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Abstract

Foot and Mouth disease (FMD) remains a global concern despite that many developed
countries have eliminated it. This is because FMD is still endemic in some parts of the world,
and it can spread around the world via several transmission routes including international
trade of affected agricultural products. Botswana which experiences recurring outbreaks of
FMD in some parts of the country, FMD has a major negative impact on the beef industry
as its outbreaks prevent the country from gaining access to major markets such as the
Europian Union (EU). Hence, there is a need to eliminate the disease to prevent its spread,
future outbreaks and to increase control measures. In this thesis, two mathematical models
for the dynamics of FMD accounting for the direct, indirect and spatial transmission are
formulated and analysed. The first model is a homogeneous-mixing model of FMD with
carriers. We derived the basic reproduction number, Ry, and analysed the existence and
stability of the disease-free equilibrium. The parameters used in our model were estimated
from literature and sensitivity analysis of selected parameters on Rg as well as the full
model was performed using the Latin Hypercube Sampling scheme (LHS). The sensitivity
analysis results show that the parameters 51 and (2, which represent direct and indirect
transmission of the virus from the infected animals and environment, respectively, together
with the shedding of the virus into the environment by the infected animals, have the greatest
positive Partial Rank Correlation Coefficients (PRCCs) whilst the parameter for the recovery
rate of the infected (o) and the increase in carrier animals () have the highest negative
PRCCs. If the processes described by parameters with negative PRCCs are increased, then
chances of containing the FMD infections are enhanced. Our numerical simulations show
that reducing the contact between susceptible animals and infected surfaces by 80% can
reduce the disease burden by up to 71%. However, a combination of controls including
reducing contact with infected surfaces and disinfecting leading to increased decay of the
pathogen by 100 folds from the baseline value can lead to elimination of the disease. Our
second model is a pair approximation model of FMD with carriers. The results show that
both the symptomatic and asymptomatic (carriers) nodes in a network have the potential to
aggravate spread the disease. The results also show that Rg is proportional to the infection
rate from the carriers associated with lower recovery rates in a network. Therefore, early
identifications of infected animals and their contacts in the initial stages of an outbreak
followed by prompt application of spatially-oriented control measures, can help contain the
disease. We recommend that, when controlling the disease, a combination of control measures
be implemented if the disease is to be contained in a shorter period of time. We further
suggest that cost-effectiveness analysis and optimal control of admissible controls be studied

to ascertain the best combination of disease containment measures.
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1. Introduction and Literature Review

1.1 Foot and Mouth Disease

Foot and Mouth Disease (FMD), is a highly transmissible, contagious infectious disease

affecting cloven-hoofed domestic and wild animals such as goats, sheep, cattle, pigs and

buffaloes [I, 2]. The pathogen which causes FMD is an Aphthovirus which belongs to the
Picornaviridae family [3]. There are 7 known serotypes of FMD virus and over 60 sub-types of
this virus [4, 5]. These serotypes vary according to the geographical region and are classified

as African types (STA 1, STA 2, STA 3), European types (O, A and C) and Asian types
(Asia).

Vaccination against one serotype does not provide protection against other serotypes, that
is, there is no universal vaccine against the disease [5]. This means that FMD vaccines
must match to the type and sub-type present in the affected area. This makes it difficult
to control FMD through vaccination alone. Therefore, multiple control measures may need
to be adopted. Susceptible animals can be infected via direct contact with infected animals,
infected animal products, exposure to fomites or through wind-borne aerosol. The FMD
virus maybe present in milk and semen for up-to 4 days before the animal shows clinical
signs [0]. Clinical signs include fever, blister like lesions in the mouth, on the teats, between
the hooves and above the hooves. Excessive salivation, lameness, reduced milk production

and decreased feed consumption are also observed [7, &].

The FMD causing virus can survive on surfaces such as metals, transport vehicles, grazing
lands, drinking points of animals and in the air [9]. This implies that an uninfected animal
can acquire the virus through contact with the infected surfaces, that is, there is a possibility
for the FMD virus to spread from such contaminated surfaces to an uninfected animal, a
route referred to as indirect transmission. We note that there is inadequacy of studies
that capture the impact of environmental contamination and its role in the transmission of
FMD. Therefore, inclusion of the proportion of indirect transmission from the environment
in mathematical model structures is a very important aspect as it helps us in drawing insights

into its contribution to the disease dynamics.

At the moment, there is no known cure for FMD. Vaccines can protect animals against
exposure to the disease but do not always prevent the animals from being infected. FMD
rarely leads to death but it compromises the health and quality of products that are obtained
from animals with a history of the disease. Mortality rate is high in young animals than
in adult animals [5]. Control measures against FMD include isolation, culling, vaccination,

public education and sanitation etiquette more specifically disinfecting the affected areas.

FMD is endemic or near-endemic in many parts of the world, particularly in developing

countries, which have limited resources for disease control. It has a negative impact on the
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economies of many countries because of strict rules that prohibit international trade of animal
products from previously affected territories [10]. Currently, many countries are being faced
with a war against the re-occurrences of FMD. Outbreaks of FMD in a specific area are
usually controlled by quarantines and movement restrictions, cleansing and disinfection of
affected premises, equipment and all herds on farms whether infected or not are slaughtered
and disposed off safely. For instance, in the 2001 United Kingdom FMD outbreak, it was
estimated that there was a total of 2030 FMD cases and as a means of controlling the disease
and preventing its re-occurrence, at least 6.5 million animals were culled [!1]. This caused
a loss which composed of food industry and compensation for culled animals to the value

summing upto 5.27 billion pounds [12, 13, 14].

1.2 Foot and Mouth Disease in Botswana

Cattle farming contributes hugely to the livelihood of Batswana and the country’s overall
agricultural gross domestic product (GDP). The beef sector is a core element of the economy
and contributes about 80% to the GDP. With Botswana being one of the countries in South-
ern Africa that heavily rely on beef exports to grow its economy, the FMD epidemic has
turned to be a nightmare to the country and a threat to its economy as its outbreaks prevent
the country from gaining access to major markets such as the European Union (EU). These
outbreaks have lead to a great loss to the country through reduced production, increased
costs of FMD control as well as poor access to markets. For instance, from 2009 to 2014, it
cost the government of Botswana about P127 211 668.00 to control the disease by vaccina-
tion and culling, following the outbreaks in the north and eastern parts of the country|[15].
FMD is endemic in Botswana and several other countries worldwide and has been globally
prevalent for centuries now despite the application of control measures. The long history of
FMD in Botswana dates back to the 1930’s [16]. FMD was first recorded in Botswana in the
early 1930’s and later eradicated in 1934, but only to reappear throughout the 1940’s, 50’s,
70’s and 80’s [15, 17], with the last reported cases in the 80’s occurring in September 1980
[16, 17]. After a long time of no outbreak, in 2002, Botswana started to experience irregular

FMD outbreaks even in previously FMD-free zones [17].

The disease in Botswana is caused by 3 serotypes i.e., SAT1, SAT 2, and SAT 3. These
serotypes are found in regions where there are wild buffaloes in the northern parts of the
country, which are considered as life-long asymptomatic carriers of the FMD virus. Control
of Foot and Mouth disease in Botswana is mainly premised on vaccination in FMD high-risk
areas, biosecurity measures, disease surveillance, movement control and public education
[18]. All these control measures follow the international standards from the World Organisa-
tion for Animal Health (OIE). Because of the re-occurrences of FMD, the key strategies used
in the control of the spread of FMD during outbreaks include cordon fences, vaccination,
biosecurity, movement control through disease control gates or checkpoints and surveillance.
Through the cordon fences, the country is divided into different zones namely, FMD vacci-
nation zone, red zone (found in the northern part of the country), FMD surveillance zone (
areas at the interface of the FMD red zones and FMD green zones) and the FMD free/non-
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Figure 1.1: Botswana Foot and Mouth Disease Control Zones.
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Source: Department of
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vaccinated zone [15, 20]. The map of Botswana showing these zones is given in Figure 1.1.

1.3 Literature of Mathematical Models of Foot and Mouth

disease

A number of mathematical models of FMD have been formulated and analysed to under-
stand the dynamics of the disease. The availability of data on the 2001 United Kingdom
(UK) epidemic outbreak of FMD resulted in the development of several mathematical mod-
els describing the mechanism of the disease spread as well as inform policy by employing
relevant control measures that can contain the disease more effectively to prevent future out-
breaks. The difference between the types of these models depends in the way they capture

characteristics of this disease and the available techniques for solving such models.

Most mathematical epidemiology models are based on the classical infectious disease model
developed by W.O. Kermack and A.G. McKendrick susceptible-infectious-recovered (SIR)
model in 1927 [21]. This model is formulated by dividing the host population into three
disease states (called compartments) of susceptible (S), infectious (I) and recovered (R)
individuals. This model assume that susceptible individuals interact with infected individuals
at a given infection rate, say A which describes the force of infection. The infected individuals
recover over time at a given recovery rate, say o and acquire immunity [21]. These rates of

infection and recovery are called parameters of the model.

The SIR model can be analysed to find solutions to the model (here, the numbers of states
S, I and R individuals at any time, t) and studying the model threshold dynamics which
are the conditions determining whether the disease will persist or die out. This basic model
only accounts for infection and removed events which are sufficient to describe a simple
epidemic and the threshold condition necessary for an epidemic to start. This means that
endemic disease transmission or recurring epidemics are not accounted for in the SIR model.
This condition cannot be ignored, as such there is need to extend the basic SIR model by
considering variables and model parameters that are of interest to a given study. Going
forward, we outline some selected models developed to study FMD based on past disease

outbreaks. We note also that the list presented here is by no means exhaustive.

Ferguson et al., (2001) [2] designed a pair approximation model that explored the impact
of potentially more effective control strategies such as ring culling and ring vaccination. In
their model, the authors divided the state variables into susceptible farms [S], exposed [E],
infectious [I], recovered farms [R] and pairs of farms [XY] where X and Y represent disease
statuses; susceptible, exposed, infectious or recovered. They performed the simulation of
the model which showed that both ring culling and ring vaccination control foot and mouth

disease more rapidly with ring culling predicted to be more effective compared to vaccination.

Keeling et al., (2001) [22], explored the dynamics of the 2001 UK FMD outbreak using an
individual farm-based stochastic model. Each farm was classified as either susceptible, incu-

bating, infectious or slaughtered. The transmission of FMD betweens farms was determined
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by the number and type of livestock, the distance between susceptible and infectious farms,
distinction between localised spread of the disease and possibility of long-range transmission.
It was determined that culling of farms neighbouring infected premises controls the disease

more effectively.

In 2007, Ster and Ferguson [23] modelled the transmission of the 2001 foot and mouth epi-
demic in Great Britain. They developed a Markov Chain Monte Carlo (MCMC) method for
estimating epidemiological parameters for a range of simple transmission models. The au-
thors made an assumption that infectious farms were completely observed in 2001, equivalent
to assuming that farms that were proactively culled but not diagnosed with FMD were not
infectious, even if some were infected. The results obtained were similar to the observations
in [22] as the estimated parameters showed that culling was important for the control of the
2001 FMD epidemic.

Traulsen et al., (2010) [24], developed a spatial and temporal Monte-Carlo simulation model
to analyse the epidemiology and control of foot and mouth disease. A stochastic simulation
model with special focus on the simultaneous estimation of the airborne spread and the
modelling of contacts between farms was presented. The authors investigated the influence of
eleven input parameters and interactions between them were estimated. The results showed
that the considered parameters as well as the interactions between them had a significant

impact on the epidemic duration and the number of infected and culled farms.

In 2016, Mushayabasa [25] modelled the intrinsic dynamics of foot and mouth disease. In
the paper, two models for FMD were proposed which incorporated relevant biological and
ecological factors, vaccination effects and seasonal impacts during the interaction among
susceptible, vaccinated, exposed, infected, carrier and recovered animals. The study results

showed that vaccination alone may not be sufficient to eradicate FMD.

In this work, two mathematical models for the transmission of FMD disease are formulated
and analysed. The first proposed model considers susceptible, exposed, asymptomatic and
infected animals, carriers, recovered and infection from the environment as the classes for
the disease progression. The details of the model are given in Chapter 2. The second model
follows the pair approximation approach to study the effect of space on the spread of FMD.

The details of the model and its analysis are given in Chapter 3.

1.4 Motivation of the Study

Foot and Mouth disease has a major effect on the beef industry in Botswana which contributes
the larger share (about 80%) of the total contribution by the agricultural sector. FMD
outbreaks prevent access to major beef export markets. The significance of this study is
to highlight the effect of both direct and indirect transmission of FMD, and to identify the
key process that much be addressed if future outbreaks are to be prevented. We explore
characteristics of re-occurrences of single outbreaks of FMD and their dependence on the

disease re-importation.
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1.5 Aim and Objectives
Aim
To develop mathematical models incorporating the environment and space as factors that

have impact in the dynamics of Foot and Mouth disease, including but not limited to direct

and indirect transmission routes.

Objectives

e Develop a SEIR type model for FMD incorporating both direct and indirect transmis-

sion from the environment.

e Perform the model analysis for the formulated Homogeneous-Mixing model in order
to determine its behaviour based on the equilibrium points, reproduction number and

sensitivity analysis.
e Build a pair approximation model incorporating the spatial spread of FMD.

e Carry out mathematical analysis for the pair approximation model based on the thresh-

old dynamics.

1.6 Organisation of the Thesis

In this thesis, we propose a mathematical framework to study the dynamics of FMD by in-
corporating asymptomatic carriers as one of the driving forces of the transmission dynamics.
In Chapter 2, we start with the basic model represented by Ordinary Differential Equation
(ODE) system with interaction among susceptible, exposed, asymptomatic, symptomatic,
carriers, recovered groups and the virus infected environment. We investigate the disease
threshold dynamics through the basic reproductive number and conduct the equilibrium and
numerical analysis of the model. In Chapter 3, we proceed to study FMD dynamics by
incorporating spatiality. We develop and study a pair approximation model of FMD where
the disease pathogen is transmissible from both symptomatic infectious and asymptomatic
carrier nodes to susceptible contacts on a prescribed network structure. We do this by com-
puting the basic reproduction number for the pair approximation model, the results are then
discussed based on Rg and appropriate conclusions drawn. In Chapter 4, we present the

general conclusion to the thesis, recommendations and suggestions for future work.



2. A Homogeneous-Mixing Model of FMD
Model with Carriers

2.1 Model Formulation

We present a basic mathematical model for the transmission dynamics of Foot and Mouth
Disease (FMD), which spreads in endemic or near-endemic countries like Botswana. The
susceptible animals can be infected through direct contact with the infected animal or indi-
rect contact with the FMD infected surfaces (environment). In the population considered,
upon direct contact with the disease pathogen, picarnovirus, susceptible animals (S) become
exposed to the disease through contact with infected animals or surfaces infected with the
virus. Upon exposure, the animals are classified as exposed (E). The exposed animals later
progress to the infectious state. Once infected, animals that are pre-symptomatic and symp-
tomatic are grouped in classes (A) and (I) respectively. It is estimated that animals exposed
to FMD, depending on the FMD serotype and the host, are exposed for approximately o~
days before some become infectious and others become carriers (C). These animals also de-
crease in number because of FMD related mortality and some recover from the disease [2, (].
Carrier animals remain in the carrier state for a period of 3 to 3.5 years [9]. Through indirect
exposure to FMD pathogens, animals are exposed to infected environments, where the virus
from infectious classes pre-symptomatic (A), infected (I) and carriers (C) is present. If S,
E, A I, C, R and W represent number of susceptible, exposed, asymptomatic, infected,
carriers, recovered and infected environment compartments respectively, then at any point

in time the total animal population size is given by
N(t) = S(t) + E(t) + A(t) + I(t) + C(t) + R(2).

The force of infection is assumed to follow a standard incidence. The model assumes animals
join the susceptible group at the rate m by births and immigration. Every animal group in a
population is reduced by natural death at a rate pu except for the infected group which has
FMD related mortality at rate §. We also assume that once an animal recovers from the
disease it does so with permanent immunity. By combining the direct and indirect routes of

transmission of the disease pathogen, the force of infection is given by

)= ((51(A+77]i71+7720)> n <KBiWW>>’

where, N is the total population, K is the FMD pathogen concentration in the environment

that increases the likelihood of transmission through the indirect route to 50%, n; and 79
are the rates at which infected group and carriers pass the disease pathogen relative to the

asymptomatic infected animals. 81 and (B2 are effective transmission rates which account for
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the number of effective contacts and the probability that a contact results into an infection.

The flow diagram for the transmission dynamics of the proposed model is represented in

Figure 2.1.

‘ g1/ (o)l
T

&C

vW

Figure 2.1: A compartmental representation of the model for FMD with infection from the
environment.

Following the flow diagram, Figure 2.1, model formulation and related assumptions, the

system of ordinary differential equations for the model are given by

% =7 —(A+p)S, (2.1a)
Cil—f =AS - E, (2.1b)
% —oE— A, (2.1c)
% =vA—Qsl, (2.1d)
C(li_f — oI —QuC, (2.1e)
Cji—f =~ +aC — uR, (2.1f)
O At el 160 —uW, (2.1g)

where Q1 =p+0, Qa=p+v,Q3=¢+pu+35+7, and Q4 = a + p.
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State Variable | Meaning

Susceptible animals

Exposed animals

Presymptomatic animals

Infected animals

Carrier animals

Recovered animals

Sim|Q|~|x|w|w

Contaminated surfaces/objects in the environment

Table 2.1: Summary of model state variables and their descriptions.

Parameter Symbol | Description

s Recruitment rate into the susceptible group

I Natural mortality rate of animals

o Rate at which exposed animals become presymptomatic in-
fectious

v Transition from presymptomatic to infected group

10) Rate at which infected animals become carriers

5 Recovery rate of the infected animals

«a Recovery rate of the carriers

b1 Transmission rate directly from the infected group

Bo Transmission rate from the environment

P Virus decay into the environment

m Infection rate of infected animals relative to the presymp-

tomatic group

2 Infection rate of carriers relative to the presymptomatic
group
&1, &9, &3 Rates at which presymptomatic, infected and carrier groups

respectively shed the disease pathogen into the environment
1) FMD related mortality rate

K Pathogen concentration in the environment that increases

the likelihood of infection from the environment by 50%

Table 2.2: Symbols and description of parameters used in the model.

2.2 Model Analysis

The variables and parameters of the model are assumed to be positive for ¢ > 0. The analysis

of system (2.1) will therefore be performed in a region defined by;

Q={Qu xQ:Qy e RE, Q € RLY
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where;

Qy = {(S(t),E(t),A(t),I(t),C(t),R(t) eRS|OSN< Z}

&1+ &+ 53)”}.

QWZ{W(t)yogW(t)g o

2.2.1 Positivity of Solutions

We now consider the positivity of system (2.1). Here, we prove that all the state variables,
susceptible, exposed, asymptomatic, infected, carriers and the infected environment remain
positive and the solutions of our system (2.1) with positive initial conditions will remain

positive for all ¢ > 0.

Theorem 1. Given the initial conditions Sg > 0, Eg >0, Ag >0, Ip >0, Cy >0, Ry >
0, Wy > 0, the solutions S(t), E(t), A(t), I(t), C(t), R(t), W(t) are non-negative for all
t>0.

This can be proven as follows;

Proof. Suppose that
t=sup{t>0:8>0,E>0,A>01>0C>0,R>0W>0}¢c]0,t].

Thus £ > 0, and it follows from first equation of the system (2.1) that

ds

We thus have

where, A = max{A(t) : t > 0}.

We now solve the inequality by separation of variables and integrate both sides with respect

to the corresponding variable to obtain;

/Sj‘fz”z/ot—<&+u>d<z>

so that,

S(t) > Soe~ Mt > 0, (2.2)
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From equation (2.1b), we have

dE
S N\S—QE
i S—@1

> _Q1E7

whose solution is obtained by separation of variables and integrating with respect to corre-

sponding variables and results in

E(f) > Ege @ > 0. (2.3)

For the remaining state variables, we use the same approach and obtain;

N

(t) > Age= @2 > 0,
(t) > Ipe= @t > 0,

C(
R(t) > Roe " >0,

W (t) > Woe ¥ > 0,

~

t) > Coe@at > 0, (2.4)

)
)

t

for all £ > 0.

From equations (2.2)- (2.4), we observe that the state variable solutions of system (2.1) are

non-negative provided the initial conditions are non-negative. This completes the proof. [

2.2.2 Boundedness of Solutions

The total population considered in this model is not constant. To determine whether the
state variables of the animal population are bounded, or enough to show that the total
population is bounded using the system of equations (2.1) and the expression for the total

population, the evolution equation for the change in the population is given by

%]j — 7 — uN(t) — o1(1) (2.5)

<7 — uN(t). (2.6)
The inequality (2.6) can be solved by separation of variables or using an integrating factor
method to obtain

N<ZT4 <N - W) et (2.7)
[ I

where N(0) = Np.

We note from equation (2.7) that, the lim;_,o, N(t) = %~ Clearly 7 is the upper bound of N.
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Therefore, we note that for 0 < N(0) < 7, we have

0< N(t) <

=13

For the environmental variable W, we have;

dw
s =§A+ LI+ G0 YW

d
s(mm&)ﬁ—wm

because A(t), 1(t) and C(t) are less than % for all ¢ > 0.

Applying the Gronwall inequality [26, 27], for the initial condition of the environmental
variable
0<wi(o) < G T
pp
we have
0<W(H) < W (2.8)

This shows the existence of bounded solutions. Hence, the region € is positively invariant
under the flow induced by system (2.1). Thus, in € our system is well-posed hence it is

adequate to study the dynamics of the model in the domain 2.

2.3 FMD-Free Equilibrium and the Basic Reproduction Num-
ber, R

2.3.1 Disease-Free Equilibrium

Let the state variables at the disease free equilibrium & be S*, E*, A* I*, C*, R*,W*. To
determine the equilibrium solutions, we set the right-hand-side of the system of equations

(2.1) to zero and obtain

0 =1 — (A" + p)S*,
0=\*"S* — Q1 F*,

0 =cE* — Q A%,
0=vA* — QgI*,
0 =¢I" = QuC",

0=~I"+aC* — uR",
0 =A™ + &I 4 G0 — W™,

12
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In the absence of the FMD pathogen the system (2.1) gives a FMD-free equilibrium point(&p)
given by

& = <SO,E0,A0,IO,CO,RO,W0) = (2,0,0,0,0,0,0). (2.9)

To analyse the existence of equilibrium points, we ought to use the reproduction number
evaluated in terms of the model parameters. This threshold value (reproduction number) is

also vital in making conclusions about the stability of the obtained equilibrium points.

2.3.2 The Basic Reproduction Number

The basic reproduction number, Ry, is the expected number of secondary cases produced
by a single infectious individual upon introduction into a completely susceptible population
[28]. An epidemic outbreak is expected if on average an infected individual produces more
than one new infection when introduced into a susceptible population, i.e, when Ry > 1 but
an infection will die out if Ry < 1. Here, we use the next generation matrix method outlined
in [29, 30] to determine our Ry and adopt the same matrix definitions used in [30] to avoid
confusion. Taking the infected compartments to be E, A, I, C and W, the matrices for new

infection terms and the transfer terms between compartments are given by

() ()
0 —ocE 4+ QA
F = 0 and , V = —vA+ Qs3]
0 —¢I + QuC
0 —(§1A+ &I +&C) + YW

Linearisation of the matrices F and V at the disease free equilibrium yields

0 81 Bim Pim2 %ﬁ Qa 0 0 0 0
0 O 0 0 0 -0 Qo 0 0 0
F=]10 0 0 0 0 land, V=] 0 —-v Q3 0O O
00 0 0 0 0 0 —¢ Qi 0
00 0 U 0 & —& —& ¢

Mathematically, R is given as the spectral radius of the matrix FV ! so that after further

simplification, we obtain

Ro=p(FV 1) =R+ RE+ RS + RY, (2.10)
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where

re _ vodbi (v [ o (6B

0 T Q1Q2Q3Q4 Q2 )\ Q1 )\ Q3Qs)’
RW :520(623@451 + vQ4&o + vopés)T

’ nEYQ1Q2Q3Q4 '

We note that Ry is the sum of components of the reproduction number representing the
contribution of individuals from compartments A, I, C and W respectively. It depends on
several model parameters particularly, the FMD transmission rate due to contact between
infected and susceptible animals as well as contact with the infected environment (i.e the

environment infected with the virus that causes FMD).

We note that the process of determining the reproduction number by the next generation
matrix method presumes local stability of the disease free equilibrium [30]. We therefore

have the following theorem

Theorem 2. The disease-free equilibrium (£y) of the model system (2.1) defined on the

domain 2, is locally asymptotically stable.

2.3.3 Endemic Equilibrium

The endemic equilibrium is the state at which the disease cannot be totally eradicated in a

population [31]. So we let system (2.1) have an endemic equilibrium given by;
gf — (S**’E**,A**’I**’C**,R**,W**)' (2.11)

To determine &, we set the left hand side of our system (2.1) to zero to obtain

0 =1 — (A™ + 1) S™, (2.12a)
0 =A™ 5™ — Q,E*, (2.12b)
0 =g B — QuA™, (2.12¢)
0 =vA* — Q3™ (2.12d)
0 =¢I™ — Q,C* =0, (2.12¢)
0=AI""+aC™ — uR™ =0, (2.12f)
0 =A™ + &I + GO — W™, (2.12g)

where,

)\** —
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From equations (2.12¢)-(2.12g), we express the appropriate steady state values in terms of
A™ such that

*k _ (Z5V *k
¢ Q3Q4A
R** _ <I>1A**
WH** = (I)QA**

where & = %(’YV%;CST’V) and @y = i(£1Q3Q4Ei25?4+£3¢V>.

Adding (2.12a) and (2.12b) we get

O:TF—/LS**—QlE**

g T _Gip
pnoop

G — E QlQQ W12 g
pooop

The total population at the endemic equilibrium is given by

T Q1@ Qz ¢ v
Lo ou Q3 Q3Q4
T Q@2 Q2Q3Q4 +0Q3Q4 + p0Q4 + pov +0Q3Q4P1 | .,
= _ XU A
7] ol 0Q3Q4
— E _ (PSA**,
1

where @5 = Q1Q2Q3Q4— M(Q2Q3Q4:;¢UQC§EC§S;¢UQ4+¢UV+UQ3Q4¢2)

Therefore, the total population is given by

N =T pyar (2.13)
I

The force of infection at the endemic equilibrium is given by

e Br(A™ + 771 SA 4 phe AT) By A

T — Pz A** K + &g A
/3 Q3Q4+2213¢22Q44+772¢VA** Bydy A
T — Pz A** K+ ®y A

. 61(1)4(K + (bQA**) + 62@2(% _ (I>3A**)A**
= (%—‘pgA**)(K—i-q’zA**) )

15



Chapter 2. A Homogeneous-Mixing FMD Model with Carriers

— Q3Qa+mQutnadr

Q3Q4

where ®4

Therefore,

B1P4(K + P A™) + /32‘132(5 — O3 A™) | A
AFF = _ . (2.14)

Substituting (2.14) into (2.12b) we obtain

I (61@4(K + ‘IDQA**) + 52@2(% _ ‘I)gA**))A**
(5 — ®3A)(K + 2247

<% B Q;SQA**> Q1Q2A**

o= (i) -0

(g Q;SQA**> QlUQz <; % A**) (K+ <I>2A**>

Q1Q2 A**) Q1Q2 [

o o

0= -51¢4K + B Py ®y A + 52‘1)2% - 52<I>2<I>3A**} (% LLK + Py MA**

Ky A™ — <I>2<I>3A**2]

QleA**) Qle[

= {(51‘1)4K + 52‘132%) 0 <ﬁ1‘1)2‘1)4 - 52‘132‘133)A**} (% B o

_ (1)2 (I)3A**2:|

K (@2% — K<I>3>A**

Q102 A%

0= (51¢’4K + 52@22)2 <ﬁ1¢4K + 52‘%*) ) (ﬁlq’z; - /32‘133) %A** + @ (51‘1’4

o 52(1) )QIQQA** . (1)2 (51@4 - 52(1) )QlQQA*»Q Q1Q2 EK - Q1Q2 <q)2§
o U o 1
- chg)A** QlQQ@ Dy A**2
0= [Q1Q2 Py®3 — (51‘194 - 52‘133> D@ | yree2 + | P2 (51‘134 - /32‘133) T (ﬂ1‘1>4K + B Po— ) @1l
o p op
- AL <(I>2E — K@g) A™ 4 (ﬁ1@4K + /BQCPQE> - 7621@2 K] .
op \p p o oop

This is in the form

O[QA**Q + a1 A¥ 4 ag =0,
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where

ap = (51@4K+ 52%2) — QlQQK
p! o oop

_ QiQem [ B1®s0 BoDoo T
“ o M e T @Ky 1]

_ QngwK _510<Q3Q4 +moéQa + 77¢V> B2 <Q3Q4§1 +vQaé2 + V¢§3> T 1]
i

o 01020301 * K4Q10:20504

_ 1 Qo

K|Ro - 1} :
o I
with

Bro (Q3Q4+771 ¢Q4+n¢u> B2 (Q3Q4§1 +1/Q4§2+V¢>£3) .
Ro= Q1Q203Qa - K9Q1Q203Qs W

ay = Py <51‘1>4 - 52‘1>3) T_ (51‘1>4K + B2®o )Q1Q2 1@ <‘1)2z — K‘I)3>
1 op o\ p
BBy, _ﬁ2¢2¢)3[ - (51‘1’4K+ﬁ2¢2 )Qle B Q1Q2§¢) +KQlQQ
7 op o
PN W gL fcb " KQlQ2 @5~ 303" — (BI04 + 50y )Ql@2
pooop op 7 op
 QaQ2Py 7 f1Pyo Q1Q2 Ba®o Q1Q2
- == —<Q1Q2—1>+K . q>3(1— - ;) (61<I>4K+62<I>2 ) o
Therefore,
= QzQa%g(ROC B 1) 4 g1 @3(1 = Rw) (/81(1>4K+ By >Q1Q2
o o p) op
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For oy we have

ag = &y (51‘1)4 - 52‘133)z - <51<I’4K + [Bo®o— >Q1Q2 @@ (‘132z - K‘I)z)
7 op op \Tp

_ Q1@ | Q1@ (Q2Q3Q4 +0Q3Q4 + ¢0Q4 + dpov + 0Q3Q04P>

I T 0Q3Q4

— B1P2dy QlQQ + ﬁg%éngQQ

01Q9 Q105 010 <Q2Q3Q4 +0Q3Q4 + ¢poQy + dov + GQ3Q4(I>2) Q1Q2
- ® - 02 — B1P2Dy
g ou aH 0Q3Q4

+ [P P3 Q1222

B Q%ng) | B®ao) i@ <Q2Q3Q4 +0Q3Q4 + ¢oQus + gov + 0Q3Q4<I>2>

= 2[ _Qle}_ ol 70303

Q1Qs [Qle (Q:Q3Qu +0QsQ1 + 90Qu + dov + 0QsQ4 s )
+ Ba®o —
ol 0Q3Q4

_ Q103 B1®40 Q1Q2

_ 012M2<b2 {1 -0, } By®y &

= @ _ (61(1)4 — ,62(133) QIQQ

o op

_ QIJQ2(I)2 ®s 1+ Ba®3 51@4]

Therefore,
_ QlaQ2q)2 s 1 Pa®s 5,3,].

We have

OéQA**2 + a1 A 4+ ag = 0, | o = QIUQQ %K(Ro — 1).

Cases of the roots depend on the terms g, a; and ao which are given below

(a) When Rg < 1, ap < 0. If ag < 0, then the quadratic equation will have either two

positive roots or two negative roots.

(b) When Ry < 1, ap < 0. If ag > 0, then the quadratic equation will have one positive

root and one negative root.

(¢) When Ry > 1, ap > 0. If ag > 0, then the quadratic equation will have either two

positive roots or two negative roots.

(d) When Rg > 1, ap > 0. If ay < 0, then the quadratic equation will have only one

positive root.
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2.4 Numerical Simulations

2.4.1 Parameter Estimation

The parameters in Table 2.3 have been chosen from published literature and we estimate the
unknown parameters within the specified parameter ranges based on the available biological
information. The natural life expectancy of cattle is estimated to be 18-20 years [32]. This
corresponds to mortality rate of 0.05 per year. Depending on the commercial system, cattle
will be culled at 5-6 years on average and they can give birth within 2-3 years [33]. In regions
where FMD is not endemic, the morbidity rate can approach 100% in cattle and in general
the average mortality rate is low in adult animals (about 1-5%) but higher in young animals
(about 20% or higher) [32]. Prior to this, In Botswana the birth rate and mortality of the
cattle population have been reported to be 0.473 day~! and 0.059 day~! respectively [20].
According to Modisa, 2020 [34] the apparent mortality rate was p = 2.39 x 10~% per day.
The entry rate to the susceptible group will therefore be given as m = p x Ny, where Ny is

the total population size which we will fix to be 16750 from the report [34].

The average time period for symptoms to appear after exposure to the virus ranges between
2 and 14 days according to the World Organisation for Animal Health (OIE) and thereof
[35]. After being exposed to the virus some animals remain asymptomatic and others become
symptomatic. Mardones et al. [30] indicate that the latent period of FMD is 3.1 to 4.8 days
in cattle. Also Keeling et al., [22] indicated that the latent period is 4 to 5 days. For our
model parameter estimation and simulations, we consider the nominal value of o = i =0.25
day~!, (corresponding to 4 days) estimated from the interval (0.2000,0.3333), accounting for
latent period ranging from 3 days to 5 days.

According to Grubman and Baxt [37], infected animals remain symptomatic to FMD and
infectious for about 7 to 10 days before they recover or become carriers. Here, we considered
an average recovery rate of symptomatic animals to be v = 0.143 which corresponds to 7 days
taken for animals to recover. The natural waning of immunity after recovery is estimated to
range between 6 months to 5.5 years depending on the age and the strain of the virus [22, 33].
Our model assumes that for the modelling time considered, the immunity acquired due to
infection with FMD would not have waned. For our simulation, we consider a nominal value
of ¢ = 0.35 on the interval (0.15-0.5) [39].

In a cattle population 15% to 50% of the animals may become carriers. The carrier state can
last as long as upto 28 days to 3.5 years [39]. For our model, we use the value of « as 0.03571.
Our parameter estimation for direct transmission of the virus is taken from a similar model
in [10], where 8; = 0.33 per day in the interval (0.21-0.57). We also explore the indirect
transmission scenario, based on estimated decay rates, contaminated environments have the
potential to remain infectious for up to 14 days and others have reported the survival of
FMDV in environments for months upto 6 months[9, 411] which accounts to 2 = 0.0714 for
our parameter estimation. The summary of parameter values used in our model numerical

simulations are given in the following table;

19



Chapter 2. A Homogeneous-Mixing FMD Model with Carriers

Parameter | Range Nominal Value | Source Units

s u X No Assumed | Animals per day
b1 (0.2100,0.5700) 0.3300 [40] day~!

B2 (0.0056,0.0714) 0.0714 [9, 41] day—!

m (0, 1) 0.5 Assumed | Relative values
72 (0, 1) 0.06 Assumed | Relative values
I - 2.39 x 1074 [34] day~?!

v (0.0714, 0.143) 0.143 [37] day !

o (0.2000, 0.3333) | 0.2500 [22] day~?!

o) (0.0027, 0.0056) | 0.0056 [39, 42] day 1!

0 (0.0, 0.05) 0.03 [42] day~?!

P (0, 1) 0.9 Assumed | time™!

K (50, 10°) 100000 Assumed | day~!

o4 (0.0014,0.03571) | 0.03571 [39] day~!

& (0.00, 1.0) 0.06 Assumed | day~!

& (0.1, 1.0) 0.4 Assumed | day~?!

& (0.01, 1.0) 0.03 Assumed | day~!

v (0.15,0.5) 0.5 [39] day 1!

Table 2.3: Nominal values of parameters used in the model in figure 2.1.

Applying the above described set of estimated parameters, we have simulated the dynamics
of FMD in the following results.

2.4.2 Sensitivity Analysis

Numerical simulations help in the understanding of the behaviour of complex deterministic
models. In this section, we explore the behaviour of our model using sensitivity analysis which
is performed to investigate the variability in the outcome variable i.e the FMD threshold,
Ro, that is generated from uncertainty in estimating parameter inputs and quantify how
variation in model outputs may be attributed to model inputs [13, 14]. To perform sensitivity
analysis on parameters of our model, we used the Latin Hypercube Sampling (LHS) scheme as
described in [13]. The LHS scheme enables us to simultaneously sample the parameter space
of the input variables to generate outputs [15, 46]. In the implementation of this scheme,
1000 simulations were carried out for each execution. Here, we compare two sensitivity
analysis approaches of the model parameters to the model output. For our first analysis,
we used MATLAB to calculate the resulting Partial Rank Correlation Coefficients (PRCCs)
and a tornado plot of the PRCCs produced indicating the importance of each parameter’s

contribution to the variability in the time to eradication of the infection.

The PRCCs indicate the degree of effect each varied parameter has on Ry [43]. The sign
of the PRCCs identifies the specific qualitative relationship between the input and output
variable. If the PRCC has a positive sign, it indicates that when the value of that parameter
increases, the number of cases will also increase and the negative PRCC indicates that the
cases can be contained when the ethical processes described by that specific parameter are
]. The results of sensitivity analysis are indicated in Figure 2.2 which shows a
Tornado plot for the PRCCs for the parameters in Table 2.3. Figure 2.2 shows that both

direct and indirect transmission of the virus from the environment together with the shedding

enhanced |

of the virus into the environment by the infected animals have the greatest positive PRCCs.
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This shows that they have the potential of worsening the FMD epidemic when increased.
The recovery rate of infected and carrier animals, o and ~ respectively, with the highest
negative PRCCs have the greatest potential in helping contain the infection when enhanced.
This shows they have a negative influence on Ry as such fewer future number of FMD cases
will be recorded. We thereby note that reducing both the direct and indirect infection of the
virus through strategies such as culling and quarantine of infected or carrier animals as well
as disinfecting the affected areas, equipments and also personnel sanitation etiquette and
movement restrictions across zones through cordon fences and disease control gates might
play a vital role in containing the spread of the virus. In addition, increasing the recovery
rate of carriers through treatment of the affected animals is associated with reducing the

disease outbreak.

(a) . I (b)
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Figure 2.2: Partial Rank Correlation Coefficients (PRCCs) for a selected range of model
parameters in Table 2.3.

Figure 2.2b shows the box-plot of our reproduction number, Ry. Using the plot, the five
number summary recorded for Ry is the minimum of approximately 0.2, the lower quartile
is approximately 0.6, the median is around 0.91 and the third /upper quartile is about 1.24,
with the upper adjacent of approximately 2.083. From the values displayed in the box plot,
we obtained approximately 26 outliers. From the results, it can be interpreted that when
certain combinations of parameters are combined, Ry values can rise significantly, indicating
a potential worsening of the epidemic. Likewise, in some cases, Rg can be reduced to levels
below one through several combinations of processes, which would enable curtailing of the

epidemic.

As Blower and Dowlatabadi, 1994 [13] pointed out, some model parameters can have in-
significant PRCC magnitudes which can still produce considerable changes in disease burden.
Therefore, to determine the most important parameters that control or worsen the preva-
lence of FMD, we use Fisher’s Transformation p(r) = 0.5log(}£) to convert the skewed
distribution to a normal distribution and calculate the p-value of each parameter based on
the PRCC. [13]. We note that the calculated PRCCs are bounded within the range [—1, 1].
We used ‘R Software’ to calculate the p-values for each parameter. The PRCCs for the

parameters together with their corresponding p-values are indicated in Table 2.4.
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Parameter | PRCC p-value Significance
51 0.20570198 1.252e-10 TRUE
B2 0.71564797 0.000e+00 | TRUE
Uit 0.23055777 5.607e-13 TRUE
72 0.12128317 2.123e-04 TRUE
% -0.31897099 | 0.000e+00 | TRUE
o -0.04518318 | 2.027e-01 FALSE
) -0.22242444 | 3.258e-12 TRUE
P -0.02320610 | 4.663e-01 FALSE
o -0.18402950 | 9.563e-09 TRUE
&1 0.03349203 3.463e-01 FALSE
1) 0.27821911 0.000e+00 | TRUE
&3 0.1469 7.404e-06 TRUE
v -0.11076021 | 6.964e-04 TRUE

Table 2.4: Parameter PRCC Significance and their FDR adjusted p-values

We perform pairwise comparisons of important parameters with p-values which are less than
0.05, to determine which pairs of parameters differ significantly. The calculated p-values
after False Discovery Rate (FDR) adjustment are given in Table 2.4. From Table 2.4, we
observe that parameters 81, B2, m1, 72, 7V, @, &, &3 and v are significant when compared to
other parameters. Based on the pairwise FDR adjusted p-values in Table 2.5 ; we summarise
our results in Table 2.6, where “TRUE” indicates that the parameters being compared are
significantly different and “FALSE” indicates that there is no significant difference between
the pair of parameters under comparison. We observe that all the parameters are significantly

different except for 51 —n1, 81 — n2,81 — &2, ¢ — o, @ — v relationship some of which may not

be significantly related.

B1 | B2 it 72 v ¢ a &2 v
51 0 0.5625 0.0628 0 0 0 0.09809 2.054 e-12
B2 0 0 0 0 0 0 0
1 0.01518 0 0 0 0.2732 2.779 e-14
72 0 1.998e-14 1.275e-11 0.0003826 3.454e-07
o 0.02477 0.001811 0 1.636e-06
¢ 0.3847 0 0.01377
a 0 0.1051
&2 0
14

Table 2.5: p-values pairwise comparison of significant parameters in Table 2.4 after FDR

adjustment.
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B1 | B2 m 72 Y ¢ a &2 v
51 TRUE | FALSE | FALSE | TRUE | TRUE | TRUE FALSE | TRUE
B2 TRUE TRUE TRUE | TRUE | TRUE TRUE TRUE
m TRUE TRUE | TRUE | TRUE FALSE | TRUE
72 TRUE | TRUE TRUE TRUE
o TRUE | TRUE TRUE TRUE
1) FALSE | TRUE TRUE
« TRUE FALSE
£ TRUE

Table 2.6: Parameters after FDR adjustment.

For parameters that have significant positive and negative PRRCs, we investigated the ex-
istence of a monotone relationship with Ry while keeping other parameters constant. So to
check the existence of a monotone relationship with R, we choose parameters that have the
highest absolute values of PRCCs, i.e, §1, 82, v. Their monotone trend is shown in Figure
2.3. As observed in Figure 2.3, R is monotone increasing with an increase in both the direct
and indirect transmission of the disease pathogen from the environment and infected animals,
B1 and (2 respectively. The scatter plots of 51 and B2 show an increase in Ry which shows
that transmission from both the environment and infected animals have a strong influence
on the FMD epidemic. However, the scatter plot for the recovery rate of the infected animals
shows a decrease in Ry. This gives a picture that if more animals recover from the disease
the epidemic maybe contained. A slightly decreasing trend was observed for shedding rate

of the virus by infected animals, £2. This shows that these parameters are correlated to Ry.
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Figure 2.3: Scatter plots for the four parameters with the greatest absolute values of PRCC,
obtained using parameter values in Table 2.3.
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2.4.3 Sensitivity Analysis Based on the Full Model

We apply the same methodology described in Marino et al. [11] to perform a time-varying
sensitivity analysis of the model parameters based on the entire model system of equations
(2.1). PRCCs were calculated for all the varied parameters at different stages in the disease
progression. To analyse the influence of specific state variables on the spread of disease at
indicative time points, we extracted PRCCs at T' = 10 days, T' = 100 days, and T" = 250 days.
Based on the extracted PRCCs, Fisher Transformation was used to transform the possibly
skewed distribution into a normal distribution, and then the p-values for the parameters
were calculated [13]. A PRCC p-value greater than 0.05 indicates that a parameter is not
significant; otherwise, it is significant. The resulting time varying PRCCs of the full model
output for the given input values for specific state variables together with the corresponding

p-values are summarised in the figures and tables below.

Sensitivity PRCCs of Parameters for the Exposed Animals

The sensitivity analysis results with respect to the Exposed population are presented in
Figure 2.4, the tornado plot for PRCCs at selected time points are summarised in Figure

2.5, and the p—values together with indication of significance presented in Table 2.7
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Figure 2.4: Sensitivity analysis PRCCs of parameters with respect to Exposed class (E).
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Figure 2.5: PRCCs of model parameters on the Exposed population at 7' = 10 days (Fig-
ure2.5a ), T'= 100 days (Figure 2.5b) and T' = 250 days (Figure 2.5¢c).
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T = 10 days T = 100 days T = 250 days
Parameter | PRCC p-value Significance | PRCC p-value Significance | PRCC p-value Significance
B 0.4425  0.000000000 TRUE 0.7162  0.000e+-00 TRUE 0.3299  0.000e+-00 TRUE
B2 0.7047  0.000000000 TRUE 0.7162  0.000e+-00 TRUE 0.3299  0.000e+00 TRUE
n 0.4461  0.000000000 TRUE 0.7496  0.000e+00 TRUE 0.2885  0.000e+-00 TRUE
n2 0.0217  0.631262773 FALSE 0.1365 2.873e-05 TRUE 0.2261 1.061e-12 TRUE
K -0.9686 0.0000000 TRUE -0.8330  0.000e+-00 TRUE -0.4217  0.000e+-00 TRUE
¥ -0.1081 0.0006634 TRUE -0.5536  0.000e+-00 TRUE -0.2778  0.000e+00 TRUE
o -0.8179 0.0000000 TRUE -0.6413  0.000e+-00 TRUE -0.5719  0.000e+-00 TRUE
¢ -0.0177 0.5787000 FALSE -0.0606  7.981e-02 FALSE 0.0513 1.502e-01 FALSE
P -0.0273 0.3917000 FALSE -0.0068  8.853e-01 FALSE 0.0119 7.635e-01 FALSE
a -0.0233 0.4648000 FALSE -0.0102  8.738e-01 FALSE -0.0078  8.067e-01 FALSE
&1 0.0067 0.8335000 FALSE -0.0046  8.853e-01 FALSE -0.0339  3.353e-01 FALSE
& 0.0328 0.3034000 FALSE 0.3017  0.000e+00 TRUE 0.2321 2.818e-13 TRUE
&3 0.0026 0.9350000 FALSE 0.0111 8.738e-01 FALSE 0.0913 6.346e-03 TRUE
v -0.0954 0.0026850 TRUE -0.1249  1.275e-04 TRUE -0.0417  2.426e-01 FALSE

Table 2.7: Exposed population parameter PRCC significance (FDR Adjusted p-values).

Figure 2.4 shows the PRCCs of model parameters over time for changes in the exposed
population. Using T' = 10 days, T = 100 days, and T" = 250 days, we selected the PRCCs and
summarized them in Table 2.5. For the selected time ranges, the PRCCs and their associated
p-values are shown in Table 2.7. We see in Figure 2.4 and Table 2.5 that the parameters
B1, B2, m, v, 0, K and v are sensitive to the growth of the exposed population. We note
that some of the parameters observed to be significantly sensitive to changes in the exposed
population are not directly associated with its dynamic equation (2.1b). The parameters (1,
B2 and m; have a positive correlation with the exposed population. This means that if we
increase the transmission rate directly from the infected groups (1), the transmission rate of
the infection from the contaminated environment (32), and 7; the relative transmission of the
disease from the class I compared to class A. We observe from Table 2.7 that the infection
rate of carriers relative to the presymptomatic group (72) seems not to be significantly
sensitive at the initial stages of the interaction and becomes significantly sensitive in the
later stages of the disease progression (around the steady state). The parameters ¢, 1, «
and & are not significant throughout the course of the disease while parameters &, £3 and
v have differing levels of sensitivity with respect to the exposed class during the course of
the disease progression (see Table 2.7). With reference to Table 2.7, we observed that the
exposed class is significantly sensitive to changes in v (the progression rate from A to I) in
the early stages of the disease. However, in the later stages of the disease dynamics (see
PRCC and p-values for time points "= 10, T'= 100 and 7" = 250 days) the influence of the

changes in v on the exposed class is not significant.
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Sensitivity PRCCs of Parameters on Pre-symptomatic Animals

PRCCs (Preasymptomatic Animals)
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Figure 2.6: Sensitivity analysis PRCCs of parameters with respect to pre-symptomatic pop-
ulation (A).
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Figure 2.7: PRCCs of model parameters on the pre-symptomatic population at (2.7a) T = 10
days, (2.7b) T' = 100 days, and (2.7c) T' = 250 days.

T =10 days T =100 days T = 250 days
Parameter | PRCC  p-value  Significant | PRCC p-value Significant | PRCC p-value Significance
B 0.4589  0.00000 TRUE 0.6845  0.000e+00 TRUE 0.2815  0.000e+00 TRUE
B2 0.7338  0.00000 TRUE 0.3207  0.000e+-00 TRUE 0.1592  8.286e-07 TRUE
i 0.4319  0.00000 TRUE 0.7169  0.000e+-00 TRUE 0.2297  5.124e-13 TRUE
72 -0.0026  0.93500 FALSE 0.0914 7.068e-03 TRUE 0.2038 1.790e-10 TRUE
K -0.9691  0.00000 TRUE -0.7934  0.000e+-00 TRUE -0.3336  0.000e+-00 TRUE
¥ -0.0644  0.08616 FALSE -0.5029  0.000e+00 TRUE -0.2415 3.046e-14 TRUE
o 0.5940  0.00000 TRUE 0.0472 2.153e-01 FALSE -0.0125 7.484e-01 FALSE
¢ 0.0105  0.79890 FALSE -0.0322  3.153e-01 FALSE 0.0513 1.502¢-01 FALSE
P -0.0273  0.39170 FALSE 0.0333  3.153e-01 FALSE -0.0037  9.076e-01 FALSE
« 0.0460  0.23140 FALSE 0.0424 2.565e-01 FALSE 0.0257 5.346e-01 FALSE
& -0.0140  0.79890 FALSE -0.0328  3.153e-01 FALSE 0.0210  5.950e-01 FALSE
&2 0.0123  0.79890 FALSE 0.2045 1.537e-10 FALSE 0.2431 2.487e-14 FALSE
&3 -0.0551  0.14630 FALSE 0.0320  3.153e-01 FALSE 0.0390  3.093e-01 FALSE
v -0.7683  0.00000 TRUE -0.4684  0.000e+00 TRUE -0.3818  0.000e+00 TRUE

Table 2.8: Pre-symptomatic population parameter PRCC significance (FDR Adjusted p-
values).
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Figure 2.6 illustrates the time variable PRCCs for model parameters with respect to changes
in the pre-symptomatic population. Using T' = 10 days, T' = 100 days, and T" = 250 days,
we selected the PRCCs and summarized them in Table 2.8. From Figures 2.6 and 2.7, and
Table 2.8, we observe that the parameters 81, 82, 71, K and v are more sensitive to changes
in the presymptomatic animal population over a continuous time such that, gradual increase
of By, B2, m1 will lead to an increase in pre-symptomatic animals while increasing v will
result in the decrease in pre-symptomatic animals. From Table 2.8 at the initial point of the
changes in the disease, the progression of infection rate (o) from the exposed group to the
class A is significantly sensitive in the early stages and becomes less sensitive in the later
stages of disease progression. In addition, we observed that the parameters n; and v are not
significantly sensitive in the early states (see at 7' = 10 days) but become more sensitive to
changes in A later on (see PRCCs at T'= 100 days and T = 250 days).

Sensitivity PRCCs of Parameters on Symptomatic Infected Animals

PRCCs (Infected Animals)
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Figure 2.8: Sensitivity analysis PRCCs of parameters with respect to the Infected population
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Figure 2.9: PRCCs of model parameters on the Infected population at (2.9a) T' = 10 days,
(2.9b) T =100 days and (2.9¢) T' = 250 days.
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T = 10 days T = 100 days T = 250 days
Parameter | PRCC  P-value Significant | PRCC P-value Significant | PRCC P-value Significance
B 0.3020  0.00000 TRUE 0.6949  0.000e+-00 TRUE 0.2817  0.000e+-00 TRUE
B2 0.7954  0.00000 TRUE 0.3500  0.000e+00 TRUE 0.1197 3.227e-04 TRUE
m 0.3213  0.00000 TRUE 0.7346  0.000e+-00 TRUE 0.2503 3.886e-15 TRUE
n2 0.0481  0.20380 FALSE 0.1497 4.458e-06 TRUE 0.2026 2.707e-10 TRUE
K -0.9748  0.00000 TRUE -0.8173  0.000e+00 TRUE -0.3435  0.000e+-00 TRUE
o -0.4848  0.00000 TRUE -0.6950  0.000e+-00 TRUE -0.4671  0.000e+00 TRUE
o 0.7429  0.00000 TRUE 0.0511 1.690e-01 FALSE -0.0056  8.606e-01 FALSE
¢ -0.0646  0.08487 FALSE -0.0473  1.926e-01 FALSE -0.0252  5.007e-01 FALSE
P 0.0085  0.78970 FALSE 0.0179 6.186e-01 FALSE 0.0258 5.007e-01 FALSE
o’ 0.0416  0.26830 FALSE -0.0032  9.200e-01 FALSE -0.0082  8.583e-01 FALSE
&1 0.0568  0.13030 FALSE 0.0413 2.480e-01 FALSE 0.0288 5.007e-01 FALSE
&2 0.0252  0.50070 FALSE 0.2573 5.181e-16 TRUE 0.2367 1.057e-13 TRUE
&3 -0.0180 0.61630 FALSE 0.0277 4.489e-01 FALSE 0.0432 2.724e-01 FALSE
v 0.0273  0.49850 TRUE -0.1216  2.212e-04 TRUE -0.0449  2.724e-01 FALSE

Table 2.9: Infected population parameter PRCC significance (FDR Adjusted p-values).

The time varying PRCCs of model parameters on changes in infected animals are indicated
in Figure 2.8. The selected PRCCs at T' = 10 days, T = 100 days and T" = 250 days
are summarised in Table 2.9. The PRCCs together with the corresponding p-values are
summarised in Table 2.9. We observe that the change in I is more sensitive to changes in
parameters (31, B2, n1, K and . The aforementioned parameters have the highest potential
of influencing the spread of the disease. For the transition parameter from presymptomatic,
class (A) to infected animals (1), v and rate at which the infected animals shed the virus to the
environment, & which are directly associated with infected class (see Equation (2.1d)), the
results show that they are significantly sensitive in the early stages of the disease progression
but not significant in the later stages of disease ( see PRCCs at T' = 250 days) as shown in
Table 2.9. The parameter 7 is observed to significantly influence changes in population of
compartment [ in the early stages (see PRCCs at 7' = 10 days) and then become significantly

sensitive as the disease progresses.

Sensitivity PRCCs of Parameters on the Carrier Animals
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Figure 2.10: Sensitivity analysis PRCCs of parameters with respect to the Carriers (C).
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Figure 2.11: PRCCs of model parameters on the Carriers at (2.11a) 7' = 10 days, (2.11b)
T =100 days and (2.11c) T' = 250 days.

T = 10 days T = 100 days T = 250 days
Parameter | PRCC p-value Significance | PRCC p-value Significance | PRCC p-value Significance
B1 0.2155 1.523e-11 TRUE 0.7144  0.000e+00 TRUE 0.7061  0.000e+00 TRUE
B2 0.7345  0.000e+00 TRUE 0.4712  0.000e+00 TRUE 0.3950  0.000e+-00 TRUE
m 0.1769 4.090e-08 TRUE 0.7688  0.000e+00 TRUE 0.7490  0.000e+-00 TRUE
n2 -0.0216  5.363e-01 FALSE 0.0470 1.961e-01 FALSE 0.1892 3.300e-09 TRUE
K -0.9637  0.000e+00 TRUE -0.8873  0.000e+-00 TRUE -0.8457  0.000e+-00 TRUE
¥ -0.2772  0.000e+-00 TRUE 0.1784 3.086e-08 TRUE -0.7458  0.000e+00 TRUE
o 0.7462  0.000e+-00 TRUE -0.1363  5.915e-05 TRUE 0.0481 1.668e-01 FALSE
¢ 0.7648  0.000e+00 TRUE 0.4532  0.000e+00 TRUE 0.4940  0.000e+00 TRUE
P 0.0470 2.179e-01 FALSE 0.0423 2.345e-01 FALSE 0.0399 2.392e-01 FALSE
o -0.0308  3.894e-01 FALSE -0.0109  7.324e-01 FALSE -0.0138  6.651e-01 FALSE
&1 0.0331 3.805e-01 FALSE 0.0321 3.379e-01 FALSE 0.0389 2.392e-01 FALSE
&2 -0.0444 2.288e-01 FALSE 0.1094 9.974e-04 TRUE 0.2801 0.000e+-00 TRUE
&3 0.0138 6.651e-01 FALSE 0.0367 2.910e-01 FALSE 0.0670 4.942e-02 TRUE
v 0.1720 8.835e-08 TRUE -0.0869  9.767e-03 TRUE -0.0761  2.608e-02 TRUE

Table 2.10: Carriers population parameter PRCC significance (FDR Adjusted p-values).

The time variable PRCCs of model parameters on changes in Carrier animals population are
indicated in Figure 2.10. We selected the PRCCs at specific time points (that is, T = 10
days, T'= 100 days and T" = 250 days) and summarised them in Table 2.11. The PRCCs
together with their corresponding p-values at the aforementioned time points are displayed
in Table 2.10. From Figure 2.10 and Table 2.11, we observe that the parameters £1, (o,
N1, v, ¢ and K are significantly sensitive to the growth of the carrier animal population.
The parameters 71, o, & and &3 show varying levels of sensitivity during the progression
of the disease as observed from Table 2.10. We note that accelerating the recovery rate of
the infected and carrier animals, v and « respectively is associated with low disease burden.
Therefore, any process that enhances such process is essential in curtailing the spread of the

disease.

2.4.4 Numerical Results

In this section, we present the numerical solutions of the FMD model (2.1). The nominal
values of the parameters used in the simulations are given in Table 2.3. A reproduction
number, R, remains a sharp threshold for disease dynamics. When Ry < 1, FMD virus will
be contained before being generalised to an outbreak. Therefore, the disease will consequently

be eradicated from the animal population as shown in Figure 2.12a, since the graphs of all
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the animal groups with the potential to spread the disease shows a significant decline to
negligible values. When Ry > 1, the virus will spread in the population and sustain an
outbreak. Therefore, the disease will persist in the population as illustrated in Figure 2.12b.
When Ry is greater than 1, symptomatic, asymptomatic and carrier animal population would
be sufficient to sustain an outbreak as the graphs show that disease will spread in the cattle

population (see Figure 2.12b).
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Figure 2.12: The trend of FMDV (a) when Ry = 0.9128 < 1 and (b) trajectory when
Ro=1.3994 > 1

Effect of Varying Contact Rate Between Animals

To investigate the effect of direct contact rate, 51, we varied the values of contact rate right at
the start of the outbreak (around ¢ = 0, see Figure 2.13a) and with implementation of controls
10 days after the outbreak (see Figure 2.13b). The graphs representing the significant effects
of 51 are given in Figure 2.13. The results show that all cases are characterised by an initial
increase in number of infected cases, reaching peak values followed by a significant decline.
The decline is presumed to be due to self-limitation of the disease resulting from the reduction
in the infection probability as the numbers of susceptible animals reduced. With the focus on
direct contact between animals only, we did not notice a significant difference in the number
of infected cases when the controls are implemented right at the start of the outbreak or
about 10 days later. We note however, that the implementation of control measures such as
isolation, quarantines, and movement restrictions to reduce contact between infected cattle
and susceptible cattle (see Figure 2.13) is associated with a decline in peak values of the
infected animals. The decrease in the number of either susceptible or infected cattle reduces

the likelihood of contact which reduces the probability of new infection generations.
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Figure 2.13: Impact of direct contact with the FMD pathogen in the spread of FMD.

Influence of Contact Between Animals and the FMD Pathogen Contaminated

Surfaces

The changes on the effect of contact between animals and infected surfaces are given in
Figure 2.14. Cleaning and disinfection are important control measures to reduce the FMD
pathogen load on the surfaces and prevent disease spread. Disinfectants should be used to
decontaminate the FMD affected farms, including but not limited to persons, vehicles and
fomites entering and leaving the farm. It is observed that if we implement these control
measures with an aim of 80% reduction in contact rate with the contaminated surfaces at
the start of an outbreak (see Figure 2.14a), there is approximately a 71% decrease in the peak
values reached by the infected class. When we compare these results with those in Figure
2.14b where the control interventions are implemented several days after an outbreak, we
see that it will take more time to contain the disease as more disease case loads will be
recorded. We caution that, delayed implementation of controls may result in a significant

disease burden most especially during large outbreaks.
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Figure 2.14: Effect of contact between animals and the FMD pathogen contaminated surfaces
in the spread of FMD: control at the start of an outbreak (Figure 2.14a) and control several
days after there’s an outbreak (Figure 2.14b).

Importance of combining control measures

To investigate the effect of implementing a combination of controls, we study the trends of

combined controls, increase virus decay from the environment (achieved by improved sanita-
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tion etiquette and disinfecting contaminated surfaces) and reduction of contact rate between
animals and contaminated surfaces. From Figure 2.15, it is observed that an implementation
of both these control measures somewhere near the peak values, days after an outbreak, will
cause a significant decline to a relative equilibrium. If we apply these controls with an aim
of 80% reduction in contact rate and increase the virus decay by a factor of 100, we observe
that the FMD disease case load is completely at zero. So, in the event that FMD infected
cases become increasily high, disinfection of contaminated surfaces can be implemented in

order to reduce contact with the FMD pathogen.
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Figure 2.15: Effect of disinfecting FMD pathogen contaminated surfaces.

2.5 Conclusion

We presented a mathematical model of the spread and control of foot and mouth disease
with carriers through direct transmission due to contact with the infected animal and indi-
rect transmission due to contact with the infected environment. In this dynamical model
we assumed an endemic or near endemic situation like Botswana. The model basic proper-
ties, that is, positivity of solutions, stability of the steady states and reproduction number
were analysed. Positivity and boundedness of the solutions were proved to ensure that the
model is well-posed. The equilibrium points of the system were obtained and their existence
and stability discussed in terms of the basic reproduction number. Sensitivity analysis of
the threshold (reproduction) number on the model parameters was performed to identify
the important parameters that have influence in the spread of FMD. By applying the Latin
Hypercube sampling scheme on sensitivity based on Rg, we observed that if the disease is to
be contained, processes described by increasing the recovery rate of the infected and carrier
animals, v and « respectively and minimal drooling of the FMD pathogen into the environ-
ment by symptomatic animals have the potential in slowing the epidemic when enhanced.
When observing the effect of parameters based on the full model, we notice that the spread
of FMD is aggravated by the most sensitive parameters 81, B2, 71, K, v and v which have
shown that they are sensitive to the spread of foot and mouth disease over a continuous time.
When observing the effect of some parameters under numerical analysis we notice that in
order to fight the outbreaks of FMD there is need to reduce the contact rates, 51 and (s,

relative infection rates 11 and 72 and pathogen concentration in the environment, K. We
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have observed that the implementation of combined control strategies will mean that the
disease can be contained in a shorter time or period compared to the case when only one

control mechanism is adopted.
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3. A Pair Approximation Model of Foot

and Mouth disease with Carriers

3.1 Introduction

In this chapter, we develop and study a pair approximation (PA) model that incorporates
spatial transmission of foot and mouth disease. PA models explore spatial effects by em-
ploying pairs of connected individuals on a network as state variables and considering that
events such as transmission of a disease can occur only between nodes that share edges. The
state variables of a PA model are singletons [X], which represent, for instance, the numbers
of susceptible or infectious nodes, and pairs [XY], which are the numbers of connected state
X and state Y pairs on the network. The following description of PA models was obtained
from [17, 48]. In PA models, equations of motion for singletons involves pairs, equations of
motion for pairs contain triples [XY Z], e.t.c. Therefore, in order to obtain a closed system
of equations this hierarchy is truncated by techniques referred to as moment closure ap-
proximations (MCAs) [19]. When closure is done at the level of pairs (such that triples are
approximated using pairs and singletons), then the process is called a pair approximation
and have a pair approximation model. There exist varying pair closures, each one making
a specific assumption about the statistical distributions of neighbourhoods in a network. If
the disease spreads on a network in which the disease states of neighbours of a given node
are conditionally independent, that is, there are no triangles such that in a triple X - Y — 72,
both X and Z are neighbours of Y, but they are not connected themselves and n is the
number of contacts, the ordinary pair approximation (OPA) is applied, which is given by
Equation (3.1).

n—1[XY][YZ]
n Y]

(XY Z] ~ (3.1)

If on the other hand, there is a proportion ¢ of triples that form triangles on the network,

then the triangular pair approximation (TPA) is applied, and it is given by Equation (3.2).

_n-1XYIYZ) [, N [XZ]
XYZ)~ — 7] <(1 0)+o- [XHY]>' (3.2)

3.2 The Mathematical Model

We develop a PA model of FMD with carriers where the disease states are susceptible (S),
followed by exposed but not infectious (E), then infectious (I), the carriers (C) and lastly the
recovered (R). Thus, we study an SEICR model. We note here that the model analysed in this

chapter is a reduced model from the one presented in Chapter 2, where the pre-symptomatic
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class is eliminated as well as the contribution of the pathogen infected environment. The
model parameters are transmission of disease from state S to state I individuals at a rate
i, transmission of disease from state S to state C' individuals at a rate A, transition from
state F to state I at a rate v, transition from state I to state C' at a rate p, recovery rate
o, natural immunity waning at a rate w. We illustrate the derivation of the equations of
motion for the SEICR pair approximation model by deriving the equation of motion for [SI]
using an approach also used in references [50, 48].
In moment closure approximations, the dynamics of a state variable g(t) is determined by
summing over all events affecting the state variable. Thus, we have

S S CINC) (33)

ecevents
where r(€) is the rate of event € and Ag(e) is the change this event causes in g(¢). The
equation (3.3) is called a master equation. The events affecting [ST], the rates at which they

occur and the change they cause to [SI], are presented in Table 3.1.

Event Rate

Change caused in S — I pair

Infection of state S individual by state I neighbor within an S — I pair i

destruction, ST — ET

Infection from the left. of state S individual by state I neighbor within an I — S — I triple | \;

destruction, ST — ET

Infection from the left, of state S individual by state C' neighbor within a C' — S — I triple | A.

destruction, SI — ET

Transition from state E to state I within an S — E pair v creation, SE +— ST
Transition from state I to state C within an S — I pair p destruction, SI — SC
Transition from state R to state S within an I — R pair w creation, IR+ ST

Table 3.1: Events affecting [SI], the rates of occurrence of the events and the change they
cause to [ST].

We have given an example of our pair approximation, SEICR (susceptible (S), exposed but
not infectious (E), infectious (I), the carriers (C) and the recovered (R)) model derivation in
Appendix CC.1 which gives the equation of motion for the number of susceptible-infectious
([SI]) pairs. After simplications the equation of motion for [SI] is given as

d[ST]

SE2 = AL = MIISI) = A[CSI) + VISE] = p[S1] + wIIE].
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3.2.1 Model Equations

The full model is given by the system of equations as follows:

dc[zf] = —N[ST] — \[SC] + w[R],

dgf] = N[ST] + A[SC] - v[E],

dc[l? = v[E] — p[I],

A _ o) - ofcr

U — 1) - win)

d[is] — —9\[SST] — 22 [SSC] + 2w[SR],
d[gf] — M[SSI] — M[ISE] + A[SSC] — A\[CSE] — v[SE] + w|ER],
d[if] = —\[ST] — N[ISI] — A\ [CSI] + v[SE] — p[SI] + w[IR],
d[gt(f] = —N[ISC] = A[SC] = A [CSC] + p[S1] - 0[SC] + w[CR],
d[jtm — _M\[ISR] — \[CSR] + 0[SC] — w[SR] + w[RR],
‘”ZE] = 2\[ISE] + 2X[CSE] — 2v[EE],

d[ftf] — M[SI] + N[ISI] + A[CSI] + V[EE] — v]EI) - p[EI],
d[Z?tC] = MIISC] + A[SC] + A|CSC] — v[EC] + p[EI] - o[EC],
d[gf] = M[ISR] + A\JCSR)] — v[ER] + o[EC] — w[ER),

d[g] = w[EI] — 2p[I1],

d[flf] = v[EC] + p|II] — p[IC] — o[IC],

d[f] = v[ER] — p[IR] + o[IC] — w[IR)],
d[gtc] _ 2p[1C] — 20]CC),
d[gtm — p[IR] + o[CC] — o[CR] — w[CR],
d[gtR] — 26[C'R] — 2[RR).

(3.4p)
(3.4q)
(3.4r)
(3.45)

(3.4t)

The factor 2 in the equations of motion for same-status pairs in the model, comes from the

counting convention in pair approximations. For instance, [SS]| denotes twice the number

of susceptible-susceptible (S — S) pairs. The model also obeys standard pair approximation
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constraints in static networks, namely

Y [X]=N and Y [XY]=n[X], (3.5)
X Y
where n is the average neighbourhood size of each individual in the network and N is the
total population size. In this study, we close equations (3.4) by using the OPA, given by

equation (3.1) to approximate triples into lower-order moments.

Associated with pair approximations, is the concept of correlations functions. The correlation
between farms with disease states X and Y is given by
N [XY]

il Iy (3.6)

O = XY

As addressed in the following sections of this chapter, the correlation functions can also
be used to study threshold dynamics. The conditions Cxy < 1, Cxy = 1 and Cxy > 1
represent avoidance, random mixing and aggregation, respectively, of contacts with disease
states X and Y. As shown in Equation (3.6), the number of pairs [XY] can be expressed as
a function corresponding correlations Cxy. For this reason, moment closure approximation
models, such as the pair approximation model in this study, are also often called correlation

models.

3.3 Threshold Dynamics

Below, we derive formulations that represent the threshold dynamics of a disease outbreak
described by equations (3.4). These dynamics involve conditions that support or deter the
occurrence of a disease outbreak. To capture the initial state of an outbreak, we derive
expressions of the basic reproduction number, denoted by Ry, corresponding to Equations
(3.4). The basic reproduction number is defined as the expected number of secondary cases
produced by a single infectious individual or animal in a completely susceptible population
[51, 52, 53]. In this chapter, we apply a widely-adopted convention that the disease will
spread if R > 1 and it would fail to take off if Ry < 1 [53].

d([E]+[1]+[C])
di

At the initial stages of an outbreak, the disease is likely to spread if the condition >

0 holds. Thus, the threshold dynamics of the disease described by Equations (3.4), can be
X [ST|+X[SC]
o[C]
this inequality is in fact the general expression of Ry for Equations (3.4). Thus,

represented by the inequality > 1. In pair approximations, the left hand side of

Ry — )\i[SI]J'E'C/;c[SC]_ (3.7)

Substituting Equation (3.6) into Equation (3.7) gives

Ro = ZlSICs + 25 18Cse. (3

Note that the basic reproduction number is described by the dynamics of the disease at the

37



Chapter 3. FMD Pair Approximation Model

beginning of an outbreak when there are very few state I and even fewer state C farms, and
almost the entire population is susceptible. Thus, at this stage the approximation [S] =~ N
hold. Imposing this approximation onto Equation (3.8) gives an approximated expression of
Ry given by

_Ain (1] Acn

Ry = o ﬁc,g]—i- o Csc. (3.9)

We use a notion from pair approximations that at the initial stages of outbreak, the cor-
relation functions Cs; and Csc reach some local critical values C§; and Cg, respectively,
which play a role in determining the possibility of the spread of an outbreak. Thus, if we
further assume that initially we have % = ko, where ks is a constant, then we can rewrite
Equation (3.9) as

ATl

Ain
ko CEr 4+ Ok . 3.10
) s+ . Usc (3.10)

R(]%

The expressions for Cg; and C§., which we derive below, are obtained by solving the equa-

tions
d
- = A1
dtCSI 0 (3.11)
and
4o = 0 (3.12)
dt sC = ) .
respectively. We show in Appendix C, section C.2 that the equations of motion for Cs; and
Cgc are
d N 1 d [ST] 1d 1 d
— =—| ===+ = | =] - —=— 1
7 =5 (Emat+ o (mal - ) ) (319)
and
d N 1 d [SC] 1 d 1 d
— =—| —==—=— - == — —=— .14
750 = 5 (e s (o - ) 40

respectively. When we substitute the equations of motion for [SI], [SC], [I] and [C] from
equations (3.4), into Equations (3.13) and (3.14), and use the OPA, i.e. Equation (3.1),
to approximate triples into lower order moments, and furthermore, equate Equations (3.13)

and (3.14) to zeroes, we obtain, respectively, the expressions

—AiCs1 — Ai(n — 1)[]{7]6%1 —Ae(n - 1)[?051050 + V[[]Z]CSE + w[[];]]CIR - V[[EI]}CSI
+>\i”[Z{T]C§1 + Acn[ff]cszcsc - w[[];]]CSI ~0

(3.15)
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and
—ACsc — Ac(n — 1)[%;]05@ — Ai(n — 1)[NACSICSC + p[[IC]}OSI + w[[l;]]CCR - P[[é]]csc
+Acn[—]€]0§0 + )\in%CSIOSC — w[[];]]csc ~0. (3.16)

We simplify these expressions by considering a large population, i.e. N — co. Note almost
the entire population is susceptible at the beginning of an outbreak, i.e. [S] &~ N. Therefore,
the term \;(n — 1)%0%1 in Equation (3.15) can be simplified to zero, i.e.

1]
N

[I] N* [SI]?
N 72 [SP[1]?

o [S1* _ o) _

)\i(n—l) Cgvl :/\i(n—l)

Similarly, the terms Am%C@I, Ae(n — 1)[—16\?6’%0 and Acn%Cgc in Equations (3.15) and
(3.16) can be approximated to zeroes at the beginning of an outbreak. Furthermore, the
same argument can be used to show that initially EN]CS[CSC ~ 0, [—]{,]CS[CSC ~ 0, %C’SI ~0

and %]CSC ~ 0. Therefore, Equations (3.15) and (3.16) can be simplified to

—XiCsr +vk1Csg + wksCrr — vk1Csr = 0 (3.17)
and

—AcCsc + pk2Cst + wkyCor — pk2Csc ~ 0, (3.18)
respectively, where for simplicity we assume that initially, we have % = k1, % = k3 and
[E]

B = k4, where ki, k3 and k4 are constants. We can conclude, based on Equations (3.17)
and (3.18), that the local critical values of Cg; and Csc at the beginning of an outbreak are

given by the expressions

Vk‘lc;E + wk4C}*R

Ctr =~ 3.19
ST i + vk (3.19)
and
koC't kO
Ot P2Cs1 WS 0R (3.20)

Ae + pko

Substituting Equations (3.19) and (3.20) into Equation (3.10) gives an approximation of the

basic reproduction number, namely

vk1C% L +wkaCF *
k, ViCEp + whiClp | Aen phy = =SEZIR 4 wkyChp
o P N+ vk o A + pkoa ‘

i
RO ~ "

(3.21)

According to the theory of pair approximations, to obtain an explicit expression for Ry at
this stage, we need to further derive critical values Cgp, Cpr and Cfp, which are found by
solving the equations %C’SE =0, %C’]R = 0 and %C’CR = 0, respectively. Equations of

motion for these correlations will contain other correlations functions C'xy, where X and Y
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are disease states, whose equations also need to be evaluated. This procedure will yield a
system of equations of motion for correlation functions corresponding to each pair X — Y
in Equations (3.4). The derivation of this full model correlations is presented in
Appendix C.2.1.

However, in the Results section below, we fix the quantities k;, where [ = 1,2, 3,4 and the
values U5, Crp and Cfp, and explore, without loss of generality, the impact of model

parameters on Ry using Equation (3.21).

3.4 Results and Discussion

The simulation results in this section are based on our model given by Equations (3.4).
Unless stated otherwise, we consider a population distributed on a toroidal network with
N = 400 nodes (individual farms) such that each node has n = 4 neighbours. We also
assume that at the initial stage of an outbreak there is 1 infectious node and all other nodes
are susceptible, i.e. initially, we have [S] = 399, [I] =1, [SS] = 796, [SI] = 4, and all other

state variables in Equations (3.4) are zeroes.

The number of secondary infections resulting from an infectious contact (i.e. Ryp), increases
with the rate of effective contact with carriers and this is more apparent when the recovery
rate is low than when it is high (Figure 3.1). This happens because as the number of carriers,
who can pass on the disease causing pathogen, reduces due to high values of the recovery

rate, the number of contacts leading to disease transmission decreases.

3 T T T . : I | |
Bl -.u-‘---uuuuunu |
-u-u-.q--. -
ol ML --nn---l" = |
u‘.‘t‘ ----- +=1/10
*
o 151 o [
i "‘. —-—-—-—--—-—-—-—-—-—-—- 7
1 .‘.‘ .-__.-—--
"‘ ”C’
0.5*.,' - 7
S
D ‘ | I I . | | | |
0 0.1 0.2 03 0.4 0.5 0.6 0.7 0.8 0.9 1

Figure 3.1: The basic reproduction number Ry given by equation (3.21), as a function of
infection rate from carriers A., for different recovery rates, . Other estimated constants are
v=1/4, p=1/4, 0 = 1/10, \; = 0.01, n = 4, ky = 0.1, ko = 0.9, k3 = 0.9, k4 = 0.1,
Csg = 0.5, Crr = 0.5 and Cor = 0.5.

For a prescribed parameter regime, within some period of time after the onset of an outbreak
(e.g. day 55 in Figure 3.2), all previously susceptible animals would have been exposed to
the disease and there would be no new infections. As expected, at this point the number
of infected individuals starts to decrease. Also, as expected the graphs for other infection
classes namely the exposed and the carriers, mimic the behavior of the graph for the number

of infected classes.
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400

Number of farms
n
(=]
o

Time (days)

Figure 3.2: Time series for the numbers of susceptible, exposed, infectious, carriers and
recovered farms as described by equations (3.4), where the model parameters are A\; = 0.5,
Ae=05,v=1/4, p=1/4 and o = 1/10.

The infection peak increases with the disease transmission rates from both the infectious
and the disease carriers (Figure 3.3). For the given parameter regime, it appears that both
forms of disease transmission have similar effect on the infection peak. This result signifies

the need to explore further, the impacts of carriers of the dynamics of FMD.

Infection peak

Figure 3.3: Infection peak for equations (3.4) versus \; and A., where other model parameters
are v =1/4, p=1/4 and o = 1/10.

3.5 Conclusions

We developed and studied the control of a heterogeneous-mixing pair approximation model
of FMD where the disease pathogen, which belongs to the picanovirus family of viruses, is
transmissible from both symptomatic infectious and asymptomatic carrier nodes to suscepti-
ble contacts on a prescribed network structure. We explored the impact of infection rate from
carriers (\.) and recovery rate (o) on the reproduction number of which the results shows
that Rg increases with effective contact with carriers associated with lower recovery rates.
We also explored the effect of transmission rate from the infected, (\;) and transmission
rate from the carriers, (A.) on the infection peak and observed that if these two parameters
are increased there will be more cases of FMD in farms as such control strategies of FMD
need to be applied. At biologically plausible parameter values, regardless of the underlying
network of disease propagation, the optimal disease control strategy involves prevention of

disease importation to susceptible populations, early detection of infected premises and rapid
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destruction on both infectious and carrier nodes and rapid eradication of high-risk premises
and farms at the onset of an outbreak. Moreover, we found that the clamping effect of highly
clustered networks prevents a global epidemic from growing because they localize the trans-
mission of disease and make it easier to control it. We conclude that more spatial models
of FMD with carriers and other qualitative properties but relatively tractable need to be

developed.
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4. Conclusion and Discussion

This chapter will conclude the study by summarising the main findings and conclusions
of the FMD models developed in this thesis. This thesis aimed at developing models that
incorporated the carriers, environment and space as factors that have impact in the dynamics
of Foot and Mouth Disease. We investigated the effect of contact with the disease pathogen
in both models and found that contact with FMD pathogen is directly proportional to the

disease spread.

In this study we presented a dynamical mathematical model with carriers in Chapter 2 which
captures the spread of FMD through direct transmission due to contact with the infected
animal and indirect transmission due to contact with the infected environment. The model
basic properties, positivity and boundedness of solutions were analysed to ensure that the
model is well posed. The numerical results show that whenever R < 1 the disease will die out
and persist in a population whenever Ry > 1. This show that FMD can be contained when
the reproduction number is less than unity. We have found through sensitivity analysis of the
reproduction number that if the disease is to be contained processes described by increasing
the recovery rate of the infected and carrier animals and minimal drooling of the FMD
pathogen into the environment by symptomatic animals has to be enhanced. Also, under
sensitivity analysis based on the full model we found that the most sensitive parameters 31,

B2, m, K, v and v aggravates the spread of Foot and Mouth disease.

Chapter 2 was reduced in Chapter 3 where the presymptomatic class was eliminated as well as
the contribution of the pathogen infected environment. Chapter 3 studied a heterogeneous-
mixing pair approximation model of FMD where the disease pathogen is transmisible from
both symptomatic and asymptomatic carrier nodes to susceptible contacts on a prescribed
network structure. We investigated the input of parameters, infection rate from carriers (\.)
and recovery rate (o) on the reproduction number. The results show that R increases with
effective contact with carriers associated with lower recovery rates. We also explored the
effect of transmission rate from the infected (A;) and carriers (\).) on the infection peak.
Our results show that if these two parameters are increased there with be more cases of
FMD in farms which will call for FMD control strategies. The findings also indicate that
the clamping effect of highly clustered networks prevents a global epidemic from growing by

localising the transmission of the disease making it easier to control it.

We acknowledge the optimal control strategies on FMD studies therefore, in future work
optimal control studies on FMD can be explored with raw data collected from experiments
or data sampled from places of interest, for example, the northern part of Botswana or
Bobirwa region which are associated with common outbreaks of FMD. It is important to
undertake these models as lessons learnt are flexible and it is likely that the next outbreak
will have the same epidemiological characteristics. Therefore modelling a wide range of

scenarios of FMD spread and impact will help to calculate the optimal control strategies for
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each scenario.
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A. MATLAB and R Codes for Figures in
Chapter 2

A.1 Matlab Code for the Tornado Plot, Box Plot and PRCCs
Respectively in Figure 2.2a, Figure 2.2b and Table 2.4.

clear;

% Calling program to generated PRCC for LHS; call the LHS program
which

% generates the sample; all input variables are included in the
LHS program

% and output of the program is the matrix CC from Blower’s

technique paper

LHS; % call the LHS program
b = size(latin_output);

¢ = length(latin_output);

num = b(2);

% delcare initial parameters

rank_outcome = zeros (1000,1);

rank = zeros (1000,10);

outcome = zeros (1000,100) ;

parameters = zeros (1000,10);

CC = zeros (10, 10);

lengthofmatrix = b(2);

% read in data from LHS; program creates matrices outcome and

% parameters that are used to calculate the PRCCs

% variables are then ranked and results are put into
rank_outcome

% matrix which is fed into create_rank_matrix which creates a
matrix of the ranks of each

% parameter for each simulation; the CC matrix then created in
the last

% program
[parameters, outcome] = read_in_data (N, num, latin_output):;
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

[rank outcome]| = create_outcome_rank (N, num, outcome);

[rank, ranks] = create_rank_matrix (N, num, parameters, rank,
rank _outcome) ;

[CC] = make_c_matrix (N, num, rank);

RCCMatrix = [CC];

Prcclist = RCCMatrix(:,16)

set (0, defaulttextinterpreter’, 'tex’);
figll = figure(11);
barh (CC(1:length (CC)—1,length (CC)))

set (geca, "YTick’ ,1:16);
[hx,hy] = format_ticks(gca,...

{7$-0.68",°$0.487,’% 0.287,7808",780.2%",780.4%",780.6%",$0
8%},

{’$\beta_13",’8\beta_-28", ’$\eta 13", $\eta_-28 ", $\mu$’, ’$\
gamma$’ , ’$\sigma$’,'$\phi$ ', $\delta$’, $\psi$’,’K’, §\
alpha$’, ’$\xi_1$ 7,8\ xi-2% ", ’$\xi_3% ", $\nu$’ },

0.6:0.2:0.8,[],0,0,[],

"FontSize’,14, ’FontWeight’, 'Bold’);

function [R.C] = calculation (para)

n= 2;
NO = 16750; % estimated total population of the Hubei Province
mu = 0.000239; % the estimated life expectancy of the province is
76.79 years
Pi = muxNO;
K = 100000;
delta = 0.0023135710;
for i=1:1000;
betal (i)=para(i,l);
beta2 (i)=para(i,2);

etal (i)=para(i,3);
eta2(i)=para(i,4);
gamma (i )=para(i,5);
sigma (i)=para(i,6);
phi(i)=para(i,7);
psi(i)=para(i,8);
alpha (i)=para(i,9);
xil (i)=para(i,10);
xi2 (i)=para(i,11);
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

xi3 (i)=para(i,12);
nu(i)=para(i,13);

% xi(i)=para(i,12);

% k1(i) = (muttheta(i)+alpha(i));

% k2(1) = (mutgamma(i)+delta);

% aa(i) = eta(i).*x(1—h(i))+phi(i).*(1—rho(i)).*h(i);

%o bb(i) = (1—eta(i)).*(1—h(i))+(1—phi(i)).*(1—rho(i)).*h(i);

%

% RO1(i) = betal(i).*((aa(i)./kl1(i)).*(nu + (theta(i)./k2(i)))
£ (bb(i) . /k2(1)))

%o RO2(i) = (beta2(i)*Pi./(muxK«Psi(i))).*((aa(i)./kl1(i)).x*(
epsilon (i)+(theta(i).xxi(i)./k2(1)))+(xi(i)=*bb( /k2(i)))

% R.C(i) = ROL(i) + RO2(i)

Q1(i) = mu + sigma(i);

Q2(i) = mu + nu(i)

Q3(i) = mu + phi(i) + delta + gamma(i);

Q4(i) = alpha(i) + mu;

RO1(i) = (sigma(i).xbetal(i))./(QLl(1).xQ2(i));

R0O2(i) = (nu(i).*sigma(i).xbetal(i).xetal(i))./(QL1(1).xQ2(1i).xQ3(
1))

R0O3(i) = (nu(i).+sigma(i).xphi(i).*betal(i).xeta2(i))./(QLl(i).xQ2
(1).+Q3(i).5Q4(i));

R0O4(i) = (beta2(i).*xsigma(i).*(Q3(i).*xQ4(1).xxi3(i)+nu(i).*xQ4(1i)
Ak xi2 (1)4nu(i).xphi(i).*xi3(i)).xPi)/(K.xphi(i).+mu.xQ1(1).xQ2
(1)%Q3(i).*Qi(i));

R.C(i)=(RO1(i) + RO2(i) + RO3(i) + RO4(i));

end
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

A.2 Matlab Code for the Scatter Plots in Figure 2.3

% 1 have to run LHS first , then define a new matrix C to be para.

n= 2;
NO = 16750; % estimated total population of the Hubei Province
mu = 0.000239; % the estimated life expectancy of the province is
76.79 years
Pi = muxNO;
K = 100000;
para;
delta = 0.0023135710;
for i=1:1000;
betal (i)=para(i,l);
beta2 (i)=para(i,2);
etal (i)=para(i,3);
eta2 (i)=para(i,4);
gamma( i )=para(i,5H);
sigma (1)=para(i,6);
phi(i)=para(i,7);
psi(i)=para(i,8);
alpha(i)=para(i,9);
xil (i)=para(i,10)
xi2 (i)=para(i,11);
xi3 (i)=para(i,12);
nu(i)=para(i,13)
% xi(i)=para(i,12);
% k1(i) = (mwttheta(i)+alpha(i));
% k2(i) = (mwtgamma(i)+delta);
% aa(i) = eta(i).*x(1—h(i))+phi(i).*(1—rho(i)).*h(i);
% bb(i) = (1—eta(i)).*(1—h(i))+(1—phi(i)).*(1—rho(i)).*h(i);
%o
% RO1(i) = betal(i).*((aa(i)./kl(i)).*(nu + (theta(i)./k2(i)))
+(bb(i)./k2(i)));
% RO2(i) = (beta2(i)*Pi./(muxK«Psi(i))).x((aa(i)./k1(i)).*(
epbllol (i)+(theta(i).*xxi(i)./k2(i)))+(xi(i)*bb(i)./k2(1)));
% C(i) = RO1(i) + RO2(i)
Ql(i) = mu + sigma(i);
Q2(i) = mu + nu(i);
Q3(i) = mu + phi(i) + delta + gamma(i);
Q4(i) = alpha(i) + mu;
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

RO1(i) = (sigma(i).xbetal(i))./(QLl(1).xQ2(i));

R0O2(i) = (nu(i).*sigma(i).xbetal(i).xetal(i))./(QL1(1).%xQ2(i).xQ3(
1))

R0O3(i) = (nu(i).+sigma(i).xphi(i).*betal(i).xeta2(i))./(QL(1i).xQ2
(1).%Q3(1).*Q4(1));

R0O4(i) = (beta2(i).*xsigma(i).*(Q3(1i).*xQ4(1).xxi3(i)+nu(i).*xQ4(i)
ok xi2(1)4nu(i).xphi(i).*xxi3(i)).*xPi)/(K.«phi(i).*xmu.xQ1(1).%Q2
(1).+Q3(1) xQ4(1));

R.C(i)=(RO1(i) + RO2(i) + RO3(i) + RO4(i));

end

figure (1)

betal ;

Repnum = log (R.C);

pbetal = polyfit (betal ,Repnum,1) ;

RObetalyfit = polyval(pbetal ,betal);

plot (betal ,Repnum, . ")

hold on

plot (betal ,RObetalyfit , 'LineWidth  ,2)

xlabel (’Transmission rate directly from the infected animal, \
beta_1’, FontSize’ ,14)

ylabel (’log(R-0)’, FontSize’,14)

figure (2)

beta?2 ;

Repnum = log (R.C);

pbeta2 = polyfit (beta2 ,Repnum,1) ;

RObeta2yfit = polyval(pbeta2, 6 beta2);

plot (beta2 ,Repnum, ". ")

hold on

plot (beta2 ,R0beta2yfit , 'LineWidth ' ,2)

xlabel (’Transmission rate from pathogen infected surfaces, \beta_2
", ’FontSize’,12)

ylabel ("log(R.0)", FontSize’ ,14)

figure (3)

gamma,;

Repnum = log (R.C);

pgamma = polyfit (gamma,Repnum,1) ;

ROgammayfit = polyval (pgamma,gamma) ;
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

plot (gamma, Repnum, " . ")

hold on

plot (gamma, ROgammayfit , 'LineWidth ' ,2)

xlabel ('Recovery rate of the infected animals, \gamma’,’ FontSize’
15)

ylabel (’log (R.0) ", FontSize’ ,14)

figure (4)

xi2;

Repnum = log (R.C);

pxi2 = polyfit (xi2 ,Repnum,1) ;

ROxi2yfit = polyval(pxi2,xi2);

plot (xi2 ,Repnum, ". ")

hold on

plot (xi2 , ROxi2yfit , "LineWidth’ ,2)

xlabel (’Shedding rate by Infected animals, \xi_-2’,’FontSize’,15)
ylabel (’log(R-0)’, FontSize’,14)

Yov=0;

% figure (1)

% plot (betal, log(RC), ’.’, betal, v)

% xlabel (' Transmission rate directly from the infected animal, \
beta_1’,’FontSize’,15)

% ylabel (’log(R.0)’, FontSize’,11)

%

% figure (2)

% plot (beta2, log(RC), ’.’, beta2, v)

% xlabel (' Transmission rate from the pathogen infected surfaces, \
beta_2 ',  FontSize ’,15)

% ylabel (’log(R-0) ", FontSize’,11)

% figure (3)
% plot (gamma, log(R.C),

’, gamma, V)

% xlabel (’Recovery rate of the infected animals, \gamma’,’ FontSize
",15)
% ylabel (’log(R-0)’, FontSize’,15)

% figure (4)

% plot(xi2, log(RC), .7, xi2, v)
% xlabel (’Shedding rate by Infected animals, \xi_-2’,’FontSize’,15)
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uz % ylabel (’log(R.0)’,’FontSize’,15)

us % figure (5)

e % plot(psi, log(R.C), .7, psi, v)

us % xlabel (’Recruitment rate of midges, \Piim’, FontSize’,15)
e % ylabel (’log(R.0)’,’FontSize’,15)

117

us % figure (6)

s % plot (betab, log(R.C), ’.’, betab, v)

120 % xlabel (’Proportion of asymptomatic animals, \theta’,’ FontSize
7,15)

1212 % ylabel (’log(R-0)’,’FontSize ’,15)

122 %

123 %

124 %figure (9)

125 %boxplot (R-C)

w6 %axis ([0.5 1.5 0 4])

127 %ylabel (’Reproduction number, {R}_{0}’, FontSize’,15)

128 %xlabel (’Column number’,’FontSize’ ,12)

129 %

1o % close(figure(10))

131 % figure (10)

132 % hold on

133 % for 1=1:10:1000

134 % for j=1:10:1000

s 0 meanR_C(i,j)= (mean(betal)./(1./overalpha(i)+d)).x(lambda
./d)+(((1./overalpha(i)).*(1./(mean(overdelta))).xmean(p).+mean
(gammaQ)) . *mean (betaR ) )./ (((1./overalpha(i))+d).*((1./(mean(
overdelta)))+d).x((1./oversigmaR (j))+d))) .*(lambda./d);

e % if meanR_C(i,])<1

137 % plot (overalpha (i) ,oversigmaR(j),’.b")

s %0 else

139 0 plot (overalpha (i) ,oversigmaR(j),’.r")

uo % end

141 %

2 % end

1z % end

s % xlabel (’average time of infection before treatment ’)

s % ylabel (’average time until switching treatments’)

146 %

7 % [X, Y]=meshgrid (overalpha ,oversigmaR) ;

s % Z= (mean(betal)./(1./X+d)).*(lambda./d)+(((1./X).*(1./(mean(

(

overdelta))).*mean(p).*mean(gammaQ).*mean(betaR))./(((1./X)+d)
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

.+ ((1./(mean(overdelta)))4+d) .x((1./Y)+d))) .« (lambda./d);
% figure (11)
% mesh (X,Y,Z)
% hold on

% mesh (X,Y,X./X)

A.3 Matlab Code for the Sensitivity of the Full Model in
Section 2.4.3.

The same code was used for the considered state variables.

clear all;

close all;

%% Sample size N
runs=1000;

%% LHS MATRIX %%
Parameter_settings _LHS ;

betal LHS=LHS Call (0.1244, betal, 0.2924, 0 ,runs, unif’); %

baseline = 10
beta2 LHS=LHS Call (0.016, beta2, 0.0314, 0 ,runs, unif’); %
baseline = 10

etal LHS=LHS Call (0.2, etal, 0.8, 0 ,runs, unif’); % baseline = 10

eta2_ LHS=LHS_Call (0.1, eta2, 0.45, 0 ,runs, unif’); % baseline =
10

K_LHS=LHS_Call (100000, K, 10000000, 0 ,runs, unif’); % baseline =

10

gamma_LHS=LHS _Call (0.1, gamma, 0.2, 0 ,runs, unif’); % baseline =
10

sigma_LHS=LHS_Call (0.2000, sigma, 0.3333, 0 ,runs, unif’); %
baseline = 10

sigma_LHS=LHS_Call(0.18000, sigma, 0.67, 0 ,runs, unif’); %
baseline = 10

phi LHS=LHS Call (0.0027, phi, 0.0056, 0 ,runs, unif’); % baseline
= 10

psi_LHS=LHS Call (0.2, psi, 0.5, 0 ,runs, unif’); % baseline = 10

alpha LHS=LHS_Call (0.00078, alpha, 0.00083, 0 ,runs, unif’); %
baseline = 10

xil_LHS=LHS_Call (0.01, xil, 0.22, 0 ,runs, unif’); % baseline = 10

xi2_ LHS=LHS Call (0.01, xi2, 0.55, 0 ,runs, unif’); % baseline = 10
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

xi3_LHS=LHS Call (0.01, xi3, 0.21, 0 ,runs, unif’); % baseline = 10
nu LHS=LHS _Call(1.15, nu , 2.3, 0 ,runs, unif’); % baseline = 10

%% LHS MATRIX and PARAMETER LABELS

LHSmatrix=[betal LHS beta2_ LHS etal LHS eta2_.LHS K LHS gamma LHS
sigma_LHS phi_LHS psi_LHS alpha_ LHS xil_LHS xi2_.LHS xi3_LHS
nu_ LHS|;

for x=1:runs %Run solution x times choosing different values
f=@QODE_LHS;
X
LHSmatrix (x,:)
[t,y]=odelbs(Q(t,y)f(t,y, LHSmatrix,x,runs)  tspan,y0,[]) ;
D=[t y]; % [time y]

%% Save only the outputs at the time points of interest |
time_points |:
%% MORE EFFICIENT

T_lhs (:,x)=D(time_points+1,1);
S_lhs (:,x)=D(time_points+1,2);
E_lhs (:,x)=D(time_points+1,3);
A_lhs (:,x)=D(time_points+1,4);
I_lhs (:,x)=D(time_points+1,5);
C_lhs (:,x)=D(time_points+1,6);
R_lhs (:,x)=D(time_points+1,7);
W_lhs (: ,x)=D(time_points+1,8);

end

%% Save the workspace

save Model_LHS .mat;

% CALCULATE PRCC

[prccl sign sign_label]|=PRCC(LHSmatrix,S_lhs ,1:length(time_points)
,PRCC_var,0.05) ;

[prcc2 sign sign_label]=PRCC(LHSmatrix,E_lhs ,1:length (time_points)
,PRCC_var,0.05) ;

%PRCCPLOT(LHSmatrix, V_lhs ,2 ,PRCC_var, y _var_label (3) )%save
modell _LHS .mat;

% PRCCs for the Presymptomatics class
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

[prcc3 sign sign_label]=PRCC(LHSmatrix, A _lhs ,1:length (time_points)
,PRCC_var,0.05) ;

[prccd sign sign_label]=PRCC(LHSmatrix,I_lhs ,1:length (time_points)
,PRCC_var,0.05) ;

[prceb sign sign_label|=PRCC(LHSmatrix, C_lhs ,1:length(time_points)
,PRCC_var,0.05) ;

figure (1)

set (gca, 'linestyleorder’ {7 ,7: 7,7 —.7,’— 7 7%’ 4’} ’“nextplot’,’
add )

plot (prceh, 'linewidth ’,2)

legend ( "\ beta_1’,’\beta_2’,’\eta_1’,"\eta_2’,’K’, ’\gamma’, ’\sigma’
, \psi’, \alpha’,’\phi’, \xi_-1",’\xi-27,’\xi-3 "7, ’\nu’)

xlabel ('Time (days)’), ylabel(’PRCCs (Carrier Animals)’)

YCALCULATE PRCC

figure (2)

bar (prcch(10,:));

set (gca, 'XTickLabel’ ,PRCC_var, 'XTick’ ,[1:14], 'FontSize’ ,14,
FontWeight’, ’Bold’),title (’PRCCs at T = 10’);

ylabel (’"PRCCs (Carrier Animals)’)

figure (3)

bar (prcch(100,:));

set (gca, 'XTickLabel’ , PRCC_var, 'XTick’ ,[1:14], "FontSize’,14,
FontWeight’, ’Bold’),title (’PRCCs at T = 100’);

ylabel (’PRCCs (Carrier Animals)’)

figure (4)

bar(prcec5(250,:));

set (geca, 'XTickLabel” ,PRCC_var, 'XTick’ ,[1:14], "FontSize’ ,14,
FontWeight’, ’Bold’),title (’PRCCs at T = 2507);

ylabel (’"PRCCs (Carrier Animals)’)

prce5 (10,:)”

prcch (100,:)
prceb (250,:) 7

A.4 R Code for the Significance of PRCCs for Sensitivity of
the Full Model in Section 2.4.3.
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

#pvalfile <— read.table(file="covidl9prccs.txt”, header=T) +#
file from Matlab

pvalfile <— read.table(file="fmdprcc.txt”, header=T) # file from
Matlab

#pvalfile <— read.table(file="hbvprccsnew.txt”, header=T) # file
from Matlab

#pvalfile <— read.table(file="prcc.txt”, header=T) # file from
Matlab

source (" precccomp .R”) # Source the

function prcc

## Sample size if common

N <— 1000
parcorr <— pvalfile$PRCC # PRCC from Matlab
vars <— pvalfile$Variable # Variable names

ns <— rep (N, length(parcorr)) # Sample sizes

## Run PRCC comparisons using default alpha = 0.05
## No FDR adjustment to choose important parameters

prcc(parcorr, ns, var.names = vars, FDR = F)

## Run PRCC comparisons using alpha = 0.01
## No FDR adjustment to choose important parameters

prcc(parcorr , ns, var.names = vars, FDR = F, alpha = 0.01)

## Run PRCC comparisons using default alpha = 0.05
## FDR adjustment to choose important parameters

prcc(parcorr, ns, var.names = vars, FDR = T)

prcc(parcorr , ns, var.names = vars, FDR = TRUE, round4 = FALSE)

## Run PRCC comparisons using default alpha = 0.05
## FDR adjustment (default) to choose important parameters
## No variable names provided (uses order as names)

prcc(parcorr, ns)
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A.4.1 fmdprcc text file

Variables PRCC
betal 0.5069
beta2 0.4525
etal 0.1829
eta2 0.1253

gamma —0.4947
sigma 0.0548
phi —0.0463
psi 0.0143
alpha —0.0696
xil 0.0299
xi2 0.3533
xi3 0.1469
nu 0.1101

A.4.2 Python Code for Figures 2.12

from __future__ import division
from scipy import =

import numpy as n

import pylab

import scipy.integrate as integrate
from itertools import cycle

lines = [, 77, 77 7:7]

linecycler = cycle(lines)

betal = 0.33; beta2 = 0.0714; etal =

0.000239; gamma = 0.143; alpha =

= 0.5; K =20000;pi = mux16750

mu + sigma

Q1
Q2 = mu + nu

Q3 = mu + phi + delta + gamma
Q4 = alpha + mu

def dS(S, E, A, I, C, R, W):
N=S+E+A+1+C+R

0.05;
0.03571;
0.0056; delta = 0.02; xil = 0.005;

x12

eta?2

sigma

0.4;

0.06; mu =
= 0.2500; phi
xid = 0.002; nu

Lambda = betal*((A + etalxl + eta2xC)/N)+ (beta2+W)/(K+W)

return pi — LambdaxS — muxS
def dE(S, E, A, I, C, R, W):
N=S+E+A+1+C+R
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

Lambda = betals*((A + etalxl + eta2xC)/N)+ (beta2sW)/(K+W)

r

eturn LambdaxS — QlxE

def dA(E, A):

r

eturn sigmaxkE — Q2xA

def dI(A, 1):

r

eturn nuxA — Q3xI

def dC(I, C):

r

eturn phixI — Q4x«C

def dR(I, C, R):

return gammaxl 4+ alphaxC — muxR
def dAW(E, A, I, C, R, W):

return xil*A 4+ xi2x] +xi3*C— phisW
def derivs(state, t):

S, E, A, I, C, R, W= state
deltaS = dS(S, E, A, I, C, R,
deltaE = dE(S, E, A, I, C, R,
deltaA = dA(E, A)

deltal = dI(A, I)

deltaC = dC(I, ©)

deltaR = dR(I, C, R)

deltaW = dW(E, A, I, C, R, W)
return deltaS, deltaE, deltaA,

SO = 10000

E0O =5

A0 =1

10 = 2

Cco=1

RO =0

WO = 5000

Tfinal = 120

t = n.arange (0.0, Tfinal, 0.01)
y0 = [S0,E0,A0,1I0,C0,R0,WO]

y = integrate.odeint (derivs, y0,
S =yl[:,0]

E=y[:,1]

A=yl[:,2]

deltal ,

t)

o7
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Appendix A: MATLAB and R Codes for Figures in Chapter 2

I =yl[:,3]
C=yl: 4]
R=yl[:,5]
W=y[:,6]
HHHH incidence plot to be considered

##H#+ Calculation of the reproduction number

RO1 = (sigmaxbetal)/(Q1xQ2)

R02 = (nuxsigmasxbetalxetal)/(QlxQ2xQ3)

R03 = (nuxsigmasxphixbetalxeta2)/(QlxQ2xQ3xQ4)

R04 = (Sxbeta2ssigmasx(Q3xQ4xxi3+nuxQ4*xi24nuxphi*xi3))/(K«xphixQlx
Q2xQ3+Q4)

RO = RO1 + RO2 + RO3 + RO4

print ”"The reproduction number is\n =", RO

pylab. figure (3)

#pylab.plot(t, E,’r——",lw =1.2,label="Infected environments ’)
pylab.plot(t, A, g’ ,lw =1.2,label="Asymtomatic cattle )
pylab.plot(t, I,’b— " ,lw =1.2,label="Symptomatic cattle )

pylab.plot(t, C, k.7 ,lw =1.2,label="Carriers’)

pylab.xlabel (’Time (days)’)
pylab.ylabel ('Infected cattle’)
pylab.legend (loc="upper right”)
pylab.xlim (0, Tfinal)

pylab.grid ()
pylab.legend (loc="upper right”)
pylab.savefig (’R0Oabovel .png’, dpi=150)

pylab .show ()

Sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk sk skoskokoskokokoskokok skok sk R R R Rk sk sk sk sk sk skosk skoskoskoskoskoskoskoskoskoskoskoskoskoskoskoskokoskoskokoskokokoskokosk
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3

B.1 Matlab Code For Figure 3.1

lambda_c= (0:0.01:1) ’;
nu = 1/4; % period of time in E class
rho = 1/4; % time in [ class

sigma=1/10; % time in C class

omega = 1/180; %time in class
lambda_i = 0.01;

n = 4;

k1 =0.1;

k2 =0.9;

k.3 = 0.9;

k4 =0.1;

CSE = 0.5;

CIR = 0.5;

CCR = 0.5;

C.SI = (nu.xk_1.*xC_SE + omega.xk_4.xC_IR)./(lambda_i + nu.xk_1);
CSC = (rho.xk_2.%«C_SI + omega.xk_4.xCCR)./(lambda_c + rho.xk_2);

R_zero = (lambda_i.*n.xk_2./sigma).xC_SI + (lambda_c.xn./sigma).x
C_SC;

Y%mesh (lambda_i ,lambda_c ,R_zero)

plot (lambda_c,R_zero, g, "LineWidth ", 4)
xlabel (7\lambda_c”)

ylabel ("R_0")

hold on

B.2 Matlab Code For Figure 3.3
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[lambda_i,lambda_c]= meshgrid (0:0.1:1,0:0.1:1);

07

P= |

13

o Infection Peak vs. lambda_i and

11122356 8 10;
125 8 11 13 15 17 18 20;

3 6 10 14 16 17 20 21 23 25;
8 11 15 18 20 23 24 25 26 27,

10 14 17 20 22 24 26 28 29 3
12 16 18 22 24 25 27 29 30 3
13 17 19 23 26 27 29 30 31 3
15 19 22 25 27 29 30 31 32
16 20 23 26 28 30 31 31 32
17 20 24 27 29 30 32 32 33
18 21 24 27 29 31 32 33 34

mesh (lambda_i ,lambda_c ,P)

xlabel
yvlabel
zlabel

("\lambda_i’)
(’\lambda_c )
(’Infection peak’)
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C. Derivation of Chapter 3 equations

Appendix C

C.1 Derivation of the [SI] Pair

The derivation of the equation of motion for [ST] requires us to define the network configuration-

based variables n(7), 14y (7), ¢ and (zy, which are described in Table C.1.

Variable | Definition

N (1) number of state ¢ neighbours of a node z

Ny (%) number of state i neighbours of a node = which has node y

as a neighbour

Ca disease state of node x

Cry disease state of an edge involving z and y

Table C.1: Definitions of variables n,(7), 1yy (i), ¢z and Cpy.

Using the notations in Table C.1, and considering all the events affecting [SI], which are

listed in Table 3.1, we write the master equation for [SI] as

Z MDD+ D0 Xl (DD + D Ay ()= + Y v(na(9)(+1)

Coy=S1 =9 (z=E
+ 3 pna (1) + D wlne(D))(+). (C.1)
Co=1 C.=R

The positive + and negative — signs in Equation (C.1) indicate creation and destruction
of the S — I pair, respectively. Next, we replace quantities n,(S), ng(I), ney(), Nay(C)
and n,(E) by their corresponding population-averaged values (means) plus the stochastic

fluctuations of those quantities from the means at the nodes x and pairs zy.

Let n(i|j) be the population-averaged value of n,(i) when (, = j and let n(i|jk) be the
population-averaged value of ng,(i) when (,, = jk. For example, here when (,, = SI
then ng, (1) will be replaced by n(I|ST)+ 6(I|SI) where 6., (I|SI) represents the stochastic
fluctuation of the averaged value from the mean. Thus, Equation (C.1) transforms to the

equation
dsi) | B
= = —C;SAZ (n(I|S) +9w(1|5)) %;I ( (I11S1) + 6, 151) CT;IA ( (C|ST) +em,(0|51))
+ > y(n(S|E) +9x(S|E)> -> p(n(S|I) +9w(5|1)) + > w(n(IR) +91(I|R)>. (C.2)
Ca=FE Co=1I ¢s=R
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Appendix C: Derivation of chapter 4 equations

To simplify Equation (C.2) we take out constants such as n(I|SI) and the model parameters
out of the sums, employ the fact that fluctuation terms such as > p,(I|S) are zero by

=

definition. Thus, Equation (C.2) simplifies to

ST\ 1SIn(I1S) = M[STIn(IIST) — A[STIn(CIST) + v{EIn(S|E) — plTn(S|D)

dt
+w[RIn(I|R). (C.3)

Finally, we apply to Equation (C.3), the identities n(i|j) = % and n(i|jk) = [g:]], which
hold in all static networks, and simplify it to write the equation of motion for [SI] as
d[ST]

SE2 = —AISI) = MlISI) = A[CSI) + VISE] - p[ST] + wIIE].

C.2 Derivation Of Equations Of Motion For Cs; and Cy¢

The correlation between susceptible and infectious farms and the correlation between Sus-

ceptible and carriers is given by

7[81] and Cgo =

[S11]

N [SC]
n 1S][C]

Csr =

3=

respectively.

The derivative of the correlation between Susceptible and Infectious, S — I is given by

4o, - AN 5]

dt 1 dt n S]]’
N d [9]]
= S EISTT

Applying the derivative quotient rule we get

d o = N([S][I]jt[SI] - [Sl]jt[SHI])
(18111)°
N ([5] 14181 (ST S]] ) .

(1S](1))* (1S11))*

Simplifying and applying the product rule we get

G051 = 2 (51~ o (S + 515D )

This simplifies to

i, N{ 1 d S1 ;1d.. 1d
@51 = n<[S“ (G (g a +[S]dt[5]>>'
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This is equivalent to

d N/ 1 d [S1] 1d 1 d
501 = (s + o (- sl - ) )

d, N 1 d N [S]] 1d 1 d
<#M_nsmﬁw”ﬂmmmﬂ_mﬁm_mﬁm)
which is equivalent to
d N 1 d d 1 d
gfyzgﬁm@MHqﬂ—mam—@%m)

The correlation between Susceptible and Carriers, S — C' farms is derived the same way. The

derivation is illustrated below

d Corr — d N [SC]
dt % dt n [9)[C]
N d [SC]
~ ndt[S)[C]
Applying the derivative quotient rule we get
d . _ N(ISICIEISC] - [SCI&IS]IC]
#%= % (sl(c))’ )
:NGW%WﬂJw%WM>
n\(slen” o (sheny’
Simplifying and applying the product rule we get
Ao N( L dig 0S) pgdiod
4 G5 nQWQﬁW”(wme%W”W%WD'

This simplifies to

d . N{ 1 d SC] /1 d 1 d
df“‘anmM“*wmmﬂMﬁM+mD'

This is equivalent to

d N 1
w%czn<mu

| &

wm+”“(—1dm—1%®)

QU

t
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Thus the derivative of the correlation between susceptible and carrier farms is given by

d, N 1 d N [SC] 1 d 1 d
a5 = E[S][C@[S” i (IS7[C)) (’ ﬁﬁ[ - E%[SD'
which is equivalent to
d N 1 d 1 d 1d
7105 = TS+ Ot (- @il - )

C.2.1 Full Correlations

From equation (23) when applying the OPA to solve for C§, , Cip and Cfp and equating

to zero gives

%CSE = )\Z(n — 1)[[21][]\75]051055 — )\Z(n — 1)[;]]051305'[ + )\C(TL - I)E[J@]CSSCSC — )\C(TL — 1)[]6\/:]CSEC<
—vCsg + [[];]]CER - )\in[[g][]i]CSECSI - )\cﬂg[]s\?CSECSC +vCsE + )\in%CSECSI
+ )\cn[]VC’]CSECSC — w[[];]]C'SE,
%C[R = —pCrr — wCrgr + V|E|CERr + U%C}C + U%C}R + wCrg — I/[[?C]R + pCrr + V|E|CER
[C] [C] [E]
+ O-@CIC + O-@CIR + VWCIR’
%CCR = UECCC + p[[IC]]CIR —0C¢cr —wCcR — U%CCR +wCoR — P[[é]]CCR + 0Ccp.
equivalently
(= 1) Bl CorCas ~ inblCsnCsr + adn - 0 055050 = Al ConCso + G Con
(C.4)
_/\in[[g][ff]CSECSI — /\cng[]i]CSECSC - w[[];]]CSE =0,
[C] [C] [E] [C] [C] £,
V[E]CER + O-@CIC + U@C[R — l/mC[R + IJ[E]CER + U®C]C + UECIR + VWC[R =0,
(C.5)
UQCCC + P[[é]]CIR - UQCCR - P[[é]]CCR =0. (C.6)

Note that for a large population size N, i.e N — oo , at the beginning of an infection
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when there are few infected individuals and almost the entire population is susceptible, i.e.

[S] ~ N, then the terms involving & goes to zero, so the equations (C.4), (C.5) and (C.6)

becomes
w[[f;]]C - w[[];]}CSE =0, (C.7)
v[E|CEgR + ULCD}C[C + U%C{R + v[E|Cgr + GEC[C + U%C}R =0, (C.8)
U%CCC + P[[é]]CIR - UQCCR - P[[é]]CCR =0. (C.9)
respectively.

We assume that at the initial stage of an infection we have ky = %, ko = 1] and k3 = 17

so that equations (C.7), (C.8) and (C.9) respectively simplifies to

k1Cgr — wk1Csg = 0,

QV[E]CER 4+ 20koCro + 20 koCrr = 0,

koCoc + pk3Crr — 0kaCor — pk3Ccor = 0.

So that C% , Cip and Cfp becomes

QV[E]CER + 20k320]c

Cip=— ,
IR 20 kg

okaCoc + pksCrr
oka + pks .

* p—
Ccr =

We need to derive the equations of motion for the correlations Cgsg, Cgr , Cic and Coe
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and they are as follows

%CSS = —2X\i(n — 1)[]{,]055051 —2)e(n — 1)[](\/;]055050 + Qw[[];]]CSR + 2>\m[£055051
(C.10)
+ 2)\671[]\70]055050 — 2w[[};]]C35,
%CER = \i(n — 1)[;][[}210511051 + Ae(n — 1)[]\[&%053050 —vCgr + U%CEC +wCpr —wCER
(C.11)
—JQC —\in [S][[]]C CEr — A [S]%CS(,*CER—FVCER,
%CI = V[[]]CE + p[[o]] Crr — pCrc —oCrc — ﬂ[g] Crc+0oCrc — V[H]C + P[[é]] Cre,
(C.12)
th =2p [[C]] Croc—20Ccc +0Coc — p[[é]] + oCcc. (C.13)

We cancel out the like terms and we assume N is large at the beginning of an infection so
that the equations (C.10), (C.11), (C.12) and (C.13) becomes

4058 = 20 g Csn = 201 Css,
%CER %CEC - U%CE}%
%CIC [[lj]]CEC + p[[é]]cn —rCio - ”[[E[]]CIC’
P

We furthermore need to derive the equations of motion for the correlations Cggr, Crpc and

C'rr and they are as follows
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%CSR =—Xi(n— 1)[]{7]053051 — Ae(n — 1)[5\/;]053050 +0 %g} Csc — wCsr +w [[]S%]] Crr + )\in[]{]]CSRCSI
(C.14)
+ )\Cn[]c\;]CSRC’SC — w[[];]]C’SR — U%CSR + wCgspg,
%CEC = Ai(n — 1)[]\,&[[2]050051 + Ae [[Z]] Csc + Ae(n — 1)[]?%0%0 —vCpc + p[[é]]CEI —0Cgc
(C.15)
- P[[IC]]CEC - )\m[]\i][{g]CECCSI - ACH%QCECCSC +vCEgc,
%C}[ = 2V[[?]] Cgr — 2pC[[ — I/[[ij]] Crr+ pC[[ — V[[%] Crr+ pC[[. (C.16)

We cancel out the like terms so that from equations (C.14), (C.15) and (C.16) we get

%CSR = )\z‘[]{;CSRCSI - )\C[JCV’]CSRCSC +o Lﬂ Csc + W[[];,]]CRR —w [[];]] Csr — UECSR;
d NN i) [S] PNl ., [
&CEC = \i(n—1) N CscCsr + Ae B Csc + Ae(n —1) AR Cic + p[C] Crr p[C] Crc
- )\m[]\i][[g]CEcCSI ) ﬂ CooCso,
%C[I =0.

We furthermore need to derive the equations of motion for the correlations Cg; and Crp
and they are as follows

%CEI =\ [[Z]] Csr + Ai(n — 1)5@&?0@1 + Ac(n — 1)[;;]%03[050 + l/[[z] Cgg —vCEgr
(C.17)

— pCpr — )\i[]i][[EI]]CEICSI + AcgvﬂchICSI —w FE%} Cpr—v [[]IE]} Cer + pCEr,
%CRR = —2wCRpR + 20 {g} Ccr — U%CRR + wCrRr — O’%C’RR + wCRR. (C.18)
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We cancel out the like terms from equations (C.17) and (C.18) and get

%CEI = /\i[[g]]csj + )\i(n — 1)[2][]{}6%1 + )\c(n — 1)5@%6’3[050 + V[[?}]CEE —vCEr
5] [1] [S] [C] [R] [E]
— /\iFECEICS[ + AcWECEICSI - WECEI - VWCEL
%CRR = QUQCCR — 20 %Z} CRrr

We furthermore need to derive the equations of motion for the correlations Cgg and Cogr
and they are as follows

%C’EE =2X\i(n — 1)56\;][[2]]05‘]505[ + 2Ac(n — 1)[]5\;]%0515050 - 2vCgp — Ai[]i] [[]IE]] CreCsi
(C.19)
- AC[JS\;]MCEECSI +vCEE — )\i[]i][[é]]CE‘ECSI - Ac[f,] gCEECSI +vCEE,
(C.20)
%CCR = U%Ccc + pCor + P[[é]]CIR —0Ccr —wCcRr —p [[é]] +0Ccr—0 g Ccr +wCcpg-.
(C.21)

From equations (C.19) and (C.21) we cancel out the like terms and get

%CEE =2X\i(n — 1)[]\7‘5’][[3]053031 + 2X(n — 1)[;]{30315050 — QAi%%CEECSI
- 2)\C[NS]QCEECSI,

d I I
%CCR = pCcr + P[[C]] Crr — P[[C]]CCR-
C.2.2 CLUSTERING i.e, ¢ =0
I C E R E 1
0= _)\iCSI + )\Z-(n — 1)[]\/']6%1 — )\C(TL — 1)[]\[]051050 + V[[I]] CSE + w [[S]} C]R — V[U]]CSI + )\i{]\f]
C R
+ )‘cn[]V]CSICSC’ —w [[S]] Csr.
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and
0=—-ACsc — Ae(n — 1)%0%0 — A ! ]CSICSC + ,O[[C]] Cor+w [[gz]] Cor [[é]] Csc + Aen—= 5] C’gvc
+ A U ]CSICSC w[—R]Csc

5]
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