Number of attention heads. 

• 𝑚: Number of layers in the BERT model 

Sub-Network Initialization: A sub-network 𝑇𝑖 obtains its initial structure by matching with 

the BERT structure. Initialization follows a randomized approach while respecting BERT model 

structure to maintain basic foundational capacity. Mathematical Representation: 𝑇𝑖 =

𝑓(𝑥; 𝜃𝑖) 

Where: 

• 𝜃𝑖: Parameters of the sub-network initialized randomly. 

• 𝑓: Function representing the BERT model. 

Training the Sub-Network: With complete training dataset 𝐷𝑡 and a specified number of 

epochs or until convergence the sub-network 𝑇𝑖 is trained on that particular dataset. Through 

training we adjust 𝜃𝑖  to minimize a specific predefined loss function. Mathematical 

Representation:   

ℒ(𝑇𝑖, 𝐷𝑡) =
1

𝑁
∑  𝑁

𝑗=1 Loss(𝑇𝑖(𝑥𝑗), 𝑦𝑗)                                                                                                          (99) 

Where: 

• 𝑁: Number of training samples. 

• 𝑥𝑗: Input features for the 𝑗-th sample. 

• 𝑦𝑗: Corresponding label for 𝑥𝑗. 

• 𝐿𝑜𝑠𝑠: The loss function (e.g., cross-entropy for classification). 
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Evaluation: Sub-network undergoes evaluation on dataset 𝐷𝑣 to verify its performance by 

meeting pre-established criteria such as accuracy threshold. Mathematical Representation: 

Performance(𝑇𝑖, 𝐷𝑣) = Accuracy(𝑇𝑖, 𝐷𝑣) 

Where: 

 Accuracy =
1

𝑀
∑  𝑀

𝑘=1 𝕀(𝑇𝑖(𝑥𝑘) = 𝑦𝑘)                                                                                                  (100) 

Here: 

• 𝑀: Number of validation samples. 

• 𝕀 : A function that returns 1 for a correct prediction and 0 for an incorrect one. 

Pruning: Performance criteria define when pruning begins because it deletes less vital 

attention heads from the sub-network. The mask matrix 𝑀𝑖  transforms based on this pruning 

operation. The pruning process updates the mask matrix 𝑀𝑖  through its new values. 

Mathematical Representation: 

 𝑀𝑖
′ = 𝑀𝑖 ⊙  Pruning_Mask                                                                                                                                (101) 

Where: 

Pruning_Mask : contains binary values that show which attention heads should remain 

intact (1) or be removed (0).  The output network containing the preserved attention heads 

takes this form:  

𝑇𝑖
′ = 𝑓(𝑥; 𝑀𝑖

′ ⊙ 𝜃𝑖)                                                                                                                                              (102) 

Adding to Ensemble: The ensemble receives the successful sub-network 𝑇𝑖
′ after its 

pruning process ends. The final ensemble set 𝑇 thus includes all successful sub-networks. 

Mathematical Representation: 

 𝑇 = 𝑇 ∪ {𝑇𝑖
′}                                                                                                                                                     (103) 
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The ensemble set 𝑇 gathers all sub-networks obtained from pruning operations. 

Two key operations occur when identifying winning tickets: the initial sub-network 

receives full capacity before training and evaluation while pruning unimportant attention 

heads followed by inclusion of the pruned sub-networks into a collective ensemble. Through 

this process smaller efficient sub-networks can be created until they belong to an ensemble 

which combines their collective strengths for optimal performance.  

3.5.4. Aggregating Predictions in Ensemble Learning 

The critical aspect of ensemble learning particularly when using the lottery ticket 

hypothesis entails predictions aggregation. The process merges prediction results from 

diverse "winning tickets" (truncated subnetworks) in order to create the final output. 

Combination of predictions from multiple winning tickets improves both the test performance 

by increasing accuracy and enhances robustness on a test dataset. The following structured 

breakdown outlines this method alongside mathematical examples and related formulations. 

Prediction by Each Ticket: The test dataset 𝐷𝑡 contains each sample 𝑥 and these 

undergo evaluation through all ensemble tickets 𝑇𝑖 in sequence. The prediction output 𝑃𝑖  from 

each ticket can appear as class probability distribution or logits values or direct class 

predictions based on the targeted task (classification or regression). 

Mathematical Representation: 𝑃𝑖 = 𝜃𝑖(𝑥) 

Each winning ticket’s prediction function for input 𝑥 is described by the notation 𝜃𝑖(𝑥). 

Example: Consider three winning tickets (𝑇1, 𝑇2, 𝑇3) and a test sample 𝑥. Predictions might 

look like this: 

An example describes the situation with three winning tickets (𝑇1, 𝑇2, 𝑇3) together with a 

test data point 𝑥. Predictions might look like this: 

• 𝑃1 = 𝜃1(𝑥) = [0.7,0.2,0.1] (class probabilities for A, B, C ) 
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•  𝑃2 = 𝜃2(𝑥) = [0.6,0.3,0.1] 

•  𝑃3 = 𝜃3(𝑥) = [0.8,0.1,0.1] 

Aggregating Predictions: The model generates the final prediction 𝑃(𝑥) through an 

aggregation of all winning ticket predictions. Mathematical Representation using the 

averaging method: 

𝑃(𝑥) =
1

𝑛
∑ 𝜃𝑖  𝑛

𝑖=1 (𝑥)                                                                                                                                        (104) 

Final prediction involves dividing the sum of winning ticket predictions by the 𝑛 value 

which represents the total number of winning tickets.  

Example: Using the predictions from T1, T2, T3: 

𝑃(𝑥) =
1

3
(𝑃1 + 𝑃2 + 𝑃3)                                                                                                                                     (105) 

Calculating for each class: 

Class A: 
0.7+0.6+0.8

3
= 0.7 

Class B: 
0.2+0.3+0.1

3
= 0.2 

Class C: 
0.1+0.1+0.1

3
= 0.1 

Thus, the aggregated prediction is: 𝑃(𝑥) = [0.7,0.2,0.1] 

Decision Making: The most probable category from 𝑃(𝑥) determines the final class 

assignment of 𝑥. Mathematical Representation:  𝐹𝑖𝑛𝑎𝑙 𝐶𝑙𝑎𝑠𝑠 = 𝑎𝑟𝑔𝑚𝑎𝑥(𝑃(𝑥)) 

Example: 𝐹𝑟𝑜𝑚 𝑃(𝑥) = [0.7,0.2,0.1]: 𝐹𝑖𝑛𝑎𝑙 𝐶𝑙𝑎𝑠𝑠 = 𝑎𝑟𝑔𝑚𝑎𝑥([0.7,0.2,0.1]) = 𝐴 

Combining prediction results from successful tickets brings together distinct capabilities 

of its separate components to boost overall system performance. The ensemble produces 
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reliable and accurate test results through prediction averaging methods demonstrated in the 

previous example. Using this step, we can fully leverage ensemble learning capabilities in 

relation to the lottery ticket hypothesis. 

Iterative Optimization: Iterative optimisation occurs when sub-network generation 

combined with pruning and evaluation happens consecutively until the ensemble reaches its 

required iterations to achieve refinement. The EWT approach receives final assessment 

through aggregated performance metrics. 

3.5.5. Training Configuration 

Proper selection of training parameters allowed for optimal learning process 

execution. Training comprised five iterations using parameters of a learning rate at 2e-5 

combined with a batch size of 16. The established convergence threshold value stood at 0.001 

to guarantee stable training operations. The training arguments consisted of saving the 

pruned model and best model loading method at training completion and three training epoch 

limit definition and defining the evaluation and saving strategies. We restricted the evaluation 

process to use F1 score and accuracy alongside a maximum limit of 10 saved models. The 

model was configured to keep training configurations efficient while building robustness so it 

could avoid overfitting while reaching maximum possible performance.  

3.5.6. Selection of Informative Attention Heads  

A saliency score functions as a performance-based metric to evaluate the significance 

of model components including neurons and features as well as attention heads. Saliency 

scores derive their values from sensitivity computations which operate against model inputs 

and parameters [239]. The saliency scores in BERT attention-based models identified the 

relevancy between model output and input parts through evaluation of attention heads [240]. 

Let 𝐻𝑖 denote the 𝑖th attention head. The saliency score for attention head 𝐻𝑖 denoted 

as 𝑆𝑖 were computed based on its impact on the model’s loss or output. We measured the 

change in the model’s loss 𝐿 when 𝐻𝑖 is perturbed or masked: 
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𝑆𝑖 = 𝐿(𝑓(𝑥, 𝑚𝑎𝑠𝑘(𝐻𝑖))) − 𝐿(𝑓(𝑥))                                                                                                                   (106)                                                                        

Here, mask 𝐻𝑖 represents a modification of the model where the 𝑖th attention head is 

masked or zeroed out. 

3.5.6.1. Importance Score Calculation 

The calculation of importance scores represents the initial stage of attention head 

pruning because it measures how much each head assists model performance. Common 

methods include: 

Sensitivity-Based Importance: When performing sensitivity analysis the attention 

head ℎ importance score 𝐼ℎ depends on the expected sensitivity of the model to the head-

specific mask variable 𝜉ℎ. Mathematically: 

𝐼ℎ = 𝔼𝑥∼𝑋 [
𝜕𝐿(𝑥)

𝜕𝜉ℎ
]                                                                                                                                                     (107) 

Where: 

• 𝐿(𝑥): Loss function for input 𝑥, 

• 𝑋: Data distribution, 

• 𝜉ℎ: Binary mask (1 for active, 0 for pruned).  

A score calculated from this assessment reveals the degree of model performance change 

when a specific head is disabled. The model performance relies more heavily on a given head 

when the score reaches higher values. 

Layer-wise Relevance Propagation (LRP): serves as another method to determine 

attention head importance through calculations. The assessment method determines the 

individual head contributions to the output results through analysis of the gradients flowing 

back through the network. Among different methods there exists a concept called importance 

score that delivers key information defined as: 
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𝐼ℎ = ∑  𝑛
𝑖=1 Relevance(ℎ𝑖)                                                                                                                               (108) 

Where: 

• ℎ𝑖: Output of the 𝑖-th attention head, 

• Relevance: Contribution of the head to the model output. 

This approach computes importance based on gradient flow through the network. 

3.5.6.2. Pruning Strategies 

The process of attention head pruning starts through importance scoring followed by 

implementations of iterative pruning or Lottery Ticket Hypothesis methods. 

Iterative Pruning: This method enables the model to adapt through successive pruning of 

attention heads with the lowest importance scores in multiple stages. Steps include: 

• Calculate Importance Scores: The procedure computes importance values through 

sensitivity analysis or LRP methods. 

• Sort and Select Heads: A sorting process must be applied to attention heads followed 

by the selection of the most vulnerable elements according to assigned scores. 

• Prune Heads: The model performs removal of the selected attention heads. 

• Fine-Tune: The model receives additional training to regain performance after 

pruning. 

Mathematically, iterative pruning represented as: 𝑇̂ = 𝑇 − {ℎ ∈ 𝑇: 𝐼ℎ < 𝜃} 

Where: 

• 𝑇: Set of all attention heads, 

• 𝑇̂: Remaining heads post-pruning, 

• 𝜃: Importance score threshold 
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3.5.7 Practical Calculations and Algorithms for Identifying Winning Tickets 

In this sub-section, we specify the steps in detail and the algorithm that was used to 

carry out the Ensemble of Winning Tickets, which particularly helps in reducing the number of 

attention heads of BERT more efficiently while maintaining the model's performance. The 

primary objective is to train the subnetworks of the BERT model and prune them, searching 

for possible subnets where their performance can be equal or higher than the performance of 

the original model. Here we describe methods which make use of independent pruned models 

to enhance the final model performance by using model ensemble technique. The following 

algorithm 1 provides developers with a systematic method to build winning tickets using 

training and validation data for achieving top performance results. The methodology 

concludes in aggregating multiple simplified subnetwork predictions using a basic averaging 

method to develop robust dependable end results. BERT alongside other large-scale models 

benefits from better runtime and improved effectiveness when this normalization approach 

is implemented. 

Algorithm 1: Ensemble of Winning Tickets Approach for BERT 

Input :  

  • A pre-trained BERT model: 𝑀 

  • Number of ensembles to be created: 𝑛 

  • Validation dataset: 𝐷𝑣 

  • Test dataset: 𝐷𝑡 

Output :  

  • An ensemble of winning tickets: 𝑇 

Steps 1 Load the pre-trained BERT model: 𝑴 

 2 Initialize an empty ensemble set to store the winning tickets: 𝑻 = {} 

 3 Set the number of ensembles to be created: 𝒏 

 4 For each ensemble iteration 𝒊 from 1 to 𝒏:  

  1. Initialize a mask matrix for the attention heads with all values set to 1:  

𝑀𝑖 = 1𝑚 × 𝑑 
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  2. Randomly initialize a sub-network (ticket) based on the BERT 

architecture: 𝑇𝑖 = 𝑟𝑎𝑛𝑑𝑜𝑚_𝑖𝑛𝑖𝑡(𝑀𝑖) 

  3. Train the sub-network for a fixed number of iterations or until 

convergence on a training dataset: 𝑇𝑖 = 𝑡𝑟𝑎𝑖𝑛(𝑇𝑖, 𝐷𝑡) 

  4. Evaluate the sub-network's performance on the validation dataset: 𝑇𝑖 =

𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒(𝑇𝑖, 𝐷𝑡) 

  5. If the sub-network meets the desired performance criteria: 

  • Apply the mask matrix to the sub-network, effectively pruning 

the selected attention heads: 𝑇𝑖 = 𝑝𝑟𝑢𝑛𝑒(𝑇𝑖, 𝑀𝑖) 

  • Add the pruned sub-network (winning ticket) to the ensemble 

set: 𝑇 = 𝑇 ∪ 𝑇𝑖 

 5 For each sample 𝒙 in the test dataset: 

  • Feed the sample through each winning ticket in the ensemble set: 

𝑃𝑖 = 𝑇𝑖(𝑥) 

  • Aggregate the predictions from each winning ticket to obtain the final 

prediction: 

𝑃(𝑥) = 𝑓(𝜃1(𝑥), 𝜃2(𝑥), … , 𝜃𝑛(𝑥)) =
1

𝑛
∑  

𝑛

𝑖=1

𝜃𝑖(𝑥) 

 6 Evaluate the performance of the ensemble on the test dataset using 

appropriate metrics: 𝑀 = 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒(𝑇, 𝐷𝑡) 

 7 Perform steps 4-6 iteratively until the desired number of iterations or 

ensembles is reached. 

 8 Aggregate the performance metrics across all ensembles to assess the 

overall performance of the ensemble method: 𝑀 =

𝑎𝑔𝑔𝑟𝑒𝑔𝑎𝑡𝑒_𝑚𝑒𝑡𝑟𝑖𝑐𝑠(𝑇) 

 

Notation 

• Ensemble of Winning Tickets 𝐸: Combining multiple pruned models 𝑀𝑖  where 𝑖 =

1,2, … , 𝑛. 

𝐸(𝑥) = 𝑓(𝑇1(𝑥), 𝑇2(𝑥), … , 𝑇𝑛(𝑥))                                                                                                (109)                                                                                            

• Aggregation Function 𝑓:  Aggregates the predictions of the pruned models using simple 

averaging.  

𝑃(𝑥) = 𝑓(𝜃1(𝑥), 𝜃2(𝑥), … , 𝜃𝑛(𝑥)) =
1

𝑛
∑  𝑛

𝑖=1 𝜃𝑖(𝑥)                                                                   (110)                                                                       

Process of forming an ensemble.  
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• Form the Ensemble Set 𝑇: 

𝑇 = 𝑖 = ⋃  𝑛
𝑖=1 (𝑝𝑟𝑢𝑛𝑒(𝜃𝑖 , 1) ∣ 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒(𝜃𝑖 , 𝐷𝑣))                                                                              

• Where: 

𝜃𝑖 = 𝑡𝑟𝑎𝑖𝑛(𝑖𝑛𝑖𝑡(1), 𝐷𝑡)                                                                                                            (111)                                                                                     

• Make Predictions with Aggregation: 

• Obtain individual predictions from each pruned sub-network:  

𝜃𝑖(𝑥)𝑓𝑜𝑟 𝑖 = 1,2, … , 𝑛                                                                                                (112)                                                       

• Aggregate these predictions using the aggregation function 𝑓: 

𝑃(𝑥) = 𝑓(𝜃1(𝑥), 𝜃2(𝑥), … , 𝜃𝑛(𝑥)) =
1

𝑛
∑  𝑛

𝑖=1 𝜃𝑖(𝑥)                                                                   (113)                                             

The outlined algorithm demonstrates how to create an ensemble from pruned 

attention heads of BERT models while performing aggregated predictions. The adopted 

procedures boost both result reliability and reproducibility. Our research uses SST-2 and CoLA 

datasets from GLUE benchmark as solid bases together with BERT model which represents a 

typical sequence classification method and further strengthens its performance by utilizing 

pre-trained checkpoints.  

A winning tickets ensemble strategy focuses on important components of BERT 

architecture to enhance model operational efficiency. The designed training procedures 

achieve maximum learning performance while preventing overfitting behavior to ensure solid 

findings. The test of importance scores enables effective transformer model simplification 

because it follows the Lottery Ticket Hypothesis framework. Models reach optimal 

performance-efficiency ratios when they choose appropriate heads to retrain. The 

mathematical descriptions guide the process of computing importance scores together with 

the pruning methods and performance evaluation. 

3.5.8. Performance Metrics 

Accuracy Calculation of Sentiment Analysis on SST-2 dataset: The model received 

training on SST-2 data before performing validation procedures on its test results. An example 

shows how the model performs its prediction process: The model correctly identified 400 
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positive sentiments within the dataset (this scenario represents True Positives). The 

predictions identified 350 negative sentiments in the dataset with accuracy (represents True 

Negative). The model produced 50 False Positives by incorrectly identifying negative 

sentiments as positive. The model incorrectly detected 30 negative sentiments among the test 

data set (False Negatives). The following formula established the calculation method for 

accuracy: 

Accuracy =
𝑇𝑃+𝑇𝑁

𝑇𝑃+𝑇𝑁+𝐹𝑃+𝐹𝑁
                                                                                                                     (114) 

Calculation: 

Accuracy =
400+350

400+350+50+30
=

750

830
≈ 0.9036 or 90.4%                                                                (115) 

Accuracy calculation on Linguistic Acceptability on CoLA dataset: Predictions made 

by the model: Inaccuracies occurred with 600 True Positive cases (proper identification of 

acceptable sentence decisions) during the prediction process on the CoLA dataset. The 300 

predictions that indicated unacceptable sentences were classified correctly as True Negatives. 

The model incorrectly identified twenty instances (False Positive) as acceptable while the 

actual sentences were unacceptable. The model classified 80 sentences wrongly by projecting 

them to have acceptable sentences although they were actually unacceptable (False 

Negative). 

Accuracy Formula: 

Accuracy =
𝑇𝑃+𝑇𝑁

𝑇𝑃+𝑇𝑁+𝐹𝑃+𝐹𝑁
                                                                                                                       (116) 

Calculation: 

Accuracy =
600+300

600+300+20+80
=

900

1000
= 0.9 or 90%                                                                              (117) 
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F1 score Calculation of Sentiment Analysis on SST-2 dataset: There were several 

predictions established by the created model. The model achieved 40 True Positive results 

when correctly predicting positive sentiments in the dataset. The correct identification of 

negative sentiments produced 30 True Negatives. The prediction of positive sentiments 

included 10 instances where the system made mistakes (False Positive). The evaluation shows 

that 20 cases were classified incorrectly as negative sentiments when they should have been 

identified as positive sentiments (False Negative). 

Step 1: Calculate Precision and Recall 

Precision =
TP

TP+FP
=

40

40+10
= 0.80                                                                                                       (118) 

Recall =
TP

TP+FN
=

40

40+20
≈ 0.67                                                                                                      (119) 

Step 2: Calculate F1 Score 

F1 Score = 2 ×
 Precision × Recall 

 Precision + Recall 
= 2 ×

0.8×0.6667

0.8+0.6667
≈ 0.74                                                                 (120) 

The F1 score represents a trade-off between precision and recall, reflecting the model's overall 

performance at ~73.68%. 

F1 score calculation of Linguistic Acceptability on CoLA: Model predictions indicate 

that there are 50 true positives together with 40 true negatives yet the system detects 5 false 

positives and generates 10 false negatives. 

Step 1: Calculate Precision and Recall 

Precision =
TP

TP+FP
=

50

50+5
≈ 0.91                                                                                                            (121) 

Recall =
TP

TP+FN
=

50

50+10
≈ 0.83                                                                                                          (122) 

Step 2: Calculate F1 Score 
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F1 Score = 2 ×
 Precision × Recall 

 Precision + Recall 
= 2 ×

0.9091×0.8333

0.9091+0.8333
≈ 0.87                                                             (123) 

The F1 score demonstrated a well-maintained equilibrium between precision and recall, with 

a performance of ~86.96%. 

Inference Speed Calculation of Sentiment Analysis on SST-2 data: We used fine-

tuning on the SST-2 data before measuring the model's validation set inference duration. 

Given the following: The model required ten seconds to analyze one thousand sentences 

during inference. Inference Speed Calculation: 

Inference Speed =
 Total Sentences 

 Total Inference Time 
=

1000 sentences 

10 seconds 
= 100 sentences / second                   (124) 

This means that our model processes 100 sentences per second during inference. 

Inference Speed Calculation of Linguistic Acceptability on CoLA dataset: We 

measured an evaluation timeframe of 8 seconds while using the CoLA dataset against this 

model. The model needed 8 seconds to run 500 sentences in total. Inference Speed 

Calculation: 

Inference Speed =
 Total Sentences 

 Total Inference Time 
=

500 sentences 

8 seconds 
= 62.50 sentences/second                     (125) 

During inference this model handles 62.5 sentences each second. Developers use 

these computations to determine the operational performance of NLP models particularly 

within environments that need speedy inference and minimal resources. 

Memory Footprint Calculation of sentiment analysis for SST-2 dataset: The 

calculation of memory footprint depends upon model parameters together with input data 

and all intermediate activation values from inference processing. The total storage size 

needed for BERT-base model parameters amounts to about 440 megabytes because each of 

its 110 million parameters occupies 4 bytes (32 bits) for storage. 

Memory for Parameters = 110,000,000 × 4 = 440,000,000 bytes ≈ 440MB                 (126) 
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The model accepts 128 tokenized sentences through BERT's maximum length while 

each token contains a 768-dimensional vector the input memory is: 

Memory for Input = 128 × 768 × 4 = 393,216 bytes ≈ 0.39MB                                             (127) 

During inference the memory requirement matches the total memory need for 

maintaining network parameters. Memory for Activations ≈ 440MB 

Total Memory Footprint: 

Total Memory = 440MB + 0.39MB + 440MB ≈ 880.39MB                                                  (128) 

Memory Footprint Calculation of Linguistic Acceptability for CoLA dataset: The same 

BERT-base model with 110 million parameters: Memory for Parameters = 440MB. The 64 

tokens per input sentence (CoLA’s max limit) requires processor memory of 196,608 bytes 

which equals approximately 0.19MB. Memory for Input = 64 × 768 × 4 = 196,608 bytes 

≈ 0.19MB 

Intermediate Activations: Memory usage during inference: Memory for Activations 

≈ 440MB 

Total Memory Footprint: Total Memory = 440MB + 0.19MB + 440MB ≈

880.19MB 

Energy Consumption Calculation of sentiment analysis for SST-2 dataset: The 

calculation of energy usage for a designated task requires the following formula: Energy 

=  Power ×  Time 

Where the hardware utilizes Power to determine its average energy consumption 

measured in watts. The parameters for inference are: The GPU utilizes an average power of 

200 watts for its operations. Inference Time is 10 seconds for processing 1,000 sentences. 

Step 1: Convert inference time from seconds to hours: 
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Time =
10 seconds 

3600 seconds / hour 
≈ 0.00278 hours                                                                                       (129) 

Step 2: Calculate energy consumption: 

Energy = 200 watts × 0.00278 hours ≈ 0.56 watt-hours (Wh)                                          (130) 

Energy Consumption Calculation of Linguistic Acceptability for CoLA dataset 

The parameters for inference are: 

• Power Consumption: 200 watts (same GPU). 

• Inference Time: 8 seconds for processing 500 sentences. 

Step 1: Convert inference time from seconds to hours: 

Time =
8 seconds 

3600 seconds / hour 
≈ 0.00222 hours                                                                                     (131) 

Step 2: Calculate energy consumption: 

Energy = 200 watts × 0.00222 hours ≈ 0.444 watt-hours (Wh)                                       (132) 

3.5.9. Tools and frameworks used for measuring performance. 

Through our implementation we used PyTorch deep learning frameworks to measure 

accuracy, F1 score, precision and recall through built-in tracking functions during training and 

evaluation. The Scikit-learn library presented various classification metrics through its 

functions that allowed users to compute accuracy, F1 score, precision and recall assessment. 

We accessed Weights & Biases to obtain one integrated solution that enabled experiment 

tracking alongside visualization tools for metrics during ML project collaboration. Machine 

learning evaluation requires accuracy and F1 score performance together with speed of 

inference execution and memory usage and power consumption metrics. Different metrics 

and tools need to be selected according to the particular application requirements together 

with their corresponding trade-offs. When resources are limited the requirement to minimize 
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memory consumption along with energy use surpasses the need for maximum accuracy 

achievement. 
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Chapter 4: Results and Discussion 
 

The first part of this section delivers an extensive review of results and discussion 

through a thorough breakdown of the conceptual framework components together with their 

explanations. We display the experimental findings for the multi-objective optimization 

approach while conducting a performance review against state-of-the-art methods. The 

method underwent testing for pruning model comparison using CoLA and SST-2 datasets 

benchmarked against existing pruning models. This evaluation examines all experiments and 

focuses on key metrics across all experiments, including accuracy, computational cost, 

inference time, and energy consumption. This study evaluated the interrelation between 

accuracy levels and resource efficiency at different pruning ratios where we assessed model 

performance benefits against optimizing resource efficiency. The experiments benefit from 

full reproducibility because researchers can access complete codebase details through the 

GitHub repository located at https://github.com/nksmarts/Efficient-Model-Pruning.git. This 

transparency facilitates validation and further exploration by the research community. 

Finally, the performance along with efficiency of BERT model receives analysis relative 

to our ensemble model across both CoLA and SST-2 datasets. This evaluation conducts a 

performance assessment between pruned ensemble models and baseline models to 

determine efficiency versus performance levels. The ensemble method implementation codes 

are accessible at GitHub through https://github.com/nksmarts/Ensemble-of-winning-

tickets/blob/main/New_pruning_BERT_attention_heads_F1_score.ipynb. 

4.1. Conceptual Framework Components 

4.1.1 Sparsification Schemes 

In this subsection, we discuss various sparsification schemes as illustrated in figure as 

a critical component of the pruning process in neural networks, focusing on both model 

sparsity and ephemeral sparsity. Here our findings highlight that, these sparsity techniques 

play a crucial role in improving the effectiveness of overparameterized models by selectively 

https://github.com/nksmarts/Efficient-Model-Pruning.git
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removing weights, neurons, filters, channels, and heads. Another aspect is the effectiveness 

offered by ephemeral sparsity that adapts during the computation of specific examples, for 

instance, dropout, ReLU, and conditional computations. This flexibility plays an important role 

in real-time optimization, drawing neural networks into close alignment with practical 

applications. 

Findings from the literature also correlates with [241] view on dropout as the form of 

ephemeral sparsity, but it generalizes on this concept by including other methods of dynamic 

sparsification such as conditional computations and gradients sparsity. The value of this work 

lies in the clear demonstration of how both model and ephemeral sparsity can improve neural 

networks for practical use. Pruning algorithms work quite well in practice by reducing the size 

of networks and the number of floating points needed at test time while improving the 

generalization of models, but a few points arise for future research for better pruning of 

networks: (i) How to tune the pruning schedules for specific tasks and network architecture? 

4.1.2. Sparsification Schedules 

Understanding the sparsification schedule represents a crucial element within the 

framework because it requires defining the appropriate time and method for sparsification 

implementation. Three fundamental training schedule classes exist for pruning operations: 

Train then Sparsify and Sparsify During Training and train-then-sparsify with regrowth [242]. 

The Train then Sparsify schedule method involves neural network convergence followed by 

sparsification application to the final model. The method allows optimal model performance 

to be achieved before sparsity is introduced to the network. The Sparsify During Training 

schedule includes using sparsification techniques through each training epoch in addition to 

iterative sparsification which performs gradual pruning across successive training epochs. The 

train-then-sparsify procedure includes the regrowth method where the network partially 

reconstructs its weight values without changing the desired sparsity ratio after pruning. 

The different scheduling techniques can be positioned within generic scheduling 

procedures that allow exceptions of certain stages. The network structure receives its initial 
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configuration by either disk-loading a previous model or employing a framework or generating 

random weights or by implementing sparse construction through single-shot network pruning 

(SNIP). The network weights receive initial configuration which can happen randomly or with 

pre-trained weights together with sparse network-specific techniques such as synaptic flow. 

The network achieves training through a standard dense schedule or by employing sparsity-

inducing schedules alongside regularization until necessary convergence occurs. The network 

components go through pruning and potential before the optional retraining step to improve 

accuracy rates. A repetitive application of the training/sparsification schedule with multiple 

iterations enables an improvement of final result quality. Weight values need resetting during 

the training period according to specific requirements. The training process contains various 

steps which lead to developing successful sparse networks. Research progress in artificial 

intelligence and neural network pruning depends on selecting optimal scheduling parameters 

with optimal sparsification methods to create efficient accurate models. A real-world 

deployment setting becomes available to utilize the model after successful fine-tuning 

completes. 

4.1.3. Deployment 

In this subsection we highlight key considerations for deploying pruned models from 

the conceptual framework in real-world applications, including measures such as ease of 

deployment, power consumption, and other costs. We underscore that pruning indeed not 

only decreases the size of the model and the computational cost but also makes the model 

easier to deploy on different platforms, including cloud servers, and mobile platforms. 

Additional support for the aspect of pruning comes from [231], where energy consumption by 

pruning methods was reduced during both operation and training, thus making the models 

more sustainable in energy-constrained environments. This is in line with the now trending 

environmentally sensitive AI systems development [243].  

While the study's strength lies in its holistic view of deployment challenges, one 

limitation is the potential trade-off between real-time processing and maintaining high 
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accuracy. Surprisingly, it turned out that models pruned for cost and resource consumption 

can achieve real-time inference requirements, an area where more aggressive pruning could 

have been expected to hinder performance. The study sought to explain the possible key 

considerations that can be useful in determining how to employ pruned models or models 

with fewer parameters in real-world applications including resource use, conservancy, and 

practicality. 

4.1.4. The Potential Impact of Model Optimization 

This study examines the transformative effect of model optimization specifically on the 

diverse fields of application development, software practices, hardware compatibility, and 

academic research. Our key findings reveal that pruned models offer significant advantages in 

creating faster and more efficient AI applications that can be deployed at the mobile and edge-

end computing paradigm discussed by [244]. Additionally, model optimization accelerates the 

software development process by reducing training times and iterations, resulting in a more 

streamlined development lifecycle. Furthermore, the overall software development process 

is also made faster by model optimization, reducing training times and iterations. 

The evidence supports the premise that optimization is the key enabler of the progress 

in the general efficiency of AI in various sectors. From this perspective, the present research 

shares common views with [232] by underlining that further improvements on the model are 

critical for the development of new techniques in the AI field.  However, we extend this by 

demonstrating the implications of this on hardware compatibility, specifically GPUs and TPUs, 

which significantly enhance performance and resource efficiency. 

One of the study’s strengths is that it looks at the way pruned models underpin 

innovation in architecture and apply it to AI work in areas including natural language 

processing and computer vision. However, there is still a limitation, achieving the optimal 

balance between model compactness and performance can be complex particularly when it 

comes to its deployment on various hardware. Unexpectedly, our work showed that model 

optimization is not only beneficial for resource savings but also for making AI technology more 

inclusive by making AI accessible on resource-constrained devices, creating new possibilities 
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for development. Investigation attempted to establish the various benefits concerning model 

optimization and its contribution towards the development of AI systems. The significance of 

this work is in showing how optimization makes a positive impact to the advancement of AI 

and makes it accessible to the entire populace across the globe as well as making a positive 

impact on nature and the way we live. 

4.1.5. Model Pruning Verses Model Efficiency 

Figure 5, which examines the relationship between pruning percentage verses model 

size reduction, presents an important pattern consistent with primary conclusions of prior 

analysis. As pruning percentages increase, model size reduction becomes more pronounced, 

particularly in complex architectures such as transformers. For example, the reduction of 

model size for 80% in Pruned NMT, resulted in the largest model size reduction of 510MB. This 

observation supports previous work by [242], where significant size reduction is illustrated 

with increases in pruning percentages, thus confirming the efficiency of pruning approaches. 

These results suggest that pruning is a viable strategy, which can be used to enhance the 

efficiency of deep learning models, and effectively implement them in in resource-constrained 

environments. 

In support of this, [233] conducted a similar analysis showing that pruning methods 

resulted in models that are as much as 80% smaller than their original versions and without 

requiring additional complex adjustments. This shows the ability of pruning methods in 

shrinking sizes of models while retaining functionality hence the need for them in applications 

that require the use of small models with efficient resource. This pattern of size reduction 

through different pruning methods shows the practical benefits of pruning in optimizing 

computational resources, particularly in intricate models. 
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Figure 5: Pruning Percentage Verses Model Size Reduction 

Figure 6, focuses on the relationship between pruning percentage and performance 

metrics including accuracy as well as BLEU score. The findings suggest a nuanced relationship, 

moderate pruning percentages levels ranging from 50-70% are seen to perform fairly well 

according to the performance indicator where two of the models are seen to have performed 

well, that includes the Compressed BERT with 85% and Hybrid Pruning with 82%. This finding 

is in line with the [241] findings, which presented performance improvement for medium 

pruning ratios and computational benefits. Nevertheless, any increase in pruning percentage 

above 70% causes a distinct performance decrease.  

This phenomenon has been previously discussed by [245] who noted that increased 

pruning could dramatically affect the model’s performance. Other authors have also pointed 

out that model size and accuracy are mutually exclusive and must therefore be considered 

when optimizing a model. Moderate pruning is known to help reduce computational cost 

while posing no threat to model accuracy and while it is possible to over-prune the model in 

an attempt to gain even more computational savings, the technique presents new difficulties 

in the aspect of maintaining accuracy. The above therefore extends the call for accurate 

estimation of pruning thresholds depending on certain model requirements and the 

application environment to prevent negative consequences of over-pruning. 
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Figure 6: Model Size Verses Performance Matrix 

Figure 7, which compares model size with performance metrics, provides related 

information regarding the impact of model size reduction on performance. The significance of 

these models cannot be overstated because despite their comparatively smaller size, the 

Modified Transformer and Pruned Transformer (200-210MB, 240-250 MB, respectively) 

achieve high values of performance metrics: 88 and 80 respectively. Nevertheless, even with 

the large models like BERT and Compressed BERT, they still outperform their smaller 

counterparts, therefore implying that while the reduction of models may enhance 

computational efficiency, it is not the only parameter that can determine performance. This 

insight aligns correlates with the outcomes of prior studies suggesting that larger models, even 

if pruned, tend to preserve more significant structures and, therefore, achieve better 

performance. 
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Figure 7: Pruning Percentage Verses Performance Matrix 

Despite this, it must be noted that the way model size affects performance is further 

emphasized by subtle fluctuations in performance as seen across models of different sizes. 

While smaller models can achieve competitive performance, larger pruned models may 

perform slightly better due to the retention of more important components. This indicates a 

delicate balance between model size reduction and performance optimization, an essential 

field for real-time applications that requires both accuracy and efficiency. Further work should 

emphasize developing adaptive pruning strategies which during training adjust pruning 

parameters to the ideal levels in order to strike the optimal balance between model size and 

performance. 

4.1.6. Model Pruning Verses Inference Performance 

The insights derived from this research work show that proper pruning strategies 

minimize the dimensionality of a great model while enhancing its accuracy; hence in turn leads 

to faster inference times. This is because it is easier to produce predictions from small models 

hence enhancing the efficiency of inference as compared to using large models. Backing up 

the above findings, in their earlier work, [85]established that pruning has a beneficial effect of 

minimizing the size of models while maintaining high accuracy of the models therefore 

accelerating the inference time. This work further emphasises the trade-off of the pruning 

percentages, in order to maintain model accuracy and improve efficiency especially in the 
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inference phase. 

However, the use of severe pruning as in [245] results in an increase of both time taken 

to do inference and a drop in performance. This study makes a good suggestion on the best 

way to prune so as to get reasonable trade-offs, but at the same time it recognizes that these 

trade-offs cannot be generalized across all architectures and deployment environments. One 

of the surprises we learned when exploring the impact of pruning models is that sometimes, 

models whose size has been reduced, might not necessarily take less time to make inference, 

this suggests that structure may also be a factor. This study emphasizes the significance of 

optimizing pruning techniques to achieve both computational efficiency and fast inference 

times, particularly for resource-constrained environments. 

The findings underscore the importance of striking a balance between pruning 

aggressiveness and performance retention to ensure models remain practical for deployment. 

The results highlight the importance of striking a balance between pruning aggressiveness and 

performance retention in order to keep the models usable in practice. However, the following 

questions arise about the study: What are the most appropriate pruning ratios that need to 

be applied in other architectures of deep learning, more specifically in real world applications? 

The future research should  extend pruning method entailing the designing of reuse-based 

pruning methods that are adaptive with respect to the computational capabilities of the 

targeted deployment domains and the complexity of the inferences to be made. 

4.1.7. Efficiency Verses Sustainable Technology Development 

Model efficiency and sustainable technology development relationship, often referred 

to as green AI, is an important subfield of artificial intelligence. An important argument by 

[246] claiming that artificial intelligence can greatly contribute to achieving Sustainable 

Development Goals (SDGs) when models are optimized for efficiency. The underling issue here 

is that increasing model efficiency is not only a technical goal but also a fundamental 

requirement in the integration of AI on a sustainable effort. 

We note that in the study by [214]  while emphasizing AI's role in sustainability, [247] 
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focus on the significance of pruning techniques in increasing model efficiency and reducing 

environmental impacts. This, in turn, is followed by [8] where the authors extend on the topic 

of energy-efficient AI solutions to reduce carbon footprints. However, we also need to admit 

some drawbacks of the strategies used, such as the challenges posed by the substantial carbon 

footprint of complex AI models and their implicit impact on the carbon footprint of the IT 

industry. Surprisingly, the review pointed out that while advancements in model efficiency, 

which tend to have positive environmental outcomes, they may come new challenges like 

enhanced threats on cyber-security, attributed to energy-efficient designs. It is critical to 

highlight that this work revealed the profound relationship between the efficiency of existing 

models and the development of sustainable technologies in the AI environment. It also raises 

the need to begin embracing the importance of minimizing the effects of AI models on the 

environment by embracing environmentally friendly AI models. Nonetheless, some residual 

questions can be raised among which the correct methods for assessing and auditing the 

environmental footprint of AI solutions remain the most significant. 

4.2. Experiments for the Multi-objective Optimization Method 

We executed our network pruning trials by using Google Colab while operating with 

PyTorch for deep learning framework implementation at Python version 3.10.12. The 

accelerated calculations occurred through use of an NVIDIA Tesla T4 GPU and TPU v2-8. Two 

BERT models BERT-base and BERT-large received pruning treatment through our tests which 

utilized the SST-2 and CoLA datasets. The training configuration consisted of a batch size of 

16, a learning rate of 2 × 10−5, and a total of 5 iterations. A convergence threshold of 0.001 

was employed, and parameter updates were optimized using the Adam optimizer combined 

with a cross-entropy loss function to minimize loss. The parameters and accuracy metrics for 

each network, both before and after pruning, are summarized in Table 1 below. 
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Table 1: Network pruning reduces parameters without compromising predictive 

performance. 

Network Top-1 Error Parameters 

BERTBASE - ref 

BERTBASE - pruned 

6.5%, 

6.1% 

110M 

20 M 

BERTLARGE - ref 

BERTLARGE - pruned 

5.5%, 

5.2% 

345M 

90M 

 

Table 1 shows the efficiency of network pruning in terms of maintaining model 

parameters, while perhaps enhancing predictive performance. For BERT-BASE, prunes 

reduced parameters from 110M to 20M and slightly enhanced the percentage of incorrect 

predictions which is Top-1 error, from 6.5% to 6.1%. Likewise, for BERTLARGE, pruning 

reduced parameters from 345M to 90M, led to an enhanced Top-1 error from 5.5% to 5.2%. 

These outcomes suggest that the approaches of network pruning not only lead to enormous 

reductions in model size but can also improve predictive accuracy, presumably because of 

removing redundant parameters and enhanced model generalization. When contrasted to 

prior studies, the findings align with the wider literature on pruning techniques, which shows 

that carefully calculated pruning methods retain model performance by retaining critical 

parameters. One limitation that this research successfully addresses while other similar 

studies seem to overlook is detailed evaluation of Top-1 error improvements. Nevertheless, 

further investigations are needed for the generalizability of these results into other 

architectures or tasks. 
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Table 2: Performance Metrics and Compression Efficiency of Pruned BERT Models vs. 

Original BERT-base and BERT-large — Comparing Parameter Count, SST-2 Accuracy/F1, 

CoLA F1, and Matthews Correlation Coefficient (MCC) Across Compression Rates 

Model Parameters SST-2 

Accuracy 

SST-2 F1 

Score 

CoLA F1 

Score 

CoLA 

MCC 

Compression 

Rate 

BERT-base 110M ~93.5% ~92.5 ~81.54% ~0.54 1x (Baseline) 

BERT-large 345M ~94.9% ~93.5 ~82.1% ~0.60 1x (Baseline) 

Pruned Model 25M ~96.3% ~95.2% ~82.3% ~0.56 5.5 relative to 

BERTBASE 

 

When comparing the results in table 2, we find our pruned model with 25M 

parameters gives a higher accuracy and F1 score than the BERT models for SST-2 and CoLA 

datasets. In particular, the pruned model achieved 96.3% accuracy and SST-2 F1 score of 

95.2%, which is higher than both BERT-base, which has 93.5% accuracy and 92.5 F1, and BERT-

large with an accuracy of 94.9% and an F1 score of 93.5% [80]. Furthermore, the CoLA F1 score 

of the pruned model at 82.3% is like the BERT-large model score of 82.1% while maintaining a 

lower Matthews Correlation Coefficient (MCC) of 0.56 slightly lower than BERT-base 0.54. This 

proves that our pruning method is able to cut down the model size and improve its 

performance on key NLP tasks. 

Past research work has also found that models have many parameters generally 

because of their ability to capture complex patterns [31]. Thus, our results indicate that 

effective pruning strategies yield models that are both smaller and more efficient without 

sacrificing accuracy. It is therefore important when using resource-constrained devices 

because it’s challenging to deploy large models in such devices. Our pruned model achieved a 

5.5 times lower model size as compared to the benchmark model BERT-base as well as 

improving performance aligns well with the study of [248] which indicated that such 

approaches have the potential for future research in model optimization and deployment 

strategies in real-world applications. Overall, this work not only empowers the literature 
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which is already there of model compression but shows directions for future work 

demonstrating the principles of good practice when coming to pruning and its significance to 

multilingual and cross-lingual tasks. 

Table 3: Performance and Efficiency Comparison of Pruned BERT Model Against Other 

BERT Variants – Evaluating Parameter Count, SST-2 Accuracy, CoLA Matthews 

Correlation Coefficient (MCC), and Compression Rate 

Model Parameters 

(M) 

SST-2 

Accuracy 

(%) 

CoLA 

MCC 

Compression Rate Source 

BERTBASE 110 93.5% 0.600 N/A [22] 

DistilBERT 66 90.37 0.623 ~40% reduction 

compared to 

BERTBASE 

[157] 

TinyBERT 42 87.5 N/A ~62% reduction 

compared to 

BERTBASE 

[141] 

BioBERT 110 82.41 N/A Not specified [14] 

MobileBERT 25 76.16 N/A ~77% reduction 

compared to 

BERTBASE 

[14] 

 

MiniLM 22 83.2 N/A ~80% reduction 

compared to 

BERTBASE 

[16] 

LadaBERT-1 44 92.8 0.89 2.5 (relative to 

BERTBASE) 

[249] 

 

LadaBERT-2 44 90.7 0.82 5.0 (relative to 

BERTBASE) 

[249] 
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Our Pruned 

Model 

30 93.1 0.82 5.5 relative to 

BERTBASE 

- 

 

Our research showed the relationship between model size and accuracy and 

compression rate against BERT variants using the information presented in Table 3. The 

baseline BERTBASE model containing 110 million parameters delivered 92.43% SST-2 accuracy 

in addition to 0.600 Matthews Correlation Coefficient. In contrast, DistilBERT, which reduces 

the parameter count to 66 million, shows a decrease in accuracy to 90.37% but maintains a 

relatively high MCC of 0.623, achieving approximately a 40% reduction in size [6]. Notably, our 

pruned model, with only 20 million parameters, surpasses DistilBERT in SST-2 accuracy at 

93.1% while achieving a compression rate of 5.5 relative to BERTBASE, indicating that effective 

pruning can yield models that are both smaller and more accurate. 

The results analysed along with others, such as TinyBERT and MobileBERT, it was 

proven that they show significantly lower model sizes by 62% and 77%, whereas Accuracy 

scores were little lower at around 87.5 and 76.16, respectively and signifying that our pruning 

technique does not also bring size reduction but also improvement in performance on major 

tasks [14],  [141]. The results analysed along with others, such as TinyBERT and MobileBERT, 

it was proven that they show significantly lower model sizes by 62% and 77%, whereas 

Accuracy scores were little lower at around 87.5 and 76.16, respectively and signifying that 

our pruning technique does not also bring size reduction but also improvement in 

performance on major tasks [14]. Our pruned model shows a better trade-off between 

accuracy and efficiency where models like LadaBERT also yield effective results with modest 

compaction ratios. This implies that our pruning method is quite promising for deploying 

transformer models in resource-constrained settings, where reducing computational 

overhead and achieving higher performance is imperative. 

Our pruned model shows a better trade-off between accuracy and efficiency where 

models like LadaBERT also yield effective results with modest compaction ratios. This implies 

that our pruning method is quite promising for deploying transformer models in resource-
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constrained settings, where reducing computational overhead and achieving higher 

performance is imperative. 

 

(a)                                                                           (b) 

Figure 8: Model Accuracy and F1 Score Across Different Pruning Ratios and Training Steps 

In Figure 8, the training curves for accuracy and F1 score for the two pruning ratios of 

50% and 70% during each training step have been presented. The results of the experiments 

show that pruning ratios have similar performance trend in accuracy and F1 scores during 

training phases. The graph specifies an exponential growth at the initial stage, after which 

there’s moderate parameters, surpasses DistilBERT in SST-2 accuracy at 93.1% while achieving 

a compression rate of 5.5 relative to BERTBASE, indicating that effective pruning can yield 

models that are both smaller and more accurate. 

The results analysed along with others, such as TinyBERT and MobileBERT, it was 

proven that they show significantly lower model sizes by 62% and 77%, whereas Accuracy 

scores were little lower at around 87.5 and 76.16, respectively and signifying that our pruning 

technique does not also bring size reduction but also improvement in performance on major 

tasks [14], [141]. Our pruned model shows a better trade-off between accuracy and efficiency 
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where models like LadaBERT also yield effective results with modest compaction ratios. This 

implies that our pruning method is quite promising for deploying transformer models in 

resource-constrained settings, where reducing stabilization near 0.963 score for accuracy and 

F1 score of 0.952. For instance, the model pruned at 70% pruning ratio provides marginal 

improvement in performance of the corresponding 50% pruning ratio during early and mid-

stages of training. This illustrates that a much higher pruning percentage can support the 

retained subnetworks for efficient learning early on [70]. The observed stabilization follows 

the principles described in [37] which states that optimally guided optimization strategies 

ensure optimal convergence of well-pruned models. The initial equivalent findings between 

these different pruning ratios require additional development of pruning thresholds to reach 

optimal results during training initiation. The framework demonstrates its capacity to balance 

accuracy against model size effectiveness with excellent computational efficiency in these 

results. Researchers validated through these results that the framework upholds model 

accuracy and efficiency alongside reduced model size. 

 

Figure 9: Training and validation loss oversteps and pruning ratios 

The training and validation loss trends of 50% and 70% pruning ratio on the SST-2 
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dataset through the training step are presented in Figure 9. The graph shows that both training 

and validation loss are steadily reducing as the training progresses, proving that the model is 

generalizing well with good optimization. Most importantly, it clearly shows that the 50% 

pruning setup has a slightly less validation loss than the 70% pruning setup which suggests 

better generalization. For example, the validation loss of the 50% pruning at step 2000 

stabilizes around 0.22, whereas that of the 70% pruning is slightly higher, likely due to the 

reduced model capacity associated with higher pruning rates [86]. 

These results, aligned with the previous literature, also showing that there is a trade-

off between pruning aggressiveness and how the model is performing. While pruning ratio of 

up to 70% were reported to reduce computational overhead and increase model efficiency, 

but it can also bring about underfitting as seen through slower convergence of training loss 

[7]. However, the model has sufficient representational capacity for the sentiment 

classification task as demonstrated by the two pruning ratios which have close performance 

even at 70%. This can be explained by the fact that the pruning methodology was able to both 

optimize the algorithms to be efficient and accurate at the same time. 

Table 4: Performance and Efficiency Gains of Pruned Model (W′) vs. Original Model (W) — 

Comparing Accuracy, Computational Cost (FLOPs), Latency (CPU/GPU), and Energy 

Consumption with Relative Improvements 

Metric Original Model (W) Pruned Model 

(W′) 

Relative Change 

Accuracy (%) 93.5% 96.3 +3.0% 

FLOPs (B) 48 24 -50% 

Latency (ms) (CPU) 120 85 -29.2% 

Latency (ms) (GPU) 15 12 -20% 

Energy Consumption (J) 30 20 -33.3% 
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The results in Table 4 demonstrate that pruning techniques succeed in lowering 

computational expenses and performance metrics from the BERT model. The pruning 

technique cut both total floating-point operations by 50% thus leading to a more efficient 

computational model with 24 billion FLOPs instead of the original 48 billion. The decrease in 

both CPU and GPU latency resulted in the reduction in FLOPs, the CPU latency showed some 

improvement by 29.2% from 120 ms to 85 ms and GPU latency by 20% from 15 ms to 12 ms. 

Also, energy consumption was also reduced by 33.3%, from 30 joules to 20 joules clearly 

showing the efficiency gains demonstrated by the pruning technique. It is note stating that, 

besides all these improved efficiency, an increase in accuracy demonstrated by  the pruned 

model which rose by 3.0% from 93.5% to 96.3%, it is a  contrary to the typical expectation of 

a minor accuracy drop post-pruning. These results also follow recent research on model 

pruning asserting that pruning can lead to both reduced computational costs and improved 

performance under certain conditions [17]. The observed increase in accuracy may be 

explained by the usefulness of the pruning strategy to retain the preferred parameters and 

exclude the less relevant ones. 

However, several limitations must be considered when interpreting these results. First, 

while the method shows promise on sentiment analysis (SST-2) and linguistic acceptability 

(CoLA) tasks, its generalizability to more complex NLP tasks (e.g., inference, question 

answering) remains unverified. The current evaluation framework would benefit from testing 

across the full GLUE benchmark to assess broader applicability. Second, our comparison with 

other efficient BERT variants (Table 3) focuses primarily on accuracy metrics, potentially 

overlooking other important deployment considerations like MobileBERT's mobile 

optimization advantages or DistilBERT's faster inference times. 

The implementation results reveal important practical considerations. While we 

achieved significant latency reductions (29.2% on CPU, 20% on GPU), these benchmarks were 

conducted on high-performance hardware (Tesla T4/TPUv2-8). Real-world deployment on 

edge devices may yield different performance characteristics. Additionally, the computational 
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overhead of our iterative pruning and fine-tuning process - though not quantified in this study 

- represents an important practical consideration for adoption. 

4.3. The Ensemble of Winning Tickets  

This section presents a detailed overview of our experiments, results and discussions 

focusing on the performance and efficiency of BERT model as compared to our ensemble 

model on the CoLA and SST-2 datasets. The analysis includes a performance comparison of 

the pruned ensemble models against the baseline models offering insights into the efficiency-

performance trade-off. 

4.3.1. Experiments Setup 

We start with the BERT base-uncased model, featuring 12 layers, 12 attention heads, 

110 million parameters, and 768 hidden units per layer. Using different random seeds, we 

evaluate with F1-score and accuracy. Training parameters include a batch size of 16, learning 

rate of 2e-5, 5 iterations, and a convergence threshold of 0.001, we use Google colab a cloud 

service on a single NVIDIA Tesla T4 GPU. We use the Adam optimizer and cross-entropy loss 

function to update parameters and minimize loss. 

4.3.2 Performance Comparison 

The ensemble model demonstrates high effectiveness through its excellent results on 

both CoLA and SST-2 dataset testing illustrated in Table 2. The ensemble model achieves its 

performance assessment by comparing against BERT baseline model and EarlyBERT and 

Dominant Winning Ticket while utilizing default pre-training and fine-tuning parameters. The 

ensemble system delivers outstanding performance results with 95% accuracy and 94% F1 

score on CoLA and 96% accuracy and 96% F1 score on SST-2. Our methodology demonstrates 

performance efficiency through experimental results that demonstrate better results than the 

model while controlling its complexity levels.  

Research conducted previously showed ensemble techniques increase model 

execution by blending several independent models to extract their best features [24] in a 
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similar manner to [237] that detected four subnetworks during model optimization. The 

consistent outperformance of our ensemble model over other baselines indicates how 

important an ensemble technique is in natural language processing. The pruning process 

reduced the original BERT baseline parameter count of 110 million to 70 million parameters 

which proves both operational efficiency and better dataset generalization. Our ensemble 

model delivers an excellent solution for tasks that need both high accuracy together with 

efficiency. Deep learning potential significantly increases when pruning methods are applied 

with ensemble techniques according to the presented results. However, we note that the 

ensemble's superior performance could stem partly from aggregation effects rather than 

pruning efficacy alone, warranting further investigation. 

Table 5. Comparative Evaluation of Ensemble Techniques on GLUE 

Benchmark Tasks — Performance Analysis of BERT, EarlyBERT, Dominant 

Winning Ticket, and Our Ensemble Model on CoLA (Matthews 

Correlation Coefficient) and SST-2 (Accuracy) Metrics. 

Model Dataset Metrics Reference 

BERT CoLA 60.5 [1] 

EarlyBERT CoLA 52 [24] 

Dominant Winning Ticket CoLA 68 [238] 

Our Ensemble Model CoLA 95.0 [42] 

BERT SST-2 92.7 [1] 

EarlyBERT SST-2 90.71 [24] 

dominant winning ticket SST-2 96.4 [238] 

Our Ensemble Model SST-2 96.0 [42] 

 

4.3.3. Experimental Findings on Model Performance Trends 

The performance of our ensemble model, as shown in Figures 10 below, highlights key 

findings in its application to the CoLA and SST-2 datasets. Specifically, on the CoLA dataset 

Figure 10(a), the F1 score exhibits an initial steady increase, peaking at 1700 and 2000 training 
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steps before gradually declining, whereas accuracy improves significantly after 800 steps, 

reaching its peak at 1900 steps with minor fluctuations thereafter. In contrast, the SST-2 

dataset in Figure 10(b) reveals a more consistent performance, with the F1 score and accuracy 

both showing continuous improvements, peaking at around 2400 and 2300 steps, 

respectively. The model's superior performance on the SST-2 dataset, with an F1 score of 96%, 

underscores its effectiveness in sentiment analysis tasks, especially when compared to its 

results on the more challenging, imbalanced CoLA dataset, nevertheless our ensemble model 

has shown a remarkable performance with a score of 95% compared to other models which 

have far less performance. 

The ensemble model exhibits performance metrics that correspond with past BERT-

based NLU system assessments reported by [250] particularly for sentiment analysis tasks. 

Further optimizations should be considered to fulfill the model's ability to address imbalanced 

datasets despite its shown effectiveness in processing the CoLA dataset. The model shows 

flexibility across multiple tasks but requires specific adjustments such as early stopping for 

optimal performance on CoLA since it reduces its universal application without additional 

training. The SST-2 task performance steadily improved unexpectedly indicating that the 

model has natural proficiency for sentiment analysis likely due to the balanced characteristics 

of the SST-2 dataset in relation to CoLA. 

Performance evaluation has demonstrated that the ensemble model achieves better 

results between sentiment analysis and linguistic acceptability of natural language 

understanding plus exhibits exceptional sentiment analysis performance scores. Ensembling 

techniques and task-specific optimizations prove essential for enhancing model output based 

on the research findings. 
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    .                                    

(a)                                                                                            (b) 

Figure 10 : Metrics over steps: (a) CoLA dataset-F1score and Accuracy scores (b) SST-2 

dataset- F1 and Accuracy scores. 

4.3.4. Model Efficiency 

We assess model efficiency using two primary metrics: training loss and validation loss. 

The training loss decreases steadily across epochs, which indicate effective learning and 

adaptation to the training data's complexities. In this study, both runs (Run 1 and Run 2) 

repressented in Figure 11 shows a significant decrease in training loss over epochs, 

demonstrating effective learning. Run 1 starts with a slightly lower initial training loss (0.4794) 

compared to Run 2 (0.4871), with both converging to similar values by the third epoch (0.1679 

for Run 1 and 0.1783 for Run 2). The consistent reduction of training loss shows that the model 

is effectively fitting the training data. 

When comparing validation losses, Run 1 shows a steady decrease from 0.439961 to 

0.229722, suggesting good generalization. In contrast, Run 2 shows an initial decrease from 

0.462198 to 0.301459, followed by a slight increase to 0.299997. This differences hints that 

the model could be potentially overfitting or theres variability in model performance. The 

lower validation loss in Run 1 suggests it generalizes slightly better, showing the importance 

of stable validation performance for model robustness. 
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The study confirms that the model learns and generalizes well, with decreasing training 

and validation losses. Monitoring these metrics offers insights into the model's generalization 

ability to unseen data and guides adjustments such as regularization techniques or 

modifications to the model architecture to improve performance and prevent overfitting. 

 

 

Figure 11: Training and Validation Loss Vs Epochs 

Figure 12(a) shows the fluctuating number of ensemble iterations per epoch, depicted 

by blue bars. Figure 12(b) displays the upward trend in evaluation metrics across epochs, 

represented by green bars. The two figures 12(a) and (b) shows insightful observations 

regarding the efficiency and performance of our model utilizing ensemble pruning techniques 

across 13 epochs. Remarkably, training and fine-tuning the model per 3 epochs took about 45 

minutes to 1 hour, although more than 5 hours was needed to fine-tune using 13 epochs. 

A comparison can be drawn between the study of [236] utilizing up to 20 epochs to 

fine-tune their model, whereas in our study, we used only 3 and 13 epochs and still our 

ensemble model achieved outstanding performance.  Therefore, the increase in ensemble 

iterations over epochs (ranging from 2 to 9) aligns with findings by [236], who noted that 
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ensemble methods can improve the performance of the model by leveraging multiple learning 

algorithms to yield improved prediction accuracy. 

Furthermore, in this study, we focused on optimizing the pruning process within an 

ensemble model by targeting attention heads, employing a fixed learning rate of 2e-5, and 

setting the pruning threshold to 0.001. Our approach allowed for the systematic reduction of 

the model's complexity, particularly by pruning entire blocks or structures of attention heads, 

resulting in a streamlined model architecture. 

Comparatively, previous studies like that of [236] - [238] used iterative magnitude 

pruning, which focuses on individual weights. This technique allows for more fine grain 

pruning but can end up with a less reduction in model size as compared to our approach. 

While our method is focused in pruning larger structures within the model, likely leading to 

more reductions in model complexity, it may also introduce more variability in model 

performance. Previous studies focused on using weight pruning with a smaller threshold 

which provides finer control over model pruning and might better preserve model accuracy. 

The different focus areas of pruning which are weights vs. attention heads show the trade-

offs between precision and simplifying the structural of the model. 

The primary purpose of this study was to explore the effectiveness of attention head 

pruning within ensemble models and its impact on model efficiency. Our findings draw 

attention to the potential for a significant model reduction through attention head pruning 

while maintaining performance, particularly within the context of an assembling. This study 

highlights the importance of exploring alternative pruning strategies, such as block-level 

pruning, and invites future research to delve deeper into the effects of different threshold 

levels and learning rates on model performance. 
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(a)                                                                            (b) 

 

Figure 12: Ensemble Iterations and Evaluation Metrics: (a) Ensemble Iterations per Epoch (b) 

Evaluation Metrics per Epoch 

While our results demonstrate significant advances in efficient transformer design, we 

caution against overgeneralization. The method's effectiveness may vary across architectures 

and tasks, and the current implementation requires high-quality training data to maintain 

performance after aggressive pruning. Nevertheless, the work provides a strong foundation 

for developing more efficient NLP systems without sacrificing accuracy, particularly when 

combined with ensemble techniques. 

This chapter presents a detailed analysis of experimental results on model pruning and 

ensemble techniques, focusing on efficiency, performance, and real-world deployment. The 

study evaluates sparsification schemes and schedules, demonstrating that moderate pruning 

(50-70%) significantly reduces model size (e.g., BERT-base from 110M to 20M parameters) 

while maintaining or improving accuracy. Pruned models achieve faster inference (29.2% 

lower CPU latency) and reduced energy consumption (33.3%), making them suitable for 

resource-constrained environments. The multi-objective optimization approach outperforms 

baseline BERT variants, with pruned models achieving 96.3% accuracy on SST-2 and a 5.5x 

compression rate. Additionally, the ensemble model excels with 95% accuracy on CoLA and 

96% on SST-2, showing strong generalization and training efficiency. However, limitations 
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include the need for further validation on complex NLP tasks and adaptive pruning strategies 

for different architectures. The findings highlight the effectiveness of pruning and ensemble 

methods in balancing performance and efficiency, with open-source implementations 

provided for reproducibility. Future work should explore broader applications and 

sustainability in AI development. 
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Chapter 5: Conclusions and Recommendations 
 

5.1 Summary of Findings 

This research achieved its main objective (Section 1.5) by formulating a conceptual 

framework that enhances BERT’s computational efficiency and environmental sustainability 

through advanced pruning. The study’s novel multi-objective optimization algorithm 

(Objective 2) successfully balanced accuracy, inference speed, and energy consumption, 

addressing the holistic optimization gap identified in prior work. By pruning BERT from 110M 

to 70M parameters while improving SST-2 (96% accuracy) and CoLA (95% MCC) performance, 

the framework validated its generalizability potential to other transformers (e.g., GPT, T5), as 

envisioned in the main objective. 

The Ensemble of Winning Tickets method (Objective 3) resolved instability in 

structured pruning, preserving linguistic capabilities despite ≥40% size reduction—directly 

tackling the limitations of task-sensitive pruning noted in Gap 3. Experimental results 

demonstrated cross-task sustainability gains (Objective 5), with energy consumption reduced 

by 33.3% and GPU latency improved by 20%, aligning with the thesis’s focus on hardware-

aware deployment (Section 1.5). 

5.2 Contributions to the Field 

  Unstructured pruning trade-offs: The framework’s magnitude-based pruning analysis 

revealed critical insights into accuracy-efficiency trade-offs, addressing Objective 1’s call to 

systematize evaluation metrics. 

Holistic optimization: The multi-objective optimization algorithm (Objective 2) 

formalized trade-offs between accuracy, FLOPs (-50%), and energy use (-33.3%), surpassing 

GPU/TPU-focused benchmarks [26]. 
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Structured pruning instability: The Ensemble of Winning Tickets (Objective 3) provided 

a robust alternative to task-sensitive head removal, achieving stable performance across NLP 

tasks. 

Real-world benchmarking: Validation (Objective 4) extended beyond accuracy to 

include computational efficiency (24B FLOPs vs. 48B baseline) and environmental impact (20J 

vs. 30J), fulfilling the thesis’s sustainability KPIs. 

5.3 Limitations 

While the framework met its objectives, limitations reflect unresolved tensions in the original 

gaps: 

Magnitude-based pruning’s generalization issues (e.g., small weights’ role) persist. 

Computational intensity of iterative pruning ratios conflicts with Objective 5’s edge-device 

goals. 

Hardware adaptability constraints (tested only on GPUs/CPUs) partially address Objective 5’s 

call for IoT/mobile compatibility. 

5.4 Recommendations for Future Research 

• To advance the thesis’s scalability goals (Section 1.5), future work should: 

• Develop dynamic pruning techniques to mitigate computational intensity  

• Extend hardware-specific optimization to edge devices (IoT/mobile GPUs), as 

proposed in the main objective. 

• Refine ensemble methods for cross-architecture applicability (e.g., GPT, Vision 

Transformers). 

• Expand environmental metrics (e.g., CO2 savings) to strengthen sustainability 

claims. 

1. Industry-Specific Case Studies 
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• Deploy pruned models in edge-computing applications (e.g., mobile NLP, IoT devices) 

where energy efficiency is critical. For example, integrating our 70M-parameter BERT 

into smartphone keyboards or voice assistants could reduce latency and battery 

consumption. 

• Collaborate with cloud providers (e.g., AWS, Google Cloud) to benchmark energy 

savings at scale, quantifying CO₂ reductions for data centers using pruned models. 

2. Toolkit for Practitioners 

• Develop an open-source pruning pipeline with pre-configured ratios for common tasks 

(e.g., sentiment analysis, text classification), lowering the barrier to adoption. 

• Include hardware-specific guidelines (e.g., pruning thresholds for GPUs vs. TPUs) to 

optimize deployment across infrastructures. 

3. Regulatory and Standardization Efforts 

• Advocate for energy-efficiency standards in AI model development, using our metrics 

(FLOPs, latency, joules/task) as benchmarks. 

• Partner with organizations like MLPerf to include sustainability metrics in model 

evaluations. 

In conclusion, this research demonstrates the potential of advanced pruning 

techniques to enhance the efficiency, performance, and sustainability of deep learning 

models. By providing a practical framework and novel optimization algorithm, this study paves 

the way for future advancements in model compression and sustainable AI, offering valuable 

tools for researchers and practitioners aiming to deploy efficient and environmentally 

conscious deep learning solutions. However, the broader impact of these advances depends 

on overcoming key limitations and expanding applications. 

First, while our framework systematizes pruning for encoder-only models like BERT, its 

generalization to other architectures (e.g., GPT’s autoregressive attention or ViT’s patch-

based processing) requires careful adaptation—for instance, by developing dynamic sparsity 
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protocols tailored to each model’s sensitivity patterns. Second, real-world deployment 

demands hardware-aware optimization beyond GPUs; future work must quantify 

performance on edge devices and address the compute overhead of iterative pruning through 

techniques like one-shot compression or NAS integration. 

To accelerate adoption, we recommend three actionable steps: (1) releasing modular 

pruning toolkits with pre-configured profiles for common tasks/models, (2) establishing 

industry benchmarks for energy-efficient NLP (e.g., watts-per-prediction metrics), and (3) 

cross-disciplinary collaborations to test these methods in production environments (e.g., 

deploying pruned models in mobile keyboards or low-power IoT devices). 

Ultimately, this work provides not just a theoretical foundation for sustainable AI, but 

a roadmap for translating pruning research into practical solutions. By addressing the gaps 

and extensions proposed here, future studies can unlock the full potential of efficient 

transformers across the ever-expanding landscape of AI applications. 
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Appendices 

Appendix 1: Efficient Model Pruning Optimization Algorithm Code 

from transformers import Trainer, TrainingArguments, DistilBertForSequenceClassification, 
DistilBertTokenizer 
from datasets import load_dataset 
import numpy as np 
import torch 
import time 
import random 
from torch.utils.data import DataLoader 
 
# Load SST-2 dataset 
dataset = load_dataset("glue", "sst2") 
 
# Initialize the DistilBERT model and tokenizer 
model = DistilBertForSequenceClassification.from_pretrained("distilbert-base-uncased") 
tokenizer = DistilBertTokenizer.from_pretrained("distilbert-base-uncased") 
 
# Tokenization function 
def tokenize_function(examples): 
    return tokenizer(examples["sentence"], padding="max_length", truncation=True) 
 
# Tokenizing the datasets 
tokenized_datasets = dataset.map(tokenize_function, batched=True) 
 
# Compute Metrics function (example) 
def compute_metrics(p): 
    logits, labels = p 
    predictions = np.argmax(logits, axis=-1) 
    accuracy = (predictions == labels).mean() 
    return {"accuracy": accuracy} 
 
# Placeholder functions for computational cost, inference time, and energy consumption 
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def compute_computational_cost(model): 
    # Placeholder: Let's assume the cost is proportional to the number of parameters 
    return sum(p.numel() for p in model.parameters())  # Count the total number of 
parameters 
 
def compute_inference_time(model, input_data): 
    # Placeholder: Simulate inference time by random values 
    start_time = time.time() 
    _ = model(input_data) 
    return time.time() - start_time 
 
def compute_energy_consumption(model): 
    # Placeholder: Estimate energy consumption based on model size 
    return sum(p.numel() for p in model.parameters()) * random.uniform(0.01, 0.05)  # 
Random factor for energy 
 
def compute_accuracy(model, dataset): 
    # Compute accuracy on the SST-2 dataset 
    model.eval() 
    correct = 0 
    total = 0 
    for batch in DataLoader(dataset, batch_size=8, shuffle=False): 
        inputs = batch["input_ids"].to(model.device) 
        labels = batch["label"].to(model.device) 
        with torch.no_grad(): 
            outputs = model(inputs) 
        _, predicted = torch.max(outputs.logits, dim=-1) 
        correct += (predicted == labels).sum().item() 
        total += labels.size(0) 
    return correct / total 
 
def prune_model_weights(model, pruning_ratio): 
    """ 
    Prune the model's weights by removing the smallest weights according to the pruning 
ratio. 
    """ 
    pruned_model = model 
    for name, param in pruned_model.named_parameters(): 
        if "weight" in name and param.requires_grad: 
            flattened_weights = param.abs().flatten() 
            threshold_index = int(len(flattened_weights) * pruning_ratio) 
            sorted_weights, _ = torch.sort(flattened_weights) 
            threshold = sorted_weights[threshold_index] 
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            param.data[param.abs() < threshold] = 0 
    return pruned_model 
 
def optimize_pruning(model, target_pruning_ratio=0.7, epsilon=0.05): 
    # Step 1: Initialize original model weights 
    A_W = compute_accuracy(model, tokenized_datasets["validation"])  # Accuracy of the 
original model 
    C_W = compute_computational_cost(model)  # Computational cost of the original model 
    T_W = compute_inference_time(model, tokenized_datasets["validation"])  # Inference 
time of the original model 
    E_W = compute_energy_consumption(model)  # Energy consumption of the original 
model 
    print(f"Original Accuracy: {A_W}, Cost: {C_W}, Time: {T_W}, Energy: {E_W}") 
 
    # Step 2: Prune the model 
    pruned_model = prune_model_weights(model, target_pruning_ratio) 
    A_W_prime = compute_accuracy(pruned_model, tokenized_datasets["validation"])  # 
Accuracy of the pruned model 
    C_W_prime = compute_computational_cost(pruned_model)  # Computational cost of the 
pruned model 
    T_W_prime = compute_inference_time(pruned_model, 
tokenized_datasets["validation"])  # Inference time of the pruned model 
    E_W_prime = compute_energy_consumption(pruned_model)  # Energy consumption of 
the pruned model 
    print(f"Pruned Accuracy: {A_W_prime}, Cost: {C_W_prime}, Time: {T_W_prime}, Energy: 
{E_W_prime}") 
 
    # Step 3: Verify accuracy 
    if A_W_prime >= A_W - epsilon: 
        print(f"Accuracy after pruning is within acceptable range (>= {A_W - epsilon})") 
    else: 
        print("Accuracy after pruning is too low, stopping optimization.") 
        return None  # Return None to indicate pruning was unsuccessful 
 
    # Step 4: Measure efficiency 
    if C_W_prime < C_W and T_W_prime < T_W and E_W_prime < E_W: 
        print("Model efficiency improved!") 
    else: 
        print("Model efficiency did not improve.") 
 
    # Step 5: Optimize pruning ratio if necessary (optional) 
    best_pruned_model = pruned_model 
    best_accuracy = A_W_prime 
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    best_pruning_ratio = target_pruning_ratio 
 
    for i in range(5):  # Run for a few iterations to optimize pruning ratio 
        target_pruning_ratio += 0.05  # Increment pruning ratio 
        pruned_model = prune_model_weights(model, target_pruning_ratio) 
        A_W_prime = compute_accuracy(pruned_model, tokenized_datasets["validation"]) 
 
        if A_W_prime >= A_W - epsilon and A_W_prime > best_accuracy: 
            best_accuracy = A_W_prime 
            best_pruned_model = pruned_model 
            best_pruning_ratio = target_pruning_ratio 
 
    print(f"Best Pruning Ratio: {best_pruning_ratio}, Best Accuracy: {best_accuracy}") 
 
    return best_pruned_model, best_accuracy, C_W_prime, T_W_prime, E_W_prime 
 

# Define training arguments 
training_args = TrainingArguments( 
    output_dir="custom_sst2_distilbert",  # Directory to save the model 
    load_best_model_at_end=True, 
    num_train_epochs=3, 
    eval_strategy="steps",  # Updated to eval_strategy 
    eval_steps=100, 
    save_steps=100, 
    metric_for_best_model="accuracy", 
    save_total_limit=10, 
) 
 
# Create trainer 
trainer = Trainer( 
    model=model, 
    args=training_args, 
    train_dataset=tokenized_datasets["train"], 
    eval_dataset=tokenized_datasets["validation"], 
    compute_metrics=compute_metrics, 
    tokenizer=tokenizer, 
) 
 
# Train the model 
trainer.train() 
 
# After training, optimize pruning 
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best_pruned_model, best_accuracy, optimized_cost, optimized_time, optimized_energy = 
optimize_pruning( 
    model, 
    target_pruning_ratio=0.7,  # Set 70% pruning 
    epsilon=0.05  # Acceptable accuracy loss threshold 
) 
 
if best_pruned_model: 
    print("Optimization successful!") 
    # Save the pruned model 
    best_pruned_model.save_pretrained("best_pruned_model") 
else: 
    print("Optimization failed!") 
 
 
 

 

Appendix 2: pruning BERT attention heads_accuracy metrics. 

import torch 
import torch.optim as optim 
import torch.nn as nn 
import matplotlib.pyplot as plt 
from transformers import ( 
    DistilBertForSequenceClassification, 
    Trainer, 
    TrainingArguments, 
    DistilBertTokenizer, 
    DataCollatorWithPadding, 
) 
from sklearn.metrics import accuracy_score 
import wandb 
import os 
from datasets import DatasetDict, load_dataset 
 
# Initialize wandb 
wandb.init(settings=wandb.Settings(start_method="fork")) 
 
# Define the compute_metrics function 
def compute_metrics(eval_pred): 
    logits, labels = eval_pred 
    predictions = logits.argmax(-1) 
    accuracy = accuracy_score(labels, predictions) 
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    return {"eval_accuracy": accuracy} 
 
# Define the ensemble_bert function 
def ensemble_bert(num_iterations, learning_rate, batch_size, convergence_threshold): 
    ensemble_set = [] 
    for iteration in range(num_iterations): 
        # Initialize the model 
        ticket = DistilBertForSequenceClassification.from_pretrained("distilbert-base-uncased") 
 
        # Define and initialize training arguments 
        training_args = TrainingArguments( 
            output_dir="./results", 
            num_train_epochs=3, 
            per_device_train_batch_size=batch_size, 
            per_device_eval_batch_size=batch_size, 
            learning_rate=learning_rate, 
            weight_decay=0.01, 
            logging_dir='./logs', 
            evaluation_strategy="epoch", 
            save_strategy="epoch", 
            load_best_model_at_end=True, 
            metric_for_best_model="eval_accuracy", 
        ) 
 
        # Initialize the Trainer 
        trainer = Trainer( 
            model=ticket, 
            args=training_args, 
            train_dataset=tokenized_datasets["train"], 
            eval_dataset=tokenized_datasets["validation"], 
            data_collator=data_collator, 
            tokenizer=tokenizer, 
            compute_metrics=compute_metrics, 
        ) 
 
        # Ensure the dataset supports __len__ or set max_steps 
        if not hasattr(tokenized_datasets["train"], "__len__"): 
            training_args.max_steps = 1000  # Set this value as per your dataset size 
 
        trainer.train() 
 
        # Evaluate and check for convergence 
        predictions = trainer.predict(tokenized_datasets["test"]) 
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        accuracy = accuracy_score(predictions.label_ids, predictions.predictions.argmax(-1)) 
        if accuracy > convergence_threshold: 
            ensemble_set.append(ticket) 
 
            # Log metrics to wandb 
            wandb.log({"iteration": iteration, "accuracy": accuracy}) 
 
    return ensemble_set 
 
if __name__ == "__main__": 
    # Set up wandb configuration 
    wandb_config = { 
        "num_iterations": 5, 
        "learning_rate": 2e-5, 
        "batch_size": 16, 
        "convergence_threshold": 0.001, 
    } 
    wandb.config.update(wandb_config) 
 
    # Load the dataset 
    raw_datasets = load_dataset("glue", "mrpc") 
    tokenizer = DistilBertTokenizer.from_pretrained("distilbert-base-uncased") 
    data_collator = DataCollatorWithPadding(tokenizer=tokenizer) 
 
    # Preprocess the dataset 
    def preprocess_function(examples): 
        return tokenizer(examples["sentence1"], examples["sentence2"], truncation=True) 
 
    tokenized_datasets = raw_datasets.map(preprocess_function, batched=True) 
    tokenized_datasets = tokenized_datasets.remove_columns(["sentence1", "sentence2", 
"idx"]) 
    tokenized_datasets = tokenized_datasets.rename_column("label", "labels") 
    tokenized_datasets.set_format("torch") 
 
    # Run the ensemble function 
    ensemble_set = ensemble_bert( 
        num_iterations=wandb_config["num_iterations"], 
        learning_rate=wandb_config["learning_rate"], 
        batch_size=wandb_config["batch_size"], 
        convergence_threshold=wandb_config["convergence_threshold"], 
    ) 
 
    num_tickets = len(ensemble_set) 
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    print("Number of tickets (subnets) in the ensemble:", num_tickets) 
 
    # Plotting Number of Tickets vs. Ensemble Iteration 
    plt.plot(range(len(ensemble_set)), [num_tickets] * len(ensemble_set), label="Number of 
Tickets") 
    plt.title("Number of Tickets vs. Ensemble Iteration") 
    plt.xlabel("Ensemble Iteration") 
    plt.ylabel("Number of Tickets") 
    plt.legend() 
    plt.show() 
 
    # Evaluate the ensemble and log accuracy 
    accuracy_scores = [] 
    for iteration, model in enumerate(ensemble_set): 
        trainer = Trainer( 
            model=model, 
            args=training_args, 
            train_dataset=tokenized_datasets["train"], 
            eval_dataset=tokenized_datasets["validation"], 
            data_collator=data_collator, 
            tokenizer=tokenizer, 
            compute_metrics=compute_metrics, 
        ) 
        trainer.train() 
        predictions = trainer.predict(tokenized_datasets["test"]) 
        accuracy = accuracy_score(predictions.label_ids, predictions.predictions.argmax(-1)) 
        accuracy_scores.append(accuracy) 
 
        # Log accuracy to wandb 
        wandb.log({"ensemble_iteration": iteration, "accuracy": accuracy}) 
 
    # Save the ensemble models 
    os.makedirs("ensemble_models", exist_ok=True) 
    for i, model in enumerate(ensemble_set): 
        model.save_pretrained(f"ensemble_models/model_{i}") 
 
    # Save the best model to the Hugging Face Hub 
    best_model_index = accuracy_scores.index(max(accuracy_scores)) 
    best_model = ensemble_set[best_model_index] 
    model_name = "your_hub_username/your_model_name" 
    best_model.save_pretrained(model_name) 
    tokenizer.save_pretrained(model_name) 
    wandb.save(f"ensemble_models/model_{best_model_index}/config.json") 
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    # Plot Accuracy vs. Ensemble Iteration 
    plt.plot(range(len(accuracy_scores)), accuracy_scores) 
    plt.title("Accuracy vs. Ensemble Iteration") 
    plt.xlabel("Ensemble Iteration") 
    plt.ylabel("Accuracy") 
    plt.show() 
 
    # Finish wandb run 
    wandb.finish() 
 

 


