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Abstract

In this thesis, families and class of new and generalized distributions called exponentiated half
logistic-Kumaraswamy-G (EHL-KUM-G) distribution, gamma odd Burr X-G (GOBX-G) dis-
tribution, Topp-Leone odd Burr X-G power series (TLOBX-GPS) distribution, Topp-Leone-
exponentiated half logistic odd Burr X-G (TLEHLOBX-G) distribution and Marshall-Olkin-
Topp-Leone odd Burr X-G (MOTLOBX-G) distribution are developed and studied in detail.
The development of these distributions is motivated by challenges faced in modelling lifetime
real-data. In real-life, datasets are sometimes heavy-tailed and skewed, and traditional distri-
butions may not provide a good fit. Additionally, some of the datasets may have outliers which
traditional distributions may also not effectively handle. However, researchers have proposed
alternative distributions as alternatives but some may suffer the issue of parameter identifiabil-
ity which may hinder estimation accuracy. Most importantly, real-data often deviate from the
assumptions of standard symmetric distributions, hence the need for models that may enhance
their flexibility and tail behavior. For that, we developed distributions that will accommodate

complex data patterns, and capturing the nuances often encountered in real-world scenarios.

These newly developed families were subjected to detailed exploration of their mathematical
and statistical properties. This includes studying their quantile functions, density expansions,
moments and generating functions, incomplete moments, Rényi entropy and order statistics.
Further, special cases of these family which considered baseline distributions such as Weibull
and log-logistic distributions were studied in detail to understand their behavior. Even though
other parameter estimation techniques were presented, maximum likelihood estimation (MLE)
was employed as the primary method in this study due to its widespread application and strong
theoretical foundation. The performance of MLE was further assessed using root mean squared

error and absolute bias, which indicated that the technique is consistent and effective.

The special cases within these families were compared against standard distributions as well as
various other existing distributions. This evaluation aimed to gauge their adaptability and prac-
ticality across a range of real-world datasets with diverse structures. This comparison was carried
out using graphical representations and assessments based on several goodness-of-fit statistics,
including —2 log-likelihood, Akaike information criterion, bayesian information criterion, consis-
tent Akaike information criterion, Cramér-Von Mises, Andersen-Darling, Kolmogorov-Smirnov
(and its p-value) and the sum of squares. Our comparison results consistently indicated that the
special cases derived from these new families consistently excelled in handling real-life datasets.
The implications of this finding are profound, suggesting that these newly developed families
have the potential to greatly enhance the accuracy and flexibility of statistical analyses in real-

world scenarios.
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1. INTRODUCTION

1.1 Introduction

Lifetime data with different characteristics are found in many areas such as engineering, finance,
health, economics, insurance and others. Such data needs lifetime statistical distributions that
can be used to describe and make predictions based on observed values. For this datasets, there
are available classical distributions such Weibull distribution, log-logistic distribution, Lomax
distribution, power distribution, Burr III distribution, Burr X distribution and many more which
can be readily used or applied. However, in most cases, lifetime data is characterized by complex
structures such as skewness, heavy tails, hence making it difficult for standard or classical
distributions to provide adequate fit. This increased the need for more flexible distributions
that can provide better fits when standard ones fails. For that, researchers seek to develop
distributions that accommodate real life datasets which standard distributions does not model
adequately. The common strategy is to add one or more parameters to the existing distributions
to obtain new flexible families of distributions. The flexibility of these newly developed families
of distributions can be seen through the hazard functions which takes several shapes to model
datasets with monotone as well as non-monotone shapes. These recent distributions are discussed

below together with their extensions.

Using gamma random variables (rvs),|Zografos and Balakrishnan|(2009) and Risti¢ and Bal-
akrishnan| (2012) respectively developed the Zografos-Balakhrishnan-G (gamma type 1) and
Risti¢-Balakhrishnan-G (gamma type 2) families. Their work was further extended to gamma-
Weibull-G family by Oluyede|(2018), gamma-Kumaraswamy-G family by |Arshad et al.| (2020),
Box-Cox gamma-G family by Al-Babtain et al. (2020), Risti¢-Balakrishnan odd log-logistic
distributions by |[Esmaeili et al.| (2020), gamma-odd Burr-III-G family by Peter et al.| (2021),
Zografos-Balakrishnan Lindley distribution by Irshad et al.|(2021) and gamma Marshall-Olkin-
G family by [Peter et al.| (2022).

Cordeiro et al.| (2014) developed the exponentiated half logistic distribution based on the
exponentiated half logistic rvs. This family received a lot of attention in literature for being
flexible in modeling many complex datasets. For that, other researchers modified it to ex-
ponentiated half logistic-exponential distribution (Almarashi et al., |2018]), exponentiated half
logistic-power generalized Weibull-G family (Oluyede et al.l [2021a)), exponentiated half logistic
odd Weibull-Topp-Leone-G family (Chipepa et al.; 2021)), exponentiated half-logistic odd Burr
ITI-G family (Oluyede et al., 2022a) and exponentiated half logistic-Topp-Leone-G power series
class (Chipepa et al.| 2022). These extensions of exponentiated half logistic distribution gave

much better fit in real life applications.

Despite having many lifetime distributions to consider in real life applications, attempts have

been made to develop other distributions using traditional distributions. From the Burr X
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distribution which was part of the twelve distributions developed by [Burr| (1942), |Yousof et al.|
developed the odd Burr X-G (OBX-G) family. Burr III and Burr XII distributions
also received attention in literature. Studies which worked around the Burr type X-G family
include gamma Burr type X (GBX) distribution (Khaleel et al. |2016), exponentiated Burr
X (EBX) distribution (Ahmed et al.| 2021), beta Burr X (BBX) distribution (Merovci et al.

2016), exponentiated generalized Burr X (EGBX) distribution (Khaleel et al.||2018) and type I
half-logistic Burr X (TTHLBX) distribution (Shrahili et al., 2019).

Using the distribution function of the Topp-Leone rv,|Al-Shomrani et al.| (2016) developed
the Topp-Leone-G (TL-G) family. TL-G family has been extended and some of these exten-
sions include: Topp-Leone odd exponential half logistic-G (TLOEHL-G) family
\Oluyede, 2021), Topp-Leone odd Burr III-G (TLOBIII-G) family (Moakofi et al.| [2022), Topp-
Leone Kumaraswamy-G (TLK-G) family (Sule et al. |2020) and Topp-Leone odd Lindley-G
(TLOL-G) family (Reyad et al.||2018). Additional cases of the TL-G family studied include
Topp-Leone Weibull (TL-W) distribution (Tuoyo et al.,|2021) and Topp-Leone Lomax (TL-L)
distribution |Oguntunde et al.| (]2019[).

Other studies have also extended the Kumaraswamy-G family which was developed by

by |Cordeiro and de Castro| (2009). This includes the Topp-Leone-Kumaraswamy-G family
(Sule et al.| |2020), Marshall Olkin-Kumaraswamy-G family (Handique et al.} 2017a), Sine-
Kumaraswamy-G family (Chesneau and Jamal||2021), gamma-Kumaraswamy-G family (Arshad|

and generalized Kumaraswamy-G family (Nofal et al.| 2019).

Some of the generators that have been proposed include Marshall-Olkin-G by |Marshall and]
, beta-G by |Eugene et al.| (2002), transform-transformer (T-X) by Alzaghal et al.|
, logistic-G by|T0rabi and Montazeri| (]2014[), Weibull-G by|Bourguignon et a1.|42014]), type
I half-logistic-G by |Cordeir0 et a1.| 42016aD and type II half-logistic-G by|Soliman et al.| (]2017[),
Marshall-Olkin—-Weibull-H family by |Afify et al.| (2022), truncated Cauchy power Weibull-G
family by Alotaibi et al. (2022) and beta Topp-Leone-G by |Watthanawisut et al.| (2022).

In other studies, researchers compound lifetime distributions with power series distributions

to generate new distributions. Some recent power series generalizations in the literature includes

generalized Gompertz-G class (Tahmasebi and Jafaril 2016), odd Weibull-Topp-Leone-G power

series class (Oluyede et al., [2021b), type II exponentiated half-logistic-Topp-Leone-G power

series class (Moakofi et al., |2021), exponentiated half logistic-Topp-Leone-G power series class
dChipepa et al.H2022b, Burr-Weibull power series class (]Oluyede et al.l |2019[) and Topp-Leone-G
power series class QMakubate et al.l|2021a]).

In most cases, such as in the study of|Zografos and Balakrishnan|(2009), Risti¢ and Balakrishnan|
(2012) and |Cordeiro et al.| (2014) among others, the authors derived the pdf, cdf and quantile

function for their distributions. They also investigated their statistical properties, such as density

expansions, moments, moment generating function, order statistics and entropies. The shapes
of the pdfs and hrfs were further studied based on varying model parameter values. The studies
further applied different parameter estimation techniques but in most cases they use only one
technique. For example |Yousof et al.| (2017a)), Yousof et al.| (2017b)Tuoyo et al.| (2021) used
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maximum likehood technique only. Drawing parallels with the aforementioned approaches, the
utilization of MLE as the primary estimation method in our study finds its rationale. The
precedent set by these established studies, where MLE was consistently used as the main method
for estimating parameters, serves as a testament to the effectiveness and prominence of this
technique in similar contexts. Just as these researchers embraced MLE to ensure consistency
and comparability in their analyses, we also opted for MLE as a robust and widely accepted
method to facilitate precise estimation and meaningful comparison within the scope of our study.
Most studied further proceeded to conduct simulation studies to evaluate the performance of

this technique which is what we did in our study.

To demonstrate the flexibility of the proposed models, real life datasets were used in most of
the studies that proposed alternative distributions. However, some of the studies used only one
real life dataset to show this, for example see|Cordeiro and de Castro (2009) and |Al-Shomrani
et al. (2016). Relying solely on one real-life dataset can limit the robustness, generalizability,
and applicability of research findings. To strengthen our research outcomes, our study will use
multiple datasets and conducted thorough analyses to gain a more comprehensive and accurate

understanding of the proposed distributions.

Further, researchers used different goodnes-of-fit statistics and plots to evaluate the performance
of the proposed distributions even though some studies used only one statistic or plot. For
example, |Cordeiro and de Castro, (2009) used AIC and histogram whereas |Al-Shomrani et al.
(2016) used Kolmogorov—Smirnov statistic and histogram only. Using only one goodness-of-fit
statistic or plot may not provide a comprehensive assessment of model performance which is the

reason why our study will use several goodness-of-fit statistics and plots.

Some studies, such as that of |Al-Shomrani et al.|(2016)), did not compare the proposed models
with the existing ones, which may also have limitations in evaluating the performance of the
new models. Comparing the newly developed models with existing ones is crucial as it pro-
vides a benchmark to assess the goodness of fit, statistical properties, and applicability of the
proposed models in real-life applications. Further, some of the studies which compared their
proposed models with the existing models only compared them with nested models or models
with less number of parameters as compared to the proposed one. For example, Sule et al.|(2020)
developed Topp Leone Kumaraswamy Exponential distribution with four parameter and only
compared it with models with three or less number of parameters of which some were nested
m3odels. Comparing a newly proposed model with other models of same number of parameters
may be important for proper evaluation, validation, and interpretation. It helps researchers
identify the model’s strengths and weaknesses which is why our study will use nested models

together with models with equal number of parameters.

While some of the developed models significantly showed some flexibilities when applied to
real life datasets compared to standard distributions, they may not always provide the best
fit for certain types of data. In statistical modelling, there is no a one-size-fits-all solution.
Some models could be limited in terms of their performance in specific scenarios where other
distributions might be more appropriate which is why our study propose to develop alternative

distributions incase existing ones don’t perform well.
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1.2 Important Generators

Useful generators for developing distributions are discussed in this section of the thesis. Some
of the distributions developed using this generators are given in Section Let G(z;w) and
g(x;w) be the baseline cumulative distrinbution function (CDF') and probability density density

function (PDF), respectively, with the vector of baseline parameters w.

1.2.1 Transformed-Transformer Generator

Alzaatreh et al. (2013) introduced a way to develop flexible distributions using the transformed-
transformer (T-X) method. For a non-negative continuous rv 7' € [a, b], for —oo < a < b < o0,
the CDF (CDF) of T-X family follows as

(G(zw))
F(x) = / r(t)dt, z €R,

where r(t) is the PDF of the rv T, W(G(z;w)) represent the function of the CDF G(z;w).
W(G(z;w)
W(G(z;w)) — a as + — —oo and W(G(z;w)) — b as © — oo (Alzaatreh et al.| 2013).
W (G (z;w)) can take different forms such as W (G(7;w)) = G(7;w)/G(z;w) and W(G(z;w)) =
—log [C_?(x, ] (Alzaatreh et al.| [2013).

) should be differentiable, monotonically increasing and satisfy the condition

€

)

1.2.2 Beta Generator

The CDF and PDF of beta-G (B-G) family are given as

1 Glew) n—1 Ba(aw) (m, 1)
Fp-c(#;m,7,0) = Io(aw) (M n) = B(m,n)/o = )

and

fB—c(@x;m,n,w) = [Gla;w)]™ 1 — Gla;w)]" gl w),

B(m,n)
respectively, for m,n > 0. beta-G family have been used in generating other useful distributions

(see|Cordeiro et al.| (2016b), Handique et al.| (2017b) and [Yousof et al.| (2017b)).

1.2.3 Gamma Generators

The CDFs of Zografos-Balakhrishnan-G (ZB-G) family by |Zografos and Balakrishnan| (2009)
and Risti¢-Balakhrishnan-G (RB-G) family by Risti¢ and Balakrishnan| (2012) are

1 lee=CGlw) o (8, —log(1 — G(;w))))
Frp—(2:0.9) = 55 /0 Pltgs — -

and

Frp_g(z;6,w) =1 —

L[ 20 Gt
') Jo
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respectively, where v (6, 2) = [ t9=le~tdt. The PDFs of ZB-G, and RB-G family are

fzp-c(x;0,w) = = [~log(1 — G(z;w))])’ ! gla;w)

T(5)
and 1
frp-a(a:0.9) = o [~log(G/(a;w)))* " g(;w),
for 6 > 0.

1.2.4 Type I and Type II Half-Logistic Generators

The type I half-logistic-G (TIHL-G) and type II half-logistic-G (TIIHL-G) family was developed
using half-logistic distribution by Balakrishnan|(1985). The general definition of the CDF of the
half-logistic-G family CDFs is give by

B W(G(@w) 9\ exp{—\t}
F(z) = /0 1+ exp{ M) " (1'1)

In equation when W(G(z;w)) = —In(1l — G(z;w)) and W(G(z;w)) = —In(G(z;w)), we get
the TITHL-G family by [Cordeiro et al.|(2016a)) and TITHL-G family by |Soliman et al.| (2017) with
CDFs

1-[1-G(z;w)]
14+ 1 - G(z;w))?

26Nz w
and Frirpgr—g(o; A\ w) = 1—|—G(>‘(a:')w)’ (1.2)

Frior—c(z; A\ w) =

where A > 0. In the first equation when A = 1, we have a reduced type I half-logistic-G
(HL-G) family with CDF and PDF given as

_ Gz
1+ G(z;w)

2g(7;w)

) (14 G(z;w))?

and f(x)=

, respectively.

1.2.5 Type I and Type II Exponentiated Half-Logistic Generators

Cordeiro et al.|(2014) developed the exponentiated half-logistic-G (EHL-G) family using expo-
nentiated half-logistic distribution with W (G (z;w)) set as W(G(z;w)) = —In(1—G(x;w)), which
makes it type I EHL-G family. Type II EHL-G family may be obtained by setting W (G(x;w))
as W(G(z;w)) = —In(G(z;w)). The CDF and PDF of EHL-G family follows as

F(z;a,\,w) =

1-[1- G(x;g)]/\ ¢
141 — G(a; )

and

{1 —[1- G(x;g)])‘}a_l
(40 -G}

fla;a,\ w) = 20g(;w) [1 — Gz )M

respectively, where A\, &« > 0. Note that when o = 1, EHL-G family reduces to TIHL-G family
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and when o = XA = 1, it reduces to HL-G family given in [subsection 1.2.4}

1.2.6 Kumaraswamy Generator

From the Kumaraswamy distribution developed by Kumaraswamy|(1980), Cordeiro and de Cas-
tro| (2009) introduced Kumaraswamy-G (Kum-G) family with CDF and PDF given as

Frum—c(z;a,b,w) =1 — P(z;a,w) and frum-_c(z;a,b,w) = abg(z;w)C(z;w)*  (2)y*Hz; a,w),

respectively, for a,b > 0 and ¥ (x;a,w) = 1 — G*(z;w). Note that when b =1 in Kum-G family

and n = 1 in beta-G family given in|subsection 1.2.2| then these families are the same if we let

a = m. Kum-G family has received a lot attention in literature due its tractability compared
to the other family like the beta-G family which has beta function ratio and incomplete beta

function.

1.2.7 Marshall-Olkin Generator

Marshall and Olkin|(1997) obtained a new distribution called Marshall-Olkin-G(MO-G) family
with CDF and PDF

0G (3 w)
1 - 0G(z;w)’

dg(x;w)
[1 - 3G(w;w)]”

Ivo-a(x;0,w) = and Fyo—g(z;d,w) =1—

respectively, where § > 0 is the tilt parameter and § = 1 — 4.

1.2.8 Burr III and Burr X Generators

Following the concept of|Zografos and Balakrishnan|(2009), several authors developed Burr-G
generators using the rvs of Burr distributions due to/Burr|(1942)). Among others, Alizadeh et al.
(2017) replaced the Burr I1I rv with G(z;w)/G(x; w) when developing odd Burr III-G (OBIII-G)
family. Using the Burr X rv T',|Yousof et al.| (2017a)) developed odd Burr X-G (OBX-G) family
with CDF and PDF given as

KO0 (ziw)

Fopx_c(z;0,w) = 260 / t exp(—t?) [1- exp(—tQ)}a_1

dt = {1 —exp [—K(l’;&)]}e

o

and




Chapter 1. Introduction

1.2.9 Topp-Leone Generator

Al-Shomrani et al.| (2016) developed the Topp-Leone-G (TL-G) family with PDF and CDF given

as
fri—c(z; o, w) = 20g(x;w)G(z;w) [1 — éz(x;g)]a_l and Frp_g(z;0,w) = [1— éz(x;g)]a,
respectively, for a > 0, x > 0 and vector of parameters w from the baseline distribution.

1.2.10 Lehmann Type I and Lehmann Type II Generators

The two Lehmanns’ families, commonly known as exponentiated-G (Exp-G) family were intro-
duced by |Lehmann (1953). The most common and simplest Exp-G family (Lehmann type I)
has the CDF and PDF of the form

Frigep-c(z;o,w) = G¥(r;w) and frime,—c(z; o,w) = ag(; w)G* (s w), (1.3)

respectively, where a > 0. Some work on Lehmann type I can be seen from (Gupta et al., |[1998))
who considered baseline distributions as exponential distribution, Pareto distribution, Weibull
distribution and gamma distribution. Lehmann type I is usually used in derivation of statistical

properties of many new distributions.

Another Exp-G family is called the Lehmann type II distribution which of course has received
less attention in literature compared to the type I family (Tahir and Nadarajahl [2015). The
Lehmann type II distribution or simply the type II Exp-G family has the CDF and PDF of the

form
Pritpep-c(z;a,w) =1 — G*(z;w) and Frirpp—c(T; a,w) = ag(z;w)G* ! (z;w),
respectively, for a > 0, and the parameter vector w.

1.2.11 Competing Risk Approach

Consider a system made of components in a series structure and assume that these components
has CDFs Gi(t) and Ga(t), with reliability functions R;(t) = 1 — G1(t) and Ra(t) = Ga(t),
respectively. Then, the reliability of the system follows as R(t) = P(T > t) = 12[ R;(t). The
CDF of the system follows as G(t) = 1—R(t) and the PDF can be obtained by diffe;e:ﬁtiating G(t)

with respect to t. In reliability analysis, a model of this nature is usually termed a competing

risk model.

1.2.12 Compounding Approach

A discrete rv N follows a power series distribution if it has a pmf given as:
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where T is a subset of the set of non-negative integers, # > 0, a,, > 0 is a sequence of coefficients
in power series and C(0) is positive, finite and differentiable. The series defining function C(6)
is given as C(0) = > cpan0". Power series is a family of univariate discrete probability

distributions which are a member of one parameter exponential distribution (Momeni,|2011).

Let X(1) = min(Xy, X2, X3, ..., Xn), where X is a continuous rv with PDF, CDF and sf f(z;w),
F(z;w) and S(z;w) =1 — F(x;w), respectively. The compounded CDF and PDF follows as

Fx, (z;0,w) =1-

and

0f (z;w)C"(0S(z;w))
C(9) ’

fX(l)(I; 9,6&)) =

respectively, where 6 > 0, C’(-) is the first derivative of C'(#) with respect to 0, and w is the

baseline vector of parameters.

1.3 Properties of Lifetime Distributions

In this section, we provide some statistical and mathematical properties of lifetime distributions.
This includes the HRF, reverse HRF, survival function, QF, ordinary and incomplete moments,
order statistics, entropy, stochastic ordering, estimation techniques, model comparison, and
assessment techniques. In our study, most of the properties of the functions that we developed
depends on the properties of the Exp-G family given in equation .

1.3.1 Hazard Rate, Reverse Hazard Rate, Survival Functions

The hazard rate function (HRF'), sometimes called the instantaneous failure rate function, is
very useful in studying the probability that a system or component fails given that it is currently
working. Thus, the HRF is made of the conditional probability which seeks the probability of
failure for a system given that it has survived sometimes. For the mathematical definition, let
the T be a non-negative rv representing the survival time of a unit or the waiting time until the
event of interest occurs (time to event) with PDF and CDF given as f(t) and F(t), respectively.
Then, the HRF is given as h(t) = f(t)/F(t), where F(t) = 1 — F(t) is the survival function
(SF). Commonly considered structures of HRF shapes are increasing, decreasing, bathtub and
upside-down bathtub. In the field of engineering, systems usually have bathtub HRF shapes
showing that from an early stage the systems’ probability of failure decreases then remains
constant for some time but as time increases the probability of failure also increases. Another
important function related to HRF is the reverse HRF (RHRF) which focuses on the probability
that a system fails in the future given that it once failed (Desai et al.}|2011). Mathematically,
we can define rHRF in terms of the PDF and CDF as r(t) = f(t)/F(t). Because of the previous
failure, the rHRF of a system is always monotonically decreasing with time (Turkson, [2022).
Alternatively, we can express RHRF in the form of HRF as r(t) = h(t)F(z)/F(z). Using the
above functions, we can also obtain the other useful functions such as the cumulative hazard

function and mean residual life.
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1.3.2 Quantile Function

The quantile function (QF) is defined as the inverse of the distribution function and it is
used in generating random samples in most cases. To obtain the inverse of the CDF, the
CDF has to be monotonically increasing which is a condition that most of the continu-
ous rvs CDF meet (Siegrist) [2022). The generalized inverse distribution function follows as
F~l(u)=inf{z € R: F(z) > u} for 0 < u < 1. We can express the QF as x = Qx (u) = F~1(u).
Solving for inverse functions can be complex in some functions especially the ones in open form,
for this reason, one can consider the use of computer programs such as R, Python, and Stata.

Apart from data generation, QF's can also be used to obtain percentiles, quantiles and quartiles.

1.3.3 Statistical Moments

The shapes of the statistical distributions depend on moments hence we study them. The
commonly studied moments are the mean, variance, skewness, and kurtosis. The mean gives the
center of the distribution, the standard deviation gives the amount of the spread, skewness gives
the amount of asymmetry around the mean and the kurtosis gives the amount of peakedness
(Goyal, 2022). For most of the lifetime distributions, the derivation of their moments follows
from the linear representation of their PDF's. Thus, if one can successfully expand the PDF of a
distribution and write it in a linear form, then its representation can be used to easily derive the
moments. In most cases, expansions of these distributions leads to an infinite linear combination

of Exp-G family.

Assuming X is a continuous rv with PDF and CDF given as f(z) and F(x), respectively, then

the r*" ordinary moments also known as the raw moments or moments about zero of X

(e o]

. =E(X") = / " f(z)dx. (1.4)

—00

In equation (1.4), when r = 1 we obtain the first moment termed as the mean. With the mean
and the second to the fourth moment, variance, skewness, and kurtosis can be obtained. The

central moments, also known as the moments about zero is given as

oo

= / (& — B(X))"f(x)d. (1.5)

—00

When 7 = 0 in equation (1.5), 7 =1 and r = 2, we get p1o = 1, p11 = 0 and the variance, respec-
tively. The third and fourth central moments combine with the variance gives the skewness and
kurtosis, respectively. Thus, the mean can only be determined from only the ordinary moment,

whereas the variance, skewness and kurtosis are easy to obtain from the central moment. The
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moment generating function (MGF) of a continuous rv X is given as

o0

Mx(t)=F (etX) = / e f(x)d. (1.6)

—00

Taking the r*" derivatives of the Mx (t) obtained from equation (1.6 with respect to ¢ and plug
in t = 0, we get the 7** ordinary moments given in equation |i (Pho et al.||2019).

1.3.4 Order Statistics

Order statistics is important in the application of statistics and reliability. For examples, we
need order statistics to get the range, median, percentiles, quantiles and quartiles of the data
since they work with the position of the ordered random samples. For that, order statistics has
been in many field such as insurance, sport, climate events and where ordering is critical. Let
Xy for 1 =1,2,3,...,n be the order statistics of iid random sample of size n, then the PDF of

the it" order statistic follow as

f(x) i—1( ..\ n—i
in(2) = =) i), 1.
where F(z) =1 — F(z) and B(a,b) = F(EL +§)) is the beta function (Elgarhy|[2017). If we apply

. n—w .
the binomial expansion as (1 — F(z))"™" = Y (=1)!(";")F'(x) then we can express equation
=0

(1.7) as
fim(z) = nif(z FtJrl 1 ().

— _l
(zlnzt

1.3.5 Entropy Measures

In this section, we look at the two common entropy functions, namely the Shannon entropy by
Shannon| (1948)) and the Rényi entropy by Rényi (1961). The application of entropies is found
in many areas such as reliability, life testing, ecology, insurance, and computing. For example,
it can be applied in ecology to explore the diversification of species. It can also be applied in
predicting earthquakes and exchange rates, and even in studying software and security password
reliability (see Maiti et al.| (2022) for many more examples). For definitions, let f(x) be a PDF

of a continuous rv X, then Rényi entropy is given as

o0

log / 12 (x)d, (1.8)

0

Ip(X) =

1-6

where # > 0 and 0 # 1. Shannon entropy follows as

0/ f(z)log(f(x))dz.

10
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From equation (1.8)), we have limg_,; Ir(X) = Ig(X).

1.3.6 Stochastic Ordering

Sometimes in real life, we may be interested in the comparison of some information of the rvs. For
example, we may want to compare the lifetimes of bulbs produced by two different companies
for the same purpose. Stochastic ordering is very useful in fields that study the reliability
and probability of units, especially when rv characteristics (e.g probability distributions) are
compared in terms of their largeness. Common distribution function orders include likelihood
ratio order, hazard rate order, and regular stochastic order. To define stochastic ordering, let
X and Y be two random vaiables with survival functions Fyy (z) and Fz(x), where, Fyy(z) =
1— Fy(x) and Fz(z) = 1— Fz(x) are the survival functions of W and Z, respectively. Assuming
Fy (z) > Fz(z) or Fyy(z) < Fz(x) for all z, we say that the rv W is stochastically smaller than

the rv Z and it is represented as W <4 Z. For all x, if J}V;’((j:)) is decreasing, this is termed

likelihood ratio order represented as W <;,. Z and if hy (x) > hz(z) this is termed hazard rate
order represented as W <;,. Z. In addition, we have that W <, Z =W <, Z = W <4 Z as
proved by |Shaked and Shanthikumar| (2007).

1.4 Parameter Estimation

There are several parameter estimation techniques such as the maximum likelihood estimation
(MLE), Anderson-Darling (AD) estimation, Right-tail Anderson-Darling (RTAD) estimation,
percentile estimation (PE) method, maximum product of spacing (MPS) method, Cramér-Von
Mises (CVM) estimation, Ordinary Least-Squares (OLS) and Weighted Least-Squares (WLS).
In this study, we used mle technique to estimate our parameters. This was because of its easy of
derivation and together with its merits in being an all time good estimator in research (Thamer
and Zinel [2021| | Veena and Lishamol||2022). Moreover, the gof statistics that we considered for
model comparisons in this study depends on the value of the mle hence we look more into it.
The aim of estimation is to get good and reasonable estimators of model parameters from a

given set of observed random sample.

1.4.1 MLE Method

In mle technique, the point is to get parameter estimates that maximize the likelihood function.
Consider n observations which are realization of iid rvs (X, X2, X3,...,X,). Additionally, let
Xi ~ f(zi|p), where i = 1,2,3,...,n and ¢ is the unknown vector parameter which governs the
function f(x;|e). Since the rvs are independent, it follows that the likelihood of the data is the
joint probability of the data is

n

L(p) = [ f(zi; ¢). (1.9)

=1

Thus, the likelihood of all the data (L(yp)) is made up of the product of the likelihood of each
data point since they are independent. The log of the likelihood function, log(L(y)) = ()

11
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follows as

Zlog (zi; ¢ (1.10)

To obtain the maximum likelihood estimator of ¢, say ¢, we get the first derivative of £(y)
given in equation with respect to ¢, then we equate it to 0 and solve for . In most
cases, the derivatives are not in closed form which requires the use of iterative methods to solve.
Interestingly, parameter estimates can be obtained using computer softwares like R, MATLAB
and Stata. In our case, we use R software to estimate the parameters using mle2 function via the

bbmle package (Ganguli et al.,|2022). To derive the confidence interval for model parameters,

we use the Fisher information matrix I(p) = —F [2;(5)] for 7,7 = 1,2, 3..., estimated by the
P8,
. . . . “ 8%4(y)
observed information matrix given as J,(¢) = — 7o |-
£ 0.0,

The next sections discuss other estimation techniques which have been discussed in detail by
Dey et al.| (2018) and |Anderson and Darling| (1952).

1.4.2 AD and RTAD Methods

Let X;., be the i'" order statistics with CDF F(z.,;w) and survival function S(zj.,;w) =
1— F(x.n;w), where w is the parameters’ vector for this function. The AD estimators minimize

the function

n

Alw)=—n—=> (2 — 1) [log (F(zin;w)) + log (S (wim; w))] -

n-
=1
Alternatively, AD estimators can be obtained by solving the equation

(xi:n;g) S (xn—l—l—i:n;g)

= Ag ins Ag (zp —ims

1=1

where s is the number of parameters to be estimated and

OF (2jm;w)

As (.;Q) = awk

(1.11)
The RTAD estimators minimize the function

n

R() =5 =23 F(amise) =+ 3 (2 = 1)1og (8 (@ns1-imis))

=1

Alternatively, RTAD estimators can be obtained by solving the equation

n n
1
_QZAS (xi:n;g) + — Z 21 — ]_ $n+1 zn7w> = Oa

n im1 -rn—i—l znaw)

12
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where A (e;w) is defined in equation (1.11) and s is the number of parameters to be estimated.

1.4.3 CVM Method

The CVM estimators minimize the function

Cw)=——— +ZZ [F(fﬂi:n;W) _Ee 1}2

2n

Alternatively, CVM estimators can be obtained by solving the equation

zn: [F (Tim;w) — 22; 1] Ay (i w) = 0,

=1

where A (o;w) is defined in equation (1.11) and s is the number of parameters to be estimated.

1.4.4 OLS and WLS Methods

The OLS estimators minimize the function
n

Viw=Y [F(xm;w)_ ! r,

= n+1

Alternatively, OLS estimators can be obtained by solving the equation

n

> |Fleiw) - ] A e =0,

n
1=1 +

The WLS estimators are obtained by minimizing the function

(n+1)*(n+2)
iln—1+4+1)

W(w) =
=1

[Fm%m—niJé

Alternatively, WLS estimators can be obtained by solving the equation

n

Z )?(n +2) [F(:Bi;w)— i }A ) =0,

P n—1+1) n+1

where Ag (o;w) is defined in equation 1} and s is the number of parameters to be estimated.

1.4.5 MPS Method

Let the uniform spacings of the rv X1, Xo, ..., X, be D; (zin; ) = F (vjn;w)—F (xi—1.n;w) , where
F (zop;w) = 0, F (zpt1:m;w) = 1 and Z?;“Ol D; (xim;w) = 1. The MPS estimators estimators

maximize the function

13
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or equivalently by maximizing the function
1 n+1
Hw) =-—— leog (D; (@izn3 0,0, 1, w)) -
1=
Alternatively, MPS estimators can be obtained by solving the equation

n+1
1 1
n+1 Z D: ($w) [As (l'z':m@) — Ag ($i—1:n;g)] =0,
i=1 7 1y 2

where Ag (e;w) is defined in equation (1.11) and s is the number of parameters to be estimated.

1.4.6 Monte Carlo Simulation Study

Monte Carlo Simulation (MCS) is needed to evaluate the performance of model parameter
estimates which were obtained through the mle technique. For different samples sizes, a sequence
of n rvs is generated from the quantile function which is done through R software program. From
the obtained random samples, we can then obtain the mean parameter estimates, RMSEs and

ABIAS for different sample sizes.Considering that N samples were taken, the parameter estimate

N
average is as follows: 7 = % > 7. For an estimated parameter, such as 7, the RMSE and ABIAS
i=1
N o~ N -
are provided as RMSE(f) = 1/ 2=1(=0% and ABIAS(f) = Z51% — ). While the RMSEs and
ABIAS should decrease as the sample size increases, consistent maximum likelihood estimators

should show that the mean estimates are approaching the correct parameters.

1.4.7 Comparison of Model Performances

To evaluate the performance of model with ¢ estimated parameters from an observed sam-
ple size n, we consider the following gof statistics: -2log-likelihood, AIC = 2q — 2{(n),
BIC = qln(n) — 2((n), AICC = AIC + 2421,
and ¢ is the number of model parameters. We additionally take into account the W* and A*
gof statistics (Chen and Balakrishnan, [1995). The Kolmogorov-Smirnov (K-S) statistic and

associated p-value are also used to evaluate how closely the stated distribution function and

where £(n) is the log-likelihood function

empirical distribution function align (Berger and Zhou||2014). Sum of Squares (SS) is provided

) o (j—0.375
as SS = ijl [F(m(j);ﬂ) o <n+025

F(x.n;7) represent the CDF associated with parameters’ vector 7.

p)
>] in the p-ps where for the ordered observed data

Using graphical plots such as fitted densities, empirical CDFs, p-ps, HRF plots, and KM survival
charts, model fit was also assessed. As compared to other models, a good fitting model for the
provided dataset should have the lowest gof statistics value and the highest K-S p-value. Profile
log-likelihood analysis will also be conducted to estimate the confidence intervals for the model
parameters. By examining the profile log-likelihood curves, we will be able to determine the
ranges of parameter values that are supported by the data and make more robust and informed
inferences about the underlying population parameters. If the curves exhibit distinct maxima

and well-defined confidence intervals, it suggests that the parameters are identifiable and can be

14
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estimated with precision (Pawitan,|2001).

In addition to assessing the model fit, it is important to estimate the uncertainty associated with
the parameter estimates. This is achieved through the estimation of variance-covariance (v-c)
matrices and the calculation of confidence intervals (CIs) for the model parameters. The v-c¢ ma-
trix provides information about the variability and correlation among the estimated parameters.
It allows us to quantify the uncertainty in the parameter estimates and assess the precision of
the model (Cox and Reid||2000;|Verbeke| |1997). The elements of the v-c matrix provide insights
into the relationships between the parameters and can be used to calculate standard errors and
confidence intervals. Standard errors reflect the uncertainty in the parameter estimates and
are typically derived from the square root of the diagonal elements of the v-¢ matrix. These
standard errors are useful for hypothesis testing and assessing the statistical significance of the
estimated parameters (McCullagh,|2019).

Additionally, ClIs provide a range of plausible values for the true population parameter. They
take into account the estimated parameter value, its standard error, and the desired level of con-
fidence. In this study, v-c matrices will be estimated using appropriate statistical methods such
as the observed Fisher information matrix technique (Lawless| |2011). Based on the estimated
v-c matrix, Cls will be calculated for the model parameters. These Cls will provide valuable

information about the uncertainty associated with the parameter estimates (Pawitan| 2001).

1.5 Aims and Objectives

In this study, we construct and develop new generalized families of distributions. Specifi-
cally, we consider the gamma-G, odd Burr X-G, Topp-Leone-G, exponentiated half logistic-G,
Kumaraswamy-G and Marshall-Olkin-G generators to develop these generalized distributions.

Specifically, we aim;
1. To develop the;
(a) exponentiated half logistic-Kumaraswamy-G (EHL-KUM-G) family,
(b) gamma odd Burr X-G (GOBX-G) family,
(¢) Topp-Leone odd Burr X-G power series (TLOBX-GPS) class,
(d) Topp-Leone-exponentiated half logistic odd Burr X-G (TLEHLOBX-G) family,
(e) Marshall-Olkin-Topp-Leone odd Burr X-G (MOTLOBX-G) family.
2. To derive the statistical properties of these newly developed families of distributions.
3. To present some special cases for these distribution.

4. To estimate the parameters of these families of distributions using the Maximum Likelihood
Estimation (MLE) technique.

5. To assess, through Monte Carlo simulation experiments, the performance of maximum

likelihood estimators.
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6. To utilize examples from actual data sets to demonstrate the versatility and applicability

of these families of distributions.

1.6 Motivation of the Study

Existing distributions frequently don’t offer a good fit to the real data encountered in fields
like engineering, finance, biology, health, and economics. With that, researchers have been
challenged with developing flexible lifetime distributions from classical ones that can fit heavy-
tailed and skewed lifetime data. This has motived us to develop new families of distributions
to enable the generation of new distributions that have different shapes for the PDF and HRF
to handle heavy-tailed and skewed real lifetime datasets. Thus, we develop these distributions
with the primary goals of producing distributions with symmetric, left-skewed, right-skewed, J
and reversed-J shapes, defining special models with a variety of HRFs, including monotonic and
non-monotonic shapes, and offering better fits than several other equi-parameter models. The
new distributions are expected to enhance the characteristics of traditional distributions such

as the skewness and the kurtosis together.

1.7 Outline of the Study

The remaining chapters of the thesis are structured as follows: The exponentiated half logistic-
Kumaraswamy-G (EHL-KUM-G) family is discussed in Chapter 2. Chapter 3 contain the gamma
odd Burr X-G (GOBX-G) family. In Chapter 4, we present the Topp-Leone odd Burr X-G power
Series (TLOBX-GPS) family. Chapter 5 contain the Topp-Leone-exponentiated half logistic-odd
Burr X-G (TLEHLOBX-G) family. In Chapter 6, we present the Marshall-Olkin-Topp-Leone
odd Burr X-G (MOTLOBX-G) family. The overall conclusions, limitations and further studies
are presented in Chapter 7.

1.8 Summary of the Chapter

In this chapter, we have presented literature on some of the works that have been done in
the development of statistical distributions. The literature focused more on literature related
to the distribution that we are going to work with. Further, a brief discussion on some of the
already developed important generators was presented. Moreover, some of the mathematical and
statistical properties of lifetime distributions were discussed together with parameter estimation
methods. To end the chapter, we discussed the aims and objectives of our thesis together with

the motivation for our work.
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2. The Exponentiated Half

Logistic-Kumaraswamy-G Family

2.1 Introduction

The exponentiated half logistic-Kumaraswamy-G (EHL-KUM-G) family, a novel generalized
family of lifespan models, is presented and examined in this chapter. We provide explicit formu-
lations for the structural characteristics, such as the qf, linear representation, ordinary moments,
and incomplete moments, MGFs, Rényi entropy, order statistics and pwms. Together with the
examination of the forms of their densities and HRFs, special models were also given. A simula-
tion study is undertaken to assess the consistency of maximum likelihood estimators, obtained
based on the maximum likelihood estimation approach. The potential usefulness of this new
distribution is demonstrated by fitting exponentiated half logistic-Kumaraswamy-Weibull (EHL-
KUM-W) distribution to three real data sets.

2.2 The Exponentiated Half Logistic-Kumaraswamy-G Family

The CDF and PDF of the Exponential half logistic-G (EHL-G) distribution by |Cordeiro et al.
(2014) are given, respectively, as (z € R):

1—GMx;e)]®
F i ‘A = | —= 2.1
EHL-G(T; A, v, €) [1+GA(95;5)] (2.1)
and
_ 1—-G* ; ol
ferr—c(z; A a,g) = 2ax\g(x;§)GA_1(x;§){ (@)} (2.2)

{1 _ GA(:U;Q}O‘_H’

where A > 0 and o > 0, G(z;¢) = 1 — G(z;¢), G(z;¢) and g(z;¢) are the baseline CDF and
PDF, respectively, depending on the parameter vector . We assume A = 1 to avoid over

parameterization, hence remaining with only one shape parameter, «. When A\ = 1, Equations

and becomes

G (z;¢)
F — 7 = = - (6% 23
EHL G(«W « 5) [1+G(:z:,§)] ( )
and
G Nz e
fear—c(z; o, €) = 2ag(x;€) — ( 7)o<+1’ (2.4)
[1+ G(z;2)]
respectively.
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Kumaraswamy-G (KUM-G) distributions” CDF and PDF provided by (Cordeiro and de Castro,

2009) are given as
From-c(z;a,b,e) =1 — ¢’ (50,¢) (2.5)
and
fxunm-c(;a,b,e) = abg(w; )G (2;£)9" " (w5 0, €), (2.6)

where a > 0, b > 0 and ¥(z;a,e) = 1 — G*xz;¢). The SF of KUM-G family follows as
F(z;a,b,e) = ¢*(x;a,g). The function g(z;¢) is the first derivative of G(z;¢) with respect

to x.

Substituting Equations (2.5) and (2.6)) into Equations (2.3) and (2.4), we obtain exponentiated
half logistic-Kumaraswamy-G (EHL-KUM-G) distribution with CDF and PDF taking the form

— (xia,e)]”
Faid) = || (2.7)
and
b Ta a—1
f(x; A) = 2abozg(33;§)Ga_1(x;§)1/)b_1(x;a,g) [1 ¥l ’§)] (2.8)

[1+ ¢b(2;a,e)]*

where A is a vector of parameters o, a,b and ¢.

We obtain a qf of EHL-KUM-G family denoted Qy(u) by inventing

N L Yo (x;a,€) %
u_{1+¢W%a£J ‘

for 0 < u < 1. Expressing the equation in terms of ¢ (z;a,¢), we get

1—u1/o‘ 1/b

Y(x;a,e) = m

Replacing ¢ (x;a,e) = (1 — G*(z;¢)) and expressing the equation in terms of G(x;¢), we get

1—yl/e ) e

G(a;e) = 91— wile 1

(2.9)

From Equation (2.9), the quantile values for the EHL-KUM-G family follows as

1 — ul/e 1/ e

_ 1 _

, O<u<l,
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for specified baseline CDF G. By setting v = 0.5, we get the median as

L 051/ 1/67 Ya

median = G™1 1— | ———
0.51/a 41

2.2.1 Some Sub-Families of EHL-KUM-G Family

The sub models for EHL-KUM-G family are presented in this section.

For a = 1, the CDF of the reduced EHL-KUM-G family reduces to F(z;a,b,g) =
1—9pb(z;a,¢)
1+4° (z5a.€)

For a = 1, the CDF of the reduced EHL-KUM-G family reduces to F(z;a,b,g) =
1-G"(z;e)
{HG”(%;Q)

, where a,b > 0 and parameter vector €.

[e%
} , where b, & > 0 and parameter vector .

For b = 1, the CDF of the reduced EHL-KUM-G family reduces to F(x;a,a,g) =

[%] a, where a, o > 0 and parameter vector ¢.

For = a = 1, the CDF of the reduced EHL-KUM-G family reduces to F(z;b,e) =
%, where b > 0 and parameter vector .

For « = b = 1, the CDF of the reduced EHL-KUM-G family reduces to F(z;a,e) =

Ga(:c;g)

Gz where a > 0 and parameter vector €.

For a = b = 1, the CDF of the reduced EHL-KUM-G family reduces to F(x;a,e) =
[%} a, where o > 0 and parameter vector ¢.

Fo o« = a = b = 1, the CDF of the reduced EHL-KUM-G family reduces to F(z;g) =
Q—Gém(f;)é)’

with parameter vector €.

2.2.2 Linear Representation

This section offers a helpful linear representation of the PDF of the distribution belonging to
o

the EHL-KUM-G family. Using the series expansion (1 —2)" = Y (—1)*(})z* which is valid

for |z] <1 and n > 0, we write Equation (2.8) as

flx; A) = QGbO‘g(fU;g)Ga_l(x;g) i (_1)i (a Z— 1) - Ga(x;g)]b(iﬂ)q
i=0

X [1 +[1 - G“(sc;é)]b} Sy :
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which further expand into

f(a; A) = 2abag(w;2)G* (23 ¢) i (1) (a N 1) <_(a N 1)> [1— G(a;g))PlHi+h-1

i,j=0 t J
= 2abam§_0 (—1)"* (Ox Z— 1) <—(aj+ 1)) <b(z +3J 2— 1) — 1>g(x;6)Ga(k+1)_l(x;€)
_ 2abai,§;0m <a - 1) <—<aj+ 1)) <b(i +j Z 1) — 1)

x a(k + 1)g(z; e) G*FH =1 (g2 ¢)
As a result, the PDF of the EHL-KUM-G family may be written as

f(r; A) = 3 wla, K g (#:) (2.10)
k=0

where

b= S5 GO (D) () (5D 1)

1,j=0 J

and hgpry(z3e) = a(k + Dg(z;)GFD)=1 (2 ¢) is the density of Exp-G class with power
parameter a(k + 1) >0. Thus, the EHL-KUM-G family may be described as an infinite linear

combination of Exp-G densities.

2.3 Some Statistical Properties

We outline several statistical properties of the EHL-KUM-G family in this section. This includes

the ordinary and incomplete moments, MGF, Rényi entropy, order statistics and pwms.

2.3.1 Ordinary Moments

From Equation 1! the 7" ordinary moment, denoted as pl. for EHL-KUM-G family is given
by

i = B(X") = Y wla. kB | Ty ) -
k=0

where the 1v T4 1) With power parameter a(k +1) follows an Exp-G class and w(a, k) is give in
Equation (2.11). Results for moments for the EHL-KUM-Weibull (EHL-KUM-W) distribution

for various parameter values are shown in Table
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Table 2.1: Moments of the EHL-KUM-W distribution for some parameter values
(0.8, 0.8, 0.7, 0.5) (2.0 ,2.5,0.9,0.5) (0.5, 2.0, 1.5, 1.5) (0.9, 5.0, 1.8, 0.5) (0.8, 4.5, 1.6, 0.4)

E(X) 0.1236 0.2299 0.3863 0.1394 0.0865
E(X2) 0.0687 0.1375 0.2284 0.0491 0.0295
E(X?) 0.0474 0.0971 0.1561 0.0259 0.0160
E(X*Y) 0.0362 0.0748 0.1164 0.0168 0.0107
E(X?) 0.0292 0.0607 0.0918 0.0122 0.0080
E(X°) 0.0245 0.0510 0.0754 0.0095 0.0063
SD 0.0211 0.0440 0.0637 0.0077 0.0052
cv 0.0185 0.0386 0.0550 0.0065 0.0044
cs 0.0165 0.0344 0.0483 0.0056 0.0039
CK 0.0149 0.0311 0.0431 0.0050 0.0034

Plots of the skewness and kurtosis for the EHL-KUM-W distribution for various parameter value
limits are shown in Figures[2.1]and[2.2] In Figure[2.1] when a and « are fixed, both skewness and
kurtosis increases with increase in b and . Also, when b and vartheta are maintained constant,
smaller values of a and alpha result in an increase in skewness and a reduction in kurtosis,
as seen in Figure This demonstrates that all four characteristics affect how skewness and

kurtosis vary.

EHL -KUM-W(1.5,b, 2.5, 9) EHL-KUM-W(8.5,b,9.1,9)

SeoUMMS
SISOMMA

Figure 2.1: Plots of skewness and kurtosis for the EHL-KUM-W distribution for a few chosen
parameter values

2.3.2 Incomplete Moments

The study of lifespan data and reliability can make use of various structural aspects of the
distribution that can be formulated using incomplete moments. The s incomplete moment for
the EHL-KUM-G family can be expressed from Equation (2.10) as

t ~ ¢
ws(t) = /:Bsf(:z:;A)dx = Zw(a, k) / 2 ho g1y (75 €)d. (2.12)
—00 k=0 —00
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Notably, the Bonferroni and Lorenz curves, which are helpful in science, economics, and finance,
may be derived using varphii(t). Equation (2.12) may be used to generate the generic form of

varphii(t) as follows:
er1(t) =D wla, k)Jages)(b),

k=0

t
where J,o11)(t) = [ 2hggeiq)(2;€)de represents the first incomplete moment of the Exp-G

— 0o
class with the power parameter a(k 4+ 1), and the definition of w(a, k) is found in Equation

(12.11).

2.3.3 Moment Generating Function

Based on the basic definition of MGF, we derive MGF of X, Mx(t) = E(e'X) as shown below

Mx(t) = > wla, k)Magei(t)
k=0

where Mg 41)(t) is the generating function of Ty(;41), which may be found from the Exp-G.

EHL-KUM -W(a, 3.05, a, 1.05) EHL-KUM-W(a, 1.8, a., 4.5)

SsoUMIS

N

Figure 2.2: Plots of skewness and kurtosis for the EHL-KUM-W distribution for a few chosen
parameter values

2.3.4 Entropy

The level of uncertainty’s fluctuation is quantified by Rényi entropy. The Rényi entropy for a
rv X with the EHL-KUM-G family is defined as

1

r(0) =1

log / (s A)de |
0
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where 6 > 0 and 0 # 1. Thus, from the EHL-KUM-G PDF in Equation (2.8), f¢(z; A) may be

expressed as

[1 —[1- G“(x;é)]br(a_l)

(@; ) = (2aba) g’ (w;£)G"“ D (w52) [1 — G*(;2) ") brw-

1+ (1 - Go(as9)
The result of using the generalized binomial series expansion gives

]

(0: ) = (2abe)g )6 ()3 (1 (" it - Gl
1=0

e -cre)]

= (2aba)’g’ (2;€)G" " (z;€) i (-1 (Ha ) 9) <_9(a'+ 1)>

1
=0 J

x [1 - Ga(x;é)]b(i—l—j—l—a)—g

_ (2aba)’ i (—1)7+h (9(ai— 1)> (—G(O;+ 1))

1,5,k=0

y (b(Z +J Z;_ 9) - 9> ge(l,;é)Ga(kJr@)fG(l,;é)'

Hence, the Rényi entropy of the EHL-KUM-G family is given by
Tr(0) = ——log | (2aba)’ i pyik (Ola = DY (0@ + 1)
=16 i j
,5,k=0
0
% (b(z_’_] +9 9) / |:< ) (m7€>Ga(k9+9)_1($7€):| d(E]
0

log [Z Wa(k+9) exp [(1 — G)IREG]] )

(e o]

1—9

a(k+6) 1

_ o | T (akt0) oo 1 ° .
where Ippg = (1—0)tlog | [ [(T) g(x;e)G™ o (a:,g)] dz| denotes Exp-G class Rényi
0

entropy with power parameter % and

W@ ~ Gaba)’ i (—1)ith <e(ai— 1)) (—e(o;+ 1)) (b(i + 3 ]—: 0) — 9) ‘
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2.3.5 Order Statistics

Allowing X (1) < X(2) < ... < X(y) to be EHL-KUM-G family n ordered values, we may express
the order statistic PDF as

n—l
) g2 S (1 )w )

t=0
where B(-, ) represent the beta function. From Equations (2.7) and (2.8)), we get

f(x;é)FHl_l(:c;é) = 2abag(x;§)Ga_l(x;§) [1— Ga(x;g)]b_l

-] - el

Applying the generalized binomial series expansion, we obtain

f(.'L';é)Ft+l71(x;é) _ 2abo¢g($;§)Ga71(x;§) Z Z (_1)i (a(t +‘l) - 1)
=0 5=0

_ sabagleie igg(_lyﬂc (Oz(t +Zl) — 1)
! <_a(t § ) — 1) (b i+ Z 1) - 1) Qa1 (g 0 |

which can further be expressed as

f(a; A)F (@3 A) = Cla, k)hgger)(236)
k=0

Cla. k) = i i QGZ?élli;Jrk (a(t +¢l> - 1) <—a(t J; l)— 1) (b(z’ +j ]-: 1) — 1) ’

and hggq1)(25€) = a(k + Dg(z; e)GYFHD=1(z: ¢) is the density of the Exp-G class with power
parameter a(k 4+ 1) > 0. In light of this, the I*" order statistic’s PDF is shown as

n

Ay =SS (D) |
mwg—zzmm4+&mmwmmg
k=0 t=0 ’

As a result, the Exp-G densities are combined infinitely linearly to form the PDF of the I*" order
statistic from the EHL-KUM-G family.
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2.3.6 Probability Weighted Moments

The (r,s)"" probability weighted moments (PMWs) for the EHL-KUM-G family, say N(r,s)> 18
given by

o0

Mone) = / (s AP (A de,

—0o0
where

f(a; AYF (x; A) = 2abag(x; )G H(z;e) [1 — Ga(m;g)]bfl

. [1 -[1- G“(JC;e)]br(m)_1 [1 +[1- G“(m;g)]b] R

Using the generalized binomial series expansion, we obtain

(03 A)F*(a3 4) = 2abag(a; )G a32) > Y (-1 <O‘(5 +1) - 1)

=0 j=0 !
(7D T G
— 2abag(z;e) ‘ Z (_1)i+k <a(s +.1) — 1)

7

y (—a(s—k'l -1 (bi+j+1)_1)G“(k+1)_l(fc;E) |
j k
which can further be expressed as

f(a; A)F* (23 A) = d(a, k)hggern)(z;) |

k=0
where
da. k) 2 = 2aba(—1)HE <a(s +1) — 1) <—a(s +1) — 1) <b(z’ +j+1)— 1)
a, k)= _— _ . :
== a(k+1) 1 j k
In light of this, the PMWs of the EHL-KUM-G family are
0.0} o0 o0
N(r,s) = Z d(a'a k) / .Trha(k+1)($;§)d$ = Z d(CL, k)E |:T2(kr+1)] :
k=0 e k=0

2.4 Some Special Models

In this section, four special casesof the EHL-KUM-G family are discussed. For our study,

we consider Weibull, Fréchet, Burr III and log-logistic distributions as baseline distributions.
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Although, we can generate many lifetime statistical distributions from the EHL-KUM-G family.

2.4.1 Exponentiated Half Logistic-Kumaraswamy-Weibull Distribution

Assuming the baseline distribution for EHL-KUM-G family is Weibull distribution with PDF
g(x; ) = Y919 le=*" and CDF G(z;9) = 1 — e*xﬁ, for 4 > 0 and = > 0, Exponentiated
Half Logistic-Kumaraswamy-Weibull (EHL-KUM-W) distribution is obtained using the provided
CDF and PDF below.

1—[1—y¢(;0))
1+ [1— ¢f(2:0)]"

F(z;a,b, a,9) =

(0%
] ,x>0,a,b,0,9 >0

and

f(x; a,b, o, 9) = 2abadz? 1o (x; Q)G_Iﬂ[l — % (x;0)]"
a—1
1= 1= v 0))|

[t vtor]

for i1 (x;6) =1— ¢~ Plots of the PDF and HRF for the EHL-KUM-W distribution are given
in Figure [2.3
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—— a=15b7§0=09,9=15
a=4.6p=45,0:=0.9,=0.8 > |
‘ — a=15$b=55,0=20,9=14
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Figure 2.3: EHL-KUM-W distribution’s PDF and HRF plots

The PDF and HRF graphs for the EHL-KUM-W distribution for various parameters are dis-
played in Figure The PDF exhibits several forms, including a reverse-J, a unimodal shape,
a nearly symmetric shape, and left- and right-skewed shapes. The HRF plots of also exhibits

increasing, decreasing, bathtub and upside-down bathtub shapes.
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2.4.2 Exponentiated Half Logistic-Kumaraswamy-Fréchet Distribution

If the baseline distribution is Fréchet distribution with PDF g(z; ¢, 9) = 9c?2z~(0+1) exp[—(£)?]
and CDF G(z;c,9) = exp[—(£)?], for ¢, > 0 and z > 0, Exponentiated Half Logistic-
Kumaraswamy-Fréchet (EHL-KUM-F) distribution is obtained using the provided CDF and

PDF below.

51 s >0,a,b,0,¢,9 >0
L+ [1—g(w;e, )]

and

f(z;a,b, a, ¢, 9) = 2abaddc”z ™ TIYG (2 ¢, 9)[1 — 98 (w5 ¢, 9))"
a—1
1 1= w8 (e, 0)]"]

: [1 + [1 —¢5(x;c, ﬂ)]b} ot

for 1o (x; ¢, ) = exp [— (%)ﬂ . Plots of the PDF and HRF for the EHL-KUM-F distribution are
given in Figure

25
I
35
|

— a=0.45b=1.9,c=0.7,0=0.7,9=2.1 — a=24b=31,=14,0=1529=35
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— a=04,=1.9,c=0.9,0=8.5,3=3.1 2 —— a=5.1,b=0.4,c=0.05,¢40.2,5=41
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Figure 2.4: EHL-KUM-F distribution’s PDF and HRF plots

The PDF and HRF graphs for the EHL-KUM-F distribution for various parameter values are
shown in Figure The reverse-J, uni-modal, and left-skewed forms, among others, may be
found in many data sets that the PDF is applicable to. The EHL-KUM-F HRF graphs exhibit

upside-down bathtub, reverse-J, decreasing, increasing, and uni-modal forms.

2.4.3 Exponentiated Half Logistic-Kumaraswamy-Burr 111 Distribution

If the baseline distribution in EHL-KUM-G family of distributions is Burr III distribution with
PDF g(z; )\, 8) = Az~ > 1 (1 + 7)1 and CDF G(z; )\, B) = (1 +27)7#, for A\, 3 > 0 and
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xz > 0, Exponentiated Half Logistic-Kumaraswamy-Burr III (EHL-KUM-BIII) distribution is
obtained using the provided CDF and PDF below.
—Ba b7«
1- [1 — 5 (:c;A)}
F(ac;a,b,a,)\,ﬁ): b 7$>07a7b7a7A)/8>0
1+ [1 — ;P A)]

and
b—1
f(w;a,b, , \, B) = 2abadBr > Lp; P (25 ) [1 — 3Py A)}

{1 - {1 — w;ﬁa(gg; A)ﬂ "

{1 + [1 — 3P A)]

for ¢3(z;\) = 1 + z~*. Figure provides plots for the EHL-KUM-BIII distribution’s PDF
and HRF.
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Figure 2.5: EHL-KUM-BIII distribution’s PDF and HRF plots

The PDF and HRF graphs for the EHL-KUM-F distribution for various parameter values are
shown in Figure The PDF can appear in a variety of forms, including the reverse J, uni-
modal, almost symmetric, left- and right-skew forms. The EHL-KUM-BIII HRF graphs show
forms like a bathtub followed by an upside-down bathtub, as well as shapes like increasing,

decreasing, and uni-modal.

2.4.4 Exponentiated Half Logistic-Kumaraswamy-Log Logistic Distribution

Taking the baseline distribution as log-logistic distribution with PDF g(z;c) = cx® 1 (1 + 2¢) 2
and CDF G(z;c) = 1 — (1+297%, for ¢ > 0 and z > 0, Exponentiated Half Logistic-
Kumaraswamy-Log Logistic (EHL-KUM-LLo) distribution is obtained using the provided CDF
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and PDF below.

(0%
] ,x>0,a,b,c,a >0

and
f(w:a,b,¢,0) = 2abeaz® (1 +29) 294 (w5 )1 — (s 0))
[1- 1= g0

14 -]

a—1

X

for 4(z;¢) = 1— (1 + 2¢)~L. The EHL-KUM-LLo distribution’s PDF and HRF plots are shown
in Figure
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Figure 2.6: EHL-KUM-LLo distribution’s PDF and HRF plots

The PDF and HRF graphs for the EHL-KUM-F distribution for various parameter values are
shown in Figure The PDF can assume a number of forms, such as a reverse-J, a unimodal
shape, a nearly symmetric shape, and shapes that are skewed to the left or right. Moreover, the
EHL-KUM-LLo HRF graphs show bathtub shapes that are increasing, decreasing, followed by

upside-down.

Table presents results on quantiles for the EHL-KUM-W distribution for different parameter

values.
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Table 2.2: Quantiles values of the EHL-KUM-W distribution for some parameter values

(a,b,a, )

w  (051.2,091.1) (2250908 (0.6,0.6,1.1,2.5) (0.9,51.81.2) (1.2,4.51.2,0.5)
0.1 0.0217 0.2050 0.5031 0.1321 0.0113
0.2 0.0799 0.3575 0.7271 0.1935 0.0311
0.3 0.1670 0.5056 0.8981 0.2460 0.0579
0.4 0.2804 0.6580 1.0452 0.2963 0.0928
0.5 0.4213 0.8220 1.1811 0.3479 0.1383
0.6 0.5963 1.0068 1.3146 0.4039 0.1989
0.7 0.8201 1.2283 1.4547 0.4692 0.2845
0.8 1.1286 1.5208 1.6153 0.5531 0.4181
0.9 1.6381 1.9937 1.8343 0.6843 0.6815

2.5 Parameter Estimation

In the EHL-KUM-G family, let x1,x2,...,x, be an observed random sample of size n with
parameter vector A = (a,a,b,g)”. The log-likelihood of the parameter vector A, say £(A), can

be expressed as

n
L(A) = n(In(2aba)) —1—2111 g(zjse (a—1) Z G(zj;e

7j=1

(b—1) Zlnl— (xj;e (a—1)

||M:|

In[1- -G (oz)

—(a+1) Zln [1 +[1- Ga(xj;g)]b] .

Jj=1

The Appendix contains the first derivatives of the log-likelihood differentiated with respect
to each element of the parameter vector A. We use R software to find solutions to U(A) = 0
with specified baseline distribution, where U(A) = (Us(A), Up(A), Ua(A), U, (A)) is the
score vectors. The multivariate normal distribution, N,(0, J (A)~1), may be used to get model
parameter confidence intervals and regions. The mean vector and the observed information
matrix are represented by = (0,0,0,0)T and J(A)™! evaluated at A. Additionally, & +
Z% IA(A), 6+ Zm/I b+ Zm/ bb A) and == Zm/ngEk A) are the approximate

100(1—n)% two sided conﬁdence intervals for o, a, b and g, respectively. The diagonal elements
of ImY(A) = (nI(A))! are given as I;1(A), I-1(A), I, L(A) and Iéklgk (A), whereas Zy is the

aa

standard normal (g)th percentile.

2.6 Simulation Study

This section contains simulation results that are repeated N = 1000 times for the sample sizes
n = 25,50, 100, 200, 400, and 800 to test the consistency of the maximum likelihood estimators
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for o, a,b and ¥ in the EHL-KUM-W distribution. The root mean square errors (RMSEs) and
average bias (Abias) should decay to zero as n increases, while the mean estimates for consistent

maximum likelihood estimators should be approaching the true parameters which is what we

have in Table and
Table 2.3: EHL-KUM-W distribution MCS results

(0.6,0.2,0.5,2.3) (0.5,0.2,0.5,2.5)

Parameter Sample Size Mean RMSE Abias | Mean RMSE Abias
a 25 0.8572 1.4914 0.2572 | 0.7405 1.7189 0.2405
50 0.5815 0.6391 -0.0185 | 0.5121 0.5343 0.0121

100 0.5814 0.3338 -0.0186 | 0.5038 0.2841 0.0038

200 0.5949 0.1928 -0.0051 | 0.5110 0.1614 0.0110

400 0.6298 0.1326 0.0298 | 0.5259 0.0918 0.0259

800 0.6338 0.0936 0.0338 | 0.5445 0.0933 0.0445

b 25 0.5124 1.4967 0.3124 | 0.4478 1.0665 0.2478
50 0.3486 0.3173 0.1486 | 0.3281 0.3845 0.1281

100 0.2836 0.1448 0.0836 | 0.2772 0.1340 0.0772

200 0.2542 0.1070 0.0542 | 0.2502 0.0980 0.0502

400 0.2100 0.0402 0.0100 | 0.2050 0.0305 0.0050

800 0.1979 0.0184 -0.0021 | 0.2026 0.0277 0.0026

« 25 0.9725 1.0574 0.4725 | 1.0136 1.1405 0.5136
50 0.9777 1.0006 0.4777 | 0.8882 0.8263 0.3882

100 0.7620 0.6763 0.2620 | 0.6904 0.4333 0.1904

200 0.6001 0.2677 0.1001 | 0.5880 0.2109 0.0880

400 0.5090 0.0977 0.0090 | 0.5043 0.0623 0.0043

800 0.4952 0.0463 -0.0048 | 0.4943 0.0670 -0.0057

0, 25 2.0889 0.5771 -0.2111 | 2.2666 0.5961 -0.2334
50 2.0462 0.4616 -0.2538 | 2.2767 0.4735 -0.2233

100 2.1361 0.3529 -0.1639 | 2.3240 0.3598 -0.1760

200 2.1758 0.2808 -0.1242 | 2.3746 0.2881 -0.1254

400 2.2672 0.1281 -0.0328 | 2.4815 0.1177 -0.0185

800 2.2871 0.0705 -0.0129 | 2.4802 0.0855 -0.0198
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Table 2.4: EHL-KUM-W distribution MCS results

(0.6,0.5,0.5,2.3) (0.50.50.52.5)

Parameter Sample Size Mean RMSE Abias | Mean RMSE Abias
a 25 1.3154 2.5207 0.7154 | 0.9689 1.9249 0.4689
50 0.7949 1.3066 0.1949 | 0.6692 1.0488 0.1692

100 0.7334 0.7166 0.1334 | 0.6828 0.7334 0.1828

200 0.6862 0.3129 0.0862 | 0.6144 0.2762 0.1144

400 0.6879 0.2570 0.0879 | 0.6442 0.2556 0.1442

800 0.6889 0.2026 0.0889 | 0.6230 0.1953 0.1230

b 25 2.0632 7.3247 1.5632 | 1.6922 7.2205 1.1922
50 0.9718 3.2134 0.4718 | 0.9146 3.9493 0.4146

100 0.5999 1.5968 0.0999 | 0.5609 1.3656 0.0609

200 0.4850 0.1715 -0.0150 | 0.4775 0.1632 -0.0225

400 0.4712 0.1320 -0.0288 | 0.4617 0.1305 -0.0383

800 0.4735 0.1062 -0.0265 | 0.4654 0.1002 -0.0346

e 25 0.9894 1.4404 0.4894 | 0.8843 1.3603 0.3843
50 0.8781 1.0390 0.3781 | 0.7481 0.7151 0.2481

100 0.6545 0.6082 0.1545 | 0.5546 0.4124 0.0546

200 0.5454 0.3668 0.0454 | 0.4996 0.2677 -0.0004

400 0.4980 0.2133 -0.0020 | 0.4498 0.1709 -0.0502

800 0.4735 0.1428 -0.0265 | 0.4419 0.1324 -0.0581

0 25 2.3694 0.9476 0.0694 | 2.7242 1.0852 0.2242
50 2.3726 0.7294 0.0726 | 2.6558 0.8438 0.1558

100 2.4538 0.6149 0.1538 | 2.6987 0.6617 0.1987

200 2.4258 0.4703 0.1258 | 2.6623 0.5232 0.1623

400 2.4060 0.3464 0.1060 | 2.6377 0.3894 0.1377

800 2.3858 0.2735 0.0858 | 2.6100 0.2875 0.1100

2.7 Applications

The EHL-KUM-W distribution’s adaptability for data fitting is illustrated in this section using
three examples from actual data. We take into account the following GOF statistics to assess
the effectiveness of our model: GOF statistics —2In(L), AIC, BIC, AICC, W*, A*, SS K-S and

its p-value where the value of the likelihood function is represented with L = L(A) A good
fitting model for the given dataset should have the smallest value of GOF statistics and a large

K-S p-value compared to other models.

In addition to GOF tests, graphical presentations have also been provided to demonstrate the
data fitting flexibility of the EHL-KUM-W distribution. This includes: density plots, empirical
CDF plots, p-ps and HRF plots. EHL-KUM-W distribution is compared with the following
models: Kumaraswamy-Weibull (KUM-W) distribution (Cordeiro et al.}2010), beta generalized

32



Chapter 2. EHL-KUM-G

Lindley (BGL) distribution (Oluyede and Yang}2015), Weibull Lomax (WL) distribution (Tahir
et al., |2015), half logistic (HL) distribution (Johnson et al.| [1995), Weibull (W) distribution
and some of its sub-models include the EHL-KUM-W(a, b, 1,9) and EHL-KUM-W(1,b,1,9)
distributions. The PDF's of these distributions are given by

Frum—w (@) = abeXa®™ e O (1 — emAn))a 1y — 1 — = O ]ybt, (2.13)

for a,b,c,A > 0 and z > 0.

) - B _3bte
x [1 - (1 - We—exﬂb_l, (2.14)
for a,0,a,b > 0 and x > 0.
fwre) = L@ -1+ G
< exp{—a{ [1+(Z)}a—1}}, (2.15)
for a, 8,a,b > 0 and = > 0.
fur(r) = a i/\::;;x)w

for A >0 and z > 0.

The first data used to illustrate the flexibility of EHL-KUM-W distribution was analyzed by
Fayomi| (2019). The data had a minimum, median mean, maximum of 1.1, 1.7, 1.9 and 4.1,
respectively, and it is given as: 1.1, 1.4, 1.3, 1.7, 1.9, 1.8, 1.6, 2.2, 1.7, 2.7, 4.1, 1.8, 1.5, 1.2, 1.4,
3.0, 1.7, 2.3, 1.6, 2.0. The data has n = 20 cases of the relief times (in minutes) of 20 patients

receiving an analgesic.

The second data used was analyzed by |Eissa and Abdulaziz| (2017). The data had a minimum,
median mean, maximum of 0.036, 1.414, 3.343 and 15.080, respectively, and it is given as:
0.036, 0.148, 0.590, 3.076, 6.816, 0.058, 0.183, 0.618, 3.147, 7.896, 0.061, 0.192, 0.645, 3.625,
7.904, 0.074, 0.254, 0.961, 3.704, 8.022, 0.078, 0.262, 1.228, 3.931, 9.337, 0.086, 0.379, 1.600,
4.073, 10.940, 0.102, 0.381, 2.006, 4.393, 11.020, 0.103, 0.538, 2.054, 4.534, 13.880, 0.114, 0.570,
2.804, 4.893, 14.73, 0.116, 0.574, 3.058, 6.274, 15.080. In the data, there are n = 50 instances of

50 component failure times (per 1000 hours).

The third data used was analyzed by|Al-Ta’ani and Gharaibeh|(2023)). The data had a minimum,
median mean, maximum of 6.00, 12.00, 13.69 and 26.20, respectively, and it is given as: 12, 10,
8, 10, 10, 8, 7, 10, 6, 10, 16, 10, 12, 11, 11, 18, 18, 12, 9, 16, 15, 11, 16, 19, 22, 16, 23, 25, 26.
In the data, there are n = 29 observations representing the number of new deaths caused by
COVID-19 in Jordan from January 31, 2021 to February 28, 2021.
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Figure 2.7: Fitted EHL-KUM-W density, probabilty plot, HRF and empirical CDF plots for
relief times dataset
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Figure 2.9: Fitted EHL-KUM-W density, probabilty plot, HRF and empirical CDF plots for
COVID-19 dataset

The density, empirical CDF, and p-ps in Figures and shows how best EHL-KUM-
W distribution fits skewed data. The HRF plots also show bathtub shape and upside-down
bathtubs shaps. The estimated var-cov matrix for the EHL-KUM-W model is given for the
COVID-19 data by

1.81 x 1073  247x107% —1.04x107% —587x 107!
247 x 1073 3.39x1073 —1.43x1073 —8.09 x 107!
—1.04x 1073 —1.43x1072 6.11x1077 345x107*
—5.87x 1071 —8.09x 107! 345x107* 1.95x 107!

and the model parameters 95% confidence regions are: a € [9.47+1.80 x 1071], b € [5.24 x 10% +
7.44 x 1074, a € [2.44 x 103 £2.29 x 107°] and ¥ € [8.41 x 1072 £ 2.68 x 1072].
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Table 2.5: The parameter estimates of the EHL-KUM-W and competing models’ and GOF

statistics for the relief times data

Distribution Estimates -2Log(L) AIC AICC BIC w* A* K-S P-value SS
a b «a [
EHL-KUM-W 9.47 5.24x10? 2.44x10° 8.41x1072 30.9 38.9 41.7 429 0.0316 0.1795 0.1054  0.9793  0.0244
(9.20x1072)  (3.80x107%) (1.17x107%) (1.37x1072)
a b c A
KUM-W 9.62x10° 1.31 3.58x107! 2.89x10? 31.3 39.3  41.9  43.2 0.0355 0.2037 0.1171  0.9469  0.0300
(2.13x107°)  (4.86x1071) (6.13x1073) (7.49x107%)
@ 0 a b
BGL 1.20x1071 1.52x1077  3.02x107* 1.01x10* 162.,5  170.5 173.2 1745 0.0887 0.5230 0.5123 5.53x107° 1.5710
(1.27x1072)  (4.34x107%) (1.31x1073) (3.49x107°)
a b « 5
WL 3.30x10° 5.33 1.19x1071  4.90x107! 38.9 46.9 495 509 0.1501 0.8869 0.1764  0.5620  0.1370
(5.90x107%) (5.36) (5.74x1072) (1.83)
EHL-KUM-W ¢ b ! v
(@.b,1,9) 5.44 1.21 1.42 36.6 42.6 441 456 0.1216 0.7157 0.1881  0.4791  0.1190
T (2.40) (1.38) (0.62)
EHL-KUM-W ! b ! v
(Lb.1,9) - 0.29 2.25 42.1 46.1 468 481 0.1936 1.1308 0.1753  0.5703  0.1652
T - (0.11) (0.37)
A
HL 0.80 59.3 61.3 61.5 623 0.1189 0.7037 0.4127  0.0021  0.8226
(0.14)
9
W 1.12 75.4 774 776 784  0.1159 0.6866 0.6714 2.95x107%  3.1462
(0.15)

The estimated var-cov matrix for the EHL-KUM-W model is given for the failure times data by

5.52x 100 —9.85 x 1071 —4.41 x 107! 3.45x 107!
—9.85x 107! 1.76x1072 787x107% —6.16 x 1073
—4.41 %1071 787x107% 384 x1073 —2.77x 1073
3.45x 1071 —6.16 x 1073 —2.77x 1073 2.33 x 1073

and the model parameters 95% confidence regions are: a € [2.49 x 10! 4 1.46 x 10'], b €
[1.43 x 102 £2.59 x 107}, a € [1.25 x 1071 £1.21 x 1071] and ¥ € [2.37 x 107! +9.46 x 1072].
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Table 2.6: The parameter estimates of the EHL-KUM-W and competing models’ and GOF
statistics for the failure times data

Distribution Estimates -2Log(L) AIC AICC BIC wH* A* K-S P-value SS

a b « 9
EHL-KUM-W  2.49x10' 1.43x10? 1.25x1071  2.37x107! 200.8  208.8 209.7 2164 0.1112 0.7489 0.1226 0.4070 0.0969
(7.43) (1.33x1071)  (6.19x1072) (4.82x1072)

a b c A
KUM-W 1.53x10~1 3.05 3.67 3.61x1072 203.0 211.0 2119 218.6 0.1339 0.8669 0.1359  0.2871 0.1323
(3.09x1071) (3.83) (6.79) (4.36x1072)
« [ a b
BGL 1.19x1071  2.84x10°7  3.02x107* 1.01x10! 361.4  369.5 3704 377.2 0.1592 0.9857 0.4575 4.31x107'0 3.2251
(7.73x1073)  (2.59x107%) (7.09x107%) (2.24x107°)
a b «a I}
WL 1.90 5.71x107! 1.12x10* 1.16x10° 202.5  210.5 2114 218.1 0.1288 0.8400 0.1315  0.3240  0.1211
(2.73x107Y)  (6.29x1072) (3.91x107°) (3.78x1079)
EHL-KUM-W “ b ! v
1.77 1.50 - 4.12x107! 205.7 2117 2122 2174 0.1610 1.0044 0.1314  0.3247  0.1655
(ab1,9) (2.61) (2.57) . (3.83x10°1)
1 b 1 9
E}g‘;{fl\;)w - 8.50x 107! - 5.65%107"! 206.0  209.9 2102 218.8 0.1589 1.0012 0.1396  0.2588  0.1594
o - (4.11x1071) - (6.82x1072)
A
HL 3.73x107! - - - 233.8 2358 235.8 237.7 0.1605 1.0455 0.3401 1.15x107° 1.3162
(4.64x1072)
¥
W 5.12x107! - - - 2183 2203 2203 2222 0.1553 0.9695 0.2567  0.0021 1.0700

(4.71x1072)

The estimated var-cov matrix for the EHL-KUM-W model is given for the COVID-19 data as

847 x 1072 —349x107° 1.08x107% 9.34x107*
—349x107° 144 x1077 —444x107? —3.85x1076
1.08 x 1076 —444 x 1072 137x10719 1.19x 107"
9.34x107* —-3.85x10% 1.19x1077 1.87x107*

and the model parameters 95% confidence regions are: a € [2.32 x 1071 £2.63], b € [1.03 £3.61],
@ € [2.13 x 102 £ 1.53 x 1073] and ¥ € [6.22 x 107! £ 8.65 x 1071].
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Table 2.7: The parameter estimates of the EHL-KUM-W and competing models’ and GOF
statistics for the COVID-19 data

Distribution Estimates -2Log(L) AIC AICC BIC w A* K-S P-value SS
a b @ 9
EHL-KUM-W  2.32x10~! 1.03 2.13x10? 6.22x107" 173.2 1812 1829 186.9 0.0831 0.4392 0.1239  0.7652  0.0833
(1.34) (1.84) (7.82x107%)  (4.41x1071)
a b c A
KUM-W 3.44 4.44x10*  813x107!  1.45x107° 177.5 1855 187.2  190.9 0.1590 0.8900 0.1898  0.2471  0.1409
(2.35x1072)  (1.08x107%) (1.07x1071) (7.39x10~%)
«a % a b
BGL 1.11x107"  1.23x107%  3.00x10~* 1.01x10* 340.1 3484 350.1 353.9 0.0968 0.5009 0.5035 8.25x1077 2.2398
(9.59%1073)  (1.86x107%) (8.50x107%) (2.51x107?)
a b « B
WL 2.73%10" 5.23 2.06x10~! 2.21 176.14  184.1 185.80 189.61 0.1417 0.7752 0.1811  0.2974  0.1258
(5.12x1072) (2.79) (1.16x1071) (4.31)
EHL-KUM-W “ b ! v
) 34.05 4.44x10° - 1.63x10~ 177.9  183.9 1849 188.0 0.1628 0.9087 0.1907  0.2421  0.1425
(a,6,1,9) (3.06)  (1.21x1073) - (1.72x1072)
EHL-KUM-W b ! v
) 0.11 - 0.99 201.9 2059 2064 208.6 0.1277 0.6817 0.3279  0.0039  0.7645
(1,6,1,9) - (0.04) - (0.14)
A
HL 0.11 - - - 201.1  203.1 2033 2045 0.1284 0.6855 0.3439  0.0021  0.8593
(0.02)
9
W 0.31 - - - 208.3 2031 2033 2045 0.1284 0.6856 0.3439 2.10x107 6.3039
(0.04)

Based on the results in Tables and the statistics for the GOF were lowest for EHL-
KUM-W as compared to nested and non-nested models for -2LogL, AIC, AICC, BIC, W*, A*,
K-S, and SS. Additionally, it had the largest K-S p-value for each dataset. This shows that it

provides a better fit to relief times and failure times datasets as compared to other models.

2.8 Concluding Remarks

The exponentiated half logistic Kumaraswamy-G (EHL-KUM-G) distribution is established in
this chapter. Quantile function, linear representation, moments, Rényi entropy and order statis-
tics of this family were studied. We considered special cases with some baseline distributions
called the Weibull, Fréchet, Burr III and log-logistic distributions. These distributions’ pa-
rameters were estimated using the maximum likelihood technique. A simulation study is done
to evaluate the precision and consistency of maximum likelihood estimates using the Weibull
distribution as baseline. Three real world data sets are used to illustrate the flexibility and
applicability of exponentiated half logistic-Kumaraswamy-Weibull (EHL-KUM-W) distribution.
EHL-KUM-W distribution displayed a good fit to the real life datasets on the plots that are
presented. The GOF values for the EHL-KUM-W distribution are the lowest as compared to

other competing models.
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3. The Gamma Odd Burr X-G Family

3.1 Introduction

In this chapter, a new distribution called gamma odd Burr X-G (GOBX-G) family is intro-
duced. Its structural properties such as the survival function, hazard function, density expan-
sion, QF, moments and generating functions, incomplete moments, PWMs, Rényi entropy and
order statistics were derived. Maximum likelihood technique is used to estimate the parameters
of this model. The flexibility and applicability of this model is demonstrated using real life

datasets.

3.2 The Gamma Odd Burr X-G Family

Yousof et al.|(2017a)) developed a one parameter odd Burr X-G (OBX-G) family using a one
parameter Burr type X distribution introduced by Burr|(1942). The CDF and PDF of OBX-G

family are given by

S
Fopx-c(x;0,&) =26 / exp(— exp(—tz)]gf1 dt
0

and

We(r OG:E) [ <G<x;£>>2] {1 | (G(x;@)? o
- Xp — exp — :
G (z:¢) G(z; ) G(z;€)

respectively, where G(z;¢&) = 1 — G(z;€); G(x;¢) and g(x;€) are the CDF and PDF of any

baseline distribution. [Risti¢ and Balakrishnan (2012) developed the gamma-G (G-G) family
with CDF and PDF given by

fopx—g(x;0,€) =

—log(G(x))
F(2:0) = 1— F(lé) / Btz € R, 6> 0, (3.1)
0
and
f(a:5) = F(la) [~ log (G(2))* " g(z),z € R. (3.2)

In Equations (3.1) and (3.2)), if we let G(z) = Fopx—q(2;0,¢) and g(z) = fopx—c(x;6,£), we
get a new distribution called the gamma odd Burr X-G (GOBX-G) distribution with the CDF
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and PDF given as

F(2:6,0,) =1 — p(l(g) /0—10g<{1—exp [‘(%ﬁigﬂ }9> PRy
v (5, —flog (1 exp [_ (8&3)2} >> (3.3)

—1—

I'(9)

and

f(:0,0,¢) = 208G

) . 0—1
I(8) G (x;€) - (gggﬂ {1 ST (ggxgﬂ }
x [—QIOg (1 —exp |— <gzg>1)r—1 LT ER,G,0>0

respectively, where £ being a vector of parameters from the baseline distribution, where v (0, z) =

foz t9~1e~tdt is the lower incomplete gamma function.

3.2.1 Series Expansion of the GOBX-G Density Function

A series expansion of the GOBX-G density follows in this section. If we let y =

G(zi€) | 2 . .
— <7’> , then we can write Equation (3.4) as

PN\ Clae)

20°g(x; §)G(; €)

f(;0,6,6) = e y(1—y)" " [~log(1—y)’ " .
['(6) G (z;€)
Using series representation —log(1 —y) = > %%1, for y € (0,1), we have
i=0
gt - = |3 () (52
m=0 m s=0 s+2 '

Thus, we can write the GOBX-G density as

8 (- - s — < s\
f(2:5,0,¢) = 2 ETEIC@E) sy o [Z <6m1>ym (ZS%Fg) ] :

F(é) G ($7€) m=0 5=0

Next, let a; = (s +2)~! and considering the result of a power series raised to a positive integer

we get

oo m o)
(Z asys) =2 bamy” (3.5)
s=0 s=0
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where bs = (sag) ™1 Y72, [m(l+1) — slabs—im and bg , = af* (Gradshteyn and Ryzhikl |1980).
The GOBX-G density function then simplifies to

0 . T 1 > _ ]
( 69 5) 20 ( f)G( aé) y(S (1_y)9— [Z (5 1>’ymbs,mys

r(8) G (w3¢) mazo \ _
@G o | S (31 s, |
T 0w L;O< m >y )

Applying the generalized binomial series representation (1 — z)" = > 72, (—1)"(})z" which is
valid for |z| < 1, we can express the GOBX-G density as

6.0, €) = 205g(a:f§G(x;£) { i (—1)" <0 ; 1> <57;1> ym+s+5+rbs7m]

F((S) G (.I‘; 5) m,r,s=0

_ 296g($£§c;(x;§) i (1) bom (9 — 1) (5m1>

F(é) G (xvf) m,r,s=0 "

—(m+s+d+r) (ggg)zl .

X exp

Applying the exponential series representation exp(—z) = > oo 0 (G kEn , the density further

l
expand to

20°g(z; £)G(z; €) °° -1\ /61
f(x;0,0,¢) = bs.m
L(0) G (2:6) i 0 >< )
XZ km—|—5+(5+7‘) G%Ex i
B 295 2 (D) (m s S )P 0 =1\ (6 — 1\ g(a; €) G (a; §)
T T(6) k,m;s:o k! ( r )( m ) G (4 e)

Applying the generalized binomial series representation in G**1(z;¢) = [1— G(z; f)]%+1 we

)

get

26° = ()R (m s 46 r)F
S P E

(Y s

200 i (=1)rHith Py o (m+s+5+1)F (0 -1
T() k! r
7,k,;m,p,r,s=0

» <5 ;1) <2k ! 1) (j e 3))g<x;5>ep<x;5> .
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The GOBX-G density function can finally be expressed as an infinite linear combination of

Exponentiated G (Exp-G) density functions as
£(2;6,0,) = > wppahpra (2:6)
p=0
where

B 269 > (=) iRy (m+ s+ 5+ 1)k
e F((S) 7,k,m,r,s=0 (p+ 1)k'

(TS

(3.6)

(3.7)

and hyi1(z;€) = (p+ 1)g(z; )GPT 1 (2;¢) is the Exp-G PDF with power parameter (p + 1).
Thus, the statistical properties of GOBX-G family are evident from those of the Exp- G distri-

butions.

3.2.2 Quantile Function

This section present the QF for the GOBX-G family. The QF can be derived from the CDF of

GOBX-G family in Equation (3.3) by solving the non-linear equation

N2
v <(5, —flog (1 —exp |— (%ig) }))

I'(9) ’

(g)])) -

u=1-—

for 0 < uw < 1. Thus,

~ <5, —0Blog (1 — exp

which follows that

—0log <1 — exp

G(x;€)

This simplifies to

(28) - o)

Replacing G(x;€) with 1 — G(z;&), we get

1_(}(5(?5) = {—m [1 — exp <7_1 (4, (1_; U)F(5))>:|:| 1/2
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which finally gives the QF of the GOBX-G family as

|:—1H [1 — exp (’y‘l(é,(ngu)F(é)))Hl/z

1+ [—m [1 — exp (%—gu)r(é)))“ 1/2 (3.8)

Qu) =G~

3.3 Special Cases

In this section, GOBX-G family takes on some selected baseline distributions even though any

baseline distribution can be considered. For our study, we consider Weibull distribution, log-

logistic distribution and Uniform distribution.

3.3.1 Gamma Odd Burr X-Weibull Distribution

Considering the baseline distribution of the GOBX-G family as Weibull distribution with PDF
g(x;a) = ar® e " and CDF G(z;a) = 1 — e ®", we respectively obtain the PDF and CDF

of the gamma odd Burr X-Weibull (GOBX-W) distribution as

f(x;0,0,a) = QGQxQ_IGFZ:E;)(l — e_xa)exp [— (ef’jCY — 1)2] {1 — exp [— (exa — 1)2}}

X [—Qlog (1 — exp [— (exa — 1)2]>]6_1 ,x>0,0,0,aa>0

0—1

(3.9)

and

v (5, —0log (1 — exp [_ (e - 1)2D>

F(z;0,0,a) =1 — o)

Plots of the PDF and HRF of GOBX-W distribution are given in Figure
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Figure 3.1: Plots of the PDF and HRF for the GOBX-W distribution
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Figure demonstrate different shapes of GOBX-W distribution for the PDF and HRF at
different parameter values. The PDF takes various shapes which includes the reverse-J, left-skew,
right-skew and unimodal shapes. The HRF also takes different shapes such as the increasing,

decreasing, bathtub and upside down bathtub shapes.

3.3.2 Gamma Odd Burr X-Log-Logistic Distribution

Next, considering baseline distribution of the GOBX-G family as log-logistic distribution with
PDF g(z;3) = B2~ 1(1 + 2%)~2 and CDF G(z;8) = 1 — (1 + 7)™, we respectively obtain the
PDF and CDF of the gamma odd Burr X-log-logistic (GOBX-L) distribution as

f(2:6.6, 8) = 208251 (1 + xi)(g — (14297 a2 {1 - e_wm]o_l [_mog (1 - e_xw)](s_l |
x>0,6,0,8>0
(3.10)
and
F(x;6,0,8) =1~ L <5’ =S (1 B e_xQﬂ)) _

I'(9)

Plots of the PDF and HRF of GOBX-L distribution are given in Figure
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Figure 3.2: Plots of the PDF and HRF for the GOBX-L distribution

Figure also shows flexible nature of the GOBX-L PDF and HRF for different underlying
parameter values. The PDFs of GOBX-L distribution follow different shapes including unimodal,
almost symmetric, reverse-J, left-skewed and right skewed. The HRF also exhibit decreasing,

increasing, bathtub and upside down bathtub.
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3.3.3 Gamma Odd Burr X-Uniform Distribution

For a uniform baseline distribution with PDF g(z; ) = 1/p and CDF G(z; 1) = x/u, 0 < z <

p, we respectively obtain the PDF and CDF of the gamma odd Burr X-Uniform (GOBX-U)
distribution as

winn =z 22 o[ G )
97\ 76-1
X [—610g<1—exp[—<ufx> ])] ,x>0,0,0,u>0

and

F(z;6,0,p) =1— ! (5’ s <1 Y [_ <“x‘$>2D>

I'(6) ’
Plots of the PDF and HRF of GOBX-U distribution are given in Figure[3.3]
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Figure 3.3: Plots of the PDF and HRF for the GOBX-U distribution

Figure shows the GOBX-U distribution PDF and HRF. The PDF takes on different shapes

which includes left-skew, right-skew, almost symmetric and reverse-J. Additionally, the HRF
also show increasing, decreasing and bathtub shapes.

the parameters 6,6 and «.

Table presents some values generated from the GOBX-W distribution for different values of
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Table 3.1: Quantile values for selected parameter values of the GOBX-W distribution

(6,0, )

w  (1.5,0.9,1.01) (2.0,2.5,0.9) (1.5,.51.5) (0.9,5.0,1.8) (1.2,4.5,1.2)
0.1 0.1664 0.3579 0.1227 0.8253 0.6916
0.2 0.251 0.4318 0.2066 0.8683 0.751
0.3 0.3214 0.4871 0.2815 0.8986 0.7935
0.4 0.3857 0.5352 0.3521 0.9241 0.8295
0.5 0.4478 0.5805 0.4209 0.9475 0.863
0.6 0.5109 0.626 0.4901 0.9706 0.8961
0.7 0.5782 0.6747 0.5626 0.995 0.9314
0.8 0.6558 0.7314 0.6432 1.0232 0.9722
0.9 0.7594 0.8092 0.7453 1.0614 1.0282

3.4 Other Statistical Properties

In this section, some structural properties of GOBX-G family are presented. These includes
moments and generating functions, conditional moments, entropy, distribution of order statistics
and PWMs.

3.4.1 Moments and Generating Functions
The r** ordinary moment of GOBX-G family can be derived from Equation as

1

i =E(X") = wpriB (Yp1) = Y Wy (p+ 1) /uleQTG(U; §du (3.12)
p=0 p=0 0

where Y11 is the Exp-G rv with power parameter (p 4+ 1) and Qg(u;€) is the QF of the baseline
distribution with the CDF G(z;&). To obtain the skewness and the kurtosis of GOBX-G family,

we use the n' central moment, say M, given as

e .o]

My =B =) =3 () B

The MGF of the GOBX-G family can be obtained as

Mx (t) = B(e™) = > wpp 1My (8),
p=0
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where My, 11(¢) is the MGF of the Exp-G rv Y. Figuresand show plots of skewness
and kurtosis for the GOBX-W distribution for some selected parameter values. Figureshows
that, when 6 is fixed, skewness increases as a increases whereas kurtosis decrease with a decrease
in §. An increase in 6 leads to increase in skewness and kurtosis when « is held constant as
shown in Figure This shows that all the three parameters play a role in the variation of

skewness an kurtosis.

GOBXW(3, 2.5, o) GOBXW(3, 0.99, o)

SseUMIS
SISOMMA

\ \

Figure 3.4: Plots of skewness and kurtosis for the GOBX-W distribution for some selected
parameter values

3.4.2 Incomplete Moments
The s (s > 0) incomplete moments for the GOBX-G family follow from Equation as

t t

os(t) = / *6(2:6,0,€)dz = 3wy / 2"y (w5 )da |

5o p=0 —50

¢
where [ 2°h,1(7;€)da is the st incomplete moment of the Exp-G 1v Y,41. The incomplete

—0o0
moments are critical as they can be used to derive the mean deviations, Bonferroni, Lorenz

and Zenga curves which are usually used in many fields such as demography, engineering and
medicine. The mean deviation about the mean p = E(X) and median M = Median(X) can
respectively be derived as E|X — )| = 2u{F (1)) — 2¢1(1)) and E|X — M| = p} — 21 (M),
where 1} can be evaluated from Equation , M= Q(0.5) from Equation and F(u))
from Equation .
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GOBXW(3, 6, 0.97) GOBXW(3, 6, 2.2)
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Figure 3.5: Plots of skewness and kurtosis for the GOBX-W distribution for some selected
parameter values

3.4.3 Rényi Entropy

This subsection presents the Rényi entropy as a measures of the variation of uncertainty. Rényi

entropy is an extension of Shannon entropy and it is defined as

1
1—v

In(v) = —log / o(2:6,0,€)de |
0

for v > 0, v # 1. If we let y = exp

(3.4), then we have

. _(20°)gY (436G (x36) v(6-1) v(5—1)
¥ (x = - —lo — )
(2;6,6,6) T G (me) ¥’ (1 —y) [—log (1 —y)]

¥ (E(x?é)f in the GOBX-G density given in Equation
G(=;¢)

S
Using series representation —log(l —y) = > %, for y € (0,1), we have
=0

m=0

[—log(l — y>]v(571) — yv(é—l) [Z (U((ST; 1))ym (Z S:Z_s2> ] |

so that f(x;6,0,&) can be written as

s 2O @OC @) sinn g vw_l)[“ v(6 — 1) m<°° v’ )m]
O e g Y > () (2 |

m=0
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If we let ¢y = (s +2)~! and considering the result of a power series raised to a positive integer
(Gradshteyn and Ryzhik||1980), we get

oo m 0o
(Z Csy8> = Z ds,mys )
s=0 s=0

where ds , = (sco) ™1 Y02 [m(l + 1) — slads—im and do ., = ¢, so that

(zeé)vgv<x;€)gv(x;£) v(0-1) 1)((5 - 1) Wi
(g — — E s;mo|

m,s=0

where w, = m+ s+ v(d — 1) + 1. Applying the generalized binomial series representation, we

get

s r m

[1“(5)]1} G (l‘,f) m,r,s=0

cov e (525) |

£(2:6.0,€) (260°)Vg" (2; €) G (w; €) i 1) don <v(9 - 1)) (v((5 - 1))

Applying the exponential series representation, we have

(2:6,0,€) = (269 i (=1)"*d i (wy +7)* <v(9 - 1)) <v(5 — 1))

k! T m
k,m,r,s=0
8" (x;£) G (2 €)
Lo — :

G (z;€)

Applying the generalized binomial series representation in G2*+9(z;¢) = [1 — G(; {)]QHU, we

obtain

(295)1; i (_1)T+j+kds,m(w* + T)k

k!
j7k7m7r’S:0

§ <v(0 - 1)) <U(5 - 1)) <2k J+ v) 5T ) g

_ (20°)" i (—1) kP, (w4 7)F <v(9—1))

k! T
j?k.7m7p7/’n7s:0

. <v(5 - 1)> <2k + v) (j — (2 + 3v)>gv(x;€)Gp(x; 5.

m J p

f(2;6,0,€) =
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Finally, the Rényi entropy for the GOBX-G family is given as

Tn(v) = 1 log [((205)v i (—1)r kPG (w, + 1) <v(0 _ 1)) (v(é— 1))

. v
1—v INO)K P [%vﬂ n 2] ! r m

()0 (@ o cmert) o

1 o0
=1 Ulog LZO We , exp [(1— U)IREG]] )

o0 v
where Irpe = (1 — v) tlog [f ([% +1] g(x;¢) [G(sc;g)]%> da:] is the Rényi entropy for the
0

Exp-G family with power parameter (% + 1) and

(295)11 i (_1)r+j+k+pd87m(w* 4 T)k
(I'(6))? i [2+1])" k!

§ <v(9r— 1)) (U((SW_L 1)) <2k]+ v) (j - (2;; + 3U)> |

3.4.4 Order Statistics

In this subsection, the distribution of the i** order statistics for the GOBX-G family is provided.
Let X1, Xo, X3, ..., X,, be iild GOBX-G rvs. The PDF of the i" order statistic, say Xj., is given

as

. nlf(2:6,0,8) = n—1\ ion,
fim(x,d,@,g) = m ; (_1)t< ’ )Ft+ (J),(57976)

Glas) 2 t+1—1
nlf(x; 6,0, €) <n - 2> ] (5’ ~Plog (1 TP {_ (é(x;g)) D)

BGECED n—z‘ I'(9)

Using the binomial theorem, we obtain

nlf(x; 9,0 o nt
fln($76767§) 5 'Z

1 <n—i)<t+i—1>
(1 —1)l(n —1) ]=0t:0 t J
X [7 (5, —0flog (1—exp —

(3.13)
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71 kpk+6

Applying the power series v(d,z) = > p2, (k+5 o (Abramowitz and Stegun, 1972), we obtain

‘ 0o n—i o -
£ (26,0, €) = nf(x;6,0,&) 1 <n z)(t—i—z. 1)

<2_1 n—z'y t:0 ¢ J
2 k40 J
o (—=1)F( —6blog 1_em)_(9ma>
X Z G(256)
(k4 0)k! :

_1\k
Next, let ¢, = (l(<:+715))k! and use the result on a power series raised to a positive integer (Gradshteyn

and Ryzhik||1980), then we have
k+677
— [ ] (G@9N
LZO ck< flog (1 exp (G(x;§)> ])) ]
k+0
., [ (G
= 2 dp. ( flog <1 exp (G(w; 5)) ])) ,

where dy ; = 07 and dy, ; = (ko)1 Y02, [i(1+ 1) — k]eidg—r ;. Replacing f(x;6,6,€) in the above

expression for f;.,(x;0,0,¢), we get
"’eH% t n—i\[(t+i—1
0 t=0 ]+1 AN J

fi:n(x;(saevg) = 2n! ( ZZ
G(z;€)

(z—l)(n—z)G 0
: (G(m;é“)) ]>>k+26—1 |
G(z;¢)

\ 2
- (G(ac,f)) 1 —exp
G(z;¢)
Using the previously stated series expansion of —log(l — y) =

X (—log <1 — exp
A\ 2
- (9(“’”’5)) ], we obtain

G(z;€)

(3.14)

X exp

exp

[—log(1 — )]+ 21 — 4201 [i (k + 26 — 1) " (i 83£2> ] 7 (3.15)

m=0 s=0
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which when we consider the previous definition of by, in Equation (3.5), we get

2nlg(x; s ‘9k+25 )t n—i\(t+i—1
2> o))
k=0 t=0

fin ;6707 -
(@ 2 (i—l)(n—z‘G JJ§

1= (k420 -1\ ,,
)P 1=y Y - ) by’
m,s=0

2nlg(x; £)G(x;€) = e md b
(i _ 1)!(n _ i)!ég(aj; ﬁ) j,ka,SZO; [F((S)}ﬁ'l k,jYs,m
y <n - z) <t +i— 1> (k + 28 — 1> it (1 y0-1

t 7 m

Further expansion of the last part conducted using binomial theorem gives

> n—i 6k+25 t+T

2nlg(z; §)G(z;€)
fi:n ;5, 9, = i Gt I ‘b&m
(:E 5) (’L _ ]_) (n — ’L)'G ($ 5) ik m,zr:s 0 tzg j+1 k,j

I

t

Ga:6) ) 2 i
G(x;g‘)) } based on exponential

where v, = k + 20 + m + s + r. Expanding y”* = exp {—v* (

series representation gives
9k3+26< 1>t+r+u’l}gdk7j bs,m

2n!
i Z Z [I‘(5)]j+1u!

fz.n r 3 ——1~ ,T,8, =0 t= 2 + 5‘

" (n—z> (t+i‘—1) <k:—i—if—1> <9;1> G2u+3($;£)

t 9

=[1- é(;z:;é)]%ﬂ gives

oo n—i 0k+26(—1)t+r+u+pvfdk,jbs,m <Tl — Z)

2 2 L)l t

fi:n ;6707
(x g) (Z )( )jkmprsu 0t=0
t+1— 1) (kj + 26 — 1) (9 ; ].) (2’&;— ].) g(x’g)ép—(Qu-‘r?))(x,é-)

Expansion of the series G2 (z; )

X
m

oo n—i 2
ek-‘r 5(_1)t+r+u+p+qvi¢dk7jbs,m

- =% 22 [C(8)[i ! (nt_>

(i — Y]
(@ = 1Dln =)t 4,k,m,p,q,7,5,u=0 t=0

y <t+i1> <k+2(51> <0r1><2u+1) (p(2;+3)>g(x;§)(}q(x;§).

J m P

Alternatively, the GOBX-G order statistic can be expressed as

fin(2;6,0,8) = > mgpahi(2;€)
q=0

(3.16)
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where hy 4 (7;€) = (g + 1)g(w; £)GI71(z: €) is the Exp-G family with power parameter (g + 1)

and

2n) i 2GR ()trrtutptaugy b <n - 2)
Mgp1 = v :
1 (1 —1)(n —1)! s 0 (g + 1)) u! t

RN )

3.4.5 Probability Weighted Moments

This section present the PWMs with most of the derivations given under the order statistics
section. The (r, s)" PWMs for the GOBX-G family is given as

o0

s = E[XTF(X)] = / ()P () da

— 0o

With the help of derivations from Equation (3 under order statistics section, we get

f(2)F*(z) = f(z) Y _[T(O)] <S> [v (6, —flog (1 — )]~

=0 J
= /(@) > 0(6))7 (°)d;x[~log (1 — )]+ |
MZ_O <9> " i 4

where y = exp St

A\ 2
— (9(1’5)) ] and dj, is defined in Equation (3.14). Plugging f(x), we get

f(m)FS( ) 29g( 5) ( 5) 0 1 i —(5+1) (j)dj,k[—mOg (1_y)]k+25—1 .

( ) J,k=0

Further expansion based on Equation (3.15) yields

f(x)FS(m)ZM i [F(&)]_(j+1)9k+26dj,kb5,m

x5
G (2:6) | pma=o
<8> 0—1
J m
(z; =
G

3
(z
</{: + 2 — 1>yk+25+m+5<1 —y)
_ 2GS ()0 (<12 b

€5 é) J,k,m,r,s=0

OEEE
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where bg, is defined in Equation (3.5) and vs = k 4 26 +m + s 4 r. Series expansion of

. 2
Yy = exp |:—1)>l< (%) ] gives
. > OF+20 (—1)"Huld; pbsm (8 [k +20 — 1
wrw=2 3 om0 )

j7k7m7'r7s7u:O

y <9 — 1> g(x; §)G* ! (2 €)
r é2u+3(x; 5)

5 i gk+26 (_1)r+u+pv>1: j,kbs,m N k+25—1
- T ul I\

j?k7m7p’r7s7u:0

X <9 R 1> <2u; 1>g(w;£)Gp_(2u+3)(x; £)

r

.y i gr+20  (—1)rrutptayud; by (8 (k426 — 1
- [[(8)]G+1) u! j m

j7k’m7p7q7r787u20

o G | G | Gy SIS

o
an+1hq+1 z;€) ,
q=0

where hy; (7;€) is defined under Equation (3.16) and

00 9k+26 (_1)T+u+p+qvfdj k:bs "
Ng+1 = 2 Z T()]G+D ]

j?k’m7p7r7s7u:0

OF e )

Consequently, we obtain the PWMs for the GOBX-G family reduces to

o) o0
Wy = anH / x"hy g (@5 €)d
q=0 50

3.5 Maximum Likelihood Estimation

This section present the maximum likelihood technique for estimating the parameters of the
GOBX-G family. Maximum likelihood is one of the most reliable estimation technique as it
mostly produce accurate and consistent estimators (Zanakis and Kyparisis, |1986). Let X;, Xo,
X3,...,X,, be a random sample of size n from the GOBX-G family and © = (4,6, &)” be a vector

of model parameters, then the log-likelihood function can be expressed as
n(©) =nIn(2) + nln(0) — nIn(T(5)) + Y Infg(x; )]+ > In[G(z;; )] - 3 Z In[G(z; €
i=1 i=1

_iy§+(9_1)zn:1n (1—6‘%’2) + (0 - 1)§:ln {_IOg (1_6_%2)} ’
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where y; = G(x;;¢)/G(z4;€). The components of the score function U,(0) = (8&5&@),

T
8%750@), 8%7(;?)) are given in the Appendix |C.1| and R software is used to obtain the solu-

tion to Uy (©) = 0 under a specified baseline distribution. The multivariate normal distribution
N,(0,7(©)71), where 0 = (0,0,0)” and J(©)~! are the mean vector and the observed infor-
mation matrix evaluated at é, can be used to construct the confidence intervals and regions
for model parameters. The 100(1 — ¢)% two sided confidence intervals for 6,0 and e are
o+ Z%\/I(;SI(@), 0+ Z%\/I@l(é) and & £+ Z¢ I;L, (©), respectively, where I(;;l(@), 19_91((:))
and nglgk((:)) are the diagonal elements of I71(0) = (nI(©))~! and Zg is the standard normal

(%) th percentile.

3.6 Simulation Study

In this section, simulation results are presented for different sample sizes of n = 100, 200, 400, 600
and 800 to examine the accuracy and consistency of the maximum likelihood estimators (MLEs)
for each of the parameter of the GOBX-W distribution. The simulation was repeated N = 1000
times and the mean estimates, average bias (Abias) and the root mean square errors (RMSEs)
were evaluated. For consistent MLEs, it is expected that as the sample size n increases, the
mean estimates gets closer to the true parameters and, the RSMEs and Abias also decay to zero.
Table and show the mean estimates together with their respective RSMEs and Abias.

Table 3.2: Monte Carlo simulation results for GOBX-W distribution

(2.6,1.1,0.5) (1.8,1.2,1.1)

Parameter Sample Size Mean RMSE Abias | Mean RMSE Abias
é 50 3.1189 0.9438 0.5189 | 2.2192 1.0726 0.4192
100 2.9600 0.6889 0.3600 | 2.0007 0.4393 0.2007

200 2.8260 0.5068 0.2260 | 1.8990 0.2581 0.0989

400 2.7332 0.3660 0.1332 | 1.8302 0.1338 0.0302

800 2.6926 0.2776 0.0926 | 1.8171 0.0898 0.0171

1600 2.6542 0.1934 0.0542 | 1.8079 0.0642 0.0079

50 50 1.4551 2.3365 0.3551 | 2.2270 9.2460 1.0270
100 1.2661 1.1842 0.1661 | 1.3894 1.1417 0.1894

200 1.1461 0.5660 0.0461 | 1.2685 0.5166 0.0685

400 1.0888 0.3916 -0.0112 | 1.2137 0.3094 0.0137

800 1.0827 0.2773 -0.0173 | 1.2016 0.2008 0.0016

1600 1.0878 0.1994 -0.0122 | 1.1913 0.1423 -0.0087

50 50 0.8438 0.6705 0.3438 | 1.8718 1.7766 0.7718
100 0.7764 0.5922 0.2764 | 1.5742 1.3635 0.4742

200 0.6816 0.4582 0.1816 | 1.2879 0.7166 0.1879

400 0.6333 0.3779 0.1333 | 1.1705 0.3543 0.0705

800 0.5790 0.2675 0.0790 | 1.1315 0.1680 0.0315

1600 0.5430 0.1852 0.0430 | 1.1217 0.1135 0.0217
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Table 3.3: Monte Carlo simulation results for GOBX-W distribution

(0.4,0.4,1.1) (1.9,0.8,0.5)

Parameter Sample Size Mean RMSE Abias | Mean RMSE Abias
é 50 0.4239 0.1077 0.0239 | 2.2691 0.6693 0.3691
100 0.4148 0.0684 0.0148 | 2.1402 0.4599 0.2402

200 0.4104 0.0461 0.0104 | 2.0366 0.3075 0.1366

400 0.4044 0.0306 0.0044 | 1.9694 0.2010 0.0694

800 0.4032 0.0217 0.0032 | 1.9521 0.1417 0.0521

1600 0.4018 0.0153 0.0018 | 1.9467 0.1002 0.0467

50 50 0.4776 0.3396 0.0776 | 1.0860 1.4620 0.2860
100 0.4393 0.1771 0.0393 | 0.9188 0.6578 0.1188

200 0.4242 0.1084 0.0242 | 0.8609 0.3682 0.0609

400 0.4115 0.0689 0.0115 | 0.8200 0.2460 0.0200

800 0.4058 0.0469 0.0058 | 0.8206 0.1708 0.0206

1600 0.4005 0.0336 0.0005 | 0.8134 0.1191 0.0134

50 50 1.1539 0.2750 0.0540 | 0.7957 0.6224 0.2957
100 1.1195 0.1776 0.0195 | 0.7185 0.5234 0.2185

200 1.1021 0.1210 0.0021 | 0.6159 0.3603 0.1159

400 1.0909 0.0750 0.0009 | 0.5710 0.2694 0.0710

800 1.0899 0.0520 0.0001 | 0.5341 0.1802 0.0341

1600 1.0927 0.0370 0.0000 | 0.5180 0.0851 0.0180

From the results in Tables and it is clear that as the sample size increases, the mean
estimates gets closer to the true parameters, whereas the respective RSMEs and Abias decay to

zero indicating consistent MLEs.

3.7 Applications

This section presents two real data applications to show the flexibility of GOBX-W distribution
as compared to other existing distributions. The first data consists of n = 59 monthly the actual
taxes revenue (in 1000 million Egyptian pounds) in Egypt between January 2006 and November
2010 extracted from |Nassar and Nada/(2011). The data are: 5.9, 20.4, 14.9, 16.2, 17.2, 7.8, 6.1,
9.2, 10.2, 9.6, 13.3, 8.5, 21.6, 18.5, 5.1,6.7, 17.0, 8.6, 9.7, 39.2, 35.7, 15.7, 9.7, 10.0, 4.1, 36.0, 8.5,
8.0, 9.2, 26.2, 21.9, 16.7, 21.3, 35.4, 14.3, 8.5, 10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 11.9, 7.0, 8.6,
12.5, 10.3, 11.2, 6.1, 8.4, 11.0, 11.6, 11.9, 5.2, 6.8, 8.9, 7.1, 10.8. This data have mean, median,

minimum and maximum values of 13.49, 10.60, 4.10 and 39.20, respectively.

The second data consists of n = 46 active repair times (hours) for an airborne communication
transceiver referenced by |Sultan and Al-Moisheer| (2015). The data are: 0.2, 0.3, 0.5, 0.5, 0.5,
0.5, 0.6, 0.6, 0.7, 0.7, 0.7, 0.8, 0.8, 1.0, 1.0, 1.0, 1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0, 2.0, 2.2, 2.5,
2.7, 3.0, 3.0, 3.3, 3.3, 4.0, 4.0, 4.5, 4.7, 5.0, 5.4, 5.4, 7.0, 7.5, 8.8, 9.0, 10.3, 22.0, 24.5. This data

have mean, median, minimum and maximum values of 3.61, 1.75, 0.2 and 24.5, respectively.
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Chapter 3. GOBX-G

The GOBX-W distribution is compared with other existing models with the use of R-software
to run model parameter estimates and GOF measures. The GOF measures used for model
performance comparison are; —2log L, AIC, BIC, AICC, W*, (A*), SS and K-S together with
its corresponding p-value. For all these GOF statistics, smaller values suggests a good fit of
the model to the data. Additionally, large p-values also represent a good fit for the model.
The new GOBX-W distribution is compared to Weibull (W) distribution, Weibull Lomax (WL)
distribution (Jamal et al.| 2019), gamma Weibull (GW) distribution (Pogany and Saxenal|2010),
gamma Burr X (GBX) distribution (Khaleel et al., |2016), exponentiated half logistic (EHL)
distribution (Cordeiro et al.||2017) and Burr X (BX) distribution (Khaleel et al.,|2016) with the
respective PDFs (for x > 0):

Fup (@) = aab(1 + b2)™ (1 — (1 + br) ) exp (- (M)) b > 0.

k}\—k—ﬁmﬁ—Fk—le—)\_’“a:’“

Jfow(z) = kB, > 0.
(=) r(1+2)
202 2 2\ 0-1 2\ 76—1
_ N —(Ax) _ =) _ _ =)
fopx(x) () ze (1 e ) [ 0 log <1 e )] ,0,\,6 > 0.
2a e M |1 —e M \
fEHL(QC) 1 o-2a 1—|—€_)‘x] ya, A > 0.

0—1
fex(z) = 2002ze(22)’ (1 - ef(o‘my) 0, > 0.
3.7.1 Taxes Revenue Data

This subsection contains parameter estimates (standard errors in parenthesis), GOF statistics,

plots of the fitted densities, empirical CDF, KM and P-Ps for the taxes revenue data.
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Figure 3.6: Fitted densities and empirical CDF plots for monthly actual taxes revenue data
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Figure 3.7: P-P and KM plots for monthly actual taxes revenue data

Figures and illustrate how best the GOBX-W distribution fits the monthly actual taxes
revenue data. The fitted density shows that the GOBX-W distribution can accommodate skewed

data. The estimated var-cov matrix for GOBX-W model in revenue data is given by

1.49 x 1072 452x107% —1.18 x1073
452%x 1076  1.38x102 —358x 1077
—1.18 x 1073 —3.58 x 1077 1.07 x 10~*

and the 95% confidence intervals for the model parameters are given by 6 € [3.59 x 107 £2.39 x
1071],0 € [1.02 x 103 £ 7.27 x 107°] and « € [1.38 x 1071 £2.03 x 1072].
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Figure 3.8: LLikelihood profile plots of 4, 8 and a for monthly actual taxes revenue data

Figures[3.8]and shows the profile plots of the MLEs of 0, 6 and a. It can be seen that the

parameters attained the absolute maximum for monthly actual taxes revenue data.
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Table 3.4: The MLEs and GOF statistics of the GOBX-W model and various models for the
revenue data set

Distribution Estimates -2LogL  AIC AICC BIC w* A* K-S P-value SS
) 0 @
GOBX-W 3.588x 107! 1.018x10% 1.377x107! 375.9 381.9 3824 388.2 0.03356 0.2240 0.0587  0.9871 0.0320
(1.220x1071)  (3.710x107°)  (1.034x1072)

a b «
WL 0.2558 0.9385 3.9034 389.1 395.1 3955 401.3 0.2259 1.4233 0.1332  0.2463 0.2121
(0.1315) (1.3999) (1.6510)
k 5 A
GW 3.548 x10~! 9.9433 9.201 x10~* 381.5 387.5 3879 393.7 0.1326 0.7959 0.1060  0.5211 0.1224
(2.874 x1072) (2.871 x107%) (9.126 x107%)
0 A 1)
GBX 1.0741 0.1412 0.2269 394.2  400.2 400.6 406.4 0.2737 1.7546 0.1943  0.0232 0.5174
(0.4418) (0.0562) (0.1836)
a A
EHL 3.4904 0.1917 - 384.8 388.8 389.0 3929 0.1720 1.0405 0.1215 0.3486  0.18418
(0.8301) (0.0227)
[% «a
BX 1.0309 0.0644 - 395.3  399.3 399.6 403.5 0.3112 1.9904 0.1763  0.0510 0.3925
(0.1844) (0.0056)
A
W 0.3163 — - 594.7  596.7 596.8 598.8 0.1329 0.7973 0.7956 < 0.0001 12.3219
(0.0261)

3.7.2 Repair Time Data

This subsection contains parameter estimates (standard errors in parenthesis), GOF statistics,
plots of the fitted densities, empirical CDF, KM and P-Ps for the repair time data.
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Figure 3.9: Fitted densities and empirical CDF plots for repair time data
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Figure 3.10: P-P and KM plots for repair time data

Figures and also shows GOBX-W distribution providing a better fit to the repair time
data. The fitted density further illustrates the flexibility of GOBX-W distribution with fitting

skewed data. The estimated var-cov matrix for GOBX-W model in repair time data is given by

209x 107 —1.01x1072 —7.36x 104
~1.01x1072 491 x107% 3.56 x 107
—736x107%* 356x107° 1.18 x 107°

and the 95% confidence intervals for the model parameters are given by § € [8.06 4 0.89],0 €
[1.77 x 102 £4.34 x 1072] and « € [3.16 x 1072 £ 6.75 x 1073].
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Figure 3.11: Likelihood profile plots of §, # and « for the repair time data

Figures a), b) and c) shows the profile plots of the MLEs of 4, # and «. It can

be seen that the parameters attained the absolute maximum for the repair time data.
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Table 3.5: The MLEs and GOF statistics of the GOBX-W model and various models for the
repair time data set

Distribution Estimates -2LogL  AIC AICC BIC w A* K-S P-value SS
0 0 e
GOBX-W 8.057 1.773%x10? 3.165x1072 200.1  206.1 206.6 211.5 0.0523 0.3315 0.0949  0.8017  0.0547
(4.577x1071)  (2.216x1072)  (3.444x1073)
a b o
WL 0.2222 7.0310 2.12279 202.3 208.3 208.8 213.8 0.0697 0.4745 0.1059 0.6802 0.0637
(0.1094) (11.2110) (0.91009)
k B A
GW 0.2648 2.7865 0.0002 201.7 207.7 208.2 213.1 0.0661 0.4379 0.0987 0.7619  0.0573
(0.0226) 0.0001) (0.0002)
0 A 0
GBX 3.5237 7.250 x107° 62.530 201.3  207.3 2079 212.8 0.0631 0.4181 0.1048 0.6923  0.0647
(2.086 x107%) ( 1.180 x107%) (1.195 x10710)
a A
EHL 0.744 0.311 - 215.3 2193 219.6 223.0 0.2072 1.3926 0.1660 0.1584 0.2755
(0.1378) (0.0572)
0 !
BX 0.2906 0.0991 - 223.4 2274 2277 231.1 0.2782 1.9018 0.1813 0.0973 0.5397
(0.0482) (10.0145)
A
W 0.565 - - 241.9 2439 2439 245.7 0.0977 0.6718 0.4478 < 0.0001 3.1535
(0.0500)

From the results in Tablesand the GOBX-W distribution outperformes all the competing
non-nested models. It has the lowest values of -2LogL,, AIC, AICC, BIC, W*, A*, K-S and SS

together with largest p-value as compared to competing models in all data sets.

3.8 Concluding Remarks

We develop a new distribution called as the gamma odd Burr X-G (GOBX-G) family. Mathe-
matical and statistical properties of this new family are studied. In addition, different baseline
distributions are considered to show the flexibility of this family on real life applications. Simu-
lation study is also carried out using Weibull distribution as the baseline and it showed that its
maximum likelihood estimators are accurate and consistent. Using two real data sets, gamma
odd Burr X-Weibull (GOBX-W) distribution outperformed several models it is competing with
based on the -2LogL, AIC, AICC, BIC, W*, A*, K-S and SS statistics which presented very low
as compared to non-nested models. Graphical plots are also added to show how best GOBX-W
distribution fits real life datasets. Moreover, the HRF can be decreasing, increasing, upside

down bathtub and bathtub shaped depending on the selected parameter values.
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4. The Topp-Leone Odd Burr X-G Power

Series Class

4.1 Introduction

The Topp-Leone odd Burr X-G power series (TLOBX-GPS) class is developed and examined in
this chapter. In addition to the QF, density expansion and moments of TLOBX-GPS class, or-
der statistics and Rényi entropy for this class are derived. We demonstrate the utilization of the
Weibull and log-logistic distributions as baseline models when dealing with discrete distributions
like Poisson and binomial distributions in specific scenarios. Further, the method of maximum
likelihood is employed to estimate the parameters and our results are evaluated using a simu-
lation study. Finally, we fit the new Topp-Leone odd Burr X-Weibull Poisson (TLOBX-WP)

distribution using four real datasets to illustrate its flexibility and usefulness.

4.2 The Topp-Leone Odd Burr X-G Power Series Distribution

Oluyede et al.| (2022b) developed the Topp-Leone odd Burr X-G (TLOBX-G) family which is
defined by the following PDF and CDF

46%9%(6?(“;?3;37?”) exp [~ Ka(z;w)] {1 — exp [~ Ka(z;w)]}0 !

frropx—c(z;0,0,w) =

X |1 —{1—exp [—Kg(x;g)]}g] {1 = [1 — {1 —exp [—Kg(a:;w)}}er}al , (4.1)
reR,a,0>0
and
Frionx—c(@: o, 0,w) = {1 - [1 — {1 —exp [_KG(;U;@]}GF}Q, (4.2)

N2 _
respectively, where w is the baseline vector of parameters, K¢ (x;w) = (ggig) ,and G(z;w) =
1 — G(z;w). The SF and HRF of the TLOBX-G family are given by

«

Srromx (@ a,0,w) =1 — {1 e {_KG(;,;;@]}GF} , (4.3)
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and

dobg(z; w)G(z;w) exp [~ Kg(;w)] {1 — exp [ Ka(z;w)]}7 !

G3($;g)

L {1 exp [—KG(J;;@)]}G] {1 _ [1 — {1 —exp [—KG(:E;W>]}9}2}011

h(z;a,0,w) =

X

5 , (4.4)
1 {1 “[1- e [—Kc,v(x;w)]}@f}

respectively. We let rvs X1, X9, X3, ..., Xy be iid, and suppose each X; follows the TLOBX-G
family. We consider X and N to be independent rvs. Consider the discrete rv N, which has a

truncation at zero and follows a power series distribution with pmf

PN =n) = 22 A S 0m=1,2 (4.5)
- - C()\), ’ Ty Sy ey :
oo
where C(\) = > a, A" and a,, depends only on n. The power series class includes Poisson,

n=1
binomial, geometric, logarithmic distributions. Now, let X(;) = min(X1, X2, X3, ..., Xy), then

the conditional CDF of X()|N = n is GX(I)‘N:n(m) =1- (FTLOBX_G(m;a,H,g))n =1-
(Srropx—c(z;a,0,w))" . Tt follows that the marginal CDF and PDF of X(1) are given as

C(AStropx-c(z;a,0,w))
0

F(z;o,0,\,w) =1— ,r €ER a, 0, >0 (4.6)

and

3 ! .
F@ o0, w) = Mrropx-a(z; a, 9,w)g((/\);STLOBX—G(1B, a, 9,@)7 (@7)

respectively, where C’(-) is the the first derivative of C'(\) with respect to A. Substituting

Equations (4.1) and (4.3) in Equations (4.6) and (4.7), we present the PDF and CDF of Topp-
Leone odd Burr X-G power series (TLOBX-GPS) class as

Arabg(z;w)G (z; W) <)\ [1 - {1 — [1 — {1 —exp [—Kc(a:;w)]}er}ab

flria 0 de) = & (5w C)
x exp [~ Kalw;w)] {1 - exp [~ Ka(ww))}' [1 - {1 - exp [~ Ka(wiw)]}]
2 a—1
X {1 - [1 ~ {1 —exp [—KG(:L»;Q)]}@} } z€R N a,0>0 (4.8)
and

(2 i-fi-[1- - ew Ko@)} )

cN ’

F(z;o,0, \,w) =1— (4.9)
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SN2
respectively, where w is the baseline vector of parameters, Kg(z;w) = (%) and C'(-) is

the first derivative of C'(A\) with respect to A\. The SF of TLOBX-GPS class follows as

(3 i-{i-[i- 1 -eokrowmn] | )

SrtroBx—cprs(T; o, 0, A\, w) = oy . (4.10)

4.2.1 Special Sub-Families
With specified C'(A), we obtain special families of TLOBX-GPS class given below.

e If we consider the power series distribution as Poisson distribution with C'((\) = ¢* —1 and

an = (n!)=Y, TLOBX-G Poisson class is derived with CDF

exp [A(lf{lf[17{17exp[fKG(:v;g)}}9]Q}Q)] -1
exp(A)—1

F(m;OZva’)‘vg) =1-

line parameter vector w.

, where a, 0, A > 0 and base-

e If we consider the power series distribution as binomial distribution with C(\) =
{1+A}™—1and a, = (7"), TLOBX-G binomial class is derived with CDF

(1A (1-{1-- 1ol Ko@)’} ")} "1

Flz;a,0,\,w) = 1 — ™1

baseline parameter vector w.

, where «,0,A > 0 and

e If we consider the power series distribution as geometric distribution with C(\) =

A{1-X}"!and a, = 1, TLOBX-G geometric class is derived with CDF
{1—>\}(1—{1—[1—{1—exp[—Kc(w;g)]}9]Q} )

£ R S R e S ORI

, where a, 6, A > 0 and baseline

parameter vector w.

e If we consider the power series distribution as logarithmic distribution with C(\) =
—log(1 — ) and a, = ("), TLOBX-G logarithmic class is derived with CDF

log{1—)\(1—{1—[1—{1—exp[—Kg(:c;g)]}8]2}a>}
log(1—X)

F(z;o,0, \,w) = 1—

and baseline parameter vector w.

, where a, 0, A > 0,0 < A < 1

4.2.2 Quantile Function

Random numbers are produced using the QF. By inverting F'(z;a, 0, \,w) = u for 0 < u < 1,
the QF may be produced. Consequently, by solving the following non-linear equation, the QF
of the TLOBX-GPS class may be found as

C(ASrropx—c(7;,0,w))

L= C(\)

:u7

which simplifies to

CTHA—uw)CW)
)\ Y

Srtropx—c(z;o,0,w) =

where C~!(-) is the inverse of the function C(:). Note that Srropx_g(7;0,0,w) = 1 —
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F(z;,0,w), where F(x;,0,w) is given in Equation (4.2). Thus, we can further write

C (1 - w)C(N)

F(z:o.0,w)=1—
(x50, 0,w) 3

If we let uy =1 — M, then we can express the QF of the TLOBX-GPS class as

Gl — Al = (1= (1 w/)00) 0300
14 o[l (1 (1 — ul/)0s5)1/605

Finally, the QF of TLOBX-GPS class follows as

Q(u) = a1 { {—-In[1-(1-(1- ui/ﬂ)0.5)1/9]}0.5 }

L {=Infl = (1= (1= w/*)09)1/0]303

We use iterative methods in R software to obtain quantiles, from TLOBX-GPS class. Quantiles
of the Topp-Leone odd Burr X-Weibull Poisson (TLOBX-WP) distribution are shown in Table
[4.T]for various parameter values.

Table 4.1: Quantile values for the TLOBX-WP distribution for some parameter values

(o, 0, B)

v (0.4,25,1.439) (1.7,5,2.52.5) (0.4,3,0.5,0.9) (1.6,0.5,0.5,1.1) (2.4,1.1,1.9,1.5)
0.1 0.5700 0.9295 0.1437 0.1973 0.6461
0.2 0.6347 0.9606 0.2156 0.2992 0.7233
0.3 0.6804 0.9829 0.2806 0.3870 0.7797
0.4 0.7190 1.0021 0.3456 0.4703 0.8285
0.5 0.7547 1.0204 0.4147 0.5541 0.8751
0.6 0.7900 1.0392 0.4920 0.6428 0.9229
0.7 0.8275 1.0602 0.5841 0.7421 0.9758
0.8 0.8710 1.0862 0.7040 0.8628 1.0407
0.9 0.9298 1.1257 0.8907 1.0353 1.1363

4.3 Some Statistical Properties

We present a few helpful statistical characteristics of the TLOBX-GPS class in this section. The
properties includes the density expansion, moments and generating functions, Rényi entropy

and distribution of the order statistics.
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4.3.1 Density Expansion

The density expansion of the TLOBX-GPS class is shown in this section. Given that C’(\) =
3" na, A" !, we can write Equation 1) as

n=1

. ' . .
s 0,0\ w) = Mrropx—c(z;a,0,w)C" (A1 = Frropx—¢(z; . 0, w))) (411)
C(A)
_ i nanN"frroBx—c(x;a,0,w)[1 — Friopx—c(z; a,0,w)]"
C() '

n=1

a—1

S . .
Using expansion series expansion (1 — 2)*~! = 3~ (“7)(—1)"z", with the restriction |z| < 1, we

=0
get

2= (n =1\ (=1)Pna, A" L
flasa, 0,0 w) =YY" b WfTLOBXfG(x; o,0,w)Frropx_c(r;a,0,w).

The product frropx_g(z;a, 0, w)Fr opx_o(r; a,0,w) replaced with its expressions in Equa-
tions (4.1) and (4.2 gives an expression similar to the density of TLOBX-G family. Thus, we

can write f(z;\, o, 0,w) in the form of the final density expansion as

> 2 nap A" (k + 1) (—1)hFitithmerdp /g
f(1‘7 «, 97 /\,Q) = 4ab
h,i,j,k%p,r_Ongl m'C()‘) h

y <a(h +i1) — 1> (21;— 1) <9(j +kl) — 1> <2mr+ 1) (r — (2;71 + 3))g(x;w)Gp(x;w)

= ZDp+lhp+1(x§@)y (412>
p=0

where

00 0 L
Dpri=daf >, D eIy h
h,i,j,k,m,r=0n=1

. (a(h +7;1) - 1) <2z]+ 1) (9(]’ +k1) - 1) <2mr+ 1) <r - (2: + 3)) (413)

and hyy1(7;w) = (p+ 1)g(r;w)GPH 1 (2;w) is the Exp-G density function with power param-
eter (p+ 1). Consequently, the density function of the TLOBX-GPS class can be expressed as

infinite linear combination of Exp-G densities.
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4.3.2 Moments and Generating Functions

In this section, we use Equation 1] to derive the moments. Thus, the sth ordinary moment
of TLOBX-GPS class, say p, is given as

o0
He=E(X*) =) DypyiE(Ygs1), (4.14)
q=0

where the Exp-G 1v Y11 has the power parameter p + 1 with D, displayed in Equation (4.13).
From Equation (4.14), we derive the r*" central moment of the TLOBX-GPS class as

[ty = i <:>( )T B(X®) ZZ < > )" " Dpt1E (Ypi1),

s=0 p=0 s=0

the MGF as

My (1) = B(e™) = 3" Dy My (1),
p=0
and k*" incomplete moment as

t

t o0
m®) = [ r@rabwis =3 Dy [ ahyn (@),
—00

p=0 —00

where the MGF and the k** incomplete moment of the Exp-G are respectively follows as M,11(t)

t
and [ :I:khpﬂ(x;g)dac, and Dy is displayed in (4.13]). The Topp-Leone odd Burr X-Weibull

Poisson (TLOBX-WP) distribution’s skewness and kurtosis plots for various parameter values
are shown in Figures and Holding A and § constant, both skewness in Figure and

kurtosis in Figure [4.2] increases with increase in « and 6. Increase in skewness and kurtosis are

also observed in Figures and respectively when parameters are changed.
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TLOBX-WP(1.5, a 6, 1.3) TLOBX-WP(%, 1.2, 6,1.3)
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6.0

55

50

45

N/

Figure 4.1: Plots of skewness and kurtosis for the TLOBX-WP distribution for a few chosen
parameter values

4.3.3 Rényi Entropy

As a measure of a rv’s variation, Rényi entropy is defined from

1

Er(v) = —

log /f”(:v;)\,a,e,g)das ,o>0,v# 1.
0

Using Equation (4.11), we can write f¥(x; A, o, 8,w) as

fi(@ion0, 0 0) = {ﬁ] B rox (@ a,0,w) {C'A1 — Frropx-a(z;a,0,w))]}" .

Using expansion from |Gradshteyn and Ryzhik (1980) given as (C'(9))™ = 3 d..,0%, where
z=0

dom = (2b0) 7120 1 [m(h + 1) — 2]bpd,—pm and do , = bF, we can write

oo
{C'\1 = Frropx—c(w;a,0,w)} = ds X (1 = Frropx—a(w; o, 0,w))*,
s=0

where ds, = (sao)_lxil[v(l + 1) — slaqyds—, and do, = ag. Writing (1 —
(o]

FTLOBX—G(ZE; «, 97@))8 = Z (_1)h(2)F%LOBX—G($; «, 97%)7 we get fv(xa )\a «, 97&) as

v A ! - S S
f ($§>\704797£) = [—C(A)] E ds v (—1)h (h) f%LOBX—G(x;aaeag)F%LOBX—G(ima797ﬂ)-
h,s=0

(4.15)
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Following the steps in Appendix we finally get

1 4N\ Y o d 7 )\s(_l)h+i+j+k+m+n+p(k, 4 U)m
Er(v) = T vlog <> Z 5,0 21 m!
h,i,j,k,m,n,p,s=0 v m:

cO
Z) ( a—1)+ ah> (22- J+ v) (e(j +]:) - v) <2mn+ U) (n - (27; + 31)))

[e.9]

X/ g(x; g)G%(m;g)>Uda:
0

1 o
= —log ;Cpexp((l —0)ERy) | ,

where

o |:4049>\:|U i dsyv/\s(_1)h+i+j+k+m+n+p(k 4 v)m (S)
’ C(A) h,i,j,k,m,n,p,s=0 [% + 1]’“ m! h

) (U(a - 1) + ah> (2@ J+ v) <9(j +:) - v) (an—l— v) (n - (27; + 31}))

[e.e] v
and the Rényi entropy Eg, = (1 —v) !log {f <[% + 1] g(w;g)G%(x;g)) d:v] with power pa-
0

rameter (2 + 1) is that of Exp-G family, which indicate that we can derive the entropy of
TLOBX-GPS class from that of Exp-G family.

TLOBX-WP(2, a, 8.5, 1.2) TLOBX-WP(0.9, a, 6, 1.3)

SsoUMMS

SISOMM

S >
é")écé / \ /
20

Figure 4.2: Plots of skewness and kurtosis for the TLOBX-WP distribution for a few chosen
parameter values

4.3.4 Distribution of Order Statistics

Order statistics is an important concept used in several areas including reliability, insurance and
related areas. The i** order statistic’s PDF from the TLOBX-GPS class with X1, X2, X3, ..., X,,
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representing the random samples from this class, is given as

nfmAaanl

fi:n(x; a, 97 )\7 Q)

( )Ft“ s, 0,w).

(1 —1)(n—1) t:O

Plugging in the PDF in Equation (4.11) and the CDF in Equation (4.6), we get

s—1

. B X snlag N frropx -, 0,w)[1 — Fropx—o(w; a,0,w)]
fin(z; 0,0, A w) = > > (i — Dl(n —9)IC(N)

(—1)t <n - Z) {1 _ CA(1 - FTLOCB();SC;(@ o,0,w))) t+i—1 |

Applying expansions as shown in Appendix we get

fzn<x7 «, 97 >\7 @) = Z D*p+1hp+1 (.T, Q)v
p=0

where
T snlagby p(k + 1)mASTh(—1)bHithtmepthtatttu

D= D> DD (4a0) 1m!(i—1)_!(n—i)!0h+1()\)

b+h,j,k,m,q,u=0 t=0 s=1

) (n - z> (t+;’l— 1) <2+ 1) <a(q +u1) - 1) <2uj+ 1) (6(]’ +kl) - 1>
) <2mb—i— 1) <b - (2;1 + 3))

and the Exp-G density function is given as hy1(7;w) = (p + 1)g(x;w)GPT 1 (2;w). As a result,
it is demonstrated that the TLOBX-GPS class it" order statistics’ PDF may be written as an

unlimited combination of Exp-G densities.

4.4 Some Special Cases

The are several models that can be generated from the TLOBX-GPS class but in this section
we present the cases when the power series distributions are Poisson and binomial distributions,
and take the baseline distributions as Weibull and log-logistic distributions. For the Poisson
distribution is C(\) = e* — 1 and C’(\) = €, while for the binomial distribution is C()\) =
(14+X)™ —1and C'(\) = m(1+ N1

4.4.1 Topp-Leone Odd Burr X-Weibull Poisson Distribution

Considering the PDF g(z; 3) = BaP~1e=*" and CDF G(z;8) =1— e~ of Weibull distribution,
Topp-Leone odd Burr X-Weibull Poisson (TLOBX-WP) distribution is obtained with PDF and
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CDF given by

‘ B 4)\a95x5_1623’ﬂ(1 - e_xﬁ) {1 —exp [~ K1(z; 5)]}0_1
flzsa,0,),8) = [e* — 1]exp [K1(2; B)]

X exp {)\ (1 - {1 — [1 — {1 —exp [_K1($;6>]}9}2}a>:|

< [1- {1~ exp [ K (a: )]} {1 1o [—Kﬂwn}ﬂz}al TER,

a,0,\,3>0

and

exp {/\ (1 _ {1 i esp [—Kl(x;@)]}ﬂ?}aﬂ 1

F(; —1-
("‘U7 a? 07 A?/B) eXp()\) _ 1 Y

e—<T

.8\ 2
respectively, where K(x; ) = (16 3 ) . As shown in Figure 4.3 TLOBX-WP distribution

can handle data with reverse-J, left-skewed, right-skewed and almost symmetric shapes. It

further shows that the HRF plots can be increasing, decreasing, bathtub and up-side-down
bathtub shaped.

—— 7204504 42 6=4 =021
—— 22045,0=1426=09,p=221
7=0.1,0=04,6=055 =18

= 750.9,0=12506=06=15

—— /=495,0=3066=4,3=0 21
72=017,0=0.1,6=2.9,=06

—[223195,04=32.6,0=18 p=0.21

l

35
I
J—

4 / —— 2201,0=0.9,6=0.8 8=0.02
7=0.3,0=5.1,6=3,8=0.1

3.0

density
1.0 15
20 215}

143

1.0

05
1

05

0.0

Figure 4.3: TLOBX-WP distribution’s PDF and HRF plots
4.4.2 Topp-Leone Odd Burr X-Log-Logistic Poisson Distribution

Considering the PDF g(z;¢c) = cz* }(1 +2°) 72 and CDF G(z;¢) = 1 — (1+ 27! of log-
logistic distribution, the Topp-Leone odd Burr X-log-logistic Poisson (TLOBX-LP) distribution
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is obtained with PDF and CDF given by

| - 4)\04961'6_1(1 + xc)[l -1+ wc)_l]
flz;a,0, X, ¢) = [er — 1]exp [Ka(z; )]

X exp [A (1 _ {1 _ [1 —{1—exp [—Kz(a:;c)]}or}aﬂ

X [1 — {1 —exp [—KQ(Z‘;C)]}Q} {1 - [1 — {1 —exp [—Kz(ac;c)]}er}

a,0,\,¢>0

{1 — exp[—Ka(z;0)]}" "

a—1

, T € R,

and

exp {A (1 _ {1 R [—Kg(x;c)]}er}a>] 1

F(z;0,0,\,¢c) =1—
(Z’,Oé, ) 70) exp()\)—l )

r—1y 2
respectively, where Ks(z;c) = (%) . Figure indicate that the PDF of the TLOBX-

LP distribution can take different shapes. Additionally, the HRF shows that it can be used in

datasets with increasing, decreasing, bathtub and upside-down bathtub shapes.
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Figure 4.4: TLOBX-LP distribution’s PDF and HRF plots
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4.4.3 Topp-Leone Odd Burr X-Weibull Binomial Distribution

Considering the combination of Weibull and binomial distributions, we get the PDF and CDF
of the Topp-Leone odd Burr X-Weibull Binomial (TLOBX-WB) distribution as

‘ B 4)\a9mﬁx5_162”5(1 — e“’”ﬂ) {1 — exp [~ K (z; 5)]}971
f(z;0,0,\,m,B) = m(1 4+ A" Lexp [Ki(z; 8)]

(1 p(i-fr- - e [—m(x;ﬁ)]}ﬂz}a)bml

[t = 1= exp [~ (a: )] {1 “[1-—ex [—K1<x;ﬁ>]}9]2}a1 zeR

a, 0, A, m,8>0

and
2 « m
{1+>\ (1 - {1 - [1 e —exp[—Kl(x;ﬁ)]}ﬂ } )} 1
F(z;a,0,A\,m,B) =1— AT -1 ,
_A\2
respectively, where Ki(z;8) = (1fzﬁ ) . TLOBX-WB distribution can model datasets of

different skewness and kurtosis as shown in Figure The HRF can also adopt increasing,
decreasing, bathtub, and upside-down bathtub forms.
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Figure 4.5: TLOBX-WB distribution’s PDF and HRF plots
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4.4.4 Topp-Leone Odd Burr X-Log-Logistic Binomial Distribution

Considering the combination of log-logistic and binomial distributions, we get the Topp-Leone
odd Burr X-log-logistic Binomial (TLOBX-LB) distribution with PDF and CDF given as

4AafdmBxP1(1 4+ %) (1 — (1 + 27)71) {1 — exp [~ Ka(x; 5)]}0_1
m(1+ A)m~texp [Ka(x; B)]

« (1 + {A (1 _ {1 S I [—Kg(x;,e)]}"]z}aﬂ)m_l _

<[L- - ew o] {1- - - ew - m@a) ]} ek

a,0,\,m,5>0

f(x;a707A7m76):

and

{1 +A (1 - {1 - [1 —{1—exp [—Kg(x;ﬁ)]}ar}a) }m 1

Flx;o,0, A =1-
(ZE,CM, ) 7m76) {1+)\}m_1

)
respectively, where Ks(z;3) = (%) . As shown by PDF plots in Figure TLOBX-

LB distribution can model skewed datasets and it also have HRF that possess monotonic and

non-monotonic shapes.
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Figure 4.6: TLOBX-LB distribution’s PDF and HRF plots

4.5 Parameter Estimation

We present different techniques that can be used to estimate the parameters TLOBX-GPS class
within this section. The techniques are; Maximum Likelihood, Anderson-Darling and Right-Tail
Anderson Darling, Cramér-Von Mises, Ordinary and Weighted Least Squares and Maximum

Product of Spacing.
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4.5.1 Maximum Likelihood Method

In this part, we use the maximum likelihood approach to estimate the parameters of the
TLOBX-GPS class. Let TLOBX-GPS class have n rvs X1,X2, .., X, With parameter vector
U = (a,0,\,w)”. Then using expression in Equation (4 , we can express the log-likelihood
function as

o0
b = 0, (V) = nlog ( +Y log (freosx—a(@; o, 0,w)) (4.16)
i=1

o)

Zlog )\STLOBX G(CL‘ a, 9 w)))

where frropx—g(z;a,0,w) and Srropx—c(x;a,6,w) are given in Equations (4.1) and ( .
respectively. The score vector’s components are listed in Appendix m To find solutlons to
A, o, 0, w, score vector’s components are equated to zero. For such complex equations we obtain
solutions using iterative methods. The confidence regions for model parameter derivation rely
on large sample theory. Using the theory, we have ¥ ~ Ny (0, 17'(¥)) where 0 = (0,0,0,0)”

and I(¥)~! are the mean vector and the observed Fisher information matrix.

4.5.2 Anderson-Darling and Right-Tail Anderson Darling Methods

Let z(;) be the ordered sample values of size n from random realization associated with the
TLOBX-GPS class distribution function F'(z;.n;, 0, A, w) given in Equation (4.9). Then, the
Anderson Darling (AD) estimators of «, #, \,w minimize the function

1 n

Ao, 0, \,w) =—n— — Z (20 — 1) [log (F(im; @, 0, \,w)) + log (S(zin; a, 0, N\, w))] ,
n
i=1

where S(zipn; 0,0, \,w) = 1 — F(xin;a,0,\,w). The AD estimators can also be derived by

solving

n
(xz sy QO 9 >\ ) As (xn—l—l—i:n;aaea)\ag)
> (2i—1) - =0 417
£ [ Ftim o 0 0w) S @i O Aw) | #17)

where s = 1, 2, 3,4, and
oF x,n,oze)\w)

(
M
AS (.;a767>\7£) - m . (418)
(

52N
OF (x:n;00,0,A\,w)
Ow,,

The Right-Tailed Anderson Darling (RTAD) estimators of «, #, \,w minimize the function

n n

1
R (Oé, 07 )‘7&) = g -2 Z F (xzna a, 67 A,Q) - ﬁ Z (21 - 1) 10g (S (xn—i-l—i:n; «, 07 A,Q)) )
i=1 =1

with respect to «, 6, A, and parameter vector w. The RAD estimators can also be obtained by
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solving
n

- 1 NS Wh)
23 Ay (Tims o, 0,0 =Y (@2i-1 —0
i_zl S (xz.ny «, U, 7@) + n Z_Zl ( 1 ) S (xn+1_i:n; a. 9’ A)g) ,

where s = 1,2, 3,4, and A, (8; 2,0, \,w) is defined in Equation (4.18).

4.5.3 Cramér-Von Mises Method

CVM estimators minimizes the function

- 2 —1]?
C (0479, Aag) = - F (Iiln;avev Av&) - 2 )
n

with respect to «, 8, A, and parameter vector w. The CVM estimators can also be obtained by

solving
n

Z |:F (xi:n; «, 97 >‘7g) -

i=1
where s = 1,2,3,4, and A, (e; v, 0, A\, w) is defined in Equation (4.18).

2i—1

:| AS (xz'm «, 07 )\7&) = 07

4.5.4 Ordinary and Weighted Least Squares Methods

Ordinary Least Squares (OLS) estimators are obtained by minimizing the function

n

14 (Oé, 07 )\7 Q) = Z |:F (xzna «, 67 A:@)

=1

. 2
]

_n+1

The OLS estimators can also be obtained by solving

)
n-+1

|:F (:I:Zv «, 07 Aag) :| As (mlv «, 97 )‘7&) = 07

n
i=1

where s = 1,2,3,4 and Ag (e;, 0, \,w) is defined in Equation (4.18).

To obtain WLS estimators of «, 8, A\, w, we minimize

.2
i

n+1] "’

(n+1)*(n+2)
iln—1+4+1)

W(OA,Q,)\,Q) = Z |:F (xi:n;a707)\7g) -
=1

with respect to «, 8, A, and parameter vector w. The OLS estimators can also be obtained by

solving
i (n+1)%(n+2) i
iln—1+1)

|:F (.’E“OZ,H,A,Q) - :| AS (mlvaaea)‘ag) = 07

P n+1

where s = 1,2,3,4, and A, (e;, 0, \,w) is defined in Equation (4.18).

4.5.5 Maximum Product of Spacing Method

Let the wuniform spacings of the rv X;,Xs, ...,X, following TLOBX-GPS class
be D’L (xi:n;avgv)\yg) = F($i;n;a,9,)\,g) - F(xifl:n;avev)‘ag)7 for = 1,2,..,’)’1,
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F(zp:n;0,0,\,w) = 0 and F(xpiim;a,0,\w) = L From the definition,
Z?;Lol D; (zjpn;a,0,\,w) = 1. The MPS estimators can be obtained by maximizing the

function )

n+1 n+l
S<a797>\7£) = H D'L (xi:n;aveaAvg) 9

=1

or equivalently by maximizing the function

1 n+1
Z log (Dz (-Ti:n; a,0, A, Q)) )
i=1

H(o,0,\w) = 1
n -

with respect to a, 0, \, and parameter vector w. Alternatively, MPS estimators can be obtained
by solving

1 n+1 1

AS i:n; 797)\’* - AS i— :n; ’9’)\’7 ) 07
”+1;Di($i;a,9,k,w)[ (ion; @ w) (Ti—1m; @ w)]

where s = 1,2,3,4, and A; (e;a,0, \,w) is defined in Equation (4.18).

4.6 Simulation Study

In this part, we check the consistency of the parameter estimates for the TLOBX-WP distri-
bution that are derived using maximum likelihood. We conduct simulations for sample sizes
n = 50, 100, 200, 400, 800 and 1600, repeated N = 3000 times. Tablesand gives mean
MLESs together with their respective RMSEs and Abias. We observe that the mean estimates ap-
proach the true parameter values as the sample size increases which is an indication of estimates

consistency. Moreover, RMSEs and Abias decay to zero as the sample size increases.
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Table 4.2: TLOBX-WP distribution simulation results

(0.5,0.5,1.7,1.7)

(1.2,1.2,1.5,0.4)

Parameter Sample Size Mean RMSE Abias | Mean RMSE Abias
Q@ 50 1.2418 2.7883 0.7418 | 1.2838 0.5144 0.0838
100 0.8226 1.5366 0.3226 | 1.2605 0.3069 0.0605

200 0.6347 0.7176 0.1347 | 1.2534 0.1907 0.0534

400 0.6199 0.6094 0.1199 | 1.2387 0.1291 0.0387

800 0.5566 0.3476 0.0566 | 1.2273 0.0925 0.0273

1600 0.5318 0.2608 0.0318 | 1.2143 0.0652 0.0143

0 50 0.7701 0.8350 0.2701 | 1.1448 0.3904 -0.0552
100 0.7234 0.7178 0.2234 | 1.1588 0.2161 -0.0412

200 0.6647 0.5276 0.1647 | 1.1917 0.1634 -0.0083

400 0.6058 0.4257 0.1058 | 1.2090 0.1188 0.0090

800 0.5629 0.2697 0.0629 | 1.2140 0.0847 0.0140

1600 0.5471 0.2196 0.0471 | 1.2182 0.0653 0.0182

A 50 1.9734 1.0125 0.2734 | 1.9376 1.3321 0.4376
100 1.7684 0.7328 0.0684 | 1.8565 1.2745 0.3565

200 1.7233 0.5770 0.0233 | 1.8017 1.2277 0.3017

400 1.6711 0.5291 -0.0289 | 1.6781 0.9429 0.1781

800 1.6635 0.4378 -0.0365 | 1.6350 0.8380 0.1350

1600 1.7010 0.3341 0.0010 | 1.5614 0.7608 0.0614

o) 50 1.8248 0.7800 0.1248 | 2.8225 12.3992 2.4225
100 1.7198 0.5984 0.0198 | 0.6808 2.1651 0.2808

200 1.6694 0.4833 -0.0306 | 0.4453 0.4510 0.0453

400 1.6423 0.3587 -0.0577 | 0.4028 0.2416 0.0028

800 1.6344 0.2695 -0.0656 | 0.4232 0.2095 0.0232

1600 1.6492 0.1848 -0.0508 | 0.4419 0.1954 0.0419
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Table 4.3: TLOBX-WP distribution simulation results

(0.5,1.7,1.7,1.7) (1.5,1.3,0.2,0.2)

Parameter Sample Size Mean RMSE Abias | Mean RMSE Abias
o 50 2.2059 7.7597 1.7059 | 1.9493 1.3189 0.4493
100 0.9916 2.5450 0.4916 | 1.8576 1.0351 0.3576

200 0.7802 1.1937 0.2802 | 1.8107 0.9507 0.3107

400 0.6410 0.6375 0.1410 | 1.6786 0.8695 0.1786

800 0.6435 0.5418 0.1435 | 1.6458 0.8130 0.1458

1600 0.6432 0.4378 0.1432 | 1.5413 0.7857 0.0413

0 50 1.9048 1.8609 0.2048 | 1.3291 0.4423 0.0291
100 1.8859 1.5869 0.1859 | 1.3016 0.2996 0.0016

200 1.7947 1.2985 0.0947 | 1.3018 0.2075 0.0018

400 1.7690 1.0621 0.0690 | 1.3059 0.1453 0.0059

800 1.7152 0.8848 0.0152 | 1.2980 0.0967 -0.0020

1600 1.6714 0.7389 -0.0286 | 1.3001 0.0671 0.0001

A 50 2.7439 1.7859 1.0439 | 0.9218 4.2355 0.7218
100 2.5117 1.4275 0.8117 | 0.3422 0.8512 0.1422

200 2.2028 1.1206 0.5028 | 0.2686 0.2125 0.0686

400 2.0152 0.9074 0.3152 | 0.2666 0.1387 0.0666

800 1.8141 0.7931 0.1141 | 0.2861 0.1675 0.0861

1600 1.6697 0.6908 -0.0303 | 0.2586 0.1074 0.0586

o) 50 3.1315 2.4280 1.4315 | 0.3448 0.4443 0.1448
100 2.9786 2.1926 1.2786 | 0.3480 0.4418 0.1480

200 2.6472 1.8140 0.9472 | 0.3296 0.4020 0.1296

400 2.3012 1.3335 0.6012 | 0.3026 0.3433 0.1026

800 2.0383 0.9489 0.3383 | 0.2627 0.2419 0.0627

1600 1.8285 0.4930 0.1285 | 0.2283 0.1483 0.0283

4.7 Applications

Using three actual datasets, we demonstrate the adaptability of the TLOBX-WP distribution in
this section. Our new model is compared with Marshall-Olkin odd Burr I1I-logistic (MOOBIII-L)
distribution (Afify et al.||2020), generalized Gompertz-logarithmic distribution (Tahmasebi and
Jafari 2016, exponentiated Burr XII Poisson (EBXIIP) distribution (da Silva et al.||2015) and
Topp-Leone-Weibull Poisson (TL-WP) distribution (Makubate et al.;|2021b). We also compared
the TLOBX-WP distribution with its sub-models: TLOBX-WP (A, 1,6, 8) and TLOBX-WP
(A, a, 1, B) distributions. In Tables and MLEs (SE in parentheses), —2log L, AIC,
BIC, AICC, W*, (A*), SS and K-S together with its corresponding p-value are also presented.
We also provide graphical plots such as the fitted densities, P-Ps, HRFs and KM survival plots.
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4.7.1 Taxes Revenue Data

The first dataset with n = 59 observations given in Appendix comes from |[Nassar and Nada
(2011) and it includes monthly real tax revenue (in 1000 million Egyptian pounds) for Egypt
between January 2006 and November 2010.

With data on tax revenue, the estimated var-cov matrix for the TLOBX-WP distribution is
provided by

2.94 —528 x 1073 —3.78 x 107! —1.26 x 1072
—5.28 x107% 4.19x107* 261 x1072 1.0l x10~*
—3.78 x 1071 2.61 x 1072 1.63 6.52 x 1073
—1.26x1072 1.01x10™* 6.52x107% 7.28x107°

The 95% confidence intervals for the TLOBX-WP model parameters are given by o € [2.71 X
102 +4.01 x 1072], 0 € [8.16 £ 2.50], A € [2.53 x 1071+ 3.] and B € [6.73 x 1072 4+ 1.67 x 1072].

Table 4.4: The MLEs of the TLOBX-WP and competing models and GOF statistics for the
failure times data

Distribution Estimates -2Log(L) AIC AICC BIC w* A* K-S P-value SS
a 0 A B
TLOBX-WP 2.71x10? 8.16 2.53x10~1  6.73x1072 376.5 3845 385.2 3928 0.0412 0.2519 0.0066 0.9614  0.0411
(2.04x1072) (1.27) (1.71) (8.53x1073)
0 A B
TLOBX-WP(1,6, ), 3) 1 8.92 9.43x107%  2.49x1072 7258 7318 7323 7381 0.1094 0.6452 0.9194 < 0.0001 16.4269
(8.31x1071)  (9.93x1073) (2.71x1073)
@ A B
TLOBX-WP(a,1,A,8)  3.90x10! 1 8.54x107%  2.19x1072 772.9 7789 7794 7852 0.1050 0.6169 0.9438 < 0.0001 17.3383
(5.08) (9.76x1073)  (2.50x10~3)
5 a B A
MOOBII-L 7.08x10? 1.42x10! 3.33x1072 5.55x10! 407.6 4156 4163 423.9 04286 2.5919 0.1328  0.2488  0.2763
(5.25%1077) (1.39) (1.22x1072)  (3.58x1071)
0 a B Y
GG-L 1.89x 10" 2.27x1071  1.58x107'  5.78x10710 385.1  393.1 393.8 4014 0.1702 1.0368 0.1090 0.4838  0.1376
(6.09) (8.15x1072)  (3.62x1072) (1.23x1072)
c s « A
EBXIIP 1.01 1.83 2.93 9.95x10710  456.3  464.3 465.0 472.6 0.0695 0.3987 0.4065 < 0.0001 2.8251
(1.53x1071)  (4.49x1071)  (4.32x1071)  (4.46x1073)
@ 8 b 0
TL-WP 2.76x1071  4.64x107! 2.39 6.39x107° 4575 4655 466.3 473.8 0.1343 0.8065 0.3995 < 0.0001 2.5148
(7.48x1072)  (7.59x1072) (4.21x1071) (7.94x1073)

Table indicates that the TLOBX-WP distribution outperforms the other competing models
for taxes revenue data since it have the smallest values of all the GOF statistics together with

the largest p-value. Figures[4.7]and [4.8]show how well TLOBX-WP distribution fit the taxes
revenue data. TLOBX-WP distribution can handle datasets with non-monotonic HRF shapes
as shown in Figure
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Figure 4.7: Fitted TLOBX-WP densities and P-Ps for taxes revenue dataset

|-+ TLOBXWP =9 = KPM
- TLOBX-WP
& | ©
= o
5
o g
S | £ o
c o
) @
S ot
o k]
[}
= v |
8 5 °
O o
©
N
g | o
o o
o~
o
o o
o
T T T T T T T T T T T T T
5 10 15 20 25 30 35 40 0 10 20 30 40
X X

Figure 4.8: TLOBX-WP HRF and KM survival plots for taxes revenue dataset
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Figure 4.9: Likehood profile plots for «, 8, A and § in taxes revenue data

As shown in Figure which gives profile log-likelihood function for taxes revenue data,
TLOBX-WP distribution estimates obtained maximizes the likelihood function.

4.7.2 Waiting Times Data

The second dataset with n = 100 observations given in Appendixcomes from|Ruidas| (2020)

and it includes waiting times (in minutes) before service of 100 bank customers.

With data on waiting times, the estimated var-cov matrix for the TLOBX-WP model is provided
by

121 x107° —6.92x107* —1.43x107% —3.35x 1076

—6.92x107% 397 x1072 819x1072 1.92x107*

—1.43 %1072 819x1072 1.69x 10"t 3.97x107*

—335x107% 1.92x107™* 397x107* 1.16x 1076

85



Chapter 4. TLOBX-GPS

The 95% confidence intervals for the TLOBX-WP model parameters are given by « € [2.17 X
101 +3.91 x 1071, 0 € [1.64 x 10! £8.06 x 1071], A € [1.14 x 10> £ 6.81 x 1073] and 3 €
[1.69 x 1072 £ 2.11 x 1073].

Table 4.5: The MLEs of the TLOBX-WP and competing models and GOF statistics for the
failure times data

Distribution Estimates -2Log(L) AIC  AICC BIC w* A* K-S P-value SS
o 0 A 8
TLOBX-WP 2.17x 10! 1.64x10" 1.14x10? 1.69x1072 634.0  642.0 6425 652.5 0.0181 0.1310 0.0363 0.9994  0.0175
(1.99x1071)  (4.11x1071)  (3.47x1073) (1.08x107%)
[ A 8
TLOBX-WP(1,6, ), 8) 1 9.27 4.34x1079  2.94x1072  1094.9 11009 1101.2 1108.8 0.0457 0.3489 0.8434 < 0.0001 26.3461
(6.64x1071)  (5.73x107%)  (2.44x1073)
o A 8
TLOBX-WP(a, 1,A,8)  1.68x10 1 3.97x107%  2.56x1072  1349.6  1355.6 1355.9 1363.5 0.0488 0.3713 0.9502 < 0.0001 31.1892
(1.68) (5.98x107%)  (2.26x1073)
§ @ o) A
MOOBII-L 7.09%10% 1.70x 10" 1.81x1072 6.11x10* 676.7 684.7 6851 695.1 0.4566 2.7883 0.1163  0.1340  0.2693
(1.25%1077) (1.25) (4.39x107%)  (3.49x1071)
0 @ I5) ¥
GG-L 1.49x 10! 1.55x1071  1.61x1071  3.27x107° 635.1 643.1  643.5  653.5 0.0289 0.1879 0.0409  0.9961  0.0263
(6.79) (8.22x1072)  (3.42x107%) (1.49x1072)
c s « A
EBXIIP 1.16 1.99 2.41 3.62x107? 682.9 6909 691.4 7014  0.1502 1.0472 0.2499 < 0.0001 1.9711
(1.61x1071)  (3.34x1071)  (3.02x1071)  (6.45%1073)
a B b 0
TL-WP 6.53x1071  2.79x107! 1.51 6.90x10~? 892.7  900.7 901.1 911.1 0.02786 0.2196 0.6589 < 0.0001 16.6213

(1.98x1071)  (6.49x1072) (1.91x1071) (7.12x107%)

From Table the TLOBX-WP distribution have the smallest values of all the GOF statistics

together with the largest p-value corresponding to K-S statistic indicating that it outperformed

the other competing models for waiting times data. Figures [4.10| and [4.11] show how well
TLOBX-WP distribution fit the waiting times dataset. From Figure |4.11] we can see that
TLOBX-WP distribution can be handle datasets with non-monotonic HRF shapes.
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Figure 4.10: Fitted TLOBX-WP densities and P-Ps for waiting times dataset
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Figure 4.11: TLOBX-WP HRF and KM survival plots for waiting times dataset
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Figure 4.12: Likehood profile plots for o, 8, A and § in waiting times data

Figure also show that the profile log-likelihood function of the parameters of the TLOBX-
WP distribution in waiting times data maximizes the likelihood function.
4.7.3 Mortality Rates Data

The third dataset with n = 106 observations given in Appendix comes from m
(2023) and it includes mortality rates of the patients infected by the COVID-19 pandemic in
Mexico between March 4, 2020, and July 20, 2020.

With data on mortality rates, the estimated var-cov matrix for the TLOBX-WP distribution is
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provided by

529 x 1077  —1.96 x 1076 —8.19 x 107° —8.93 x 10~
—-1.96x107% 730x107% 3.05x10"* 3.32x10°6
—819x107° 3.05x107* 1.27x1072 1.39x10~*
—893x1077 332x107% 139x107* 240x10°6

The 95% confidence intervals for the TLOBX-WP model parameters are given by « € [1.17 X
1024+5.29 x 1073], 6 € [5.04£2.21 x 1071], A € [6.01 x 101 £1.42 x 1073] and 3 € [2.39 x 1072 &
3.04 x 1073].

Table 4.6: The MLEs of the TLOBX-WP and competing models and GOF statistics for the
failure times data

Distribution Estimates -2Log(L) AIC AICC BIC w* A* K-S P-value SS
@ 0 A B
TLOBX-WP 1.17x10? 5.04 6.01x10" 2.39x1072 376.6  384.6 3849 3952 0.0538 0.3030 0.0694 0.6871  0.0552
(2.70x107%)  (1.13x107Y)  (7.27x107%) (1.55x1073)
0 A B
TLOBX-WP(1,6, ), 3) 1 9.93 8.77x107  6.23x1072 7445 7505 750.8 7585 0.0605 0.3389 0.7847 < 0.0001 25.1426
(6.89x1071)  (7.80x1073) (4.87x107%)
« A o)
TLOBX-WP(a,1,\,8)  1.06x10° 1 4.75x107%  7.85x1072 385.7 3917 3919 399.7 0.1418 0.8852 0.0883 0.3796  0.1444
(2.95%1073) (5.76x1071)  (7.43x1073)
d « B A
MOOBII-L 7.09x10% 8.08x10! 3.45% 1072 7.02x 10" 4054 4134 4137 4240 0.3049 1.9654 0.0896  0.3619  0.2003
(2.47x1079) (2.65) (9.62x1073) (3.05)
0 a B bl
GG-L 1.28x1078 1.69 2.95x1071  2.12x107! 384.9 3929 3933 403.6 0.1241 0.8116 0.0703 0.6719  0.1081
(8.25x107%)  (3.48x10™Y) (7.97x107%) (6.67x1072)
c s «a A
EBXIIP 2.88 2.44 1.06 1.06x1078 3823 390.3 390.7 400.9 0.1101 0.6261 0.0699 0.6769  0.0875
(5.67x1071)  (6.84x1071) (5.42x1071) (1.11x1072)
« B8 b 0
TL-WP 1.83x107! 1.09 1.32 3.11x107° 4064 4144 4148 4251 0.0576 0.3370 0.1724  0.0036  0.7625

(3.68x1072) (1.03x107!) (1.91x1071) (5.52x1073)

We infer from the GOF statistics in Table that the TLOBX-WP distribution outperforms
the other competing models in mortality rates data since it has the largest p-value for the K-S
statistic and the smallest values for GOF statistics. Figures and demonstrate that the
TLOBX-WP distribution offers a superior match in mortality rates data than the non-nested
distributions. The HRF plot in Figure also show that TLOBX-WP model can model data
with increasing HRF shapes.
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Figure 4.13: Fitted TLOBX-WP densities and P-Ps for mortality rates datasets
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Figure 4.14: TLOBX-WP HRF and KM survival plots for mortality rates dataset
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Figure 4.15: Likehood profile plots for o, 8, A and £ in mortality rates data

Figure show the profile log-likelihood function of the parameters of the TLOBX-WP distri-
bution for the mortality rates data. Clearly, the maximum values of the estimated parameters

can be seen from the plots.

4.8 Concluding Remarks

This study established and introduced a new class known as the Topp-Leone odd Burr X-G
power series (TLOBX-GPS) family. Mathematical and statistical properties of this new class are
derived together with estimation of the parameters using maximum likelihood technique. This
class’ statistical characteristics are defined, and the parameters are estimated using the maximum
likelihood approach. To evaluate the consistency of the estimators, a simulation experiment is
carried out and the results showed that the mean estimates approached the true parameters
when the sample size increases, whereas the RMSEs and Abias decay to zero. To illustrate the

usefulness of this class, we applied the special case of Topp-Leone odd Burr X-Weibull Poisson
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(TLOBX-WP) distribution to three real life datasets and TLOBX-WP distribution had the
lowest values of GOF statistics together with the highest p-value for the K-S statistic across all

datasets.
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5. The Marshall-Olkin-Topp-Leone Odd
Burr X-G Family

5.1 Introduction

In this chapter, we develop the Marshall-Olkin-Topp-Leone odd Burr X-G family. Statistical
properties of this new family are also presented. To estimate model parameters, we employ the
MLE technique. A simulation experiment is used to evaluate the performance of MLE technique.
The usefulness and flexibility of Marshall-Olkin-Topp-Leone odd Burr X-log-logistic distribution

is illustrated using three real data examples.

5.2 The Marshall-Olkin-Topp-Leone Odd Burr X-G Family

The Marshall-Olkin-G (MO-G) family was developed by |Marshall and Olkin| (1997) with PDF
and CDF given as

6g(7;w)
frro— ) = R,6>0 5.1
MO G(SC? 7@) Mé(l’,&g)’x 6 Y > ( )
and
3G (5 w)
Fyo— : =1-—"=_ .2
MO G('rvdﬂ) MG(LU;é,Q)’ (5 )

where 0 = 1 — 4, § is the tilt parameter, Mg (z;d,w) = 1 — 6G(7;w), w is vector of parameters
from the baseline distribution. |Oluyede et al.| (2022b) developed the Topp-Leone odd Burr X-G
(TLOBX-G) family with PDF and CDF

w) {1 — exp [—Oé(x;g)} }0_1

dabg(x; w)G(x;
frropx—c(z;a,0,w) = g(, w) )(

G’ (zw
x exp [~O%(z;w)] [1 - {1 - exp [~O%(x;w)]}'] (5.3)
X [1 — [1 — {1 —exp [—Oé(x;g)]}er " 2ER ,0>0
and
Frropx-c(z;0,0,w) = {1 - [1 — {1 —exp [-0%(z;w)] }0} 2r, (5.4)
where Og(z;w) = ggi; and w is the baseline vector of parameters.

93



Chapter 5. MOTLOBX-G

5.3 The Marshall-Olkin-Topp-Leone Odd Burr X-G Family

In this section, we present a new family called Marshall-Olkin-Topp-Leone odd Burr X-G

(MOTLOBX-G) family. Plugging Equations and (5.4) into Equations (5.1) and (5.2)
yields the MOTLOBX-G family with PDF and CDF given by

4 . .
f(x; @, 0,6,w) = Meg’égéi)g(x’ w) exp [—0%(z;w)]

x {1 —exp [~O%(z;w)] }9_1 [1 — {1 — exp [-0F(z;w)] }0}

X [1 _ [1 — {1 — exp [~O%(z;w)] }9] 2} "

x [1 = 5{1 = [1 — 1= {1 - exp [~ O (w;w)] }9]2]a}]_2,x ER,a,0,6>0 (5.5)
and

5 {1 - {1 - [1- {1 - exp [-03 (W]}’

1- 5{1 _ [1 — 1= {1 - exp [0 (w;w)]

F(z;a,0,6,w) =1 —

—
S
S
[\
| IS
—

respectively, where § = 1 — § and w is vector of parameters from the baseline distribution.

5.3.1 Sub-Families
The sub-families of the MOTLOBX-G family are presented in this subsection.

e With § =1, a CDF of the reduced TLOBX-G family as

012"
Frropx—c(z;a,0,w) =1 — {1 — {1 — [1 — {1 —exp [—Oé(fﬂ;g)]} } ] } ;
for a, 8, x > 0 and vector of baseline parameters w.
e With § =1, a CDF of the reduced MOTLOBX-G family as

5 {1 = [1 = exp [-20%(x;w)]]"}
10 {1—[1—exp[-20%(x;w)]]"}

F(z;a,0,w) =1—

9

for «, 9,z > 0 and vector of baseline parameters w.

e With a =1, a CDF of the reduced MOTLOBX-G family as

) [1 — {1 —exp [~ 0% (z;w)] }6]2

F(m;@,é,g)zl— — 012’
1-6 [1 — {1 —exp [-O%(z;w)] } }

for 6,9, x > 0 and vector of baseline parameters w.
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With a =§ =1, a CDF of the reduced MOTLOBX-G family as

F(z;0,w) =1— {1 —{1—exp [_Oé@;@] }0}2’

for 6,z > 0 and vector of baseline parameters w.

e With § =6 =1, a CDF of the reduced MOTLOBX-G family as
F(z;a,w) =1 — {1~ [1—exp [-20%(z;w)]]" },
for a;, x > 0 and vector of baseline parameters w.

e With a =0 =1, a CDF of the reduced MOTLOBX-G family as

0 {exp [—20%;(3@;@)]}

F(z;6,w) =1— 1— g{exp [—202'(375&)] }’

for 9,z > 0 and vector of baseline parameters w.

e Witha=60=4¢=1, a CDF of the reduced MOTLOBX-G family as
F(zr;w) =1—exp [—ZO%(m;g)],

with the vector of baseline parameters w.

5.4 Some Structural Properties

This section provides the QF, density expansion and the moments of the MOTLOBX-G family
together with the Rényi entropy and order statistics. To derive the statistical properties of
MOTLOBX-G family, we use the general results of MO-G family from Barreto-Souza et al.
(2013).

5.4.1 Quantile Function

We invert the CDF of the MOTLOBX-G family as follows to obtain the QF:

fo- oot ]])
1_5{1—[1—[1—{1—exp[ 0 (w;w)] QH }

G(ziw)
G(z;w)

1—

for 0 < u < 1. Replacing O¢g(z;w) = with, note that we get
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which implies that

1] 1/2 1/6771/2
S R [1—_1;1’}
6(1—p)+d

/a2
14 |—In|1- [1—[1—[1—5(1&5}

Finally, the QF is given as

G(z;w) =

GREC

( 1/6 1/2 )

Qx(p)=G!

(MOTLOBX-L) distribution for various parameter values. We use the QF in simulation.

\

L qi/a] 2
—In |1- [1— [1— [1— 3(1_7};%}

1— 1/a 1/2
14+ |-In|1— [1—{1—[1—5(1_;)’%}

Table presents quantiles of the Marshall-Olkin-Topp-Leone odd Burr X-log-logistic

1/6

1/2

Table 5.1: Quantiles values for the MOTLOBX-L distribution for some parameter values

(0,6, 8)

p  (1,1.5,0.985) (0.5,1,0.7,25) (1.5,08,0.85) (1.515,0.6,1.8) (1,1.5,0.4,35)
0.1 0.8902 0.3043 0.7511 0.6477 0.6977
0.2 0.9186 0.4074 0.8028 0.7229 0.7540
0.3 0.9373 0.4869 0.8378 0.7778 0.7934
0.4 0.9522 0.5565 0.8664 0.8254 0.8265
0.5 0.9654 0.6217 0.8919 0.8707 0.8572
0.6 0.9777 0.6862 0.9164 0.9168 0.8879
0.7 0.9903 0.7535 0.9416 0.9670 0.9205
0.8 1.0042 0.8290 0.9696 1.0268 0.9585
0.9 1.0219 0.9265 1.0059 1.1109 1.0101

5.4.2 Expansion of Density Function

Using TLOBX-G family PDF in Equation li and CDF in Equation (5.4) in Equation GD

we get

dfrropx-a(z;a,0,w)
[1 - 0FroBx—cle;a,0,w)]”

f(x;a,0,0,w) =

From the results of Barreto-Souza et al.| (2013)), we have

frropx—a(x; o, 0,w)

. 3
51— Prropx-c(z;a,0,w)]

f(m; a’ 9’ 5’ g) = (5-7)

96



Chapter 5. MOTLOBX-G

If 0 < § < 1 and we apply the series expansion given as

o
Z r
(1_Z>7’U — (U+U)Zu

I'(v)u!

u=0

which is valid for |z| < 1 and v > 0, and write Equation (5.7) as

(e .e] u

f(SU, «, 67 67 Q) = Z Z wu,vaLOBX—G(SU; «, 67 Q)F’]IﬂlZSBX,G(x’ «, 67 Q)? (58)
u=0 v=0

where wy,, = Wwyw(0) = 6(u+ 1)(1 — §)*“(=1)*~*(%). Simplifying Equation 1! as shown in
Appendix for 6 € (0,1), we get

(o)
f(z;0,0,6,w) = Z Wpiihpt1(z;w), (5.9)
p=0

where

o0 L o i+j+k+m-+n+p 1™ [~* ;
Wy =daf Y Zw’( ) : (k1) (7)(2“71)

|
i,3,k,m,n,u=0 v=0 i ' ! (5.10)

y <9(j +k1) — 1) (2mn+ 1) <n — (2;1 + 3)>’

v =a(u—v+1) =1 and by (z;w) = (p+ Dg(z;w)GPH 7 (25w).
Furthermore, for § > 1, Equation can be expressed as

e}

f(l', «, 07 57 Q) - Z ,quTLOBX—G(I; «, 97 Q)F’}LLOBX—G(I; «, 07 Q), (511)

u=0

where v, = v,(0) = w. Following steps in Appendix|E.1} we can write Equation (5.11
as
f(z;0,0,0,w) = > Vppihp (w3w), (5.12)
p=0
where

u(—1 i+jtk+mintp(L 4 1\ym /9 1
Vpi1 = 4ab E vu(=1) (p+ D (k+1) ( Z—.’— >
i,5,k,m,n,u=0 p ' J 5.13

" (a(u +i1) - 1) (0(j +kl) — 1> <2mn+ 1) (n — (2;1 + 3)>'

As a result, the PDF of the MOTLOBX-G family may be written as an infinite linear combina-
tion of the Exp-G densities with power parameter (p + 1).
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5.4.3 Moments and Generating Functions

The r** moment for the rv X following the MOTLOBX-G family is obtained using Equations

(5.9) and (5.12). For 0 < 0 < 1,

e}
E(X") = Z WpiE (Ypi1),
p=0

where W1 is given in Equation li and 7" moment E (Yp41) with power parameter p + 1
follows Exp-G family. For § > 1,

o0
E(X") = va+1E (Yerl) )
p=0

where V1 is defined in Equation (5.13). For 0 < 6 < 1, the st" incomplete moments is given

as
t 00 t
1) = [ #*twia,0.8.0)do = > Wy [ 2yl
0 p=0 0

where W1 is given in Equation (5.10) and the s incomplete moment [ 2°h,;1(x;w)dx of the
0

rv Y1 follows Exp-G density.

For 0 < § < 1, the s incomplete moment is given as

¢ - ¢
Ix(t) = /a:sf(:v;a,ﬁ,é,w)dx = ZVP+1/xShp+1(:E;w)da:,
0 0

p=0

where V11 is given in Equation (5.13]).

The MGF of X for 0 < é < 1 is given as

Mx(t) = iwp—HE (etYpH) )
p=0

where W, is given in Equation (5.10) and E (etYI’“) is the MGF of the Exp-G rv.

The MGF of X for § > 1 is given as

0 5 ().
p=0

where V11 is given in Equation 1! Figures and gives the skewness and kurtosis
plots of MOTLOBX-L distribution for different parameter values which are obtained using R
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software.

MOTLOBX - L(c, 6, 3.5, 1.5) MOTLOBX - L(11.02, 6, 5, 1.3)
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Figure 5.1: Plots of skewness and kurtosis for the MOTLOBX-L distribution for some parameter
values

MOTLOBX-L(1.9, 6, 3, 10.3)

MOTLOBX-L(1.1,8,5,7.1)
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Figure 5.2: Plots of skewness and kurtosis for the MOTLOBX-L distribution for some parameter
values

Holding é and S constant as shown in skewness increases with increase of both a and 6.

Holding o and S in Figure skewness depends on both 6 and §. As for the kurtosis in Figure
5.2] it increases with increase of both # and .

5.4.4 Rényi Entropy

The two most used entropy metrics are Shannon and R’enyi entropies, with Shannon entropy
being a particular case of R’enyi entropies (see (1961)). Entropies are used to quantify
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the degree of uncertainty associated with a rv. As stated by Rényi, entropy is defined as

1
1—

Er(v) = vlog /f”(x;a,@,(s,w)d:v , (5.14)
0

where v > 0 and v # 1. For 0 < 0 < 1, {(z;, 0, d,w) is given as

o0

fU(:Ea «, 97 5a Q) = f'lv"LOBX—G(aj; «, 9,@) Z eu[l - FTLOBX—G(':E; «, 97@)]u7
u=0

where €y = Gu((S) = %W, fTLOBX—G(x; «, 97 Q) and FTLOBX—G(:B; «, 97@) are as given
in Equations (5.3) and (5.4), respectively. Expanding f’(z; a, 0, d,w) as shown in Appendix
and plugging in Equation , we get

1

Ir(v) = 1—

UIOg Z Mpexp [(1 —v)Epp||
p=0

o0

where Eg, = (1 — v) llog {f ([% +1] g(x;w)G“az;w))vd:B} is the Rényi entropy of Exp-G
0

family with power parameter (% + 1) and

M. (4 9)” i eu(_l)h+i+j+k+m+n+p(k + U)m
p = 3 }
i g s, u=0 [2+1]"m!

. (v(a - 1) + ah) <213+ u> <0(j +I:) - v) (an+ v) (n - (27; + 3@) |

For 6 > 1, {’(z; e, 0, 9, w) is given as

0
fv(x;a,e,é,g) = f%LOBX—G(x;OZ?e,Q) ZhuFu(x;a,Q,g),

u=0

where h, = hy,(6) = %, frrobx—c(x;a,0,w) and Frropx—g(z;a,0,w) are as given
in Equations (5.3) and (5.4), respectively. That is, for § > 1, f(z;, 0, d,w) is given as

(4a0)"g" (z;w)G" (25 w)

f(z; 0,0, 0, w) = va(mw) exp [—vOé(az,w)]
< {1—ew [F03ma] ' Y wa-ay (M)
2,u=0
X {1 — {1 —exp [-O0%(z;w)] }0} QHU.

Applying generalized binomial series and exponential series representation (see Appendix [E.2)),
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Equation (5.14) becomes

1 o0
Ir(v) = - 7}log ZNpexp (1 —2v)ERp)|,
p=0
where Ep, = (1 —v) log | [ { ( Py Gg(x;w))vd:c} is the Rényi entropy of Exp-G

family with power parameter (£ + 1) and

< \

i hu(_l)i+j+k+m+n+p(k + U)m

k=0 2 + 1] ml
x (v(a — 1) + au> <2@ j+ U) (9(9 +I:) — v> <2mn+ v> <n - (27; 4 31}))‘

5.4.5 Order Statistics

N, = (4a0)"

Let MOTLOBX-G rvs be defined as X; for i = 1,2, 3, ...,n, then the PDF of the i* PDF of the

order statistic is given as

nlfrropx—ac(z; a, 9 w) i 1)tFt+i71(x'a 0, w)

fim(z;0,0,60,w
( ) (Z - 1) n—z =0 1 _5FTLOBX G(x o, 0 w)]

t+i—1"

For 0 < 4§ < 1,

co U n—i

t—v+i—1
fi:n(x; «, Ha 57 Q) = fTLOBXfG(:E; «, 9, Q) § E § bu,v,th“_Eogj—(ag(x; «, 07 Q)
u=0 v=0 t=0

where

by — b el3) = 5n!(—(1)i(1)!—( z)i(i—)!l)u—v C}L) (t + ; + u>

Expanding f;.,(z; a, 0, §,w) as shown in Appendix we get

fi:n(x§ «, 9: 57 Q) = Z Cp+1hp+1(x§ £)7

p=0

where

s

u n— h+j+k:+m+p+q(k+ 1)

> buot( *\ [2h +1
Cpor=4dat Y ZZ al o Tl (‘2)( )

h.j,k,m,q,u=0 v=0 t=0 7
y (9(3‘ +1) - 1) <2m+ 1) <q — (2m+ 3))
k q » :

¢* = a(u+t—v+i)—1and the Exp-G family hyi1(7;w) = (p + 1)g(z;w)GPH 1 (2;w) is of
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the power parameter p + 1. For § > 1,

oo n—1i
fzn(xa «, 97 57 w) frroex— G I, 9 W Z Z Cy thjL“_EtOJrlZg;(lfa(x7 @, 07 Q)
u=0 t=0
where ¢, + = ¢, (0) = 6th&2 (Z) (11),(;?“0, (HH“) Consequently, the it" order statistic for § > 1 is
given as
o0
fi:n(x; «, 07 57 Q) = Z Dp+1hp+1(x; Q)a
p=0
where

h+]+k+m+p+q *
B cu t( (k‘ + )™ (W (2h+ 1

h,j,k,m,q,u=0 t=0 J
. (9(; +1)— 1) (2m+ 1) <q— (2m+3)>
k q p ’

w* = a(u+t+i)—1 and Exp-G family h,y1(z;w) = (p + 1)g(z; w)GPM 1 (z;w) with the power
parameter (p + 1).

5.4.6 Stochastic Ordering

Let X; and X3 be two independent rvs following MOTLOBX-G(z; a1, 6,0, w) and MOTLOBX-
G(zx; ag,0,0,w). Then % is decreasing in x if a; < ao. To show this, we have the ratio
of these two PDF's as

a]—ag

fl(x;alaeaé‘aﬂ) st . 012
fo(x;00,0,0,w) o {1 B [1 —{1-exp [_O%}(SU:Q)]} } }

1-3{1- {1‘ - {1-ew [—0%@;“)”0]1&2} |
T R Ry

X

The derivative of the above ratio with respect to x follows as

d (f1(33§a17975700)> _ o (o1 —a)

f2($;a27975ag) a2

a]—ag—1

x [1 ~ [1 —{1—exp [—OQG(IW)]}GT}
4 1_5{1_ [1_[1—{1—exp [—Oé(x;w)]}eﬂm}
dx 1_5{1_ [1_ [1_{1—exp [—Oé(fﬂ;w)]}errl}

2
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: d [ f[i(zo1,0,0w) Y\ - : : f1(w;01,0,0,w)
Thus, if a3 < a9, then I (7&@;&2797 sw) ) 18 negative which means (w02 0.0.)

x. Based on the findings of|Shaked and Shanthikumar| (2007), we can conclude that X7 <p, Xo
and X7 <g Xs since X7 < Xo.

is decreasing in

5.5 Maximum Likelihood Method

Let X ~ MOTOBX-G(a,0,d,w) with vector of parameters ¥ = (a,6,0,w)T, then the log-

likelihood function of a random size n, ¢ = In(L(W¥)), is given as

¢ nln 45@6 Zln g\Ti; W Zh’l 3327 32111 SU'L’
_iZiQ—'—(e_l)iln (1—6_21'2> _|_Zln |:1_ {1 —e_Ziz} :|
A ‘ i=1

where Z; = %(27:3 The elements of the score vector given as (g—ﬁ, %, %, %) are provided
in Appendix We may use the multivariate normal distribution together with the mean
vector J(¥)~! and the observed Fisher information matrix ¥ to generate the confidence region
for the model parameters Np3(0, J (\il)*l). We use R and a given baseline distribution to get

numerical solutions to these partial derivatives.

5.6 Some Special Cases

We present some special cases for the MOTLOBX-G family in this section by considering log-
logistic distribution, Weibull distribution, Uniform distribution, Burr IIT and Burr XII as base-

line distributions.

5.6.1 Marshall-Olkin-Topp-Leone Odd Burr X-Log-Logistic Distribution

Taking the PDF g(x; 8) = Bx’~1(1 4+ 27)72 and CDF G(z;8) = 1 — (1 +27)~! of log-logistic
distribution, respectively, for 8 > 0, then the Marshall-Olkin-Topp-Leone odd Burr X-log-logistic
(MOTLOBX-L) distribution is obtained with PDF and CDF given by
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B—1 Ié] _ By—1 0—
f(z;,0,0,8) = tadope (1 ;(; [;g;] d+=)7) {1 — exp [—x%’H !

. {1 - {1 e [_932/3} }0] [1 . {1 - {1 — exp [—9326} }9]

-2

x [1—6{1— [1— {1—{1—exp [—xﬂ}eﬂa}] 2 ER,,0,5,3>0

2 a—1

and
5{1— {1— - {1-exp [—x%}}err}
1—5{1— {1— [1—{1—exp [_x%]}g]zr}’

F(z;a,0,6,8)=1—

respectively.

The plots of the PDFs and HRF's of the MOTLOBX-L distribution are displayed in Figure
The PDF can apply to reverse-J, left-skewed, right-skewed and almost symmetric data sets. The

HRF may be shaped into decreasing, increasing, upside-down, and bathtub forms.

® 9 —— 4=20,8=0.455=15p=1.1 ot — 4=0.256=1.42,5=0.09,8=0.2
0=2.1,6=0.5,5=0.5,3=0.5 —— 4=0.156=172,6=0.9,3=3.2
—— 4=206=3455=123=10 - 0=17,6=1.72,3=0.9,8=3.2
0=11.6,6=3.0,5=15.9,3=0.9 © —— =0.16=0.245=4.1p=4.1
o —— 4=15.0,6=085=19,8=0.55, 0=17.6=1.72,5=0.4,8=0.1
2 o —~
o —]
z N
z —
g2 24 £
o o |
o |
@ =
o
w0 —]
o \x_*‘
o | S o |
o o
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0.0 05 10 15 20 25 0.0 05 10 15
X X

Figure 5.3: MOTLOBX-L distribution’s PDF and HRF plots

5.6.2 Marshall-Olkin-Topp-Leone Odd Burr X-Weibull Distribution

If Weibull distribution is assumed to be the MOTLOBX-G family’s baseline distribution with
PDF g(x;\) = Az*~le=*" and CDF G(z;A\) =1 — e~ respectively, for A > 0, then the
Marshall-Olkin-Topp-Leone odd Burr X-Weibull (MOTLOBX-W) distribution is obtained with
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PDF and CDF given by

A—1,—2z* Pt -1
(s 00,6, 2) = 4aborz e (1 : e ") {1 exp {_ (e“”A B 1)1 }
exp [(e‘fA — 1) ]

o e R i | R e R i

r 97 @ -2

_ 2117
X [1=0<1— 1—[1—{1—exp{—<exk—l)}}] ,te€R,a,0,0,A>0

2 a—1

and

F(z;0,0,0,\) =1—

respectively.

The plots of the PDFs and HRFs of the MOTLOBX-W distribution are shown in Figure
The PDF is applicable to virtually symmetric and reverse-J data sets with varied kurtosis. The

HRF might be shaped like a bathtub, increasing, or decreasing.

S —— 4=20,6=0.455=152=1.1 = — =1.256=0.42,5=4.09,2.20.01
=2.1,60.5,5=0.45,.=0.5 —— 4=0.03,6=2.12,5=4.92.=2.01
—— 4=116=16.07,5=4,.=0.3 ° 0=0.3,6=2.12,3=13)=1.4
4=2.0,6=18.07.6=42,1.=0.3 @ —— 0=5.46=0.14.5=5.00,7.=3.01
o —— 4=10.0,6=5.07.6=5.0,1.=0.2
~ 7 [
N
o |
b o~
z —
§ " g
k] v |
o
o | o
o
w |
o
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o o
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0.0 05 10 15 20 25 00 05 10 15
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Figure 5.4: MOTLOBX-W distribution’s PDF and HRF plots

5.6.3 Marshall-Olkin-Topp-Leone Odd Burr X-Uniform Distribution

If Uniform distribution is assumed to be the MOTLOBX-G family’s baseline distribution with
PDF g(z; 1) = 1/p and CDF G(x; u) = x/u, respectively, for x < p, then the Marshall-Olkin-
Topp-Leone odd Burr X-Uniform (MOTLOBX-U) distribution is obtained with PDF and CDF
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given by

s 25 (|-l G T)
PG |- {18Xp[<ixx)2”

and

F(l‘,a,07(57ﬂ):1— [} )

respectively.

The plots of the PDFs and HRFs of the MOTLOBX-U distribution are shown in Figure
The PDF is applicable to kurtosis-varying heavy-tailed data sets. The HRF selects forms that

are decreasing, increasing, upside-down, and bathtub-style.
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=1.1,62.05,5=0.3,u=15 —— 4=1.256=0.42,5=4.09,u=0.01
—— 4=056=2055=03 =15 - =1,6=0.32,6=2.09,11=3.01
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Figure 5.5: MOTLOBX-U distribution’s PDF and HRF plots

5.6.4 Marshall-Olkin-Topp-Leone-Odd Burr X Burr III Distribution

If Burr IIT distribution is assumed to be the MOTLOBX-G family’s baseline distribution with
PDF g(z; )\, ) = A3z~ 11 + 2*)7#~1 and CDF G(z; ), 3) = (1 + 27*)78, respectively, for
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A, B > 0, the Marshall-Olkin-Topp-Leone-Odd Burr X Burr IIT (MOTLOBX-BIII) distribution
is obtained using the below provided PDF and CDF.

45aBXFz A F(1 4+ 27! (1+z2)F
f(z;0,0,0, A, 8) = 1—(1+a ") F)3 exp |— (1 e +x—>\)—5>

A 2 b
e [ () )
X Ly \2 16
(e [ (i) )

_ s 12701
% |1- 1—{1—exp[—<1£a—ix_))\)_ﬁ) }

- s ) oo ay 7 -2
x[1-6d1-]1- 1—{1—exp _<1£1(j1Lix)A)ﬂ>” z €R,
00,5005 0

and
7o

S 21\’
5 a5 \2]°

F(z;0,0,6,\,0) =1 —

2 « )

respectively.

Figure [5.6) shows the plots of the PDFs and HRFs for the MOTLOBX-BIII distribution. The
PDF may be used with data sets that have varied kurtosis and are left, right, or virtually
symmetrically skewed. The HRF may be shaped into decreasing, increasing, upside-down, and
bathtub forms.

5.6.5 Marshall-Olkin-Topp-Leone Odd Burr X-Burr XII Distribution

Now, considering Burr XII distribution as the MOTLOBX-G family’s baseline distribution with
PDF g(z; )\, 3) = A3z 1(1 + 2))7#~1 and CDF G(z; )\, 8) = 1 — (1 + 2*)75, respectively, for
A, 8 > 0, then the Marshall-Olkin-Topp-Leone Odd Burr X-Burr XII (MOTLOBX-BXII) dis-
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Figure 5.6: MOTLOBX-BIII distribution’s PDF and HRF plots

tribution is obtained with PDF and CDF given by

48aABz (1 +2M) T 1= (14 2Y)~

’]

f ; agaaa)‘a =
(5 0 B) Y
exp | ()
0— 0
o1 e |- (02D N D SR I el € 0 I ’
exp (142N P exp 1+ a0 P
_ 0 94 a—1
VS P PR SRS B 6 el e 2
P (14 z*)-P
- -2
07271
- 1—-(1+z*)? 2
X [1=0<¢1—]1- 1—{1—exp[—< A+ a0? ) ,x € R,
a,0,6,\,6>0
and
1191%]"
1—(142*) 8
F(x;a79757)\76):1_ 27 @ )
9
% 1-(14+22)=8) 2
1-5{1- 1—[1—{1—exp{—<w>“]
respectively.

Figureshows the PDFs and HRF's visualizations associated with MOTLOBX-BXII distri-

bution. The PDF may be used with data sets with various levels of skewness and kurtosis. The

HRF accepts decreasing, bathtub, and bathtub-turned-upside-down forms.
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Figure 5.7: MOTLOBX-BXII distribution’s PDF and HRF plots

5.7 Simulation Study

We present simulation experiment results for the Marshall-Olkin-Topp-Leone odd Burr X-log-
logistic (MOTLOBX-L) distribution in this section. The simulation is run N = 3000 times
with sample sizes of 50, 100, 200, 400, 800, and 1600. Mean estimates, RMSEs and Abias are
also presented to assess estimators’ accuracy and consistency. As shown in Tableand
as the sample size increases, the mean values get closer to the underlying parameter values.
Additionally, RMSE and Abias also decreases with increasing sample size which is an indication
that the maximum likelihood estimates provided by the MOTLOBX-L model are reliable.
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Table 5.2: MOTLOBX-L distribution simulation experiment results: Mean, RSME, Abias

(0.2,1.3,1.3,1.4)

(0.5,0.5,1.0,2.0)

Parameter n Mean RMSE Abias | Mean RMSE Abias
lo 50 1.7215 4.1194 1.5215 | 2.9436 6.8803 2.4436
100 1.0598 2.6824 0.8598 | 2.2481 5.0734 1.7481

200  0.5999 1.4995 0.3999 | 1.4850 2.9316 0.9850

400 0.3327 0.4955 0.1327 | 0.9878 1.8993 0.4878

800  0.2499 0.1291 0.0499 | 0.7425 0.8543 0.2425

1600 0.2191 0.0510 0.0191 | 0.5850 0.3916 0.0850

0 50  1.0016 0.8308 -0.2984 | 0.6438 0.6350 0.1438
100  1.0068 0.6768 -0.2932 | 0.5765 0.4699 0.0765

200 1.0185 0.5353 -0.2815 | 0.5506 0.3809 0.0506

400  1.0999 0.4026 -0.2001 | 0.5403 0.3045 0.0403

800 1.1858 0.2697 -0.1142 | 0.5179 0.2396 0.0179

1600 1.2441 0.1563 -0.0559 | 0.5164 0.1691 0.0164

) 50  3.1330 5.5285 1.8330 | 2.0429 3.8188 1.0429
100 2.3821 2.9202 1.0821 | 1.7153 1.9411 0.7153

200 1.8824 1.7618 0.5824 | 1.4883 1.4403 0.4883

400 1.5349 0.8556 0.2349 | 1.2484 0.8903 0.2484

800 1.3734 0.3296 0.0734 | 1.1680 0.6493 0.1680

1600 1.3094 0.1317 0.0094 | 1.0484 0.3608 0.0484

15} 50  1.4347 0.5038 0.0347 | 2.2270 0.8590 0.2270
100  1.3806 0.3269 -0.0194 | 2.0698 0.5623 0.0698

200  1.3392 0.2207 -0.0608 | 2.0000 0.4052 0.0000

400 1.3441 0.1508 -0.0559 | 1.9897 0.2961 -0.0103

800 1.3510 0.1061 -0.0490 | 1.9675 0.2290 -0.0325

1600 1.3733 0.0612 -0.0267 | 1.9667 0.1525 -0.0333
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Table 5.3: MOTLOBX-L distribution simulation experiment results: Mean, RSME, Abias

(0.5,0.5,0.5,2.0) (0.2,1.3,0.8,1.4)

Parameter n Mean RMSE Abias | Mean RMSE Abias
Q@ 50  2.7654 6.2118 2.2654 | 1.5496 3.8831 1.3496
100 2.2456 4.8333 1.7456 | 1.1310 2.7969 0.9310

200 1.6754 3.2420 1.1754 | 0.6567 1.5409 0.4567

400 1.0693 1.8300 0.5693 | 0.3822 0.7117 0.1822

800 0.8057 1.1216 0.3057 | 0.2385 0.1029 0.0385

1600 0.6289 0.6244 0.1289 | 0.2169 0.0503 0.0169

0 50  0.5975 0.5991 0.0975 | 1.0353 0.7663 -0.2647
100  0.5707 0.4653 0.0706 | 0.9946 0.6290 -0.3054

200 0.5363 0.3658 0.0363 | 1.0237 0.5296 -0.2763

400 0.5358 0.2934 0.0358 | 1.1118 0.3891 -0.1882

800  0.5202 0.2301 0.0202 | 1.2123 0.2239 -0.0877

1600 0.5062 0.1543 0.0062 | 1.2586 0.1386 -0.0414

0 50  0.9555 1.3506 0.4555 | 1.7017 2.8324 0.9017
100  0.8353 0.8952 0.3353 | 1.3845 1.5476 0.5845

200 0.7536 0.7116 0.2536 | 1.1664 1.1182 0.3664

400 0.6366 0.4613 0.1366 | 0.9414 0.5652 0.1414

800 0.5888 0.3462 0.0888 | 0.8277 0.1522 0.0277

1600 0.5350 0.2061 0.0350 | 0.7950 0.0783 -0.0050

16 50  2.1405 0.7894 0.1405 | 1.4042 0.4986 0.0042
100 1.9890 0.5550 -0.0110 | 1.3450 0.3383 -0.0550

200  1.9343 0.4167 -0.0657 | 1.3313 0.2523 -0.0687

400 1.9321 0.3047 -0.0679 | 1.3417 0.1727 -0.0583

800 1.9274 0.2373 -0.0726 | 1.3511 0.1122 -0.0489

1600 1.9484 0.1493 -0.0516 | 1.3746 0.0617 -0.0254

5.8 Applications

Three real data examples are presented in this section to show the flexibility and applicability
of Marshall-Olkin-Topp-Leone odd Burr X-log-logistic (MOTLOBX-L) distribution. Model per-
formance is assessed using the GOF statistics —2In(L), AIC, BIC, AICC, W*, A* K-S and its

p-value where the value of the likelihood function is represented with L = L(¥). A smaller GOF

statistic value and a higher p-value for the K-S statistic should characterize the ideal model.

MOTLOBX-L distribution is compared with MOTLOBX-W distribution and the following mod-
els given in Appendix[E.5] Weibull Lomax (WL) distribution (Tahir et al.l[2015), Marshall-Olkin
generalized-Lomax (MOG-L) distribution (Yousof et al., |2018), Marshall-Olkin odd Burr III-
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log-logistic (MOOBIII-Lo) distribution (Afify et al.,2020), Marshall-Olkin odd Burr III-logistic
(MOOBIII-L) distribution (Afify et al.; |2020), Marshall-Olkin inverted Nadarajah—Haghighi
(MOINH) distribution (Raffiq et al.|[2020), Marshall-Olkin log-logistic (MO-L) distribution (Al-
shangiti et al.||2016) and Topp-Leone-odd-Burr-X-log-logistic (TLOBX-L) distribution (Oluyede
et al.;|12022b) .

5.8.1 Fibre Strength Data

The first data with n = 63 observations represent the strength of glass fibre of length 1.5cm
from National Physical Laboratory in England (Alizadeh et al.; [2015). The data points are:
0.55, 0.74, 0.77, 0.81, 0.84, 1.24, 0.93, 1.04, 1.11, 1.13, 1.30, 1.25, 1.27, 1.28, 1.29, 1.48, 1.36,
1.39, 1.42, 1.48, 1.51, 1.49, 1.49, 1.50, 1.50, 1.55, 1.52, 1.53, 1.54, 1.55, 1.61, 1.58, 1.59, 1.60,
1.61, 1.63, 1.61, 1.61, 1.62, 1.62, 1.67, 1.64, 1.66, 1.66, 1.66, 1.70, 1.68, 1.68, 1.69, 1.70, 1.78,
1.73, 1.76, 1.76, 1.77, 1.89, 1.81, 1.82, 1.84, 1.84, 2.00, 2.01, 2.24.

The estimated var-cov matrix of MOTLOBX-L model based on fibre strength data is

6.94x 1077 —1.80x10"7 9.16x 10713  3.31x107°
—1.80 x 1077  8.66 x107® —5.91 x107* —1.60 x 107°
9.16 x 10713  —5.91 x 107 2.00x107'® 1.09 x 10~
331 x107%  —1.60x107° 1.09x107'" 294 x 1073

and for the MOTLOBX-L parameters, the 95% confidence regions are provided by « € [2.62 x

1073 £1.63 x 1073],0 € [1.21 x 10! £5.77 x 1074], § € [1.06 x 103 £ 2.77 x 107%] and 8 €
[1.13 4+ 1.06 x 10~1].
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Table 5.4: Models’ MLE and GOF statistics: Fibre strength data

Distribution Estimates -2Log(L) AIC AICC BIC W+ A* K-S P-value SS
a 0 ) B
MOTLOBX-L  2.62x1073 1.21x10" 1.06x10? 1.13 244 324 331 410 0.0639 0.3929 0.0891 0.6998 0.0581
(8.33x107%)  (2.94x107%) (1.41x107%) (5.42x1072)
@ [4 0 A

MOTLOBX-W  5.71x107%  8.45x10! 8.12x10? 3.61x1071 25.1 331 338 417 0.1076 0.6042 0.0971 0.5928 0.0840
(2.01x107%)  (6.09x1076) (1.28x107%) (2.07x1072)

a b « B
WL 3.29x107! 3.97 7.24x10° 1.41x10% 20.1 371 378 456 0.1962 1.0892 0.1425 0.1544 0.1813
(6.38x1072)  (3.85x1071) (6.30x107°) (3.25x107°)
A B 0 a
MOG-L 7.20x10° 6.52 8.26x10° 6.46x10° 320  40.0 40.7 48.6 0.1616 0.2596 1.4306 0.1254 0.1694
(1.34x107%)  (1.48x107%) (1.21x107%) (1.49x107%)
5 a B A
MOOBIII-Lo 4.51x10? 1.96 9.20x1072 4.45 404 484 491 57.0 0.3724 2.0787 0.1412 0.1619 0.2428
(4.34x107%)  (1.71x107Y) (4.17x1072) (7.51x1072)
) « 8 A
MOOBIII-L 7.08x10? 1.07x10? 1.14x10! 1.84x 10! 320  40.0 40.7 48.6 0.2639 1.4517 0.1257 0.2727 0.1704
(1.74x1071)  (3.24x1071)  (1.14x10%) (1.89)
B v a
MOINH 7.85x10! 2.62x107°  6.17x107! 59.2 652 65.6 71.6 0.7141 3.9321 0.1780 0.0369 0.4530
(2.61x107%) (2.18x107°) (1.83x1072)
@ B ¥
MO-L 1.95 7.93 1.40 456  51.6 519 58.0 0.4969 2.7489 0.1537 0.1019 0.3005
(3.69) (8.74x107Y)  (4.08x1072)
@ [4 B
TLOBX-L 3.17x107! 1.99x 10! 9.13x107! 423 483 48.7 547 0.4676 2.5657 0.2280 0.0029 0.6164

(1.56x1071) (8.88) (6.17x1072)

Tableshows that MOTLOBX-L and MOTLOBX-W distributions fits the fibre strength data
better than other models since they have the lowest values of all GOF statistics and the largest

p-values for the K-S statistic.
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Figure 5.8: Fitted densities and P-Ps for fibre strength data

Also, from the fitted density, P-Ps and empirical CDF in Figuresand the MOTLOBX-L
and MOTLOBX-W distributions offer a superior match to the data on fiber strength compared
to competing models. MOTLOBX-L and MOTLOBX-W distributions can model data with
monotonic HRF shapes as shown in Figure
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Figure 5.9: Hrf and empirical CDF plots for fibre strength data

5.8.2 Tumor Data

The second data with n = 155 observations represent the ages of 155 breast tumor patients who
entered the unit of breast tumor early detection at Benha Hospital University from June until
November, 2014 (Al-Noor et al.||2021). The data points are: 46, 32, 50, 46, 44, 42, 69, 31, 25,
29, 40, 42, 24, 17, 35, 48, 49, 50, 60, 26, 36, 56, 65, 48, 66, 44, 45, 30, 28, 40, 40, 50, 41, 39, 36,
63, 40, 42, 45, 31, 48, 36, 18, 24, 35, 30, 40, 48, 50, 60, 52, 47, 50, 49, 38, 30, 52, 52, 12, 48, 50,
45, 50, 50, 50, 53, 55, 38, 40, 42, 42, 32, 40, 50, 58, 48, 32, 45, 42, 36, 30, 28, 38, 54, 90, 80, 60,
45, 40, 50, 50, 40, 50, 50, 50, 60, 39, 34, 28, 18, 60, 50, 20, 40, 50, 38, 38, 42, 50, 40, 36, 38, 38,
50, 50, 31, 59, 40, 42, 38, 40, 38, 50, 50, 50, 40, 65, 38, 40, 38, 58, 35, 60, 90, 48, 58, 45, 35, 38,
32, 35, 38, 34, 43, 40, 35, 54, 60, 33, 35, 36, 43, 40, 45, 56.

The estimated var-cov matrix of MOTLOBX-L model based on tumor data is

2.32x 1077
1.84 x 107*
1.89 x 1077
2.72 x 1076

and for the MOTLOBX-L parameters, the 95% confidence regions are provided by « € [5.19 x
102 +£9.44x 1074],0 € [1.30 £ 7.50 x 1071], § € [6.00 x 10? £7.69 x 10™*] and 3 € [2.51 x 1071 &

1.14 x 1072].

1.84 x 10~*
1.47 x 107!
1.50 x 10~*
2.16 x 1073

1.89 x 1077
1.50 x 10~*
1.54 x 1077
2.21 x 1076
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Table 5.5: Models’ MLE and GOF statistics: Tumor data

Distribution Estimates -2Log(L) AIC AICC BIC w* A* K-S  P-value SS
a 0 5 B
MOTLOBX-L 5.19x10? 1.30 6.00x10? 251x1071  1198.0  1206.0 1206.2 1218.1 0.1348 0.7468 0.0778  0.3055 0.1309
(4.82x107%)  (3.83x1071)  (3.92x107%)  (5.80x107%)
a 0 5 A
MOTLOBX-W  9.04x10? 1.42x10" 1.26x10% 9.18x1072  1198.5 1206.5 1206.7 1218.6 0.1372 0.7722 0.0778 0.3052 0.1304
(1.96x107%)  (2.49x1077)  (1.41x107%)  (5.01x107%)
a b «@ 8
WL 2.56x10° 3.61 8.38 1.28x10* 12212 1229.2 1229.4 1249.3 0.3242 1.9897 0.13604 0.0065 0.4102
(1.19x107%)  (1.92x1071) (1.46) (9.15x107%)
A B8 4 a
MOG-L 3.50x10% 5.42x107! 7.87x10? 1.03x10° 1200.3  1208.3 1208.5 1220.5 0.1608 0.8676 0.0844 0.2198 0.1447
(1.62x107%)  (1.08x1072)  (1.02x107%) (5.67x107%)
5 a B A
MOOBIII-Lo 4.41x10% 5.87x10? 2.70x10° 743x107% 12327 1240.7 12409 12528 0.2129 1.3271 0.1417  0.0040 0.8774
(5.86x10712)  (7.29x1071%)  (9.56x10712) (5.75x107°)
4 «a B A
MOOBIIL-L 3.85x10* 1.38x10" 1.63x10" 9.22x10" 1199.4  1207.4 1207.6 1219.6 0.1529 0.8429 0.0815 0.2541 0.1418
(4.00x10") (1.26x10%) (1.26x10Y)  (1.59x1071)
B v «
MOINH 5.79x10? 8.28x107* 7.75%107! 1228.9 12349 1235.0 1244.0 0.4447 2.8030 0.0991  0.0950 0.2921
(5.42x107%)  (2.99x107%)  (1.60x1072)
a B v
MO-L 6.93 6.48 3.16x10! 1203.1  1209.1 1209.2 1218.2 0.1743 1.0530 0.0801  0.2719 0.2921
(4.41x107Y)  (4.38x107Y)  (6.28x1071)
«a 0 B
TLOBX-L 5.97x107! 5.23x10? 2.33x107! 1226.7 12327 12328 1241.8 0.4122 2.6016 0.1285  0.0119 0.4770

(9.54x1072)  (8.88x107°)  (3.15x107%)

Because of the lowest values of all GOF statistics and the highest p-values for the K-S statistic,
the MOTLOBX-L and MOTLOBX-W distributions match the tumor data more accurately than
other competing models, as shown by the Table
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Figure 5.10: Fitted densities and P-Ps for tumor data

Also, from the fitted density, P-Ps and empirical CDF in Figures and MOTLOBX-L
and MOTLOBX-W distributions offered a superior match to the tumor data compared to other
models. MOTLOBX-L and MOTLOBX-W distributions can model data with non-monotonic
HRF shapes as shown in Figure[5.11]
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Figure 5.11: Hrf and empirical CDF plots for tumor data

5.8.3 Covid-19 Data

T
80

The third data with n = 108 observations represent the COVID-19 mortality rate data in Mexico
for 108 days, from 4/3/2020 to 20/7/2020 studied by |Baharith|(2022). The data points are:
8.826, 6.105, 10.383, 7.267, 13.220, 6.015, 10.855, 6.122, 10.685, 10.035, 5.242, 7.630, 14.604,
7.903, 6.327, 9.391, 14.962, 4.730, 3.215, 16.498, 11.665, 9.284, 12.878, 6.656, 3.440, 5.854, 8.813,
10.043, 7.260, 5.985, 4.424, 4.344, 5.143, 9.935, 7.840, 9.550, 6.968, 6.370, 3.537, 3.286, 10.158,
8.108, 6.697, 7.151, 6.560, 2.988, 3.336, 6.814, 8.325, 7.854, 8.551, 3.228, 3.499, 3.751, 7.486,
6.625, 6.140, 4.909, 4.661, 1.867, 2.838, 5.392, 12.042, 8.696, 6.412, 3.395, 1.815, 3.327, 5.406,
6.182, 4.949, 4.089, 3.359, 2.070, 3.298, 5.317, 5.442, 4.557, 4.292, 2.500, 6.535, 4.648, 4.697,
5.459, 4.120, 3.922, 3.219, 1.402, 2.438, 3.257, 3.632, 3.233, 3.027, 2.352, 1.205, 2.077, 3.778,
3.218, 2.926, 2.601, 2.065, 1.041, 1.800, 3.029, 2.058, 2.326, 2.506, 1.923.

The estimated var-cov matrix of MOTLOBX-L model based on Covid-19 data is

2.05 x 1072
—6.37
—2.40 x 1072
—2.26 x 1072

—6.37
2.14 x 103
1.82
6.47 x 1071

—2.40 x 102
1.82
2.93 x 1071
7.63 x 1073

—2.26 x 1072
6.47 x 1071
7.63 x 1073
4.68 x 1074

and for the MOTLOBX-L parameters, the 95% confidence regions are provided by « € [1.82 X
1071 4+2.81 x 1071],0 € [6.22 x 101 £9.07 x 10], § € [9.85 x 1071 £1.06] and S € [3.01 x 1071 &

4.24 x 1072).
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Table 5.6: Models’ MLE and GOF statistics: Covid-19 data

Distribution Estimates -2Log(L) AIC AICC BIC wH* A* K-S P-value SS
a 0 5 B
MOTLOBX-L  1.82x107! 6.22x10* 9.85x1071  3.01x107! 531.6  539.7 540.1 550.4 0.0520 0.2857 0.0655 0.7438 0.0534
(1.43x107%)  (4.62x10')  (5.41x107Y) (2.16x1072)

a 0 ) A
MOTLOBX-W  1.81x10~! 4.97x10% 1.81 1.02x107! 531.8  539.8 540.2 550.6 0.0521 0.2879 0.0630  0.7845  0.0489
(4.92x1072)  (1.33x107°) (1.04) (5.77x1073)
a b «a B8
WL 4.18 3.73 2.25%x1071  7.01x107! 533.3  541.3 541.7 5521 0.0678 0.4055 0.0729  0.6149  0.0619
(9.65) (2.66) (1.71x107Y) (1.96)
A B ) a
MOG-L 8.32x1071  3.12x1072  8.39x10? 1.10x10? 538.8  546.8 547.1 557.5 0.1151 0.6579 0.0765 0.5511  0.0930
(2.39x1071)  (3.75x107%)  (1.18x107%) (2.27x107?)
5 a B A
MOOBIII-Lo 2.63x10* 4.19 3.53 6.78x1071 5374 5454 5457 556.1 0.1081 0.6169 0.0690  0.6827  0.0896
(2.86x10%)  (9.79%x107%) (2.83) (6.12x1071)
4 « B A
MOOBIII-L 4.91x10~" 2.96 8.49 7.69 538.9  546.9 547.3 557.6 0.1084 0.6527 0.0879  0.3745 0.1230
(3.69x1071)  (4.51x1071) (1.43) (1.73x1071)
B8 ¥ @
MOINH 2.30x10°  8.25x107°  2.76x107! 543.0  549.0 549.2 557.1 0.1658 0.9765 0.0837  0.4362 0.1253
(6.18x107%)  (4.30x107%) (5.82x1073)
a B v
MO-L 1.69 2.93 4.15 538.2  544.2 5444 552.2 0.1151 0.6510 0.07367 0.6100 0.0957
(1.22x107%)  (2.31x107Y)  (1.46x1071)
« 0 B
TLOBX-L 2.64x10° 1.12x1071  2.23x10~* 537.6  543.6 543.8 551.6 0.1109 0.6688 0.0839 0.4326 0.1132

(1.60x1077)  (7.31x107%) (1.05x1072)

Table[5.6]also shows that MOTLOBX-L and MOTLOBX-W distributions have the lowest values
of all GOF statistics and the highest p-values for the K-S statistic when compared to other
competing models, implicating that they are best appropriate for COVID-19 data.

o o
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MOOBII-L o 7
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Figure 5.12: Fitted densities and P-Ps for Covid-19 data

A superior match to the data is also provided by the MOTLOBX-L and MOTLOBX-W distri-
butions, as demonstrated by the fitted density, P-Ps, and empirical CDF in Figures and
[E13] MOTLOBX-L and MOTLOBX-W distributions can also model data with non-monotone
HRF shapes as shown in Figure
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Figure 5.13: Hrf and empirical CDF plots for Covid-19 data
5.9 Concluding Remarks

The Marshall-Olkin-Topp-Leone odd Burr X-G (MOTLOBX-G) family is developed in this
chapter. The statistical characteristics of the MOTLOBX-G family, which consists the QF, den-
sity expansion, ordinary moments, central moments, moments and generating function, Rényi
entropy, order statistics and stochastic ordering are provided. We use MLE technique to derive
the parameters of Marshall-Olkin-Topp-Leone odd Burr X-log-logistic (MOTLOBX-L) distri-
bution. Subsequent simulation investigation shows the consistency of the maximum likelihood
estimates. To demonstrate the usability and adaptability of the MOTLOBX-G family, three real
data sets are applied to the MOTLOBX-L and Marshall-Olkin-Topp-Leone odd Burr X-Weibull
(MOTLOBX-W) special instances. From the results in Tables and in contrast to
other competing models, the MOTLOBX-L distribution often had the lowest GOF statistics
values and the largest p-value for the K-S statistic. Second place went to MOTLOBX-W distri-
bution. Moreover, it is demonstrated that the MOTLOBX-L and MOTLOBX-W distributions
can represent datasets with monotonic and non-monotonic HRF forms. There is evidence that

the MOTLOBX-G family may function effectively in practical situations.
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6. The New Topp-Leone-Exponentiated Half
Logistic-Odd Burr X-G Family

6.1 Introduction

The Topp-Leone-exponentiated half logistic-odd Burr X-G (TLEHLOBX-G) family is intro-
duced and studied in this chapter. Some of the statistical properties of this family are derived.
The model parameters are obtained using the maximum likelihood approach, and a simulation
experiment is used to assess the consistency of the MLE. The usefulness and versatility of the
TLEHLOBX-G family are demonstrated by applications to three actual data sets from different
fields.

6.2 The Topp-Leone-Exponentiated Half Logistic-Odd Burr X-
G Family

The Topp-Leone-exponentiated half logistic-odd Burr X-G (TLEHLOBX-G) family and the QF
are presented in this section. The Topp-Leone-G (TL-G) family developed by Al-Shomrani et al.
(2016) has the PDF and CDF given as

i (250, 1) = 2bg(2; ¥)C(a; ¥) [1 - GX(; %)),z € R, b (6.1)
and

Fro_c(a;b,¥) = [1 - G (x; )], (6.2)

respectively, where G(z; ¥) and g(x; ¥) are the baseline CDF and PDF with the baseline vector
of parameters W. The exponentiated half logistic-G (EHL-G) family developed by|Cordeiro et al.
(2014) has the PDF and CDF given as

s {11 - G o)y

ferr-c(x;iy, o, ¥) = 2avg(z; ¥) [1 — G(z; ¥)] (14— G(x;g)]’Y}or‘rl’

rEeR yv,aa>0

(6.3)

and

Feur—a(x;v,o,¥) = i_?_ E : géi:ig? ) (6.4)

respectively, where W is the baseline distribution vector of parameters. |Yousof et al. (2017a))
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gave the PDF and CDF of odd Burr X-G (OBX-G) family as

fonx—(x:8,) = QBg(g;‘(Igf’;j”” exp (~ Ko 9) [1 - exp (~Ko (@ 0))° o € B3 > 0
B (6.5)

and

Fopx—c(z;8, %) = [1 — exp (~Kg(z;9))]° (6.6)

. 2 _
respectively, where Kg(z;¥) = (%) , G(z;¥) =1 —G(x;¥), z > 0 and ¥ is the baseline

vector of parameters. If we let v = 1 in Equations (6.3) and (6.4)), we get the exponentiated half
logistic-odd Burr X-G (EHLOBX-G) family with PDF and CDF
Fopx—c(7:6, %)
[1+Fopx—c(z;8,9)] ot
dabg(x; V)G(x; ¥ _
_ 1B IOD) e (K ) [~ exp (K )]
G (z; %)

< [2— (1 - exp (K (z: 1))’ T 2 ER 850 (6.7)

fenropx—-c(z; o, 5,¥) = 2afopx—g(z; 5, V)

and

Fenropx—c(z;a,p,¥) =

Fopx—a(z; 8,¥) r
1+ Fopx—a(z;58,%)
g [ (1 —exp (—Kg(x; ¥)))”

2 — (1 —exp (—KG(SU;E)»ﬁ

: (6.8)

o\ 2
respectively, where K¢g(z; ¥) = <(—;(x7%) and baseline vector of parameters ¥. Plugging Equa-
3

G(z;
tions 1' and into Equations (6.1]) and lb we get the TLEHLOBX-G family with the
PDF and CDF as

8bafg(x; ¥)G(z; W)
G’ (a; W)exp (Ko (z; 2))

8 [2 — (I —exp (_KG(%E)))/B] - {1 _ | (- e (Ko 9)”

frierropx—c(z;b, o, B, V) =

[1 - exp (—Kq(z; )] *7
2 — (1 - exp (—Kg(z; 1))’

a}
b—1

] ,ceR,b,a,B8>0 (6.9)

. [1 ) [ (1 - exp (~Kg(2; %))
2 — (1 —exp (~Kg(z; ¥)))°

and

(1 — exp (—Ke(z;9)))”
2 — (1 - exp (—Kg(z; 1)))”

a2 b
] } . (6.10)

Frierropx-c(z;b, o, B, ¥) = {1 — [1 — [
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N
respectively, where Kqg(z;¥) = (%) and W is the baseline vector of parameters.

6.2.1 Quantile Function

Equating Equation (6.10)) to u, for 0 < u < 1, we have

a- 2
1 G(z;¥) g
— exp G @)
1—-11- =u.
2 — (1—exp< ( z%) ))
After a few simplifications, we obtain
_ ~ 1 I _21 - -1
I
201 (1 - m)
G(z;¥)= || —log |1 — T +1 ,
1+ {1— (1—ui)2r
which finally gives the QF of TLEHLOBX-G family as
_ ) A %_ _71 -1
2 [1— (1—ui)2]
QX(u):Cf1 —log [1— T +1
1+ {1— (1—ui)2}

With specified model parameters of TLEHLOBX-G family, we can use the above function to
generate random numbers which are needed for simulation study. In Table we present
quantiles for specified values of u and parameters of Topp-Leone-exponentiated half logistic-odd
Burr X-log-logistic (TLEHLOBX-L) distribution.
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Table 6.1: Quantiles values for the TLEHLOBX-L distribution

(b, o, B, A)

u (1,05,0.9,1.5) (0.5,1,0.7,2.5) (1.5,0.5,0.5,1) (1.5,1.5,0.6,1.5) (1,1.5,0.4,3.5)
0.1 0.2324 0.3430 0.0429 0.6070 0.6883
0.2 0.3953 0.4991 0.1064 0.7186 0.7947
0.3 0.5484 0.6229 0.1831 0.7982 0.8696
0.4 0.7029 0.7325 0.2737 0.8650 0.9323
0.5 0.8666 0.8364 0.3810 0.9263 0.9898
0.6 1.0486 0.9405 0.5114 0.9866 1.0463
0.7 1.2633 1.0513 0.6769 1.0499 1.1057
0.8 1.5407 1.1800 0.9050 1.1227 1.1743
0.9 1.9731 1.3565 1.2837 1.2218 1.2680

6.3 Some Statistical Properties

In this section, we present the density expansion, moments and MGF for the TLEHLOBX-G
family together with the other characteristics such as the Rényi Entropy, pwms and distribution

of the order statistics.

6.3.1 Linear Representation

The linear presentation of the density is very important as it can help in deriving other properties

of the distribution. We use the following generalized binomial and Taylor series expansions

_ > +k—-1 ; i
(1+2z)F= Z(_l)k<ﬁ . >Zk: for |2 <1,8>0, and e*= Z 1
k=0 =0

respectively. Applying these expansions as shown in Appendix we finally get the expansion
of TLEHLOBX-G density as

F(wsb, 0, B, 0) = i <sz+ 1) (b; 1) <a(j +k1) + k> (a(ﬂ +4) j:nk + Bl — 1)

,3,k,l,m,s,u,w=0

o (?) <25 + 1> <U -3+ 25)) (= 1)iiH+ms

y 8baS(m + 1)°g(z; ¥) (w
s! (w

= Z ¢w+1gu7+1 (x7 g)7

w=0

+1) .
+1)G (@ 2)
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where

bl = i (m;r 1) <b; 1) (a(j +k1) +k> (/;) (a(5+j> J;erﬁl _ 1>

4,9,k l,m,s,u=0

Ty ity
and
o1 (23 9) = (w + D)g(z; L)GH (2 W). (6.12)

Thus, the PDF of the TLEHLOBX-G family can be expressed as an infinite linear combination
of the Exp-G densities with power parameter (w + 1).

6.3.2 Moments and Generating Functions

Let Y41 be a rv with the Exp-G family and power parameter (w + 1). The TLEHLOBX-G

h

family’s n" moment may thus be expressed as

o0 (o)
E(X") = / v frpnropx—c(@;b,a, 8, ¥)dr = Y ¢u 1 E(YVo41),

- w=0

where E (Y, ) is the n moment of the Exp-G family with power parameter (w+ 1) and ¢y
is given in Equation (6.11). Furthermore, the MGF for h < 1 is

Mx(h) = Z ¢w+1Mw+1(h)7

w=0

where My,4+1(h) is the MGF of Y, 11 and ¢y41 is defined in Equation (6.11).

6.3.3 Incomplete Moments

The TLEHLOBX-G family’s nt" incomplete moment may thus be expressed as

—00

t o0 ¢
wn(t) = / v frrpnropx-c(w;b,a, B, ¥)dr =y ¢w+1/ 2" guw+1(z; ¥)dz, (6.13)
w=0 >

where the Exp-G family PDF g¢,,41(z; ¥) has the power parameter (w + 1) given in Equation
1! We may get the TLEHLOBX-G family’s first incomplete moment by setting n = 1 in

Equation .
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6.3.4 Conditional Moments

The TLEHLOBX-G family’s n*" conditional moment may thus be expressed as

1 (o)
BXC|X za) = e ) T rssmiens olzibo, 0, D)

TLEHLOBX -G » Y b y = a

1 o0
- = w E Yn I n s
FTLEHLOBxic(a;lLO[,B,g) 1;)¢ +1 ( w—+1 {Yu)+12a})

where
E(Yyalyr, >a) = / Y" gur1(y; ¥)dy
a

1
— (w+1) / Qe (s 0" w7,

G(a,¥)

for parameter vector W.

6.3.5 Rényi Entropy

Rényi entropy for a given TLEHLOBX-G rv X is defined to be

Eq(v) = 1 log (/Ooo[f(x;b,a,ﬁ,\ll)]”dx) , £ 1,u>0.

1—w

Following derivations in Appendix we get the entropy as

=it £ ()4

1—w )
,5,k,l,m,s,u,w=0

. <2¢ ¥ v) <v + 25) <0z(,82) +5) —v+ m) <u — (3v+ 23)> (8baB)? (v +m)®

J U m w s!

<[ ([ Y] Gl ) ae]

_ 1 . log [ibw exp ((1 — ’U)EQw):|7

]_ _
w=0

for v > 0, v # 1, where Eg,, = 1= log {fooo <[1 + 2] (G(x,g))% (g(a:;\If)))vdx} is the Rényi

w

entropy of Exp-G family with power parameter (> + 1) and

b — i (vb;v) <2¢;Lv> (a(j+v)4]-€v+k:—1>(_1)i+j+l+m+s+u+w<;;>

i:jak’l)m757u:0

§ (v + 23> <a(ﬁv i) —v+ m) <u ~ (Bu+ 2s)> (8baf) (v +m)°* 1

u m w s! [14—%]”'
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6.3.6 Probability Weighted Moments

Generally, a rv’s PWMs follows as

z,M

9. = E(X*(F(X))") = / T 2 F(2) f(2)da

Assuming the above PDF and CDF are that of the TLEHLOBX-G family, we get

(s e) = LT exp (Koo )

x exp (—Kg(z; ¥)) [2 — (1 —exp (—KG(x;g))),@] —a—1

» {1_[ (1 = exp (— K 0)) }
a]2

2~ (1 exp (~Kg (1))
— _ . B
N [1 _ [ (1 - exp (~Kg(a3 %))
Using the same procedures used in obtaining Equation 1i we get

b(n+1)—1

2 — (1 —exp (—Kg(z; )’

F(@)"f(2) = ) Tus19,4 (252).

w=0

Thus, the PMWs reduces to

o0
—0o0

9., = E(X*(FX))) =3 s / g, ., (2 U)da,
w=0

where

Twt1 = i <22;L 1) (b(" +¢1) - 1> (a(ﬂ' +k1> + k) <1;> <a(ﬁ +4) :zk + Bl — 1)

i7j7k7lam73au:0

5 (25 + 1) <u -3+ 23)) (1) st Sba'ﬂ(m +1)*
u w sl(w+1)

9

and Exp-G family’s PDF g,+1(x; ¥) is of power parameter (w + 1) and it is given in Equation
(16.12).
6.3.7 Order Statistics

Let X represent TLEHLOBX-G rv, then the 7 order statistic’s PDF from the TLEHLOBX-G

family is given as

z=0

nlf(z) (n —r

T — _1)# T z—&—r—l'
o) = e (" )P
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Note that

)t = SR e (Kot

—a—1
x exp (—Kq(z; %)) [2 — (1 —exp (—KG(QC;E)))B}

x {1 _ [ (1 — exp (~Kg(z; 1)) a}
a]2

2—(1—exp (—Kg(sc;i)))ﬁ
o [1 B [ (1~ exp (=Ko (1))’
Now, following the same steps leading to Equation (6.11), we obtain

b(z+r)—1

2 — (1 - exp (—Kg(z; 1)))”

F@F@FT =3 Cust gy (@9).

w=0

which finally gives

n! — L(n—r '
frm(z) = r—1)l(n—7)! Z(_1)< 5 >C’w+1gw+1(1‘,\1’),

z,w=0
where

Cut1 = i (b(z +Z.T) o 1) (a(j +k1) + k) <’;> (a(ﬂ + ) —:nk + Bl - 1)

i,7,k,l,m,s,u=0

<2i + 1) (23 + 1) (u -3+ 2s)> il stutw SbaB(m + 1)°
« (P (1) Sbeflm +1)°
J u w sl(w+1)

and the Exp-G family’s PDF g,,41(z, ¥) is of the power parameter (w+1) and given in Equation
(16.12).

6.4 Some Special Cases

In this section, we some present the special cases for our new distribution by considering the

baseline distributions as log-logistic, Weibull and Burr IIT distributions.

6.4.1 Topp-Leone-Exponentiated Half Logistic-Odd Burr X-Log-Logistic Dis-

tribution

Assuming log-logistic distribution with PDF g(z;\) = Az* (1 +2*)~2 and CDF G(z;)\) =
1 — (1 +2*)~! is the baseline, we obtain the PDF and CDF of Topp-Leone-exponentiated half
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logistic-odd Burr X-log-logistic (TLEHLOBX-L) distribution as

8ba Sz 1(1 4 2
froenropx—r(z;b, o, B,A) = i-Q +£>1)1(e}:; (K)l(x;)\))
(1— exp (—Ki(2:1)° ]}
2 — (1 - exp (—Ki(z;\)))”
b1

xd1—|1— (1 e (K@)’ 1) 2 €ERD,B,a,A>0
2 — (1—exp (—Ky(z;1)))°

[1— exp (—K1(x; M)

x [2- (1= exp (—Ka (23 1))”] {1 - [

and

o b
(1= exp (— K (w3 )” ] ]
2 — (1 —exp (—=Ki(z;0))° 7

Friemropx—r(x;b,B8,a,\) =< 1 — [1 - [

1N 2
respectively, where Kq(x;\) = (%) . Figure shows the plots of PDFs and HRFs’
plots of TLEHLOBX-L distribution, respectively. The PDF can take several shapes including
almost symmetric, right-skewed, left-skewed, reverse-J and unimodal shapes. The HRF displays

increasing, decreasing, bathtub and upside-down bathtub shapes.
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Figure 6.1: TLEHLOBX-L distribution’s PDF and HRF plots

6.4.2 Topp-Leone-Exponentiated Half Logistic-Odd Burr X-Weibull Distri-

bution

Taking Weibull distribution as the baseline associated with the PDF g(z;\) = Azr e and
CDF G(z;\) =1— e*mk, we get the Topp-Leone-exponentiated half logistic-odd Burr X-Weibull
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(TLEHLOBX-W) PDF and CDF as

8ba B —Le2r” aB—
freerroBx—w(x; b, a, B, \) = b [1 - exp (—Ka(z; A)]*7 !

exp (Ka(z; A))
—a— —exp(— €5 1"
X [2 — (1 — exp (—Ka(z; A)))’B} 1 {1 N [2 El(l — er(p (l_(iéé\,)i\))))ﬁ] }

b—1

a2
)6] ] ,t € R b,a, B, A >0

x{1— [1 _ [ (1 — exp (—Ka(x;1)))”
2 — (1 —exp (—Ka(z; \))

and

a2y b
(1 — exp (—Ka(x;\)))” ] r
2 — (1 — exp (—Ka(z; M)’ ’

Fripmropx-w(z;b,a, B,A) = ¢ 1 — [1 — [

of TLEHLOBX-W distribution, respectively. The PDF includes coverage for the reverse-J,

unimodal shapes together with left and right-skewed datasets. Increasing, decreasing, bathtub,

o\ 2
respectively, where Ks(z; \) = 1_6A> . Figure ashows the plots of PDFs and HRFs’ plots

and upside-down bathtub forms can be seen in the HRF.
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Figure 6.2: TLEHLOBX-W distribution’s PDF and HRF plots

6.4.3 Topp-Leone-Exponentiated Half Logistic-Odd Burr X-Burr IIT Distri-

bution

Taking the Burr IIT distribution as the baseline associated with PDF g(z; A, 6) = Adz~*1(1 +
=M™~ and CDF G(z;\,0) = (1 + 27*)7%, we obtain the Topp-Leone-exponentiated half
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logistic-odd Burr X-Burr III (TLEHLOBX-B) PDF and CDF as
8ba NSz A (1 4 =) =201
1= (L+272)70)3exp (K3(z; A, 6))

(1 —exp (~Ks(w31,9)" ] }
2 — (1 —exp(—Ks(z; A, 5)))ﬁ

frienropx—p(z;b, o, B, A, 0) = (

X {2 — (1 —exp (—K3(x; )\,5)))’8] o {1 - [

b—1

(1 — exp (—K3(: ), 0)))° r' ?

X |1 —exp (—K3(x; st Tt
11 p (—K3(x; A, 0))] 1 [1 [2_(1_exp(—K3(x;)\,5)))’8

reR,b,a,B,N6>0

and

N b
(1 —exp (—Ks(ﬂf;)\a5)))ﬁ ] ]2
2 — (1 —exp (—K3(z; M, 6)))° ’

Friemropx-p(x;b,a, B,\,0) = ¢ 1 — [1 — [

Tyl \2
respectively, where K3(z; A, §) = <%) . Figure ShOWS the plots of PDF's and HRF's’
plots of TLEHLOBX-B distribution, respectively. The PDF applies to datasets with different
shapes of skewness and kurtosis. Increasing and decreasing shapes together with the bathtub,

and upside-down bathtub forms can be seen in the HRF.
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Figure 6.3: TLEHLOBX-B distribution’s PDF and HRF plots

129



Chapter 6. TLEHLOBX-G

6.5 Maximum Likelihood Estimation

For the observed values x1, zs, x3,...,2, of size n, we may obtain the log-likelihood function as

n

la(A) =nIn(8baf) + 3  (—K(zi; ¥))
+(aB—1) log [l —exp (—K (2 2))]

i=1

+ (—a —1) Zlog [2 — (1 —exp (—K(ﬂﬁz’;!)))ﬁ] + Zlog (g(z4; W)
=1

j— i=1
a] 2

+3 o {1 ) [ (1~ exp (K (2:: 1)) }

2 — (1 — exp (—K (;; %))’
n (1-— exp(—K(iEi;g)))B
+(b_1);10g 1- [1_ [2_(1—exp(—K(1‘i§‘l’)))B

+) log (G(a; W) — 3 log (G(x; %))
=1 =1

where Kg(z;; V) = (ggz%f and A = (b,a,3,¥)" is the vector of parameters of the
TLEHLOBX-G family. The Appendix contains the score vector components. We use iter-
ative methods from R software to obtain these MLEs. Under regularity conditions, MLEs are
unbiased and normal (Mahmood et al.,|[2019). For a given covariance matrix J (A)_l, then we

can approximate the confidence interval for b, «, 5 and ¥, as b+ Z% Jbzl (A), d:tZ%\/ Jaa (A),

B+ Zen/ Jgﬁl(A) and ¥, + Ze/ Jiklgk(A), where Z¢ is the (%)th percentile of a standard nor-

mal distribution. The diagonal elements are represented with Jb_bl(A), JHA), J 5_,61(A) and
Tyl (A).
YWy

6.6 Simulation Study

The TLEHLOBX-L distribution’s simulation research findings are reported in this section.
For N = 3000 repetitions for each sample, we take into account sample sizes of n =
50, 100, 200, 400, 800, and 1600. We further obtain the mean estimates, root mean square errors
(RMSEs) and average bias (Abias).

From Table[6.2]and the mean estimates approximate the true parameter values, and RMSE
and Abias also decays to zero for all parameter values with increasing sample size, which indicates

that our model gives consistent estimates.
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Table 6.2: TLEHLOBX-L distribution simulation experiment results: Mean, RSME, Abias

(1.0,2.5,1.0,0.5)

(0.6,0.9,0.9,0.9)

Parameter n Mean RMSE Abias | Mean RMSE Abias
b 50  1.9541 4.7853 0.9541 | 1.7369 4.8830 1.1369
100 1.3545 2.3618 0.3545 | 0.8957 1.3103 0.2957

200 1.0878 0.8731 0.0878 | 0.6885 0.5556 0.0885

400 0.9758 0.5264 -0.0242 | 0.6100 0.3101 0.0100

800  0.9813 0.4178 -0.0187 | 0.6048 0.2281 0.0048

1600 0.9757 0.3478 -0.0243 | 0.5898 0.1795 -0.0102

Q 50 2.7934 0.9262 0.2934 | 0.9621 0.2788 0.0621
100  2.6557 0.5717 0.1557 | 0.9321 0.1730 0.0321

200 2.5912 0.3988 0.0912 | 0.9145 0.1205 0.0145

400  2.5640 0.2922 0.0640 | 0.9127 0.0946 0.0127

800 2.5261 0.2241 0.0261 | 0.9013 0.0709 0.0013

1600 2.5215 0.1753 0.0215 | 0.9052 0.0568 0.0052

IS 50  1.5418 1.5336 0.5418 | 1.2597 1.2720 0.3597
100  1.4067 1.3403 0.4067 | 1.1748 1.0534 0.2748

200 1.3831 1.2119 0.3831 | 1.1857 1.0371 0.2857

400  1.3797 ilesls5l5 0.3797 | 1.1865 1.0058 0.2865

800 1.2786 0.9230 0.2786 | 1.0750 0.7559 0.1750

1600 1.2664 0.8724 0.2664 | 1.1091 0.7225 0.2091

A 50  0.9497 1.4208 0.4497 | 1.4801 1.7789 0.5801
100  0.9001 1.2568 0.4001 | 1.5523 1.8086 0.6523

200  0.7825 0.9663 0.2825 | 1.4075 1.5327 0.5075

400  0.6935 0.8079 0.1935 | 1.2503 1.2804 0.3503

800  0.6063 0.4918 0.1063 | 1.1132 0.9359 0.2132

1600 0.5419 0.2704 0.0419 | 0.9388 0.3769 0.0388
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Table 6.3: TLEHLOBX-L distribution simulation experiment results: Mean, RSME, Abias

(0.9,0.9,0.6,0.9) (2.1,2.0,1.3,0.3)

Parameter n Mean RMSE Abias | Mean RMSE Abias
b 50  2.5768 7.4996 1.6768 | 3.7815 8.5169 1.6815
100 1.2097 2.8979 0.3097 | 2.6277 3.7412 0.5277

200  0.9052 0.7826 0.0052 | 2.2539 2.0302 0.1539

400  0.8281 0.4529 -0.0719 | 2.1271 1.3645 0.0271

800 0.8358 0.3185 -0.0642 | 2.1587 1.0502 0.0587

1600 0.8544 0.2450 -0.0456 | 2.1361 0.8430 0.0361

Q@ 50  0.9979 0.3132 0.0979 | 2.2067 0.6260 0.2067
100 0.9692 0.2132 0.0692 | 2.1091 0.4057 0.1091

200  0.9469 0.1475 0.0469 | 2.0587 0.2751 0.0587

400  0.9373 0.1151 0.0373 | 2.0318 0.1994 0.0318

800 0.9195 0.0837 0.0195 | 2.0035 0.1511 0.0035

1600 0.9140 0.0632 0.0140 | 2.0030 0.1163 0.0030

15} 50  0.9725 1.0048 0.3725 | 2.1689 2.4254 0.8689
100  0.9710 0.9815 0.3710 | 1.9936 2.0039 0.6936

200 0.9751 0.9851 0.3751 | 1.8849 2.1140 0.5849

400 0.9864 1.0203 0.3864 | 1.7041 1.4229 0.4041

800  0.8806 0.8382 0.2806 | 1.5898 1.1940 0.2898

1600 0.8205 0.7048 0.2205 | 1.5368 0.9517 0.2368

A 50  1.5266 1.9211 0.6266 | 0.6701 1.1882 0.3701
100  1.5663 1.8804 0.6663 | 0.5869 0.9351 0.2869

200 1.4584 1.7009 0.5584 | 0.5063 0.7310 0.2063

400 1.2466 1.2819 0.3466 | 0.4247 0.4950 0.1247

800 1.0736 0.8365 0.1736 | 0.3717 0.3030 0.0717

1600 0.9319 0.4333 0.0319 | 0.3300 0.1572 0.0300

6.7 Applications

To illustrate the flexibility and usefulness of the TLEHLOBX-L distribution, we apply it to three
real life datasets in this section. We provide the GOF statistics to assess how this new model is
performing in real life as shown in Tables[6.4][6.5]and These GOF includes: —2log L, AIC,
BIC, AICC, W*, (A*), SS and K-S together with the p-vajue of K-S statistic. Also included in
Figures[6.4] and are the fitted densities, P-Ps, HRFs, and KM survival

graphs.

Our model is compared with the Topp-Leone-odd Burr III-log-logistic (TLOBIII-L) distribu-
tion (Moakofi et al.}|2022), odd generalized half-logistic Weibull-Weibull (OGHLW-W) distribu-
tion (Chipepa et al.||2020a)), Topp-Leone-Marshall-Olkin Burr XII (TLMO-BXII) distribution
(Chipepa et al.||2020b), exponentiated Burr XII Poisson (EBXIIP) distribution (da Silva et al.,
2015), half logistic generalized Weibull (HLGW) distribution (Anwar and Bibi, 2018) and Heavy-
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tailed beta-power transformed-Weibull (HTBPT-W) distribution (Zhao et al.,|2021). The PDFs
of these distributions are given in Appendix

6.7.1 Waiting Times Data

The first data, extracted from Klakattawi| (2019), represents the waiting times between 65 con-
secutive eruptions of a blowhole, called the Kiama Blowhole. See the data in Appendix

Table 6.4: The MLE for the TLEHLOBX-L and competing models and GOF statistics: Waiting
times data

Distribution Estimates -2Log(L) AIC AICC BIC w* A* K-S P-value SS
b a B A
TLEHLOBX-L  1.31x107! 8.89x10! 1.09x 10 6.04x1072 586.7  594.7 595.4 603.4 0.1015 0.7524 0.0949  0.6122  0.0376
(2.32x1072)  (3.17x107°) (2.42x107%) (2.49x1073%)
« 8 b A
TLOBIII-L 1.01 6.87x1071 1.79%x 102 7.18x107 590.6  598.6 599.3 607.3 0.1691 1.174 0.0953  0.6067  0.1815
(2.51x10%)  (1.16x107Y)  (5.72x107%)  (1.79x10')
@ B8 A vy
OGHLW-W 2.66x10° 5.18x107! 6.54 1.64x107! 602.7  610.7 6114 6194 0.2207 1.428 0.1398 0.1639  0.1815
(4.99x10%)  (2.43x107Y)  (4.11x1073)  (4.74x10%)
b ) A B
TLMO-BXIT 4.80x10~" 2.04 11.0 1.65x10? 749.2  757.2 757.9 7658 0.1199 0.8704 0.5750 < 0.0001 0.4999
(6.84x10%)  (9.05x1071) (7.17) (1.08x1072)
c s @ A
EBXIIP 6.77x1071 1.92 2.34 8.43x107Y 6752  683.2 683.9 691.8 0.1205 0.8789 0.4553 < 0.0001 2.2481
(8.59x1072)  (4.89x1071) (3.17x1071) (1.28x1072)
w A ¥
HLGW 8.92x102 2.50x1071  4.61x107* 664.7  670.7 671.1 677.2 0.1272 0.8924 0.4447 < 0.0001 0.9452
(5.97x107%)  (2.89x1072) (5.81x107°)
a ! B
HTBPT-W 1.27 8.23x107%  1.00x10~! 593.8  599.8 600.2 606.3 0.1471 1.008 0.1113  0.406  0.9452

(1.20x1071)  (4.22x1073)  (7.69%x107°)

From the GOF statistics in Table TLEHLOBX-L model compared to its competitors clearly
offers the greatest match for waiting times data. Figures and also shows that our model
provides a better fit to waiting times data. It is also evident that TLEHLOBX-L distribution
can model data with upside-down bathtub HRF shapes as shown in Figure
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Figure 6.4: Waiting times data fitted density and probability graphs
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Figure 6.5: Waiting times datas’ HRF and KM survival graphs
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Figure 6.6: Likehood Profile Plots for b, o, 5 and A in waiting times data

Figureshows the profile log-likelihood function of the parameters of the TLEHLOBX-L dis-
tribution for waiting times data. The plots clearly shows that the log-likelihood is is maximized

at a single point for all the parameters which it is identifiable.

6.7.2 Remission Times Data

The second data, extracted from |(Chamunorwa et al.| (2022)), represents remission times of a

random sample of 128 bladder cancer patients. See the data in Appendix
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Table 6.5: The MLE for the TLEHLOBX-L and competing models and GOF statistics: remission
times data

Distribution Estimates -2Log(L) AIC  AICC BIC w= A* K-S P-value SS
b « B A
TLEHLOBX-L  3.38x10~! 10.3 10.09 6.44x1072 823.4 8314 8318 8429 0.0545 0.3817 0.0539  0.8504  0.0376
(1.63x1071) (4.95) (4.59) (3.97x1073%)
@ 8 b A
TLOBIII-L 1.0478 9.705 4.889x1071  8.144x107! 838.1  846.1 8465 857.5 0.2073 1.369 0.0830  0.3406  0.1815
(3.633) (5.718) (3.259x1071) (2.824)
@ B A 5
OGHLW-W 2.142x107*  4.946x10~" 14.34 9.676x10~2 840.4  1440.0 1440.3 14514 0.0956 0.6537 0.5546 < 0.0001 0.1815
(3.501x107%)  (7.893x107%) (2.719x107°) (5.086x1073)
b 5 A B
TLMO-BXII 2.567x10~" 3.678 11.01 3.925x1072  1025.6  1039.9 1040.2 1051.3 1.625 9.399  0.5483 < 0.0001 0.4999
(2.334x1072)  (3.867x1071) (1.390) (1.450x10~3)
c s «a A
EBXIIP 1.301 2.737 2.063 2.990x 1078 836.4  844.5 844.8 855.9 0.2012 1.325 0.0693 0.57  2.2481
(2.147x1071) (1.438) (9.387x1071)  (1.573x1072)
w A 5
HLGW 6.297 5.000x107"  5.169x1072 852.0  858.0 858.2  866.5 0.2699 1.592 0.16478  0.0019  0.9452
(9.940) (7.769%1072)  (8.042x1072)
@ 5 B8
HTBPT-W 1.048 9.389%x1072 1.00x 107! 827.5 8355 8358 8469 0.1314 0.7865 0.0700  0.557  0.9452

(6.758x1072)  (1.908x1072) (7.280x1071)

As shown in Tables TLEHLOBX-L model has the smallest GOF statistics and the largest p-
value of the K-S statistic. This indicates that it performs better than its competitors in remission
times data. The fitted density in Figures andfurther shows that TLEHLOBX-L model

can work well in right-skewed datasets with upside-down HRF shapes.
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Figure 6.7: Remission times data fitted density and probability graphs
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Figure 6.9: Likehood Profile Plots for b, o, 8 and X in remission times data

Figureshow the profile log-likelihood plots for different parameters of TLEHLOBX-L dis-
tribution in remission times data. Clearly, the parameter estimates maximize the likelihood

function.

6.7.3 Mortality Rates Data

The third data, extracted from |Zhou et al.| (2023), represents the mortality rates of the 106
patients infected by the COVID-19 pandemic in Mexico recorded from March 4, 2020 to July
20, 2020. See the data in Appendix
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Table 6.6: The MLE for the TLEHLOBX-L and competing models and gof statistics: Mortality
rates data

Distribution Estimates -2Log(L) AIC AICC BIC wH A* K-S P-value SS
b a B A
TLEHLOBX-L ~ 1.970x10~! 10.727 15.972 1.248x 107! 376.1 384.3  384.7 3949 0.0500 0.2783 0.05671  0.8849  0.0376
(9.586x1072) (5.009) ( 8.360) (8.141x1073)
@ B8 b A
TLOBIII-L 1.040 16.10 2.765x 1071 1.658 3824 497.9 4983 508.6 0.0804 0.4681 0.4370 < 0.0001 0.1815
( 1.408) (19.04) (3.482x1071) (2.245)
e B A ¥
OGHLW-W 1.948x 1076 4.946x1071 1.345 11.83x107! 389.2  1440.0 1440.3 14514 0.0956 0.6537 0.5546 < 0.0001 0.1815
(9.59x1072) (5.01) (8.36) (8.14x1073)
b 5 A B
TLMO-BXII 2.441 3.720x 102 4.653x107" 6.353 379.3  387.3  387.6 397.9 0.0784 0.4395 0.0691  0.6917  0.4999
(1.242) (2.940x1073)  (1.269x1071)  (9.961x107")
c s « A
EBXIIP 2.888 2.442 1.048 5.645x1078 3823  390.3  390.7  400.9 0.1094 0.6217 0.0696  0.6832  2.2481
(5.120x1071)  (5.972x1071)  (4.660x107!) (3.184x1072)
w A ot
HLGW 7.333x10% 5.001x1071  7.7592x 1074 454.3  460.3  460.6  468.3 0.0934 0.5941 0.3164 < 0.0001 0.9452
(2.445%x1077)  (4.357x1072)  (5.820x107°)
a vy B
HTBPT-W 1.920 1.012x107! 1.000 381.6  387.6 387.9 395.6 0.1022 0.6570 0.0692  0.6905  0.9452

(1.408x1071)  (2.266%1072)  (6.598x1071)

Tablefurther shows that TLEHLOBX-L model fits the mortality rates data better that its
competitors as it has the smallest GOF statistics and the largest p-value of the K-S statistic.
The TLEHLOBX-L model also have the smallest value of SS when compared to its competitors
as shown in Figure[6.10] Figure [6.11]also indicates that TLEHLOBX-L model can handle data
with upside down bathtub HRF shape.
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Figure 6.10: Mortality rates data fitted density and probability graphs
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Figure 6.12: Likehood Profile Plots for b, a;, 8 and XA in mortality rates data

Figure shows the profile log-likelihood function of the different parameters of TLEHLOBX-L
distribution in mortality rates data. Clearly, the parameter estimates obtained gives maximized

likelihood function.

6.8 Concluding Remarks

We introduce the Topp-Leone-exponentiated half logistic-odd Burr X-G (TLEHLOBX-G) family
in this chapter. It has been demonstrated that this new family can be expressed as an infinite
linear combination of Exp-G family. Using the MLE approach, the model parameters were
computed. Some statistical characteristics are obtained. The Topp-Leone-exponentiated half
logistic-odd Burr X-log-logistic (TLEHLOBX-L) model was used as a special case and applied to
three datasets. The results show that the new suggested model performs better than numerous

other models.
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7. Conclusions, Limitations and Future

Research

7.1 Conclusions

In this thesis, five new families are developed. These families are exponentiated half logistic-
Kumaraswamy-G (EHL-KUM-G), gamma odd Burr X-G (GOBX-G), Topp-Leone odd Burr
X-G power series (TLOBX-GPS), Topp-Leone-exponentiated half logistic odd Burr X-G
(TLEHLOBX-G) and Marshall-Olkin-Topp-Leone odd Burr X-G (MOTLOBX-G) families. We
derived the statistical properties of these families which including the QF, density expansion,
ordinary moments, central moments, moments and generating function, Rényi entropy, order
statistics and stochastic ordering. The parameters of these distributions are estimated using
the maximum likelihood estimation approach. Further, simulation studies were conducted and
they showed that maximum likelihood estimates are consistent. Special cases of these family of
distributions are applied on real data sets to show their applicability. From the assessment of
the results in which we used -2LogL, AIC, AICC, BIC together with W*, A* SS and K-S GOF
statistics together with the K-S p-value, the special cases performed better than existing models.
The PDF's of special cases can be symmetric, left-skewed, right-skewed, J and reversed-J shapes,
whereas the HRF's can be monotonic and non-monotonic shapes which makes them flexible for
modelling datasets. Thus, the distributions that we proposed can be considered as alternatives in
real life modelling. For that, we hope that these distributions will receive researchers’ attention

especially those working on reliability and survival analysis.

7.2 Limitations

In this study, the developed families of distributions represent a notable advancement in the field
of statistical distributions; however, there exists some certain limitations. While we initially
planned to explore various parameter estimation techniques, we ended up using MLE technique
only. Practical constraints such as computational resources and time limitations influenced this
decision. The decision to employ MLE as the primary parameter estimation technique was
rooted by many factors such as its robustness, widespread acceptance, and proven effectiveness

across various research domains especially when dealing with complex distributions.

While MLE is a widely accepted method, its implementation can sometimes be computation-
ally intensive, particularly for complex distribution families or in high-dimensional parameter
spaces. This could result in longer processing times and resource requirements. Furthermore,
the application scope of the proposed distribution families is noteworthy. While the special cases
showcased promising results across various datasets, their performance may be influenced by the

unique characteristics of the data employed in this study. For a comprehensive assessment of
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the generality and reliability of these distributions, future research demands rigorous validation

across a broader spectrum of real-world datasets.

Deriving statistical properties for distribution families that combine multiple distributions might
become increasingly complex. This complexity could impede the development of closed-form
expressions for certain properties. The equations studied may become more complex and might

involve special functions, integrals that cannot be solved analytically.

7.3 Future Research

e We presented several special cases for the families of distributions that are developed and
some are not applied in real life datasets. These special cases can be applied to real life

data in several areas in the future.

e Different baseline distributions can also be considered to further develop other new special

cases of distributions, particularly to deal with censored data.

e Other methods of parameter estimation including Bayesian technique can be used and

their performances can be assessed via Monte Carlo simulations.

e Future work will also focus on the introduction of covariates/concomitant variables to the

developed models via regression analysis.

e The researcher plans to develop R packages for the end users of the proposed new lifetime

distributions.
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A. Appendices for Introduction Chapter

A.1 Power Series distributions

In |Table A.1|we provide we have the C(0), C'(9), C"(0), C~1(0), a,, and parameter space for

binomial, Poisson, geometric and logarithmic distributions.

Table A.1: Useful Quantities for Some Power Series Distributions

Distribution C(6) C'(6) C"(9) c~0) an,  Parameter Space
Binomial 1+0)m—1 mA+0m™" mm-1)1+0)m2 @-1)Ym -1 (7 (0,1)
Poisson e —1 e? e? log(1+6) (n))~! (0, 00)
Geometric 0(1—0)! (1-6)"2 2(1-6)73 0(1+6)7! 1 (0,1)
Logarithmic —log(1—6) (1 —6)"! (1-6)"2 1—ef n~! (0,1)

A.2 Standard Lifetime Distributions

In this section, we provide statistical properties of some common lifetime standard distributions
that are usually considered in real-life applications. In the generalized distribution, baseline
distributions are set as standard distributions. Researchers also generalize these standard dis-
tributions to obtain other families of distributions. gives a summary of some of these

distributions.

Table A.2: Some Important Standard Distributions

Distribution Density function (pdf) Distribution function (cdf) Parameter space Random variable space
Weibull g(a; B) = Balle’ C;f)=1-e* B>0 R
Log-Logistic g(z;c) = cxt (1 4+ 2°)~2 G(w;e)=1—(1+2°)71 c>0 R
Burr 111 g(z; N\, B) = Nz~ 11 + =) ~F1 (x A, ;3) (1+a=)F AB>0 R
Burr X 9(z; ) = 20me" (1 - 6712)“71 (1 —e” ) A>0 R
Burr XII g(a; N, B) = ABxP=1 (1 4 2f)=21 G(:r A, /3) =1— (14202 A B>0 R
Power g(a; )\, B) = A a1 G(z;\, B) = (Bz)N AB>0 (0,1/5)
Fréchet g(z;¢,9) = 9’2~ O+D exp[—(£)7] G(z;c,9) = exp[—(£)Y] ¢,9>0 R
Uniform g(z;0)=1/0 G(z;0) =2/0 0>0 (0,0)
Kumaraswamy g(z;a,¢) = acx®™1(1 — z¢)21 G(z;a,¢) =1—(1 -z a,c>0 R
Lindley g(z;a) = (1%2::“ G(z; fx) 1- H‘:_JG_“T a>0 R
Normal gla;p, o) = Texp (7— (’;")2) G(zyp,0) = \/ﬁ JE exp ( (tg“)Z)dt —00 < p<oo,0>0 R
Exponential g(z; @) = ae™ Gr;a)=1—e a>0 R
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B. Appendices for EHL-KUM-G Family of

Distributions

B.1 Components of the Score Vector

The components of the score vector for the EHL-KUM-G distribution are:

"L G (xj;)In(G(xj;e
7+Zln (zj5e b—l)z; (1—<)}“<(xj§6) :

G (x;:9)[1 — G(x5:8)]" 'In(G(z;32)

blaw — 1
Hile=12, 1= [1- G0
S G (w558)[1 — G (550))" ' In(Gaj39))
bO[ )
+ ( +1); 1—|—[1—Ga(l'],§)]b
*‘f’zln 1_ 1’]7 Oé—l z": 1_Ga 113], )] ln[l_Ga(xja )]

1—[1—G%xje)
5 [1— Gx;:9)" [l — G (x:2)]
(a1 ; 1+ [1—G%xj;e)]

I

—+21n[1—1— } Zln[l—i—l— )]]

and
. - a—1(,.. g .
zn: [g(xj;g] 1 Zn: [G( E)} - n G (zj€) [G(ﬁj,g)]sk
= (a — —a(b— m
iGa Hajio)t - <wj;§>]b Glesie)|
+ ab(a—1) -
j=1 1—[1-G%zj;¢)]
& G (o)1 - G )] [Glagie)|
+ ab(ar + 1) =
= 1+ [1—G%zje)
where [Q(xj;é)]gk = %ﬁ, [G(%‘;é)} = dGa(;Z 2 and g, is the k' element of the vector of

baseline parameters € in A.
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C. Appendices for GOBX-G Family

C.1 Components of the Score Vector

The components of the score vector for the GOBX-G distribution are:

1) i Sl b7

n

0ln(©)  né g2
90 —94‘;111(1—6?!)

and

g(7:6) | G (#:¢)
agk Z =9 T2 G

=1

G @m) - Oy
'L G 208

=1

2yie¥ Dy - 2yie Vi Oyi
+(9—1)Z 7 -y yi€ o

S 1- yoatl 0&; —y (1 _ e—zﬁ) log (1 _ e—yf) o0&’

where () = OT(0)/0, g'(x;€) = 0g(x:€)/0&, G'(2:§) = 0G(x:£)/0, G

G'(z;6) =

0G(x;€)/0¢, & is the k™" element of the vector of parameters & and y; = G(x4; &) /G (x4 &).
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D. Appendices for TLOBX-GPS Class

D.1 Rényi Entropy Proofs

Note that from equation (4.15), if we plug in frropx—c(z;a,0,w) and Frropx—c(z; a,0,w),
we can write fU(z; A, o, 0,w) as

fv(x'a 0, CU) = |:40(0)\:| Z ds vAs h+l OK - 1) +Oéh) ( Q)GU(;L‘,Q)

Ol G ()
. v(6—1)
x@mw@%ﬂ%ﬂp@iﬁﬂ
e )

o0

N SR e S e e

2i+v

X

h,i,j,s=0

<) e[ (GE28) oo

_ [W‘T i dy NS (—1)fHitiHE (v(a -+ ah) 8" (z;w) G (z;w)

C(A) h,i,j,k,s=0

x <Z> (21';@) (6(]‘ +o _U>exp ) (ggﬁf

_ |dafA ds XS (= 1)PFHIFREm (4 o)™ (p(a — 1) + ah

[C(A)r i ( )h++.+k+ kr o) <( ) )
h,i,5,k,m,s=0 m: i

OGN

Writing G2 (2;w) as [1 — G(x;g)]2m+v and apply the generalized binomial series represen-

tation, we get

v 400X\ > dg y N5 (= 1)hitathtmtn 4 )ym /(o — 1) + ah
f(x;oze)\w):[co\)} 3 G . (k +v) (( i) )
h,i,7,k,m,n,s=0 ’

x (Z) (22;— v) <9(j +I:) - v) (an+ v) £ (: 00) G )

07 B,k m,m,p,s=0 m! i
( > (22 ; ”) < ! +l:) . v) (2mn+ v) <n - (275 " 3v)>g”(x;W)GP(:c;w).
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Appendices for TLOBX-GPS

D.2 Order Statistics
m . .
Applying the identity (1 —2)*" ! =" (afl)(—l)lz’, we can write f;.,(z;, 0, \,w) as

0o n—i 00

fion (230, 0, A, w ZZZ snlas\*frropx — G((::_alf(:)_[ll;g;?flo(if alz;a,0,w)]®

-1

h=0 t=0 s=1
t
X (=1)h (n ) ( e >Ch[)\(1 —Frropx—c(z;a,0,w))].
0. ]
Applying the result on power series raised to a positive integer given as C™(0) = > d,md”

z,m=0

where d,m, = (2bg) ™' 32 _ Im(h + 1) — 2]bpd,—pm and do , = b (see Gradshteyn and Ryzhik
(50)), we get

0o n—i 00

sn'a b h)\ sth fTLOBX G(l‘ «, 0 w)
fzn(«rae)\w :ZZZ 1_1 n—l)!Othl(A)
h=0 t=0 s=

n—1i\[(t+i—1 s—
X (—1)t+h< ) B >[1 —Frropx—c(z;a,0,w)]" !

which further expands into

0o m—i oo snla, gh>\8+h(_1)t+h+q n—1
fz':n(l‘;aaea)\,@ = Z ZZ (z—l n_i)!ch—i—l()\) t

=0t=0 s=1

t+i—-1 h+s_1
x( h )( )fTLOBXGwaew)F%LOBX—G(m§Oé79,W).

Oluyede et al. (81) derived the expansion of fTLOBX—G(x;CY,Q,Q)FqTLOBX_G(I;@,Q,Q) under

the pwms section to show that

o .
(_1)b+]+k+m+p+u(k 4 1)m
frropx—c(@;0,0,w)Fh opx o(wia,0,w) =400 ) m!
b7j7k’m7p7u:0

y <a(q +u1) - 1) <2uj+ 1) <9(j + k;l) — 1) <2mb—|— 1) <n — (2;71 + 3)) () GP (a5 ).

That is,

noi snlagby n(k + )m)\erh(_1)b+j+k+m+p+h+q+t+u

ST EEED S ) (4ad)Tml(i — 1)!(n — D)ICP1(x)

b,h,7,k,m,p,q,u=0 t=0 s=1

I

. (2mb+ 1) (b - @m 3))g<x;w>ep<w;w>.

p
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Appendices for TLOBX-GPS

D.3 Elements of the Score Vector

The elements of the score vector for the TLOBX-GPS class are:

b, Ofrropx-c(w;a,6,w))/0c
oo frropx-c(zo,6,w)
N MC"INStroBx—ac(x; o, 0, w)]|0(StroBx—a(x; @, 0, w)) /O
C'ASrrox-a(z;a,0,w)]

)

b, Ofrropx-¢(x;a,6,w))/00
90  friopx-c(z;a,b,w)
. AC"[AStroBx—a(x;a,0,w)]0(STroBx —c(@; o, 8, w)) /00
C'ASrroBx-a(z;a,0,w)]

Y

!
oy _n_ C'(N

X A O

C"[AStropx—c(r;a,0,w)]
C'ASrroBx—a(w;a,0,w)]’

o0
+ Y SrroBx-c(z;o,0,w)
i=1

and

Otn _ O(frropx—c(x; o, 0,w))/ 0wy,
Owy, frropx—g(z;a,0,w)
n AC"[ASrropx—c(z;a,0,w)]|0(Srropx—c(z; o, 0,w)) /0wy,

C'[AStroBx-c(7;, 0, w)]

)

where the first derivatives J(frropx—g(z;a,0,w))/0ca, O(frropx—c(z;a,6,w))/00,
Ifrropx-c(z;0,0,w)) /0wy,  O(StroBx-c(z;a,0,w))/0a,  I(Srropx-c(z;a,0,w))/00
and 9(SrroBx—c(z; a,0,w))/0w; have been derived by Oluyede et al. (81).

D.4 Competing Distributions

The non-nested distributions used for comparisons are:

Sa, BA"Lexp(—2/A) (1 + exp(—x /)1

—a) A\1?
1+exp(—z/N))~1 @
[1_(1_5) (1_{1+[1((1+ei(p(é/)x)>>—l] } )]

(1 + exp(—z/A))"! } -
1—(1+exp(—z/N)"!

fmoosrLL(x; 0, a, B, \)=

X (1= (L+exp(—a/A) ") {H [

for 0,a, 8, A > 0 and = > 0,

faBer® (1 —t)ta—t
(0t> — 1)log(1 — 0)

fGG_L(l‘; «, Ba b7 9) =
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Appendices for TLOBX-GPS

for0<0<1,a,8,7v>0,t=1—exp(—8/y(exp(yz) — 1)) and = > 0,

e A RCIR O

1—e A S s
xr\c1—1 @
Xexp{—/\{l—[l—l—(S)} } }
for ¢, s,a, A > 0 and x > 0, and

208\
2000 Bz~ Le~ 200" (1 - 6*2“5)1)71 60[1_(1_6 2 ) }

e —1

fTL-VVP ((L’; «, Bu b7 0) =

for a, 3,6,0 > 0 and z > 0.

D.5 Datasets

Taxes revenue data: 5.9, 20.4, 14.9, 16.2, 17.2, 7.8, 6.1, 9.2, 10.2, 9.6, 13.3, 8.5, 21.6, 18.5,
5.1,6.7, 17.0, 8.6, 9.7, 39.2, 35.7, 15.7, 9.7, 10.0, 4.1, 36.0, 8.5, 8.0, 9.2, 26.2, 21.9, 16.7, 21.3,
35.4, 14.3, 8.5, 10.6, 19.1, 20.5, 7.1, 7.7, 18.1, 16.5, 11.9, 7.0, 8.6, 12.5, 10.3, 11.2, 6.1, 8.4, 11.0,
11.6, 11.9, 5.2, 6.8, 8.9, 7.1, 10.8.

Waiting times data: 0.8, 0.8, 1.3, 1.5, 1.8, 1.9, 1.9, 2.1, 2.6, 2.7, 2.9, 3.1, 3.2, 3.3, 3.5, 3.6, 4.0,
4.1,4.2, 4.2, 4.3, 4.3, 4.4, 4.4, 4.6, 4.7, 4.7, 4.8, 4.9, 4.9, 5.0, 5.3, 5.5, 5.7, 5.7, 6.1, 6.2, 6.2, 6.2,
6.3, 6.7, 6.9, 7.1, 7.1, 7.1, 7.1, 7.4, 7.6, 7.7, 8.0, 8.2, 8.6, 8.6, 8.6, 8.8, 8.8, 8.9, 8.9, 9.5, 9.6, 9.7,
9.8, 10.7, 10.9, 11.0, 11.0, 11.1, 11.2, 11.2, 11.5, 11.9, 12.4, 12.5, 12.9, 13.0, 13.1, 13.3, 13.6,
13.7, 13.9, 14.1, 15.4, 15.4, 17.3, 17.3, 18.1, 18.2, 18.4, 18.9, 19.0, 19.9, 20.6, 21.3, 21.4, 21.9,
23.0, 27.0, 31.6, 33.1, 38.5.

Mortality rates data: 4.4130, 3.0525, 4.6955, 7.4810, 5.1915, 3.6335, 6.6100, 8.2490, 5.8325,
3.0075, 5.4275, 3.0610, 3.3280, 1.7200, 2.9270, 5.3425, 5.0175, 2.6210, 2.1720, 2.5715, 3.8150,
7.3020, 3.9515, 3.1850, 1.7685, 3.1635, 2.3650, 1.6075, 4.6420, 6.4390, 4.4065, 5.0215, 3.6300,
2.9925, 3.2060, 1.6975, 2.2120, 4.9675, 3.9200, 4.7750, 1.7495, 1.8755, 3.4840, 1.6430, 5.0790,
4.0540, 3.3485, 3.5755, 3.2800, 1.0385, 1.8890, 1.4940, 1.6680, 3.4070, 4.1625, 3.9270, 4.2755,
1.6140, 3.7430, 3.3125, 3.0700, 2.4545, 2.3305, 2.6960, 6.0210, 4.3480, 0.9075, 1.6635, 2.7030,
3.0910, 0.5205, 0.9000, 2.4745, 2.0445, 1.6795, 1.0350, 1.6490, 2.6585, 2.7210, 2.2785, 2.1460,
1.2500, 3.2675, 2.3240, 2.3485, 2.7295, 2.0600, 1.9610, 1.6095, 0.7010, 1.2190, 1.6285, 1.8160,
1.6165, 1.5135, 1.1760, 0.6025, 1.6090, 1.4630, 1.3005, 1.0325, 1.5145, 1.0290, 1.1630, 1.2530,
0.9615.
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E. Appendices for MOTLOBX-G Family

E.1 Series Expansion Proofs

Note that for 6 € (0, 1),

_ dabg(zw)G(aiw) o0 oxp [—O2 (32 w)] 10!
oo 0 00) = Ty U ORIl
x exp [~O%(z:w)] 30D wa [1 - {1 - exp [-O%(miw)] }']
u=0v=0

a(u—v+1)—1

(o.9]

Applying the generalized binomial series representation (1 — z)" = > 72, (—1)"(})z" which is
valid for |z| < 1 and letting v* = a(u —v + 1) — 1 we get

f(x;,0,0,w) = 4a9gg;(c;?(j(m,w) exp [—Oé(x;g)] {1 — exp [—O?;(JU;Q)] }9_1
* 2i+1
X Z Zw““ ( ) [1—{1—exp [—Oé(w;g)]}e} ’
1,u=0 v=0
_ dabg(z;w)Glrsw) _ Wy (1) ’
Sl o FObe] 30 D et ()

y (2z;L 1 {1—exp [~ 02 (x;g)]}e(jﬂ)q
_ 4abdg(z;w)G(z w )it N (204+1\[/0+1)—1
- 2 S (D) () ()

X exp [—(k + 1)0%;(3:;@)] .

2k

Application of the series expansion exp(—z) = po 0 gives

z—i—j—i—k—i—m 1 *
f(z;0,0,0,w) = 4a0 Z Zwuv ()™ <7>

,7,k,m,u=0 v=0 t
y <2i + 1> (9(j +1)— 1) g(a;;g)GQmH(x;g)
o )

Rewriting G2 (z;w) as [1 — G(w;g)]zmJrl and applying previous binomial series expansion
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Appendices for MOTLOBX-G

gives

f(r;0,6,8,0) = 4a8 Y Eziv,( ) (k+1) (7.)<22f1>

|
m. 2
,7,k,m,n,u=0 v=0 J

x <9(j +k1) - 1) <2mn+ 1)g(w;W)Gn_(2m+3) (25 w)

Wy (—1)HIHRFMAED (| 4 )™ (¥ (2541
= dat Z Z m! ) j

i,j,k,m,n,p,u:O v=0 ]

x (90‘ +k1) - 1> <2m + 1> <n — (2m + 3)>g($;w)gp(x;w).

n p

E.2 Rényi Entropy Proofs

Note that if § € (0,1) and we apply generalized binomial series representation (1 — z)" =
i (—1)"(") 2" which is valid for |z] < 1, we get

P00 = Y 0" (1) froms-alwia ) Fropx ora.0.2)
h,u=0

_ (4a9)vgc1:§f(;:3fjv(x;w) exp [—vO%(x;g)}

< {1 = exp [~O% () }1}(9—1) i e (1) <Z> <U(a — 1) + ah>

hyi,u=0
< [1- {1 —exp [-O2 @]}
ab) Vg (z;w) G (z; w 2 - i+g (Y

— (4 ii’)(v(x;w) ( )exp [—UOG(m;g)] h,i%zo eu(_l)h+ + (h)

y <U(0¢ - 1) + ah) (22';—1)) {1 - exp [~0%(z;w)] }0(j+v)—v
_ (4a9)v§§f(;:iiv(x;w) exp [—vOé(x;g)] h,m-,;m_o ey (—1)IHitith <Z>

y (v(a — 1) + ah) (22’;1)) (9(]' +]:) — U)exp — (ke + 0)O%(x: )|
_ ; > ey (—1)RFHHIREm (4 opym () (v(a — 1) + ah
=ty S - ()7

2i 4+ v\ (0 +v) — v\ g¥(z; w) G (25 w)
: < J )( : k >g G2m+3v($;g) .
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Appendices for MOTLOBX-G

Rewriting G (z;w) as [1 — G(z; g)] 2 and applying binomial series expansion gives

o0 _1\h+ititk+mtn m _
(2 0,0.6.0) = (406)" Z eu(—1) (k+v) (v(a 1) + ozh)

h,i,j,k,m,n,u=0
" <21 + v> (0(] +v) — v> <2m + v) gv(x;g)én_(2m+3v) (2:)
J k n
o eu(_l)h+i+j+k+m+n+p(k + ,U)m v(a _ 1) + ah
= (4a0)’ Y .

m! 7

m! 1

h,i,5,k,m,n,p,u=0
" <2@ + v) <c9(] + ) — v> <2m + U) <n —(2m + 3v)>g”(m;w)Gp(x;w).
J k n p

E.3 Distribution of Order Statistics Proofs

For § € (0,1), let ¢* = a(u+t—v+1i) — 1, then

fim(z;0,6,0,w) = 4a9gé_?é?(j§$;w> {1 — exp [—O%(x;g)] }971
X exp [—Oé(m,w)} Z byt [1 —{1—exp [—Oé(x;g)}} }
u=0v=0 t=0

Applying generalized binomial series and exponential series representation as it was done in

Appendix we get

00 U n—i y 1 h+j+k+m-+q 1)m % 9 1
Hw;0,0,0,w) =400 Y ZZb”t( ) | (k+1) @)(z&)
m.

h,j,k,m,q,u=0 v=0 t= J

x (H(j +k1) B 1) <2mq+ 1>g(af;w)Gq_(2m+3)(x;cu)

o0 u n—i byt (—1)PHITREmADTA(]e L )M £ 0¥\ 2h 41
—0 Y LY — A ,

h,j,km,p,q,u=0 v=0 t=0 J

y (9(;‘ +kl) - 1) <2m + 1) (q — (2m + 3>)g(x;w)Gp(m;w).

q p
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E.4 Components of the Score Vector

The elements of the score vector for the MOTLOBX-G family are given as:
MW n IR
g_r In |1— 1—{1— *Zi}
e S o)’

b gem]
i=1 1—5{1—[1—[1—{1—eZ?}GH }

ot _ ﬁ+iln (1_e—zg> By {1—6*Z¢2}9]n{1—e*2¢2}

00 0 = =1 1— {1 - e*Z?}e
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n =/ n
g G (7 w) 0Z;
g — -2 g Z;
G P G(z;w) 0w

i=1

6—1
—z2 —Zz2
i (9 B 1) Zn 2ZZ‘€_ZI'2 0Z; B 20Z; e~ {1 —e } 0Z;

i=1
0—1 (%
+4ezi e*Z?{l—e*Zz?} {1—{1—623} ] o7,

1 - {1—{1—6—25}0]2 O

- 0-1
n_ 8a857Z; e~ % {1 - e*ZE}

=1 {1— {1—6_Zi2}6 : N
x [1— {1—e—23}9} [1— [1— {1 —e—Z?}eﬂ gf ,

J

+

where Z; = G(zj;w)/Glriw), g(rw) = 0g(r;w)/dw;, G(rw) = 0G(r;w)/0w; and
G ( w) = 0G(z;w)/ Ow, for w,; representing the 4t element of the vector of baseline parameters

W.

E.5 Competing Distributions

The pdf of the models used for comparisons are:

o) = G GI T -[eG] )

< e —af[1+ )] -1},

for a, 8,a,b > 0 and x > 0,

dac (1 + (z/B))~ (aa-+1)

f Lz N\, B,6,a) =
voaL{ T = 0-5)(+ @)

for A\, 5,0,a >0 and z > 0,

JMooBIIL- Lo(x J, , B, ) (1 —_ (1 —f—LL')‘) )a+1 (1 +$A)—1

_ Ay-17-9) 7 2
X {1(15) (1{1—1—{1 (l(j-jv_)‘))l ] } )]

dapArt (1 + o) {1+F—(1+xk>l}a}_ﬁ_l
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for 0,a, 8, A\ > 0 and = > 0,

Sa, LA exp(—x/A)(1 + exp(—x/A))>!

fvmoosrrL(x; 0, a, B, \)=

A2
1+exp(—z/A)~1 7%
[1—(1—5) (1—{1+ [1£(1+e§;(—é/)x)))fl] } )]

(1 + exp(—z/\)~! ]‘a}_ﬁ_l

(= {1+ oxple/A) 7 {H [1 — (1 + exp(—a/N))
for 6,a, B, A > 0 and = > 0,

afyz? (1+ ﬁa}_l)afl exp [1 - (1 + ﬁx_l)a]
[1—(1—7) (1 —exp[l — (1 + Bz=1)*])]

Svomwu(z; 8,7, a) =

for B,v,a > 0 and x > 0,

Jvo-L(z;a, B,7) =

for v,aa >0, >1and z > 0.
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F. Appendices for TLEHLOBX-G Family

F.1 Density Expansion Proofs

In the TLEHLOBX-G pdf flx;b,a, 8, %), if we let Q

b—1
[y _ [_OewKe@m)® 1% .
{1 [1 |:2—(1—exp(—KG(a:;g)))’3} ] } , then we can write

_ 0o rb—1 i (1—exp(—K (%E)))B 1%
Q = Zi:O( i )(_1) [1 - [2—(1—eip(—§c($%i)))6:| } ’

and the pdf of TLEHLOBX-G family reduces to

st s, =32 (7)) o PR e (Kot )

X [1 —exp (—Kc(ﬁf;g))]aﬂ_l
< [2 — (1 —exp (—KG(JU%g)))ﬁ}

) {1_ [ (1~ exp (- K (x: 9)))°
2= (1= exp (—Kg(w; %))

—a—1

a}QHJ

erine B — 1 _ [_(1—exp(-Kq(@:9))° r}”“ ,
Now, considering R {1 [27(176Xp(7KG(I&)))ﬂ written as

aj

)

(21N | (= exp (=Ko (@ 1))
R‘];O( j >( g [2—(1—exp<—f<a<m;\1z>>>ﬁ

then the pdf of TLEHLOBX-G family reduces to

4j=0
x exp (—Kg(z; 0)) [1 — exp (— K¢ (z; ¥))]*B+) -1

< [2— (1 —exp (<Kol w)?]

Now, letting

P=[2- (e (-Ka@w)?] T

- [1- e (Katmw?]]
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we obtain

Z < g + D k> [1 — (I —exp (—KG(x;g)))ﬁr_

k=

Then the pdf of TLEHLOBX-G family reduces to

b o B ) = g;o (m; 1) <b; 1) <a(j +k1) + k:) (1) Sbaﬁgéﬁézﬁ(x;W)

x exp (—Kq(z; 0)) [1 — exp (= K¢ (z; ®))| @B +k-1

[1 — (1 —exp (—Kg(z; ¥))) ]

:" <2z+1> (b— 1) a(j >< >(_1)i+j+18baﬁgc(;§;(;1’;)\I}G)(sc; )

=0
xp (—Kg(z; ¥)) [1 —exp (— KG(x;g))]a(ﬁ—H)—kk—kﬂl—l

:l i <2Z;r )(bf)(a(j*kl)“‘f)(’;)<a<ﬁ+j)47—nk+ﬁz—1>

) l meaﬁg(:B,g)G(x \Il)
x (—=1) i+j++ (2 T)
_ i <2i~|—1><b—1><a(j+1)+k><k><a(6+j)—l—k+ﬁl—1>
ivjoklym,s=0 J : k t m
X (—1yitatirms 8baff(m +1)°g(x; W) G+ (2, ¥)
S!C{3+25<x; )

i ) <2z’;—1>(b;l)(a(j+k1)+k><llc> (a(ﬁ#—j)tﬂk%—ﬁl—l)

,5,k,l,m,s,u=0

y (28 + 1) (_1)i+j+l+m+8+u SbQB(m iy '1)89(55; g) G«u—(3+25) (.7); g)
u S!

- i <2ij+1> (b;1><Oé(j+k1)+k><l;:>(a(6+j):®k+ﬁl—1>

Z7J7k7l7m757u7w:0

« (%;1) (u—i + 2s>)( ettt S50 " D0 ) o,

1,5

exp (—(m + 1) Kg(x; ¥))
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F.2 Rényi Entropy Proofs

Note that

S e ekt )

X 1= exp (=K (@3 9)))"" ™ |2 = (1 - exp (- Ka(w; 1))’ |

X {1 _ [ (L~ exp (—Kg(z;2)))” a}v
a]Q}Ub’U

2 — (1 —exp (—Kg(z; ¥)))”
_ _ . B
) {1 . [1 ) [ (1~ exp (Ke(: 1))
Using the following generalized binomial and Taylor series expansions

[f (230, 0, B, W)]" =

—Vvx—7v

2 — (1 - exp (—Kg(z; 1))’

> B+k—1 2 2
(1—|—z)_ﬁ:Z(—1)k( f )zk for |z|] <1,86>0, and ez:Z

E:
k=0 i=0

-2 vb—v
respectively, and if we let QQ = {1 — [1 — [2(1(;@?&)_([{;@(;2%); ﬁ} } } , then we can write
—(1—exp(—Kg(z;¥

Q =X (") () 1 - [t "

—(1—exp(=Kg(z:¥)))

and we have

R S R e e )

) {1_[ (1— exp (—Ko(z; %))’
2 — (1 —exp (—Kg(z; ¥)))°

. ay 2itv
Now, considering R = {1 - [29(;22;7(?}?2%3)); B} }

aj

Cm (2040, | (= exp(—Ke(z;9)))°
R_Z( j >( b [2—(1—exp(—KG($;\P)))B

=0
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then we have

o0

b a v _ vb— v\ (21 + v\, HﬂSbaﬁ)”g_”(m;Q)G”(m;Q)
R P O N e =

X exp (—vKg(z; ¥)) [1 — exp (—KG(x;g))]a(b’v-l—j)—v

x |2 = (1 - exp (—Kg(2; %)) e

Now, letting

P=[2-(1-exp(-Kg(@:9)))’| Seloe

= [1 — [1 — (1 —exp (—Ka(w;‘l’)))ﬁ“_a(jﬂ)_v,

we obtain

P= i( N ”““_1) [1- (- ep (- Ke@ )]
k=0
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Then we can write

b o v _ = (vb—0\ [2i+v B HﬂSbaﬁ)”g_”(x;E)G”(m;g)
savasr= 3 (70" e
y (a(] + ) 4};@ +k— 1) (1 — exp (— K (a; 1) *Bv+) -

k
x exp (—vKg(z;¥)) [1 — (1 —exp (—KG(‘T;g)))B}

_ 5; 0 <vbi—v) <2z;r v) (a(j +v) ZU +k— 1> (= 1)+ <’lf)

. (8ba3)’g" (; W) G (; ¥)
G3v(x7g)
x [1 — exp (— Kg(a; U)ot —vtol

_ i (vbi—v) (22’;—11) (a(j+v);v+k—1>(_1)i+j+l+m<l;:>

irji e lm=0
9 ( a(Bv +j) —v+ Bl) (8baf)? g (x; )G (z; W)
G3V(x; W)

(vb—v) 22+v ( j+v)+v+k—1)(_1)i+j+l+m+s<k>
zgklms 0 5 l

y ( a(Bv +7) —v—{—ﬁl) (8baB)? (v + m)sg¥ (z; )GV 25 (x; U)

exp (—vKg(z; ¥))

exp (—(v+m)Kg(x; ¥))

S|G3v+25 (37 \I/)

_ (vb—v <2z+v>( J+U)+’U+k—1>(_1)i+j+l+m+s+u<k>
k l

1,7,k l ,m,s,u,=0
y ( + 2s> ( a(Bo+7)—v+ m) (8baB)" (v + m)*g" (z; W) G342 (3, W)

U m s!

_ i (vb—v) <2i+v) (a(j+v)+v+k—1>(_1)i+j+l+m+s+u+w
i ' k

ik, 1w =0 J

y (k) <v + 2s> <a(6v +j)—v+ 6l> <u — (v + 25)> (8baB)? (v +m)*

l U m w s!
x g"(z; ¥)GY (z; ¥).

F.3 Elements of the Score Vector

The elements of the score vector for the TLEHLOBX-G family are:
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ol n - Gz ) 2
da ~ o021 ll‘eXp<‘<G<xi;w>> )]
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at
p

X

X

[1 { (“"p(@iizzi;)?))‘*ﬁ ’
2a(b— 1) i 2— (1—exp(_<%(&?§)>z))

{1 {1 [ <lexp(<gz:z:$;>22):] ]
- (e (-(222)"))

(1o (- (S2BY)) (1o (- (G
v
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o — (G(z;;9) 0G(xi; D)
0%, 2;<G($z‘;‘1’)) oV,

. oo (- (83)°) (Gm) e
+2(ap—1) ; {1 — exp <_ (ggz:iDZ)}

n (1 — exp (_ (ggig)z))ﬂl exp (_ (ggg)?) @i%) aagi;g)
B
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F.4 Competing Distributions

The pdf of existing distributions that we compared our model with are given below:

_ -1y —a\ P
frroprir—n(z;a, B,b,A) = |1 — |1 — (1 n (1(1+:L“)> >

9- b—1
(1422t
1= 1421\ 7 1= (1421 7
: 1‘<1+<<1(+;>—)1> ) (”(M) )

1-(1 —l—:z:’\)l)_a_l

A—1
X 2a8bAx ( A +20) 1

for o, 8,0, A > 0, and = > 0,

2wy 1 (14 fyx/\)wfl exp (1 — (14 y2t)v)
[1+exp(L = (1 +yat)e)]” ’

foaaLw-w(x;w, A, y) =

for w, A\,v > 0, and = > 0,

b—1
2002 A2 (1 + 2M) A1 (1 4 )P - S2((1+ 2272

[1-5(1+22)-6]° (1 =501+ a22)F)

fromo-Bxii(x; b, 6,&) =

for b,0,\,8 >0 and z > 0,

2wiyz ! (14 ’ysc’\)w_l exp (1 — (14 yat)v)
[1+ exp(1 — (1 +a*)2)]’ ’

fHLGW(x; w, >\77) =

for w, A,y > 0, and x > 0, and

e 107 = (53

for a,v,6 >0, 8# 1 and x > 0.

F.5 Datasets

Waiting times data: 83, 51, 87, 60, 28, 95, 8, 27, 15, 10, 18, 16, 29, 54, 91, 8, 17, 55, 10, 35, 47,
77, 36, 17, 21,36, 18, 40,10, 7, 34, 27, 28, 56, 8, 25, 68, 146, 89, 18, 73, 69, 9, 37, 10, 82, 29, 8,
60, 61, 61, 18, 169, 25, 8, 26, 11, 83, 11, 42, 17, 14, 9, 12.

Remission times data: 0.08, 4.98, 25.74, 3.7, 10.06, 2.69, 7.62, 1.26, 7.87, 4.4, 2.02, 21.73, 2.09,
6.97, 0.5, 5.17, 14.77, 4.18, 10.75, 2.83, 11.64, 5.85, 3.31, 2.07, 3.48, 9.02, 2.46, 7.28, 32.15, 5.34,
16.62, 4.33, 17.36, 8.26, 4.51, 3.36, 4.87, 13.29, 3.64, 9.74, 2.64, 7.59, 43.01, 5.49, 1.4, 11.98,
6.54, 6.93, 6.94, 0.4, 5.09, 14.76, 3.88, 10.66, 1.19, 7.66, 3.02, 19.13, 8.53, 8.65, 8.66, 2.26, 7.26
,26.31, 5.32, 15.96, 2.75, 11.25, 4.34, 1.76, 12.03, 12.63, 13.11, 3.57, 9.47, 0.81, 7.39, 36.66, 4.26,
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17.14, 5.71, 3.25, 20.28, 22.69, 23.63, 5.06, 14.24, 2.62, 10.34, 1.05, 5.41, 79.05, 7.93, 4.5, 2.02,
0.2, 7.09, 25.82, 3.82, 14.83, 2.69, 7.63, 1.35, 11.79, 6.25, 3.36, 2.23, 9.22, 0.51, 5.32, 34.26 ,4.23,
17.12, 2.87, 18.1, 8.37, 6.76 ,3.52, 13.8, 2.54, 7.32 ,0.9 ,5.41, 46.12 ,5.62, 1.46, 12.02 ,12.07.

Mortality rates data: 4.4130, 3.0525, 4.6955, 7.4810, 5.1915, 3.6335, 6.6100, 8.2490, 5.8325,
3.0075, 5.4275, 3.0610, 3.3280, 1.7200, 2.9270, 5.3425, 5.0175, 2.6210, 2.1720, 2.5715, 3.8150,
7.3020, 3.9515, 3.1850, 1.7685, 3.1635, 2.3650, 1.6075, 4.6420, 6.4390, 4.4065, 5.0215, 3.6300,
2.9925, 3.2060, 1.6975, 2.2120, 4.9675, 3.9200, 4.7750, 1.7495, 1.8755, 3.4840, 1.6430, 5.0790,
4.0540, 3.3485, 3.5755, 3.2800, 1.0385, 1.8890, 1.4940, 1.6680, 3.4070, 4.1625, 3.9270, 4.2755,
1.6140, 3.7430, 3.3125, 3.0700, 2.4545, 2.3305, 2.6960, 6.0210, 4.3480, 0.9075, 1.6635, 2.7030,
3.0910, 0.5205, 0.9000, 2.4745, 2.0445, 1.6795, 1.0350, 1.6490, 2.6585, 2.7210, 2.2785, 2.1460,
1.2500, 3.2675, 2.3240, 2.3485, 2.7295, 2.0600, 1.9610, 1.6095, 0.7010, 1.2190, 1.6285, 1.8160,
1.6165, 1.5135, 1.1760, 0.6025, 1.6090, 1.4630, 1.3005, 1.0325, 1.5145, 1.0290, 1.1630, 1.2530,
0.9615.
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