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Abstract

In the 1980s the world was hit by the HIV/AIDS pandemic which continues to claim a lot of

lives especially in Africa. While a lot has been done since its outbreak in an effort to have it

under control the need for funding continues to grow especially in developing countries. Due

to economic constraints, funds intended for HIV prevention in countries such as Botswana have

declined. In turn, challenges of finding an efficient way to allocate funds optimally emerged. This

study intends to first understand the dynamic of the infection of the disease in the population

of Botswana. Furthermore to analyse two resource allocation techniques commonly used, these

being the equity based model and the cost effectiveness analysis model, in comparison to a

mathematical model called hierarchical optimization allocation method. Cost effectiveness is

a type of economic analysis that assesses the cost and the outcome or benefit of a program.

Another resource allocation model which is commonly used is the equity-based criteria where

funds are proportionally allocated across states or districts in a country according to reported

cases. Optimization is a technique where the best possible solution is chosen from the available

or feasible set of solutions. The focus of this study is on the bi-level optimization where the

decision to get the best possible solution passes through two levels. The number of new infections

and HIV prevalence is used as a measure to compare the outcome of the investment. The results

in the study reveal that bi-level optimization is the best criteria to use to allocate resources as

it has proven to be more efficient in terms of reducing the HIV prevalence at a faster pace, it

is also more cost effective as compared to equity and CEA allocation methods. It was therefore

concluded that bi-level optimization is the recommended technique for allocating HIV prevention

resources and funds.
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1. Introduction

HIV/AIDS pandemic is a crisis that befell the world in the 1980s and has since spread rapidly

across the world. It continues to claim a lot of lives. In the last 20 years, over 60 million people

have been infected with HIV, and of those cases 95% are in developing countries [34] while

today around 37 million people worldwide live with HIV, some of these infected people are not

on treatment.

Over the years a lot has been done to have this epidemic under control. It was only in the

late 80’s that the very first treatment which was called Retrovir was discovered [3]. Before

this other mechanisms such as raising awareness, providing technical and financial support and

many other programs were used as preventive measures. All this has led to millions of dollars

being spent. Although this is the case in 1999 the World Health Organization (WHO) an-

nounced AIDS caused by HIV as the fourth biggest cause of death worldwide and the number

one biggest killer in Africa [14]. In 2001 the United Nations General Assembly called for the

creation of a global fund to support efforts by countries and organizations to try and combat

the spread [6]. This goes to show that from the outbreak of the HIV/AIDS epidemic the level of

needing funding has continued to grow. This is because a lot of resources and funds have been

sourced and distributed as a way of investing in the prevention of HIV and the negative impact

it has made. Various organizations have raised funds to help fight this epidemic especially in

developing countries. In the year 2014 alone USD 19.2 billion was made available globally to

finance the response to AIDS in such countries [6]. There has been provision of free condoms in

some countries and with free antiretroviral therapy which amongst many other things reduces

the viral load of HIV. Further there has been a lot of efforts put in raising awareness about HIV,

all of these done to control the epidemic.

Most, if not all, governments especially in developing countries are aware of the need to allocate

funds and resources optimally for the betterment of its people’s health. That is because cur-

rently a challenge encountered in these countries are declining funds from global organizations

and in turn they are unable to reach the desired impact. According to [4] recent years have seen

a regression, donor funding for the HIV response in low- and middle-income countries declined

by 7% between 2015 and 2016. At the end of 2018, US$19.0 billion was available for the AIDS

response in low- and middle-income countries, almost 1 billion less than in 2017 [55].

Below is a graph depicting Botswana’s allocation of the HIV prevention funds approach in the

years 2013/14 to 2017/18 as shown by [56]

From the graph in Figure 1.1 it is evident that in the years indicated Botswana allocated more
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Chapter 1. Introduction

Figure 1.1: Allocation of HIV funds in Botswana [56]

than half of its HIV funds towards treatment some percentage towards prevention of mother to

child transmission. This sheds some light towards how Botswana may still be allocating its HIV

prevention funds.

Botswana being an upper middle income country faces a huge challenge in sustaining its impres-

sive HIV response as donors increasingly focus on low-income countries. Although Botswana is

known for being the first country to provide free antiretroviral treatment in the Sub Saharan

region it is the fourth highest HIV prevalence in the world. However, with only 370 000 people

living with HIV recorded in 2018, 200 000 are women while the remaining is their counterparts

[57]. Young people in Botswana are also highly affected by this pandemic with a reflection of

low levels of HIV knowledge among young people, with less than half (47%) of those between 15

and 24 able to answer basic questions on HIV [6]. Overall, there has been a significant decrease

in the number of new infections per year from 18 000 in 2005 to 8500 in 2018 [6].

According to [20] commendable progress has been made towards accelerating access to HIV

prevention, treatment, care and support services for those in need. However, the high incidence

rate suggests that even though it has been 40+ years since the epidemic and even though the

efforts that have been put into fighting it have been undeniably significant, HIV continues to

outpace these efforts. Since it remains that the country has a high HIV prevalence it goes to

show that there is still a need for the country to work on reducing their new infections, that is,

to efficiently prevent the virus. With the funds the country allocates it needs to see to it that

they are distributed efficiently.

Resource allocation is the procedure in which funds are allocated to the intervention programs

addressing and solving a similar or common challenge. It should be done in a manner that

supports an organization or in this case a country’s goals. There are several types of models

2



Chapter 1. Introduction

that can be used to support the decision-making process for HIV/AIDS resource allocation,

these include equity, cost effectiveness and optimization. Allocation based on equity is in a

criteria where resources are distributed proportional to the number of HIV/AIDS in different

target groups, while cost effectiveness examines and compares the costs and the health benefits

of each HIV prevention intervention. With optimization, the problem is usually stated as one

of choosing the amount to be invested in several interventions to optimize total health benefits

subject to a budget constraint [35].

1.1 Problem statement

Ideally it is every country’s wish to have zero HIV new infections. Even with declining funds,

Botswana still aims to have their rate of new infections significantly reduced. Botswana had

targetted to have zero new infections by 2016. However in the year 2016, Botswana had 10 000

new infections [6]. Currently in Botswana the target is to have at most 3000 new infections per

year [44]. However the reality is that although the number of new infections has gone down from

15000 in 2005 to 9500 in 2019 [5] there is still a lot that needs to be done to reduce this number

to the targeted 3000. One of Botswana’s greatest challenges in responding to HIV is funding

the intervention programs. International donors are withdrawing funding and this leaves the

country with the challenge of having to effectively allocate the little that they have to reach

their goals. It is therefore of great importance to evaluate the resource allocation techniques

that are a contribution to the country’s obstacle in reaching their goals. There are different

methods which can be used to allocate the scarce funds. However the most crucial thing is that

the applied method be the most effective to achieve desirable results. That is, for this study,

identifying the most effective method among the existing ones is the target. These techniques

include Cost effectiveness analysis, equity and allocation through optimization.

1.2 Significance of the study

This study is relevant since Botswana is still one of the countries with a very high HIV prevalence

even though it has invested a lot in its prevention. Evaluating and understanding the available

options in the effective or rather optimal allocation of HIV prevention resources will lead to the

country being at a better position to decide on the best possible allocation technique which will

as a result lead to the country experiencing a significant and vital decrease in the number of

new HIV infections. Also this study will give researchers in Botswana an insight and a basis for

further investigation into matters surrounding effective allocation of HIV prevention resources.

1.3 Justification

With Botswana being faced with the challenges of being one of the countries with the highest

HIV prevalence and having their HIV prevention funds being reduced in spite of this all. It

becomes vital to see to it that the resource allocation process being used is one that will lead

to the most satisfactory results being achieved. The most commonly used methods of resource

3



Chapter 1. Introduction

allocation in different countries include equity model and cost effectiveness analysis, however

[31] has shown that these are not entirely efficient and have suggested the use of optimization to

get more significant results. Therefore in this study there will be an analysis of these methods

using Botswana data, for the optimization technique the bilevel optimization model will be used.

Not enough research has been done in regards to this and therefore by adding to the little that

exists some light will be shone on what will ultimately get the country more positive results.

1.4 Objectives

Main Objective

The main objective is to compare the efficiency of different resource allocation techniques used

for HIV prevention purposes in Botswana with allocation through optimization, particularly the

bilevel optimization.

Specific objectives

1. To investigate the impact of the previously employed methods of allocation of HIV pre-

vention funds and resources and determine the outcome of optimal allocation techniques,

in particular two level resource allocation may have in Botswana.

2. To find out how efficient Cost effectiveness analysis and the equity model are in allocating

HIV prevention resources in Botswana

3. To compare the results of Cost Effective Analysis and equity model with allocation by

optimization for the case of Botswana.

1.5 Limitations of the Study

The limitations experienced during this study include

• The process to access data collected from the ministry was lengthy mostly because of the

interference by the Corona Virus pandemic and eventually we did not manage to get any

data at all we however resorted to using other data available online which was nonetheless

resourceful.

• Another one was the age of the secondary data that was found, the data was mostly from

three or four years back nothing too recent. However the data was still relevant and useful

for the research.
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2. Literature review

A lot of countries especially those that are developing are struggling with distributing the limited

resources or funds that they have optimally in order to achieve the greatest possible impact.

There are different kinds of funds and resources, those acquired from global organizations and

those raised at national level. The challenge currently encountered in these countries are de-

clining funds from global organizations and them not being able to reach an impact that is

desired. That is, according to [6] recent years have seen a regression, donor funding for the

HIV response in low- and middle-income countries declined by 7% between 2015 and 2016 and

hence the urgency in seeing that the funds and resources that are there are distributed efficiently.

National governments in some low- and middle-income countries are now coming forward to fund

their own responses, with the aim to fill the funding gaps and to also work towards a more sus-

tainable response to the HIV pandemic. This is because though through the years recognizable

progress has been made there is still important milestones and breakthroughs to be achienved

when it comes to HIV infection aversion. The world has agreed to meet a set of global targets

by 2020 as part of UNAIDS Fast-Track strategy to end the AIDS epidemic as a public health

threat [55]. This is a target that all countries especially the developing ones should aim to reach

at an optimal level.

Funds spent on HIV prevention go through different levels of distribution. In each level there

are decision makers who commonly use heuristic methods and ratio based methods to distribute

resources and funds [31]. In [34] it is highlighted that for allocation to take place in Parkistan

it is absolutely dependent on intuition and incremental budgeting. Furthermore because of the

technical skills required by the official decision making tools, they are not used. The decision

making for the HIV prevention resource allocation methods under particular organizations,

including large NGOs and also for governments should begin with determining the programs that

will be implemented in a community. Upon selecting these programs then the decision makers

can focus on the allocation techniques. Below is an overview according to some literature, of

the HIV prevention allocation techniques that this study will be focusing on.

2.1 Equity model

This method is also known as the equity model where a budget B is allocated proportionally,

based on the number of the total infected population. Funds targeted towards HIV interventions

are commonly allocated using the equity-based criteria and often go through several levels of

distribution. According to [34] equity can be applied under each level. We define equity as

proportional to the number of HIV cases in each region. Equity is viewed as essential since

it represents fairness and justice in distribution. Simple resource allocation models can be
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Chapter 2. Literature review

based on equity criteria such as an allocation proportional to the number of HIV/AIDS cases in

different target groups [30]. Equity based allocation method is the most commonly used resource

allocation method for distributing funds towards HIV prevention. It is said to conceivably reward

areas which report higher caseloads and use their resources ineffectively [30].

Equity is a critical and controversial factor when deciding how to allocate public resources [46].

Therefore it is crucial to clearly define equity in order to have a model that will cover all needs.

For all the definitions of equity that have been put forward, one element remains common,

that is, across all sets of individuals , resources should be allocated equaly. In any case, this

commonality leaves much to be chosen especially how to characterize equity in a particular

decision-making setting. [46].

According to [56] in the year 2019 Botswana allocated its HIV prevention funds using the eq-

uity model. Districts are ranked into three priority groups depending on the estimated number

of new infections and the level of HIV prevalence. That is, these districts are separated into

high, medium and low priority groups. Below is a graph taken from [56] illustrating how equity

allocation is applied in allocating HIV funds in Botswana.

Figure 2.1: Allocation of HIV funds through equity in Botswana

2.2 Cost Effectiveness Analysis

Cost Effectiveness Analysis (CEA)in [24] is defined to be a specific type of economic analysis

in which all costs are related to a single, common effect. Cost Effectiveness is calculated using

a ratio where the sum of all benefits is divided by the sum of all costs. Decision makers can

use CEA to compare various resource allocation methods. They can also use CEA to consider

alternatives in a comparable and objective way that provides support for the ultimate choice.

However it is stated in [24] that CEA will not always reveal a distinct choice.

6



Chapter 2. Literature review

On the other hand, [27] defines cost effectiveness as the minimum cost for a given health benefit,

or equivalently, maximal health benefit for given expenditures on health care. This paper goes

on to show how one can measure the outcomes using ’quality adjusted life years’ (QALY). QALY

combines the number of lives lived and the health quality of these years. Outcomes can also

be measured using the DALY-(Disability-Adjusted Life Years). DALYs for a disease or health

condition are calculated as the sum of the Years of Life Lost (YLL) due to premature mortality

in the population and the Years Lost due to Disability(YLD) [14].

Cost Effectiveness Ratio (CER)- will inform the decision makers about the cost of an interven-

tion in correspondence to the health benefits that is brought about by the intervention. For

instance, in a case where an intervention costing $ 30, 000 per patient and providing 5 QALYs

(5 years of perfect health) has a CER of $ 30, 000/5 = $ 6000 per QALY. By measuring an

intervention in this manner, one is able to directly compare the cost effectiveness of different

programs [32].

Incremental Cost-Effectiveness Ratio (ICER)- The incremental cost effectiveness ratio (ICER)

is a measure put in place to allow for comparison among two separate programs based on the

cost as per the benefit acquired. ICER is calculated by finding the difference between the cost

of program one and two and dividing it by the difference of their effectiveness [32].

Cost-effectiveness analysis is instrumental as it empowers decision makers focusing on HIV pre-

vention programs to make knowledgeable choices about resource allocation. The efficiency of

various programs can be assessed by measuring and analysing their costs and outcomes. This

way even an approximation on the future resource and fund requirements can be made [7].

In [7] it is highlighted that, the problems that managers and planners face while using CEA.

These among others include, insufficient information on the costs and impact of an intervention,

availability of expertise, recognising and analysing appropriate pointers to weigh the impact.

They also classify cost effectiveness analysis as an economic evaluation tool and proceed to de-

fine the techniques of this evaluation as follows,

• Cost analysis- costs are measured and the average or incremental cost is calculated.

• Cost-effectiveness analysis- impact is measured using indicators related to the change in

health status.

• Cost-benefit analysis- impacts of the intervention are translated into monetary terms, in

order to obtain a ratio.

• Cost-utility analysis- impact is measured in terms of gains in the quality-adjusted life-years

(QALYs) of an individual.

While [42] states that health organizations over the world are required to set priorities and

allocate resources within the constraint of limited funding. That is, regardless of the scarcity

7



Chapter 2. Literature review

of resources it is still of paramount importance to be conscious of where funds are distributed

to. Here they describe an approach which is used for setting context for priority called program

budgeting and marginal analysis (PBMA).

2.3 Optimization

In [31] Semu Kassa also analysed the allocation of funds and proposes a hierarchical mathemat-

ical optimization model to solve the problem of failing to optimally distribute funds or resources

to control or prevent HIV. This paper concentrates on developing a model where the decision for

resource allocation passes through various levels. In the problem formulation they assume that

major decisions concerning resource allocation is covered in three hierarchical groupings where

the upper is the international funding organization the middle one is the regional representa-

tives like the Sub Sahara Africa and finally the lower ones being the country representatives.

The lower level minimizes the total number of individuals who become newly infected while the

middle level maximizes the total number of HIV infections averted in the region and the upper

level maximizes the global gain in health.

The difference in the numbers of HIV infections averted according to how resources were al-

located, either through proportion to HIV incidence (equity) or through efficient distribution

is revealed in [59]. The optimization model is based on the assumption that with a particular

constraint placed on the total budget, the objective is to minimize the number of new infections.

Hence, observing the time between zero and time T using discrete time, the collective number

of new infections will be estimated.

A. Lasry et al. in [34] also evaluates the impact of simple resource allocation heuristics versus

optimal allocation, given two levels of decision-making, in the context of Sub-Saharan Africa.

They model a two-level resource allocation process with two regions of high risk and low risk

populations and they conclude that applying optimality on both two levels yields an improve-

ment in HIV prevention. Also [59] modeles a two level resource allocation model in a similar

way Lasry and team did, that is, analyzing the allocation of HIV prevention resources at two

decision making levels. Furthermore [59] also had four approaches which were optimal - op-

timal, optimal - proportional, proportional - optimal, and proportional - proportional. They

concluded that it is not enough to only allocate resources optimally at the upper level while ne-

glecting the lower level in that regard. Another one of their conclusions is that if optimization is

to be applied on only one level of decision making it is the lower level as it will yield great results.

In [31] a hypothetical example was used to show the procedure of this three level programming

problem since there is no actual data from the field. However this author unlike [34] who rec-

ommended an equity-optimal model recommends that the use of optimal – optimal approach

over the other possible approaches.

8
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S. R. Earnshaw et al. in their article [19] develop a linear programming model for allocating

HIV prevention funds which they highlighted to be the most easily understood mathematical

programming technique to use. Their linear programming model determines an allocation that

maximizes the weighted number of potential infections averted subject to the availability of

funds. They used it to determine efficient allocations of the HIV prevention funds at Florida

under a series of eight scenarios. These scenarios gave different results though some were similar

to others. However it was concluded that overall the linear programming method over these sce-

narios and their varying constraints performs better than the resource allocation method that

was being applied at Florida at the time.

However, Kaplan and Merson in [30] argue that the success of all the work that goes into HIV

prevention is dependent on the decision of the magnitude and level at which the interventions

are funded. Furthermore, [30] has indicated that what is more pivotal than increasing the total

budget meant for prevention is being cautious of how HIV prevention funds are channelled into

various interventions. In this study [30] different allocation procedures are compared, that is,

proportional allocation and equity and cost effectiveness and efficiency and they also offer an

alternative where efficiency and equity are balanced.

9



3. Preliminaries in Optimization Problems

Optimization techniques are guaranteed to assist more in the effective allocation of limited

resources through the apparent need for more than what is available. Optimization comes

from the word ”optimal” which means best. When you optimize something you are making it

best. Optimising can be done by either maximizing or by minimizing a solution. A couple of

researchers have shown where proportionality models which are commonly used to allocate funds

fall short while highlighting the impact mathematical optimization might have in controlling the

HIV pandemic.

Let f : <n → < be a real valued function, and g : <n → <m, h : <n → <p be vector valued

functions of appropriate dimensions. Using these functions a basic optimization problem can be

formulated as follows,

optimise f(x1, . . . , xn)

s.t gj(x1, . . . , xn) ≤ 0, j = 1 : m

hi(x1, . . . , xn) = 0, i = 1 : p

(3.1)

Since optimizing can either be minimizing or maximizing, in the case that the objective func-

tion f(x1, . . . , xn) is to be minimized then the formulation of the general optimization problem

becomes,

min f(x1, . . . , xn)

s.t gj(x1, . . . , xn) ≤ 0 j = 1 : m

hi(x1, . . . , xn) = 0 i = 1 : p

(3.2)

where

• f is the objective function - which is a real valued function whose value is to be minimized

over a set of possible alternatives.

• x1, . . . , xn are decision variables which are the inputs, values that the decision maker can

control. These represent values or quantities to be determined.

• The functions g and h are constraints - which are usually represented through equations

or inequalities. Constraint gj(x1, . . . , xn) ≤ 0 is what is called the inequality constraint

while hi(x1, . . . , xn) = 0 is the equality constraint.

To define the concept of the solution for the optimization problem (3.2) the following terms are

defined,

10
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Definition 1 (Local minimum). [18] Let f : <n → < be a real valued function and let x∗ ∈ <n,

then x∗ is a local minimum of f if there is an ε > 0 in a neighborhood N(x∗; ε) of x∗ such that

f(x∗) ≤ f(x) ∀ x ∈ N(x∗; ε). (3.3)

A local maximum is defined similarly but with the inequality reversed.

Definition 2. [15] A point x∗ satisfying the constraints hi(x1, . . . , xn) = 0 and gj(x1, . . . , xn) ≤
0 is said to be a regular point of the constraints if the gradient vectors ∇hi(x1, . . . , xn), ∇gk(x1, . . . , xn),

where gk(x1, . . . , xn) = 0, are linearly independent.

Definition 3 (Convex Function). [18] If a set C ⊂ <n is a convex set then the function f :

C → < is said to be convex if for any x1, x2 ∈ C

f(ϕx1 + (1− ϕ)x2) ≤ ϕf(x1) + (1− ϕ)f(x2) (3.4)

for all ϕ ∈ < such that 0 ≤ ϕ ≤ 1.

A global optimum is needed to get a more precise answer. However for the existence of such a

solution one may need to make some assumptions. That is,

1. The set C ⊂ <n is compact;

2. f(x) is smooth - That is f should be continuously differential for certain order especially

for the first and second order;

3. f(x) is convex.

Definition 4 (Global minimum). [9] Let x∗ ∈ <n then x∗ is a global minimum of a function f

over the set C ⊂ <n if it satisfies

f(x∗) ≤ f(x) ∀ x∗ ∈ C. (3.5)

For a global maximum all else is similar except the inequality is reversed. Now suppose that all

the involved functions are differentiable in the interior of their domains.

Definition 5 (Lagrange multipliers). [33] Lagrange method is used for maximizing or minimiz-

ing a general function f(x) subject to a constraint of the form g(x) = 0. If the extreme values

exist then ∇f(x∗) = −λ∇g(x∗), where λ is called the Lagrange multiplier.

3.1 Optimality Conditions

An optimality condition is a condition that a solution x∗ to (3.2) must fulfil. Optimal solutions

can be characterised according to these conditions. These conditions are called the necessary

and sufficient conditions.

11
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3.1.1 Necessary Conditions

Suppose that f : <n → < is differentiable at x∗. Also given that x∗ ∈ <n is a local minimum

then

∇f(x∗) = 0.

The condition above uses the gradient vector whose components are the first partial derivatives,

it is therefore called the first-order condition.

For the second order condition, in [18] it is supposed that f : <n → < is twice differentiable at

x∗ and that x∗ ∈ <n is a local minimum where ∇f(x∗) = 0 then the hessian matrix of f at x∗,

that is H(x∗) = ∇2f(x∗) is a positive semi definite matrix.

These are the necessary conditions which must be true for every local minimum.

3.1.2 Sufficient Conditions

Suppose that f : <n → < is twice differentiable at x∗. If ∇f(x∗) = 0 and H(x∗) is positive semi

definite then x∗ is a local minimum of f [18].

Furthermore, suppose in addition that f : <n → < is a convex function then H(x) is positive

semi definite for all x in the domain of f . In such a case, if ∇f(x∗) = 0 we can simply conclude

that x∗ is a global minimum [18].

3.1.3 Classification of Optimization Problems

As highlighted above, optimization problems can either be constrained or unconstrained. Below

is a brief explanation of both constrained and unconstrained optimization problems.

3.1.4 Unconstrained Optimization Problems

The optimization (in this case minimization) of a function f with the absence of constraints is

written as

min
x∈<n

f(x). (3.6)

The solutions to an unconstrained optimization problem can be obtained through the above

conditions.

3.1.5 Constrained Optimization

1. Problems with Equality Constraints : This problem is defined as

min
x∈X

f(x)

s.t hj(x) = 0 for all j = 1, . . . , p
(3.7)

where hj(x) = 0 is an equality constraint.
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Define the Lagrangian of (3.7) as:

L(x, λ) = f(x) +

p∑
i=1

λihj , λ ∈ <p. (3.8)

In accordance with [9], let f have a minimum at x∗ then there exist a unique λ∗ such that

∇xL = ∇f(x∗) +

p∑
i=1

λ∗i∇hj(x∗) = 0

∇λL = hj(x
∗) = 0, ∀j = 1, . . . , p.

These make the first order necessary conditions as stated by [9]. The function L is the

Lagrangian and the components λi are called the Lagrange multipliers or dual variables.

In vector forms, the above expression can be written as follows. Suppose that x∗ is a

local minimum of f subject to h(x) = 0 (with h(x) = (h1(x), . . . , hp(x))), then there exist

λ ∈ <p such that

∇f(x∗) + λT∇h(x∗) = 0. (3.9)

Denote L(x∗) = ∇2
xL, F (x∗) = ∇2f(x∗) and H(x∗) = ∇2h(x∗). If x∗ is a minimum point,

then the matrix L(x∗) = F (x∗) + λTH(x∗) is positive semi-definite on the tangent plane

T = {y ∈ <n : ∇h(x∗)T y = 0}. This being the second order necessary condition according

to [9].

For the second order sufficiency conditions according to [15] let x∗ be a local minimum of

the optimization problem (3.7). Suppose that x∗ is regular, then ∇f(x∗) +λT∇H(x∗) = 0

and the matrix L(x∗) = F (x∗) + λTH(x∗) is positive semi definite on T = {y ∈ <n :

∇h(x∗)T y = 0} then x∗ is a strict local minimum of f .

2. Problems with Inequality Constraints : This problem is defined as

min
x∈X

f(x)

s.t gi(x) ≤ 0 i = 1, . . . ,m
(3.10)

where gi(x) ≤ 0 i = 1, . . . ,m is an inequality constraint.

To derive first and second order optimality conditions for the problem above, it is assumed

that some regulatory conditions are satisfied.

Let x∗ be a point satisfying the constraint g(x∗) = (g1(x
∗), . . . , gm(x∗)) ≤ 0 and let I be

a set of indices i such that gi(x
∗) = 0, then x∗ is said to be a regular point if the gradient

vectors ∇gi(x∗) are linearly independent for i ∈ I [9]. If gi(x) = 0 for some i ∈ {1, . . . ,m},
then the constraint gi is called an active constraint at x.
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As written in [52], let x∗ be a local minima and a regular point for problem (3.10) then

there exist a unique λ∗ such that,

∇xL(x∗, λ∗) = 0 (3.11)

g(x∗) ≤ 0

(λ∗)T g(x∗) = 0 (3.12)

λ∗ ≥ 0. (3.13)

These conditions are called the Karush Kuhn Tucker(KKT) Conditions. In the above

formulation, condition (3.12) is called the complementarity condition and according to

[9] it enforces either λ∗ to be zero or g(x∗) to be zero. It is equivalent to saying that a

component of λ may be non-zero only if the corresponding constraint is active. An active

constraint being one where λ∗ > 0 making condition (3.12) g(x∗) = 0.

To derive the second order necessary conditions, suppose that the functions f and g are

twice continuously differentiable at x∗ and that x∗ is a regular point of the constraints in

(3.10). If x∗ is a relative minimum of f then there exist a vector λ ∈ <m such that (3.11)

- (3.13) holds and L(x∗) = F (x∗) + λTH(x∗) is positive semi-definite.

For a point x∗ satisfying the constraints in (3.10) to be a strict relative minimum of problem

(3.10) the following conditions must be satisfied:

(a) x∗ satisfies all the constraints and there exist λ ∈ <m such that conditions (3.11) -

(3.13) hold,

(b) the Hessian matrix L(x∗) = F (x∗)+λTG(x∗) where G(x∗) = ∇2g(x∗) is positive semi

definite.

This is the second order sufficiency conditions according to [9].

3.2 Bilevel Optimization

Bilevel optimization is a type of optimization where one problem is embedded in another prob-

lem, that is one optimization problem is contained in another. The outer problem is called the

upper level problem while the one embedded in it is called the lower level problem.
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The general bilevel programming problem is as follows,

min
x∈X

F (x, y)

s.t G(x, y) ≤ 0

where y solves

min
y∈Y

f(x, y)

s.t g(x, y) ≤ 0.

(3.14)

The variables of problem (3.14) are divided into two classes namely the upper-level variables

where x ∈ X and the lower level variables where y ∈ Y . Similarly the functions F (x, y) and

f(x, y) are the upper and lower level objective functions respectively, while G(x, y) and g(x, y)

are the upper level and lower level constraint functions.

With regard to the bi-level problem above (3.14) the leader who is the upper level decision

maker can find themselves in an uncertain position if the follower or lower level decision maker

has multiple optimal solutions. This uncertainty is brought by the fact that it hence becomes

unclear which decision the follower might take. Given this case the leaders often find themselves

in one of two common positions, optimistic or pessimistic position.

1. Optimistic Position: According to [51], given that the leader is in this position and also

provided that the lower level has multiple optimal solutions, the follower will be expected

to opt for a solution among the optimal set, which will yield the best objective function

value at the upper level. That is there is an assumption that there is some cooperation

between the leader and follower. The choice function of the follower therefore becomes

Ψ(xu) = argmin
xl∈Xl

[F (xu, xl)],

where the pair (Xl, Yl) is the solution set of the lower level problem. This function is

thereafter included in the constraints under the upper level.

2. Pessimistic Position: Furthermore [51] goes on to define pessimistic position as a case

where the leader optimizes for the worst possible scenario, that is the leader assumes that

the follower will opt for a solution among the optimal set which in this case will yield the

worst objective function value at the upper level.

χ(xu) = argmax
xl∈Xl

[F (xu, xl)],

where the pair (Xl, Yl) is the solution set of the lower level problem. Again, this function

is thereafter included in the constraints under the upper level.

Definition 6. The Constraint region of the bilevel problem is such that S = {(x, y) : x ∈ X, y ∈
Y,G(x, y) ≤ 0, g(x, y) ≤ 0}.

For each fixed x ∈ X, we assume that there is a feasible set in the lower level such that
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S(x) = {y ∈ Y : g(x, y) ≤ 0}. That means, we assume that the set S(x) is nonempty for each

fixed x ∈ X.

Definition 7. The follower’s reaction set is such that P (x) = {y ∈ Y : y ∈ argmin[f(x, y.) :

y. ∈ S(x)]}.

Definition 8. The inducible region is the set IR = {(x, y) ∈ S, y ∈ P (x))}.

The general solution for a bi-level problem is such that, let (x∗, y∗) ∈ S be the optimal solution

for the upper level objective function F then y∗ ∈ Y is the optimal solution for f in the lower

level. This can be describe more precisely using the inducible set as, (x∗, y∗) ∈ S is a solution

to the original bilevel problem (3.14) if it solves

min
(x,y)∈IR

F (x, y).

According to [49], besides the concepts of optimistic and pessimistic considerations local and

global solutions can also be defined as in the case of classical optimization.

Definition 9. A feasible point (x∗, y∗) of the bi-level problem (3.14) is a local optimum if there

exists an ε > 0 such that F (x, y) ≥ F (x∗, y∗) holds for all (x, y) ∈ IR with ‖ (x, y)−(x∗, y∗) ‖< ε.

A local optimum solution is called a global optimal solution if ε > 0 can be chosen arbitrary large.

3.2.1 Reduction to Single level

3.2.2 Using the KKT approach

There is a possibility and chance that the lower level optimization problem can be replaced with

its Karush-Kuhn-Tucker (KKT)conditions, provided that the lower level problem is convex and

sufficiently regular.

KKT conditions are necessary conditions which play an important role in constrained optimiza-

tion. They are defined as first order conditions that provide a unified treatment of constrained

optimization [9]. The KKT conditions should allow for inequality constraints, also for any

number of constraints, the constraints may be binding or not at the solution [9].

Given an optimization problem (3.14) where it is assumed that there are m > 1 inequality

constraints, the Lagrangian of the lower level problem is given by,

L(x, y, λ) = f(x, y) +

m∑
j=1

λjgj(x, y). (3.15)

Then with the satisfaction of the regularity conditions, for a local minimum of the lower level

problem, there exist a unique λ∗ such that

∇yL(x∗, y∗, λ∗) = 0

gj(x
∗, y∗) ≤ 0, j = 1 : m (3.16)

λ∗jgj(x
∗, y∗) = 0, j = 1 : m
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λ∗j ≥ 0, j = 1 : m

Then according to [52], the KKT conditions as shown above appear as Lagrangian and comple-

mentarity constraints, and reduce the overall bilevel optimization problem (3.14) to a single-level

constrained optimization problem of the following form,

min
x∈X,y∈Y,λ∈<m

+

F (x, y)

subject to

Gk(x, y) ≤ 0, k = 1 : K

∇yL(x, y, λ) = 0

gj(x, y) ≤ 0, j = 1 : m

λgj(x, y) = 0, j = 1 : m

λj ≥ 0, j = 1 : m (3.17)

where

L(x, y, λ) = f(x, y) +

m∑
j=1

λjgj(x, y)

If the lower problem is strictly convex, then problem (3.17) is equivalent to the original bilevel

problem (3.14). However, this method has its challenges. The Lagrangian constraints can lead

to non-convexities even when suitable convexity assumptions are made on all the objectives

and constraints in the bi-level formulation. Moreover, the complementarity condition makes the

single optimization problem a mixed integer problem [51].

3.2.3 Double Penalty Function approach

With the penalty function method the bilevel optimization problem is handled by solving a series

of unconstrained optimization problems. Basically, the idea is to transform the two level problem

into a sequence of single level unconstrained problem. According to [8] to solve a general bilevel

programming problem (BLPP) it is assumed that for any fixed x ∈ X there exist the optimal

solution y = f(x) which is uniquely determined. Also in [8] the penalty function approach was

proposed in which the follower’s problem was replaced by an unconstrained problem with an

augmented objective function,

p(x, y, r) = f(x, y) + rφ(g(x, y)), r > 0, (3.18)

where φ is a continuous penalty function and r is a parameter.
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The general optimization problem (3.2) becomes,

min
x,y

F (x, y)

subject to

G(x, y) ≤ 0

∇yp(x, y, r) = 0

g(x, y) < 0, (3.19)

where the last constraint prescribes the domain of the function p.

The next step is to solve (3.19) using a given parameter r and introduce a new overall penalty

function augmented objective function

Q(x, y; t, s, r) = F (x, y) + tΦ(G(x, y)) + rφ(g(x, y)) + sΨ(||∇yp(x, y, r) = 0||), (3.20)

where Φ is a continuous penalty function and Ψ is a continuous monotone increasing penalty

function.

Hence we can approximate the problem (3.14) by the following single level unconstrained prob-

lem,

min
x,y

Q(x, y; t, s, r). (3.21)

Further [51] highlights that to achieve the single level problem both the upper and lower level

objective functions are penalized. That is, the penalized lower level problem is replaced with its

KKT conditions and thereafter the remaining single level unconstrained problem is solved by

the penalty approach.

3.2.4 Using the Optimal-Value reformulation approach

By defining the value function for the lower level problem as in [45] by

h(x) = inf
y∈S(x)

f(x, y), (3.22)

one can also equivalently formulate the bilevel problem (3.14) into a single level optimization

problem [22],

min
x∈X,y∈Y

F (x, y)

subject to

Gk(x, y) ≤ 0, k = 1 : K (3.23)

f(x, y) ≤ h(x)

gj(x, y) ≤ 0, j = 1 : m.

Problem (3.23) is equivalent to the original bilevel problem (3.14) in the optimistic case, whether

the lower level problem is convex or not. However, due to the infimum (or minimum) definition

of h(x) in (3.22), the single level problem (3.23) becomes a non-convex and non-differentiable
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problem. A Gauss–Newton-type method is proposed for these type of reformulation in [22].

3.2.5 Solution Algorithms

Once the bilevel problem (3.14) is formulated into a single level form, one may apply some of

existing type of solution methods to solve the equivalent single level problem. Some of the well

known methods for nonlinear bilevel problems are described below.

3.2.6 Descent Method

A descent direction in bilevel optimization leads to decrease in upper level function value while

keeping the new point feasible [9]. Considering that a point is viewed as feasible provided that

it is lower level optimal, finding the descent direction can be very difficult. With the steepest

descent method, the most important elements include the descent direction and the step size

(or how far to descend). The gradient descent method utilizes the steepest gradient in order to

search for an optimum of any given function [16].

Let us consider an unconstrained single level optimization problem of a function f(z) : <n −→ <
where f(z) is a convex function and also differentiable. For z∗ to be a minimizer it is necessary

that the gradient of f be equal to zero at this point. This point is searched for iteratively

starting at an initial guess. So generally we move from zk to zk+1 by choosing a direction ∆k

to move from and then setting

zk+1 = zk + αk∆k, (3.24)

where αk is the appropriate step-size. Then choosing

∆k = −∆f(zk) (3.25)

means that we are moving in the direction of “steepest descent” at each iteration.

The steepest descent algorithm for a single level unconstrained problem as written by [9] is as

follows

1. Given x0, set k = 0

2. dk = −∆f(xk). If dk = 0 then stop

3. Solve minα f(xk + αdk) for the step size αk perhaps chosen by an exact or inexact line

search.

4. Set xk+1 ←− xk + αkdk, k ←− k + 1. Go to step 1

Note that, for a bi-level problem, the candidate solution xk+1 should satisfy the optimality of

the lower level problem (or its KKT condition) at each step.

3.2.7 Trust Region Method

In trust-region methods, the algorithms approximate a certain region of the objective function

with a model function [58]. A region around the current best solution is defined, while a
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particular model is used to estimate the original objective function. If the approximation is

good the region is expanded and if it is not good then it is contracted.

The essential elements of a trust region algorithm include a guide on computing the trust region

trial step and another on choosing whether a trial step should be accepted. An iteration of a

trust region algorithm has the following form as seen in [58], a trust region is available at the

beginning. Then an approximate model is constructed, and it is solved within the trust region,

giving a solution which is called the trial step. A merit function is chosen, which is used for

updating the next trust region and for choosing the new iterate point [58]. Trust region methods

can be used to solve unconstrained optimization problems.

However, the method suits to problems whose lower level functions are smooth and strictly

convex that satisfy strict complementarity conditions.

3.2.8 Heuristic Methods

These are methods based on concepts and notions found in nature. Heuristics are rules we

develop based on experiences from the past. They are tools that help one to make decisions.

The goal is to explore the search space in order to find optimal solutions. A heuristic method

cannot be guaranteed to produce an optimum, however it will likely yield a good solution [41].

Genetic Algorithms (GAs)

These are subcategories of evolutionary algorithms, it is inspired by the theory of evolution with

features such as mutation, crossover and selection [41]. Genetic algorithms are commonly used

to generate high quality solutions to optimization by relying on biologically inspired operators

[1].

To solve an optimization problem using genetic algorithms the aim is to make the candidate

solution referred to as phenotypes sometimes to become or evolve to be better solutions. From

the population, random individuals are generated and thereafter put through iterations which

modify them to test fitness. The algorithm will terminate if a maximum number of generations

has been produced, or a satisfactory fitness level has been reached for the population [9].

According to [9] general framework for a genetic algorithm can be described as follows

1. k = 0

2. Initialize Π(k) (population at generation k)

3. Evaluate Π(k)

4. While termination condition not satisfied, do

(a) Begin

(b) k ← k + 1

(c) Select Π(k)

(d) Recombine Π(k)
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(e) End

One of the limitations of genetic algorithms is that in many problems, GAs have a tendency

to converge towards local optima or even arbitrary points rather than the global optimum of

the problem [29]. On the other hand, bi-level problems are generally non-convex problems with

possibly many local optimal solutions. This therefore means that it does not ”know how” to

sacrifice short-term fitness to gain longer-term fitness [29].

Simulated annealing

This is a probabilistic technique for approximating the global optimum of a given function, that

is, it can give a reasonable approximation for a function with a large search space [41]. Similarly

according to [10] simulated annealing is a method proposed to find the global minimum of a cost

function that may posses several local minima. It is often used when a search space is discrete.

Let Ω be the solution space (set of all possible solutions). Let f : Ω −→ < be an objective

function defined on the solution space. The goal is to find a global minimum w∗ ∈ Ω such that

f(w) ≥ f(w∗) for all w ∈ Ω. The basic elements of simulated annealing as stated by [10] are as

follows

1. A finite set S.

2. A real valued cost function J defined on S. Let S∗ ⊂ S be the set of global minima of the

function J assumed to be the proper subset of S.

3. For each i ∈ S, a set S(i) ⊂ S − {i} called the set of neighbours of i.

4. For every i, a collection of positive coefficients qij , j ∈ S(i) such that
∑

j∈S(i) qij = 1. It is

assumed that j ∈ S(i) if and only if i ∈ S(j).

5. A non increasing function T : N → [0,∞], is called the cooling schedule. Here N is the

set of positive integers and T (t) is called the temperature at time t.

6. An initial state x(0) ∈ S.

Thereafter, it’s performance is based on whether x(t) conveges to the set S∗ and also how fast

the convergence takes place. These are explained further in [10]

However with simulated annealing [10] mentions that its limitation is that it lacks rigorous

theoretical justification.

Particle Swarm Optimization

This is a high level heuristic algorithm that is based on the concept of swarm intelligence

capable of solving complex mathematical problems [11]. It is appropriate in solving non linear

continuous function. According to [11] PSO is based on the study of the behaviour of a flock of

birds and that of fish schooling. Each solution is considered as a bird and is called a particle.

The particles have a fitness value which is calculated through the objective function. Since this

algorithm is based on the birds being a flock, each particle is not only expected to be preservative

of their individual best performance, but to also be aware of their best performance as a group.
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Hence adjust their velocity considering their best performance and also considering the best

performance of the best particle.

The general particle swarm algorithm as shown in [11] is as follows,

i Initialize particle

ii Evaluate fitness of each particle

iii Modify velocity based on previous on previous best and global best positions

iv Repeat until stopping criterion is satisfied

v Terminate criteria.

The particle swarm algorithm formula as written by [11] is as follows,

Vi+1 = wVi + c1r1(pi − xi) + c2r2(pi − xi) (3.26)

xi+1 = xi + Vi+1 (3.27)

The formula (3.26) is called the velocity change of PSO where c1 and c2 in (3.26) are the learning

factor or learning rate and w is the inertia weight. This formula has three components, the

momentum the learning and the social components [26]. The second formula (3.27) represents

the position of the particles.

3.2.9 Systematic Sampling Method

This is a probability sampling method in which sample members from a larger population are

selected according to a random starting point but with a fixed periodic interval. Suppose a

sample size n is desired from a population of size N = nk, also suppose that the N units in the

population are numbered 1 to N in some order [50].

To draw a sample size n, [50]

i Select a random number between 1 and k.

ii Suppose that number is i.

iii Select the first unit whose serial number is i.

iv Select every kth unit after i.

v The sample will contain i, i+ k, i+ 2k, . . . , i+ (n− 1)k serial number units.

So, the first unit is chosen at random while other units are selected systematically. This sys-

tematic sample is called the kth systematic sample and k is termed as a sampling interval.

The advantages of systematic sampling is that it is easier to draw a sample and often easier to

execute without mistakes. Further it is less costly and the selection of units is simple [50].
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4. Resource Allocation Through Cost

Effectiveness Analysis and Equity model

In Botswana there are ten districts and within these districts are different programs that are

intended to decrease the number of new HIV infections. For the three allocation methods to be

studied some general assumptions will be made. Firstly, it is assumed that there is no migration

between the districts. Furthermore it is assumed that there are only three districts in Botswana.

Since the allocation of funds for HIV prevention is done through different levels of decision

making, an assumption that there are two levels of decision making being the upper and lower

level is made. On the lower level, decisions on allocation of resources nee is made at district

level. These districts decide on how to best distribute the funds among their available HIV

preventive programs that suit the respective community. The upper level however decides how

to allocate funds to the different districts. The upper level is taken as the national funding.

Below is a picture that depicts the information above.

Figure 4.1: diagram representing resource allocation

A mathematical model is developed to determine the outcome of the proposed allocation of

funds. The model diagram is illustrated in Figure 4.2.

The populations are assigned to different compartments as seen above, that is, S, I, T, V and A.

The compartment S is for the susceptible population while I, T, V represents the infected, those

undergoing treatment and infected children respectfully. Finally the A compartment is for the

population that have AIDS.

The parameters represent infectious rate, λ, natural death rate, µ, recruitment to getting ARVs

(treatment), ρ, mother to child transmission, m. There is also γ which is for the rate of recruit-

ment for children to receive ART, β being the transmission probability ε1 for rate of disease

transmission due to ART and ε2 for rate of MTCT due to treatment. Lastly the parameters

δV and δA are for the mortality of infected children and for additional death rate due to AIDS

respectfully.
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Figure 4.2: The mathematical model

The corresponding differential equations are

dV

dt
= mβ(I + ε2T )− (ργ + µ+ δV )V

dS

dt
= π − λS(I + ε1T )

Q
− µS

dI

dt
= λ

S(I + ε1T )

Q
− (ρ+ µ+ σ)I (4.1)

dT

dt
= ρ(I + γV )− (µ+ α)T

dA

dt
= αT + σI − (µ+ δA)A

where Qj(t) = Sj(t) + Ij(t) +Tj(t) represents the total proportion of the sexually active popula-

tion in district j. The allocation of resources is to influence some of the parameters in the model

system (4.1). As it is described in [31] the model system can be rewritten using the production

functions that corresponds to these rates (parameters) as follows,

dV

dt
= θm(v2)β(I + ε2T )− (θρ(v

3)γ + µ+ δV )V

dS

dt
= π − θλ(v1)S(I + ε1T )

Q
− µS

dI

dt
=

θλ(v1)S(I + ε1T )

Q
− (θρ(v

3) + σ + µ)I (4.2)

dT

dt
= θρ(v

3)(I + γV )− (θα(v4) + µ)T

dA

dt
= θα(v4)T + σI − (µ+ δA)A

The information above will be used for all the three resource allocation methods for HIV pre-

vention in Botswana.
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4.1 Equity allocation model

Equity model is a way of allocating HIV resources or funds. According to [46] Equity is a critical

and controversial factor when deciding how to allocate public resources. Equity may be taken as

synonymous with fairness, however, [46] elaborates on the definition of equity so that different

models of equity may be carefully compared, contrasted, and analysed. It uses a ratio of the

number of all HIV cases in the program implementing area over the total number of HIV cases

in the decision area. Basically, with this model, for funds to be allocated this ratio is applied.

Equity in resource distribution requires that individuals with similar needs ought to have access

to the same resources (horizontal equity) and that the greater the need for an individual then

subsequently that individual will get more resources to address the need (vertical equity) [2].

The need for equalizing resources when dealing with the equity model has been establised. Hence

according to [2] equity is categorized by three elements, the first being, identifying the resources

to be allocated, secondly, specifying who the resources will be allocated to and lastly, over which

time period. They also go on to highlight that for equity to be applied, the period for which

equity is applied should be observed and integrated into the scope.

Love-Koh in [38] gives an outline of the significant tools that have been created to measure,

assess and advance health equity. Their suggestion is that benefit incidence analysis can be

utilized to approximate the allocation of public health resources. Benefits in this context is

defined as the financial value of the services used.

On the other hand, [34] defines an equity model where they assume equity to be relative or

proportional to the quantity of HIV infections. Under this model, funds are allocated to regions

proportionally based on their share of the total infected population in each respective region.

Zaric and Brandeau in [59] considered proportional or equity method where at the upper level,

the proportional allocation method distributes to regions proportional to HIV incidence in each

region while at the lower level this method allocates funds to each program in proportion to

HIV incidence in the corresponding risk groups.

4.2 Solution Procedure for Equity

To integrate this method in Botswana’s HIV prevention resource allocation we assume that the

Central district has the highest HIV prevalence followed by North East and lastly South East.

Central has an HIV prevalence of 22.6 and the north east 21 while the south east has 16.8

according to [53]. It is also assumed that for both levels, allocation through equity method will

be applied. For each risk group the group size, HIV prevalence and HIV incidence is estimated.

Further, we assume that the budget is 1.6 million pula and that all of it is to be allocated

proportionally. This therefore means that the upper level decision makers will allocate 37.4% of

the budget to the central district and 34.8% , 27.8% for the north east and south east respectively.

The values in Table 4.1 illustrate the information provided above.

For the lower level where there are two community groups under each district, being the high
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CD NE SE

HIV prevalence ratio 22.6 21 16.8

Percentage (%) 37.4 34.8 27.8

BWP 1683000000 1566000000 1251000000

Table 4.1: Upper level equity allocation

risk (HR) and low risk (LR)group, it is assumed that for the budget intended for each district

60% will go towards the high risk while the low risk group will be allocated 40% of the budget.

In this level the decision makers in each district decide on how to best allocate funds among

the programs. Since this method of allocation is based on proportionality, it is assumed that

the rates associated with each program will be the guide on how to allocate the HIV prevention

resources. These rates as previously stated include the contact rate λ, the mother to child

transmission rate m and the recruitment to getting ART treatment rate ρ and lastly the rate of

defaulting in the use of ART α. It is also assumed that these rates are the same in each district,

λ = 0.17, m = 0.8, ρ = 0.019 and α = 0.011. Tables 4.2 and 4.3 represent the information

above.

Districts λ m ρ α

CD(239 360 000) 40 691 200 191 488 000 4 547 840 2 632 960

NE(222 720 000) 37 862 400 178 176 000 4 231 680 2 449 920

SE(177 920 000) 30 246 000 142 336 000 3 380 480 1 957 120

Table 4.2: Lower level equity allocation-Low risk community

Districts λ m ρ α

CD(359 040 000) 60 526 800 287 232 000 6 821 760 3 949 440

NE(334 080 000) 56 793 600 267 264 000 6 347 520 3 674 880

SE(266 880 000) 45 369 600 213 504 000 5 070 720 2 935 680

Table 4.3: Lower level equity allocation-High Risk community

4.3 Cost Effectiveness Analysis

Cost effectiveness is a type of economic analysis that is designed to assess the cost and the

benefit or outcome of a health intervention [24]. The benefits are thereafter measured using a

ratio. This proportion or ratio according to [24] is as thus;∑
All-benefits∑

All-costs
, (4.3)

where the benefits are the health outcomes of the program and the cost is the total cost of

everything that has to do the program.

Also, [13] defines a cost-effectiveness ratio as the net cost divided by changes in health outcomes.

An examples of this definition can be the cost per case of disease prevented or the cost per death

averted. To calculate the net cost [13], the cost per implementation of intervention and cost of
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aversion(treatment or whatever it takes to avert infection or disease) were added while changes

in health outcome is the number of cases averted.

According to [28] in cost effectiveness studies, there are different model types that are used, these

comprise of decision trees, deterministic and Markov models, dynamic and static models and

individual-based and population based models. Decision trees and Markov models are known for

their capability to firstly, monitor specific clinical incidents or events and secondly tracking the

resources linked with those events. For these two reasons, cost-effectiveness modelling studies is

commonly used.

Cost-effectiveness modelling determines if an intervention is of good value [28]. It provides a

comparison between alternative interventions. That is, each HIV prevention intervention will be

characterised by the average cost of each program and the expected reduction of HIV incidence

among the program participants. Cost-effectiveness analyses evaluate a health intervention by

asking, “How much health benefit do we get for our money?” [28]. Most countries in the Sub

Saharan Africa use the cost effectiveness model to allocate HIV prevention resources [28]. To

work on the productivity of programming for HIV prevention, optimizing limited financial funds

and resources is a ciritical element needed to increase top calibre, cost-effective interventions

so that HIV prevention is maximized. Determining the Cost-effectiveness determines whether

the HIV prevention interventions are ideal for efficient resource allocation and for identifying

incompetent preventive programs [48].

Outcome measures are then presented as number of HIV infections averted (HIA) for a spe-

cific HIV prevention intervention by reporting quality-adjusted life years (QALYs) gained or

disability-adjusted life years (DALYs) averted. That is, the cost-effectiveness ratio (CER) is

most useful when expressed as dollars per life-year gained (with appropriate adjustments for

quality of life, usually expressed as QALYs), this is according to [47]. In QALY it is supposed

that 1 QALY (1 Year of Life * 1 Utility = 1 QALY) is equivalent to a year of life lived in great

wellbeing and that a year of life lived in a condition below this outstanding wellbeing is worth

less than 1 QALY [47]. The CER outcomes can be weighed looking at the quality of life gained

or through the Disability Adjusted life years(DALY). DALYs are a gauge of something lost as

opposed something acquired or can be defined also as the amount of years of life lost prematurely

due to disease or life lived with disability because of sickness. According to [23] the impact of

interventions on DALYs (i.e. the DALYs averted by an intervention) is measured by calculating

DALYs in two scenarios: with and without the intervention.

Semu Kassa in [31] states that Allocation by Cost-Effectiveness (ACE) does not consider a few

significant factors for example, expanding or diminishing marginal returns to scale, mutual exclu-

sivity of programmes, and interaction of program outcomes, which should be urgently considered.

This leaves a gap for a more efficient model that will take these factors into consideration.

4.4 Solution Procedure for Cost effectiveness analysis

To implement the CEA one would need to firstly start by asking necessary or important questions

such as, the number of HIV infected individuals, what programs are put in place to prevent HIV,

27



Chapter 4. Resource Allocation Through Cost Effectiveness Analysis and Equity model

how much is spent on these programs and how much does the community benefit from these

programs. Secondly, one would then develop a model based on key points covered on questions

asked form there, data should be entered to the developed model. This data is answered questions

or collected information. Lastly results. Results are calculated from the provided data, this can

be done by plotting cost vs QALY and finally analysing these results.

Another way to implement the CEA is to define the set of possible choices of interventions.

Secondly, identify the outcomes of the interventions. These outcomes should be as broad as

possible from the consequences of different times at which the intervention is applied to how it

affects different sectors of the society. From there one should proceed to choose a subset that

makes sense, that is, one should narrow their scope of outcomes. Next one should identify the

relevant constrained resources (expressed in terms of dollars). Furthermore, one will need to

identify the benefits and resource needs(costs)for each intervention of choice. This can be done

by creating a decision tree, assigning probabilities to events and values to outcomes and then

calculating the expected value of each alternative.

Since the interventions for HIV prevention have already been mentioned now we proceed to

finding out their estimated or calculated costs in Botswana. First we start with the cost reducing

the number of new infections which in it includes testing, provision of condoms, circumcision and

behaviour change programs among other things. Their total estimated cost will fall within the

range of $56− $112.60. Furthermore the cost of treatment which includes ARV drugs, coupled

with laboratory tests and human resource, then according to [17], the cost per person per year

becomes $283. For the mother to child transmission the cost is calculated using the treatment

cost plus the frequent clinic or hospital visits that the expecting mother needs to make and

according to [60] the estimated cost becomes $319 per person per year. While for those that

default on taking the treatment as they should it is assumed that they eventually get AIDS and

are subject to hospital stays and more human resource services as they may need to get home

visits. Therefore the estimated cost of caring for an AIDS patient are $300.

Now to identify the benefits that these interventions have in the prevention of HIV/AIDS in

Botswana, statistics from the year 2018 and 2017 znd 2016 were used. Ultimately these benefits

should see to the number of new infections being reduced. In 2018, 370000 people were living

with HIV, and in that year 8500 new infections were recorded, with 4800 AIDS related deaths

and only 84% of the infected people taking treatment, this being according to [21]. Furthermore

the estimated number of children living with HIV was 13 500. While according to [54] in 2016 the

number of people living with HIV in Botswana was 360 000 and 83% of these people were taking

treatment. However there were 3900 AIDS related deaths with the number of new infections

being 10000 and the estimated number of children living with HIV was 12000. The investment

made on the years 2015/2016 according to [56] was BWP 1 476 000 000. Also according to [56]

the budget for both the years 2017/2018 was BWP 1 571 000 000.

The formula used to calculate the cost effectiveness ratio in Table 4.4 is

net cost

changes in health outcomes
. (4.4)
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Program Total cost (BWP) Total Benefit CER

Contact rate 84.30 0.48 175.63

Treatment 283 0.32 884.38

MTCT 319 0.01 31900

Defaulting in the use of ART 300 0.22 1363

Table 4.4: Cost effectiveness analysis per person(BWP)

Using the assumed budget total of BWP1 600 000 000, the allocation towards the districts

which is done by the decision makers in the upper level will be done using equity while the

allocation in districts will be done using cost effectiveness. Therefore for upper level allocation

a reference to (4.1) should be made. For the lower level since there are two community groups

for each district, being the low risk and high risk community, it is assumed that the high risk

community will get 60% and the low risk group 40%. With this given, the value for the vlj
(where j represents the district and l the respective programs) will be calculated as follows.

vlj = Dji ∗
rl∑
ratio

, (4.5)

where r represents the ratio for each program and i represents the community groups. Therefore

the vlj will be calculated as in Tables 4.5 and 4.6.

Districts λ m ρ α

CD(239 360 000) 1 224 799.25 6 167 442.68 222 462 540 9 505 217.64

NE(222 720 000) 1 139 652.78 5 738 689.98 200 997 230 8 844 427.11

SE(177 920 000) 910 412.27 4 584 355.79 165 359 856 7 065 375.68

Table 4.5: Lower level CEA allocation-Low Risk community

Districts λ m ρ α

CD(359 040 000) 1 837 198.87 9 251 164.02 333 693 811 14 257 826.50

NE(334 080 000) 1 709 479.16 8 608 034.97 310 495 845 13 266 640.70

SE(266 880 000) 1 365 618.41 6 876 533.68 248 039 784 10 598 063.50

Table 4.6: Lower level CEA allocation-High Risk community
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5. Allocation through Bi-level Optimization

Procedure

The bi-level optimization technique also consists of two levels of decision making namely the

upper level (leader) and the lower level (follower). The two levels are thoroughly explained

below.

5.1 Lower level resource allocation

This is where HIV preventive programs are to be implemented. It is assumed that the programs

address the main dynamics, reducing or minimizing the rate of infection λ, and of MTCT m,

increasing the rate of recruitment ρ and decreasing the rate of failure in committing to taking

treatment (ARV) properly α. These are the main incentives for HIV control. In the content

of HIV epidemic control, production functions are intended to convert dollar amounts invested

into changes in the sufficient contact rate λ and m [34]. The functions help to derive the cost

needed for new infections in a particular population at time t.

It is assumed that the objective here is to minimize the number of new infections given a total

budget constraint at time t [37]. The new infections are from the newly born children and

also from sexually active individuals. It is also assumed that the effect of other transmission

possibilities such as sharing a sharp object with an infected person are negligible. Hence the

cumulative number become,

fj =
n∑
j=1

∫ T

0
e−rt

{
θmj (v

2
j )β[Ij(t) + ε2Tj(t)]

+ θλj (v
1
j )Sj(t)

(
Ij(t) + ε1Tj(t)

Qj(t)

)}
dt, (5.1)

where the variable v2 is a decision variable representing the amount reducing m and v1 represents

the investment spent on reducing λ while ρ and α are investments represented by v3 and v4

respectively and j is for the districts. Since treatment correlates positively with the reduction

of contact rate it should hence be incorporated in the equation. Also according to [31] previous

investments on ρ and α have an impact on the number of the individuals in the treated cohort

and due to reduced infectiousness of these individuals their contribution to the emergence of

new infections is significant at the current time. The value of T is therefore approximated using

the equation (4.3) for a reasonably small change in time δ(t) at any given time t as follows,

T (t+δt) = T (t) + [θρ(v
3)(I(t) + γV (t))− (θα(v4) + µ)T (t)]δt (5.2)

= [θρ(v
3)(I(t) + γV (t))]δt− [(θα(v4) + µ)δt− 1]T (t) (5.3)
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By making T the subject we get,

T (t) = [θρ(z)(I(t− δt) + γV (t− δt))]δt− [(θα(w) + µ)δt− 1]T (t− δt), (5.4)

where δt represents the unit change in time t hence t− δt is the time before the current time t.

Now the resulting objective function from 5.1 becomes

fj(vj) =
∑
j

∫ T

0
e−rt

{[
(θmj (v

2
j )β(Ij(t) + ε2[θρ(v

3
j )(Ij(t− δt) + γVj(t− δt))]

]
δt

− [(θαj (v
4
j ) + µj)δt− 1]Tj(t− δt))

+ θλj (v
1
j )
Sj(t)

Qj(t)
Ij(t){ε1[θρj (v3j )(Ij(t− δt) + γVj(t− δt))]δt} (5.5)

− [(θαj (v
4
j ) + µj)δt− 1]T (t− δt)]dt

}
.

Let Bj be the budget constraint allocated to a district j and N(t) be the total population of

the country at time t making Nj(t) is the total population of a district at time t. The variables

(v1, v2, v3, v4) = vlj are the decision variables representing the amount invested in the respective

interventions in district j. These decision variables are constrained by the maximum budget Bj

and the assumption that they are non negative.

Hence the lower level allocation model for a district j is as follows

min
vj

fj(y, v)

s.t
3∑
j=1

(v1j + v2j + v3j + v4j ) ≤ Bj

Bj ≤ yj for all j = 1 : 3

vlj ≥ 0, j = 1 : 3; l = 1 : 4

5.2 Upper level resource allocation

The upper level problem will be to allocate funds B1, B2, . . . , Bn optimally to districts in order

to minimize the cumulative number of new infections in the country. Therefore the upper level
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allocation problem will be as follows

min
Bj

F (y, v) = h1y1 + h2y2 + hny3

s.t y1 + y2 + y3 = B

3∑
j=1

(Bj) ≤ B

Bj ≥ djyj
vlj1 + vlj2 ≥ zljiyj for all j = 1, 2, 3. l = 1, 2, 3, 4.

y ≥ 0,

B is the total amount available to fund districts for their HIV prevention programs and Bj rep-

resents the amounts allocated to the regions while hj is the estimated number of new infections

for district j over a particular time period for each money allocated to that district. The values

of hj can be estimated using the formulation in [31] which is done by choosing appropriate

weights w1 and w2, to get

hj = w1

r1j × e1j
Nj × c1j

+ w2

r2j × e2j
Nj × c2j

, (5.6)

where,

• c1j = an average estimated cost per person to implement one intervention aiming to avert

new infections in district j.

• c2j = an average estimated cost per person to implement one intervention aiming to avert

new progression to AIDS in district j.

• r1j = the baseline number of new infections that will occur in district j over time τ

• r2j = the baseline number of new AIDS cases that will progress in district j over time τ .

• e1j = total number of expected potential AIDS cases in district j

• Nj = The size of population to be addressed during the intervention in district j.
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5.3 Formulation of the bi-level programming problem

When we combine all the two problems described above in sequential order the general resource

allocation problem becomes,

min
Bj

F (y, v) = h1y1 + h2y2 + hny3

s.t y1 + y2 + y3 = B

3∑
j=1

(Bj) ≤ B

Bj ≥ djyj
vlj1 + vlj2 ≥ zljyj for all j = 1, 2, 3. l = 1, 2, 3, 4.

y ≥ 0,

where v solves,

min
vj

fj(y, v)

s.t

3∑
j=1

(v1j + v2j + v3j + v4j ) ≤ Bj

Bj ≤ yj for all j = 1 : 3

vlji ≥ 0, i = 1 : 2, j = 1 : 3, l = 1 : 4

(5.7)

The total budget B is allocated nationally to put in place the country’s interventions. The upper

level decision makers decides on the optimal distribution of the budget Bj for each district j.

The lower level decision makers solves its problem to obtain an optimal vector vj(Bj), which is

dependent on the choice of the upper level decision maker. Since the lower level decision makers

must wait for the upper level decision makers to make a choice before they can allocate their

funds optimally this decision process is called a hierarchical structure.

To arrive at the optimal allocation we apply the solution techniques for multilevel programming

problems. These techniques however depend on the production functions for investment on

each HIV preventive program. According to [34] production functions can be defined as the

level of outputs that can be achieved from inputs amounts, they are intended to convert dollar

amounts invested into changes in the infectious rate, mother to child transmission rate, etc.

That is, They help to derive the number of new infections that occur in a particular population

for a given level of investment. In [31] it is highlighted that it is it is advisable to use a

combination of models depending on the nature of interventions to formulate corresponding

production functions. In some of the intervention programs each incremental unit of money

spent may produce the same incremental reduction or upsurge in epidemic component. In such

type of programs the production function could be taken to be linear. In our model, for example,

to formulate the proportion of investment in increasing the rate of recruitment for treatment, ρ

we may use θρi = ai + biy where ai and bi are constants and in the same way the production
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function for modelling the proportion of investment in decreasing the rate m of MTCT can also

be formulated as θmi = σi − βiy where σi and βi are constants.

However in some programs which deal with behavioural change in communities an increase in

investment may not necessarily result in an increase in better behaviour but may rather worsen

the behaviour of the community, that is the increase in inevestment in such programs is not

guranteed to always be directly proportional to aspired results or impact. Therefore according

to [31] In such cases we may model the corresponding production function by a function which is

convex with respect to the investment variables. These interventions include the investment in

reducing the rate of infection due to unsafe sexual contacts λ and the rate of failure in adherence

to proper treatment of ARV α.

In [31] these were modelled as follows,

θλi(y) = λ(1 + e−(cy))

θαi(y) = α(1 + e−(cy)). (5.8)

5.4 Solution procedures for bi-level optimization

To solve the bi-level resource allocation problem some assumptions are made for simplicity. It

is assumed that there are three districts in Botswana and that the total budget available for

HIV prevention measures is B = BWP1.6 billion. This budget is therefore to be allocated as

y1, y2, y3 among the three districts respectively and hence y1 + y2 + y3 ≤ B.

Again with each district it is assumed that there are two community(or risk) groups to which a

budget vj1 and vj2 is to be allocated to fight the epidemic (j = 1, 2, 3). In total it is therefore

assumed that there are six community groups in Botswana. Each allocated budget for a single

community group has four components (v1ji, v
2
ji, v

3
ji, v

4
ji) = vlji corresponding to each component

categories.

The lower level must determine the total investment corresponding to the four categories in each

community group (1, 2) for each district j.

Assuming that each of the districts act independently, then for each district the lower level

problem will be solved and combined in the upper level. Another assumption is that

hj =

0.39

0.32

0.29

 , dj =

20%

40%

25%

 (5.9)

where the rows represent the district and the column the country Botswana, dj is the minimum

percentage of the country’s budget for the district j. Furthermore it is assumed that the mini-

mum percentage of the total allocation for any one of the interventions categories is zlj = 7.5%

of the district budget.
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Then the leader’s problem will be

min
B

F = [0.2y1] + [0.31y2] + [0.25y3]

s.t B1 +B2 +B3 ≤ B

y1 + y2 + y3 = B

vj ≥ djyj for all j = 1, 2, 3

4∑
l=1

[vlj1 + vlj2] ≥ zljyj for all j = 1, 2, 3 and l = 1, . . . , 4 i = 1, 2.

In the lower level problems there are various parameters to be used. Some of these are disease

parameters that remain constant globally while others are country and district specific, these

include the birth and death rate as taken from [39] while the rest of the parameter values are

taken from [31] These are shown in Tables 5.1 and 5.2.

Parameter Description
δV = 0.15 mortality rate for infected children
δA = 0.2 additional death rate due to AIDS
σ = 0.1 rate of progression to AIDS if not treated
γ = 1.3 preferential rate of recruitment for children to receive ART
β = 0.12 transmission probability
ε1 = 0.08 factor of reduction on rate of disease transmission due to ART
ε2 = 0.167 factor of reduction on rate of MTCT due to treatment

Table 5.1: Disease parameters assumed to be constant

Parameter Description(each is for the three districts)
π = [0.0098, 0.0078, 0.0065] Birth rate for the districts
µ = [0.0032, 0.0015, 0.0011] Death rate for the respective districts
λH = [0.16, 0.17, 0.13] Initial unsafe contact rates for high risk groups
λL = [0.11, 0, 14, 0.09] Initial unsafe contact rates for low risk groups
mH = [0.31, 0.37, 0.22] Initial rate of MTCT for high risk groups
mL = [0.19, 0.22, 0.15] Initial rate of MTCT for high low groups
αA = [0.15, 0.32, 0.12] Initial rate of defaulting in the use of ART
ρH = [0.15, 0.15, 0.20] Initial rate of recruitment for ART in High risk groups
ρL = [0.075, 0.075, 0.10] Initial rate of recruitment for ART in High risk groups

Table 5.2: Parameters assumed to vary from district to district.

The initial size of the risk population is taken from [40] three districts were picked at random,

these being the central, North East and South East districts in Botswana. The other initial

population groups have been reasonably estimated.

Population size D1 D2 D3
S(0) 576064 316606 159225
V (0) 24360 20010 13075
I(0) 67524 59787 85817
T (0) 55 369 49 025 70 369
A(0) 20121 21600 18071

Table 5.3: Initial risk population
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The production functions for the model are chosen as taken from [31] to be,

θmj (v
2
j ) = m(1− a2v2j )

θρj (v
3
j ) = ρ(1 + a1v

3
j )

θλj (v
1
j ) =

1

2
λ(1 + e−(c1v

1
j )) (5.10)

θαj (v
4
j ) =

1

2
α(1 + e−(c2v

4
j )),

with a1 = 1.65× 10−8, a2 = 5.43× 10−8, c1 = 4.56× 10−1.55, c2 = 3.35× 10−2.

Then given the leader’s variable Bj for district j and the investment variable vji for district

j and community group i, the decision maker at each level optimizes its resource allocation

problem for the desired epidemic control independently. Their costs add up to the total cost

with the same weight and therefore the lower level optimization problem is assumed to be of the

following form,

min
v

fv =
3∑
j=1

fj(vj)

s.t (v1j1 + v2j1 + v3j1 + v4j1) + (v1j2 + v2j2 + v3j2 + v4j2) ≤ Bj .

5.5 Solution Approach

To solve the bi-level problem 5.7 a method called systematic sampling will be used. Systematic

sampling is a procedure that is a derivative free meta heuristic algorithm comprised of realiz-

ing randomness and partitioning the leader’s decision space. We also use the particle swarm

optimization procedure to solve the lower level problem. As explained previously PSO is a com-

putational method that gives the best solution for a problem by iteratively trying to improve

a candidate solution with regard to a given measure of quality. This method is ideal since the

bi-level problem is a dynamic system and is also non convex.

Firstly, the leader’s decision space will be partitioned as in Table 5.4.

aj1 aj2 aj3 aj4 ...

Table 5.4: Partitioning the decision space

For this partition to take place an assumption is made about the minimum amount that is to

be allocated to each district as indicated above and likewise to the maximum amount as well.

The minimum amount is assumed to be 7.5% of the budget B while the maximum amount

given that the three districts is 85% for each district. From there in the first partition aj1 an

amount yn is picked at random for each of the districts as the leader’s action, the next points

will then be selected using systematic sampling and emphasising a fixed interval. Secondly

all the leader’s representative actions from each partition are substituted into the follower’s

problem to obtain their corresponding optimal reactions. The follower after receiving the leader’s

representative action finds an optimal solution vjn of his own problem using or applying particle
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swarm optimization(PSO). Once the reaction from the lower level is obtained, the values for each

representative from each of the partitions (together with their corresponding reaction values)

will be used to optimize the leader’s objective. Furthermore, another set of points from these

Districts λ m ρ α
CD 620414.8999574 7016787.558969 232807297.5664 7225835.372894
NE 616039.7883554 4299641.331937 200568849.9683 5430078.590092
SE 1191937.654057 3760048.986512 170497857.7882 7939779.422819

Table 5.5: Lower level Bi-level optimization allocation-Low Risk community

partitions will be picked and assessed such that the point giving the best solution is stored.

This process will repeat until stopping conditions are satisfied. The leader after obtaining the

reaction for each of his or her representative chooses the best solution among the generated

decision variables in terms of the leader’s objective [25]. According to [25] since the current

solution for a given iteration is obtained from a random choice of a representative from each

district, it may not be the best solution for the problem. Therefore another set of leader’s

representative actions from each district will be selected again from the leader’s decision space.

However we have to avoid repetition of representative actions from any of the districts by further

subdividing each partition into η subdivisions, where η is the maximum number of iterations.

Finally for each leader’s distinct action we obtain a global optimal reaction and we choose the

Districts λ m ρ α
CD 750005.2774157 8960465.892998 331857885.1059 8139061.653344
NE 1590358.822622 8202545.54276 305669317.1293 10905995.5218
SE 1567670.953512 6587867.98425 258542739.2618 9389489.845524

Table 5.6: Lower level Bi-level optimization allocation-High Risk community

best solution from among the previously selected best and any of the best solution from the

current iteration based on the leader’s objective.

Lastly, the optimal values (vlji) calculated will be as given in Tables 5.5 and 5.6. The parametric

parameter variable names parametric values
number of populations 100

Alpha 0.75
Epsilon 10−6

c1 and c2 (learning factors) 2
w(weight of the inertia) 5

Maximum iterations 100

Table 5.7: Parametric values used for the PSO simulation

values that were used for the PSO are indicated in Table 5.7.
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6. Results and Comparison

The decision process has been assumed to have two levels, being, the upper (leader) and lower

(follower)level. It is through these two levels that allocation of HIV prevention resources is

made. This allocation was made through equity, CEA and bi-level optimization. The criteria

that is commonly used to gauge the performance of an allocation technique is keeping count of

the number of new infections averted and also the quality of life gained. That is, the more the

number of new infections averted through a particular method the more efficient that method

is considered. Similarly, when the quality of life is improved for infected individuals then that

method is seen to be very efficient.

In this study, the resultant number of new HIV infections and the HIV prevalence is used to

compare the three resource allocation techniques. HIV prevalence is indirectly proportional to

a better economy and better functioning community therefore using it for comparison purposes

will lead to identification of a much efficient allocation method. That is, the lower the HIV

prevalence then the better chance there is for a country’s economy to perform better and vice

versa. In the lower level the goal is to minimize the number of new infections in each district

which will in turn see to the HIV prevalence rate being reduced. While in the upper level

the goal is to minimize the costs associated with preventing HIV/AIDS through the programs

indicated with the given budget of 1.6 billion and over a time period of 10 years. In the lower

level, the objective function to be minimized is the function (5.6).

This function (5.6) is the cumulative number of new infections which incorporates different pa-

rameters, including those representing the main programs as listed and the differential equations

as previously derived from (4.2).

The results of minimizing (5.6) are found in Figures 6.1,6.2 and 6.3.

Figure 6.1: Allocation of HIV funds in the Central District through equity, CEA and Bilevel
optimization.

The graphs in Figures 6.1, 6.2, and 6.3 are a representation of the impact that each technique

has on the HIV prevalence over a period of 10 years. This impact is as a result of the optimal

investment values as calculated and illustrated in tables [4.2, 4.3, 4.5, 4.6, 5.5, 5.6, ] respectfully.
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Figure 6.2: Allocation of HIV funds in the North East District through equity, CEA and Bilevel
optimization.

Figure 6.3: Allocation of HIV funds in the South East District through equity, CEA and Bilevel
optimization.
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HIV prevalence is the number of persons living with HIV in a defined population. These graphs

have also indicated the rate of HIV prevalence when there is no investment. Not investing in

the HIV prevention programs is shown to reduce the HIV prevalence at a much lower rate.

However allocating HIV prevention resources through the equity model is shown to give better

results compared to when no investment is made. In spite of that, the equity model in every

instance of Figures 6.1, 6.2 and 6.3 proves that it is desirably out performed by the CEA.

The CEA efficiently reduces the HIV prevalence by a very significant margin as clearly indicated

in every district. The graphs are reflecting that the CEA and bi-level are somewhat performing

at a similar rate. However looking at the investment proportions for all these methods it is

apparent that while CEA and equity allocation utilize all the funds or the estimated budget, bi-

level optimization achieves it’s objective at significantly lower sum. That is, the total investment

allocated to each district which has been labelled as yj as seen in the leader’s problem (5.10) is

lower in bi-level optimization (see Table 6.1).

Allocation Techniques y1 y2 y3 Total

Equity 598 400 000 556 800 000 444 800 000 1 600 000 000

CEA 598 400 000 556 800 000 444 800 000 1 600 000 000

Bi-level Optimization 597 380 000 537 280 000 459 480 000 1 594 100 000

Table 6.1: DISTRICT INVESTMENT FOR HIV PREVENTIVE PROGRAMS

By using bi-level optimization the government would have saved a good 5.9 million as indicated

in Table 6.1 which can be used for other purposes. This is a great save and also evidence that

bi-level optimization is in this form a much more efficient method of allocating HIV prevention

funds and resources.
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7. Conclusion and Recommendations

In this paper different resource allocation techniques used for HIV prevention in Botswana were

investigated, that is equity, CEA and bilevel optimization. Resource allocation is the process of

assigning, planning and preparing project implementation or achieving goals. Allocation tech-

niques are useful and resourceful because it is through them that the best possible outcome can

be attained. Therefore for HIV prevention in Botswana we analyse these methods with their

impacts on the number of new HIV infections. That is because new HIV infections has been

found to impact the country’s economic state. More new HIV infections mean reduced labour

supply and productivity since there may be more HIV related deaths and hence loss of skilled

personnel in key sectors. Further, more infections may mean constant sickness and as a result

less productivity. Therefore it can be concluded that using the number of new infections as a

measure of outcomes or effectiveness of the resource allocation methods is crucial.

In our scenario there are only two levels of decision making. It is also assumed that there are

three districts in Botswana and each of them have two communities groups being the high risk

and low risk group. It was further assumed that for allocation in the lower level, 60% of the

budget particular to a district will be used on the low risk group while 40% will be allocated

to the high risk group. With these allocation methods the goal is to find the vlj (where j is for

the districts and l the programs) needed to minimize the function (5.6), that is, the investment

needed for the HIV prevention programs that will minimize the number of new infections in the

lower level. Upon minimizing (5.6) a comparison is done looking at the results.

For equity allocation method, HIV prevalence of the three districts as taken from [53] were used.

These HIV prevalence ratios determined the percentage each district will have in getting the

funds. This is clearly depicted by the table (4.1). Since there are two community groups with

their respective ratio in terms of allocation. Other ratios which are used are those linked with

the four HIV prevention programs.

For the CEA allocation technique, under each HIV preventive program relevant data for the

years 2018, 2017 and 2016 were used. The differences which reflected health gain or lack thereof

were put against the HIV prevention investments made for those years. With this, the health

benefit particular to each program was calculated. Different literature was used to advice on

the total cost particular to each program. Now with this the cost effectiveness ratio (4.4) was

calculated. It was assumed that for this method the upper level uses equity for allocation and

then cost effectiveness analysis for the lower level. It is on the lower level where the vljs are

calculated using the formula (4.5).
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Finally for the bi-level optimization, the bi-level programming problem was formulated such

that we got (5.7). In the upper level the goal was to minimize the cumulative number of new

infections by optimizing the allocation of the HIV prevention funds. This was achieved by par-

titioning the leader’s decision space, randomly picking a point or decision then selecting the

next point using systematic sampling. While, for the lower level the goal is also to minimize the

number of new infections in each district by optimizing the allocation of HIV prevention funds.

Here the leader’s action or decision is taken and through it the follower determines their best

possible solution by applying the PSO method.

All these methods have proven to help in the reduction of the number of new infections. That

is because where no money is allocated then there will be damage or a worsening of the HIV

pandemic, however if allocation methods are applied there is immediate improvement.

From the table [6.1,6.2, 6.3] it can be concluded that if bi-level optimization is used to allocate

HIV prevention funds then a more significant impact or gain will be attained. It was also found

that the CEA performs better than the equity allocation technique. These results and conclusion

are only true in a model where there are three districts and two communities under each district.

With this study it is evident that the resource allocation techniques used for HIV prevention

have a hefty impact on the direction and outcome of this pandemic. It is especially apparent that

the bi-level optimization method is the most effective of the three allocation methods studied.

It should therefore be given serious consideration.
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A. Matlab Codes for Results

A.1 The main partitioning MatLab code

1 %% Systematic Evolut ionary Algorithm %%

2 c l c ; c l e a r ; c l e a r var ;

3

4 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

5 %% Problem D e f i n i t i o n %%

6 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

7

8 % ObjFunU = @( x ) ObjectiveFunctionU ; % F i r s t l e v e l Dec i s i on maker

o b j e c t i v e func t i on

9 % ConsFunU = @( x ) myconstraintU ; % F i r s t l e v e l Dec i s i on maker

c o n s t r a i n t func t i on

10 % ObjFunL = @( x ) Object iveFunct ionL ; % Second l e v e l Dec i s i on maker

o b j e c t i v e func t i on

11 % ConsFunL = @( x ) myconstraintL ; % Second l e v e l Dec i s i on maker

c o n s t r a i n t func t i on

12

13 BT = 1600000000;

14 MinVar U = ((3/1000) ∗BT) ∗ ones (1 , 2 ) ;

15 MaxVar U = ((5/7 ) ∗BT) ∗ ones (1 , 2 ) ;

16 noVar U = 2 ; % Number o f upper l e v e l

v a r i a b l e s , note y (3 ) = BT − ( y (1 )+y (2) ) .

17 VarSize U = [ 1 noVar U ] ; % Dec i s i on space

18 Range = MaxVar U − MinVar U ; % Range o f d e c i s i o n space (

Length o f upper problem d e c i s i o n space ( ? ) )

19

20

21 nvar L = 24 ; % Number o f v a r i a b l e s in the

lower l e v e l problem

22 MinVar L = (0 .031∗ (7/ nvar L ) ∗BT) ∗ ones (1 , nvar L ) ; % Lower bound f o r

the v a r i a b l e s o f the lower l e v e l problem

23 MaxVar L = ((9/ nvar L ) ∗BT) ∗ ones (1 , nvar L ) ; % Upper bound f o r the

v a r i a b l e s o f the lower l e v e l problem
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24 Npop = 100 ; % Number o f populat ion f o r

the PSO % 50

25 Max iter PSO = 100 ; % Maximum i t e r a t i o n o f the

PSO % 50

26

27 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

28 %% Parameter D e f i n i t i o n %%

29 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

30

31 %% Sampling Parameter f o r p a r t i t i o n i n g d e c i s i o n space at each

I t e r a t i o n

32 e p s i l o n = 0 . 0 0 ; % Tolerance o f a r e a c t i o n

33 DELTA = 800000000; % d e l t a

34 a (1 ) = 2∗ c e i l ( Range (1 ) /(2∗DELTA) ) ; % Number o f s p i e s on f i r s t l e v e l

35 a (2 ) = 2∗ c e i l ( Range (2 ) /(2∗DELTA) ) ; % Number o f s p i e s on f i r s t l e v e l

36

37 b (1) = f l o o r ( a (1 ) /2) ; % Number o f s u b i n t e r v a l s on f i r s t

l e v e l

38 b (2) = f l o o r ( a (2 ) /2) ; % Number o f s u b i n t e r v a l s on f i r s t

l e v e l

39

40

41

42 MaxIter = 50 ; % Maximum number o f i t e r a t i o n

43

44

45 Delta = DELTA/MaxIter ; % Step s i z e o f the p a r t i t i o n o f

the f i r s t s u b i n t e r v a l

46 perm = randperm ( MaxIter ) ; % Random r e p r e s e n t a t i v e o f the

f i r s t s u b i n t e r v a l s

47 empty Spies= [ ] ;

48 lambda = 1000000000000; % Pena l i ty Factor

49

50

51

52

53

54 %
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%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

55 %% Main I n t e r a t i o n %%

56 %

%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%

57 f o r IT=1: MaxIter

58

59 %% I n i t i a l i z a t i o n

60 % D i s t r i b u t i o n o f p a r t i t i o n by f i r s t d e c i s i o n v a r i a b l e s on f i r s t

l e v e l

61

62 f l s f ( 1 ) = MinVar U (1) +(perm ( IT )−1)∗ Delta+rand (1 ) ∗ Delta ;

% f l s : f i r s t l e v e l p a r t i t i o n

63 i f f l s f ( 1 ) < 0

64 f l s f ( 1 ) = 0 ;

65 end

66 f l s f ( 2 ) = MinVar U (1)+DELTA+(MaxIter−perm ( IT ) +1)∗ Delta+rand (1 ) ∗ Delta ;

%

67 i f f l s f ( 2 ) < 0

68 f l s f ( 2 ) = 0 ;

69 end

70 f o r q =3:2:2∗b (1)−1

71 f l s f ( q ) = f l s f (q−2)+2∗DELTA;

72 i f f l s f ( q ) > MaxVar U (1)

73 f l s f ( q ) = MaxVar U (1) ;

74 end

75 f l s f ( q+1) = f l s f (q−1)+2∗DELTA;

76 i f f l s f ( q+1) > MaxVar U (1)

77 f l s f ( q+1) = MaxVar U (1) ;

78 end

79 end

80

81 f l s s (1 ) = MinVar U (2) +(perm ( IT )−1)∗ Delta+rand (1 ) ∗ Delta ;

% f l s s : f i r s t l e v e l p a r t i t i o n o f the second

v a r i a b l e

82 i f f l s s (1 ) < 0

83 f l s s (1 ) = 0 ;

84 end

85 f l s s (2 ) = MinVar U (2)+DELTA+(MaxIter−perm ( IT ) +1)∗ Delta+rand (1 ) ∗ Delta ;

%

86 i f f l s s (2 ) < 0

45



Appendix A: MATLAB Codes for the results in Chapters 5 and 6

87 f l s s (2 ) = 0 ;

88 end

89 f o r q =3:2:2∗b (2)−1

90 f l s s ( q ) = f l s s (q−2)+2∗DELTA;

91 i f f l s s ( q ) > MaxVar U (2)

92 f l s s ( q ) = MaxVar U (2) ;

93 end

94 f l s s ( q+1) = f l s s (q−1)+2∗DELTA;

95 i f f l s s ( q+1) > MaxVar U (2)

96 f l s s ( q+1) = MaxVar U (2) ;

97 end

98 end

99

100 % D i s t r i b u t i o n o f f i r s t l e v e l candidate s o l u t i o n as a Matrix

101 f o r i =1:a (1 )

102 f o r j =1:a (2 )

103 Candidate01 ( i , j ) . So l = [ f l s f ( i ) f l s s ( j ) BT−( f l s f ( i )+f l s s ( j ) )

] ;

104 end

105 end

106

107 % D i s t r i b u t i o n o f the above candidate s o l u t i o n as a vec to r

108 A = sort rows ( cat (1 , Candidate01 . So l ) ) ;

109

110 f o r i =1:a (1 ) ∗a (2 ) % number o f p a r t i t i o n on the

f i r s t l e v e l

111

112 i f (A( i , 3 ) >= 0)

113 BeST( i ) . SolU = A( i , : ) ;

114

115 % Cal l the PSO to obta in the corre spond ing best Lowervar iab le

f o r each cho i c e o f Best ( i ) . So l

116

117 [ xL , fL ] = PSO Mareka (BeST( i ) . SolU , MinVar L , MaxVar L , nvar L , Npop

, Max iter PSO ) ;

118

119

120 Best ( i ) . SolL = xL ;

121 Best ( i ) . SolU = BeST( i ) . SolU ;

122 Best ( i ) . CostL = fL ;

123 Best ( i ) . CostU = ObjectiveFunctionU ( Best ( i ) . SolU , Best ( i ) . SolL )

+ . . .
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124 lambda ∗(sum(max( myconstra int U Ineq ( Best ( i ) . SolU , Best ( i

) . SolL ) ,0 ) ) ) ;

125 i f i == 1

126 Best T = Best (1 ) ; % Current

i t e r e t i o n best upper

127

128 e l s e i f i ˜= 1 && Best ( i ) . CostU <= Best ( i −1) . CostU

129 Best T = Best ( i ) ;

130

131 e l s e

132 Best T = Best ( i −1) ;

133

134 end % i f i==1

135 end % i f condn on y (1 )+y (2) = y (3)

136 end % f o r i =1:a (1 ) ∗a (2 )

137

138 BEST( IT ) .COSTU= ObjectiveFunctionU ( Best T . SolU , Best T . SolL ) ;

139 BEST( IT ) .COSTL= Best T . CostL ; %only lower l e v e l c o n s t r a i n t s

140 BEST( IT ) .SOLU = Best T . SolU ;

141 BEST( IT ) .SOLL = Best T . SolL ;

142

143 % S e l e c t i n g best s o l u t i o n f o r the cur rent i t e r a t i o n

144

145 i f IT == 1

146 BEst = BEST( IT ) ;

147 e l s e i f IT˜= 1 && BEST( IT ) .COSTU <= GBEST( IT−1) .COSTU

148 BEst = BEST( IT ) ;

149

150 e l s e

151 BEst = GBEST( IT−1) ;

152

153 end

154

155 GBEST( IT ) = BEst ;

156

157 % Disp lay ing r e s u l t s on Command Window

158

159 di sp ( [ ’ I t e r a t i o n ’ num2str ( IT ) ’ : Upper Best Cost = ’ num2str (GBEST

( IT ) .COSTU) ’ : Lower Best Cost = ’ num2str (GBEST( IT ) .COSTL) ] ) ; %

’ : Optimal So lu t i on = ’ num2str (GBEST( IT ) .SOLU)

160

161 end % f o r IT=1: MaxIter
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162

163

164 di sp ( [ ’The Optimal So lu t i on f o r the upper l e v e l i s = ’ num2str (

GBEST( MaxIter ) .SOLU) ’ : For the lower l e v e l problem i s = ’

num2str (GBEST( MaxIter ) .SOLL) ] ) ;

A.2 The Particle Swarm Optimisation (PSO) MatLab code

1

2 %% Adapted and modi f i ed from the code produced by

3 % Jogendra Karthika S r i Sa i B a l a j i Dul ipa la

4 % Last updated:− 19/4/2020

5 % contact d e t a i l s :− ba la j i j ogendra@gmai l . com

6 %% Non−l i n e a r I n e q u a l i t y and e q u a l i t y cons t ra ined PSO

7 f unc t i on [ Xmin , Fmin]=PSO Mareka (y ,LB,UB, nvars , Npop , max it )

8 %func t i on [ Xmin , Fmin , SUM Constraints ]= PSO non l inea r cons t ra in t (

o b j e c t i v e f u n c t i o n , c o n s t r a i n t s , c o n s t r a i n t s e q ,LB,UB, nvars , Npop ,

max it )

9 %%

10 % O b j e c t i v e f u n c t i o n func t i on to be opt imized

11 % nvars number o f v a r i a b l e s to be opt imized

12 % npop number o f popu la t i ons

13 % LB Lower bounds o f the problem

14 % UB Upper bounds o f the problem

15 % max it Maximum i t e r a t i o n s

16 % c o n s t r a i n t s Non−l i n e a r or l i n e a r i n e q u a l i t y

c o n s t r a i n t s

17 % c o n s t r a i n t s e q Non−l i n e a r or l i n e a r e q u a l i t y c o n s t r a i n t s

18 %%

19 format long

20 w=5;

21 c1 =2;

22 c2 =2;

23 alpha =0.75;

24 UppVar = y ;

25

26 epss=1e−6;

27 f o r i =1:Npop

28 pop ( i ) . p o s i t i o n=LB+(UB−LB) .∗ rand (1 , nvars ) ;

29 pop ( i ) . c o s t=Object iveFunct ionL (UppVar , pop ( i ) . p o s i t i o n ) ;

30 c = myconstra int L Ineq (UppVar , pop ( i ) . p o s i t i o n ) ;

31

32 pop ( i ) . const=sum( c ( c>epss ) ) ;
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33 pop ( i ) . v e l o c i t y=ze ro s (1 , nvars ) ;

34 end

35 %−−−−−−−−−−−−−−−−Sort to s e l e c t i o n the g l o b a l bes t and l o c a l bes t f o r

1 s t i t e r a t i o n −−−−−−−−−−−−−−−−−−−−−−−
36 X Minus = [ ] ;

37 aa=[pop . const ] ;

38 COST MINUS=[pop ( aa<=epss ) . c o s t ] ;

39 i f ˜ isempty (COST MINUS)

40 X Minus=pop ( aa<=epss ) ;

41 [ ˜ ,INDEX M]= s o r t (COST MINUS) ;

42 X Minus=X Minus (INDEX M) ;

43 end

44 X PLUS = [ ] ;

45 SUM C PLUS=aa ( aa>epss ) ;

46 COST PLUS=[pop ( aa>epss ) . c o s t ] ;

47 i f ˜ isempty (SUM C PLUS)

48 AD=unique (SUM C PLUS) ;

49 i f s i z e (AD, 2 )==Npop

50 X PLUS=pop ( aa>epss ) ;

51 [ ˜ , INDEX P]= s o r t (SUM C PLUS) ;

52 e l s e

53 X PLUS=pop ( aa>epss ) ;

54 [OR,INDEX]= s o r t (SUM C PLUS) ;

55 COST PLUS=COST PLUS(INDEX) ;

56

57 kk=1;

58 N=0;

59

60 f o r m=1: s i z e (AD, 2 )

61 B=length ( f i n d (AD(m)==OR) ) ;

62 [ ˜ , IND]= s o r t (COST PLUS( kk :N+B) ) ;

63 INDEX P( kk :N+B)=IND ;

64 kk=B+1;

65 N=N+B;

66 end

67 end

68 X PLUS=X PLUS(INDEX P) ;

69 end

70 pop=[X Minus ; X PLUS ] ;

71 %−−−−−−−−−−−−− Forming the g l o b a l bes t

−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
72 g l o b a l b e s t=pop (1 ) ;
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73

74

75 f o r i =1: max it

76 i f i==1

77 l o c a l b e s t=g l o b a l b e s t ;

78 end

79 %−−−−−−−−−− Moving p a r t i c a l s to the l o c a l and g l o b a l bes t

p o s i t i o n s−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−−
80 f o r j =1:Npop

81 pop ( j ) . v e l o c i t y = w.∗ pop ( j ) . v e l o c i t y+c1 .∗ rand (1) . ∗ (

g l o b a l b e s t . po s i t i on−pop ( j ) . p o s i t i o n )+c2 .∗ rand (1) . ∗ (

l o c a l b e s t . po s i t i on−pop ( j ) . p o s i t i o n ) ;

82 pop ( j ) . p o s i t i o n = pop ( j ) . v e l o c i t y+pop ( j ) . p o s i t i o n ;

83 pop ( j ) . p o s i t i o n=min ( pop ( j ) . po s i t i on ,UB) ;

84 pop ( j ) . p o s i t i o n=max( pop ( j ) . po s i t i on ,LB) ;

85

86

87 pop ( j ) . c o s t= Object iveFunct ionL (UppVar , pop ( i ) . p o s i t i o n ) ; %

o b j e c t i v e f u n c t i o n ( pop ( j ) . p o s i t i o n ) ;

88 c = myconstra int L Ineq (UppVar , pop ( i ) . p o s i t i o n ) ;

89

90 pop ( j ) . const=sum( c ( c>epss ) ) ;

91 end

92

93

94 l o c a l b e s t=g l o b a l b e s t ;

95 w=w∗ alpha ;

96

97 f o r j =1:Npop

98 i f ( g l o b a l b e s t . const<=epss && pop ( j ) . const<=epss && pop ( j ) .

cost<g l o b a l b e s t . co s t ) | | ( g l o b a l b e s t . const>epss && pop ( j ) .

const<=epss )

99

100 g l o b a l b e s t=pop ( j ) ;

101

102 e l s e i f g l o b a l b e s t . const>epss && pop ( j ) . const>epss &&

g l o b a l b e s t . const>pop ( j ) . const

103

104 g l o b a l b e s t=pop ( j ) ;

105

106 end

107 end
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108

109 end

110

111

112

113 Xmin=g l o b a l b e s t . p o s i t i o n ;

114 Fmin=Object iveFunct ionL (UppVar , Xmin) ;

115

116 end

A.3 Matlab Code for the Results in Tables 6.1, 6.2, 6.3

1 f unc t i on func Graph Hrisk ( v1 , v2 , v3 , v4 , Count )

2

3 %%% get the parameter va lue s %%%

4

5 %%%%%%%% I n t i t i a l va lue s o f some varying parameters in c o u n t r i e s or

corre spond ing to r i s k ( community ) groups

6 N = [ 576 064 ; 316606; 15 922 5 ] ; %Populat ion s i z e in the three d i s t r i c t s

, 1 , 2 , and 3 r e s p e c t i v e l y

7

8 B = [ 0 . 0 0 9 8 ; 0 . 0 0 7 8 ; 0 . 0 0 6 5 ] ;%% Birth r a t e s f o r the three d i s t r i c t s ,

r e s p e c t i v e l y

9 D = [ 0 . 0 0 3 2 ; 0 . 0 0 1 5 ; 0 . 0 0 1 1 ] ; %% Death r a t e s f o r the three d i s t r i c t s ,

r e s p e c t i v e l y

10

11 LambdaH = [ 2 . 1 6 ; 3 . 1 7 ; 2 . 1 3 ] ; % unsa fe contact ra t e f o r high r i s k

groups in the three d i s t r i c t s

12 LambdaL = [ 1 . 1 1 ; 2 . 1 4 ; 1 . 0 9 ] ; % unsa fe contact ra t e f o r low r i s k

groups in the three d i s t r i c t s

13

14 MH = [ 0 . 3 1 ; 0 . 3 7 ; 0 . 2 8 ] ; % ra t e o f MTCT f o r high r i s k groups in the

three d i s t r i c t s

15 ML = [ 0 . 1 9 ; 0 . 2 2 ; 0 . 1 5 ] ; % ra t e o f MTCT f o r low r i s k groups in the

three d i s t r i c t s

16

17 AlphaA = [ 0 . 1 5 ; 0 . 3 2 ; 0 . 1 1 ] ; % Rate o f d e f a u l t i n g o f the ART −−
assumed the same f o r both r i s k groups in each o f the d i s t r i c t s

18

19 RhoH = [ 0 . 1 5 ; 0 . 1 5 ; 0 . 2 0 ] ; % ra t e o f recru i tment f o r ART in High r i s k

groups in the three d i s t r i c t s

20 RhoL = [ 0 . 0 7 5 ; 0 . 0 7 5 ; 0 . 1 0 ] ; % ra t e o f recru i tment f o r ART in r i s k

groups in the three d i s t r i c t s
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21

22 j = Count ;

23

24 NN = N( j ) ; %% Populat ion s i z e f o r d i s t r i c t j

25

26 BB = B( j ) ; %% Birth r a t e s f o r d i s t r i c t j % ∗NN

27 DD = D( j ) ; %% Death r a t e s f o r d i s t r i c t j

28 LambdaHH = LambdaH( j ) ; % unsa fe contact ra t e f o r the High r i s k group

in d i s t r i c t j

29 LambdaLL = LambdaL( j ) ; % unsa fe contact ra t e f o r the Low r i s k group

in d i s t r i c t j

30 MHH = MH( j ) ; % ra t e o f MTCT f o r the High r i s k group in d i s t r i c t j

31 MLL = ML( j ) ; % ra t e o f MTCT f o r the Low r i s k group in d i s t r i c t j

32 Alpha = AlphaA( j ) ; % Rate o f d e f a u l t i n g o f the ART in Country j −−
assumed the same f o r both r i s k groups

33 RhoHH = RhoH( j ) ; % ra t e o f rec ru i tment f o r ART from the High r i s k

group in d i s t r i c t j

34 RhoLL = RhoL( j ) ; % ra t e o f recru i tment f o r ART the Low r i s k group in

d i s t r i c t j

35

36 %%% The other parameter va lue s are assumed to be the same a c r o s s the

d i s t r i c t and r i s k groups

37

38 Prop = [ 0 . 4 4 ; 0 . 4 8 ; 0 . 3 2 ] ; %% Proport ions or percentage o f

populat ion in High r i s k groups in the three d i s t r i c t s

39

40 %%%%% Def in ing i n i t i a l s i z e o f populat ion f o r each r i s k groups in

each o f

41 %%%%% the d i s t r i c t s

42

43 N11 = (1−Prop ( j ) ) ∗NN; % percentage o f low r i s k populat ion in d i s t r i c t

j

44 N12 = Prop ( j ) ∗NN; % percentage o f high r i s k populat ion in d i s t r i c t j

45

46 %%%% Table o f propor t ion f o r i n i t i a l popu la t i ons in each o f the three

d i s t r i c t s %%%%%%%

47 InitPop = [ 0 . 4 8 9 0 .008 0 .29 0 .21 0 .003 0 .497 0 .007 0 .30 0 .19 0 . 0 0 5 ;

. . .

48 0 .495 0 .004 0 .30 0 .19 0 .007 0 .505 0 .006 0 .31 0 .17 0 . 0 0 9 ;

. . .

49 0 .4903 0 .0054 0 .299 0 .197 0 .0083 0 .504 0 .008 0 .321 0 .16

0 . 0 0 7 ] ;
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50

51 %%% i n i t i a l populat ion s i z e f o r the Low r i s k group in d i s t r i c t j

%%%%%%%%%%%%%%%

52 S011 = InitPop ( j , 1 ) ∗ N11 ;

53 V011 = InitPop ( j , 2 ) ∗ N11 ;

54 I011 = InitPop ( j , 3 ) ∗ N11 ;

55 T011 = InitPop ( j , 4 ) ∗ N11 ;

56 A011 = InitPop ( j , 5 ) ∗ N11 ;

57

58 %%%%%%%%%%%%%%%%%%%%

59

60 %%% i n i t i a l populat ion s i z e f o r the High r i s k group in d i s t r i c t j

%%%%%%%%%%%%%%%

61 S012 = InitPop ( j , 6 ) ∗ N12 ;

62 V012 = InitPop ( j , 7 ) ∗ N12 ;

63 I012 = InitPop ( j , 8 ) ∗ N12 ;

64 T012 = InitPop ( j , 9 ) ∗ N12 ;

65 A012 = InitPop ( j , 1 0 ) ∗ N12 ;

66

67 %%%%%%%%%%%%%%%%%%%%

68

69

70 %%%%% d i s e a s e parameters −− Assumed to be Constant a c r o s s r e g i o n s

%%%%%% %%%%%%%%%

71 deltaV = 0 . 1 5 ; %

72 deltaA = 0 . 2 ; %

73 sigma = 0 . 1 ; %

74 gama = 1 . 3 ; %

75 beta = 0 . 1 2 ; %

76 e p s i l o n 1 = 0 . 0 8 ;

77 e p s i l o n 2 = 1/6 ;

78

79 %%%% Parameters that can vary from reg i on to r eg i on or from r i s k

groups to r i s k groups

80 %%% demographic parameters %%%%%%%%%%%%%

81

82 p = BB;%%%%0.03219; % b i r th ra t e % p = 0.0990000000000000000004357;

%0.95;

83 mu = DD; %%0.02; % death ra t e

84

85 %%%%% Disease parameters −− to vary between r i s k groups or d i s t r i c t s

%%%%
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86 %m = MLL; %%%0.31;

87 m = MHH; %%%0.31;

88 %lambda = LambdaLL ; %0.16;

89 lambda = LambdaHH; %0 . 1 6 ;

90 alpha = Alpha ; %%%0.4;

91 %rho = RhoLL ; %%%0.075; %rho2 = e l l 1 ∗ rho1 ;

92 rho = RhoHH; %%%0.075; %rho2 = e l l 1 ∗ rho1 ;

93

94 %%%%%%%%% %%% %%% %%%%%%%%%%% %%%%%%

95

96 % Some cos t f u n c t i o n s parameters − some o f the se va lue s may vary from

d i s t r i c t to d i s t r i c t %%%%

97 a1 = 1.65 ∗ 10ˆ(−8) ; a2 = 5.43 ∗ 10ˆ(−8) ;

98 c1 = 4.56∗10ˆ(−10.55) ; c2 = 3.35∗10ˆ(−20) ;

99 r = 0 . 0 3 7 5 ;

100

101 %%%%% %%%%% %%%%%

102

103 %%% i n i t i a l va lue s f o r HH communities %%%%%%%%%%

104 %%%% i n i t i a l va lue s f o r the ODE system %%%%%%%%%%%

105 V0 = V012 ; %%1017;

106 S0 = S012 ; %%%48485;

107 I0 = I012 ; %%%7407;

108 T0 = T012 ; %%%2026;

109 A0 = A012 ; %%%317;

110

111

112 % done with parameter va lue s %%

113

114 %%% i n i t i a l i z a t i o n and stoppage va lue s . . .

115

116 M = 120 ;

117 t f i n a l = 10 ;

118

119 h=t f i n a l /M;

120 h2 = h /2 ;

121

122 t=l i n s p a c e (0 , t f i n a l ,M+1) ;

123

124 V = ze ro s (1 ,M+1) ;

125 S = ze ro s (1 ,M+1) ;

126 I = ze ro s (1 ,M+1) ;

54



Appendix A: MATLAB Codes for the results in Chapters 5 and 6

127 T = ze ro s (1 ,M+1) ;

128 A = ze ro s (1 ,M+1) ;

129 Q = ze ro s (1 ,M+1) ;

130

131 %fun = ze ro s (1 ,M+1) ;

132

133

134 TN0 = V0 + S0 + I0 + T0 + A0 ;

135 V(1) = V0/TN0;

136 S (1) = S0/TN0;

137 I (1 ) = I0 /TN0;

138 T(1) = T0/TN0;

139 A(1) = A0/TN0;

140 Q(1) = S (1)+I (1 )+T(1) ;

141

142 %%%% Production f u n c t i o n s to be implemented in the runge kuta

143 theta v1 = max(0 , lambda ∗(1 − exp(−( c1∗v1 ) ) ) ) ;

144 theta v2 = max(0 ,m∗(1 − a2∗v2 ) ) ;

145 theta v3 = rho ∗(1 + a1∗v3 ) ;

146 theta v4 = max(0 , alpha ∗(1 − exp(−( c2∗v4 ) ) ) ) ;

147

148

149 %%%% Runge−Kuta 4 th order method f o r s o l v i n g the ODE ststem

%%%%%%%%%

150

151 f o r i =1:M

152

153 k11 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗( I ( i )+e p s i l o n 2 ∗T( i ) ) − (gama∗
theta v3 + mu + deltaV ) ∗V( i ) ;

154 k12 = (1∗p) − theta v1 ∗(S( i ) /(S( i )+I ( i )+T( i ) ) ) ∗( I ( i )+e p s i l o n 1

∗T( i ) ) − mu ∗ S( i ) ;

155 k13 = theta v1 ∗(S( i ) /Q( i ) ) ∗( I ( i )+e p s i l o n 1 ∗T( i ) ) − ( theta v3 +

sigma + mu) ∗ I ( i ) ;

156 k14 = theta v3 ∗(gama∗V( i )+I ( i ) )−( theta v4 + mu) ∗T( i ) ;

157 k15 = sigma∗ I ( i ) + theta v4 ∗T( i )−(mu + deltaA ) ∗A( i ) ;

158

159

160

161 k21 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗ ( ( I ( i )+h2∗k13 ) + e p s i l o n 2 ∗(T( i )

+h2∗k14 ) ) − (gama∗ theta v3 + mu + deltaV ) ∗(V( i )+h2∗k11 ) ;

162 k22 = (1∗p) − theta v1 ∗ ( ( S( i )+h2∗k12 ) /(S( i )+h2∗k12+I ( i )+h2∗
k13+T( i )+h2∗k14 ) ) ∗( I ( i )+h2∗k13+e p s i l o n 1 ∗(T( i )+h2∗k14 ) ) −

55



Appendix A: MATLAB Codes for the results in Chapters 5 and 6

mu ∗ (S( i )+h2∗k12 ) ;

163 k23 = theta v1 ∗ ( ( S( i )+h2∗k12 ) /(S( i )+h2∗k12+I ( i )+h2∗k13+T( i )+

h2∗k14 ) ) ∗( I ( i )+h2∗k13+e p s i l o n 1 ∗(T( i )+h2∗k14 ) ) − ( theta v3

+ sigma + mu) ∗( I ( i )+h2∗k13 ) ;

164 k24 = theta v3 ∗(gama∗(V( i )+h2∗k11 )+I ( i )+h2∗k13 )−( theta v4 +

mu) ∗(T( i )+h2∗k14 ) ;

165 k25 = sigma ∗( I ( i )+h2∗k13 ) + theta v4 ∗(T( i )+h2∗k14 )−(mu +

deltaA ) ∗(A( i )+h2∗k15 ) ;

166

167

168 k31 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗ ( ( I ( i )+h2∗k23 ) + e p s i l o n 2 ∗(T( i )

+h2∗k24 ) ) − (gama∗ theta v3 + mu + deltaV ) ∗(V( i )+h2∗k21 ) ;

169 k32 = (1∗p) − theta v1 ∗ ( ( S( i )+h2∗k22 ) /(S( i )+h2∗k22+I ( i )+h2∗
k23+T( i )+h2∗k24 ) ) ∗( I ( i )+h2∗k23+e p s i l o n 1 ∗(T( i )+h2∗k24 ) ) −
mu ∗ (S( i )+h2∗k22 ) ;

170 k33 = theta v1 ∗ ( ( S( i )+h2∗k22 ) /(S( i )+h2∗k22+I ( i )+h2∗k23+T( i )+

h2∗k24 ) ) ∗( I ( i )+h2∗k23+e p s i l o n 1 ∗(T( i )+h2∗k24 ) ) − ( theta v3

+ sigma + mu) ∗( I ( i )+h2∗k23 ) ;

171 k34 = theta v3 ∗(gama∗(V( i )+h2∗k21 )+I ( i )+h2∗k23 )−( theta v4 +

mu) ∗(T( i )+h2∗k24 ) ;

172 k35 = sigma ∗( I ( i )+h2∗k23 ) + theta v4 ∗(T( i )+h2∗k24 )−(mu +

deltaA ) ∗(A( i )+h2∗k25 ) ;

173

174

175 k41 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗ ( ( I ( i )+h∗k33 ) + e p s i l o n 2 ∗(T( i )+

h∗k34 ) ) − (gama∗ theta v3 + mu + deltaV ) ∗(V( i )+h∗k31 ) ;

176 k42 = (1∗p) − theta v1 ∗ ( ( S( i )+h∗k32 ) /(S( i )+h∗k32+I ( i )+h∗k33+T

( i )+h∗k34 ) ) ∗( I ( i )+h∗k33+e p s i l o n 1 ∗(T( i )+h∗k34 ) ) − mu ∗ (S( i

)+h∗k32 ) ;

177 k43 = theta v1 ∗ ( ( S( i )+h∗k32 ) /(S( i )+h∗k32+I ( i )+h∗k33+T( i )+h∗
k34 ) ) ∗( I ( i )+h∗k33+e p s i l o n 1 ∗(T( i )+h∗k34 ) ) − ( theta v3 +

sigma + mu) ∗( I ( i )+h∗k33 ) ;

178 k44 = theta v3 ∗(gama∗(V( i )+h∗k31 )+I ( i )+h∗k33 )−( theta v4 + mu)

∗(T( i )+h∗k34 ) ;

179 k45 = sigma ∗( I ( i )+h∗k33 ) + theta v4 ∗(T( i )+h∗k34 )−(mu + deltaA

) ∗(A( i )+h∗k35 ) ;

180

181

182

183

184 V( i +1) = V( i ) + (h/6) ∗( k11 + 2∗k21 + 2∗k31 + k41 ) ;

185 S( i +1) = S( i ) + (h/6) ∗( k12 + 2∗k22 + 2∗k32 + k42 ) ;
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186 I ( i +1) = I ( i ) + (h/6) ∗( k13 + 2∗k23 + 2∗k33 + k43 ) ;

187 T( i +1) = T( i ) + (h/6) ∗( k14 + 2∗k24 + 2∗k34 + k44 ) ;

188 A( i +1) = A( i ) + (h/6) ∗( k15 + 2∗k25 + 2∗k35 + k45 ) ;

189

190 Q( i +1) = S( i +1)+I ( i +1)+T( i +1) ;

191 TN( i +1) = V( i +1)+S( i +1)+I ( i +1)+T( i +1)+A( i +1) ;

192

193 end %f o r

194

195 y ( 1 , : ) = V;

196 y ( 2 , : ) = S ;

197 y ( 3 , : ) = I ;

198 y ( 4 , : ) = T;

199 y ( 5 , : ) = A;

200

201 Nj = TN0∗TN;

202

203 prev = 100 .∗ ( I+V+A) ;

204

205 f i g u r e ;

206 p lo t ( t , prev , ’ g−. ’ , ’ LineWidth ’ , 2 . 5 ) ;

207 t i t l e ( ’ Preva lence o f the i n f e c t i o n ’ ) ;

208 x l a b e l ( ’Time ’ ) ;

209 y l a b e l ( ’ Preva lence (%) ’ ) ;

210 g r id on

211 box on

212 hold on

213

214

215 %%% p l o t s f o r the dynamics o f the model

216

217 % subplot ( 1 , 2 , 2 ) ;

218 f i g u r e

219 p lo t ( t , I , ’ r− ’ , t ,T, ’ g−− ’ , t ,A, ’b− ’ , ’ LineWidth ’ , 2 . 5 ) ;

220 t i t l e ( ’ The d i s e a s e dynamics in the populat ion ’ ) ;

221 x l a b e l ( ’ (d ) Time ( in years ) ’ ) ;

222 y l a b e l ( ’ Populat ion ’ ) ;

223 g r id on

224 box on

225 l egend ( ’ I ’ , ’T ’ , ’A ’ ) ; %’ Sc ’ , ’ Sp ’ ,

1 f unc t i on func Graph Lr i sk ( v1 , v2 , v3 , v4 , Count )

2
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3 %%% get the parameter va lue s %%%

4

5 %%%%%%%% I n t i t i a l va lue s o f some varying parameters in c o u n t r i e s or

corre spond ing to r i s k ( community ) groups

6 N = [ 576 064 ; 316606; 15 922 5 ] ; %Populat ion s i z e in the three d i s t r i c t s

, 1 , 2 , and 3 r e s p e c t i v e l y

7

8 B = [ 0 . 0 0 9 8 ; 0 . 0 0 7 8 ; 0 . 0 0 6 5 ] ;%% Birth r a t e s f o r the three d i s t r i c t s ,

r e s p e c t i v e l y

9 D = [ 0 . 0 0 3 2 ; 0 . 0 0 1 5 ; 0 . 0 0 1 1 ] ; %% Death r a t e s f o r the three d i s t r i c t s ,

r e s p e c t i v e l y

10

11 LambdaH = [ 2 . 1 6 ; 3 . 1 7 ; 2 . 1 3 ] ; % unsa fe contact ra t e f o r high r i s k

groups in the three d i s t r i c t s

12 LambdaL = [ 1 . 1 1 ; 2 . 1 4 ; 1 . 0 9 ] ; % unsa fe contact ra t e f o r low r i s k

groups in the three d i s t r i c t s

13

14 MH = [ 0 . 3 1 ; 0 . 3 7 ; 0 . 2 8 ] ; % ra t e o f MTCT f o r high r i s k groups in the

three d i s t r i c t s

15 ML = [ 0 . 1 9 ; 0 . 2 2 ; 0 . 1 5 ] ; % ra t e o f MTCT f o r low r i s k groups in the

three d i s t r i c t s

16

17 AlphaA = [ 0 . 1 5 ; 0 . 3 2 ; 0 . 1 1 ] ; % Rate o f d e f a u l t i n g o f the ART −−
assumed the same f o r both r i s k groups in each o f the d i s t r i c t s

18

19 RhoH = [ 0 . 1 5 ; 0 . 1 5 ; 0 . 2 0 ] ; % ra t e o f recru i tment f o r ART in High r i s k

groups in the three d i s t r i c t s

20 RhoL = [ 0 . 0 7 5 ; 0 . 0 7 5 ; 0 . 1 0 ] ; % ra t e o f recru i tment f o r ART in r i s k

groups in the three d i s t r i c t s

21

22 j = Count ;

23

24 NN = N( j ) ; %% Populat ion s i z e f o r d i s t r i c t j

25

26 BB = B( j ) ; %% Birth r a t e s f o r d i s t r i c t j % ∗NN

27 DD = D( j ) ; %% Death r a t e s f o r d i s t r i c t j

28 LambdaHH = LambdaH( j ) ; % unsa fe contact ra t e f o r the High r i s k group

in d i s t r i c t j

29 LambdaLL = LambdaL( j ) ; % unsa fe contact ra t e f o r the Low r i s k group

in d i s t r i c t j

30 MHH = MH( j ) ; % ra t e o f MTCT f o r the High r i s k group in d i s t r i c t j

31 MLL = ML( j ) ; % ra t e o f MTCT f o r the Low r i s k group in d i s t r i c t j
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32 Alpha = AlphaA( j ) ; % Rate o f d e f a u l t i n g o f the ART in Country j −−
assumed the same f o r both r i s k groups

33 RhoHH = RhoH( j ) ; % ra t e o f rec ru i tment f o r ART from the High r i s k

group in d i s t r i c t j

34 RhoLL = RhoL( j ) ; % ra t e o f recru i tment f o r ART the Low r i s k group in

d i s t r i c t j

35

36 %%% The other parameter va lue s are assumed to be the same a c r o s s the

d i s t r i c t and r i s k groups

37

38 Prop = [ 0 . 4 4 ; 0 . 4 8 ; 0 . 3 2 ] ; %% Proport ions or percentage o f

populat ion in High r i s k groups in the three d i s t r i c t s

39

40 %%%%% Def in ing i n i t i a l s i z e o f populat ion f o r each r i s k groups in

each o f

41 %%%%% the d i s t r i c t s

42

43 N11 = (1−Prop ( j ) ) ∗NN; % percentage o f low r i s k populat ion in d i s t r i c t

j

44 N12 = Prop ( j ) ∗NN; % percentage o f high r i s k populat ion in d i s t r i c t j

45

46 %%%% Table o f propor t ion f o r i n i t i a l popu la t i ons in each o f the three

d i s t r i c t s %%%%%%%

47 InitPop = [ 0 . 4 8 9 0 .008 0 .29 0 .21 0 .003 0 .497 0 .007 0 .30 0 .19 0 . 0 0 5 ;

. . .

48 0 .495 0 .004 0 .30 0 .19 0 .007 0 .505 0 .006 0 .31 0 .17 0 . 0 0 9 ;

. . .

49 0 .4903 0 .0054 0 .299 0 .197 0 .0083 0 .504 0 .008 0 .321 0 .16

0 . 0 0 7 ] ;

50

51 % %%%% Table o f propor t ion f o r i n i t i a l popu la t i ons in each o f the

three d i s t r i c t s %%%%%%%

52 % InitPop = [ 0 . 6 0 6 0 .05 0 .205 0 .12 0 .019 0 .156 0 .09 0 .45 0 .28 0 . 0 2 4 ;

. . .

53 % 0.506 0 .05 0 .245 0 .16 0 .029 0 .156 0 .09 0 .45 0 .28 0 . 0 2 4 ;

. . .

54 % 0.60 0 .056 0 .205 0 .12 0 .019 0 .156 0 .09 0 .45 0 .28 0 . 0 2 4 ] ;

55

56 %%% i n i t i a l populat ion s i z e f o r the Low r i s k group in d i s t r i c t j

%%%%%%%%%%%%%%%

57 S011 = InitPop ( j , 1 ) ∗ N11 ;

58 V011 = InitPop ( j , 2 ) ∗ N11 ;
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59 I011 = InitPop ( j , 3 ) ∗ N11 ;

60 T011 = InitPop ( j , 4 ) ∗ N11 ;

61 A011 = InitPop ( j , 5 ) ∗ N11 ;

62

63 %%%%%%%%%%%%%%%%%%%%

64

65 %%% i n i t i a l populat ion s i z e f o r the High r i s k group in d i s t r i c t j

%%%%%%%%%%%%%%%

66 S012 = InitPop ( j , 6 ) ∗ N12 ;

67 V012 = InitPop ( j , 7 ) ∗ N12 ;

68 I012 = InitPop ( j , 8 ) ∗ N12 ;

69 T012 = InitPop ( j , 9 ) ∗ N12 ;

70 A012 = InitPop ( j , 1 0 ) ∗ N12 ;

71

72 %%%%%%%%%%%%%%%%%%%%

73

74

75 %%%%% d i s e a s e parameters −− Assumed to be Constant a c r o s s r e g i o n s

%%%%%% %%%%%%%%%

76 deltaV = 0 . 1 5 ; %

77 deltaA = 0 . 2 ; %

78 sigma = 0 . 1 ; %

79 gama = 1 . 3 ; %

80 beta = 0 . 1 2 ; %

81 e p s i l o n 1 = 0 . 0 8 ;

82 e p s i l o n 2 = 1/6 ;

83

84 %%%% Parameters that can vary from reg i on to r eg i on or from r i s k

groups to r i s k groups

85 %%% demographic parameters %%%%%%%%%%%%%

86

87 p = BB;%%%%0.03219; % b i r th ra t e % p = 0.0990000000000000000004357;

%0.95;

88 mu = DD; %%0.02; % death ra t e

89

90 %%%%% Disease parameters −− to vary between r i s k groups or d i s t r i c t s

%%%%

91 m = MLL; %%%0.31;

92 %m = MHH; %%%0.31;

93 lambda = LambdaLL ; %0 . 1 6 ;

94 %lambda = LambdaHH; %0.16;

95 alpha = Alpha ; %%%0.4;
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96 rho = RhoLL ; %%%0.075; %rho2 = e l l 1 ∗ rho1 ;

97 %rho = RhoHH; %%%0.075; %rho2 = e l l 1 ∗ rho1 ;

98

99 %%%%%%%%% %%% %%% %%%%%%%%%%% %%%%%%

100

101 % Some cos t f u n c t i o n s parameters − some o f the se va lue s may vary from

d i s t r i c t to d i s t r i c t %%%%

102 a1 = 1.65 ∗ 10ˆ(−8) ; a2 = 5.43 ∗ 10ˆ(−8) ; % a2 = 1.5∗ a1 ; %

103 c1 = 4.56∗10ˆ(−10.55) ; c2 = 3.35∗10ˆ(−20) ;

104 r = 0 . 0 3 7 5 ;

105

106 %%%%% %%%%% %%%%%

107

108 %%% i n i t i a l va lue s f o r LL communities %%%%%%%%%%

109 %%%% i n i t i a l va lue s f o r the ODE system %%%%%%%%%%%

110 V0 = V011 ; %%1017;

111 S0 = S011 ; %%%48485;

112 I0 = I011 ; %%%7407;

113 T0 = T011 ; %%%2026;

114 A0 = A011 ; %%%317;

115

116 %%% i n i t i a l i z a t i o n and stoppage va lue s . . .

117

118 M = 120 ;

119 t f i n a l = 10 ;

120

121 h=t f i n a l /M;

122 h2 = h /2 ;

123

124 t=l i n s p a c e (0 , t f i n a l ,M+1) ;

125

126 V = ze ro s (1 ,M+1) ;

127 S = ze ro s (1 ,M+1) ;

128 I = ze ro s (1 ,M+1) ;

129 T = ze ro s (1 ,M+1) ;

130 A = ze ro s (1 ,M+1) ;

131 Q = ze ro s (1 ,M+1) ;

132

133 %fun = ze ro s (1 ,M+1) ;

134

135

136 TN0 = V0 + S0 + I0 + T0 + A0 ;
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137 V(1) = V0/TN0;

138 S (1) = S0/TN0;

139 I (1 ) = I0 /TN0;

140 T(1) = T0/TN0;

141 A(1) = A0/TN0;

142 Q(1) = S (1)+I (1 )+T(1) ;

143

144 %%%% Production f u n c t i o n s to be implemented in the runge kuta

145 theta v1 = max(0 , lambda ∗(1 − exp(−( c1∗v1 ) ) ) ) ;

146 theta v2 = max(0 ,m∗(1 − a2∗v2 ) ) ;

147 theta v3 = rho ∗(1 + a1∗v3 ) ;

148 theta v4 = max(0 , alpha ∗(1 − exp(−( c2∗v4 ) ) ) ) ;

149

150

151 %%%% Runge−Kuta 4 th order method f o r s o l v i n g the ODE ststem

%%%%%%%%%

152

153 f o r i =1:M

154

155 k11 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗( I ( i )+e p s i l o n 2 ∗T( i ) ) − (gama∗
theta v3 + mu + deltaV ) ∗V( i ) ;

156 k12 = (1∗p) − theta v1 ∗(S( i ) /(S( i )+I ( i )+T( i ) ) ) ∗( I ( i )+e p s i l o n 1

∗T( i ) ) − mu ∗ S( i ) ;

157 k13 = theta v1 ∗(S( i ) /Q( i ) ) ∗( I ( i )+e p s i l o n 1 ∗T( i ) ) − ( theta v3 +

sigma + mu) ∗ I ( i ) ;

158 k14 = theta v3 ∗(gama∗V( i )+I ( i ) )−( theta v4 + mu) ∗T( i ) ;

159 k15 = sigma∗ I ( i ) + theta v4 ∗T( i )−(mu + deltaA ) ∗A( i ) ;

160

161

162

163 k21 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗ ( ( I ( i )+h2∗k13 ) + e p s i l o n 2 ∗(T( i )

+h2∗k14 ) ) − (gama∗ theta v3 + mu + deltaV ) ∗(V( i )+h2∗k11 ) ;

164 k22 = (1∗p) − theta v1 ∗ ( ( S( i )+h2∗k12 ) /(S( i )+h2∗k12+I ( i )+h2∗
k13+T( i )+h2∗k14 ) ) ∗( I ( i )+h2∗k13+e p s i l o n 1 ∗(T( i )+h2∗k14 ) ) −
mu ∗ (S( i )+h2∗k12 ) ;

165 k23 = theta v1 ∗ ( ( S( i )+h2∗k12 ) /(S( i )+h2∗k12+I ( i )+h2∗k13+T( i )+

h2∗k14 ) ) ∗( I ( i )+h2∗k13+e p s i l o n 1 ∗(T( i )+h2∗k14 ) ) − ( theta v3

+ sigma + mu) ∗( I ( i )+h2∗k13 ) ;

166 k24 = theta v3 ∗(gama∗(V( i )+h2∗k11 )+I ( i )+h2∗k13 )−( theta v4 +

mu) ∗(T( i )+h2∗k14 ) ;

167 k25 = sigma ∗( I ( i )+h2∗k13 ) + theta v4 ∗(T( i )+h2∗k14 )−(mu +

deltaA ) ∗(A( i )+h2∗k15 ) ;
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168

169

170 k31 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗ ( ( I ( i )+h2∗k23 ) + e p s i l o n 2 ∗(T( i )

+h2∗k24 ) ) − (gama∗ theta v3 + mu + deltaV ) ∗(V( i )+h2∗k21 ) ;

171 k32 = (1∗p) − theta v1 ∗ ( ( S( i )+h2∗k22 ) /(S( i )+h2∗k22+I ( i )+h2∗
k23+T( i )+h2∗k24 ) ) ∗( I ( i )+h2∗k23+e p s i l o n 1 ∗(T( i )+h2∗k24 ) ) −
mu ∗ (S( i )+h2∗k22 ) ;

172 k33 = theta v1 ∗ ( ( S( i )+h2∗k22 ) /(S( i )+h2∗k22+I ( i )+h2∗k23+T( i )+

h2∗k24 ) ) ∗( I ( i )+h2∗k23+e p s i l o n 1 ∗(T( i )+h2∗k24 ) ) − ( theta v3

+ sigma + mu) ∗( I ( i )+h2∗k23 ) ;

173 k34 = theta v3 ∗(gama∗(V( i )+h2∗k21 )+I ( i )+h2∗k23 )−( theta v4 +

mu) ∗(T( i )+h2∗k24 ) ;

174 k35 = sigma ∗( I ( i )+h2∗k23 ) + theta v4 ∗(T( i )+h2∗k24 )−(mu +

deltaA ) ∗(A( i )+h2∗k25 ) ;

175

176

177 k41 = ( 0 . 0∗ p) + theta v2 ∗ beta ∗ ( ( I ( i )+h∗k33 ) + e p s i l o n 2 ∗(T( i )+

h∗k34 ) ) − (gama∗ theta v3 + mu + deltaV ) ∗(V( i )+h∗k31 ) ;

178 k42 = (1∗p) − theta v1 ∗ ( ( S( i )+h∗k32 ) /(S( i )+h∗k32+I ( i )+h∗k33+T

( i )+h∗k34 ) ) ∗( I ( i )+h∗k33+e p s i l o n 1 ∗(T( i )+h∗k34 ) ) − mu ∗ (S( i

)+h∗k32 ) ;

179 k43 = theta v1 ∗ ( ( S( i )+h∗k32 ) /(S( i )+h∗k32+I ( i )+h∗k33+T( i )+h∗
k34 ) ) ∗( I ( i )+h∗k33+e p s i l o n 1 ∗(T( i )+h∗k34 ) ) − ( theta v3 +

sigma + mu) ∗( I ( i )+h∗k33 ) ;

180 k44 = theta v3 ∗(gama∗(V( i )+h∗k31 )+I ( i )+h∗k33 )−( theta v4 + mu)

∗(T( i )+h∗k34 ) ;

181 k45 = sigma ∗( I ( i )+h∗k33 ) + theta v4 ∗(T( i )+h∗k34 )−(mu + deltaA

) ∗(A( i )+h∗k35 ) ;

182

183

184

185

186 V( i +1) = V( i ) + (h/6) ∗( k11 + 2∗k21 + 2∗k31 + k41 ) ;

187 S( i +1) = S( i ) + (h/6) ∗( k12 + 2∗k22 + 2∗k32 + k42 ) ;

188 I ( i +1) = I ( i ) + (h/6) ∗( k13 + 2∗k23 + 2∗k33 + k43 ) ;

189 T( i +1) = T( i ) + (h/6) ∗( k14 + 2∗k24 + 2∗k34 + k44 ) ;

190 A( i +1) = A( i ) + (h/6) ∗( k15 + 2∗k25 + 2∗k35 + k45 ) ;

191

192 Q( i +1) = S( i +1)+I ( i +1)+T( i +1) ;

193 TN( i +1) = V( i +1)+S( i +1)+I ( i +1)+T( i +1)+A( i +1) ;

194

195 end %f o r
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196

197 y ( 1 , : ) = V;

198 y ( 2 , : ) = S ;

199 y ( 3 , : ) = I ;

200 y ( 4 , : ) = T;

201 y ( 5 , : ) = A;

202

203 Nj = TN0∗TN;

204

205 prev = 100 .∗ ( I+V+A) ;

206

207 %f i g u r e ;

208 p lo t ( t , prev , ’ y−− ’ , ’ LineWidth ’ , 2 . 5 ) ;

209 t i t l e ( ’ Preva lence o f the i n f e c t i o n ’ ) ;

210 x l a b e l ( ’Time ’ ) ;

211 y l a b e l ( ’ Preva lence (%) ’ ) ;

212 g r id on

213 box on

214 hold on
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A.4 Additional Matlab Codes for the Investment figures In Bi-

level Allocation

1 f unc t i on f f = LowerObjfuncMod ( v1 , v2 , v3 , v4 , Count ) %,N1 , N2 ,P,D, Lambda ,M

, Alpha , Rho

2

3 %% v1 r e p r e s e n t s a vec to r o f two investment v a r i a b l e s ta rge t ed to

reduce lambda ( unsa fe contact ra t e ) cor re spond ing to the three

d i s t r i c t s

4 %% v2 r e p r e s e n t s a vec to r o f two investment v a r i a b l e s ta rge t ed to

reduce m (MTCT) correspond ing to the three d i s t r i c t s

5 %% v3 r e p r e s e n t s a vec to r o f two investment v a r i a b l e s ta rge t ed to

i n c r e a s e rho ( ra t e o f rec ru i tment f o r treatment ) corre spond ing to

the three d i s t r i c t s

6 %% v4 r e p r e s e n t s a vec to r o f two investment v a r i a b l e s ta rge t ed to

reduce alpha ( ra t e o f d e f a u l t i n g the treatment ) cor re spond ing to

the three d i s t r i c t s

7

8 %% Count r e p r e s e n t s a counter f o r the d i s t r i c t , the dynamics i s to be

c a l c u l a t e d

9

10 %%%%%%%% I n t i t i a l va lue s o f some varying parameters in c o u n t r i e s or

corre spond ing to r i s k ( community ) groups

11 N = [576 064 ; 316606; 15 922 5 ] ; %Populat ion s i z e in the three d i s t r i c t s

, 1 , 2 , and 3 r e s p e c t i v e l y

12

13 B = [ 0 . 0 0 9 8 ; 0 . 0 0 7 8 ; 0 . 0 0 6 5 ] ;%% Birth r a t e s f o r the three d i s t r i c t s ,

r e s p e c t i v e l y

14 D = [ 0 . 0 0 3 2 ; 0 . 0 0 1 5 ; 0 . 0 0 1 1 ] ; %% Death r a t e s f o r the three d i s t r i c t s ,

r e s p e c t i v e l y

15

16 LambdaH = [ 2 . 1 6 ; 3 . 1 7 ; 2 . 1 3 ] ; % unsa fe contact ra t e f o r high r i s k

groups in the three d i s t r i c t s

17 LambdaL = [ 1 . 1 1 ; 2 . 1 4 ; 1 . 0 9 ] ; % unsa fe contact ra t e f o r low r i s k

groups in the three d i s t r i c t s

18

19 MH = [ 0 . 3 1 ; 0 . 3 7 ; 0 . 2 8 ] ; % ra t e o f MTCT f o r high r i s k groups in the

three d i s t r i c t s

20 ML = [ 0 . 1 9 ; 0 . 2 2 ; 0 . 1 5 ] ; % ra t e o f MTCT f o r low r i s k groups in the

three d i s t r i c t s

21

22 AlphaA = [ 0 . 1 5 ; 0 . 3 2 ; 0 . 1 1 ] ; % Rate o f d e f a u l t i n g o f the ART −−
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assumed the same f o r both r i s k groups in each o f the d i s t r i c t s

23

24 RhoH = [ 0 . 1 5 ; 0 . 1 5 ; 0 . 2 0 ] ; % ra t e o f recru i tment f o r ART in High r i s k

groups in the three d i s t r i c t s

25 RhoL = [ 0 . 0 7 5 ; 0 . 0 7 5 ; 0 . 1 0 ] ; % ra t e o f recru i tment f o r ART in r i s k

groups in the three d i s t r i c t s

26

27 j = Count ;

28

29 NN = N( j ) ; %% Populat ion s i z e f o r d i s t r i c t j

30

31 BB = B( j ) ; %% Birth r a t e s f o r d i s t r i c t j % ∗NN

32 DD = D( j ) ; %% Death r a t e s f o r d i s t r i c t j

33 LambdaHH = LambdaH( j ) ; % unsa fe contact ra t e f o r the High r i s k group

in d i s t r i c t j

34 LambdaLL = LambdaL( j ) ; % unsa fe contact ra t e f o r the Low r i s k group

in d i s t r i c t j

35 MHH = MH( j ) ; % ra t e o f MTCT f o r the High r i s k group in d i s t r i c t j

36 MLL = ML( j ) ; % ra t e o f MTCT f o r the Low r i s k group in d i s t r i c t j

37 Alpha = AlphaA( j ) ; % Rate o f d e f a u l t i n g o f the ART in Country j −−
assumed the same f o r both r i s k groups

38 RhoHH = RhoH( j ) ; % ra t e o f rec ru i tment f o r ART from the High r i s k

group in d i s t r i c t j

39 RhoLL = RhoL( j ) ; % ra t e o f recru i tment f o r ART the Low r i s k group in

d i s t r i c t j

40

41 %%% The other parameter va lue s are assumed to be the same a c r o s s the

d i s t r i c t and r i s k groups

42

43 Prop = [ 0 . 4 4 ; 0 . 4 8 ; 0 . 3 2 ] ; %% Proport ions or percentage o f

populat ion in High r i s k groups in the three d i s t r i c t s

44

45 %%%%% Def in ing i n i t i a l s i z e o f populat ion f o r each r i s k groups in

each o f

46 %%%%% the d i s t r i c t s

47

48 N11 = (1−Prop ( j ) ) ∗NN; % percentage o f low r i s k populat ion in d i s t r i c t

j

49 N12 = Prop ( j ) ∗NN; % percentage o f high r i s k populat ion in d i s t r i c t j

50

51 %%%% Table o f propor t ion f o r i n i t i a l popu la t i ons in each o f the three

d i s t r i c t s %%%%%%%
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52 InitPop = [ 0 . 4 8 9 0 .008 0 .29 0 .21 0 .003 0 .497 0 .007 0 .30 0 .19 0 . 0 0 5 ;

. . .

53 0 .495 0 .004 0 .30 0 .19 0 .007 0 .505 0 .006 0 .31 0 .17 0 . 0 0 9 ;

. . .

54 0 .4903 0 .0054 0 .299 0 .197 0 .0083 0 .504 0 .008 0 .321 0 .16

0 . 0 0 7 ] ;

55

56

57 %%% i n i t i a l populat ion s i z e f o r the Low r i s k group in d i s t r i c t j

%%%%%%%%%%%%%%%

58 S011 = InitPop ( j , 1 ) ∗ N11 ;

59 V011 = InitPop ( j , 2 ) ∗ N11 ;

60 I011 = InitPop ( j , 3 ) ∗ N11 ;

61 T011 = InitPop ( j , 4 ) ∗ N11 ;

62 A011 = InitPop ( j , 5 ) ∗ N11 ;

63

64 %%%%%%%%%%%%%%%%%%%%

65

66 %%% i n i t i a l populat ion s i z e f o r the High r i s k group in d i s t r i c t j

%%%%%%%%%%%%%%%

67 S012 = InitPop ( j , 6 ) ∗ N12 ;

68 V012 = InitPop ( j , 7 ) ∗ N12 ;

69 I012 = InitPop ( j , 8 ) ∗ N12 ;

70 T012 = InitPop ( j , 9 ) ∗ N12 ;

71 A012 = InitPop ( j , 1 0 ) ∗ N12 ;

72

73 %%%%%%%%%%%%%%%%%%%%

74

75

76 y11 = v1 (1) ; y12 = v2 (1) ; y13 = v3 (1) ; y14 = v4 (1) ;

77 y21 = v1 (2) ; y22 = v2 (2) ; y23 = v3 (2) ; y24 = v4 (2) ;

78

79

80 %%%%%%%%%%%%%% %%%%%%%%%%%%%%%%%% %%%%%%%%%%%%%%%%%%%%%%%%

81

82

83 f k j = NN ∗( func ( y11 , y12 , y13 , y14 ,BB,DD, LambdaLL ,MLL, Alpha , RhoLL , S011 ,

V011 , I011 , T011 , A011 ) + . . .

84 func ( y21 , y22 , y23 , y24 ,BB,DD,LambdaHH,MHH, Alpha ,RhoHH,

S012 , V012 , I012 , T012 , A012 ) ) ;

85

86

67



Appendix A: MATLAB Codes for the results in Chapters 5 and 6

87 f f = f k j ;

1 f unc t i on const = myconstra int L Ineq (y , x )

2

3 % Given a two dimens iona l vec to r y , and a 24 dimens iona l v a r i a b l e

4 % vector x , the t h i r d component o f y i s c a l c u l a t e d as y (3 ) = BT −
5 % ( y (1)+y (2) ) .

6 % The lower l e v e l c o n s t r a i n t s are g iven as i n e q u a l i t y c o n s t r a i n t s

and c

7 % i s a 6 x 1 column vecto r and the RHS i s zero . That means c <=

0 .

8

9 % BT = 1600000000;

10 % y (3) = BT − y (1 ) − y (2 ) ;

11

12 B(1) = x (1)+x (2)+x (3)+x (4)+x (5)+x (6)+x (7)+x (8) ;

13 B(2) = x (9)+x (10)+x (11)+x (12)+x (13)+x (14)+x (15)+x (16) ;

14 B(3) = x (17)+x (18)+x (19)+x (20)+x (21)+x (22)+x (23)+x (24) ;

15

16 % Here the i n e q u a l i t y c o n s t r a i n t c o f the lower l e v e l problem i s

17 % a column vecto r with 27 components , with a form g ( x ) <= 0 f o r

18 % each o f the rows .

19

20 const = [B(1)−y (1 ) ; %% Budget used should not exeed

what i s a l l o c a t e d to the r eg i on .

21 B(2)−y (2 ) ;

22 B(3)−y (3 ) ;

23 0 .3∗ y (1 )− B(1) ; %% equ i ty c o n s t r a i n t s

24 0 .25∗ y (2 )−B(2) ;

25 0 .2∗ y (3 )−B(3)

26 0 .05∗ y (1 )−(x (1 )+x (2) ) ;

27 0 .03∗ y (1 )−(x (3 )+x (4) ) ;

28 0 .05∗ y (1 )−(x (5 )+x (6) ) ;

29 0 .02∗ y (1 )−(x (7 )+x (8) ) ;

30 0 .05∗ y (2 )−(x (9 )+x (10) ) ;

31 0 .03∗ y (2 )−(x (11)+x (12) ) ;

32 0 .05∗ y (2 )−(x (13)+x (14) ) ;

33 0 .02∗ y (2 )−(x (15)+x (16) ) ;

34 0 .05∗ y (3 )−(x (17)+x (18) ) ;

35 0 .03∗ y (3 )−(x (19)+x (20) ) ;

36 0 .05∗ y (3 )−(x (21)+x (22) ) ;

37 0 .02∗ y (3 )−(x (23)+x (24) )

38 ] ;
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39 end

1 f unc t i on const = myconstra int U Ineq (y , x )

2

3 % Given a two dimens iona l vec to r y , and a 24 dimens iona l v a r i a b l e

4 % vector x , the t h i r d component o f y i s c a l c u l a t e d as y (3 ) = BT −
5 % ( y (1)+y (2) ) .

6 %The va lue s B(1) ,B(2 ) ,B(3 ) are the v ( j )

7 %The upper l e v e l c o n s t r a i n t s are g iven as i n e q u a l i t y c o n s t r a i n t s .

8

9 BT = 1600000000;

10 % y (3) = BT − y (1 ) − y (2 ) ;

11

12 B(1) = x (1)+x (2)+x (3)+x (4)+x (5)+x (6)+x (7)+x (8) ;

13 B(2) = x (9)+x (10)+x (11)+x (12)+x (13)+x (14)+x (15)+x (16) ;

14 B(3) = x (17)+x (18)+x (19)+x (20)+x (21)+x (22)+x (23)+x (24) ;

15

16 % Here the upper l e v e l cons t ra in t , r ep re s en ted by c , i s a column

17 % vector o f s i z e 19 , each i n e q u a l i t y i s o f the form g ( x ) <= 0

form .

18 const = [B(1) + B(2) + B(3) − BT;

19 0 .3∗ y (1 )− B(1) ;

20 0 .25∗ y (2 )−B(2) ;

21 0 .2∗ y (3 )−B(3)

22 0 .05∗ y (1 )−(x (1 )+x (2) ) ;

23 0 .03∗ y (1 )−(x (3 )+x (4) ) ;

24 0 .05∗ y (1 )−(x (5 )+x (6) ) ;

25 0 .02∗ y (1 )−(x (7 )+x (8) ) ;

26 0 .05∗ y (2 )−(x (9 )+x (10) ) ;

27 0 .03∗ y (2 )−(x (11)+x (12) ) ;

28 0 .05∗ y (2 )−(x (13)+x (14) ) ;

29 0 .02∗ y (2 )−(x (15)+x (16) ) ;

30 0 .05∗ y (3 )−(x (17)+x (18) ) ;

31 0 .03∗ y (3 )−(x (19)+x (20) ) ;

32 0 .05∗ y (3 )−(x (21)+x (22) ) ;

33 0 .02∗ y (3 )−(x (23)+x (24) )

34

35 ] ;

36 end

1 f unc t i on z = Object iveFunct ionL (y , x )

2

3 % A 2 dimens iona l vec to r y , and a 24 dimens iona l vec to r x are to
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be

4 % input . y (3 ) i s to be c a l c u l a t e d as BT − y (1 ) − y (2 ) .

5 % The upper l e v e l v a r i a b l e s are to be used only in the

c o n s t r a i n t s .

6 % Given x , the matlab func t i on LowerObjfuncMod c a l c u l a t e s the

t o t a l

7 % number o f o f i n f e c t i o n s in each reg i on .

8 % The o b j e c t i v e i s to minimize the t o t a l number o f i n f e c t i o n in

a l l the

9 % three r e g i o n s .

10

11 BT = 1600000000;

12 y (3 ) = BT − y (1 ) − y (2 ) ;

13

14 z = LowerObjfuncMod ( [ x (1 ) , x (2 ) ] , [ x (3 ) , x (4 ) ] , [ x (5 ) , x (6 ) ] , [ x (7 ) , x

(8 ) ] , 1 ) + . . .

15 LowerObjfuncMod ( [ x (9 ) , x (10) ] , [ x (11) , x (12) ] , [ x (13) , x (14) ] , [ x

(15) , x (16) ] , 2 ) + . . .

16 LowerObjfuncMod ( [ x (17) , x (18) ] , [ x (19) , x (20) ] , [ x (21) , x (22) ] , [ x

(23) , x (24) ] , 3 ) ;

17 end

1 f unc t i on z = ObjectiveFunctionU (y , x )

2

3 % Given a two dimens iona l v a r i a b l e vec to r y , and a 24 dimens iona l

vec to r x ,

4 % (1) the 3 rd component o f y can be c a l c u l a t e d from the the t o t a l

5 % budget BT and the sum of y (1 ) and y (2 ) .

6 % (2) The v a r i a b l e x only appears in the c o n s t r a i n t o f the upper

l e v e l

7 % problem .

8 Lvar = x ;

9

10 z = 0.39∗ y (1 ) + 0.32∗ y (2 ) + 0.29∗ y (3 ) ;

11 end

**********************************************************************
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