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Abstract

The main objective of this thesis is to introduce a more general problem called the Split Equality
Variational Inequality Problems (SEVIP) and the Split Equality Duality Variational Inequality
Problems (SEDVIP) and formulate algorithms which solve the SEVIP and SEDVIP involving
quasi-monotone mappings in reflexive real Banach spaces. In order to solve this problem, we
propose double projection like methods to approximate some solution of the SEVIP and SEDVIP.
Using these methods, we prove weak and/or strong convergence of the algorithms to solutions
of the variational inequality problems under mild conditions. In addition, we provide some
applications of SEVIPs and SEDVIPs. We also present numerical examples to validate the
application of the algorithm. The results reached in this thesis generalize and improve a number

of results in the literature of this field.
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Dedications

What is mathematics? It is only a systematic effort of solving puzzles posed by nature.
— Shakuntala Devi.
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1. Introduction

1.1 Background to the Study

The contributions of this thesis fall under the general field of non-linear functional analysis with
particular attention to the variational inequality problem and its generalizations which have

recently attracted substantial research interest.

In this section, we begin by giving definitions of mappings and variational inequality problem
(VIP) that will be used in this thesis.

Let E to be a Banach space with norm ||.||, and let E* be its dual with norm ||.||. and by (.,.) we
denote the duality pairing. Let C be a non-empty, convex and closed subset of E. A mapping
T :C — E* is called

1. a—strongly monotone on C' if there exists o > 0 such that
(T(x) —T(y),r —y) > a|lz —y||? for all z,y € C;

2. monotone on C if

(T(x) —T(y),x —y) >0, forall z,y € C;

3. pseudo-monotone on C if for all x,y € C, we have

(T'(y),z—y) 20=(T(x),z—y) = 0;

4. quasi-monotone on C if for all y,z € C, we have

(T(y),z—y)>0=(T(x),z—y) >0

5. Lipschitz continuous on C' provided that a constant L > 0, called the Lipschitz constant,

exists and that

IT(x) = T(y)lle- < Lllz = ylle, for all z,y € C.

where ||.||g+ is the norm in E* and ||.||g is the norm in E . If L < 1, then we consider T to

be a contraction mapping and if L = 1, then is T is called a non-expansive mapping.

Remark 1.1.1.

We note that all a-strongly monotone mappings are monotone, all monotone mappings are
pseudo-monotone and all pseudo-monotone mappings are quasi-monotone, however, the con-

verses are not true (see, examples below).
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Example 1.1.2. Let R be the real line with the usual metric. Let k: R — R be defined by

1, z€(0,00)
-1, z € (—0,0).

Then, k is monotone but not a-strongly monotone.

Proof. We first show that k is monotone.

If y,z € (0,00), then we get
(k(z) = k(y),z —y) = (1= 1)(z —y) = 0. (1.1.1)
If 2 € (0,00) and y € (—00,0), then we have (z — y) > 0 and hence
(k(z) =k(y)z—y) =1 = (=1))(z—y) =2(z —y) > 0. (1.1.2)
If 2,y € (—00,0), then we have
(k(z) = k(y),x —y) = (=1 = (=1))(z —y) = 0. (1.1.3)
If y € (0,00) and 2 € (—00,0), then we get that (z —y) < 0 and hence

(k(z) —k(y),z—y) =(-1-1)(z—y) =-2(x —y) > 0. (1.1.4)

Therefore, we have (k(x) — k(y),z —y) > 0 for all z,y € R, and hence k is monotone.

To show that the mapping k is not a-strongly monotone, consider x = 2 and y = 1. Then,
(k(2) — k(1),2 - 1) =0 < a|2 — 1]|>, VYa > 0, which is a contradiction. O

Example 1.1.3. Define the mapping h : (0, 00) — (0, 00) by

h(z) = xia,wo. (1.1.5)

Then, h is pseudo-monotone but not monotone.

Proof. Assume that (h(y),x —y) > 0, as such, a(yx;ay) > 0. Then we get

az—yly+a) alz—y) _ 3
O T D@ta)  wta @

Hence, h is clearly pseudo-monotone.
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In order to demonstrate that h is not monotone, take z,y € (0,00) such that z # y. Then,

(o)~ ) =) = o= o)

r+a y+a

—a(z—y)°

- (x4 a)(y+a) <0

since (z + a) (y + @) and a are positive.

Example 1.1.4. Define f : R — R by

Then, f is quasi-monotone but not pseudo-monotone.

(1.1.6)

Proof. Assume that (f(y),z —y) > 0. Then, if y € (—00,0) U (0,1), then we get that z < y.
Thus, either z € (—o00,0) U (0,1) or z = 0, hence f(x) = —1 or f(z) = 0. This results in

(f(z),z —y) > 0.

Ify > 1, we get 0 < (f(y),z—y) = (x — y). Hence, y < x which implies that z > 1 and

f(x) = 1. Therefore, (f(z),x

y) > 0, which implies that the mapping f is quasi-monotone.

In order to demonstrate that f is not pseudo-monotone, consider y = 0 and z = 0.5. As such,

£(0)(0.5—-0) =0 and f(0.5) (0.5 —0) = —0.5 < 0. Thus, f is not pseudo-monotone.

Example 1.1.5. Let g : R — R be defined by

-1, y>1
9(y) = < v, y € [-1,1]
y+1, y< L.

Thus, g is quasi-monotone but neither pseudo-monotone nor monotone.

Proof. Assume that (g(y),z —y) > 0 for z,y € R.
If y > 1, we get

0<(2y—1)(z—y)
=2y —x— 2% +y
=2xy —x — 2% + y + 222 — 222 + 20y — 2y
=222 —x — 2wy +y — 22% — 2y% + day
— (20— 1)(w —y) - 2(x — y)?
< (y(@),z—y).

O]
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If y < —1, we get

0<2y+1)(z—y)
=2zy+a—2° —y
=2xy + 2 — 2% —y + 2% — 22% + 2zy — 2y
=222 + x — 2wy —y — 22° — 2y% + 4y
= 2z +1)(z —y) —2(x —y)?
< (y(@),z—y).

If y € [-1,1], then we get that 0 < y?(x — y), which implies y < 2. Thus, we get
2 3 3.2
x“y < x° and hence 0 < z° — z°y = (g(x),z — y) . (1.1.7)

Therefore, g is quasi-monotone.

To demonstrate that the mapping ¢ is not pseudo-monotone, consider x = —1 and y = 0. Then
g(0%)(=1-=0) =0 > 0and g(—1%)(~1—0) = —1 < 0. This shows that g is not pseudo-
monotone and hence not monotone. O

Let C be a non-empty, convex and closed subset of a real Banach space E. Let T : E — E* be
a mapping. The Variational Inequality Problem (VIP) is defined as follows:

find a vector x € C such that (T'(z),y —x) >0, forallye C. (1.1.8)

We denote VI(C,T) as the solution set of the VIP (1.1.8). The following is the formulation of the
Dual Variational Inequality Problem (DVIP), often known as the Minty Variational Inequality
Problem (MVIP):

solve for z* € C such that (T'(y),y — «*) > 0,for all y € C. (1.1.9)

The solution set of the DVIP (1.1.9) is denoted by DV I(C,T). Clearly, DVI(C,T) is a closed
and convex set. If T is continuous and C is convex, then DVI(C,T) C VI(C,T) (see, [60]).
However, the inclusion VI(C,T) C DVI(C,T) is not necessarily true when T is continuous and
quasi-monotone mapping (see, [57]). In fact, if T is continuous and pseudo-monotone, then we
have that VI(C,T) = DVI(C,T) (see, [19]). Since its introduction in the 1960s, variational
inequalities theory has gained popularity as an intriguing and exciting area of applied math-
ematics with a broad range of applications in the financial, economic, and applied sciences as

well as the industry.

Due to the dynamic nature of this topic and its rapid expansion in the theory and applications,
research methods and issues are derived from a variety of fields. The concepts and methods of
variational inequalities are being used in many different scientific fields, and they are effective

and creative. As demonstrated, for example, by [1] and the references therein, this theory offers
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the most natural, straightforward, simple, coherent, and efficient framework for a broad treat-

ment of a large class of unrelated linear and non-linear problems.

As a result of its usefulness, numerous authors have carried out a great deal of research on VIP’s

and their abstractions in finite and also infinite dimensional spaces, (see [15, 20]).
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Some Applications of Variational Inequality Problems

1. Applications to Optimization Problems: Let y* be a solution to the optimization

problem:

Minimize f(y)
subject to: y € C, (1.1.10)

where the mapping f : C — R is convex and continuously Frechet differentiable and C' is a
closed and convex. Then y* is considered a solution to the optimization problem (1.1.10) if and

only if it is the solution of the variational inequality problem:
(Vi) y—y") =0 vyedC. (1.1.11)

where V is the gradient of f. In fact, let ¢(t) = f(y*+t(y—y*)), for t € [0,1]. Since ¢ attains its
minimum at ¢ = 0, we have that 0 < ¢/(0) = Vf(y*)T (y — y*), showing that y* solves (1.1.11).

2. Applications to Complementary Problems: Numerous classical economic equilibrium
issues have been expressed as systems of equations because market clearing circumstances require
that the entire supply be equal to the entire amount requested. The following is the formulation
of a system of equations for a variational inequality problem.

Lemma 1.1.6. [075] Let H be a real Hilbert space with F': H — H as the given function. The
vector x* € H solves VI(H, F) if and only if F(z*) = 0.

3. Applications to Fixed Point Problems: The relationship between a variational inequal-

ity and a fixed point problem is as follows.

We note that if C', a subset of the Hilbert space H, is closed and convex, then a mapping
Pc : H — C is considered a metric projection if ||z — Pox|| < ||z —y||,Vy € C. The subsequent
property of Pc is known to be satisfied:

(x — Pox,y — Pox) <0,Vy € C. (1.1.12)

Lemma 1.1.7. [05] Assume that K, a subset of the Hilbert space H, is closed and convex. Then
x* € K is a solution to the variational inequality problem VIP if and only if for v > 0, we have

x* as a fized point of the map
Px(I —~F): K — K,
that is,

x* = Pg (2" —~vF(z%)).
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1.2 Motivation

Many physical problems in real life can be modelled as non-linear problems which involve differ-
ent types of mappings. Some of these problems in non-linear analysis which arise from differential
equations reduce to variational inequality problems. Since there is no closed method for solving
such problems, different approximation methods have been employed to solve them throughout

the last few decades.

The Gradient method (GM) is the oldest and most basic projection method for resolving the
VIP. However, this methods convergence requires that T be a strongly (or inverse strongly)
monotone mapping . To avoid this hypothesis, Korpelevich [30] constructed the so-called Extra-
Gradient Method (EGM), which calls for computing the projection on the feasible set twice in

each iteration.

It is well known that the EGM has several limitations when used for the VIP [27]. For example,
only when the underlying operator is Lipschitz continuous and monotone does the EGM converge
weakly. Additionally, the EGM’s execution is dependent on the Lipschitz constant as well as
the computation of a projection onto a feasible set twice for each iteration . Zheng [13] took
his approach by introducing the subgradient extragradient method (SEGM) which replaced the
second projection with a projection onto a well constructed half-space. Because this method

depends on the Lipschitz condition of the cost operator, it preserves the weakness of the EGM.

The various studies that have been conducted to solve variational inequality problems involved
mappings with different continuity and monotonicity conditions. The results obtained from these
studies are confined to lower class of mappings either in terms of monotonicity or continuity
properties in real Hilbert/ Banach spaces. It should be noted that a number of the results
mentioned above were attained in the context of real Hilbert spaces, which uses mainly norm
distance and metric projection. Metric projection is non-expansive only when it is in Hilbert
space. In [16], Zheng constructed a double projection method with the use of Bregman distance

and Bregman projection in Banach spaces for solving variational inequalities.

Motivated and inspired by the works of Tseng in [54], Solodov and Svaiter [1(] and Zheng
[13], it is therefore natural to introduce the generalization of the above problems and propose
methods for approximating the solutions in real reflexive Banach spaces. Hence, the purpose
of this thesis is to establish and study double projection like algorithms for solving the split
equality variational inequality problem in the setting of reflexive real Banach spaces, where the

underlying mappings are quasi-monotone and uniformly continuous.



CHAPTER 1. Introduction

1.3 Statement of the Problem

Some significant generalizations of the VIP and DVIP are the Split Equality Variational In-
equality Problem (SEVIP) and Split Equality Dual Variational Inequality Problem (SEDVIP)
respectively. Let C' and D be convex and closed subsets of real Banach spaces E; and Eq, respec-
tively. Let T': E; — E] and S : Eo — EJ be non-linear mappings and A : E; — E3, B : E; — E3
be bounded linear mappings, with [E3 as another real Banach space. The SEVIP consists of

finding two points:

z* e VI(C,T) and y* € VI(D, S) such that Az* = By™. (1.3.1)

Where as the SEDVIP is to find two points:
x* € DVI(C,T) and y* € DVI(D, S) such that Ax* = By". (1.3.2)

The SEVIP and SEDVIP are broad and they encompasses as special cases, split equality zero
point problems (see, [22]), common solutions of the variational inequality problems [14], com-
mon zeros of mappings [16], split equality feasibility problems, which have been thoroughly
studied by numerous authors and implemented in solving many real world problems such as in
sensor networks in computerized tomography and data compression [3, 18], modelling of inverse
problems obtained from phase retrieval, and in modelling intensity-modulated radiation therapy

treatment planning [10, 11].

1.4 Research Questions

The following questions logically arise from the statement of problem above.

e Can an algorithm which approximates the solutions of SEVIPs and/or SEDVIPs involving

non Lipschitz continuous quasi-monotone mappings be established?

e Can we provide applications of our results to a number of problems in reflexive real Banach

spaces?

e Is it possible to provide numerical examples to demonstrate the behavior of the proposed

algorithm?

1.5 Objectives of the Study

1.5.1 Main Objective of the study

The main objective of this thesis is to propose and investigate algorithms which approximate
solutions of SEVIP and/or SEDVIP in reflexive real Banach spaces.

1.5.2 Specific Objectives

The specific objectives of this study are to:
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e propose and study algorithms which solve the SEVIP and/or SEDVIP involving quasi-

monotone mappings in reflexive real Banach spaces.

e prove weak and/or strong convergence of the algorithms to solutions of the variational

inequality problems under mild conditions.
e provide more applications of SEVIPs and/or SEDVIPs.

e provide numerical examples to validate the application of the algorithm.

1.6 Organization of the Thesis

The present thesis is structured in the following manner. The introduction, which is given
in Chapter 1 includes the background of the Variatinal Inequality Problem (VIP), motivation,
statement of the problem, research questions along with the objectives of this thesis. We provide
preliminaries which includes some lemmas that are of interest in Chapter 2, along with an
extensive literature analysis of topics pertaining to the SEVIP and SEDVIP. In Chapter 3, we
state iterative algorithms for solving the SEVIP and SEDVIP associated with quasimonotone
mappings in reflexive real Banach spaces. We then provide weak and strong convergence results
to the solutions of the problems. We next go over the applications of our findings in Chapter 4
and give numerical examples in Chapter 5. Lastly, the conclusion and our contribution to the

field are covered in Chapter 6 along with some suggestions for further study.



2. Literature Review

Some well-known lemmas and significant definitions that are important to the work under dis-
cussion in this study are stated in this chapter. We will continue acknowledging sources as
needed as we elaborate and thoroughly explore the outcomes in this chapter and in the next
chapters. We next go over some helpful findings and provide a thorough literature analysis of

ideas related to our work.

2.1 Preliminaries

Let E be a reflexive real Banach space with E* as its dual. Let {z,} be a sequence in E. We
denote the weak and strong convergence of {z,} to a point z € E by z,, — x and z,, — =z,

respectively.

Let g : E — (—o00,00] be a convex function. The domain of g, denoted by dom g, is defined
as dom g = {x € E: g(x) < oo}. In this case, g is said to be proper if dom g # O. If g:
E — (—o00, 0] is proper, lower semi-continuous and convex, then the Fenchel conjugate of g is
the real valued function g*: E* — (—o0, oo] defined by g*(z*) = sup {(z*,z) — g(z) : = € E} for
any =* € E*. The right hand derivative of g at x € int(dom g) in the direction of y € E is defined
by

QO(x’y) — lim g(LU +ty) N g(.CU)

2.1.1
t10 t ( )

The function g is said to be Gateauz differentiable at z if the limit in (2.1.1) exists for every
y € E. In this case, the value of the gradient of g at =, denoted by Vg(z), is the linear function
(Vyg(z),y) = g°(x,y) for all y € E. If g is Gateaux differentiable at every point x € int(dom g),
then we say that g is Gateaux differentiable. If the limit in (2.1.1) is attained uniformly for
any y € E with [|y| = 1, then g is said to be Fréchet differentiable at = and it is said to be
uniformly Fréchet differentiable on a subset C' of E if the limit (2.1.1) is attained uniformly for
z € C and ||ly|| = 1. We know that if ¢ is a Fréchet differentiable function, then it is Gateaux
differentiable and if g is Fréchet differentiable, then it is also continuous see ([38], pg. 142). It
is also known that if g : E — R is uniformly Fréchet differentiable and bounded on bounded
subsets of E, then Vg is uniformly continuous on bounded subsets of E (see, e.g., [11]) and it is

also uniformly smooth (see, e.g., [78]).

A function g : E — R is a Legendre function if it satisfies the subsequent two conditions:

(L1) g is Gateaux differentiable, int(dom g) # @ and dom Vg =int(dom g);

10
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(L2) g* is Gateaux differentiable, int(dom ¢*) # @ and dom Vg* =int(dom g*).

Let B={x € E: ||z|| = 1}. Then E is said to be strictly convex if HxQ—l—yH <lforallz,y€ B
with = # y. We say that the space E is smooth if the limit
t —
lim w (2.1.2)
t—0 t
exists for x,y € B.
: . 1 .
If E is a smooth and strictly convex Banach space, then g(z) = —||z|]|P (1 < p < o0) is a

typical case of a proper, lower semi-continuous and Legendre function with Fenchel conjugate
1 1 1

g (x*) = —||z*[|9 (1 < ¢ < 0), (see, e.g. [1]), where — 4+ — = 1. In this case, we have Vg = J,,
q P g

where J, : E — 2E" is the multi-valued function defined as follows
Jp(x) = {z* € B*: (a*,2) = ||=[|” and [|o*|| = [l=[P~"},

for all x € E. The special case when p = 2 gives that J, = J, where J is the normalized duality
mapping defined by

J(z) = {2* € E*: (2*,7) = ||z and ||z*|| = ||=]|}.

If in addition [E = H, where H is a real Hilbert space, then J = I, where I is the identity
mapping on H. We will denote the normalized duality mapping J on E by Jg.

If g: E — (—o00,00] is a Legendre function and E is a reflexive Banach space, then
Vg* = (Vg) (see, [6]). Moreover, we note that g is a Legendre function if and only if ¢* is a

Legendre function (see, [1]).

Definition 2.1.1. Let g: E — (—o00, 00| be a convex and Gateaux differentiable function.

1. The real-valued non-negative function Dy: dom g x int(dom g) — [0, +00) defined by
Dy(y,z) = g(y) — g(x) — (Vg(x),y — z), x € int(dom g), and y € dom g, (2.1.3)

is called the Bregman distance with respect to g (see, Censor and Lent [15]).

2. The modulus of total convexity of g at the point z € E is the function
vg : E x [0,4+00) — [0, 4+00) defined as

vg(z,t) =inf {Dy(x,y) : y € E and ||y — z|| = t}. (2.1.4)

3. The function g is totally convex if the function vg(x,t) > 0 for all £ > 0 and z € E.

4. g is B-strongly convex function if there exists 5 > 0 such that

9(z) = gly) — (Vg(y),z — y) > Bllz — y||*,Vz,y € E. (2.1.5)

11
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1
Note that if a function g is f—strongly convex, then Vg* is —— Lipschitz continuous (see, [(1]).

B

x
A function g: E — (—o00,00] is said to be strongly coercive if limjj;| o0 <gH(H)> =o0. If Eis
x
1
a smooth and 2-uniformly convex Banach space, then the function f(z) = =||x||? is strongly
coercive, bounded, lower semi-continuous, uniformly Fréchet differentiable and strongly convex
1
with strong convexity constant 8 € (0,1] and conjugate f*(z*) = =||z*||%.
Lemma 2.1.2. [58] If g is convex and bounded on bounded subsets of E, then the following are
equivalent:
1. g is uniformly convexr and strongly coercive on bounded subsets of E.
1. dom g* =E*, g*
of E*.

is bounded on bounded subsets and uniformly smooth on bounded subsets

1. dom g* =E*, g* is Fréchet differentiable and Vg* is uniformly norm-to-norm continuous
on bounded subsets of E*.

Lemma 2.1.3. [75] Let g: E — (—o0, 0] be a Gateaux differentiable function which is totally

convez on bounded subsets of E. Suppose the sequences {xy} and {yn} are bounded on E. Then,

limy, o0 Dg(2n, yn) = 0 if and only if lim,, o ||y — yn|| = 0.

Definition 2.1.4. Let g: E — (—o00,00] be a convex, Gateaux differentiable function and let

C Cint(dom g) be a nonempty, closed and convex subset of E. Then, the Bregman projection

of z € int(dom g) onto C is the unique vector IIZ,(z) of C' with the property

Dy(Il(z),x) = inf {Dy(y,z) : y € C}.

The Bregman projection also satisfies the subsequent properties:
z =TI (z) if and only if (Vg(z) —Vg(z),y —z) <0, forally € C, and (2.1.6)

Dy(y, T (x)) + Dy(T1],(z), 2) < Dy(y, x), forallz € E,y € C. (2.1.7)

Lemma 2.1.5. [/0] Let g : E — (—o00,00] be a convex Gateauz differentiable function. The
Bregman distance Dgy(.,.) has the subsequent property called three point identity

Dg(y7z) + Dg(Z,IL‘) - Dg(y,:v) = <Vg(z) - Vg(:c),z - y> > (2'1'8)

for any y € dom g and x, z € int(dom g).

Lemma 2.1.6. [73] Let C' be a non-empty, closed and convex subset of E and g : E — R be
a totally convex and Frechet-differentiable function. If Vg is uniformly continuous on bounded
subsets of E and the level sets Dy(x,.) are bounded for all x € E, then H*‘é : E — C maps
bounded subset of E into bounded subset of C.

Lemma 2.1.7. [75] Let E be a real Banach space. The non-negative real valued function

Vg : E x E* — (—o00,00] associated with a Gateauz differentiable Legendre function g : E — R
defined by

12
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Vy(z,2*) = g(z) + V¢'(z*) — (2", 2) Vo € E, 2" € E* (2.1.9)

satisfies the following two properties
Vy(a,a*) = Dy(x. (Vg) ' (a*)) (2.1.10)

and
Vo(z,2*) + (y*, (Vg) " Hz*) — z) < Vy(z,2* + y*),Vz € E, 2*,y* € E*. (2.1.11)

Lemma 2.1.8. [72] Let g : E — R be a totally convex function. The sequence {zy} is bounded
if {Dg(xk,x0)} is bounded for any xo € E.

Lemma 2.1.9. [/0] Let Ey and Eg be bounded spaces. Let U be a bounded subset of Ei. T :
E1 — Es is bounded on U if T is uniformly continuous on bounded subsets of Eq.

Lemma 2.1.10. [25] Let T be a quasimonotone and continuous operator, and lety € C' a subset
of E. If for some xo € C we have (T'(y),xo —y) > 0, then at least one of the following must be
true: (T'(zo),z0 —y) >0 or (T'(y),x —y) >0, Vx € C.

Lemma 2.1.11. [60] Let C be a non-empty closed and convex subset of E and let g be B-strongly
convex and continuously differentiable function such that the level sets Dy(x,.) are bounded for
allz € E. Define h: EXE — R by h(z,v) = (T (v),z —v) for any given v € E and the mapping
T :E — E* and take K(v) = {z € C: h(z,v) <0}. If K(v) # 0 and h(x,v) is Lipschitz

continuous with respect to x on C' with modulus L > 0, then

Dy(z,y) > %hz(aﬁ,v),b’x e C\K(v),ye K(v),v €E. (2.1.12)

Lemma 2.1.12. [}7] Let E be a strictly convex and smooth real Banach space. Then the
normalized duality mapping on E, denoted by Jg has the following property

[lo+yl* < [l2]* + 2 {(Je(x +y), ), Y,y € E. (2.1.13)

Lemma 2.1.13. [39] Let g : E — (—o00,00] be a proper, convex, lower semi-continuous and
Gateaur differentiable function. Then, g* : E* — (—o00,00) is a proper, weak* lower semi-

continuous and convex function. Thus, for all x € E, we have

N N
D, (z (Vg)~t (Z mvg(:ﬁi))) < BiDg(w,xs), (2.1.14)
i=1 i=1
where {x;} CE,{;} C (0,1) and N € N such that Y~ | B; = 1.

Lemma 2.1.14. [71] Let {a,} be a sequence of non-negative real numbers. If {an;} is a sub-
sequence of {an} such that a,, < an,+1 for alli € N, then there exists a non-decreasing sequence
{mi} of N with limg_,oo my = oo and the following properties are satisfied by all (sufficiently
large) numbers k € N:

am,, < Gy 41 and aj < Gy +1-

13
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In fact, mp = max{n <k:a, < ant1}-

Lemma 2.1.15. [5)] If {ay} is a sequence of non-negative real numbers such that
arr1 < (1 — ag) ag + axdy, (2.1.15)

where {ar} C (0,1) such that > 2, o = oo and {di} is a sequence of real numbers with

limsupy,_, . di <0, then limg_,o ar = 0.

14
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2.2 Literature Review on Split Equality Variational Inequality
Problem

Let T : C — E be a mapping. We recall the variational inequality problem (VIP) involves:
finding a vector z* € C such that (T'(z*),y —2*) > 0,for all y € C. (2.2.1)

The solution set of the VIP (2.2.1) is denoted VI(C,T). Since it was initially independently
investigated by Stampacchia [18] and Fichera [21] in 1964, the theory of variational inequalities
has been thoroughly researched and is still a hot topic. One of the main causes of this is the wide
range of problems that may be expressed as variational inequalities, including those emerging in
the domains of optimization and control, engineering science, mechanics, game theory, elasticity,

physics, economics, transportation equilibrium, etc. (see, e.g. [3, 5]).

It was noted in [29] that the Minty problem has practical implications. A dynamical system
associated with 7" has been shown to have solutions of a DVIP associated with a single-valued
continuous mapping 1" defined on an open convex domain, which can be viewed as the subset
of stable equilibria within the set of all equilibria (represented by the Stampacchia variational

inequality solutions).

Many authors have been driven to create and generalize many forms of variational inequalities in
many different directions utilizing fresh and inventive methodologies, as evidenced by the need

to frame and research these kinds of problems (see, e.g., [2, 3, 23] and the references therein).

To solve variational inequalities and associated optimization problems, numerous numerical
iterative methods have been developed (see, e.g., [13, 43]). Authors have examined a variety
of projection type algorithms to solve the variational inequality problem. The gradient method

(GM) is the first projection technique for solving the VIP and is provided by
Tny1 = Po(xn — \Txy), (2.2.2)

where P¢ is the projection operator on the convex and closed subset C' of a Hilbert space H and
A > 0 is a suitable step-size. With only one projection onto the feasible set, the gradient method
(GM) is the most straightforward approach for solving the VIP. The approach, however, only
converges when the cost operator T is a-strongly monotone and L-Lipschitz continuous with
A € (0,2%). These stringent conditions significantly limit the scope of applications of the GM
(2.2.2).

To avoid the notion of strong monotonicity, Korpelevich [30] introduced the extra-gradient

method (EGM), described below, which is an algorithm for resolving variational inequalities in
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a Hilbert space H.
n — P, n AT n)s
{ yn = Fo (@ Zn) (2.2.3)

Tnt1 = Po(xn — ATyy) ,

where T' : C' — H is monotone and L-Lipschitz continuous and A € (0, %) and C' C H is closed
and convex. He established the weak convergence of (2.2.3) to a solution of the VIP (2.2.1) in

Hilbert spaces if T is monotone and Lipschitz.

The algorithm (2.2.3) has a number of important limitations, as demonstrated by the above
technique. It requires that the mapping have the properties of Lipschitz continuity, monotonic-
ity, and known Lipschitz constant. In addition, each iteration of this algorithm requires the
computation of projections twice to the feasible set C, which complicates the algorithm’s cal-
culations and significantly lowers its efficiency. Therefore, under the heading of guaranteeing
algorithm convergence, two key areas of variational inequality problems research directions are

“weakening the mapping” and “accelerating the algorithm’s convergence rate.”

The EGM has garnered the interest of scholars in recent times, who have made numerous
improvements to it (see, e.g., [21, 30, 12]) and the references therein. The method’s reduction
in the number of projections onto the feasible set C' per iteration is one of its main areas of
improvement. The first attempt was made by Censor et al. [13], who changed the EGM and
substituted a projection onto a half-space for the second projection. This approach, which is
called the sub-gradient extra-gradient technique (SEGM), only necessitates a single projection
onto the feasible set C. The SEGM is presented as follows:

x1 € H,

Yn = Po(xn, — NT'zy,),

T,={2€ H:(xy— ATy — Yn, 2z — yn) < 0},
Tny1 = Pr, (xn — ATyp).

(2.2.4)

where A € (0, %) As seen, the projection for x,11 in the scheme (2.2.4) is computed on a
half-space 7T, which is inherently explicit. Using the same assumptions as the EGM (2.2.3),
Censor et al. [13] attained a weak convergence result for the SEGM (2.2.4). The SEGM can
be viewed as an improvement over the EGM as projecting onto a half-space can be computed
explicitly. We note, however, that each iteration of the SEGM still necessitates computing two
projections onto the closed convex sets C' and T),. This may potentially be a significant obstacle

to the SEGM’s implementation.

The second attempt is the following Tseng extra-gradient method: choose o € H, for each

n > 0, compute:

{ yn = Fo(zn = ATn), (2.2.5)

Tn4+1l = Yn — )\(Tyn - T$n)a

where A € (0, 7). One may view the scheme (2.2.5) as the outcome of Tseng’s modified forward-
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backward splitting technique, which was first presented in [541]. He proved that the sequence
{zy} weakly converges to a solution of the VIP (2.2.1). Tseng’s approach has an advantage over
Korpelevich’s in that it only needs one projection for each iteration. It still necessitates two
evaluations of the mapping 7' at each iteration. Several researchers have examined modifications

to Tseng’s algorithm (see, e.g., [36, 37, 43, 44, 42, 50]).

We note that the above methods make use the norm distance and metric projections. At-
tempting to apply this theory to Banach spaces presents certain challenges, as certain helpful
properties of non-expansive operators in Hilbert space (such as the metric projection Px onto
a non-empty, closed, and convex subset K of H) are no longer non-expansive in Banach spaces.
There are numerous approaches to overcoming these challenges. Using the Bregman distance,
which does not require symmetry or triangle inequality features, is one of them. Instead of using
metric projections, which are less flexible and broad, researchers in this case employ Bregman
distance and Bregman projection. Therefore, the Bregman distance and projection methods for

approximating the solutions of the VIP are valuable in the analysis of numerous problems.

In 1999, Solodov and Svaiter [10] studied a double projection method with the use of the Breg-

man distance and Bregman projection in Euclidean spaces to solving variational inequalities.

Algorithm: Choose xp € H, and ~,0 € (0,1). Take k = 0. Calculate {z} as follows:

Step 1: Compute
2 = (Vo) ! [Va(ax) = T(xy)]; (2.2.6)

If ¢, = ch(zk), then stop; else go to Step 2.
Step 2: Compute

my =min{m € N: (T(zx) = T(ym), zr — UE(21)) < 0Dy (T, (2k) , x) } ; (2.2.7)
where
Ym =YL (21) + (1 — ™) wg; (2.2.8)
Let
Yk = "I () + (1 — ™) ag; (2.2.9)
Step 3: Compute
Tyl = HgmHk (x1); (2.2.10)
where
Hy={veH: (T(yk),v—yx) <0}; (2.2.11)

Step 4 : Let kK =k + 1 and return to Step 1.

In 2018, Zheng [13] extended the results from Euclidean spaces to Banach spaces. He proved that
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the sequence generated from the proposed algorithm strongly converges to the solution of the
variational inequalities in reflexive real Banach spaces under the assumptions that VI(C,T) # ()
and T is uniformly continuous and quasi-monotone mapping. In our opinion, there is a gap in

the proof of the strong convergence theorem.

In the next chapter, we introduce a more general problem called the SEVIP and provide a
method for approximating its solution. Our results provides positive answers to the questioned

raised above.

18



3. Split Equality Variational Inequality
Problem

Let C and D be convex and closed subsets of real Banach spaces F; and FEs, respectively. Let
T:FE — Ef and S : E; — E3 be non-linear mappings and A : £y — E3, B : Fy — Ej
be bounded linear mappings, where Fs5 is another real Banach space. The SEVIP consists of

finding two points:

x* e VI(C,T) and y* € VI(D,S) such that Az* = By*. (3.0.1)

On the other hand the SEDVIP consists of finding two points:

x* € DVI(C,T) and y* € DVI(D,S) such that Az* = By*. (3.0.2)

3.1 Main Results
In this section, we state our algorithms and discuss their convergence results under the subse-

quent conditions:

(H1) Let E; and Eg be reflexive real Banach spaces with duals Ef and E}, respectively, and let

C' and D be non-empty, closed and convex subsets of E; and Es, respectively.

(Hz) Let T : E; — E} and S : E; — E4 be quasi-monotone mappings which are uniformly

continuous on bounded subsets of C' and D, respectively, satisfying
T (2)]] < lim inf |[T'(z)|| and [[S(y)|] < liminf [|S(yx)]], (3.1.1)
k—o0 k—o00

whenever {zj} and {yi} are sequences in E; and Eq, respectively, such that x — x and
Ye — Y-

(H3) Let A: E; — E3 and B : Es — E3, where E3 is another real Banach space, be bound

linear mappings with adjoints A* and B*, respectively.
(Hy) Let the set Q = {(z*,y*) € DVI(C,T) x DVI(D,S) : Az* = By*} be non-empty.

(Hs) Let the proper lower semi-continuous functions g : E; — R and f : E; — R be strongly
coercive Legendre functions which are bounded, uniformly Fréchet differentiable and -

strongly convex on bound subsets of £; and Es respectively.

(Hg) Let the sequence {ay} C (0,1) be such that Y~ o = oo and limy_,o a = 0.
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Algorithm 3.1 Choose xy € Eq1, yp € Eg and 7,0 € (0,1). Take k = 1. Calculate {x} and

{yx} as follows:

Step 1: Compute
ap, = IL(Vg) ™ [Vg(zr) — mA" (Jry(Azr — Byr))) ;

b, = I, (V)" [V f (y) — B* (Jay (Byr, — Axy))],

where 0 < p <, < pi with

Bl Azy, — Bys]|? }

= min +1,
P {p 2([[A* Jiy (A, — Byr)|> + || B*Jis (Byk — Az)|?]

for k€ ¥ ={m e N: Ax,,, — By, # 0}, otherwise v = p.

Step 2: Compute
2 = (V) [Vglar) — BT (ar)];

up = (V) [V f (o) = BeS (b)),
where {8} C (0,1) for all & > 1.
Step 3: Compute
my, =min{m € N: (T(ay) — T(dm), ar — 1% (2)) < 0Dy (I (21) , ak) };

l;, = min {z eN: <S(bk) — S(ep), by — ng<uk>> < oDy (Hg (up) bk>} :

where
dm =Y (2) + (1 — ™) ag;

er = 7', (ug) + (1= 7)) by

Let
d = " I (21) + (1 =™ )ay;

er = YT (ur) + (1= 7'%)by.

Step 4: Compute

o1 =103 A g, (ak);

Yrrr = T, . (B1);
where

Hy={x €E: (T(dy),z —dg) <0};

R ={yc€Ey:(S(ex),y —ex) <0}.
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Step 5: Let k =k + 1 and return to Step 1.

Lemma 3.1.1. Let conditions (Hy) — (Hs) be satisfied. Then the line search rules (3.1.5) and
(3.1.6) are well defined.

Proof. Suppose that aj, = I, (z), then (3.1.5) is satisfied for m = 0. Let ay # IIZ, (2;) and

assume on the contrary that

(T (ax) — T (dm) ,ar, — 02, (21)) > 0Dy (I, (2k) , ax) Ym > 1. (3.1.11)

Given that v € (0,1), we have lim dn, = lim 7" (IIZ (21)) + (1 — v™) ak, = ay.

m—r0o0 m—ro0

Letting m — oo in (3.1.11) and by the continuity of 7', we get
0= n}gnoo (T (ax) = T (dm) ,ar, — I, (21)) > 0Dy (11, (2k) , ax), and the fact that o > 0, we get

Dy (11, (21) ,ax) < 0. (3.1.12)
But as g is strongly convex and aj, # IIZ, (21), we have
Dy (I, (z) , ax) > 0, (3.1.13)

which is a contradiction. Thus, (3.1.5) is well defined. Similarly, the same can be shown for
(3.1.6). 0

Lemma 3.1.2. Assume the conditions (Hy),(H2) and (Hs) hold. Let T and S be continuous
mappings on C and D, respectively. For all x € C and y € D, we have

(T (@), 2 =11 [(V9)™ (Vg (2) = BT ()] ) = Dy (1 [(Vo)™ (Vg (2) = BT (2))] )
(3.1.14)

and

(SW = (VN (VI 4) = BS W)]) = Dy (T, (V) (V7 )~ BS )] ).

(3.1.15)
Proof: Lemma 2.5 of [53].
Remark 3.1.3. Note from Algorithm 3.1 and Lemma 3.1.2 the following hold.
(T (dg) ,ar — 0% (2)) > (1 — 0) Dy (1T, (21) , ag) (3.1.16)
and
<s (ex) by — TS, (uk)> > (1-0) Dy (HfD (up) ,bk> . (3.1.17)

Proof: From Step 3 of the algorithm we have
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(T (dm) ,ar — 1Y (2)) > (T (ag) ,ax — 0L (21)) — 0Dy (T, (21) , ax) - (3.1.18)

From Lemma 3.1.2, we get

(T (ak) ,ar — 1%, (21)) > Dy (I, (21) , ar) - (3.1.19)
Hence,
(T (dn) ,ar — 1% (2)) > (1 — 0) Dy (I, (21) , ax) - (3.1.20)

Therefore, for m = m;,, we obtain

(T (dy), ap — I, (21,)) > (1 — 0) Dy (17, (21,) , ag,) - (3.1.21)

Similarly, the relation (3.1.17) holds.

Lemma 3.1.4. Assume the conditions (H1) — (Hs) hold. If {ay} and {by} are sequences gen-
erated by Algorithm 3.1, we get

(i) DVI(C,T)C CnHyg and DVI(D,S) C DN Ry, for all k > 1;

(i) hi(ag) > e (1 —0) Dy (TIg, (21) ,ax) and wy, (by) >ty (1 — o) Dy (115,
cr = Y™, ty = A%, hi(v) = (Tdg,v — d) for v € C and wy(u) = {
uw€ D, forall k> 1.

(uk) ,bi) for
S( ) k:>7 fOT’

Proof. Let (z*,y*) € Q. Then (T (di),z* — di) < 0 from which it follows that z* € C'N Hy and
so DVI(C,T) C C N Hg, for all k> 1. Similarly, we get DVI(D,S) C DN Ry, for all kK > 1.
(ii) From Step 4 and Remark 3.1.3, we obtain that

hi (ar) = (T (dk) , ar, — di)
= (T (di) s ar — (&ITg (2k) + (1 — cx) ax))
= o (T (dy) , an, — T (21))
Z Cl (1 — U) Dg (H% (Zk) ,ak) y
which yields that the first part of (ii) holds. Similarly, we obtain that the second part of (ii)

holds. O

Lemma 3.1.5. Assume the conditions (Hy) — (Hs) hold. Let (z*,y*) € Q. Then, the sequences
{zr}, {ar}, {yr} and {br} generated by Algorithm 3.1 satisfy the following relations.
L. Dy (zpt1,ak) < Dg (2%, 2) — Dg (2%, @k41) — e (A" iy (Azy — Byk), pre — @7);

D¢ (Yr1,bk) < Dy (y*,yr) — D (y*, yug1) — e (B*Jg, (Byr, — Azy), te — y*)

where py, = (Vg) ™ [Vg(zr) — 7 A* (Jr; (Azg — Byr))]
and t, = (V)" [V f(ye) — vB* (Je, (Byx — Axy))] -
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2. {xx} and {yx} are bounded.

Proof. 1) From the three point identity, taking z = zj41, © = ag, Lemma 2.1.5 and (2.1.6) we
get that:

Dy (y, xp41) + Dy (xp11,ar) — Dy (y,ar) = (Vg (xr41) — Vg (ar) , Tp41 — y)
<0,Yy € CN Hy. (3.1.22)

Let y = 2* in (3.1.22), then

Dy (zp41,ar) < Dg (¥, a1) — Dg (2™, Tp41) - (3.1.23)

Let pr = (Vg) ™! [Vg(xr) — A" (Jes (Azy — Bye)] and ty, = (V)1 [V F(fi) — mB*(Jes (Ayx — Bay,))].
From (2.1.7), (2.1.10), (2.1.11) and (3.1.2) we have

Dy (z*,ar) < Dy (", pr)
= Dy (2", (Vg) ™' [Vg(ar) — A" (Je, (Azi — Byy)])
=V, (2%, Vg(zr) — A" (Jgs (Azg — Byy)))
< Vg (2", Vg(zr)) — v (A" (Jry (Azi — Byi)), px — %)
= Dy (z*, z1) — i (A" Jg, (A, — Byg), pr — x7) . (3.1.24)

~—  —

Combining (3.1.23) and (3.1.24), we get

Dy (zp41,ar) < Dy (2%, 25) — Dy (2", x41) — Vi (A" Jgy (Azy — Byg), i — 7). (3.1.25)
Following the same approach, we arrive at
Dy (Yrt1,b1) < Dy (v yk) — Dy (" ykr1) — e (B ey (Byk — Azg), te —y*) . (3.1.26)

2) From the fact that Dy (xg41,ar) > 0, D¢ (yg41,bx) > 0, (3.1.25), (3.1.26) and Az* = By*,

we have

Dy (zy1,ar) + Dy (Yer1,0k) < Dy (2%, 21) — Dy (2%, 241) — i (A" Iy (A — Byg), pp — 2°)
+Dy (v, yk) — Dy (Y", Y1) — i (B Iy (Byr — Azg), ti — y7)
= Dy (2", 2x) — Dg (2%, 211) + Dy (¥ yk) — Dy (¥*, Yr+1)
—k (JEs (Az, — Byg) , Apr, — Bty) . (3.1.27)
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Furthermore, we have

— (Jgs (Azy — Byy) , Apr, — Bty) = — (Jgs (Azy — Byy) , Az, — Byg)
— (Jr, (Azy, — Byg) , Apr, — Axy)
— (Jr, (Azy, — Byy) , By — Bty)
= —[|Azy, — Byy|]® — (A" Jg, (Azx — Byg) , pr — )
— (B"Jgy (Azi — Byg) , yk — ti)
< —[[Azy, — Byy|* + |lpk — || A" T, (Azy — Byy) ||
+ |y — ||| B* Jey (Azy, — Byg) |- (3.1.28)

Using the Lipschitz continuity of (Vg)™!, we get

llpk — x|l = 11(Vg) " [Vg(ar) — wA* gy (Azy — Byi)] — (Vg) ™ (Vg(p)) ||
< %HA*JES (Azy — By || (3.1.29)

Similarly, the Lipschitz continuity of (Vf)~! yields
Ve || p*
Itk — yl| < FHB Jry (Byx — Azy) ||. (3.1.30)

Combining (3.1.28), (3.1.29), (3.1.30) and making use of (3.1.3), we obtain

2
— Yk (Jiy (Azy, — Byy) , Ap, — Bty) < —yi||Azy, — Byg||* + %’“HA*J& (Azy — Byy) |I?

2
+ %’“HB*JEg (Byx — Azy) |2

< —Lll Az — Byi|? - Tl Aw, — Byl
+¥<?kwﬁmgA%—BwHﬂ>
# 2 (2 01, (B~ ) 7))

< —gHAJCk — By % (3.1.31)

As such, from (3.1.27) and (3.1.31), we obtain

Dy (xk+17ak) + Df (Yr+1,br) < D, (x*vxk) — Dy, (IL'*,SC]C+1) — Df (y*,yk+1)
+ Dy (5", ) — 5l Aw — By (3.1.32)

Hence,

Dy (2%, 2341) + Dy (", ypt1) < Dy (2, 21) + Dy (¥, yr) — gHAIk — Byl (3.1.33)
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We get that {Dy (z*,x) + Df (y*,yx)} is decreasing and bounded below. Thus, {D, (z*, 1)}
and {Dy (y*,yx)} are bounded which implies that {z}} and {y;} are bounded. O

Lemma 3.1.6. Assume that conditions (H1) — (Hs) hold. Then, the sequences {x}, {ar}, {yx}
and {bi} generated by Algorithm 3.1 satisfy the following relations.

1. lim Dy (2g41,ar) =0 and lim Dy (yr41,bx) = 0.
k—o0 k—o0

ac

el V]

2. Dg (xk—i-l’ak) >

Dy (yry1,bx) >

(1-0)*D, (11, (z1) , a) and

(1-0)? Dy (HfD (ug) ,bk>.

0%

h
=Y
NN b=

Proof. 1) From (3.1.32), we obtain

[e.e] o0
> Dy (xkt1,ax) < Y Dy (xh41, ar) + Dy (s, be)

k=0 k=0
(o]
<Y (Dy (", x1) — Dy (&%, wx41) — Dy (¥*, yks1) + Dy (v", uk)
k=0
< Dy (2%, 20) + Dy (¥, 90) , (3.1.34)

which implies that
lim Dy (zg41,ax) = 0. (3.1.35)
k—o00
Again with a similar approach, we have
lim D br) = 0.
Jim Dy (yr+1,b%) =0

2) From Lemma 3.1.5, (3.1.24) and (3.1.35), we have that {ay} is bounded. Similarly, {bs} is
bounded. Using (Hjs) and the fact that T is uniformly continuous on bounded subsets of E;, we
get that {z;} is bounded. Also by Lemma 2.1.6, we get that {IIZ, (2)} is bounded. Thus, we
get that {dj} is bounded and hence {7 (di)} is bounded. Therefore, there exists L; > 0 such
that

T (di) || < Li,Vk > 1.

Since hy(v) = (T (di) ,v — di), we get
|\ (ar) — hi (wp41) | = [ (T (dk) , ak — Tpt1) |
< ||T (di) [[llax — zp41]]
< Li|lar, — xq1ll,
which implies that hy is Lipschitz continuous on C. Using Lemmas 3.1.4 and 2.1.11, we obtain

2
acy,

Dy (zpy1,ar) > 72 (1—0)? D2 (I (21) , ax) -
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Similarly, we get

ol V)

at
L

Dy (ykt1,bk) > —£ (1 - 0)* D} (HfD (u) 7bk> : (3.1.36)

NN

O

Lemma 3.1.7. Assume that conditions (Hy) — (Hs) hold. If {ar} and {by} are sequences
generated by Algorithm 3.1, then VI(C,T) and VI(D,S) contain weak accumulation points of
{ar} and {by}, respectively.

Proof: From Lemma 3.1.6 (2), we have

2
. . ac 2 2
klgrolo Dy (zgt1,ar) > klggo i7 (1—0)"D; (0L (21) , ar) . (3.1.37)

Since a > 0, inequality (3.1.37) and equation (3.1.35) imply that

lim ¢, Dy (1%, (21) , ax) = 0. (3.1.38)

k—o0

Let {ag,} be a sub-sequence of {a} which converges weakly to a*. If there exists N > 0 such
that ay, = Iz, for all ¢ > N, then Tay, = 0, for all ¢ > N and hence by (Hs), we get that
0 < ||Ta*|| < liminf ||Ta,|| = 0, which implies that a* € VI(C,T). Otherwise, we can take a
subsequence of Z{_Zzolji}, with no loss of generality, which could still be denoted {ag,} such that
ak, # 1z, for all ¢ > 1. In this case, the equality in (3.1.38) yields

lim ¢, Dy (I, (21,) , ax,) = 0. (3.1.39)
11— 00

Now, we show that a* € VI(T,C) under two cases.

Case 1. If limsupecg, > 0, then there exists a sub-sequence, with no loss of generality, still
1—00

denoted by {ay,}, and constant § > 0, such that ¢, > 6, for i > N and for some N > 0. From
(3.1.39), we get

li 7, (2, ) =0. 1.4
Jim Dy (I (21,) , ax,) = 0 (3.1.40)
So by Lemma 2.1.3, we have
lim ||, (2,) — ax,|| = 0. (3.1.41)
71— 00

On the other hand, (2.1.6) implies that

<Vg (21;) — Vg (HgC (Zkz)) Y ch (Zkz)> <0,vyeC. (3.1.42)

Now, from the definition of z;, and (3.1.42), we obtain

(Vg (ar,) — Vg (I (z1,)) sy — 0L (2,)) < Be (T (ak,) »y — 1T (z1,)) - (3.1.43)
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Consequently, we get

(Vg (ar,) = Vg (I (zx,))  y — T0E (2,)) — B (T (a,) , ar, — 1% (2,)) < Be (T (ar,) Y — a;) -

(3.1.44)
From the uniform continuity of Vg, the fact that 8 < 1 for all £ > 1, (3.1.41), boundedness of
{ak,} and {1, (z1,)}, ( see Lemma 3.1.6 (2)), and letting ¢ — oo in (3.1.44), we get that

liminf (T (ag,) ,y — ax;) > 0. (3.1.45)
1—00
Hence, for any € > 0, 3N > 0 such that for ¢ > N,we have

(T (ak,) ,y — ak;) +€>0. (3.1.46)

Since ay, # I (zk,), we have T (ax,) # 0. Take vg, € E; such that (T (ay,),vk,) = 1, then

(T (ar,;),y + ev, —ag,) >0, Vi > N. (3.1.47)
So, by Lemma 2.1.10, either
(T (y + evg,) ,y + v, —ag,;) >0, Vi > N (3.1.48)
or
(T (ag,;),z —ag,) >0, Vze C, Vi> N. (3.1.49)

However, the inequality in (3.1.49) suggests that ay, = II{, (zx,), which contradicts the assump-
tion that ag, # IIZ(2k,). So, we get (3.1.48) that can be expressed as

(T (y),y—ar,) > (T (y) =T (y+evy,) ,y + evp, —ag,) — (T (y),vx,),¥i > N.  (3.1.50)
Taking € — 0 and using the continuity of 7" and boundedness of {ay, }, we get
(T'(y),y —ar;) 2 0,vy € C. (3.1.51)

Hence, letting ¢ — oo, we get
(T'(y),y—a*) 20,Vy € C. (3.1.52)

Therefore, a* € DVI(C,T) and hence a* € VI(C,T).

Case 2. If limsup ¢, = 0, then we get lim c;;, = 0. Now, we show that

o0 i—00
zli>IIolo Dy (11, (z1,) , ar;) = 0. (3.1.53)
Take
dg, = %H% (zk,) + (1 - C%) ak,
or
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Eki - Qk; = Csi (H% (Zkz) - aki)'

From the boundedness of {H% (2;) — aki} and the fact that lim ¢, =0, we get

1—00
lim ||dg, — ag,|| = 0. (3.1.54)
71— 00
Hence, from the definition of ¢, and Step 3 of the Algorithm 3.1, we obtain
<T (a/ﬁ) -T (akz) )y Ak — H%’ (Zk'z)> > JDg (HgC (Zkl) aaki) : (3155)

Applying the fact that T is uniformly continuous on bounded subsets of Eq, o > 0 and bound-
edness of {IIZ, (zy,)} and {ay,}, we have

lim Dy (IT, (zx,) , ax,) = 0. (3.1.56)

1—00

Then following the argument in Case 1, we arrive at the desired conclusion.

Remark 3.1.8. Note that, if in Lemma 3.1.7, we assume that T'(x) # 0 for all x € C' and
S(y) # 0 for all y € D, then the method of proof of Lemma 3.1.7 provides that DVI(C,T) and
DVI(D,S) contain the weak accumulation points of {ar} and {by}, respectively.

In the sequel, we shall use the following lemma.
Lemma 3.1.9. Let By and Eg be real Banach spaces and g : E1 — (—00,00], f : By — (—00, 0]
be proper and strictly convex Gateaux differentiable functions such that Vf and Vg are weakly

sequentially continuous mappings. Suppose the sequence {(z,yx)} in E1 x Eo converges weakly
to (Z,y). Then

limsup[Dy (7, zx) + Df(¥, yx)] < limsup[Dg(&, 1) + D (9, yr)) (3.1.57)

k—oo k—o00

for any point (#,9) € Eq x Eg such that (z,79) # (Z,7).
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Proof. Using the Bregman distance definition, we get that

Dy(T,z1) + Dy(Y, yr) — [Dg(Z, z) + Dy(9, yi)]
= 9(T) — g(wx) — (T — 2k, Vg(r)) + fF@) — f(ye) — U — vk V()
—[9(2) — g(zx) — (T — 2k, Vg(z1)) + ( ) = flyr) = G =y, V£ ()]
(9) —

=g() — 9(2) — (T — 2, Vg(ak)) + (@) — T =9,V Iyr)

=—[9(2) —9(z) — (2 —7,Vy(z )>+f(y) F@) =9 —9,V(yr))]

= —[9(2) — 9() — (# — 7, Vg(xx) + Vg(z) — Vg(z)) + f(9) — f(7)
— G =9 VIly) = V@ + V@)

=—l9(2) —g(@) — (2 -7, Vg(T)) — (2 -7, Vg(xr) = Vg()) + f(9) — f@) — (§ -5, V(7))
Vi@

= —Dy(2,7) + (& — 7, Vg(zr) — Vg(@)) — Dp(9,9) +(§ =¥, Vflyr) — V(@) - (3.1.58)

Now, using the fact that V f and Vg are weakly sequentially continuous we get that

lim sup[Dy (7, x1) + Dy (Y, yk) — [Dg(&; x1) + Dy (9, yx)ll = —Dy(2,7) — Df(4,7)-

k—o00
Consequently,

limsup[Dy(Z, zx) + Dy (Y, )] < limsup[Dy(T, zx) + Ds(Y, yr) — Dyg(&, 2x) — Dy (9, yx)]

k—o0 k—o0

+ limsup[Dgy(Z, 1) + D¢ (9, yr)]

k—oo
= —Dy(2,7) — Df(9,y) + limsup[Dy(Z, x) + D# (9, yi)]
k—o0
< limsup[Dy(Z, xr) + D (9, yx)]- (3.1.59)
k—o0
Therefore, the conclusion of the lemma holds. ]

Theorem 3.1.10. Assume that conditions (H1) — (Hs) hold. In addition, let Vg and Vf be
weakly sequentially continuous mappings. The sequence {(xy,yr)} generated by Algorithm 3.1
converges weakly to a point in Q*, where O* = {(z*,y*) e VI(C,T) x VI(D, S) : Ax* = By*}.

Proof. Let (z*,y*) € Q*. From Lemma 3.1.5, we obtain that
Qo < O — S|4z, — Byl 2 (3.1.60)

where QF = Dy (2%, 1) + Dy (y*,yx). Hence, {Q;} is a decreasing and hence convergent se-
quence. Thus (3.1.60) implies ||Azy — Byg|| — 0 as k — oo. Since {(zk, yx)} is bounded by
Lemma 3.1.5 , a sub-sequence {(x,, yx,)} of {(zk,yx)} such that (zg,, yr,) — (&, 7) exists. This
implies that x;, — & and y, — ¢y. By Lemmas 3.1.6 and 2.1.8, we get ap,—1 — 2 and bg,—1 — ¢
as i — oo. Thus, by Lemma 3.1.7, we get that £ € VI(C,T) and g € VI(D, S). Moreover, from
(3.1.60) and the fact that A and B are bounded linear mappings and {{} is convergent, we
have Az = Bj. Hence, (z,9) € Q*.
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Now we prove that (zg,yr) — (2.9) as k — oo.

Suppose to the contrary that this is not the case. Then there exists a sub-sequence {(a:k] , ykj)}
of {(z,yx)} such that (zx,,yr;) = (T,7) as j — oo, where (Z,9) # (2,9). This implies that
wg; — T and yy, — J as j — oo. Note that one may also show that (7,7) € Q*. Now, using the
fact that {€2;} is convergent and the property in Lemma 3.1.9, we get

k—o0 i—00

1—00
=l D, (x D:(y
kggo[ o(T, k) + Dy (Y, yi)]

= lim sup [Dg(f, xkj) + Df@7 ykj)]
J—00
< limsup [Dy (&, zx,) + Dy (7, yi,)]

Jj—00

= lim [Dy(&,a1,) + Dy ()], (3.1.61)

which is a contradiction. This yields that (Z,9) = (%,7). Therefore, the whole sequence

{(xg,yr)} converges weakly to (&,7) € Q* as k — oo as desired. O

Next, we propose Halpern-type double projection algorithm method for approximating a solution

of variational problems in Banach spaces.

Algorithm 3.2 Choose z¢ € Eq, yo € Eg and two parameters: v,0 € (0,1). Take k& = 0. For
arbitrary points u € C' and v € D, calculate {z} and {yx} as follows:

Step 1: Compute
a, = TE(Vg) ™ [Vg(xr) — mA* (Jes (Azk — By))] (3.1.62)

bi =I5 (V )" [V £ (yk) — B (Jiy (Bye — Azy))], (3.1.63)

where 0 < p < v, < pg with

B Azy, — Byg|? }

= min + 1,
P {" 2|[A* T, (Azg — Byy)|® + || B*Jas (Bys — Axy)|?]

for k€ ¥ ={m e N: Ax,,, — By, # 0}, otherwise v = p.

Step 2: Compute
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zk = (V) [Vg(ar) — BT (ar)],
up, = (V)71 [V f(br) — BrS(be)],
where {5} C (0,1) for all & > 1.

Step 3 : Compute

my = min{m € N: (T(ag) — T(dn), ax — I (2k)) < 0Dy (IF (2x) , ar) }
b = min {1 € N (8(by) = Ser), b — W (wn) ) < oDy (T, () 0 ) }

where

dm =" (2) + (1 —™)ag,

e = fyleD(uk) +(1- ’yl)bk.

Let

di = "G (2) + (1 =™ )ag,

er = 'ylkaD(uk) + (1 — )by

Step 4 : Compute

D1 = ogu + (L= )G . (ax),
Ykt = av + (1= )T, o (B),
where
Hy={z€E: (T(dg),z—di) <0} and Ry = {y € Eo : (S(ex),y —ex) < 0}.

Step 5 : Let Kk =k 4+ 1 and return to Step 1.

Lemma 3.1.11. Assume that conditions (H1) — (Hg) hold. Then, the sequences {zy}, {a},
{yr} and {by} generated by Algorithm 3.2 are bounded.

Proof. Let (z,y) € Q. Then from (3.1.24), (2.1.11) and Lemma 2.1.13, we obtain that

Dy(T, wp41) = Do (T, (agu + (1 — ai)Ig, . (an))
< o Dy(T,u) + (1 — ag)Dy(z, HgCﬂH (ak))
< apDy(T,u) + (1 — o) Dy(T, a,)
< apDy(T,u) + (1 — o) (Dg (T, x) — vk (A" Iy (Az, — Byg), pr, — 7)) . (3.1.64)

Similarly, we get

Dy(¥: yr+1) < arDy(F,v) + (1 — o) (Dg (F,yk) — i (B*Jgy (Byy — Axy), te — 7)) - (3.1.65)
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Denote: Qi = Dy(T, x1) + D#(Y, yi)-
Then, from (3.1.64), (3.1.65) and (3.1.31) we obtain that

Qrt < (1= ) + @ [Dy (T, u) + Dy(7.v)] = Sl Az — By

< (1 — Oék)Qk + o [Dg(fa ’LL) =+ Df(??”)]
< max {Q, Dy(Z,u) + Dy (7,v)}

< max {Qo, Dy(Z,u) + Ds(y,v)},Vk > 0. (3.1.66)

Thus, the sequence {2} is bounded and hence the sequences {Dy(Z,zx)} and {D(y,yx)} are
bounded. Therefore, by Lemma 2.1.8, we have {x;} and {y;} are bounded.
O

Theorem 3.1.12. Assume that conditions (Hy) — (Hg) hold. Let T'(x) # 0, for all z € C' and
S(y) # 0, for all y € D. Then, the sequence {(xy,yr)} generated by Algorithm 3.2 converges

strongly to (z*,y*) = I (u, v), where h(z,y) = (g9(x), f(y))-

Proof. Let (z*,y*) = 1% (u,v). Then, from (2.1.6) we get that

(Vg(u), Vf(©) = (Vg(z*), VI(y?)), (s,t) = (2", y")) <0V(s,1) € Q. (3.1.67)

From (2.1.10), (2.1.11), Lemma 2.1.13 and (3.1.25), we have

Dy(2*, 2p41) = Dy(z*, (Vg) ™" (s Vg(u) + (1 — ar) V(g A g, (ak)))
= Vy(a", (axVg(u) + (1 — o) Vg(II}, 4 o, (ak)))
< Vo(a™, (1 = aw) VoI A y, (ar)) + axVg(z7)) + g (Vg(u) = Vg(a®), 21 — 27)
= Dy(z*, (V) (1 — ar)Vg(II 4y, (ar)) + Vg (z")) + axVg(a*)

(Vg(u) = Vg(z%), mpp1 — 27)

< apDyg(a",a") + (1 — ar) Dy (2", 1T, gy, (ar)) + o (Vg(u) = Vg(a™), 211 — 27)

< (1= a0 Dy, T 1y (1)) + i (Vg(w) — V(a1 — o) (3.1.68)
< (1 - ag)Dy(a*, ax) + s (Vg(u) — Vg(a™), zer — 77) (3.1.69)
< (1= ag)Dy (z*,25) — (1 — ag)yi (A" Jgy (Azy, — Byg), pr — )

+ ai (Vg(u) — Vg(z*), xp41 — x¥) . (3.1.70)

Similarly,

)

£y, H{)ﬂRk (k) + ar (V) = VIY) Y1 — ¥7)
< (1 —a)Dp(y*,bi) + ar (VF(0) = VIY"), yr1 — y*)

D¢(y*, yps1) < (1 — oy

+ar (V) = VIY), yes1 — 7). (3.1.71)
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Let Qi = Dy(x*, x) + D¢(y*, yx), then from (3.1.70), (3.1.71) and (3.1.31), we get

Qupr < (1= op)0 — (1= i) 5| Awy — By
For [(Vg(u) = Vo(a®) axa — ) + (V) = VAW )y — 9] (31.72)
< (1= o) + i [(Vg(u) = Va(a®), 2 — ") + (VI (0) = V(") o — ")
For [(Vg(u) = Vo(a®). apa — i) + < J0) = VI) et = )]
< (- o)+ ox [(Vg(u). VI(0) = (Vo(@™). VI)). (o) = (2" y"))]
o [(Vg(u) = Vg(a™), mpr — z) + (V) = VI )y —we)] . (3.1.73)

We now consider two cases on the sequence {{}.

Case 1. Suppose there exists a natural number N such that Qi1 < Qp for all k& > N, then
we have by the Monotone Convergence Theorem that the sequence {4} converges. Taking the

limit as £ — oo in (3.1.72), we obtain
lim ||Azy — Byl = 0. (3.1.74)
k—o00

Moreover, since {(x, yr)} is bounded in E; X E5 which is reflexive, then there exists a subsequence
{(xk, yr;) } of {(xk,yr)} such that (xg,,yr,) — (,7) € E; x Eg and

limsup ((Vg(u), Vf(v)) = (Vg(2"), V), (zr, y) — (2% y7))

k—o0
= lim ((Vg(u), VF(v)) = (Vg(@"), VI(y")), (2ri, yr,) — (@75 97))
= ((Vg(u), Vf(v)) = (Vg(z"), VI (y)), (Z,7) — (27, y7)) - (3.1.75)

Consequently, we have zy, — T and yi, — 7. Now, we show that (Z,7) € Q.

From the definition of ag, (2.1.11), (2.1.10), (2.1.11), the property of the Bregman projection

and the Cauchy Schwarz inequality, we have

Dy (zg, a) < Dy (w5, (Vg) " [Vg(xk) — A" (Jr, (Azy, — Byy))])
= Vy (21, Vg(or) — A" (Jgs (Azk — Byy)))
< Vg (z, Vg(@r)) — v (A" (Js (Az, — Byk), pr — o)
= Dy (zk, vx) — i (A" Jgy (Azg, — Byg), pr — )
< Wl | A Jgy (Azy, — Byp)|-|lpx — x| (3.1.76)

Substituting (3.1.29) into (3.1.76), taking the limit on both sides and making use of the inequality
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in (3.1.74), we obtain
0 S kli)n;ng(xkjak)
ol 2 2
< lim (21| A|1?||Je, (Azy, — Byg) |°)
—oo 3
ol 2 2
< lim (-2 ||A| || Az — Byxl?)
—oo 3

=0. (3.1.77)

This implies that klirn Dgy(xk, ar) = 0 and hence by Lemma 2.1.3, we get
—00

lim ||z — ax|| = 0. (3.1.78)
k—o0

Similarly, we have that
lim [|yx — bx|| = 0. (3.1.79)
k—o0

Hence, we obtain that ay, — 7 and by, — y. Therefore, by Remark 3.1.8, we get 7 € DVI(C,T)
and § € DVI(D,S). Moreover, since A and B are bounded linear maps, we obtain that
Azy, — AT and By, — By as i — oo and this with (3.1.74) imply that AZ = By. Therefore,
we have (Z,7) € Q. Thus, from (3.1.67) and (3.1.75), we obtain that

limsup ((Vg(u), Vf(v)) = (Vg(2"), V), (zr, ye) — (2%, y7))

k—o0
= Jim (Vg(u), /() ~ (Va(a), V"), (i) — (" 0))
= ((Vg(u), Vf(v)) = (Vg(z"), VI (y)), (Z,7) — (2%,y7)) <0. (3.1.80)

Let vy = HgCﬂHk (ar) and ug = HfDan (bg). Then, from the convergence of Qy, (3.1.68),(3.1.83),
(3.1.70) and (3.1.71) we get

kli{{.lo Dg(.%'*, ak)+Df(y*7 bk):| = kh—golo |:Dg(x*7 Uk)+Df(y*, uk):| = k:lingo [Dg<x*7 $k+1)+Df(y*7 yk+1)] .
(3.1.81)

Moreover, using (2.1.7) and (3.1.81) we get

klinolo Dg(vka ak) + Dg(“/m bk):| = kli)nolo |:Dg(._’E*, CLk) - Dg(fka Uk) + Df(y*a bk) - Df(y*a uk)]

= lim [Dy(a",ax) + Dyp(y’,b) — (Dy(a",h11) + Dy(y", 1)

k—ro0
+kli>rglo [Dg(x*axk—i-l) + Dg(y*ayk’-i-l) - (Dg(m*avk) + Dg(y*7uk)):|
— 0 as k — oo, (3.1.82)

and hence Dgy(vk,ar) — 0 and Dg(ug,by) — 0 as k — oo. This, along with Lemma 2.1.3,
provides that vy — ap — 0 and ux — b — 0 as k — oco. Thus, from this and Step 4 of Algorithm
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3.2, we obtain
g1 —xp = ap(u— k) + (1 — ag)(vg — 2x) — 0, as k — oo. (3.1.83)
Similarly,
Yk+r1 — Yk — 0, as k — oo. (3.1.84)

Now, from (3.1.73), (3.1.80), (3.1.83), (3.1.84) and Lemma 2.1.15, we obtain that £ — 0 as
k — oo, and hence Dy(z*, x1) — 0 and Ds(y*,yr) — 0 as kK — oco. Therefore, by Lemma 2.1.3,
we obtain that zp — z* and y, — y* as k — oo.

Case II. Suppose there exists a subsequence {{,} of {Q} with Qf, < Q41 for all i > 0.
Then, by Lemma 2.1.14, there exists a non-decreasing sequence {m;} of positive integers such

that lim m; = oo and
l—00

Uy < Qa1 and Qp < Qg (3.1.85)

for all positive integers [. We have from (3.1.73) that

Ll Az, = Byl * < (1= )y = Q1 + i, [((Vg(w) = V(@) @1 — )
(V@) = VIW))s ymes1 — y5)]- (3.1.86)

Taking the limit as [ — oo on both sides of (3.1.86) and taking (3.1.85) and the property of
oy, into account, we obtain that llim | A%y, — By, || = 0. Moreover, following similar methods
—00

used in Case I, we obtain

limsup ((Vg(u), V(1)) — (Vg(@"), VI, @y ) — (@%57)) < 0. (3.1.87)

l—00

Thus, the inequalities in (3.1.73) and (3.1.85) imply that

Wy Qi < Oy = Qg1 + amy (Vg(w), VI (0) = (Vg(@7), VIY)), (@, ymy) — (275 97))
Fam, [(Vg(u) = Vg(2™)), 2mp1 = my) + (V) = V@), Y1 = ymi)] -

(3.1.88)
which yields

Q< (Vg(u), V() = (Vg(@®), VW), (@me ym,) — (25,57))
+ [(Vg(u) = Vg(a")), 21 = @m,) + (V) = VY)Yt = ymi)] -
(3.1.89)
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Taking the limsup as | — oo on both sides of (3.1.89) and using (3.1.87), (3.1.83) and (3.1.84), we
obtain that llim Q,, = 0. This together with (3.1.72) imply that klim Q,+1 = 0, which implies
—00 —00
by (3.1.85) that lim Q; = 0. As a consequence, we get lim Dy(z*, ;) = lim Dy(y*,yx) =0
k—o0 k—o0 k—o0
and hence, we obtain by Lemma 2.1.3 that lim z; = z* and lim gy, = y*. Therefore, we
k—o0 k—o00

conclude from Cases I and II that the sequence {(xf, yx)} generated by Algorithm 3.2 converges
strongly to (z*,y*), where (z*,y*) = P%(,9), and hence the proof is complete. O

We notice that if the mappings T" and S in Theorem 3.1.10 and Theorem 3.1.12 are assumed to
be Lipschitz continuous and quasimonotone, then we get the following corollaries,

Corollary 3.1.13. Assume that (H1) and (Hs) — (Hs) hold. In addition, let Vf and Vg be
weakly sequentially continuous mappings. If T : E; — E] and S : Eo — E3 are quasimonotone
mappings that are Lipschitz continuous on C and D, respectively, satisfying (3.1.1), then the
sequence {(zk,yx)} generated by Algorithm 3.1 converges weakly to (z*,y*) € Q*, where

QO ={(«*,y*) e VI(C,T) x VI(D, S) : Az* = By*}.

Corollary 3.1.14. Assume that (Hy) and (H3z) — (Hg) hold. Let T : Ey — Ef and S : Eo — E3
be quasimonotone mappings that are Lipschitz continuous on C and D, respectively, satisfying
(3.1.1). Let T(z) # 0, for all x € C and S(y) # 0, for all y € D. The sequence {(x,yx)}
generated by Algorithm 3.2 converges strongly to (z*,y*), where (x*,y*) = I8 (u,v).

If we assume that E; and Es are smooth and 2-uniformly convex Banach spaces and take
g() = LI+ I7 and £() = 311+ 1% then Vg = Je,, VS = Jgy, (V9)™ = Jg and (V)™ = Jg.
Thus, we get the following corollaries.

Corollary 3.1.15. Let C and D be nonempty, closed and convex subsets of the smooth and
2-uniformly conver Banach spaces By and Eo, and assume that conditions (Ha) — (Hy) are
satisfied. In addition, let Vg = Jg,,Vf = Jg,,(Vg)~! = J]E_Il and (Vf)~! = ‘]1531 be weakly
sequentially continuous mappings. Then, the sequence {(x,yr)} generated by Algorithm 3.1
converges weakly to (z*,y*) € Q*, where @* = {(z*,y*) e VI(C,T) x VI(D, S) : Az* = By*}.

Corollary 3.1.16. Let C' and D be nonempty, closed and convexr subsets of the smooth and
2-uniformly conver Banach spaces E1 and Eo, and assume that the conditions (H2) — (Ha) and
(Hg) are satisfied. Let T(x) # 0, for all x € C and S(y) # 0, for all y € D. Then, the
sequence {(zg,yx)} generated by Algorithm 3.2 with Vg = Jg,,Vf = Jg,,(Vg)™! = JE_; and
(V)1 = ']1531 , converges strongly to (x*,y*), where (z*,y*) = Hg(u,v).

If we assume, in Theorem 3.1.10 and Theorem 3.1.12 that E;, Es and [E3 are real Hilbert spaces,
g(-) = 3ll - [P and f(-) = 3l - |I’, then Vg = Iz, ,Vf = Is,, (Vg)™' = Ig; and (Vf)™' = I/
and hence we obtain the following corollaries.

Corollary 3.1.17. Let E1,Eg and E3 be real Hilbert spaces and let C and D be nonempty, closed
and convez subsets of E1 and Eq, respectively. Assume that conditions (Ha) — (Hy) are satisfied.
Then the sequence {(xk, yr)} generated by Algorithm 3.1 with Vg = Ig,,Vf = Ig,, (Vg)~! = IIE;
and (Vf)~1 = Iigl, converges weakly to (x*,y*) € Q*, where

Q* ={(z*,y*) e VI(C,T) x VI(D,S) : Ax* = By*}.

Corollary 3.1.18. Let E1,Es and Es be real Hilbert spaces and let C and D be nonempty,

closed and convex subsets of By and Eq, respectively. Assume that conditions (Hs) — (Hy) and
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(Hg) are satisfied. Let T(z) # 0, for all x € C and S(y) # 0, for all y € D. Then the
sequence {(xy,yx)} generated by Algorithm 3.2 with Vg = Ig,,Vf = Ig,,(Vg)™! = I]E? and
(V)™ L= Iﬁ;, converges strongly to (x*,y*) = Po(u,v).
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4. Applications

In this section, we apply our main result to solve some specific problems.

4.0.1 Split Variational Inequality Problems (SVIP)

Let C' and D be nonempty, closed and convex subsets of real Banach spaces [£; and Eo, respec-
tively. Let T': E; — E} and S : Eo — Ej be two non-linear mappings. Let A : E; — Ey be a
bounded linear mapping with A* as its adjoint. The SVIP (see, e.g., Censor et al. [12]) is to:

find * € VI(C,T), y* € VI(D,S) such that y* = Az", (4.0.1)
where as SDVIP is to:
find 2* € DVI(C,T), y* € DVI(D,S) such that y* = Ax™. (4.0.2)

Censor et al. [12] introduced the SVIP in 2012. It is widely known to have a number applications
such as in phase retrieval, image and signal processing, data compression, among others (see,

[28, 52, 56] and the references therein). Denote

I'={(z*,y*) € DVI(C,T) x DVI(D,S) : Az* = y*} and

' ={(z*y*) e VI(C,T) x VI(D, S) : Az* = y*}

Then, we have the following corollaries.
Corollary 4.0.1. Assume that conditions (H1) — (H3) and (Hs), with E9 = E3 and B = I,
hold. Let Vf and Vg be weakly sequentially continuous mappings. If T' #£ @, then the sequence
{(zk,yx)} generated by Algorithm 3.1 converges weakly to (x*,y*) € T'™*.
Corollary 4.0.2. Assume that conditions (Hy) — (Hs) and (Hs) — (Hg) with Eo = E3 and
B = Iy, hold. If I" # O, then the sequence {(xy,yi)} generated by Algorithm 3.2, with B = Ig,,

converges strongly to (z*,y*), where (z*,y*) = I&(u,v).

4.0.2 Common Solutions of Variational Inequality Problems

Let C and D be nonempty, closed and convex subsets of a real Banach space E with it dual E* .
Let T, S : E — E* be two nonlinear mappings. The Common Solutions of Variational Inequality

Problem is to:
find a point 2* € C such that 2* € VI(C,T)NVI(C,S), (4.0.3)
where as the Common Solutions of Dual Variational Inequality Problem is to:

find a point #* € C such that z* € DVI(C,T) N DVI(C,S), (4.0.4)
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Denote ¥ = {(z*,y*) € DVI(C,T) x DVI(D,S) : * = y*} and
U* = {(z*,y*) e VI(C,T) x VI(D, S) : z* = y*}. Now, we have the following corollaries.

Corollary 4.0.3. Assume that conditions (Hy) — (Hs) and (Hs), with By = Eo = E3 = E
hold. Let V f and Vg be weakly sequentially continuous mappings. If ¥ # @, then the sequence
{(zk,yx)} generated by Algorithm 3.1, with A = B = Ig, converges weakly to (z*,z*) € U*.

Corollary 4.0.4. Assume that conditions (H1)— (Hs) and (Hs) — (Hg) with By =Ey =E3 =E

hold. If U # O, then the sequence {(xk,yr)} generated by Algorithm 3.2, with A = B = I,

converges strongly to (z*,z*), where (z*,z*) = 1% (u, v).
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5. Numerical Example

In this section, we give a numerical example with illustrations to demonstrate the applicability
of the algorithms.
Example 5.0.1. Let E = E; = Ey = E3 = R? with the usual norm. Let

C={(z,y) €E: (-2 +y* <1}
D={(z,y) eE:2?+ (y—2)? <1}.

Clearly, C' and D are closed and convex subsets of E. Define the mappings 7,S5: E — E by

2 2
T(z,y) = <1—T—a:2’ O> and S(x,y) = <O, 11y2> Clearly, the mappings T and S are uniformly

continuous on bounded subsets of C' and D, respectively. It remains to show that the mappings
T and S are quasimonotone on E. Indeed, suppose that for (x1,z2),(y1,y2) € E, we have
<T(.%'1,.’IJ2), (y17y2) - ($1,$2)> > 07 that iS,

2

((55.0) () — (w102)) = 2y — 1) > 0
— —(z1,22)) = ——(p —= .
1+$%a , (Y1, Y2 1,42 1+l’% 1 1

Then, this implies that y; — x; > 0, and hence
2

2
(T (1. 92): (1. 2) = (1,22)) = ( (1 ffy%,o) () = ee2)) = Sl — @) 20

This yields that 7' is quasimonotone. However, if we take (z1,z2) = (0,0) and (y1,y2) =
-1 .
(5540)- then (Ton,a), (om0 = (21,20 = 0, bt (T(pn, 1), (on. 1) — (0,20} < O, which

implies that 7" is not pseudomonotone. Similarly, one can show that S is uniformly continuous
on bounded subsets of D and quasimonotone. Moreover, DVI(C,T) =VI(C,T) = {(1,0)} and
DVI(D,S)=VI(D,S) ={(0,1)}. Let A: E — E and B: E — E be defined by A(z1,z2) =
(0, %) and B(z1,x2) = (321,0). Clearly, A and B are bounded linear mappings with adjoints

A*(z1,22) = (0, %) and B*(z1,z2) = (321,0), respectively. In addition, we have A (1,0) =
(0,0) = B(0,1). Therefore, we have that

(z*,y*) = ((1,0),(0,1)) € @ ={(z,y) € VI(C,T) x VI(D, S) : Az = By}.

Define g: E — (=00, +00] and f: E — (=00, +00] by g(x) = %Hx”? and f(y) = %HyH?. Then,
Vg(z) = (Vg)™'o = Igx = z and Vf(y) = (Vf) 'y = Igy = y. Take ap = ;7q, 0 = 0.9,
Brn = 0.01 + %—i—l Then the conditions (Hj) — (Hg) are satisfied. We have conducted the nu-
merical experiments to demonstrate that the error term sequence E,, = {||(n,yn) — (=*,y)||},

n > 1, of Algorithm 3.1 and 3.2 converges to zero for different parameters.
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Figure 5.1: Rate of convergence of Algorithm 3.1 for different choices ~.
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Figure 5.2: Convergence of Algorithm 3.2 for different choices of ~.

In Figure 5.1 and Figure 5.2, the convergence of the error term sequence E,, = {||(zn, yn) — (", y*)||}
with the aforementioned parameters is indicated for various values of y and initial value (zg, yo) =
((2,0),(0,2)) for Algorithm 3.1 and 3.2, respectively.
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Figure 5.4: Convergence of Algorithm 3.2 for v = 0.9 and varying initial points.
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It is clear that Figure 5.3 and Figure 5.4 illustrate how E,, = {||(zn,yn) — (z*,y*)||} con-
verges for the inertial parameter v = 0.9 and different initial values (xg,y0) = ((2,0),(0,2))
* (20,50) = ((3.0),(0,3)) , (z0,90) = ((10,0),(0,10)) and (z0,0) = ((20,0), (0,20)) for Algo-
rithms 3.1 and 3.2, respectively.

Remark 5.0.2. The numerical experiment’s results, which can be seen in Figure 5.1 and figure

5.2, demonstrate that Ep, = || (xn, yn) — (x*,y*)|| converges to zero; that is, for both algorithms,

the sequence {(xn,yn)} converges strongly to the point (x*,y*) = ((1, 0), (0, 1)) of Q.

As we can see from figure 5.3 and figure 5.4, the rate of convergence for both algorithms eventually

becomes the same regardless of the beginning locations we choose.
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6. Conclusion and Future Research

Problems

6.1 Conclusion

In this thesis, we proposed and studied an iterative method for solving SEVIP in reflexive
real Banach spaces. Weak and strong convergence theorems are established for Algorithm 3.1
and Algorithm 3.2, respectively, under the assumption that the underlying mappings are quasi-
monotone and uniformly continuous. Our main result has been supplemented with specific
applications. In addition, a numerical example has been provided to demonstrate the effective-

ness of our method.

This thesis main result generalizes most of the results found in the literature because it deals
with a more general split equality problem in the setting of Banach spaces, which is broader
than Hilbert spaces. Specifically, it extends the works in [60] from a VIP to a more general

SEVIP and from weak convergence to strong convergence results.

6.2 Future Research Problems

The following questions will be at the core of future research work.

e Can the assumption of uniform continuity on 7" and S be relaxed to a more general class

of mappings?

e Can we relax some of the assumptions of the main results and still obtain strong conver-

gence theorems for the solution of SEVIP’s?

e Can we alter the algorithms to simpler and more efficient ones in the sense of rate of

convergence?

These questions will surely stipulate further research problems in this direction.
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