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Abstract

Neglected tropical diseases (NTDs) are a health crisis that is ignored by the developed
world and only starts getting attention when there is an outbreak that kills a large
population. AIDS associated Kaposi sarcoma (AIDS-KS) and Ebola Virus Disease (EVD)
are viral infections which are just two of the many NTDs that require attention. This thesis
presents novel within-host ordinary differential equation (ODE) mathematical models
in conjunction with application of the optimal control theory of AIDS-KS dynamics.
Additionally, we derive an epidemiological system of ODEs to model the transmission

dynamics of EVD in the presence of public health education.

AIDS-KS is caused by KS-associated herpesvirus (KSHV). Although the standard KS
therapy has not changed in twenty years, not all cases of KS will respond to the same
therapy. The goal of current AIDS-KS treatment modalities is to reconstitute the immune
system and suppress HIV replication. We introduce novel within-host ODE mathematical
models that consolidate the effect of both HIV and KSHV load on KS tumor progression by
incorporating low or high viral loads (VLs) into the proliferation terms of the immune cell
populations. Regulation of HIV/KSHV VL and viral reservoir cells is crucial for restoring
a patient to an asymptomatic stage. Therefore, in order to device an optimal treatment
plan, optimal control theory is applied by using Pontryagin’s maximum principle with
control measures such as combined antiretroviral therapy (cART). The objective function
is constituted to minimise the population of infected cells, VL and KS tumor and the
harmful side effects of cART to the patient. The results indicate that the drug treatment
strategies are capable of removing the viral reservoirs faster, consequently reducing the
HIV and KS tumor burden. The predictions of the mathematical models have the potential
to offer more effective therapeutic interventions based on VL and virus-infected cell load,
hence support new studies addressing the superiority of VL over CD4 cell count when

predicting life expectancy of HIV patients.



iv

Public participation in Ebola virus disease (EVD) prevention efforts is essential to
reduce outbreaks. Targeted education through practical health information for specific
populations and sub-populations is essential to combat this disease. We study the
dynamics of EVD in he presence of public health education to assess the role of behavior
change instigated by health education in the dynamics of an outbreak. The intensity of
behaviour change is clear in two outbreaks of EVD that occurred in Sudan just three years
apart. The first occurrence turned into the primary documented outbreak of EVD and
produced a sizable number of infections. The subsequent outbreak delivered far less cases,
apparently on the grounds that the population in the district gained from the primary
episode. We derive a system of ODEs to model these two opposite behaviors, using data
from these two EVD instances to estimate parameters significant to the two opposite
behaviors. We then simulate a future EVD epidemic in Sudan using our model, which
includes two susceptible populations, one of which is more knowledgeable about EVD
than the other. Our results show how a better educated population leads to fewer cases

of EVD and features the significance of ongoing education in public health.

Keywords: : neglected tropical diseases; viral infections; mathematical model; optimal
control theory; Kaposi sarcoma; ebola virus disease; cART; viral load; HIV; KSHV; public

health education; outbreak.
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Chapter

Introduction

1.1 Overview of neglected tropical diseases

Neglected tropical diseases (NTDs) are a health crisis that is ignored by the developed
world and begins to attract attention only when there is an outbreak that kills a large
population [9]. Despite the fact that there are affordable drugs and treatments which
are available to treat some NTDs, there is inadequate health interventions such as drug
distribution and underfunded research [10, 11]. This group of preventable and treatable
diseases is caused by parasitic, viral and bacterial and is most prevalent in tropical and
subtropical conditions in 149 countries, specifically in regions such as South America,
Asia and Africa [12]. NTDs affect over 1 billion people every year, hence resulting in the
devastating health and economic problems for people living in poverty and end up being
trapped in a cycle of poverty and disease [9]. Up to 1/2 million deaths and approximately
57 million disabilities have been attributed to NTDs [9, 13]. The first ever World NTDs day
was held on 30 January 2020 [12]. Acquired immunodeficiency syndrome associated Kaposi
sarcoma (AIDS-KS) and Ebola Virus Disease (EVD) are viral infections which are just two
of the many N'TDs that require attention. This thesis presents novel within-host ordinary
differential equation (ODE) mathematical models in conjunction with application of the
optimal control theory of AIDS-KS dynamics which investigates the disease’s therapeutic
interventions. Additionally, we derive an epidemiological system of ODEs to model the
transmission dynamics of EVD to assess how behavior change induced by education can

alter the dynamics of an outbreak.



Chapter 1. Introduction 2

KS is a cancer caused by Kaposi sarcoma associated herpes virus (KSHV) which is also
referred to as human herpesvirus type 8 (HHV-8) [14]. Patients who have suppressed
immune systems are the highest risk group to acquire KS [15, 16, 17, 18]. Clinically, there
are four categories of KS [19, 20, 21]: classic KS which is characterised by a benign
course affects especially the elderly men living in the Mediterranean area or Eastern
European Jewish; endemic KS which is the most prevalent form in Central and Eastern
Africa; transplant associated (latrogenic) KS which is more frequent especially after an
organ transplant and AIDS-KS which is a major AIDS-defining malignancy. The human
immunodeficiency virus type 1 (HIV-1) fundamentally causes AIDS, if untreated, the
disease progresses through three stages [1, 2, 22]: acute HIV-1 infection begins within a
period spanning 2 to 4 weeks of being infected with the virus. At this stage some patients
experience flu-like symptoms. The second stage is the chronic HIV-1 infection referred to
as asymptomatic HIV-1 infection or clinical latency which lasts up to 10 years. During
this stage patients may not have the HIV-related symptoms, but HIV-1 in the body will
be multiplying. The final stage is AIDS, the most severe stage of infection characterised
by opportunistic infections leading to death if there is no treatment. HIV-1 infection is
transmitted predominantly via the exchange of body fluids, typically blood, semen and
breast milk [23]. The clinical progression of untreated HIV-1 is depicted in Figure 1.1. In
2019, approximately 38 million people were living with HIV-1 worldwide, 690, 000 deaths
were attributed to this infection and approximately 25.4 million people were on highly

active antiretroviral therapy (HAART) [24].

The HIV-era saw the AIDS-KS becoming the most prevalent of the four forms of KS, but
the introduction HAART in 1996 has led to a dramatic reduction of the KS cancer load in
developed countries [25, 26]. In resource-poor settings such as sub-Sahara Africa, AIDS-KS
patients have a poorer prognosis than classical KS patients [27, 28]. Therefore, increasing
treatment options and consequently overall survival of AIDS-KS sufferers is a vital goal
to aim at. Clinical trails have shown that cART (HAART plus KS therapy) is effective in
reducing the AIDS-KS burden [29, 30, 31]. Viral load (VL), which is the amount of virus
in the body, is a critical risk factor in the transmission of HIV-1, hence on the basis of
the World Health Organisation (WHO) 2016 guidelines [32], VL is preferred over CD4" T
cell count as a monitoring approach since it enables earlier and more accurate detection of
treatment failure before the immune system is suppressed. After initiating HAART, VL
testing occurs initially at 6 and 12 months intervals and then routinely every consecutive

year [32].
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FIGURE 1.1: Clinical progression of an untreated HIV-1 infection [1].

In light of this, the growing emphasis on VL monitoring, the continued diagnosis of KS in
HIV infected patients who are on HAART and the poor chances of survival after diagnosis
in some cases emphasises the need for mathematical models based on VL. Despite the
recommendation to use VL over CD4™" T cell count when predicting HIV transmission and
pathogenesis, in the past 20 years only 6% of studies related to HIV simulation included
consideration of VL or VL testing [33]. This is surprising, even though the superiority of
VL over CD4" T cell count in HIV progression on patients receiving ART has been shown
mathematically [34]. As a consequence, the importance of understanding the within-host
AIDS-KS dynamics is the key to monitoring effective treatment strategies. Nevertheless,
only a very few AIDS-KS mathematical models describing within-host dynamics have been
published, typically by Nani and Jin [35, 36] and Szomolay and Lungu [37]. This study
therefore focuses on the VL and virus-infected cell load mathematical models that have
the potential to offer more effective therapeutic interventions and render support to new
studies (see [33, 34]) that address the superiority of VL over CD4™ T cell count to predict
life expectancy of HIV patients.

The Ebola virus disease (EVD) has given rise to a serious health risk to African nations

since the mid 1970s. The infection was first detected in Democratic Republic of Congo
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(once in the past Zaire) in a town close to the Ebola River in 1976, however 21 extra
outbreaks have since happened in Central and West Africa generating over 28,000 total
cases [38, 39]. While past episodes each delivered under 500 cases, the 2014 outbreak of
EVD in West Africa generated more than 28,000 cases, the most cases of EVD to date [39].
The unmistakable distinction in the quantity of cases between different outbreaks makes
anticipating the seriousness of future outbreaks troublesome. The specific transmission
dynamics and the resulting number of cases are reliant on various factors including the
particular strain of EVD, the population size in specific areas and explicit human behaviour

that can either lessen or add to the spread of the disease [40].

The store for Ebola is believed to be animals, for example, bats and monkeys [41, 42];
outbreaks of Ebola start after an animal from the supply infects a human. The
latency period for this disease is 2 to 21 days [43, 42]. When the virus is within the
human population, people can contract the disease after coming in contact with the
substantial liquids of an infected person, which can incorporate contact with somebody
who has died from EVD. This transmission course is exacerbated by the infection as
substantial liquids are created in those contaminated by the disease resulting in vomiting,
deification and bleeding. Since there is no immunisation accessible at the moment, Ebola
patients are treated with oral or intravenous liquids with the inclusion of treating explicit

manifestations [42].

Social practices in West Africa assume an enormous role in the transmission of Ebola
[40]. At the point when a relative turns out to be sick, it is regular practice to renounce
looking for clinical therapy and rather consult a conventional herbalist or take care of
the patient at home. This is often particularly genuine within the case of Ebola as early
indications are comparative to those of influenza. With relatives having to take care of
the sick frequently brings about various family members getting the ailment [44]. Other
exceptionally influenced zones outside the house are medical care settings. In reality,
if protocols are not taken after, hospital settings are competent of producing significant
number of cases amid Ebola episodes [45, 46]. It is regular practice and surely an honour
for dead people to be washed, grasped, kissed and organised for burial with the aid of using
own circle of relatives [47]. This is tricky as deceased individuals actually convey and are
fit for spreading the infection. Indeed, even profoundly educated people who are mindful
of progressing Ebola outbreak may take an interest in such social practices because of a
paranoid fear of being marked elitists. Consequently, burial practices assume a significant

part in spreading EVD [45].



Chapter 1. Introduction 5

From past episodes it is clearly apparent that taking safety measures against spreading
Ebola can rapidly lessen or take out an outbreak [47]. For instance, the first estimate
of the 2014 EVD epidemic in West Africa estimated that, without any intervention, 1.4
million cases would have been generated during the epidemic [48]. Be that as it may,
the WHO announced the outbreak to be an “international health emergency”, dispatched
a huge global intercession, facilitated help from various elements and included gigantic
data missions to teach the overall population about forestalling the spread of EVD [49].
The help included medical care assets for the influenced nations and the data crusades
modified character behavior, which immediately contained the outbreak and restricted
the total number of infections hugely [50]. Also, considering the cases of Ebola that were
exported to the United States and Europe amid the 2014 episode in West Africa, cautious
safety measures were taken by the European and American population and governments,
which avoided secondary outbreaks from happening both in West Africa and their nations.
This study focuses on the role of public health education on the evolution EVD in the two

outbreaks that took place in Sudan only 3 years apart.

1.1.1 AIDS-KS biological background

Discussion of the AIDS-KS mathematical model must be preceded by a well-developed
basic understanding of the biological background that is relevant to this study. An overview
of the host immune response to infection is given which is followed by a run-through of the
lifecycles of HIV-1 and HHV-8 virions, how the virions interact with the immune system
and how the treatment disrupts the life cycle. The pivotal role of HIV-1 in AIDS-KS

pathogenesis is also discussed.

Host immune response to infection

There are two important roles performed by the immune system: detection of pathogens
(such as viruses, fungi or bacteria) and elimination of these pathogens [51]. When
pathogens invade the body, the body mounts two types of defence mechanisms namely the
innate response and if this response fails it resorts to the adaptive response [52]. Innate
immune response is instantaneous, whereas the adaptive response is a delayed response
and can take a few days to fully develop. However, it is from this response that the body
forms immunological memory [52]. The focus of this study is on the adpative immune

response to infection by viruses.
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Three types of cells, that is, B cells, CD4" T cells and CD8" T cells (also known as
effector cells or cytotoxic T lymphocyte) are critical in the adaptive immune response
[53, 54]. For convenience, instead of CD4" T cells, we use T cells and for CD8" T cells,
we use effector cells in the rest of the thesis. B cells produce antibodies used to detect
and neutralise viruses. T cells play a central role in regulating the immune response and
are considered as the “messenger” or the “control center” of the immune system because
they alert the immune system that there is a pathogen that needs to be eliminated. In
turn, the effector cells respond to the signals by the T cells to undertake the mission of
eliminating the infected cells. Under normal circumstances, immune cells work together

effectively to eliminate infection.

HIV-host interaction

The focal point of HIV-1 is its targeted infection of T cell deoxyribonucleic acid (DNA)
thereby turning it into a factory producing thousands of copies of the virus [51, 55, 56].
HIV-1 does not kill the infected individual directly but over time the virus depletes the T
cells. By the time the effector cells are deployed to eliminate the infection, it is sometimes
too late and the infection has built up into a clinical problem and the patient’s immune
system is supressed and opportunistic infections take advantage of the compromised
immune system. The two key markers which are used for monitoring HIV-1 infection

are the VL and T cell count as shown in Figure 1.1.

An understanding of the viral life cycle forms the basis for the design of drugs which
interfere with the life cycle [57]. The HIV-1 lifecycle consists of the following stages:
binding; fusion; reverse transcription; integration; replication; assembly and budding [2]
as shown in Figure 1.2. The lifecycle begins when HIV-1 binds to a T cell by fitting
perfectly like a key in a lock. The virus then fuses with the T cell membrane and releases
its genetic material into the host cell. Once inside the cell, reverse transcription takes
place where the virus converts its genetic material into viral DNA. This is then followed
by integration where the viral DNA enters the nucleus and takes control of it. Copies of
the HIV-1 genetic material are created inside the cell during replication. The new HIV-1 is
assembled and then released from the host cell into the bloodstream to infect other cells.
The turn around time from entry to production of infectious virions is approximately

24 — 48 hours [58].

We consider two categories of antiviral drugs [51, 59, 60]; (1) reverse transcriptase

inhibitors (RTIs) which target the reverse transcription stage. These antiviral drugs block
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the conversion of HIV-1 genetic material into viral DNA. Hence without DNA, HIV-1
cannot make copies of itself. (2) protease inhibitors (PIs) which target the assembly stage.
When PIs are used, new viruses can be formed but they will be immature and cannot
infect T cells. Undetectable HIV-1 VL is when the levels are below 200 copies per mL
[61, 62].

Life Cycle

B> ( 2. Fusion )

’ 6. Assembly
5. Replication

%

-

4. Integration

FI1GURE 1.2: HIV-1 lifecycle where the red crosses illustrate the stages which are blocked
by RTIs and PIs [2].

HHV-8-host interaction

HHV-8, present in all four forms of KS, was discovered in 1994 by Chang et al. [63] and
it infects B cells primarily [3]. Transmission of the virus is predominantly via saliva, but
it may also be transmitted sexually, vertically or via blood products [14, 64]. Children
may acquire HHV-8 infection through saliva sharing during childhood practices of candy
sharing, the premastication of food for infants and toothbrush sharing [65]. Tumors usually
appear externally on the skin and also internally inside the mouth, the lymph nodes, the

lungs or digestive tract which may result in severe internal bleeding [19].

HHV-8 is a double stranded DNA virus with a life cycle that consists of two distinct
phases: latent and lytic replication [3, 66, 67]. The DNA is surrounded by a capsid and
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then an envelope which contains several glycoproteins that are used for attachment and
fusion. The virus genome is delivered to the cell nucleus where there is a choice of either
becoming lytic or latent. Lytic phase creates new viral particles that later infect healthy
B cells to continue the cycle. The virus production results in the killing or lysing of the
host cell. Latent phase does not result in production of virions, hence the viral DNA can
settle in the nucleus quietly for decades in a healthy person until it is reactivated when
the immune system becomes supressed. The HHV-8 lifecycle is shown in Figure 1.3. The
target for therapy inhibits the switch from latency to lytic replication [64, 68]. When the
number of HHV-8 virions is 500 copies per mL or less the VL will be undetectable [69].
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FIGURE 1.3: HHV-8 lifecycle [3].

Role of HIV-1 in AIDS-KS

HIV-1 plays a pivotal role in KS pathogenesis [4]: infected T cells release HIV-1 tat protein,
inflammatory cytokines and growth factors which reactivate latently infected B cells from

latency to lytic and this results in the development of KS.
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1.1.2  Control and prevention of neglected tropical diseases: AIDS-KS
and EVD

Interventions for neglected tropical diseases (NTDs) offer a great deal of hope for the
control and prevention of the diseases [70]. The effective control of AIDS-KS requires cART
(which is a combination of HAART together with KS therapy) which has been shown to
be effective in clinical trails carried out in areas of high prevalence and poor resourses
[29, 30, 31, 71]. In spite of its success, HAART’s primary concern is non-adherence, which
is the most common cause of virologic failure. Non-adherence comes in the form of missing,

skipping, postponing doses, not respecting food rquirements and drug holiday [72].

In order to control Ebola virus disease (EVD), changes in behaviours driven by public
health education can change the dynamics of an outbreak. This is evident from the first
two Ebola outbreaks in Sudan, where the relative magnitude of each outbreak was an
impression of readiness of health care providers and knowledge of the general public about
the disease [73, 74].

1.2 Motivation

Neglected tropical diseases (NTDs) are health crises that are ignored by the developed
world [9]. Affordable drugs and treatments are available to treat some NTDs [10, 11].

Despite the advent of HAART, KS is still being diagnosed in HIV-1 infected patients
because they acces HAART treatment too late as accessibility to drugs is based on the T
cell count [15, 75, 76]. Regardless of the WHO 2016 guidelines [32] to use viral load (VL)
monitoring approach over T cell count to diagnose and subsequently confirm treatment
failure, in the past 20 years only 6% of studies related to HIV simulation have demonstrated
the potential of VL or VL testing [33], even though the superiority of VL over T cell count
in HIV progression on patients receiving ART has been shown mathematically [34]. The
continued diagnosis of KS in the HAART-era, together with the poor chances of survival in
some cases emphasises the importance of understanding the dynamic relationship between
host and viral infections since it is the key to monitoring effective strategies of dealing
with KS in patients who are infected with HIV-1 [77]. In spite of everything, only a very
few AIDS-KS mathematical models describing within-host dynamics have been published.
Typical examples are the mathematical models by Nani and Jin [35, 36] and Szomolay
and Lungu [37]. The WHO 2016 guidelines and the immunological models [35, 36, 37]
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have motivated this study to reveal the potential of this approach as a more effective

therapeutic intervention based on VL.

Since the disease was first detected in the Democratic Republic of the Congo, Ebola virus
disease (EVD) has posed a serious health risk in African countries. This was followed by
an additional 21 outbreaks in West and Central Africa, which resulted in more than 28, 000
cases. Fewer than 500 cases were reported in each of the previous outbreaks, on the other
hand, the latest 2014 EVD outbreak in West Africa, generated more than 28,000 cases,
the highest number of EVD cases to date. Mathematical models have been utilised by
Fast et al. [78] and Shen et al. [79] to assess the impacts of public health education on the
evolution of EVD. Unlike the previous models [78, 79] which basically decrease different

rates because of public health education, we estimate different parameters for each group.

1.3 Objectives

This study proposes mathematical models and control of within-host models for AIDS-KS

and an epidemiologic model for Ebola virus disease (EVD).

In order to achieve this, we:

(i) formulate novel within-host ODE mathematical models which describes the
KS-immune system interactions in the presence of both HIV-1 and HHV-8 by
incorporating low or high VLs into the proliferation terms of the immune cell

populations,
(ii) carry out a detailed mathematical analysis together with elaborate simulations,

(iii) investigate for what viral sources the body remains viral free and what viral sources

lead to viral escape,

(iv) apply optimal control theory to propose optimal therapeutic interventions for
AIDS-KS,

(v) derive an epidemiologic ODE mathematical model to assess the effects of public

health education on the evolution EVD.



Chapter 1. Introduction 11

1.4 Contribution of this study

The findings of this study will be of great benefit to understanding the evolution and
control of AIDS-KS and EVD:

(i) it will assist the health care sectors to develop and refine optimal combinations, doses

and scheduling of treatments for AIDS-KS patients,

(ii) for researchers, it will provide a mathematical framework for future research in
mathematical modelling of the effect of VL on AIDS-KS as well as the optimal
control strategy for treatment. Consequently, it will allow for the development of
more refined hypotheses that can also be tested via clinical experiments. Moreover,
the study will add more knowledge to existing literature on the effects of public

health education on the evolution of EVD,

(iii) for the government, it will lay a foundation towards shaping the policies, programmes
and control of NTDs such as AIDS-KS and EVD,

(iv) it will also assist the society in general to have an understanding how AIDS-KS and

EVD can be prevented and controlled,

(v) the study will help the public health educators to design educational seminars and
workshops that will educate people about EVD, the impact of VL on AIDS-KS and

how best the diseases can be controlled.

1.5 Scope and limitation of the study

We propose within-host model for AIDS-KS and an epidemiologic model for EVD.
We develop and analyse novel mathematical models based on ODEs which reveal the
effect of HIV-1 and HHV-8 VL on AIDS-KS progression. Specifically, low or high VLs
are incorporated into the proliferation term of the immune cell populations. Detailed
mathematical analysis together with elaborate simulations is carried out. Optimal control
theory is applied to the models using cART (HAART together with KS therapy) as
interventions over a 20 day time horizon in order to propose an effective treatment plan
for AIDS-KS. The necessary conditions for the optimal system are derived using the
Pontryagin’s Maximum Principle. The objective function is constituted to minimise the

population of infected cells, VL, KS tumor and the harmful side effects of cART to the
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patient. Existence of an optimal control is proved and the optimal control models are
solved using the forward-backward sweep method. The parameter values are based on
clinical and experimental results from published studies. The limitation to this study is
the unavailability of some parameter values since they have not been clinically determined

before in humans, typically the parameter values with regards to HHV-8.

Additionally, we formulate an ODE epidemiological EVD model which consists of two
types of individuals in the Sudanese community: one who is educated about Ebola and
is careful not to risk the disease and one naive who does not take precautions against
contracting or spreading the disease. We partition the susceptible population into two
groups: individuals who have not yet been influenced by public health education and
those who have been educated. We estimate different parameters for each group and use
data from the aforementioned Ebola outbreaks in Sudan to parameterise our model and
also include the effect of information on increasing the rate of infected individuals who

seek professional health care.

1.6 Thesis layout

The focus of this study is on the mathematical modelling of NTDs which are caused
by viral infections, typically AIDS-KS and EVD. Hence, this report consists of chapters
which will cover the formulation, analysis of within-host AIDS-KS mathematical models (in
conjunction with application of the optimal control theory) and an EVD epidemiological

mathematical model. The thesis adopts the following layout:

Chapter 2 is dedicated to reviews of the relevant literature pertaining to mathematical
models as well as existing clinical studies on AIDS-KS. This provides the context for the
study. Also, a review of the mathematical models which have been used to evaluate the
effects of public health education on the evolution of EVD is given.

In Chapter 3 several mathematical concepts and results that are used throughout the
thesis to qualitatively analyse and numerically implement the models are presented: well
posedness of solutions, stability analysis (both local and global), sensitivity and uncertainty
analysis, optimal control theory and numerical implementation by the forward-backward
sweep method.

Chapter 4 presents the formulation of the novel within-host weak viral source and strong
viral source (which occurs due to non adherence to treatment) models which illustrate the
interaction between infected B and T cells, the viruses (HIV-1 and HHV-8), KS and the
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virus-specific effector cells. Detailed mathematical analysis and numerical simulations of
the AIDS-KS model is carried out to investigate the effect of VL on AIDS-KS progression.
These models are then extended for the optimal control problem that will be presented in
the chapter which follows.

Chapter 5 of this work deals with the optimal control for both the weak and strong viral
source models in order to determine the optimal treatment plan for cART that minimise
the KS tumor, infected T-cell, VL burden and and the harmful side effects of cART.
The existence of the optimal control pair is discussed and by using an adapted numerical
technique for solving optimal control problems from forward-backward sweep method, an
optimal control schedule of AIDS-KS through cART is solved.

In Chapter 6 we derive a deterministic epidemiological mathematical model for the
transmission dynamics of EVD to assess how behavior change induced by education can
alter the dynamics of an outbreak in Sudan.

Finally, we conclude with a disussion of the AIDS-KS and EVD mathematical models in
Chapter 7.



Chapter

Literature Review

Mathematical models have a great impact on and enrich our understanding of neglected
tropical diseases (NTDs) and the efforts required to control them. This chapter reviews the
mathematical models for AIDS-KS and Ebola virus disease (EVD) dynamics and discuss
ways how viral infections are controlled and for those whose treatment drugs/vaccines are

in clinical trials what the efficacies for the drugs should be.

2.1 AIDS-KS mathematical models reviews

Cancer growth in HIV-1 infected individuals is a hot topic area. Great efforts have been
made by scientists for many years to understand the pathogenesis of AIDS-KS and how
best it can be managed through clinical trials which in turn have stimulated mathematical
models. The AIDS-KS reviews discussed herein will focus only on major studies relevant
to the AIDS-KS and have inspired this research. These are in two categories: (i) the
clinical studies on the role of HHV-8 in KS pathogenesis and (ii) the role of HIV-1 in
AIDS-KS pathogenesis. To support the fore-mentioned clinical reviews and effectively
quantify the processes involved, we shall also review literature on VL mathematical models
and AIDS-KS mathematical models (epidemiological and immunological) which motivated
this research. This study will primarily focus on within-host VL. mathematical modelling
of AIDS-KS and how best it can be treated. Our work is motivated by the review article
by Forman [4] who proposed a model for the pathogenesis of AIDS-KS. We want to explore

in chronological order the AIDS-KS clinical studies before and after Forman’s publication.

14
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2.1.1 Clinical studies on AIDS-KS

The role of HHV-8 in KS pathogenesis

There is compelling evidence tying HHV-8 to the pathogenesis of all four types of KS.
DNA sequence in the studies below [63, 80, 81, 82, 83, 84] was found in biopsy samples
together with anti-HHV-8 antibodies in serological studies.

Chang et al. [63] used a novel technique which revealed that KS was caused by a new
virus, HHV-8 over a century since KS was first described by Morris Kaposi in 1872.
Chang et al. [63] searched for foreign DNA sequences in AIDS-KS samples by using
representational difference analysis (RDA). Unique sequences were detected in KS tissues
from AIDS patients but absent in most non-KS tissues. However, the study could not
establish the link between the sequences and AIDS-KS. Despite the shortfall, this novel
discovery [63] opened up the doors to other scientists who subsequently detected the virus

in KS samples.

Li et al. [80] carried out a study to identify the specific cells within KS tumors that
contain the HHV-8 DNA. Both polymerase chain reaction (PCR) and in situ hybridisation
techniques were applied in the study. By using the PCR technique, 14 skin biopsy samples
(3 classic KS(CKS), 6 AIDS-KS, 3 normal and 2 common warts from healthy individuals)
were examined for HHV-8 DNA sequences. The virus was detected in all 9 KS samples
(CKS and AIDS-KS) but not in the 5 non-KS tissue samples. The in situ hybridisation
technique on the KS samples confirmed that the viral DNA sequences were constrained to
the the nuclei of the endothelial cells lining the vascular slits within AIDS-KS and classical
KS lesions. The findings had important suggestions about the cell of origin and the alleged
role of HHV-8 in pathogenesis of KS. However, further clarification of the role of the novel

HHYV-8 in the pathogenesis of KS was needed.

Huang et al. [81] investigated the causative role of HHV-8 in the pathogenesis of KS.
The study examined 31 fresh KS skin biopsy samples (3 CKS and 28 AIDS-KS) by PCR.
The controls were 8 samples which were taken from healthy persons who were undergoing
surgery. The virus was absent in the healthy persons samples by the PCR method. As
for the samples which tested positive for HHV-8 DNA, confirmation that the extracted
RNA was amplifiable was done by further examinations by performing three techniques:
reverse transcription polymerase chain reaction (RT-PCR), Northern blot hybridisation
analysis and in situ hybridisation. The results confirmed RNA expression of HHV-8 in
the samples, hence supporting the pivotal role of HHV-8 in KS development. This was
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an eye opener on the role of HHV-8 participating in the pathogenesis of KS. However,
the study did not determine the progenitor cells as playing a role in KS pathogenesis.
Moreover, the relationship between HHV-8 level of expression and the various stages of

the development of KS was not determined.

Forman et al. [82] investigated the role of HHV-8 in the pathogenesis of KS. The study
used biopsy skin lesions of KS and from pulmonary KS to determine whether HHV-8 is an
etiologic agent of KS. Normal skin samples were used as the controls. Both in situ PCR
and PCR in situ hydridisation was performed on 21 biopsy skin samples. The results tested
negative for HHV-8 for the normal skin samples and positive for KS infected samples, hence
confirming that the virus is an etiologic agent of the pathoagenesis of KS. The findings
for this study were that HHV-8 was constrained to endothelial cells and spindle shaped
tumor cells. These experiments confirmed and extended the previously published results
by Li [80]. Despite giving an insight into the active role of HHV-8 in KS development, the
study was not validated by a proper animal model which demonstrated that the injection
of HHV-8 can cause KS lesions.

Davis et al. [83] developed an enzyme-linked immunosorbent assay (ELISA) to detect
the antibodies of HHV-8. The study performed serological tests on 118 serum samples
where the control was the HIV-1 positive patients without KS. Overall, there was higher
reactivity in the assay for HIV-1 positive patients with KS compared to HIV-1 positive
patients without KS. The study concluded that HHV-8 plays a key role in KS pathogenesis.
This conclusion was in agreement with previously published results [63, 80, 81, 82]. The
drawback of the study [83] was that in the selection of specific peptides, there was a
limitation of the sequence information on HHV-8. The study managed to identify only
one peptide which reacted with 60% of sera from KS patients, hence the assay was not

very sensitive to detect HHV-8 antibodies.

Kennedy et al. [84] carried out a study to determine the role of HHV-8 as a caustaive
agent for KS. Sixteen (16) early KS samples derived from the skin and lymph nodes
were examined for HHV-8 presence. The laboratory tests conducted were PCR and
TagMan-PCR and then in situ amplification was carried out to identify the candidate
infected cells. The results indicated that 87% of the cases were positive. Moreover,
HHV-8 amplifications were localised in situ to endothelial and spindle cell proliferations
in early KS. The study concluded that HHV-8 plays a crucial role in the pathogenesis
of KS. The limitation of this study was that the interaction between HHV-8 and other
known factors involved in KS development, such as cytokines and anti-apoptosis genes,

still needed clarification.
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The role of HIV-1 in AIDS-KS pathogenesis

We want to review and ascertain the role of HIV-1 in the pathogenesis of AIDS-KS.

Harrington et al. [85] studied the role of tat protein on HHV-8 replication. A total
of eleven samples of peripheral blood mononuclear cells (PBMC) were taken from three
ATIDS patients, four AIDS and cutaneous KS patients, one AIDS and systemic KS patient,
one patient with renal transplant and two HIV-1 negative blood donors. The cells were
cultured with tat protein for four days. The control consisted of mononuclear cells carrying
HIV-1 long repeat chloramphenicol acetyltransferase (CAT) reporter gene that was treated
with similar tat concentration used in the eleven samples of PBMC. HHV-8 infected cell
line, body-cavity-based lymphoma cell line (BCBL-1) were also studied in parallel. The
results indicated an increase in CAT activity which suggested that mononuclear cells can
absorb the tat protein. An increase was also noted in HHV-8 DNA in tat treated BCBL-1
cells, the renal transplant HIV-1 negative patient, an HIV-1 positive patient with systemic
KS, PBMCs from three HIV-1 positive patients and two HIV-1 positive patients with
cutaneous KS. There was no detection of HHV-8 DNA in HIV-1 negative patient and the
normal control after stimulation by tat. The study concluded that tat can activate HHV-8
replication and increase the VL. However, the study was not conducted on a large sample
of HIV-1 infected and healthy individuals to determine the influence of other factors and

the pathological extent of the virus.

Fiorelli et al. [86] considered and demonstrated the critical role of which interferon--,
one of the inflammatory cytokines released by infected T cells, plays in promoting
AIDS-KS development. In wvitro experiments involving endothelial cells cultured in
inflammatory cytokines: medium without growth supplements (CR), oncostatin M (OM),
interleukin (IL)-1 (a+ ), tumor necrosis factor (TNF) (a + ), interferon (IFN)-y and T
cell-conditioned media (TCM) were performed. Tat was then added to the cultured cells
and their growth was monitored. The control to this experiment were the human umbilical
vein endothelial cells which were activated by TCM. The study concluded that interferon-~
alone is the key cytokine that initiates the development of AIDS-KS by inducing endothelial
cells to respond to the HIV-1 tat protein. The study recommended interferon-y based
drugs as a target for therapy for AIDS-KS treatment. Regretably, HHV-8 which causes
KS lesions was not included in the experiment, the study could not confirm whether a

reduction in interferon-v would be of therapeutic benefit to KS.

Monini et al. [87] investigated the effect of inflammatory cytokines on HHV-8 infection.

Peripheral blood mononuclear cells and purified cell populations from 45 patients with
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KS and 45 at risk of KS were examined for the viral DNA. The results illustrated that
the presence of inflammatory cytokines maintained HHV-8 load in cultured cells and the
presence of inflammatory cytokines increased VL to detectable levels in peripheral blood
mononuclear cells from serologically positive patients who were polymerase chain reaction
negative before samples were cultured. This was attributed to the effects of interferon-+y
which induced virus replication. The study concluded that inflammatory cytokines have
effects on the target cells of HHV-8 by inducing the growth and differentiation of monocytes

into KS-like spindle cells which have markers of endothelial macrophages.

Chang et al. [88] examined the possible links between inflammatory cytokines and KSHV
replication. Latently infected body-cavity-based lymphoma cell line (BCBL-1) cells were
triggered to reactivate when exposed to cytokines. The results showed that interferon-~
triggered lytic replication. Their experimental findings correlated with clinical observations
[87] and confirmed for the first time that inflammatory cytokines directly adjusts KSHV

replication.

Forman proposed AIDS-KS dynamics

With the aim of proposing AIDS-KS dynamics, Forman [4] reviewed some articles on
the molecular pathogenesis of KS. In particular, the roles of HHV-8 and HIV-1, that
is, tat protein and inflammatory cytokines from infected T cells, in the pathogenesis of
AIDS-KS were extensively reviewed. Forman [4] proposed a model for the pathogenesis
of AIDS-KS. The proposed model presented schematically in Figure 2.1 included all the
essential elements: infected T cells, KS cells, KS progenitor cells, pre-KS cells, latently
infected B cells and HIV-1 tat, inflammatory cytokines and growth factors. The model
proposed that HIV-1 infected T cells are responsible for releasing HIV-1 tat, cytokines
and growth factors. According to this model, HIV-1 tat is responsible for the activation of
the pre-KS cells and the cytokines reactivate the latently infected B cells resulting in the
release of HHV-8 virions. The role of HIV-1 in the pathogenesis, as described by Forman
[4], is also supported by previously published studies [86, 87, 88]. In turn, the virions
infect the pre-KS cells which progress to KS. The role of HHV-8 in the pathogenesis of
KS is supported by many studies [63, 80, 81, 82, 83, 84]. The motivation of this thesis
comes from this review article [4] and the models developed in this thesis are based on the

schematic diagram in Figure 2.1.

Subsequent studies by Aoki and Tosato [89] analysed the possibility that HIV-tat promotes
KSHYV associated infection. The experiment was done by incubating together KSHV,
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FIGURE 2.1: Forman'’s [4] proposed model for the pathogenesis of AIDS-KS.

endothelial cells and HIV-tat. After a period of 24 hours of incubation, the results showed
that tat enhances the entry of KSHV into endothelial cells. These results were in agreement
with Forman [4] and explained why the AIDS-KS is the most aggressive of all the KS

clinical forms. Unfortunately, this study is not supported by clinical studies.

Clinical trials on AIDS-KS treatment

Bihl et al. [29] randomly selected 33 HIV patients with KS for treatment based on two
treatment options over a period of 11 months: HAART combined with chemotherapy
and HAART alone to evaluate HIV and KSHV VL and disease prognosis. A significant
reduction in VL and a better prognosis was observed in the HAART combined with
chemotherapy patients than in those receiving HAART alone. Despite the study’s potential
for designing immune-based therapeutic interventions, the role of the host’s effector cells

in the control of AIDS-KS was not included.



Chapter 2. Literature Review 20

Mosam et al. [31] conducted a randomised, controlled, open-label trial on treatment-naive
HIV participants at King Edward VIII hospital in South Africa over a period of 12
months. The goal was to determine the best treatment approach for AIDS-KS patients
between two approaches namely, fixed dosages of HAART alone and HAART combined
with chemotherapy (CXT). Fifty-nine (59) participants were administered with HAART
alone and fifty-three (53) were enrolled in the CXT trial. The trial indicated that patients
who were on CXT registerd better overall response rate than those on HAART alone.
The study concluded that CXT may be more benefitial in reducing the AIDS-KS burden
than HAART alone. However, the limitation of this study is that it was not designed to
evaluate optimal chemotherapy in AIDS-KS patients.

Krown et al. [30] carried out a randomised, open-label non-inferiority clinical trial with
the aim to investigate and recommend optimal treatment startegies for AIDS-KS in areas
of high prevalence and resource-poor. The study randomly enrolled 334 HIV infected
individuals who have KS from 11 AIDS clinical trial groups from 6 countries (Brazil, Kenya,
Malawi, South Africa, Uganda and Zimbabwe) between October 2013 and March 2018.
The results confirmed the conclusion by Mosam et al. [31] that treatment of AIDS-KS
using combined therapy (HAART and chemotherapy) is benefitial. The advantage of this
study is that it included a randomised design involving follow-up visits to evaluate for
KS response, KS progression and adverse or side effects. However, the study had several
limitations including difficulty in replicating the clinical trial in resource-poor countries

where there is scacity of cancer therapy and diagnostic infrastructure.

2.1.2 Viral load mathematical models

Estill et al. [90] developed an individual-based mathematical model which investigated
the convenience of viral load (VL) monitoring versus T cell count to reduce HIV
transmission. For a cohort of 1000 HIV infected individuals in Southern Africa, the
stochastic mathematical model simulated the benefit of using either VL or T cell
monitoring during the first 5 years on HAART. The model predicted that VL. monitoring
would be an important factor in reducing mortality and could prevent or lower HIV
infections. The study by Estill et al. [90] asserts that VL provides an additional benefit
for ART as a preventative measure if treatment starts early. However, the results appear
to be valid for short terms. Hence, for a long term evolution of the disease, there is a need
for a dynamic transmission model involving susceptible people to HIV and partnerships of

various susceptible individuals. Moreover, treatment programs are located in urban areas
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where there is easy access to VL and T cell monitoring and are therefore not representative

of all programs and ones of Southern Africa.

In a subsequent study, Estill et al. [91] adopted the previously developed individual-based
mathematical model [90] to study the effect of VL on mortality over a 5-year follow-up.
The study examined how VL caused higher mortality among patients accessing ART
in Zambia and Malawi based on T cell counts only compared to South Africa where
treatment is accessed based on VL. Results indicated that there was greater reduction
in mortality in the South African group. The study experienced several limitations,
firstly, the simulations considered only virologic and immunologic treatment response and
ignored other factors such as gender, adherence to treatment, baseline T cell and VL values
and co-infections. Secondly, due to insufficient data, the rate of immunologic failure was
assumed to be constant. Thirdly, it was assumed that after virologic failure, hazard of
death remained constant and finally, the study did not include economic considerations

which are impediment for developing countries.

Salazar-Vizcaya et al. [92] developed a mathematical model for HIV positive children below
the age of 16 years in seven South African cohorts. The model assessed the supremacy
of VL over T cell count monitoring over a period of 5 years. Simulations were done for
treatment programmes with 6-monthly T cell count or 6 to 12-monthly VL monitoring.
Comparisons were made for mortality, second-line ART use, immunologic failure and time
spent on failing ART when using T cell count and VL for monitoring. The results showed
that for those children VL monitoring did not affect 5 year mortality, however, the benefit
of VL monitoring was shown in reduced time on failing ART, improved immunological
response and increased switching to second-line ART for patients with virologic failure.
Hence, the study supports VL as a basis for accessing treatment and suggests that this
approach could reduce drug resistance. However, the study has its limitations: with the
change in clinical practices in South Africa, the data used may not reflect the current
practices, for example prevention of mother-to-child transmission coverage which has

increased. Due to limited data, simulations were done up to 5 years after initiating ART.

Lesosky et al. [93] formulated a mathematical model to simulate VL from conception to
delivery to determine when and how frequently VL should be monitored in 10,000 pregnant
HIV-infected women who initiated ART during pregnancy. The VL data was taken from
Maternal and Child Health-Antiretroviral Therapy cohort in South Africa. The model
tracked VL (both pre-ART and post-ART) by using three major components: pre-ART
VL, viral decay immediately after ART initiation and viral maintenance, which examined

different VL monitoring schema in predicting VL at delivery. The results provided key
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insights into routine VL routine monitoring strategies for pregnant women who initiate
ART during pregnancy. The study concluded that pregnant women warrant VL monitoring
approaches different from non-pregnant adults where a single VL test conducted late
in gestation may be used to predict approximately three-quarters of all elevated VL at
delivery. Testing turnaround times require careful consideration, and point-of-care VL
testing may be the best approach for measuring VL at delivery. The disadvantages of
the study is that the model did not include the turnaround times for VL monitoring, it
was assumed that all VL samples had results available and the cost effectiveness of the

different VL monitoring approaches was not taken into consideration.

Shoko and Chikobvu [34] fitted time-homogeneous markov models on T cell count
monitoring and VL monitoring in order to assess and compare the use of both monitoring
methods in monitoring HIV progression in patients who are on HAART. The study
concluded that VL monitoring is more superior than T cell count monitoring in HIV
infected individuals who are on treatment. However, the limitation to this study was that

opportunistic infections were not considered.

2.1.3 AIDS-KS epidemiology mathematical models

To the best of my knowledge, one of the few epidemiological mathematical models
describing the HIV /KS coinfection dynamics was proposed by Lungu et al. [75]. The model
for sub-Sahara Africa was designed to quantify the proportion of patients on HAART
treatment who never develop KS at varying rates of treatment. This study was done during
the period when the criteria for accessing HAART was made difficult and was based on
economic grounds rather than clinical. The findings of this study revealed that provision of
HAART to HIV-1 infected patients reduced the number of patients who end up acquiring
AIDS-KS. Moreover the study emphasised that low access to proper treatment hindered the
prevention of KS related complications in areas of high KS prevalence. Despite the model
giving insight to the importance of intervening early with treatment before KS developed
in HIV infected individuals, there are some drawbacks to the study such as lack of data
resulting in most of the parameters being estimated. Furthermore, other modes of HHV-8
transmission such as interaction with an HHV-8 infected person via body fluids such as
saliva, blood, vertically or sexually were not considered. The study only considered cases
where there was no fluid exchange with HHV-8 infected patients. Optimal parameters to
reduce the number of patients who develop AIDS-KS were not determined. Despite its

drawbacks the study [75] has inspired several studies at the immunology level [37].
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2.1.4 AIDS-KS immunology mathematical models

Modelling AIDS-KS at the immunology level is still an undeveloped area. Mathematical
models at the immunology level were inspired by the previously published clinical studies

as well as the AIDS-KS epidemiological mathematical model by Lungu et al. [75].

Nani and Jin [35] were the first to explore an immunological mathematical model to
emphasise the KS dynamics whilst on HAART. Their investigation focused on the
patho-physiodynamics of the HIV-1/HHV-8 coinfection dynamics of hypothetical patients
during HAART. The study included all the key ingredients of coinfection: KS cancer
cells, T cells (both infected and uninfected), HIV-1 specific effector cells, HIV-1 virions
and HAART. The study concluded that both HAART and adoptive immunotherapy are
required to clear both HIV-1 and KS. Adoptive immunotherapy is a type of immunotherapy
that uses ones own effector cells to recognise, target and destroy cancer cells [94]. The
effector cells were removed from the patient, grown in the laboratory and then injected
back to the patient in increased numbers at a predetermined dose rate [94]. Despite
showing the crucial role HAART plays in controlling AIDS-KS, their system [35] did not
include some of the necessary variables of HHV-8 infection, that is B cells, HHV-8 specific
effector cells and the HHV-8 virions, hence the underlying dynamics of KS were not fully
explored. The drawback was that the study lacked clinical experimental support hence
hypothetical patients were used. Optimal control to recommend an optimal dosage scheme
and consequently take care of issues such as drug resistance and drug toxicity were not

discussed.

In a subsequent study, Nani and Jin [36] modified their first model [35] by including
Adoptive Cellular Immunotherapy (ACI) of KS during HAART. Their deterministic
mathematical model consisted of the same six variables as the previous study [35]. Notably,
the modification was done in the effector cell class where the supply of cells was from
both the thymus and ex vivo incubated effector cells (ACI). The analysis of the model was
discussed and more computer simulations were presented than in their first study [35]. The
results of the modified model [36] indicated that ACI can lead to remission (disease has
been controlled) in KS in HIV-1 patients who are undergoing HAART and the combined
ACI and HAART can lead to immune reconstitution, that is improved immune function.
The study [36] concluded that the combination of HAART and ACI improved the immune

response and prognosis for KS.

In order to determine how varying treatment strategies would alter the spread of AIDS-KS,

Szolomay and Lungu [37] proposed a model which was dependent on T cells rather than
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VL and it studied the AIDS-KS dynamics during HAART. They examined the effects
of adherence to drug therapy on the prognosis of KS in hypothetical patients. Their
deterministic model included all the key elements of HIV-1 infection and also the crucial
components of HHV-8 infection: B cells (both infected and uninfected); HHV-8 virions
and HHV-8 specific effector cells. Furthermore, they also included the vital features of
KS dynamics: progenitor cells (both infected and uninfected) and KS. The inclusion of
progenitor cells was in compliance with Forman [4]. In this study, the pharmacodynamics
of HAART treatment and KS therapy was accounted for. The study demonstrated that
good adherence to treatment plays a crucial role of controlling the spread of AIDS-KS in
patients. The results were compatible with those of Nani and Jin [35]. They recommended
that treating HIV-1 early can be a strategy to prevent the development of KS. Once the KS
has started, HAART alone will not be sufficient to clear both infections. Despite shedding
some light on the AIDS-KS, the stumbling block in Szolomay and Lungu’s model [37]
was the lack of clinical data to estimate some model parameters. In this study, the class
for latently infected B cells and T cells was not included. Also, optimal control was not

addressed to cater for the issues of drug resistance and drug toxicity.

2.2 Ebola Virus Disease mathematical models reviews

The 2014 outbreak of Ebola virus disease (EVD) has driven researhers to create
mathematical models which have been utilised to assess the potential role of interventions
against the EVD. Interventions pointed toward reducing the burden of the 2014
EVD epidemic were incorporated into mathematical models. This section reviews the

mathematical models that study the effects of public health education on the evolution of
EVD.

Fast et al. [78] implemented an EVD transmission model involving contact networks
accompanied by a model encompassing social mobilisation. By using the weekly counts
of new cases, the model was fit for Lofa County in Liberia through October 2014 to
analyse the dynamics with and without population behaviour change. The EVD model is
an extension of the standard susceptible-infected-recovered model. The individuals were
represented as nodes and disease spread contacts between them was represented as edges.
The model simulated the status of each individual in the population on each day, t. The
findings suggest that behavorial change in the population of Lofa County was instrumental
in bringing the outbreak under control. Additionally, the model results support continued

focus on social mobilisation in order to combat the spread of EVD. However, such models
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still need to answer the question whether incorporating behavorial change into predictive
models will be feasible given lack of available high quality data on human behaviours.
Also, the model did not take into account behavorial effects which could lead to pessimistic

predictions.

Shen et al. [79] developed an epidemiological mathematical model to study the impact of
comprehensive interventions including isolation, media impact, safe burial and vaccination.
The basic reproduction number was estimated by fitting the model to the reported
cumulative cases and deaths in Guinea, Sierra Leone and Liberia until March 22, 2015. The
model analysis showed that media coverage plays a pivotal role in reducing the spread of
EVD. Among all the interventions, the study found that shortening the duration between
death and burial and improving the effectiveness of isolation are two effective interventions
for controlling the outbreak of Ebola virus infection. Since the interventions considered
mainly addressed isolation of infected people within EVD treatment centres, the limitation
of the model is that it did not explicitly account for hospital bed capacity, which plays an

important role in affecting both the outbreak dynamics and the intervention efforts.

The effects of public health education on the evolution of a disease have also been studied

in the cases of HIV, drinking dynamics and Hepatitis C virus transmission dynamics.

Bhunu et al. [95] formulated a deterministic HIV /AIDS model to theoretically explore how
counselling and testing coupled with the resulting decrease in sexual activity could affect
the HIV epidemic in resource-limited communities. The findings suggest that effective
counselling and testing have a great potential to partially control the epidemic (especially
when HIV positive individuals either willingly withdraw from risky sexual activities or
disclose their status beforehand) even in the absence of antiretroviral therapy (ART).
Therefore, more needs to be done in resource-limited settings, such as sub-Saharan Africa,
as far as the HIV/AIDS epidemic is concerned and a formalised information, education

and communication strategy should be given prominence in educational campaigns.

Del et al. [96] examined the effects on the epidemic after a smallpox attack of the
standard smallpox interventions combined with behavioral change in the population. They
formulated and analysed a mathematical model in which some individuals lower their daily
contact activity rates once an epidemic has been identified in a community. It is shown that
behavioral changes alone can make a huge difference, additionally, it is also shown that
the impact of standard control efforts are dramatically enhanced when the individuals
affected play an active role in diminishing the likelihood of transmission. Behavioral

changes might seem inexpensive compared to isolation, quarantine, and vaccination, since
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there is no direct cost of behavioral changes to the public health sector. However, there
would be economic costs to individuals and society related to lost work or increased school

absenteeism, decreased business revenues, missed events, postponed travel, etc.

Mukandavire et al. [97] evaluated the impact of educational campaign as a possible control
measure for the spread of HIV/AIDS. The model assumed basically sexual transmission
with explicit incubation period which is formulated as an integro-differential equation
and shown to be equivalent to a delay differential equation. The analysis of the model
illustrated that public health education campaigns can reduce the basic reproductive
number to values below unity as intended for disease control thus would succeed in
controlling the epidemic. The obtained results showed that effective control of the epidemic
can easily be achieved when the effectiveness of education is high, and if the reproduction
number is not large. The findings suggested that educating sexually immature and
sexually mature individuals concurrently is more effective in slowing down HIV/AIDS
than concentrating on a cohort public health educational campaign of sexually immature
or sexually mature individuals only. The study concluded that in settings where education
is effective and with reasonable average numbers of HIV-infected partners, public health
educational campaigns can slow down the epidemic and are more effective when given to

both sexually immature and sexually mature individuals concurrently.

Xiang et al. [98] formulated a drinking model with public health educational campaigns
and liner relapse. The study considered the effect of public health educational campaigns
on the drinking dynamic. To describe how alcoholism spreads, how reformed alcoholics
relapse and the effect of the public health educational campaigns, the drinking population
was subdivided into five groups. The basic reproductive for the model was compared with
the basic reproductive number for the absence of public health educational campaigns.
The study concluded that the public health educational campaigns of drinking individuals
can slow down the drinking dynamics. This means that public health education campaigns

is one of the effective measure to control the alcohol problems.

Mushaybasa and Bhunu [99] developed a mathematical model to assess the impact of
educational campaigns on controlling HCV among women in prison settings. Equilibria
for the model are determined and their stability are examined. Population-level effects
of increased educational campaigns to encourage safe injecting practices among women in
prison were evaluated through numerical simulations. The results suggested that educating
women prisoners about abstaining from intravenous drug misuse may significantly reduce
HCV prevalence among women in prison settings. Targeted education campaigns, which

are effective at stopping transmission of HCV more than 80% of the time, will be highly
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effective at controlling the disease among women in prisons. However, the model has
several limitations, it was assumed a constant release rate, rather than staggered release

rates.

2.3 Summary

Mathematical models have a great impact to enrich our understanding of NTDs (such as
AIDS-KS and EVD) and the efforts required to control them.

Since this study is motivated by Forman [4], we explored some clinical studies that
were carried out before and after Forman’s publication. The clinical studies gave a
demonstration of the crucial roles played by HIV-1 and HHV-8 in the AIDS related KS
pathogenesis: (i) HHV-8 is the etiologic agent in KS development [63, 80, 81, 82, 83, 84], (ii)
HIV-1 infected T cells produce cytokines which induce HHV-8 viral replication [86, 87, 8§]
and (iii) HIV-1 Tat promotes KSHV infection by enhancing the entry of KSHV into
endothelial cells [85, 89]. Using cART in the treatment of AIDS-KS improves response
rate of patients [29, 30, 31]. VL mathematical models [90, 91, 92, 93, 34] demonstrated
the supremacy of VL monitoring over T cell count monitoring on patients who are on
treatment. Currently, there is only one epidemiological mathematical model which was
proposed by Lungu et al. [75] which focused on resource-poor settings in sub Saharan
Africa. The findings revealed that early provision of HAART to HIV infected patients
reduced the number of people who develop AIDS-KS. Additionally, the study has inspired
several AIDS-KS studies at the immune level. However, the drawbacks to this study were
that most of the parameters were estimated due to lack of data and the model is only valid

in sub Saharan Africa.

Mathematical modelling at the immunology level is still at its infancy. Immune models
were inspired by the previously published AIDS-KS clinical studies as well as the AIDS-KS
epidemiological mathematical model by Lungu et al. [75]. Nani and Jin [35] explored
the first immunological HIV-1/KS model with a focus on the patho-physiodynamics of
coinfection during HAART. Their study highlighted the requirement for both HAART
and adoptive immunotherapy in controlling KS infection. In their successive study, Nani
and Jin [36] modified their earlier model [35] to include ACI of KS during HAART. They
concluded that both HAART and ACI boosts the immune response. However, both models
[35, 36] lacked the crucial KS dynamics. Szolomay and Lungu [37] constructed an AIDS-KS

mathematical model to determine the effect of varying adherence on AIDS-KS prognosis.
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They concluded that strict adherence to treatment significantly reduces KS infection.
Despite the inclusion of all the key ingredients in their model, there was lack of clinical
data and also optimal control which adresses the drug toxicity and resistance was not

catered for. Additionally, the model [37] was T cell dependent rather than VL dependent.

Interventions aimed at reducing the burden of the 2014 EVD epidemic were incorporated
into mathematical models [78, 79]. We reviewed the mathematical models that study
the effects of public health education on the evolution of EVD. The studies showed that
behavorial change plays a very important role in combatting the spread of EVD. Fast
et al. [78] implemented an EVD transmission model on a contact network accompanied
by a model of social mobilisation. The findings suggest that behavorial change in the
population of Lofa County was instrumental in bringing the outbreak under control. Shen
et al. [79] developed an epidemiological mathematical model to study the impact of
comprehensive interventions including isolation, media impact, safe burial and vaccination.
Model analysis showed that media coverage plays a pivotal role in reducing the spread of
EVD.

Given the gaps in literature, there is need to develop within-host AIDS-KS mathematical
models which accounts for the VL and the effect of infected cell populations with the
inclusion of optimal control. Motivated by Forman [4] and Szomolay and Lungu’s model
[37], we modify [37] by constructing novel models which are based on VL rather than T
cells count. As for the EVD, motivated by the data of two outbreaks that took place in
Sudan only 3 years apart and the epidemiological models by Fast et al. [78] and Shen et
al. [79], we estimate different parameters for each population in the two Sudan outbreaks,
unlike the previous studies [78, 79] which simply reduced various rates as a result of public

health education.

Prior to presenting the proposed models, we look at the mathematical preliminaries that

are used throughout the thesis in the chapter which follows.
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Mathematical preliminaries

This chapter introduces basic mathematical concepts and results that are used throughout
the thesis to qualitatively analyse and numerically implement the models presented in
this thesis such as well posedness of solutions, stability analysis (both local and global),
sensitivity and uncertainty analysis, optimal control theory and numerical implementation

by the forward-backward sweep method.

3.1 Well posedness fundamentals

A mathematical model developed using biological considerations must make sense both
biologically and mathematically. For determining the well posedness of our model, the
following mathematical basics are required: existence and uniqueness theorems, locally

Lipschitz and Gronwall’s inequality. The proofs of the theorems are found in [100].

Definition 3.1. (Locally Lipschitz Functions). Let f : R™ — R™. A function is locally
Lipschitz if for each xg € R™, there is a B(zg) € R™ which is a neighborhood of zy and a
constant K > 0 such that

[f(z) = f(y)| < K|z —y|, Vz,y € B(xo).

Theorem 3.1. (Existence and Uniqueness Theorem). Suppose the function f : R™ — R™

is continuously differentiable. Then x(t) is a solution of the differential equation ditj = f(x)
dz

on an interval I if x(t) is differentiable on I and if Vt € I,x(t) € R™ and i (z(t))

29
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and given xg € R™, x(t) is a solution of the initial value problem

dx
o =fa(®)
J}(to) =X

Remark 3.1. The Existence and Uniqueness Theorem ensures that the solution to a first
order differential equation exists and is unique in the neighbourhood of xy, i.e., the function

is locally Lipschitz.

3.2 Stability (local and global) fundamentals

Stability analysis allows the establishment of the stability of the system of ordinary
differential equations (ODEs) around the equillibrium points. There are two types of
stability: local stability and global stability. The local stability provides insights into the
system’s behaviour and provide a basis for global analysis.

dx

Definition 3.2. (Equillibrium point). For a given ODE, o

f(z(t)), a point £ € R™ is

d
an equillibrium point when d—f = f(z(t)) = 0 [100].

Remark 3.2. At equillibrium points, there is no adjustment in the populations,
subsequently these points are acquired by setting each differential equation to zero.
Equillibrium points can be classified as elimination or persistence points, which happen
when the values of the infected populations equivalent to zero and not equivalent to zero
respectively. As soon as the system obtains the equilibrium point value at any moment, it
remains at that point for the rest of the time. Finding the equillibria marks the beginning
of understanding the long term behaviour of our system: the system can move closer to
or away from equilibrium, or even change cyclically between specific equilibria, thus the

need for a stability analysis.

Theorem 3.2. (The Hartman-Grobman Theorem). Let E be an open subset of R™
containing the origin, let f € C?(E) and let ¢; be the flow of a nonlinear system. Suppose
that f(0) = 0 and that the matriz J(0) has no eigenvalue with zero real part. Then there
exists a homeomorphism H of an open set U containing the origin onto an open set V.
containing the origin such that for each xo € U there is an open interval Iy C R containing

zero such that for all xg € U and t € Iy, the mapping H o ¢¢(xo) = e H(xg).

Remark 3.3. The above theorem essentially shows how the analysis of the linearised

system relates to the nonlinear system, that is, near the equillibrium points, H maps the
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trajectories of the nonlinear system onto the trajectories of the linear system. Hence, if the
Jacobian matrix does not have zero or purely imaginary values, the stability properties of
the nonlinear system of ODEs is equivalent to the linear ODE system at the equillibrium

point. The proof of the theorem is found in [100].

Definition 3.3. The Jacobian matrix, J, is a matrix that is made up of all first order

partial derivatives of a vector-valued function, that is,

T1 T

J=1| * . |, for F:R"—R™ [100].
OFm OF,
dt Tm

Definition 3.4. (Reproduction number, Rg). It is the average number of secondary
infections caused by a single infectious individual during the entire period of infection

[101, 102]. Note, “secondary” depends on the context:

(i) number of individuals infected within a single infected individual’s entire infectious

lifetime (epidemiology),

(ii) number of newly infected cells produced by a single infected cell (within-host

dynamics).
Remark 3.4. If Ry < 1, the disease dies out and if Ry > 1, the disease persists.

Definition 3.5. (Characteristic polynomial). The polynomial side of the characteristic
equation, det(A—AI)) derives the characteristic polynomial, where A represents the square

matrix, I represents the identity matrix and A is the eigenvalue.

Computation of Ry from the Jacobian

A formula for Ry is derived by imposing a stability condition. Typically, the Jacobian is
calculated at the disease free equillibrium (DFE) and is subject to the condition that all
eigenvalues of the corresponding characteristic equations must have a negative real part.
Now, if the calculated Jacobian is a characteristic polynomial of degree 3 or higher, Rq
can be calculated from the constant term of the characteristic polynomial. In order to give
the necessary and sufficient condition of the eigenvalue to satisfy the imposed condition,

we need a tool that satisfies the necessary and sufficient conditions for the eigenvalues to
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have negative real parts. The Routh-Hurwitz criterion described in the following theorem

gives these conditions:

Theorem 3.3. (Routh-Hurwitz Criteria). Given the characteristic polynomial
PA)=X\"+ a a4 an A+ ap,

where the coefficients a; are real constants, i = 1,...,n, define the n X n Hurwitz matrix

using the coefficients a; of the characteristic polynomial:

-al 10 0 -- 0-

a3 az ar 1 -+ 0

H, = as as az a2 --- 0>
0

_0 0 0 O an |

where a; = 0 if 7 > n. All of the roots of the polynomial P(\) are negative or have
negative real parts iff the determinants of all Hurwitz matrices are positive: det(H;) >

0,7 =1,2,....,n. The Routh-Hurwitz criteria for polynomials is given in Table 3.1.

TABLE 3.1: Routh-Hurwitz criteria

n  Sign of the coefficient Additional conditions

2 a1>0,a2>0 -

3 a1 >0,a2>0,a3>0 aiaz > as

4 a3 >0,a2>0,a3>0,as>0 ajazas > ag + a§a4

5 a1>0,a2>0,a3>0 a4>0,a5>0 (a1a4 — as)(arazas — a3 — alas) > as(araz — az)? + a1a?

Proof. The proof of the above theorem can be found in [103]. O

dz
Theorem 3.4. (Poincare-Perron). Let A be a constant matriz in the system n - Az

with eigenvalues \j,1=1,2,....n

(i) If the system is stable, then Re{\;} <0.i=1,2,...n

(i) If either Re{\;} <0, 1 =1,2,...,n; orif Re{\;} <0, i=1,2,...,n and there is no

zero repeated eigenvalue; then the system is uniformly stable.
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(iii) The system is asymptotically stable if and only if Re{\;} < 0,i = 1,2,...,n; note
that it is also uniformly stable by (ii).

(iv) If Re{\;} >0, for any i =1,2,...,n the solution is unstable

Remark 3.5. The equillibrium is stable if any of the values have negative real numbers,
otherwise the equillibrium is unstable. Routh-Hurwitz Criteria can be applied to

investigate the sign of the eigenvalue. The proof of the above theorem is found in [100].

Global stability conditions

The system of ODEs must be written in the form

dCTX = F(X,2)
dtZ (3.1)
- =GX.2), G(X,0=0

where, X € R" denotes the uninfected ststes and Z € R" denotes the infected states.
& = (z*,0) denotes the DFE of the system. In order to guarantee assymptotic stability,
the two conditions (H1) and (H2) given below must be met:

(H1) For % = F(X,0), X* is globally asymptotically stable (GAS),

(H2) G(X,Z) = AZ — G(X,Z), G(X,Z) > 0 for (X,Z) € Q, where A = DzG(X*,0) is
an M-matrix (the off diagonal elements of A are nonnegative) and {2 is the region where
the model makes biological sense. If the above two conditions are met, then the following

theorem holds:

Theorem 3.5. (Global asymptotic stability of &). The equillibrium point, & = (z*,0),
is GAS provided Ry < 1 and the conditions (H1) and (H2)are satisfied.

Proof. The proof of the above theorem can be found in [104]. O

3.3 Sensitivity and uncertainty analysis fundamentals

Mathematical models are commonly used as decision-making tools and are influenced by
parameter-driven uncertainties. A small adjustment to a parameter may indicate the

convergence to disease-free or disease persistence state. A sensitive parameter has a great
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influence on the model output. Due to the high degree of uncertainty in the estimation
of parameters, sensitivity analysis and uncertainty analysis play an important role. The
parameter space is explored by performing an uncertainty analysis using Latin Hypercube
Sampling (LHS) method as described by Blower and Gomero [105, 106]. Subsequently,
a sensitivity analysis is carried out to identify the inputs with the greatest impact. This
is done by calculating the Pearson Partial Rank Correlation Coefficient (PRCC) sampled
first by the LHS scheme. The purpose of uncertainty analysis and sensitivity analysis is

to examine the effect on the model output, based on the changes in input parameters by:

(i) understanding the behavior of the system that is being modelled,

(ii) determining the parameters which can significantly alter the predictions of the

model,

(iii) estimating potential errors in model forecasts that could be due to parameter value

errors. This helps to understand underestimation and overestimation.

The model output can be of two types: constant in time, for example Rg and a function of
time, for example I(t), that is, number of infected individuals at time ¢. The LHS/PRCC
procedure [105] which can be implemented in MATLAB is given below:

—_

. Design the model.

o

Identify parameters of interest.

w

Determine the number of simulations (V).

4. Implement LHS method.

o

Analysis of model output: perform an uncertainty and sensitivity analysis.

3.4 Optimal control problem fundamentals

Optimal control techniques can be utilised to guide molecular dynamics to achieve specific

physical goal. An optimal control problem consists of the following elements:

(i) cost functional, J[x(t),u(t)],

(ii) state variables, x(t) € X,
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(ili) control variables, u(t) € U in a time ¢, ty < t < ty.

The main goal of the optimal control problem is to find a piecewise control u(t) and the
associated state variable to maximise a given objective functional. This section is adapted

from the work by Lenhart and Workman [5].

Definition 3.6. (Basic optimal control problem).

maz Jfa(t), u(t)] = ttf F(t (1), u(t))dt  such that
& = g(t, z(t), u(t)) (3:2)
$(t0) = X0

x(ty) could be free or fixed, i.e z(ty) = ty.

f and g will always be continuously differentiable functions. The assumption is that
the control set U is a Lebesgue measurable function. Switching back and forth between

maximisation and minimisation is possible by simply negating the cost functional:

min(J) = —max(—J).

Pontryagin’s Maximum Principle

Pontryagin’s Maximum Principle provides the necessary conditions for an optimal control
problem. Pontryagin introduced the idea of adjoint functions to append the differential

equation to the objective functional.

Definition 3.7. (Hamiltonian). Consider the optimal control problem (3.2). The function

H(t,2(t), ut), A1) = [t x(t), u(t)) + At)g(t, 2(t), u(t))
= (integrand) + (adjoint) x (right hand side of the ODE) :

is called Hamiltonian function and X is the adjoint variable.

Theorem 3.6. (Pontryagin’s Maximum Principle). If u*(t) and z*(t) are optimal for
problem (3.2) then there exists a piecewise differentiable adjoint variable A(t) such that

H(t, 2" (), u(t), A(t)) < H(t, 2" (), u* (), \(t))
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for all controls u at each time t, where H is the Hamiltonian previously defined and

OH (t,x*(t),u*(t), \(t))

At) = —
(t) 5
/\(tf) =0.
Proof. The proof can be found in Clarke’s book [107]. O

Remark 3.6. The transversality condition, A(t;) = 0 is only used when the optimal control

problem does not have terminal value in the state variable, i.e., z(ty) is free.

This principle converts the problem of finding a control which maximises the objective
functional subject to the state ODE and initial condition into the problem of optimising
the Hamiltonian pointwise. As consequence, with this adjoint equation and Hamiltonian,

we have

OH

5o =0. (3.3)

at u* for each ¢, namely, the Hamiltonian has a critical point; usually this condition
is called optimality condition. Hence, to find the necessary conditions, we only use the

Hamiltonian.

Optimal control with bounded controls

Definition 3.8. (optimal control with bounded control). An optimal control with

bounded control can be written in the form

7]

maz Jz(t),u(t)] = t f(t,z(t),u(t))dt such that
& = g(t,2(t), u(t)) (3.4)
l’(to) = X0
a<u(t)<b

where a, b are fixed real constants and a < b.

Alternative necessary conditions are necessary to solve problems with bounds on the

control.
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Proposition 1. (Necessary conditions). If u*(t) and z*(t) are optimal for problem (3.4)

then there exists a piecewise differentiable adjoint variable A(t) such that
H{(t,27(t),u(t), A1) < H(t, 2" (t), u" (1), A1)

for all controls u at each time t, where H is the Hamiltonian previously defined and

OH(t,x*(t), u™(t), A(t))
Ox
A(tg) =0 (transversality condition).

At) = —

(adjoint condition),

By an adaptation of the Pontryagin’s Mazimum Principle, the optimal control must satisfy

the optimality condition:

OH

uv'=Sa<a<b if %—ZI =0 (optimality condition)
i OH
b it 2 >
Proof. The proof of this result can be found in [108]. O

Remark 3.7. For a minimisation problem, then # is instead chosen to minimise H

pointwise, hence reversing < and > in the first and third lines of optimality condition.

For implementation in MATLAB, the optimality condition can be written in compact

G )
u =maxq0,min|{ —,1
ou

form:

The optimality system

The optimality system is formed from the optimal control system (the state system) and
the adjoint system by incorporating the characterised control set, initial and transversed

condition.
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Uniqueness of the optimality system

Due to the priori boundedness of the state, adjoint functions and the resulting Lipschitz
structure of the ODEs, we can obtain the uniqueness of solutions of the optimality system

for the small time interval. Hence the following theorem:

Theorem 3.7. Fort € [0,ty], the bounded solutions to the optimality system is unique.

Proof. The proof of the theorem can be found in [109]. O

Application of the optimal control theory is outlined in the following steps:

1. Formulation of the Hamiltonian for the problem

H(t,(t), u(t), A1) = f(E,2(t), u(t)) + A(t)g(t, z(t), u(t))

2. Give the adjoint differential equation, transversality boundary condition and

optimality condition.

oOH

At) = ~ (adjoint condition),
A(ty) =0 (transversality condition),
H
88 =0 at w=u" (optimality condition).
x

3. Solve for v* in terms of z* and .

4. After finding the optimal state and adjoint, solve for the optimal control.
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Forward-Backward Sweep Method to solve optimal control problems

Make initial guess for
the control

|

1Mt)= (uy,..., up)

A

Solve the state variable
forward in time

l

X®(t)=
4
| Al
! b=
! No: k=k+1
] Solve the adjoint
| equations backward
I in time
I
|

Yes

FIGURE 3.1: FBSM flow diagram as described by Lenhart and Workman/[5].
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FBSM is a numerical technique for solving OC problems which is implemented with
MATLAB. The method was developed by Lenhart and Workman [5] and the flow chart
of the algorithm which was adapted from [5] is illustrated in Figure 3.1. Firstly, the
initial estimates of the control is made. Then the state equations are solved forward in
time using a Runge-Kutta 4" order method. The output is then plugged into the adjoint
equations. Then the adjoint equations with given final conditions are solved backward in

4th

time, applying the Runge-Kutta order method again. The updated controls are used

to solve the state and then the adjoint system. This iterative process is repeated until the

current state, adjoint and controls converge sufficiently [5].

Runge-Kutta 4" order method
The Runge-Kuttad* order method numerical technique used to solve first order ODEs.

Given a step size h and an ODE & = f(¢, z(¢)), we can make an convenient approximation

of z(t + h) given x(t) is

h
z(t+h) ~ z(t) + E(kl + 2ko + 2k3 + ka)

where

ky = f(t, (1))
ke = f(t+ g,m(t) + gk:l)
]{33 = f(t + g,l‘(t) + gkg)



Chapter

Novel mathematical models of
AIDS-KS

Based on a study by Foreman [4] and motivated by the work of Szomolay and Lungu [37],
novel weak viral source and strong viral source mathematical models are formulated to
provide a description of the interactions between the infected B-cells, B;, infected T-cells,
I, the viruses, HIV-1, V7, HHV-8, V3, KS, K, and the virus-specific effector cells, F/; and
Eg for lysing of infected T and B cells respectively. Unlike [37] which is T-cell dependent,
our models are viral load (VL) dependent, hence, are amenable to include the effect of low
and high VL in the proliferation terms of the infected cells and virus-specific effector cells.
This approach is supported by the literature on VL we reviewed [34, 90, 91, 92, 93]. We

assume that the viral production begins immediately upon infection of the cell.

The objective of this chapter is to develop VL dependent treatment mathematical models.
To the best of my knowledge, this approach has not been implemented despite numerous
biological and clinical evidence suggesting the superiority of this approach over T cell

count protocols to determine HIV-1 treatment access [34, 90, 91, 92, 93].

From a modelling point of view, the impediment to implementation of this approach has
been the lack of experimental or clinical evidence to suggest the type of source terms for
infected T-cell and B-cell terms to represent the growth of the two classes of cells and their

associated specific effector cells.

From a reported clinical trial involving sixty-seven (67) HIV-1 infected patients who

suffered from various underlying opportunistic infections, we propose to construct growth

41
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terms for infected T-cells and B-cells and the associated HIV-1 and HHV-8 specific effector
cells, respectively from responses of HIV-1 patients with Cryptococcus [6]. The response

curve is given in Figure 4.1 below:

x 10°

+ Data
12+ Fitted

total T cells

2
time period (tp)

FI1GURE 4.1: T cell responses of HIV-1 patients with Cryptococcus adapted from Mahnke
et al. [6].

We have fitted a curve apparoximated by f(z) = 2 for 8 = 1 and # < 1. We shall use
functions of the type z? to represent the growth terms for infected T-cells and infected
B-cells where x represents the associated pathogen. This representation is not unique as
other opportunistic infections yielded different responses. This approach seems reasonable

to represent various phases of infection, that is low and high VL for 0 < g <1 [7].

8
E Primary infection
@ Ir
0
]
S Superinfection

— 6 ® 4
[*)] ~ -
o . .
7 IR
S 5 N
I N
S Y.
04 S J
> a
I / + Data
Fitted
3 L L I
0 1 2 4 5 6 7

FIGURE 4.2: HIV-1 VL in a patient adapted from Doyle [7].
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Figure 4.2 (Doyle [7]) shows that f(z) = z can represent both subinfection 8 < 1 and

superinfection 5 > 1.

4.1 General AIDS-KS model

For simplicity of notation, we let {x1, z2, x3, x4, x5, x6, v7}= {B;, K, E1, I, Eg, V3, V3}.
We construct a mathematical model describing the dynamics of viruses and associated
immune cells described in Figure 4.3 for viral sources of the type Hi(xg, ) = :cg , for
infection of T cells, and Hg(z7,7) = z7, for infection of B cells where the exponents f3
and « are assumed to be 0 < 8 <1 and 0 <y < 1. S and « express the magnitude of
proliferation . As alluded in the literature review these sources are consistent with clinical

observation of infection of T cells (as an example).

(1-n,) ax, (1-x, /w)

M1 Xq raHg(x5,v)

xs XsHg(X7,¥)

Hys Xs

N, HyaXq (1+8 Hy(xg,B)

Fx3 X3H (X6, B)

—

(1-2)req H}YB)
Kq X3 X4

sx3

(1_<p)Nx6 Hya X4

FIGURE 4.3: Schematic presentation of the mathematical model showing the KS-immune
system interactions in the presence of HIV-1 and HHV-8. Blocked arrows indicate killing
of infected cells by the effector cells and sharp arrows indicate interaction.
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Table 4.1 gives a description of the model variables and parameters. The HIV-1-KS model

is described below:

TABLE 4.1: Model variables and parameters

Symbols Description

T1 density of infected B-cells

x2 density of KS cells

T3 density of HIV-1 specific effector cells

Ts density of HHV-8 specific effector cells

T4 density of infected T-cells

Te density of HIV-1 virions

T7 density of HHV-8 virions

Sass Sas source of HIV-1 and HHV-8 virus-specific effector cells respectively
Ta, growth rate of infected B-cells

Ty growth rate of infected T-cells

Ty, Ty growth rate of HIV-1 and HHV-8 specific effector cells respectively
w maximum carrying capacity of KS cells

K1 lysis of infected B-cells

K3 lysis of KS cells

K4 lysis of infected T-cells

Loy lytic death of infected B-cells

Has, Pas natural death of HIV-1 and HHV-8 virus specific effector cells respectively
Ly lytic death of infected T-cells

Hag clearance of HIV-1 virions

L clearance of HHV-8 virions

@ growth rate of KS cells

1 proliferation rate of HIV-1 virions

Ngzg maximum carying capacity of infected T-cells

N, maximum carying capacity of infected B-cells

e efficacy of KS therapy

Cp efficacy of Pls

Cr efficacy of RTls

B,y magnitude of proliferation

Infected B-cell dynamics:

T = Tx1H8($7,’Y) — R121%Z5 — Mg, X1

(4.1)

Equation (4.1) describes the rate of change of actively infected B-cells, 1. In this model

we have ignored the class of latently infected B-cells. The actively infected B-cells are

generated by infection of susceptible B-cells by HHV-8 as well as proliferation of infected

B-cells. We account for these two mechanisms through the first term. The second and
third terms describe the loss due to lytic death and the killing of infected B-cells by
HHV-8-specific effector cells.
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KS cell dynamics:

. x
Zo = (1 —mn.)ax; (1 — f) — K3T2T5. (4.2)

Equation (4.2) describes the rate of change of KS cells, x2. The first term assumes logistic
growth for these cells [110, 111] and the second term represents the killing of KS cells by
HHYV-8-specific effector cells. The growth of this population is dependent on the population
of infected B-cells, x1, but it is self-regulated. When the KS population increases towards
the carrying capacity, w, the cancer goes into remission. This can be also achieved due to

KS therapy, expressed by the efficacy function (0 < 7. < 1).

HIV-1 specific effector cells dynamics:

Ty = Sgy + Tayx3Hi (26, 5) — pay 3. (4.3)

The dynamics of HIV-1 specific effector cells is given by Equation (4.3). The first two
terms represent the constant source of the effector cells and the proliferation due to the

presence of HIV-1, respectively. The third term accounts for natural death.

Infected T-cells dynamics:

Py = (1= G)ra, Hi(xe, B) — Kat3zy — g, 4. (4.4)

Equation (4.4) describes the rate of change of infected CD4™ T-cells, z4. This population
increases by infection of healthy T-cells by HIV-1 and proliferation. These two sources are
represented by the first term which is assumed to depend on the density of HIV-1, xg. The
second term accounts for the killing of infected cells by HIV-1 specific effector cells. The
infected cells are lysed at a rate of p,, due to which new HIV-1 particles are produced.
The efficacy function (, represents the effect of reverse transcriptase inhibitors that are a

component of HAART therapy.

HHV-8 specific effector cells dynamics:

Ts = Spy + Tes 5 Hg(x7,7) — flas T5. (4.5)

The HHV-8-specific effector cells are replenished at a constant rate s;,, undergo

proliferation in the presence of HHV-8 and are lost due to natural death.
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HIV-1 dynamics:
re = (1 - Cp)Nxelimxél — HazsT6- (4.6)

Following Perelson and Nelson [56], the HIV-1 dynamics are governed by two processes:
the first term describes the release of new free viral particles due to lytic death of infected
CD4™" T-cells and the second term accounts to loss due to natural death. The efficacy
function (, represents the effect of protease inhibitors (PIs) that are a component of
HAART therapy.

HHV-8 dynamics:
T7 = Nazm“mxl(l + 5H1(x67 6)) — M T7- (4'7)

The first term describes the production of free HHV-8 virions due to lysis of infected
B-cells and their enhancement by HIV-1 at a rate 6. The last term accounts for loss due

to natural death.

In what follows, we will assume there is no cART therapy (e.g. 7. = (, = ¢, = 0) and the
effect of cART will be investigated using optimal control in Chapter 5.

We now investigate how the infection characteristics are altered for the cases when v = 3
and when v # 3, where v and [ express the magnitude of proliferation. More specifically,
we consider three cases when the infection parameters (v, 3) are zero, which represents
constant source terms for the infected and effector cell dynamics. Secondly, we consider
the case when one infection parameter (for HHV-8) is zero, that is v = 0, but the infection
parameter for HIV-1 is non-zero, that is § = 1. Lastly, we consider the case when both

infection parameters v and § are nonzero. These cases are summarised as follows: (i)
y=p=0,(i)y=0 and p=1, (ili)y=p=1.

4.2 Weak viral source model with H(zs () = =z, and

Hg(z7,7) = =]

In t his section, we consider the model with weak viral source model. We assume that
there is no treatment, that is, 7. = ¢, = ¢, = 0. The new system will be essentially the
same as (4.1) — (4.7) except that Hi(zg, §) = xg and Hg(x7,7) = 7. The source type was
motivated by the clinical studies by Mahnke et al. [6] and Doyle [7] where we constructed
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the growth terms for the immune cell populations by fitting the proliferation function to
clinical data. The approach represents various phases of infection, that is low and high
VL.

4.2.1 Positivity and boundedness of solutions

We denote by RZ_ the set of points x; = (x1, x2, T3, 24, T5, Tg, 7) With positive coordinates
and consider the system (4.1)—(4.7) with initial values ° = (29, 29, 29, 29, 22, 28, 29). In

this section, we prove the following theorem:
Theorem 4.1. The system (4.1)-(4.7) can be written as a system of differential

nequalities

dacl-
dt

7
> Aiwi+ Y Byzj+e i=(1,-,7), (4.8)
J

where B;; is a matriz and € a constant satisfying the conditions

BijZO, 820.

If 2;(0) > € for 1 <i <7, then z;(t) >0 for allt >0 and 1 <i < 7.

Without loss of generality we may assume that € > 0, since the case € = 0 follows by

approrimating the system with a sequence € = e | 0.

Proof. Suppose that the assertion z;(0) > & > 0, for 1 <4 < 7, is not true. Then there

exists the smallest number ¢y > 0, such that

xi(t) >0 for 1<i<7, 0<t<ty,

xi(tg) =0 for at least one i, say i = ig.

The x;¢ is a decreasing function at ¢t = tg, so that

dx;o
dt

(to) < 0.
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From the differential inequality 4.8 for x;(t) we get

dSU i0
dt

7
(to) > ZBij.Tj+€2€>0,
J

which is a contradiction.

For the state variables in our model, we always take

z1(0) >0, 22(0) >0, x3(0)>0, x4(0)>0,
x5(0) 2 0, xg(O) Z 0, 1‘7(0) Z 0.
From Theorem 4.1 we conclude that
r1(t) >0, x2(t) >0, a3(t) >0, w4(t) >0,
x5(t) >0, wme(t) >0, xz7(t) >0.

O

Thus, in the region RZF the model is epidemiologically and mathematically well posed and

we can use it to study the dynamics of AIDS-KS.

4.2.2 Equillibria

In order to fully understand the dynamics, there is a need to first of determine values
of equilibria of the model of Equations (4.1)-(4.7). Two important equillibria exist: (1)
the virus free equilibrium; which means that the virus is eliminated from the body as
t — oo and (2) the virus persistent equilibrium; where as ¢ — oo the virus stays in the
system. We consider the three special cases: (i) y = =0, (i) y=0 and g =1, (iii)
v = 8 = 1. Here we will show local stability for (ii)-(iii) and global stability for (i)-(iii) of
the equilibrium points and describe the parameter choices. Throughout this thesis it will

be assumed that pz, > ry, and g > ry; and 4,7 = 1...7 will denote matrix entries of
M defined in Appendix A.1.
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4.2.2.1 Virus free equilibrium (VFE), &

In the case when all cell populations have constant source terms, the virus free equilibrium

for which
rp=wo=x4=x6=x7=0 = 1y, =1,, =0 (4.9)
is given by
& = (0,0,3,0,3,0,0),

* Sz * Sz
where x3 = m >0, x5 = m >0, gy > Tzy and fgy > Ty

The biological interpretaion of & is the case when an infection is removed from the body

naturally after it exists for a short period of time, that is the virus does not persist.

4.2.2.2 Virus persistent equilibria

On the other hand, when x1 # 0, xo #£ 0, x4 # 0, zg # 0, x7 # 0, the virus persistent

equilibria is given by

* ok ok x ok k%
& = (x1, 22, 3, T4, T5, Te, T7).

This will be explored numerically due to the complexity of solving it analytically.
Biologically, virus persistent equilibria is the case where the body is not able to clear

the infection by itself, hence the virus persists.

4.2.3 Local stability analysis of VFE &,

A stability analysis of the system of equations (4.1)—(4.7) In order to gain an understanding
into the type of behaviour that will be exhibited by enables a better understanding into
the behavoir that the system will exhibit. For the analysis of our system, we make use of
the following theorems: Poincare-Perron, Routh-Hurwitz Criteria and Hartman-Grobman

Theorem. This local stability analysis can provide the basis for the global stability analysis.

The stability properties for linear ODEs rely only on the eigenvalues of the system.
Since our model is nonlinear, we need to rely on linearisation as well as the Hartman &

Grobman Theorem to bring together the local behavior of the linear and nonlinear systems.



Chapter 4. Novel mathematical models of AIDS-KS 50

Linearising the system requires evaluating the Jacobian matrix at the equillibrium.
Afterwards, we find the associated characteristic polynomial where the roots are the
eigenvalues of the Jacobian matrix. For local stability, the requirement is that all the
eigenvalues have negative real parts, else, the equillibrium is not locally stable. The
reproduction number Ry which determines the stability of the system can be found from
the threshold parameters of the roots of the characteristic polynomial. Viral extinction
occurs when Ry < 1, otherwise viral persistence occurs as ¢ — co. In order to carry out

the stability analysis, we consider the special cases:
(i) y=8=0
(i) y=0 and fB=1

(iii) 7= 5

We now determine the local stability of our system. For the case (i)-(iii), the

system (4.1)—(4.7) can be rewritten in matrix form as
&= Az" + Bz (4.10)

where the matrices A and B are given below:

000 00 0 My Moy My 0 0 0 0 0
0 00O0O0O O 0
0 00 00 M O 0 0 Msz O 0 0 0
A=10 0 0 0 0 My O , B=

000 00 0 My 0 0 0 Mu O 0 0
000O0O0 O 0
0 00O0O0O O 0 0 0 0 0 Mss O

0 0 0 Mes 0 Mg O

M7

0 0 0 Myn

—

+

=
(]
]
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Stability analysis case (i)

Consider the case of HIV-1-dependent and HHV-8-independent proliferation terms (y = 0

and = 0). In this situation, infection is not spread.
Theorem 4.2. For v=0 and =0, both HIV-1 and HHV-8 infection does not spread
Stability analysis case (ii)

Consider the case of HIV-1-dependent and HHV-8-independent proliferation terms (v = 0
and f =1). The system (4.1)—(4.7) reduces to

& =Huz (4.11)

where H is given by

My 0 0 0 0 0 0
My M 0 0 0 0 0
0 0 Msg 0 Mz O
H=[0 0 0 My 0 Mg 0
0 0 0 0 Mys 0 0
0 0 0 Mg 0O Mg O
Y0 0 0 0 0 My

The matrix H has five negative eigenvalues:

S S
)\1 = —Hzxj3, )‘2 = _(,U‘IE5_TC£5>7 )‘3 = _H3ﬁ7 A4 = —Hzr, )\5 = _</’L$1+K‘1<Mi5,r)> .
xTs5 s 5 x5

The remaining two are obtained from the characteristic polynomial P(\) = A% 4 a1\ + as,

where

s p
ar = [(MﬁmM) +ux6} >0, ay= [M[Mm(um—%s)%ﬁm]] (1-Ro) >0

N, — Ty
for Ry = Tos Nog e (fay = Tza) < 1. The stability results are summarised in the

[R48$3 + Uy (:ux3 - ng)] Hazg
following theorem:

Theorem 4.3. For v =0 and f =1 the VFE, &y, for the system (4.1)-(4.7) is stable if
Ro < 1.
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Remark 4.1. Rg < 1 implies that for an HIV-1 virus infection, each infected cell infects
less than one healthy cell throughout its infectivity period. With an increase in time, the

HIV-1 virus can be cleared. Otherwise infection persists.

Stability analysis case (iii)

Consider the case of HIV-1- and HHV-8-dependent proliferation terms (v = 5 = 1.) Then
system (4.1)—(4.7) can be written as & = Cx, where C = A + B is given by

My 0 0 0 0 0 My
My My 0 0 0 0 0
0 0 Mss O 0 Mg O
C=1]0 0 0 My 0 Mgy O (4.12)
0 0 0 0 Mss 0 Ms
0 0 0 Mes 0 Mg O
o0 0 0 0 0 Mgy
Three of the eigenvalues of the matrix C are as follows: A\i = —jpz,, A2 = —pg, and
A3 = —53(8%. The other four eigenvalues are determined using the Routh-Hurwitz
Hazs — Txs
3 ,
criterion from the characteristic polynomial P(\) = A* + Y~ a;A*7J. Define
j=1
RO% — T-T4N$6/’L$4 (ng, — Trs) ROM — TI1N$7M901 (N% — Trs)

[KaSzs + fay (Hay — Tay) | Has (k1825 + thay (Has — Tas) | Har

ROa:i = MaX[ROmﬁy R0x7]

Then, if Ro,; < 1, it is easy to see that the coefficients of a; for ¢ = 1,2, 3, 4 are all positive
as shown in A.2. To conclude stability, it suffices to show that ajasas — a% — a%a4 >0. It
is shown in A.3 that this condition is satisfied provided p, > 2., and R, < 1. Our

result is summarised as follows:

Theorem 4.4. For v = = 1 the VFE, &, for the system (4.1)-(4.7) is stable if
Row; <1 and pg, > 2fig,-

Remark 4.2. Roz, < 1 implies that for both HIV-1 and HHV-8 viruses infection can be

cleared. Otherwise infection persists.
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4.2.4 Global asymptotic stability of VFE, &,

The global asymptotic stability (GAS) is established using the approach given in
Castillo-Chavez et al. [104]. Define two classes: a class of non-infected states W = (x3, x5)
and a class of infected states Z = (1,22, x4, v6, x7). We rewrite the system (4.1)-(4.7)

in the form of

W=FW,Z) and Z=GW,Z)
such that G(W, 0) =0,0= (0,0,0,0,0), W € R? and Z € R®. The functions F(W, Z) and

G (W, Z) denote classes of non-infected and infected states, respectively, where

rzlﬁf;/ — Mg 1 — R1T1T5

oxy (1 — %) — K3XoX5
Sxs rxsxgxg — UzsT3

F(W, Z) , GW,2)

2
Sxs + Tos 5Ly — M5 L5

8
TeysTg — K4T3T4 — Mgy T4

NIGM$4$4 - M$6$6

Noq iy (1 + 5$€)$1 = Kz 7

We redefine the virus-free equillibrium as & = (W*,O), where W* =

< Sz , Szs > This theorem on GAS is proved in Castillo-Chavez et al.
(Nz3 - Tﬂ?s) (,U/LE5 - 7’175)

[104)].

Theorem 4.5. (a) The equillibrium point & = (W*,0) is GAS for v = =10
(b) The equillibrium point & = (W*,0) is GAS for v =0 and f =1 if Ry < 1.
(¢) The equillibrium point & = (W*,0) is GAS for v = =1 if Ros, < 1.
Proof. 3(a): The case v = § = 0. Setting the infection variables of F/(W, Z) to zero, we

have

F(W7 O) = (3363 - (M’m - Tw3)$373$5 - (N:Es - Tﬂﬁs)w5)T'
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Consider the system

. N — T Sg.
W =5, — W, W= s N Hay = Tas L ose =" (4.13)
x5 )LL.’L‘5 - Tac5 81‘5

Then, the solution is given by

s s
Wi(t) = Wo_l 6_#$t—|——m
0oy
Since F(W,0) is a limiting function of W = F(W,Z), that is tl_i>m W(t) =
T
< .. > — W*, then F(W*,0) is GAS.
(:ul‘3_rxs) (Nx5_Tr5)

Let Y3 = Spy — (floy — T25)®3 and y5 = 5. — (Hes — 725 )T5. Then F(W, 0) can be written

1
) - 0
<y3> _ (Has = Ta3) 1 <y3)
y5 0 —_— Ys
e —

1 1
—————— < 0and A\ = ——— < 0. It follows
(Nm - rw3)

i X ; (Nms - rxs)
that W* is asymptotically stable. Now consider,

as

where the eigenvalues are A3 = —

M7 + My
My 0 0 0 0 x1 Mo, <1 - %)901 + Mooz
Moy Moy 0 0 0 T2
DyGW*,00Z-GW,Z)=| 0 0 My 0 0 ||z]- Mg + Myszs
0 0 Mgy Mg O T6
M; 0 0 0 Mz 7 Meazy + Mepge

Mapx1 + Myrxy
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_rl’l

ar1x9

_rx4

by (4.9). Hence, & is GAS.

Proof 3(b): For v =0 and S = 1, it can be shown that

o T .
G(W, 2) = DgGW*,0)Z = G(W, Z) = (=roys S vy = 10,6, 0, = Nopia, ) = 07
by (4.9). Hence, & is GAS.

Proof 3(c): The case v = =1 is similar to 3(b). O

Immunologically, & being globally asymptotically stable means that, perturbing the
equilibrium point by introducing free virus particles, will always make the model solutions

to converge to the virus free equilibrium whenever Ry < 1.

4.2.5 Model variables and parameters

The parameter values are as given in Table 4.2 where the estimated parameters are derived
from the simulations. We consider the chronic phase of HIV-1 infection, that is two years

post infection.

We consider x1(0) = 5x10? cells mL~! and 27(0) = 6.4x10* virions mL~! as in Hadinoto et
al. [112]. Based on Bajaria [113], we take the initial HIV-1 specific effector cell population
to be 23(0) = 5 x 10° cells mL ™!, the initial infected T cell population to be z4(0) = 102
cells mL~! and the initial HIV-1 population to be z4(0) = 2 x 10° virions mL~! based on
Boer et al. [114]. The estimated initial KS cell population is taken to be z2(0) = 2 x 10?
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cells mL~! based on a study by Louzoun et al. [115] and we estimate z5(0) = 5 x 10? cells

mL~! in accordance with a study by Szomolay and Lungu.

Based on a study by Szomolay and Lungu [37], we take the range s,, = 3 x 10> — 9 x 10°

cells mL~! and we estimate the value of s, to be 1.1 x 103 cells mL~*.

The proliferation rate of HIV-1 specific effector cells are taken from studies by Gumel [116]

and Stilianakis [117]. In these studies r,, is assumed to be 2 x 1075 day~!. Due to absence

of HHV-8 proliferation rates, we have estimated 7,;, = 1.2 x 1078 day—!

. We estimate rg,
and 7., to be in the range 2 — 12 day~!, the range for § is estimated to be in the region

3x 1078 to 3 x 1074 day~!.



Chapter 4. Novel mathematical models of AIDS-KS

57

TABLE 4.2: Variables and parameter values.

Variables Initial values Units Reference
T1 21(0) = 5 x 107 cells mL™! [112]

T2 x2(0) = 2 x 107 cells mL™* Estimated
T3 x3(0) = 5 x 10° cells mL™* [113]

T4 x4(0) = 10? cells mL™* [114]

x5 x5(0) = 5 x 107 cells mL™* Estimated
Z6 z6(0) = 2 x 10° virions mL™* [114]

x7 z7(0) = 6.4 x 10* virions mL™* [112]
Parameters Range Value Units Reference
Death/ clearance rates

Py [0.2, 0.5] 0.33 day™* [118, 119]
s [0.001, 0.04] 0.03 day™! [116]

P [1.1x107% 25 x107% 1.87x107* day™* [120, 121]
s [0.008, 0.4] 0.3 day™* [118, 119]
g [0.1, 5] 0.1 day™* [113, 116]
Jr. [0.35, 0.69] 0.57 day~! [122]
Source terms

Suy [3 x 10%, 9 x 10°] 3 x 10° cells mL™* [37]

Sus [10%, 2 x 10° | 1.1 x 10° cells mL™! Estimated
Proliferation rates

Tzy [1, 12] 5 day™* Estimated
Tas [2x 1077, 1077] 2 x107° day™! [116, 117]
Tay [1, 12] 3 day™* Estimated
Tas [1079,107°] 1.2x107%  day™* Estimated
) [3x1079,3 x 1074 3x1078 day™! Estimated
Constants

5y [0,1] variable

Jé] [0,1] variable

Growth rates

! [2, 6] 2 day™* Estimated
Killing rates

K1 [1.2 x 107%, 1077 9.9x107%  mLcell™! day™* [118, 119]
K3 [Bx 1077, 5x107*] 3x107* mL cell™! day™"  [115]

K4 [107°, 2 x 107 9x107° mL cell™! day™!  [117]
Maximum cell population

w [1.2 x 10%, 5 x 10°] 1.2 x 10° cells mL™! [37]
Burst size

Ny [10%, 5.4 x 10%] 1000 virions cell™* [123]

Na., [2 x 107, 10%] 900 virions cell ™! [112]
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1 and we have used the killing rate

We estimate the cancer growth rate a to be 2 day~™
of infected B cells £1 = 9.9 x 1072 mL cell™! day~!. Based on Louzoun [115], the killing
rate of KS cells is taken to be k3 = 3 x 107 mL cell™! day—!. The killing rate of infected
CD4™ T cells is kg = 9 x 107° mL cell ! day~! as in Stilianakis [117]. Following Szomolay
and Lungu [37], we take w = 1.2 x 10° cells. We take the total burst size of infected CD4*
T cells, N, to be in the range 103 — 5 x 10* virions day !

N, is taken to be 2 x 10? — 102 virions cell™! based on Hadinoto [112].

as in Boer [114]. The range for

Huynh [118] and Shapiro et al. [119] took the death rate of infected B cells for the
Epstein-Barr virus (EBV) infection to be ji,, = 0.33 day~!. HHV-8 and EBV are different
viruses but due to absence of a clinical value for this parameter, we used p,, = 0.33 day~*
(as in [118, 119]). We assume the death rates for HIV-1 and HHV-8 specific effector cells
to be piz, = 0.03 day~! as in Gumel et al. [116] and ., = 0.3 day~ ! as in [118, 119].
Based on the research by Mclean [120] and Weston [121], we took the lytic death rate of
infected CD4" T cells to be j,, = 1.87 x 107* day~!. The estimated clearance rate of
HIV-1 virus, pz,, is taken to be in the range 0.1 — 5 day~! based on a study by Bajaria
and Gumel [113, 116]. Due to the absence of estimates for the virus half life of HHV-8, we
will use the value in a study by Foglieni et al. [122] which is ., = 0.57 day~!. We now

show how p,, was estimated.

Parameter estimation of i,

We estimate the infected T cell death rate by a combination of two methods: (1) plotting T
cell count for an HIV-1 infected patient over a period of time without treatment, adapted
from WHO [8] and (2) from research caried out by Mclean and Michie [120]. Figure 4.4
illustrates the T cell count for an HIV-1 infected patient. Due to the infection, the T cells
become depleted.

From Figure 4.4, the equation for the tangentline is y = —1.308z + 719.59. So the death
rate is 1.308 cells /ul per week which would translate to = 0.001308 cells/mL per week,
hence we have death rate as y; = 0.0001869 day~! for an infected person. [120] carried
out a research on the in vivo estimates of division and death rates of healthy human T

L and 95% confidence interval of

lymphocytes. The best estimates for pg = 0.00014 day™
0.00007 — 0.00021 day~! for a healthy person. From [8] and [120] we get: infected T cell
death rate p;y = 0.0001869. On the other hand for a healthy person puy = 0.00014 based

on the study by [120], hence 8 = ju; — pugy = 0.0000469 from T' = II — puyT — BTV which
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FIGURE 4.4: T cell count for an HIV-1 infected patient without treatment adapted from
WHO [8].

represents the dynamics of healthy T cells in general. Hence we conclude that p,, ranges
from 1.1 x 107 to 2.5 x 10~

4.2.6 Sensitivity and uncertainty analysis of R,, and Ry,

In determining how best to treat AIDS-KS infection, it is necessary to know the relative
importance of the different factors responsible for its transmission. If Ro,,, for i = 6,7, is
very sensitive to a particular parameter, then an adjustment of the conditions that connect
the dynamics to such a parameter may prove useful in identifying policies or intervention

strategies that reduce KS prevalence.

We explore the parameter space by performing an uncertainty analysis using Latin
Hypercube Sampling (LHS) method as described by Blower and Gomero [105, 106].
Coeffcients (PRCC) are used to evaluate the contribution of vital parameters on the model
dynamics, most specifically to establish the parameters that have significant influence on
the HIV-related KS. MATLAB software was used for the PRCC analysis with a sampling
size, n = 1000.
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FIGURE 4.5: Partial Rank Correlation Coefficients (PRCCs) of the model parameters

with respect to (a) Rogze and (b) Roy,. This analysis was adopted from Blower and

Gomero [105, 106]. Model parameters were sampled 1000 times where the values and
ranges are given in Table 4.2.

PRCC is the tool we use to evaluate the impact of changes of each parameter on Rz,

and Ro,,. It is informative on what parameters to target in order to achieve specific goals
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for example how to effectively reduce VL and KS. Figure 4.5(a) shows the PRCC results
which illustrate the dependence of Ro;, on each parameter. The positive signs of their
PRCCs indicate that if the parameters are increased, the value of R, increases and vice
versa. The following parameters have a statistically significant PRCC value and a negative
influence on Rozs: K4, Sz; and pgz; while the the opposite is true for r4,, Nug, fay, Tas
and fiz,. Predominantly, s;, has the greatest influence on Roy,. Figure 4.5(b) shows the
PRCC results which illustrate the dependence of Rq,., on each parameter. The following
HHV-8 associated parameters have a statistically significant PRCC value and have the
potential to positively influence infection: ry,, N, pg, and p,, and the opposite is true

for K1, Szs, T2 and .. The most significant control parameter for R, is k;.

The significance of the PRCC for each parameter is determined by calculating a p-value
for each using the methods described by Marino et al. [124]. The PRCC values with a
p-value less than 0.01 are considered statistically significant. From Tables 4.3 and 4.5, it

can be seen that r,, and r,, are not statistically significant.

In order to test for independence between the parameters which affect the reproduction
numbers, we apply the Fisher transformation to the PRCC as described by Fieller et
al.[125].  We use R software is to test for independence. We corrected the resulting
p-values for false discovery using the false discovery rate (FDR) method of Benjamini and
Hochberg [126]. Using the parameters whose PRCC values were found to be significant,
we performed pairwise comparisons with Fisher transformed values [125], hence produces
the results given in Table 4.4 and Table 4.6. A red TRUE indicates independence between
two parameters a black FALSE indicates the opposite. The independence test indicates

that s, may be influenced by p,, as illustrated in Table 4.4.

TABLE 4.3: PRCC for Ro,, and p-values resulting from the sensitivity analysis.

Variable @ PRCC p — value

T 0.3350 0.000
Nag 0.4195 0.000
P 0.1183  1.842 x 10~*
s 0.3771 0.000

Ka —0.31534 0.000

Sug —0.4399 0.000
g —0.3673 0.000

Tus 0.0145  6.482 x 107"
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TABLE 4.4: Pairwise comparisons for R, parameters.

Nxg Poxs Fixs K4 Sx3 Pixe
r.;, TRUE TRUE FALSE TRUE TRUE TRUE
Nag TRUE FALSE TRUE TRUE TRUE
Ly TRUE TRUE TRUE TRUE
P TRUE TRUE TRUE
Ka TRUE FALSE
Sas FALSE

TABLE 4.5: PRCC for Ry, and p-values resulting from the sensitivity analysis.

Variable PRCC p — value

o 0.3944 0.000
N, 0.2890 0.000
oy 0.1771  1.784 x 107®
s 0.4705 0.000
K1 —0.5217 0.000
Sas —0.1035 1.082 x 107*
T —0.1552  8.521 x 10~ 7
Tas —0.0320 3.138 x 107!

TABLE 4.6: Pairwise comparisons for R, parameters.

N, My Hxg K1 Sxs Hx7
r.; TRUE TRUE TRUE TRUE TRUE TRUE

N,, TRUE TRUE TRUE TRUE TRUE
i, TRUE TRUE TRUE TRUE
Ll TRUE TRUE TRUE
K1 TRUE TRUE
Sag FALSE

4.2.7 Numerical simulations for the weak viral source model without

optimal control

The numerical simulations are implemented in MATLAB. In order to examine the
progression of the infection, we consider the following scenarios: (i) v = f = 0, (ii)
v=0and g =1 and (iii) v = f = 1. Figure 4.6 shows the prognosis of the infection for
v = B = 0. This case demonstrates a scenario when both infected T and B cells divide at

a constant rate (Cho et al. [127]). Figure 4.6(a) shows that after reaching a peak during
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the primary stage, the HIV-1 viral load, xg, decays below a detectable level of 40 virions
per microliter of blood [61]. A similar pattern is observed for HHV-8, x7. In response,
both HIV-1 and HHV-8 specific effector cells, x3 and x5, respectively increase to a peak
and remain constant throughout the chronic stage (4.6(b)). Figure 4.6(a) shows that the
infected B and T cells, x1 and x4, respectively decrease due to lysing by the increasing
populations of respective effector cells. Figure 4.6(b) shows that the population of Kaposi
sarcoma cells declines. KS cannot develop into a clinical condition for v = 8 = 0. The
WHO guidelines are not available for us to conclude whether this steady state, below 100

copies/mL, is detectable or undetectable for KS.

Figure 4.7 illustrates the case when the infected B cells are dividing slowly and the infected
T cells are dividing rapidly. We demonstate the case for v = 0 and 8 = 1. We can see that
HIV-1 viral load is high but HHV-8 viral load is low. The infected T cell population is also
high but the infected B cell population is low. The prognosis for the KS is low suggesting
that cell division for infected B cells plays a very important role. The high population of
HHV-8 specific effector cells, x5, suggests a high rate of lysing of KS cells.

Figure 4.8 describes disease progression for v = § = 1. This case represents a scenario
when both infected T and B cells divide rapidly. Figure 4.8(a) shows prolonged and severe
viremia for both HIV-1 and HHV-8. The viral loads remain detectable throughout the
chronic stage. Figure 4.8(a) shows a high population level for infected T cells. The HIV-1
and HHV-8 specific effector cell populations remain high throughout and consequently
the KS cells population remains high improving the chances of KS development. (Figure
4.8(b)). With a low cancer burden representing only 0.001% of maximum carrying capacity
of KS cells, the HHV-8 load will reach equilibrium that is either below the level of detection
(v =0and B8 > 0), or above (y = 8 = 1). In the latter case, over 3000-fold increase in
HHYV-8 load is obtained compared to the level off detection and the KS load increases to
2.7% of the maximum carrying capacity (Figure 4.9).
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FIGURE 4.6: Model predictions for the weak viral source model without treatment for
the case v = 8 = 0. The parameter values and ranges are given in Table 4.2. The figures
illustrate the dynamics of (a) the viruses (virions/mL), that is, HIV-1 (V;), HHV-8 (V)
and infected cells (cells/mL), that is, infected B cells (B;), infected T cells (I), (b) the
effector cells (cells/mL), that is, HIV-1 specific effector cells (E;), HHV-8 specific effector
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i
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cells (Eg) and the cancer (cells/mL), K.
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FIGURE 4.7: Model predictions for the weak viral source model without treatment for

the case v = 0 and 5 = 1 with Ry > 1. The parameter values and ranges are given

in Table 4.2. The figures illustrate the dynamics of (a) the viruses (virions/mL), that

is, HIV-1 (V4), HHV-8 (V5) and infected cells (cells/mL), that is, infected B cells (B;),

infected T cells (I), (b) the effector cells (cells/mL), that is, HIV-1 specific effector cells
(E1), HHV-8 specific effector cells (Eg) and the cancer (cells/mL), K.
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FIGURE 4.8: Model predictions for the weak viral source model without treatment for

the case v = § = 1 with Ro,, > 1. The parameter values and ranges are given in Table

4.2. The figures illustrate the dynamics of (a) the viruses (virions/mL), that is, HIV-1

(V1), HHV-8 (V3) and infected cells (cells/mL), that is, infected B cells (B;), infected T

cells (I), (b) the effector cells (cells/mL), that is, HIV-1 specific effector cells (E;), HHV-8
specific effector cells (Fg) and the cancer (cells/mL), K.
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FIGURE 4.9: The trajectory between viral population, HHV-8 (Vg) and cancer cells, K
for the weak viral source model. This is for the three cases, vy = 8 = 0 (top plot), v =0
and $ =1 (middle plot) and v = 8 =1 (bottom plot).
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4.3 Strong viral source model with Hy(zg,3) = i + x5 and

Hg(z7,7) = ) + 27

In this section, we consider the model with strong viral source that may be caused by
many factors such as non-adherence to treatment. Adherence to HAART helps maintain
low to undetectacle VL. However, non-adherence leads to higher number of infected cells
and consequently to an increase in the VL [128, 129]. The new system (4.1)*—(4.7)* will
be essentially the same as (4.1) — (4.7) except that Hy(xg,5) = xg + x¢ and Hg(z7,v) =
z) + x7. We note that (4.1)*—(4.7)* can be rewritten as & = AzY + Cz, where matrix A
is defined in (4.2.3) and matrix C is defined in (4.12). We consider the cases (i)-(iii) as in
Section 4.2.

4.3.1 Stability Analysis Case (i)

Consider the case v = f = 0. The system (4.1)*—(4.7)* reduces to & = Mz, where
the matrix M is given in A.1. The coefficients of the characteristic polynomial P()\) =

PRNE 24: aj/\47j, associated with M, are given by a1, as, as, and a4 (shown in A.2). In this

case i?lle term (1 — Roy,) is replaced by (1 — R, ) with R, = Max[Rg,,, Rg,.], where
6336 = Roze and 7?,6937 = (14 9)Rogz,-

Theorem 4.6. Fory= 3 =0 the VFE, &, is stable if Ry, <1, otherwise it is unstable.

Remark 4.3. In this case the reproduction number is not zero as in Section 4.2.2.

4.3.2 Stability Analysis Case (ii)

When v =0 and § = 1, the system (4.1)*(4.7)* becomes & = Nz, where

My O 0 0 0 0 My
My My 0 0 0 0 0
Mss 0 2Mss O
N = My 0 2Mg O

0 0 0 M7

0
0 0  Mss 0 Ms7
0
0

—

[y
+
fo2
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The term (1 — Rog,;) in the coefficients of the characteristic polynomial given in A.2, is
replaced by (1 — Rogz;). We have Ror, = Max[Rozg, Roz,] Where Rozg = 2Roz; and
ﬁ0x7 = R0x7'

Theorem 4.7. For v = 0 and B = 1 the VFE, &, is stable if Roz, < 1, otherwise it is

unstable.

4.3.3 Stability Analysis Case (iii)

When v = 8 = 1, the system (4.1)*—(4.7)* can be written as & = Dz, where D = A + C
and matrix A is defined in (4.2.3) and matrix C is defined in (4.12). The term (1 — Rog,)

in the coefficients of the characteristic polynomial given in A.2, is replaced by (1 — Roy,),
where 7@0% = 2Roz, .

Remark 4.4. The case v = B = 1 leads to doubling of the reproduction number.
Non-adherence to treatment results in increased reproduction number and can complicate
treatment. Nachega et al. [130] has pointed out that adherence to HAART supresses viral

replication and leads to slow cell division.

Remark 4.5. Generally some patients are immunologically susceptible to high VL
production. Such patients should be identified through screening (regular checkups) and

made to start their treatment early.

4.3.4 Numerical simulations for the strong viral source model without

optimal control

Figure 4.10 depicts the population dynamics of virions and cell population when the
viral load is high for the case when v = § = 0. HIV-1 and HHV-8 viral loads remain
high throughout the chronic stage, consequently, high levels of infected T and B cells are
observed in Figure 4.10(a). This results in high levels of KS as shown in Figure 4.10(b).
The immune response remains high due to the high levels of infected T and B cells (Figure
4.10(b)). The pattern observed here is similar to that observed in Figure 4.8 for the low

viral load model when v = 5 = 1.

Figure 4.11 illustrates the case when v = 0 and 5 = 1. HIV-1 and HHV-8 viral loads
remain above detectable levels throughout the infection as seen in Figure 4.11(a). Due
to high levels of HIV-1 and HHV-8 viral loads, the infected T and B cell populations
remain high as shown in Figure 4.11(a). Consequently (as seen in Figure 4.11(b)), the
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KS population remains high due to high levels of HHV-8. In response, the HIV-1 and
HHV-8 specific effector cell populations remain high as illustrated in Figure 4.11(b). The
cell levels in Figure 4.11 are significantly higher than those in Figure 4.10.

Figure 4.12 shows the case when v = 8 = 1, that is when both infected T and infected
B cells divide faster. A similar behavior to that in Figure 4.11 is observed. From Figures
4.11 and 4.12, we conclude that the higher the proliferation of HHV-8 due to enhancement
by HIV-1 has more impact on the development of KS than the increase in the infected B

cell population.

Although the equilibria for the strong viral source model when v = 0 and 8 > 0 do not
change substantially, there is a profound impact on KS and HHV-8 burden when v = g8 = 1.
In the latter case the KS load increases to over 80% of the maximum carrying capacity
of KS cells and the HHV-8 load over 200000-fold above the level of HHV-8 detection,
surpassing even the HIV-1 load (Figure 4.13).
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FIGURE 4.10: Model predictions for the strong viral source model without treatment for

the case v = 8 = 0. The parameter values and ranges are given in Table 4.2. The figures

illustrate the dynamics of (a) the viruses (virions/mL), that is, HIV-1 (V;), HHV-8 (V)

and infected cells (cells/mL), that is, infected B cells (B;), infected T cells (I), (b) the

effector cells (cells/mL), that is, HIV-1 specific effector cells (E;), HHV-8 specific effector
cells (Eg) and the cancer (cells/mL), K.
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FIGURE 4.11: Model predictions for the strong viral source model without treatment for
the case v = 0 and 5 = 1 with Ry > 1. The parameter values and ranges are given
in Table 4.2. The figures illustrate the dynamics of (a) the viruses (virions/mL), that
is, HIV-1 (V4), HHV-8 (V5) and infected cells (cells/mL), that is, infected B cells (B;),
infected T cells (I), (b) the effector cells (cells/mL), that is, HIV-1 specific effector cells

(E1), HHV-8 specific effector cells (Eg) and the cancer (cells/mL), K.
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FIGURE 4.12: Model predictions for the strong viral source model without treatment for
the case v = § = 1 with Ro,, > 1. The parameter values and ranges are given in Table
4.2. The figures illustrate the dynamics of (a) the viruses (virions/mL), that is, HIV-1
(V1), HHV-8 (V3) and infected cells (cells/mL), that is, infected B cells (B;), infected T
cells (I), (b) the effector cells (cells/mL), that is, HIV-1 specific effector cells (E;), HHV-8

specific effector cells (Fg) and the cancer (cells/mL), K.
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FIGURE 4.13: The trajectory between viral population, HHV-8 (V3) and cancer cells, K
for the strong viral source model. This is for the three cases, v = § = 0 (top plot), v =0
and $ =1 (middle plot) and v = 8 =1 (bottom plot).
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Optimal control of AIDS-KS

Regulation of HIV-1/HHV-8 viral load (VL) and viral reservoir cells is crucial for restoring
a patient to an asymptomatic stage. Therefore, to device an optimal treatment plan, we
apply the optimal control theory to both the weak and strong viral source models. We
find the optimal dosage scheme for combined antiretroviral therapy (cART) comprising
of HAART and KS therapy that minimizes the infected T-cell count, KS tumor burden
and drug toxicity. HAART involves the usage of multiple forms of antiretroviral agents,
typically reverse transcriptase inhibitors (RTIs) and protease inhibitors (Pls), whose
efficacy is denoted by (, and (,, respectively. The RTIs are inhibiting the HIV virions
from successfully infecting the cell and the Pls prevent the already infected cells from
producing mature infectious virions as highlighted by Perelson [131]. The KS therapy can

involve chemotherapy or interferon therapy and its efficacy is expressed by 7.

5.1 Optimal control problem for the weak viral source

model

5.1.1 Optimal control problem formulation

In this section, we apply optimal control strategies to the system (4.1) — (4.7), that is
ne # 0, (, # 0 and ¢, # 0. We formulate an optimal control problem (OCP) by considering
cART to minimise the number of infected T-cells, KS cells and the cost of treatment (e.g.

drug toxicity, cytokine storm) over a given time interval [0, ¢¢].

75
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5.1.2 Objective functional

Our goal is to determine the efficacy functions 0 < ¢, ¢, 7. < 1 that minimise the objective

functional given by

ty
J(Gry Cps M) = / (Arzy + Agwy + A3(] + As(l + Asn?) dt, (5.1)
0

where x5, x4 are solutions of the system (4.1)—(4.7) with Hy(zs, 8) = a:g and Hg(z7,7) =
z7. The efficacy functions ¢, (p, 7. are bounded and Lebesgue integrable as was indicated
by Lenhart and Workman [5]. The case (, = (, = 1. = 1 represents total efficacy for the
RTIs, PIs and KS therapy, respectively, and ¢, = ¢, = 1. = 0 represents no treatment.
As studied in Holash et al. [132], the delivery time for anti-angiogenic treatment is two
to three weeks. This study specifies treatment time to be 20 days to compare with to
previous clinical trials and allows for an easy transition from the current practice to the

proposed dosing regimen.

The coefficients A; where ¢ = 1,2,3,4,5 are positive weights to balance the factors and
the term Ajzy4 and Aszo are cost of infection while A3(?, A4C§ and Asn? are the cost
associated with controls. The quadratic control in the treatment terms has the advantage
of keeping both small and large infections in check, see for example, Kirschner et al. [133]
and Pillis et al. [134]. In addition, the quadratic control allows the system to keep the
burden on KS tumors low while minimising toxicity with optimal treatment. Note that
the parameters (2, (g and 7?2 of the integrand of the Equation (5.1) indicate the so-called
continuous optimal control. Continuous optimal control guarantees that the medications
are being applied continuously over the entire treatment period and ensure that there is
no biological drug clearance from the patient’s system. This study was motivated by the
study by Szomolay and Lungu [37] which demonstrated that good adherence to treatment
plays a crucial role of controlling the spread of AIDS-KS in patients. Hence aherence to

treatment requires continuous optimal control.

We seek efficacy functions ¢, ¢, and 7. such that

J(C:7<;)n:) = min{J(Crvgp)nC) : CTananC E U}7
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where U is the control set defined by

U ={(¢Gsne) = Gy Gpy M is Lebesgue measurable, 0 < ¢, (p, e < 1,t € [0,8f]}. (5.2)

5.1.3 Existence and uniqueness of optimal control

Theorem 5.1. There exists an optimal control vw* = (¢, (y,n:) such that

ming, c,meeUJ (Crs CpsMe) = J(G5Cumi) subject to the OCP (4.1)~(4.7) with (5.1) and

non-negative initial conditions.

Proof. In order to prove the existence of optimal control, the following conditions should
be staisfied:

1. The set of controls and the corresponding state variables is nonempty.

2. The control set U is convex and closed.

3. The right hand side of the state system is bounded by a linear function in the state

and control variables.

4. The integrand in the functional (5.1), Ajz4 + Aszs + A3¢% + A4Cg + Asn? is convex
on the control set U. There exist a constant p > 1 and positive numbers €; and e
such that J (¢, (p,ne) > —€2 + 61(|Cr|2 + |Cp‘2 + ‘770|2)p/2-

Condition 1 proof:

To prove that the set of controls and the corresponding state variables is nonempty. Let

Ty = Fp (tyxy, w0+ ,27), B2 = Fpy(tixy, w0 - -+, 27), -+, @7 = Fyp (G 01,22 - -+, 27) where
F,,, - Fy, form the right hand side of the system (4.1)-(4.7). Since all parameters are
. . . . ale aFIl
constants and x1, - - - , x7 are also continuous, then the partial derivatives SRR v
T X7
OF, OF, OF, OF,
2 22 28 L 7 are all continuous. Therefore, there exists a unique
8902 8337 81‘1 6.%'7
solution (z1,x9,--- ,x7) that satisfies the initial conditions. Therefore, the set of controls

and the corresponding state variables is nonempty and condition 1 is satisfied.
Condition 2 proof:

By definition, U is closed. Take any controls u,v € U and A € [0,1]. Then 0 < Au+(1—M\)v.
Additionally, we observe that Au < A and (1 — AN)v < (1 — A), then Au+ (1 — N)v <
A+ (1 —X) =1. Hence,
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0<AXu+(1-XNwv<1foral u,veUand X € [0,1].

Therefore, U is convex and condition 2 is satisfied.

Condition 3 proof:

From the system (4.1)—(4.7) all solutions are bounded, hence condition 3 is satisfied.
Condition /4 proof:

The integrand in the objective functional (5.1) is convex on U. We need to show that
there exist a constant p > 1 and positive numbers €; and ez such that J((,(p,ne) >

—€2 + 51(’@"2 + |Cp‘2 + ‘776’2)[)/2-

This implies that

Aymy + Agmy + AsQl 4+ Al + A5l > —e2 + 1 (|G + 16l + )2

where €5 depends on the upper bound on x5 and x4 and ¢; > 0 since A3 > 0, A4 > 0
and As > 0. We impose a bound on the length of time interval in order to guarantee the
uniqueness of the optimality system. Since all the four conditions are met, we have proved

the existence and uniqueness of the control.

5.1.4 Necessary conditions for the existence of optimal control

In order to find the optimal solutions, we first trace the Lagrangian and Hamiltonian for
the OCP (4.1)—(4.7) with (5.1). The Lagrangian of the OCP is given by:

L(x1, @2, 3, ¥4, T3, T6, 7, G,y Cpy Ne) = A1Ts + Agwy + A3(l + As(l + Asn? (5.3)

Pontryagin’s Maximum Principle (see Lenhart and Workman [5]) is applied to determine

the conditions for effective control. This principle converts the system (4.1)—(4.7) with
(5.1)-(5.2) into a problem of minimising a Hamiltonian pointwisely with respect to ¢, ¢,
and 7.. We define the Hamiltonian, H, for the OCP:

7

H = L(x17x27x37$47x5)x67$77C’I’7Cp7776) + Z)\Zf’b
i=1
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where L is the Lagrangian function (5.3), A;, ¢ = 1,2...7 are the adjoints variables
(co-state variables) for the states xi, w2, x3, x4, 5,26, 27 and f; is the right hand side

of the differential equation of ¢-th state variable. Our aim is to seek an optimal control

k %k
TSP

the Hamiltonian of the system given by:

pair (u*, X*) where ux = ( ,ne) and X* = (af, o3, 23, 2, ok, xf, x%), that minimizes

H = A1$4 + AQJIQ + A3C3 =+ A4C§ + A5?7§ + )\1[7};1%; — g, T1 — H1$1$5]
X2
+ Xo[(1 — ne)axy (1 - w> — K3%2%5] + A3[Szy + nga:gxg — [z T3]
_ B _ _ 7 _
+ M[(1 = G)ra®g — Kax3Ta — fgy Ta] + N5[Say + Tas 527 — gy Ts5]

+ X6[(1 = Cp) Nag oy @4 — tag o] + A [Nop oy 21 (1 + 825) — pray 7]

Pontryagin’s Maximum Principle gives the necessary conditions for the existence of an
optimal solution. The results of applying Pontryagin’s Maximum Principle lead to the

following theorem:

Theorem 5.2. (Optimal Control for the weak viral source model). There exists an optimal
control (7, Cy,m, and the corresponding solutions (x3, x5, x5, x, xk, x§, x5 ) that minimizes

J(Gr, Cpy ) over U. Furthermore, there exists adjoint variables \;, i = 1,2...7 which satisfy

) x

A= A1 (pay + F125) — Aga(l —1c) <1 - w2> — AN, fi, (1 + 625,
. x

Ay = )\2[(1 — nc)a;l + H3QS‘5] — AQ,

X3 = Mafay — N3(Tuy @ — i),

M = Aa(Ka23 + fray) — A6(1 = Gp) Nag ptay — A1,

X5 = A1 K171 + AakisTa — A5 (Tos @7 — o),

X6 = Nofleg — )\3Tx3ﬁx3$gfl — (1= Cr)%ﬁﬂ?gfl — ANy, fg, 55901565717

. v—1 -1
A7 = Mgy — AT, YE) = A5Tay Y527

with transversality conditions N\i(ty) =0 fori=1,2,...7. The optimal control is given by

B* *
X Nw X
¢r :maaz{O,min<)\4;£3m6,l>}, o :mam{O,min<>\62iﬁ‘lx4,l>}, (5.4)

e :maac{O,mm(zA5 </\gozx1 (1 - ;)),1)} (5.5)
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Proof. Due to the convexity of the integrand of J in equation (5.1), a priori boundedness of
the state solutions and the Lipschitz property of the state system with respect to the state
variables, the adjoint equations and transversality conditions can be obtained by using

Pontryagin’s Maximum Principle such that N = — , with transversality conditions

oH
8901-
Ai(ty) = 0for i =1,2,..7. The characterisation of the optimal control obtained by solving
OH O0H OH

G G O

= 0 gives the following characterisations of

the optimality condition

the controls:

OH . x

ac, = 2A43(; — )\4rm4:vg =0,

OH

a0 = 244, — A6 Nug iz, 73 = 0, (5.6)
oGy

OH . . 5

an, = 2A5m; — Aax] (1 - (j) =0.

Solving (5.6) gives

)\47’$ HZ/B* )\GN 1% T 1 3
* 476 * TeHxat4 * * 2
S = 20 meTmTd and = —(doazt(1-22)).
gr 2A3 ’ gp 2A4 & "le 2A5 2081 w

The standard control arguments on the controls are such that

0 ifm}<o0

" . /\47’;54:1;5*
= * 0<m*<1 where mj =——", 57
Gr m my 1 9245 (5.7)
1 m] > 1
0 it ms <0
* * )\Gngﬂr4xZ
= 5 5 h = 5.8
Gr my 0<m5 <1 where my 24, ) (5.8)
1 ms > 1
0 if mj3 <0
X 1 . s
Gr=qm}i 0<mj<1 where m3= oA (Agaxl <1 - (j)) (5.9)

1 m3 > 1

Equations (5.7), (5.8) and (5.9) can be written in compact form as in Equations (5.4)-(5.5).
O
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5.1.5 The optimality system

The optimality system (5.10) consists of a system of states and adjoint which includes
the characterisation of the optimal control (5.6), initial conditions and transversality
conditions. We have the following optimality system which characterises the optimal

control:
S 0
T1 =Ty, Ty — fg, T1 — K1T125

1 *
Zo = | 1 —maz<0,min| — | Aazi|1— i} ,1 ari|1— 2 _ K3T2T5
2A5 w w

S B
T3 = Sgg + T23X3Tg — UazT3

ATy 2"
T4 = (1 — max{(),min<%, 1> })rml‘g — R4T3T4 — g, T4

o v
T5 = Sy + Tas 5Ty — Uzs T

A6V, x
T = (1 — ma:n{O,min<w, 1> }) Ny la,Ta — e T6

T7 = Ny foy 21(1 + 5955) = Kz 7

: , 1 . x5 z
A1 = A (g + K175) — Ao <1 - max{(), mzn<2A5 ()\gaml <1 - ;)),1) }) <1 - j)

— A7 Ny piz, (1 + 5&33),

Xo =X | [ 1= mazl 0, min 1 Aoaxl (1 — T2 ,1 ot + K3Ts
2A5 w w

X3 = A\ghaty — >\3(7‘x393g — gy,

Mg = Ag(Rax3 + thay) — N6 (1 — max{O,min(fw, 1) })Nxﬁ,um4 — Ay,

_A27

X5 = M K121 4+ Aoksxo — A5 (Tos @) — flas),

. _ Aarg, 22t _
A6 = N6fbag — )\37”333,8563.%‘5 - A4 (1 — max{O, min(%, 1) })T‘Mﬁxé} !

- )\7Nx7/,l,$1(55131.’13§_17

Nt = A7plg, — Alrmfyaz;_l — )\57’36573;53:?_1

(5.10)
with initial conditions x1(0) > 0, z2(0) > 0, x3(0) > 0, x4(0) > 0, z5(0) > 0, z¢(0) >
0, 7(0) > 0 and transversality conditions A\;(t;) = 0,7 =1,2,...7.
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5.1.6 Uniqueness of the optimality system

To ascertain the uniqueness of the optimality system, the bounds of the state and adjoint
solutions must be used. We note that from the bounds for the state equations, we see that
the adjoint system has bounded coefficients and is linear in each adjoint variable. Hence,
the solutions of the adjoint system are bounded on a finite time interval. For the small
time interval, we shall use the following lemma while proving the uniqueness of solutions

of the optimality system .

Lemma 5.1. The function u*(s) = mazx(a, min(s,b)) is Lipschitz continuous in s, where

a < b are some fized positive constants.

Proof. Consider si, so as real numbers and a, b as fixed positive constants. We will show
the Lipschitz continuity holds in all possible cases for min(s,b). Similar arguments hold

for max(a, min(s,b)) as well.

1. slgb,52§b.

|min(sy,b) — min(s2,b)| = |s1 — s2

2. 51 < b, sy > b.

|min(s1,b) — min(se,b)| = |s1 — b <|s1 — s2

3. Sll Z b,82 S b.

|min(s1,b) — min(sa,b)| = |b — sa| < |s1 — s2

4. Sll > b,SQ > b.

|min(s1,b) — min(s2,b)| = |b—b] =0 < |s; — s9|

Hence |min(s1,b) —min(s2,b)| < |s1 — s2| and we have Lipschitz continuity of m* in s [

Theorem 5.3. Fort € [0,tf], the bounded solutions to the optimality system is unique.

Proof. Proof of the theorem is shown in Appendix A.4 O

Remark 5.1. The optimal controls, (., ¢, and 7. can be characterised in terms of the
unique solution of the optimality system (5.10). The above optimal controls give an
optimal treatment strategy for the patient who is dually infected with HIV-1 and HHV-8
under the scenario of RTIs , PIs and KS therapy.
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5.1.7 Optimal control simulations for the weak viral source model

Here we show the numerical results of the OCP and we will assume that v = g = 1
since the simulations remain largely unaffected by the other cases. The algorithm for
simulating the system using the forward-backward sweep method is adopted from Lenhart
and Workman [5]. The state system with an initial guess is solved forward in time and
then the adjoint system is solved backward in time. The controls are updated at the end
of each iteration using the formula for optimal controls. The iterations continue until

convergence is achieved.

We take ty = 20 days which represents the time in which treatment is stopped. The values
of the weight function are taken as A; = 10, As = 0.01, A3 = 200, A4 = 100 and A5 =
1000. It should be pointed out that the weights used in the simulations are are not clinically
determined but are used to illustrate the control strategies proposed for this study. The
costs correspond to the case of very cheap to very expensive control strategies. The higher
the value, the more expensive the treatment. The initial variables and parameter values
are taken from Table table 4.2. The initial values are chosen such that they reflect a
patient during chronic infection since the WHO recommendations stipulate that all people
living with the HIV be put on HAART irrespective of their CD4™ T cell counts [135]. The
reproduction number in the absence of treatment is Ry, = max[1.44,6.14] = 6.14 which

was obtained from using the parameter values in Table 4.2.

The results of the system (4.1)—(4.7) with and without controls are depicted in
Figures (5.1) — (5.8). Figure 5.1 shows the HIV-1 virus population level with and without
controls. We can see that the VL when the treatment is not optimal can result in very high
levels. When optimal treatment is administered the VL remains low. As demonstrated
by Figure 5.2, the HHV-8 population starts to decline slowly after day 2. We see from
Figure 5.3 that when there is no control the infected T cell population rises and settles at
some steady state level. With optimal treatment the infected T cell population declines
and remains significantly lower than the population without controls. The infected B cell
population on the other hand starts to decline slowly after day 2 when treatment is optimal
(Figure 5.4). Figure 5.5 and Figure 5.6 shows that when treatment is optimal, the HIV-1
and HHV-8 specific effector cells are not affected by treatment as expected. Figure 5.7
demonstrates how the optimal treatment affects the KS development. Without treatment
the KS cell population grows very fast, but when there is optimal treatment the KS cell

population remains constant for most of the treatment period.
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Figure 5.8 illustrates the control profiles where control 7. is at upper bound in the drug
level 10 before gradually declining to the final time. The control (, is at upper bound
in the drug level till day 11 and before gradually declining to mininum dosage at day
20, a level it maintians to the final time. The control ¢, is at minimum dosage before
rising to its upper bound at day 7, a level it maintains until the end of the intervention.

Administration of the drugs will be determined by the medical practitioner.

10"
— Without Control
---Optimal Control
10° T 1
- .""~-._~ HIV-1 undetectable level
10° - ;]
-5 ‘
10 0 5 10 15 20
Time (Days)

FIGURE 5.1: HIV-1 virions, (V) without control (solid line) and with optimal control
(dashed line) for the weak viral source model. Rg,, = 6.14. The parameter values and
ranges are given in Table 4.2.
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—Without Control
---Optimal Control
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Time (Days)

FIGURE 5.2: HHV-8 virions, (Vg) without control (solid line) and with optimal control
(dashed line) for the weak viral source model. Ry;, = 6.14. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.3: Infected T cells, (I) without control (solid line) and with optimal control
(dashed line) for the weak viral source model. Ry,, = 6.14. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.4: Infected B cells, (B;) without control (solid line) and with optimal control
(dashed line) for the weak viral source model. Ry;, = 6.14. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.5: HIV-1 specific effector cells, (E7) without control (solid line) and with
optimal control (dashed line) for the weak viral source model. The parameter values and
ranges are given in Table 4.2. Ry, = 6.14.
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FIGURE 5.6: HIV-8 specific effector cells, (Es) without control (solid line) and with
optimal control (dashed line) for the weak viral source model. Ry,, = 6.14. The parameter

values and ranges are given in Table 4.2.
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FIGURE 5.7: KS cells, (K) without control (solid line) and with optimal control (dashed
line) for the weak viral source model. Ry, = 6.14. The parameter values and ranges are

given in Table 4.2.
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FIGURE 5.8: Control profiles of reverse transcriptase inhibitors (¢, ), protease inhibitors
(¢p) and KS therapy (n.) for the weak viral source model.

5.2 Optimal control problem for the strong viral source

model

Like in the weak viral source model, we want to minimise the objective functional 5.1 of

the the system (4.1)—(4.7) with Hy(x¢, 8) = xg + z¢ and Hg(x7,7) = 27 + 7.

To this end, the Hamiltonian is given as:

H = Ayxq4 + Asxo + A3C3 + A4C§ + A5772 + )\1[’r’,v1 (l’; + $7) — P T1 — /11331335]
x
+ Xo[(1 — ne)axy <1 — w2> — K3T2T5] + A3[Szy + rxgxg(a:g + 26) — Hay T3]

+ M1 = G)ray (:):g + I6) — KaT3Ta — U, Ta] + N5 [Szs + Tas 05 (2T 4+ T7) — fasT5)

+ /\6[(1 - CP)N$6M$4$4 - M$6x6] + )\7[N$7M$1:U1 1+ 6($g + xﬁ) - Mw7$7]

By applying the Pontryagin’s Maximum Principle, we obtain the following theorem:

Theorem 5.4. (Optimal control for the strong viral source model). There exists an optimal
control fr,ﬁp,ﬁc and the corresponding solutions (21, %a, T3, ¥4, L5, Te, 47) that minimises
J(Cry Cpsme) over U. Furthermore, there exists adjoint variables \;, i = 1,2...7 which satisfy

the equations
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. T
= A+ 1s) = a1 =) (1= 22) = Aoy [1 4 805 + a0)]

. X
Ay = )\2[(1 — T]C)Oéjl + li31‘5] — AQ,
X3 = MakaTy — A3 [Txg (wg + z6) — ,u’x3:|7
X4 = )‘4</€4$3 + M:v4) - )‘6(1 - Cp)Nace;Mu - Ala

X5 = )\1H1$1 + /\2/‘4?3.%'2 — )\5 |:7'$5 (l’;/ -+ :6'7) — ,U,%} y

X6 = Aofhng — A3Trs@3(B78 1+ 1) = Ag(1 = Gy (Bl 1) = Ay Nop 1y (Bl + 1),

Ny = A7 hlgs — Alrxl(vx;y_l +1) - )\5%5335(795;_1 +1)

with transversality conditions: \i(ty) =0,i=1,2,..7.

Furthermore, the control variables satisfy:

245

o >\N:L‘ T 2
Cp:max{o,min<62iﬁ4x4,l>},

1 .
Ne = ma:B{O, mm<2A5 (x\ga:fl <1 - %

B R
é :max{07min<wﬁ+fﬂﬁ>71>},

(5.11)

(5.12)

(5.13)

Proof. The adjoint equations and transversality conditions can be obtained by using

Pontryagin’s Maximum Principle such that

. oOH . OH . oOH
)\l—_ail‘la )\2__671'2’ )\3__871‘3’

. oOH . OH . OH
Xs=— ~— Xo=—2— Ap=——.

> 8$57 6 a’L‘G’ 7 8$7

with transversality conditions: A\;(tf) =0,i=1,2,...7.

OH

- Oxy’

The optimal control (;, C;, and 7. can be solved from the optimality conditions,



Chapter 5. Optimal control of AIDS-KS 90

oOH oOH OH
=0, — =0 and =0.
e Gy e

By the bounds in U of the controls, we obtain (., ¢, and 7. in the form of (5.11), (5.12)

and (5.13) respectively. O

The state system, the adjoint system and the characterisation of the control given by

Equations (5.11)—(5.13) form the optimality system.

5.2.1 Uniqueness of the optimality system

For the small time interval, the uniqueness of solutions of the optimality system can be
obtained due to the priori boundedness of the state, adjoint functions and the resulting

Lipschitz structure of the ODEs. Hence the following theorem:

Theorem 5.5. Fort € [0,tf], the bounded solutions to the optimality system is unique.

Proof. The above theorem is proved in a similar manner as in Theorem (5.3). O

5.2.2 Optimal control simulations for the strong viral source model

Numerical investigations were implemented using the Forward Backward Sweep Method
to solve the system. We use t; = 20 days which represents the time in which treatment is
stopped. The values of the weight function are taken as A1 =1, Ay =1, A3 =10, A4 = 10
and A; = 10 where the costs correspond to the case of very cheap to very expensive
control strategies. Ry, = max[1.63,1.14] = 1.63 in the absence of treatment and this was

obtained from using the parameter values in Table 4.2.

The optimal control numerical results with and without controls are depicted in
Figures (5.9) — (5.16). Figure 5.9 shows the HIV-1 virus population level with and without
controls. As illustrated, without control, this results in very high viral load. On the other
hand, when optimal treatment is administered the viral load remains low. As demonstrated
by Figure 5.10, with optimal control, we see a slow decrease in the HHV-8 population after
approximately day 10. We see from Figure 5.11 that when there is no control the infected
T cell population is high. With optimal treatment the infected T cell population declines
and remains significantly lower than the population without controls. The infected B
cell population on the other hand starts to decline slowly after day 2 when treatment is

optimal (Figure 5.12). Figure 5.13 shows that with optimal control, there is a decrease in
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the HIV-1 effector cells and Figure 5.14 shows that when treatment is optimal, the HHV-8
specific effector cells are not having quite the expected effect by the treatment as expected.
Moreover, it is also observed that in Figure 5.15, optimal control can effectively reduce

the volume of the tumor compared with the model without control.

Figure 5.16 illustrates the control profiles where control 7. is administered at maximum
dosage throughout the treatmentt period. The control (, is at upper bound in the drug
level till day 17 and before gradually declining to mininum dosage at the end of the
treatment period. The control ¢, is at minimum dosage a level it maintains until the end

of the intervention.
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FIGURE 5.9: HIV-1 virions, (V) without control (solid line) and with optimal control
(dashed line) for the strong viral source model. Ry, = 1.63. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.10: HHV-8 virions, (Vg) without control (solid line) and with optimal control
(dashed line) for the strong viral source model. Rg,, = 1.63. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.11: Infected T cells, (I) without control (solid line) and with optimal control
(dashed line) for the strong viral source model. Ry,, = 1.63. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.12: Infected B cells, (B;) without control (solid line) and with optimal control
(dashed line) for the strong viral source model. Rg,, = 1.63. The parameter values and
ranges are given in Table 4.2.
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FIGURE 5.13: HIV-1 specific effector cells, (E;) without control (solid line) and with
optimal control (dashed line) for the strong viral source model. Ry,, = 1.63. The
parameter values and ranges are given in Table 4.2.



Chapter 5. Optimal control of AIDS-KS

94

10°

—Withbut Control
---Optimal Control

10

15 20

Time (Days)

FIGURE 5.14: HIV-8 specific effector cells, (Eg) without control (solid line) and with
optimal control (dashed line) for the strong viral source model. Ry, = 1.63. The

parameter values and ranges are given in Table 4.2.
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FIGURE 5.15: KS cells, (K) without control (solid line) and with optimal control (dashed
line) for the strong viral source model. Ry,, = 1.63. The parameter values and ranges

are given in Table 4.2.
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FIGURE 5.16: Control profiles of reverse transcriptase inhibitors (¢, ), protease inhibitors
(¢p) and KS therapy (.) for the strong viral source model.



Chapter

Public health education
intervention: modelling Ebola

virus disease outbreaks in Sudan

Education targeted at specific populations and sub-populations through practical health
information is essential to controlling Ebola virus disease (EVD). The work presented in
this chapter forms part of a jointly-authored publication in Infectious Disease Modelling
[136]. We formulate a model for the case with an educated class and an uneducated
class. The parameters are estimated separately for each class using the reduced version
of our model. The parameters governing the uneducated class are obtained using the
1976 Sudan epidemic data and the educated class parameters are estimated using the
1979 Sudan epidemic data and then numerical simulations are carried out. The numerical
results include varying key parameters such as education rates for future EVD epidemics

in Sudan.

6.1 Model formulation

We formulate a model with the susceptible class partitioned into two groups. We utilise
the subscript “edu” to mean the class that is avoids potential risk during an EVD outbreak
because of public health education. There are two a susceptible classes (Seq,, and S), which
contain the quantity of people in each group. Correspondingly, there are two classes (Ieqy,

and I) that contain the number of infected people that exist in the network. Both I.g4,

96
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and I can move into a second infected class we consider to be the number of individuals
in a health care setting (H), where people are being cared for by trained experts. Note
that we consider the medical care experts themselves to be in S.q4,. In societies and
healthcare facilities, infection occurs in both settings. The model additionally incorporates
a recovered class (R) and class of dead bodies (D), the two of which likewise have units
of quantities of people. Finally, there is the environmental class (B), which represents the
Ebola environment. Recovered people no longer experience intense indications of Ebola
and are resistant to reinfection as we will be just taking ino account a brief timeframe
outline. The class of the dead is required on the grounds that it is regular practice in
West Africa for relatives to interact with deceased family members, which makes this
transmission course for Ebola especially one of a kind and fascinating. The environment
class represents all conceivable pollution in the overall network including the presence
of bodily fluids, grimy cloths and any potential creatures which might be a source of
contamination. Table 6.1 presents a complete list and description of all parameters in the

model. A flow diagram characterising the full model is depicted in Figure 6.1.

FIGURE 6.1: Flow diagram for the full Ebola model. Solid lines represent flow

between compartments, the dashed lines represent the infected classes contaminating the

environment and the curved dashed lines represent new infections coming from interaction
of susceptibles with the environment.
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The full model is given below:

S'=m —puS —0S — (BoaB + Bral + B3aledu + BaaD + B2aH)S

tau = 05 — pSequ — (BovB + B1o] + Bapleau + BavD + BovH ) Seau

I' = (BoaB + Bral + B3allgy + BaaD + BaaH)S — v(a1a; a2a; Hiotar)I — ¢11 — 011

Lgy = (BovB + Bpd + Bavleau + BavD + PopH) Seau — V(1b, @b, Hiotal) ledu — $2ledu — 021edu

H' = y(aw, agy, Hrotal) Ledu + V(010 @20, Hiota) I — 63H — ¢3H

R = 11 + ¢oleqy + ¢p3H — pR

D' =611 + 691,y + 63H — wD

B = &(I + Loy + H + D) — dB

(6.1)
where
) —H
— el
v(oi, agi, H) = - -—u-
1+ ageci

Recall that it is normal in West African nations for unwell people to forgo seeing a medical
doctor and as an alternative be cared for at home, particularly on account of a minor
sickness. Because EVD initially presents with flu-like symptoms, the number of people
looking for care toward the start of an episode is particularly low. In any case, as more
instances of an outbreak are distinguished, the familiarity with the ailment increments in
the network through the media, government and even informal. Expanded mindfulness
brings about individuals looking for help sooner and consequently an expanded pace of
move to medical care settings. We capture this characteristic with the sigmoidal shaped
function v, which ranges from 0 (no one goes to the hospital) to 1 (maximum rate of medical
consultation). The parameter ay defines the point at which its rapid growth begins and
aq determines the slope of the growth. Since  is a function of H, as hospital admissions
increase, general awareness of infectious diseases increases and the rate of people seeking
treatment in a medical clinic will increment. There are two distinct arrangements of
« values for the educated and uneducated populations on the grounds that educated
people will be bound to understand the importance of an outbreak and the implications
of neglecting to look for treatment contrasted and the uneducated population. We have
additionally included distinctive death rates (01, d2, d3) and recovery rates (¢1, g2, ¢3) to

recognise rates for the individuals who play it safe versus the individuals who do not, as
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TABLE 6.1: Parameters found in the model.

Parameter Description

Boa Transmission rate from uneducated interaction with the environment

Bia Transmission rate from uneducated interaction with uneducated infected

B2a Transmission rate from uneducated in hospitals

B3a Transmission rate from uneducated interaction with educated infected

Bua Transmission rate from uneducated interaction with dead bodies

Bob Transmission rate from educated interaction with the environment

B1b Transmission rate from educated interaction with uneducated infected

Bop Transmission rate from educated in hospitals

B3b Transmission rate from educated interaction with educated infected

Bab Transmission rate from educated interaction with dead bodies

a1g Sigmoidal constant that governs uneducated infected movement into hospital
Q2 Sigmoidal constant that governs uneducated infected movement into hospital
Qa1p Sigmoidal constant that governs educated infected movement into hospitals
Qop Sigmoidal constant that governs educated infected movement into hospitals
1 Recovery rate for infected uneducated individuals in the community

o)) Recovery rate for infected educated individuals in the community

o3 Recovery rate for infected individuals in hospitals

01 Death rate for uneducated infected individuals in the community

Py Death rate for educated infected individuals in the community

03 Death rate for infected individuals in hospitals

w Burial rate of dead bodies

& Environmental contamination rate

d rate of decay of ebola in the environment

T Growth of uneducated susceptible

I Natural death rate

¥ Sigmoidal constant governing the rate of transfer to hospital
0 Rate of education

well as individuals in the community versus those in the hospital. We likewise incorporate
a rate of burial w and environmental contamination rate £ so we can appropriately show

these transmission courses.

The transmission coefficients (; ;) are distinctive for educated individuals than those for
uneducated to mirror the way that individuals who are taught about the ailment will
avoid potential risk instead of the individuals who are most certainly not. Differences
in behaviour exhibited by educated individuals are expected to reduce interaction with
infected individuals, corpses and pollution, bringing about decreased transmission when
contrasted with individuals who do not play it safe. We additionally permit the flow
from the uneducated susceptible class to the educated susceptible class by means of

the parameter 6 to symbolize behavioral changes which might result from expanded
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mindfulness of the epidemic through media scope, word of mouth, and/or dispersal of

data by healthcare organisations.

6.2 Parameter Estimation

So as to gauge the transmission coefficients, we use information from Sudan where an
outbreak happened in similar area at two separate occurrences. The underlying outbreak
happened in 1976 and was the primary recorded episode of Ebola [39, 74]; the subsequent
outbreak happened in 1979 in a similar general area [73, 39]. We take the initial 1976
episode to be a population completely uneducated about the infection as it was the
starting archived event of Ebola within the world. As a result of media scope and public
health education, we assume that in the three years following the preliminary outbreak
the remaining population got to be mindful of EVD and how to maintain a strategic
distance from it. Therefore, we take the subsequent outbreak to be a population of people
who conduct contrastingly because of different types of public health education. Our
assumptions are upheld by the way that, under almost indistinguishable transmission
conditions, there were essentially more cases in preliminary outbreak contrasted with the
second (see Tables 6.2 and 6.3). Also, there were a lot more contaminations that occurred
in emergency clinics in the 1976 outbreak. To estimate parameters for these contrasting
behaviors, the model is reduced to a single population and use a least squared optimisation

approach to find the set of parameters that best match the data.

In each reduced model we just consider a single population- one either educated around
the EVD or uneducated about the infection. Since we are simulating an epidemic scenario
that happens during a brief timeframe outline, we take the natural death rate (u) and

birth rate () to be zero. This yields the following system that portrays the 1976 episode:

S" = —(BoaB + Bral + B1aD)S — B2aSH

I' = (BoaB + B1al + 1aD)S + BaaSH — y(1a, 20, H)I — ¢11 — 611
H = Y(1a, 2q, H)I — 6o H — o H

R = ¢11 + ¢poH

D' =61+ 6,H — wD

B'=¢(I+ H + D) —dB.
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TABLE 6.2: Data from the 1976 outbreak of Ebola in Sudan.

July Awugust September October November

Cumulative Cases 8 38 176 260 280
Cumulative Recovered 4 17 90 121 133
Cumulative Deaths 4 21 86 139 147
New Cases 8 30 138 84 20
New Recovered 4 13 73 31 12
New Deaths 4 17 65 53 8

% infections that occurred in the community | % infections that occurred in the hospital
38.5% 61.5%

TABLE 6.3: Data from the 1979 outbreak of Ebola in Sudan.

End July & August September October

Cumulative Cases 16 33 34
Cumulative Recovered 2 11 12
Cumulative Deaths 13 20 22
New Cases 16 17 1
New Recovered 2 9 1
New Deaths 13 7 2

% infections that occurred in the community | % infections that occurred in the hospital
85% 15%

In the primary scenario, we consider Sudan 1976 outbreak that occurred in the towns of
Nzara and Maridi, which had a consolidated population adding up to 35,000 [74]. The
outbreak started when labourers of a cotton production line in Nzara turned out to be sick
on June 27, 1976 and went on until the end of November. The disease spread to Maridi
in the beginning of August when an infected patient infected in Nzara was admitted to a
hospital in Maridi. Most of the cases occurred in Maridi with the hospital referred to as
an enhancement factor [74]. The main worldwide reaction occurred on October 29, 1976
when the WHO despatched an emergency response crew to research and help with the
new ailment [74]. At this point the outbreakp was almost over as the quantity of new

cases had been declining for longer than a month [74].

The 1976 epidemic exemplified the introduction of EVD into a system in which the entire
population was not educated about Ebola and subsequently does not play it safe against
the spread of the disease. This incorporates not following accepted healthcare protocols,
which is reflected in the huge number of new cases that occurred in medical services
settings. In this manner we will utilise information from the 1976 outbreak to gauge

parameters identified with a population that is uneducated about EVD and a medical
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care setting completely ill-equipped to deal with the virus. The WHQ’s report from this

episode incorporates the information found in Table 6.2 [74].

In the subsequent situation, we consider the 1979 Sudan outbreak [73]. This EVD outbreak
occurred in the cities of Nzara and Yambio, much like the outbreak in 1976. The report
from this episode incorporates the information shown in the Table 6.3 [73]. The outbreak
commenced on July 31 1979 in Nzara and afterward spread through family individuals to
the adjacent town of Yambio [73]. The infection was dynamic from the last few days of
July through to the first week of October. Since the 1979 episode occurred within the same
area as the past outbreak and as it was just three years after, the population is composed
of for the most part the same people as the 1976 outbreak. We subsequently expect the
population was more taught approximately the disease, that individuals took safeguards
against contracting the virus and sick people were seeking medical help more often. Be
that as it may, in spite of having as of late managed with EVD, the medical care centers
were not set up to manage another episode. The health care facilities were understaffed,
did not have an isolate strategy and the staff was not prepared on proper disinfecting
and sterilisation strategies [73]. Accordingly, 15% of new cases occurred in a medical
services setting. It was only after the WHO mediated on September 22 when appropriate
convention was set up, which quenched the outbreak [73]. Since the subsequent episode

occurred just 3 years after, we will take the population size to be the equivalent to 1976.

To gauge parameters utilising the reduced model, we look for the set of values that
best matched the data by making a minimisation scheme that relates model yield to
information from the outbreak. We utilise the MultiStart calculation and fmincon from
the optimisation tool kit in MATLAB to implement all optimisation schemes. The fmincon
algorithm accepts an unknown parameter as an input with a (J(z)) scalar value minimised
by applying an inequality constraint. Since fmincon is a local solver, the Multistart
algorithm creates many starting points to test. This ensures that the global minimum
is found. All parameter estimation simulations use a population size of 35,000 and start
with infected individuals within the community and in the healthcare environment. It
is assumed that the recovered, corpses and the initial value of the environment class are
zero. This is because these compartments are not populated until Ebola is present in the

population.

To help comprehend proper limits to force on the parameters, we to begin with essentially
minimising the difference between the number of new cases in the data and the number

of new cases produced by the model:
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Minimize J(z) = |[|[NC — NC*||a,

where N C represents the 1 x 5 vector of new cases generated every month, NC™ represents
the 1 x 5 vector of new cases from each month in the data, and x represents the unknown

parameters.

After figuring out suitable appropriate bounds to force on the parameters, in order to
constrain the search region, we run the scheme once more, but this time according to the
number of new cases and the percentage of infections that came from the community or

health care:

Minimize J(z) = |[NC — NC*||3 + [|100 * (PC — PC*)||3 + ||100 * (PH — PH*)||2,

where PC' represents the the proportion of recent cases springing up in the community
and PH represents the percent of recent cases springing up in health care settings. We

multiply by 100 in order to weight the values as it should be.

This allows us to further refine the parameter range. We then fit the percentage of new
cases, new deaths, new recoveries, infections from the community and the percent of

infections that came from the community and hospital:

MinimizeJ (z) = ||[NC — NC*||2 + ||100 * (PC — PC*)||2 + |[100 * (PH — PH*)||2
x

+ |[100 % (NR — NR")[[2 + [[100 % (N.D — N.D")||2,

where N R represents the 1 x 5 vector of new monthly recoveries and N D represents the

1 x 5 vector of new monthly deaths.

To begin with, the step-wise strategy depicted above was utilised with the information
from the 1976 Sudan episode to gauge the parameters associated with individuals who do
not take safety measures against contracting and spreading EVD. Estimated parameter

values are shown in Table 6.4.

By adopting a step-by-step approach to fitting the parameters, we were able to fit the
records from the 1976 outbreak as depicted in Figure 6.2. Since those who are not

aware of the risks associated with Ebola are much more likely to be treated at home,
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TABLE 6.4: Parameter estimation results obtained by fitting 1976 Sudan data to the reduced

model.

Parameter Description Value
Boa Transmission rate from uneducated interaction with the environment 9.90 x 10708
Bia Transmission rate from uneducated interaction with uneducated infected 4.40 x 10706
Baa Transmission rate from uneducated in hospitals .012
Bia Transmission rate from uneducated interaction with dead bodies 1.84 x 10797
Qg Sigmoidal constant that governs uneducated infected movement into hospitals 18.8
Q2q Sigmoidal constant that governs uneducated infected movement into hospitals 15
01 Recovery rate for infected uneducated individuals in the community 0.04
b3 Recovery rate for infected uneducated individuals in hospitals 0.011
01 Death rate for uneducated infected individuals in the community 0.077
03 Death rate for uneducated infected individuals in hospitals 0.07
w Burial rate of dead bodies 0.07
£ Environmental contamination rate 0.43
d rate of decay of Ebola in the environment 0.87

initially, the number of infections in the community increases faster than in hospitals. Once
enough people had been admitted to hospitals an epidemic is announced and information
is disseminated to the general public, which will increase widespread recognition of the
sickness resulting in greater people seeking medical attention. Two different peaks in
the graph depicting infected people reflect this effect. The quantity of infections in the
community is growing much faster than the number of infections in hospitals, until the
threshold of awareness is reached at which people start visiting hospitals more often, which

eventually leads to the suppression of the outbreak.

Now, attention is drwan to the model for 1979 Sudan outbreak:

!/

L iw = —(BovB + Bivlean + BavD)Sedu — BovSean H

!/

cdu = (BovB + Bivledu + BavD)Seau + BavSeauH — y(a1p, dop, H) lequ — $11edu — 611edu
H' = y(op, g, H) gy — 02H — ¢po H

R = ¢11lequ + ¢2H

D' = 6114y + 62H — wD

B'=¢(I+ H+ D)—dB

We once more utilise the same optimisation tools and approach to gauge parameters
related to those who take safeguards against contracting and spreading EVD. By taking
the already portrayed step-by-step approach to fitting the parameters we were able to fit
the information from the 1979 Sudan outbreak. Results from this procedure are shown
in Table 6.5 and model output is illustrated in Figure 6.3. Since there has been a far

shorter outbreak with far fewer cases the information is extra coarsely fit, but we have
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FIGURE 6.2: Results from fitting the reduced model to the 1976 Sudan data.

been nonetheless able to capture the dynamics observed in the data. Take note that since
this population seeks medical treatment at a higher rate, exceptionally few infections are
present within the community at a given time. Instead, people search for expert medical

attention almost straight away.
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TABLE 6.5: Parameter estimation results obtained by fitting 1979 Sudan data to the reduced
model.

Parameter Description Value
Bob Transmission rate from educated interaction with the environment 1.96 x 10718
Bap Transmission rate from educated in hospitals 2.07 x 10796
Bp Transmission rate from educated interaction with educated infected 2.23 x 1076
B Transmission rate from educated interaction with dead bodies 3.77 x 10713
Qaip Sigmoidal constant that governs educated infected movement into hospitals 4
Qap Sigmoidal constant that governs educated infected movement into hospitals 3
P2 Recovery rate for infected educated individuals in the community 0.02
b3 Recovery rate for infected educated individuals in hospitals 0.02
02 Death rate for educated infected individuals in the community 0.02
03 Death rate for infected educated individuals in hospitals 0.02
w Burial rate of dead bodies 0.09

13 Environmental contamination rate 0.2
d rate of decay of Ebola in the environment 0.8

Table 6.6 presents the list of parameters which could not be estimated from the two

single-population information sets, including transmission rates that administer the

connection between those educated about EVD and the individuals who are definitely not.

We assume that the association between susceptible uneducated and infected educated

would be the same as susceptible uneducated and infected uneducated. We consequently

anticipate that 83, = 81,4 and 31, = B3 will best represent the behavior being modelled

in each class. The rate of education, #, is an unknown parameter that controls flow from

the S class into the S.4, class. By changing this rate, we can examine the significance of

mediations, for example, public health education as well as general public education about

EVD in forestalling or decreasing an outbreak.

TABLE 6.6: Parameters that could not be estimated from the data.

Parameter Description Value
B3a Transmission rate from uneducated interaction with educated infected 83, = f1.4
By Transmission rate from educated interaction with uneducated infected 51, = 3

0

Rate of education
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6.3 Sensitivity Analysis

We performed a sensitivity analysis on the full model utilising the total number of infections
as the outcome of interest. The parameter values to be tested were sampled using Latin
hypercube sampling (LHS) and Partial Rank Correlation Coefficients (PRCC) were used
to assess how sensitive the total number of infections is to modifications in each parameter
[105, 124]. We incorporated all the parameters from Table 6.9, except for 534, B1p, 01, 01,
02, Bop, and B4 as these inputs are either dependent on other parameters or their estimated
values are less than 1.0 x 107!°. We additionally treated the percentage of the initial
population that begins in the uneducated susceptible class as a parameter, denoted as Sy.
To construct the interval for the LHS scan, we decided to select from values 50% above and
below the baseline values given in Table 6.9 with uniform probability distributions used
for each interim. We utilised the proposed number of draws gave in [137], which brought
about N > 4K /3 draws of the LHS design, where K is the number of input parameters
and N is the number of LHS draws. For our situation, K = 18 and N = 50.

PRCC is a tool with which we can assess the effect of modifications in every parameter
on the outcome of interest, even if when the relationship is non-linear. Note that we can
apply the Fisher transformation to the PRCC as described in [125, 138]. To decide the
importance of the PRCC for each parameter, we calculated a p-value for each utilising
the strategies portrayed in [124]. Since we are performing K = 18 hypothesis tests, we
amended the resulting p-values for false discovery using the FDR method of [126].

PRCC values with an adjusted p-value less than 0.01 are considered essentially distinctive
from 0. The results of the sensitivity analysis are displayed in Table 6.7, where statistically

significant PRCC values appear in red.

Based on the adjusted p— value, six of the PRCC values are regarded not noteworthy
including Boa, Bia, B2a, Baas G2q, and . All other PRCC values are deemed
statistically significant, with positive values demonstrating a positive relationship between
the parameter and total number of infections and a negative value shows a negative
relationship. The following parameters therefore have a statistically significant PRCC
value and a positive influence on the number of infections: Bsp, Bop, 1p, w, and Sy. Each
of these values makes sense based on their role in the system. The following parameters
have a statistically significant PRCC value and a negative influence on the number of

infections: 14, Qop, P2, @3, 03, d, and 6.
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TABLE 6.7: Model parameters and the corresponding PRCC p-values resulting from the
sensitivity analysis.

Variable PRCC p-value
Boa -0.086030 7.162¢-01
B1a 0.282820 1.431e-01
B2a 0.035981 8.437e-01
Bia 0.322470 9.279¢-02
Bsb 0.884460 1.878e-13
B 0.917910 0.000e+4-00
O1q -0.387030 3.799e-02
g -0.063951 7.685e-01
o 0.525560 3.550e-03
o -0.443820 1.618e-02
b2 -0.712940 4.494¢-06
®3 -0.655080 6.291e-05
53 -0.840170 1.323¢-10
w 0.467430 1.102e-02

¢ -0.088059 7.162e-01
d -0.414850 2.554e-02
6 -0.587120 6.792e-04
So 0.489260 7.607e-03

Utilising the twelve parameters whose PRCC values were found to be significant, pairwise
comparisons with Fisher transformed values [125] produces the outcomes given in Table
6.8. A red Y indicates the p-value is significant (p < 0.01) and a black N indicates the
p-value is not significant. There is a significant difference between (B3, and (o, with each
of the remaining parameters, which stands out the most in these results. These two
parameters represent transmission rates among the educated class and have the strongest
PRCC values as seen in Table 6.7. In essence, B3, and B9 reflect the strength of behavior
change in reducing an outbreak of EVD. If the educated portion of the populations does
not take precautions against spreading the disease (ie, high [3, and [ values), then a
significant number of cases will be produced. Since the pairwise comparison between (s,
and [op was not significant, it is not clear which parameter is more influential. Additional
proof for this point is given by the fact that the percent of the population that starts in
the uneducated class (Sp) is also significantly different than most other parameters and is

negatively correlated with the total number of infections. While recovery rates ¢2 and ¢3 as
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well as death rate d3 were both negatively associated with the outcome in a significant way
as individual parameters, the pairwise comparison of each was non-significant rendering

the relative importance of each inconclusive.

TABLE 6.8: Pairwise comparisons for the model parameters.

Bop 1 Q1 Qo Q2 ¢3 I3 w d 0 Sy
B N Y Y Y Y Y Y Y Y Y Y
Bab Y Y Y Y Y Y Y Y VY'Y
a1 Y N N N Y Y N N Y
op Y Y Y Y N Y Y N
oy N N Y Y N N Y
105 N N Y N N Y
s N Y N N Y
53 Y Y N Y
w Y Y N
d N Y
0 Y

6.4 Numerical Simulations

Considering the two separate populations, each of which influences the dynamics of
transmission in its own way, we are in a position to simulate EVD epidemic in Sudan in the
future. Parameters estimated from Sudan’s 1976 data indicate transmission movements
in a population that has no education about EVD and thus few precautions to deal with
the disease in a community environment as well as inadequate protocol in medical services
settings. Coeflicients from 1979 Sudan data capture dynamics in an environment where
the general population is familiar with Ebola and people take preventive measures against
transmission, which represents our educated population. Be that as it may, since medical
care staff were as yet not appropriately prepared to deal with EVD, transmission rates
remained generally high in this setting. By consolidating estimated parameters in the
full model while changing others, we can analyse the relevance of individual behaviour,
cultural practices and appropriate medical care protocols to reduce or prevent an EVD

outbreak.

In the following situations we model an outbreak of EVD in present day towns of Nzara,
Maridi, and Yambio utilising the full model shown in system 6.1. The latest population
estimates for these towns are 73,800 (Nzara), 18,000 (Maridi) and 40,382 (Yambio) for
a total of 132,182 [139, 140, 141]. See Table 6.9 for an outline of all parameters utilised

within the following simulations. In all simulations we begin with one uneducated infected
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in the community, one educated infected in the community and one infected in the hospital.
All remaining individuals will begin in one of the susceptible classes. All other individuals
will start in one of the susceptible classes. We shall assume an initial value of zero for the
recovered, dead body and environment classes. We use most of the estimated transmission
rates (B1a, B3a, Baa, B1bs B3, Bap) and all sigmoidal constants (aig, @24, 1p, 2p) shown in
Tables Table 6.4, 6.5, and 6.6 in our simulations. The transmission rate in the medical
services setting (824, B2p) will rely upon how EVD outbreak facilities are organised for an
outbreak. Since EVD has been established in Africa for over 40 years, we can assume that
in healthcare facility, the transmission rate will not be worse than the Sudanese outbreak
of 1979. For the environmental contamination rate (§) and decay rate (d), we took the
average of the two estimated rates found in Tables 6.4 and 6.5. For the burial rate of dead
bodies (w), we used the estimate from the 1979 outbreak, which is a faster burial rate
compared to the 1976 outbreak. Simulating is done over a short time frame, hence, we

take the growth rate (7) and death rate (u) to be 0.

TABLE 6.9: Parameters values used in the simulations.

Parameter Description Source Value Used
Boa Transmission rate from uneducated interaction with the environment Sudan 1976 9.90 x 10708
Bia Transmission rate from uneducated interaction with uneducated infected Sudan 1976 4.40 x 1079
B2a Transmission rate from uneducated in hospitals < B < 2.07 x 1079
B34 Transmission rate from uneducated interaction with educated infected = Bla 4.40 x 10706
Baa Transmission rate from uneducated interaction with dead bodies Sudan 1976 1.84 x 10797
Bow Transmission rate from educated interaction with the environment Sudan 1979 1.96 x 1018
B Transmission rate from educated interaction with uneducated infected = B3 2.23 x 10796
Bap Transmission rate from educated in hospitals Sudan 1979 <2.07 x 1079
B3p Transmission rate from educated interaction with educated infected Sudan 1979 2.23 x 1079
Bap Transmission rate from educated interaction with dead bodies Sudan 1979 3.77 x 10713
Alq Sigmoidal constant that governs uneducated infected movement into hospitals Sudan 1976 18.8
g Sigmoidal constant that governs uneducated infected movement into hospitals Sudan 1976 15
ay Sigmoidal constant that governs educated infected movement into hospitals Sudan 1979 4
op Sigmoidal constant that governs educated infected movement into hospitals Sudan 1979 3
b3 Recovery rate for infected individuals in hospitals Historic Average [142] 0.12-0.20
o1 Recovery rate for infected uneducated individuals in the community Based on ¢3 = 0.5¢3
P2 Recovery rate for infected educated individuals in the community Based on ¢3 = 0.5¢3
03 Death rate for infected individuals in hospitals Historic Average [143] 0.09 —0.14
o1 Death rate for uneducated infected individuals in the community Based on 03 = 203
02 Death rate for educated infected individuals in the community Based on 03 = 203
w Burial rate of dead bodies Sudan 1979 0.09
& Environmental contamination rate Sudan 1976 & 1979  0.5(0.43 +0.2)
d rate of decay of EVD in the environment Sudan 1976 & 1979 0.5(0.87 + 0.08)

0 Rate of education Will Vary 0-0.2

We start with a comparison of how different proportions of educated and uneducated
people lead to different infection rates. Specifically, how they affect the duration of
the outbreak and the number of people infected. To account for this, we compare the
percentage of the total population infected in the two simulations of historical outbreaks
in Sudan with the total percentage of the population infected in a simulation of an outbreak
in current Sudan with a mixed population. In previous outbreak simulations in Sudan, we

assumed that the population is either fully educated or not educated at all. In the current
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Sudan simulation, we assume that 50% of the population will receive an education and 50%
of the population will receive no education. We will use the hospital recovery and mortality
rates of ¢3 = 0.16 and d3 = 0.09 as these values ensure that all death and recovery rates
are within the historical average [142, 143]. The results of these simulations are shown
in Figure 6.4. The totally uneducated population has the highest number of infected
people due to the greater number of infected people who do not seek medical attention
and instead remain in the community. On the other hand, the fully educated population
is transitioning to hospital very rapidly, which extinguishes the outbreak. Current Sudan
simulation is between the other two simulations because take only 50% of the population
for training. This simulation shows the earliest initial increase in infected individuals due
to the significantly larger population size. However, individuals are being hospitalised
faster than the uneducated population as a whole, which quenches the episode.
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9 . . . . . .
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FIGURE 6.4: Various levels of education lead to different percent of total population
infected.

Different strains of EVD will bring about fluctuating recovery and death rates. EVD’s
past average mortality was 6 to 16 days [143] and past average recovery time was 7-14
days [142]. Because certain EVD specific strains play an important role in certain recovery
and death rates in future occurrences, we will consider a scope of the two values in our
full model simulations that range the estimations of the historic rates. In addition, we
assume that the death rate in the community is twice death rate in a health care settings

(01 = 02 = 203) and that the recovery rate in the community is half the recovery rate
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in a health care setting (¢1 = ¢2 = 0.5¢3). Other unknown inputs of the full model
are the education rate (f) and the healthcare transmission rate (f2;,) and the proportion
of initial susceptible population, educated or uneducated about preventing the spread
of EVD. These inputs are especially important to explain the need to train healthcare
professionals for the correct EVD protocol and to educate the general public about EVD
before and during the outbreaks. The outbreak of Sudan in 1976 infected 0.008% of the
total population [74] and the outbreak of EVD in West Africa in 2014 infected 0.001% of
the total population [43]. For comparison in the current simulations, 0.008% of the total

population of 132,182 would be 1,058 cases and 0.001% of the total population is 185 cases.

Utilising a proportion of uneducated:educated susceptibles of 1:3, a 6 estimation of 0 and
the health care transmission coefficient estimated from the Sudan 1979 information, we
simulate an EVD outbreak using a 365-day period. In this situation, an unprecedented
outbreak takes place for most values of ¢3 and d3 as seen in the top two plots in Figure
6.5, where most total case tallies were well above 1,000. This simulation represents a
scenario with a relatively high percentage of educated people in the community, but there
is no public health education (6 = 0). Using the healthcare transfer coefficient from the
1979 outbreak, this simulation also represents a case in which healthcare workers are not
appropriately trained on proper EVD protocol. This results in high incidence rates of low
death and recovery rates as people begin to fill health facilities as the outbreak progresses,
which is volatile in this setting. Even when the entire population is educated for the first
time, a high transmission rate in health care settings still results in a massive outbreak
takes place for most recovery and death rate values (¢3 and d3), as seen in the top two
plots in Figure 6.5. However, if the values of (89, and [op are reduced by 0.5, the total
number of cases is reduced to a reasonable level, as seen in the bottom plot in Figure 6.5.
These simulations illustrate the fact that reducing transmission in a health care setting
and/or educating individuals about EVD prior to an outbreak can significantly reduce the

total cases during an epidemic.

To help communicate the interventions used to mitigate the impact of a future epidemic, we
aim to capture the dynamics of public health education and associated behavior change in
our model. We capture this dynamic with the 6 parameter, which controls the flow from
uneducated susceptible compartment into the educated susceptible compartment. The
higher the value of 6, the faster the behavior change. We can also analyse the importance
of timing for public health education by adjusting when 6 becomes non-zero. Note that the
delay between a public health campaign and a large-scale behaviour change will depend on

many factors, including the specific methods used to get the message out. In this study, we
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FIGURE 6.5: Results of a potential outbreak in Sudan for various recovery and death

rates with a rate of education 6 of 0 in all simulations. The color bar gives the total

number of infections. The top left plot has a ratio of uneducated:educated susceptibles of

1:3 and the transmission rate in health care settings is high. The top right plot has 100%

of the population educated and the transmission rate in health care settings is high. The

bottom plot has a ratio of uneducated:educated susceptibles of 1:3 and the transmission
rate in health care settings is reduced by 0.5.

only want to simulate how the behavior change itself can affect the outbreak. Therefore, we
believe that activating € to represent the moment when large-scale behavior change begins
to occur, rather than the start of health education. While considering a hypothetical
future EVD outbreak in Sudan, we assume that in hospital settings the transmission rate
will be reduced by 75% compared to an estimated outbreak in 1979 and we simulate our
model for one year. We use the original ratio of 3: 1 uneducated: educated susceptibles,

which will change over time depending on the value of 6 used.

Figure 6.6 shows results when no intervention happens, which implies that § = 0 in all
simulations. For this situation, the outbreak peaks somewhere in the range of 40 and 50
days, with new cases showing up to 5 months after the initial case. In total, 350-650 EVD
cases were reported, or 0.0026-0.0049 % of the total number of infected.

Figure 6.7 shows results when the intervention was started 60 days after the beginning of

the outbreak. There were a total of 347-628 EVD cases, or 0.0026-0.0048 % of the total
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FIGURE 6.6: Results of a simulated outbreak in Sudan displaying the total cases of EVD

for various recovery, death, and education rates. These figures reflect the absence of public
health education as @ = 0 in all cases.

number of infected. In this situation, since the outbreak had just peaked, there was just

a slight decrease in the total number of EVD cases.
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FIGURE 6.7: Results of a simulated outbreak in present day Sudan displaying the total

cases of EVD for various recovery, death, and education rates. These figures reflect

public health education starting 60 days afters the initial case, which is past the peak of
the outbreak.

Figure 6.8 results when the intervention begins 30 days after the onset of the outbreak.
Since the awareness campaign was launched before the total number of infections peaked,
we see a more significant reduction in the total number of cases: 295-538 from EVD cases

or 0.0022-0.0041% of the total number of infected.
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FIGURE 6.8: Results of a simulated outbreak in present day Sudan displaying the total

cases of EVD for various recovery, death, and education rates. These figures reflect public

health education starting 30 days afters the initial case, which is immediately prior to the
peak of the outbreak.

Figure 6.9 shows results when the intervention begins 14 days after the outbreak, that
is, before the peak of the outbreak. Thus, 107-420 EVD cases were reported, or
0.0008-0.0032% of the total number of infected.

Education Rate

Tatal Number of Ebola Cases.

Recovery Rate

FIGURE 6.9: Results of a simulated outbreak in present day Sudan displaying the total

cases of EVD for various recovery, death, and education rates. These figures reflect public

health education starting 14 days afters the initial case, which is well prior to the peak of
the outbreak.

Figure 6.10 shows results when the 6 value is nonzero from the beginning of the outbreak.

This simulation presents the most ideal situation in which public health education begins as
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soon as the first EVD case is detected. For this situation there were 16-143 EVD cases, or
0.0001-0.0011% of the total number of infected. These outcomes clearly illustrate not just
the significance of public health education that lead to conduct change, yet additionally

timing of awareness campaigns.

0.1

Education Rate

Tatal Number of Ebola Cases

Recovery Rate

FIGURE 6.10: Results of a simulated outbreak in Sudan displaying the total cases of
EVD for various recovery, death, and education rates. These figures reflect public health
education starting immediately after the initial case.

The earlier behaviour change starts to happen because of public health education, the
more more lives that can be saved. To outline this, we consider the situation where the
population is educated about EVD preceding an outbreak, so the initial proportion of
uneducated:educated susceptibles is modified to 1:3 and no public health education is
executed. The results of this simulation appear in Figure 6.11. In this situation, the
quantity of cases ranges from 20-66 absolute cases or 0.0002-0.0005% of the complete

populace, which is a critical decrease from all previous simulations.

The histogram in Figure 6.12 shows the total number of EVD cases from numerical
simulations in Figures 6.6 through 6.11. The histogram plainly shows that the timing of
public health education is important in reducing the number of EVD cases. In particular,
the earlier an educational campaign is executed, the less cases that outcome. Organising
an educational campaign during an outbreak can be difficult, as resources are already
restricted. Thus, ongoing education of the population will not just result in less cases, but

it is the most sensible methodology.
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FIGURE 6.11: Results of a simulated outbreak in Sudan displaying the total cases of EVD

for various recovery, death, and education rates. These figures reflect an initial ratio of

uneducated:educated susceptibles of 1:3 and no public health education (§ = 0). These

figures illustrate how educating the population prior to a case of EVD can prevent an
outbreak from occurring.
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FIGURE 6.12: This histogram summarizes the simulated future outbreaks in Sudan.

Specifically, it displays the maximum, minimum, and midrange of the total number of

cases of EVD from the numerical simulations in Figures 6.6 through 6.11. Each simulation

considered implementing public health education at a different time and the education
rates, death rates, and recovery rates were varied in each case.
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Discussion

Neglected tropical diseases (NTDs) are a health crisis that is ignored by the developed
world and only starts getting attention when there is an outbreak that kills a large
population [9]. AIDS-KS and Ebola virus disease (EVD) are NTDs which are caused
by viral infections. In this thesis we have presented a within-host model for AIDS-KS and

an epidemiologic model for Ebola.

The fact that AIDS-KS continues to be diagnosed in HIV infected patients despite
the introduction of HAART, may be an indication that the first-line and second-line
antiretroviral regimens as recommended by WHO are not working effectively for all
patients to prevent HIV-1 related infections. In this study we have formulated weak
and strong viral source mathematical models based on viremia levels for both HIV-1 and
HHV-8 to study the prognosis of KS and to make recommendations on optimal dosage
regimen for HIV-1 that would clear the viral infections (both HIV-1 and HHV-8), prevent

tumor growth and minimise drug toxicity.

The AIDS-KS models are based on viral load (VL) where the effect of low and high VL
was included in the proliferation terms of the infected cells and virus-specific effector
cells. The viral sources are of the type Hi(zg, 5) = a:g, Hg(x7,7) = o7 and Hy(zg, ) =
x'g +x6, Hg(x7,7) = x;y + x7 for the weak viral source model and strong viral source model
respectively. Three special cases were considered, that is, (i) y=5=0, (i) y=0, =1
and (i) y=pF=1where 0 < f<land 0 <~ <1

Through a sensitivity analysis of the reproduction numbers, we observed that the source
of HIV-1 specific effector cells, s;, and the lysis of infected B cells, x; have the

greatest influence on the reproduction numbers, Ro,, and Ro,., respectively. Independent

119
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testing between the parameters which affect the reproduction numbers showed that x; is
independent of the other parameters. However, s;, may be influenced by (i, the clearance
of HIV-1 virions, hence the significance of each parameter can only be established by

varying them and measuring how they alter the disease prognosis.

For the weak viral source model, we have found that for constant infected T-cell and
B-cell sources (both from infection and proliferation) that is v = 8 = 0, both HIV-1 and
HHV-8 infections, measured by viral and infected cell levels, decline to below detectable
levels. This result is true even for high constant initial infected T-cell and B-cell sources
(large ry, and 74,). For constant infected T-cell and B-cell sources the respective effector
cells (E7 and Eg) are able to proliferate to levels that dominate and overcome the viral

replenishment.

If the source for infected B-cells is constant (v = 0) but the source for infected T-cells is
strong (8 = 1) then KS fails to develop since the HHV-8 VL which is responsible for KS
development declines to below a detectable level even for a high constant initial source of
infected B-cells. This is the case describing a scenario when HIV-1 infected individuals

never suffer from KS throughout the period of their HIV-1 infection.

When both sources for infected T-cells and B-cells are strong (y = 8 = 1) both HIV-1 and
HHYV-8 levels are detectable. The KS level is also high and the development of clinical KS
is now possible. This result is true even when the proliferation rates for infected T-cells

and B-cells r,, and ry, are low.

On the other hand, for the strong viral source model (for all the three cases), both
HIV-1 and HHV-8 levels are detectable. Consequently, KS levels are also high and the
development of KS is possible.

From the three special cases considered above, thatis, y=8=0,vy=0,8=1,y=8=1
(before controlled treatment is administered) and the other cases 0 <y < land 0 < g < 1
(not shown in the thesis as it is inferred in the special cases), it can be deduced that
the success of viral invasion of the host hinges on viral production from variable infected
T and B cell sources being continuously variable. The variability of viral production is
a necessary condition to ensure that the immune effector cells are unable to mount a

sufficient response to overcome the viral replication.

For the strong viral sources v = 1, 8§ = 1 discussed above, we have shown that when
treatment control parameters (., ¢, and 7. representing efficacies for reverse transcriptase

inhibitors, protease inhibitors and KS therapy, respectively are introduced, it is possible
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to find optimal treatment levels ¢, (7, n; and QCT, C;,, 7. above which the HIV-1 infection
declines to below detectable level resulting in the clearance of HHV-8 for the weak viral

source model and strong viral source model respectively.

We simulated the case v = 8 = 1 in Figure 4.8 above which yielded high VLs and a
possibility of clinical KS. The conclusion when ¢, > (7, (, > (5, 7 > 7. and when ¢, > C;,
Cp > ép, Ne > 7M. yielded a different outcome as in this case the VL for both HIV-1 and
HHYV-8 declined to undetectable levels for any source of infected T-cells and B-cells.

Our work is important in that it supports the recommendation for early treatment for
HIV-1 patients as a means to maintain low VLs and to prevent HIV-1 related infections.
It also informs HIV-1 infected individuals about the importance of adhering to treatment
to maintain low VLs as this would help to maintain the same treatment regimens and

acceptable toxic levels.

In the future, AIDS-KS virus persistent equillibria could be explored using numerical root
finding or bifurcation analysis software. The optimal treatment could be persued further
by considering the bang bang optimal control to cater for non-adherence. In reality it is
challenging for patients to adhere to treatment for various reasons such as forgetfullness,

travel for work or social activities and stigma.

Ebola is now endemic to most areas of sub-Sahara Africa. Understanding how this infection
spreads and whether individuals learn from one outbreak and use their experience in a

subsequent outbreak is important.

Unnecessary interactions with infected people and poor healthcare protocols play a
significant role in the duration and spatial spread of an Ebola virus disease (EVD) outbreak
[40, 45, 47, 50]. A portion of these causes result from cultural practices, while others
are due to lack of awareness about EVD. Such behaviour is most evident in the 1976
outbreak of EVD in Sudan, as the initial documented outbreak of Ebola lasted five months,
infected the majority of the population and led to many new infections in the health care
system. Consequently, we have estimated the uneducated population parameters utilising

information from the 1976 outbreak [74].

We then utilised the Sudan 1979 data to estimate the parameters of the educated
population, as we assume that the outbreak included people who were more educated
about EVD. This is a reasonable assumption as the outbreak went on for a shorter time,
brought about fewer cases and medical care experts had an improved clinical understanding

of the ailment. Given these facts about the outbreak of EVD in Sudan in 1979, our model
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represented fewer cases due to having more educated suspectibles with respect to medically
appropriate interactions with the infected. The knowledge of the general public as well as

healthcare workers brought about lower estimated transmission rates.

In the past, public health education has been used to change the epidemic by increasing
public understanding of the disease [95, 96, 144, 145]. We modelled the impact of
these behavioural changes on an outbreak by considering the two subpopulations and
estimating the relevant parameters identified with each independently before examining
the interactions between the two groups in our full model. In a full model simulation, the
initial proportions of educated or uneducated susceptibles and the timing of behavioural
changes play an important role in reducing the extent of the outbreak. In particular, the
sooner changes in behaviour happen and the more educated susceptibles that exist, the
fewer the cases that result. This model is exceptionally sensitive to various inputs such
transmission rates, recovery rates and death rates as shown in simulation and sensitivity
analysis. Our model shows that the severity of future outbreaks depends on the readiness

of medical facilities and the particular strain of EVD.

Our conclusions echo the 2014 EVD outbreak in West Africa: the severity of the outbreak is
directly related to the level of prior knowledge and education of the general population and
the preparedness of healthcare facilities. For example, a higher proportion of people with
education leads to far lower incidence levels of EVD. Education in this context involves
breaking some of the cultural practices that are believed to contribute essentially to the
spread of the infection. The study also identified the timing of behaviour change to be one
of the deciding variables in the achievement of a control strategy. Late adherence can lead
to the establishment of an infectious disease, which can lead to complications to reduce the
burden of disease. Another key takeaway is the requirement for ongoing education in public
health. This fact is supported by this work as having a higher percent of educated people
brings about a far lower percent of the population getting infected. This was evident
in the 2014 outbreak in West Africa, as by the time the public health campaigns were
dispatched, the number of incidents had already reached a record level, making it difficult
to reduce the epidemic. The simulation and sensitivity results show that the outcome of
the epidemic is highly sensitive to various rates. Therefore, the seriousness of the future
EVD outbreak is governed by the level of education of the population and the readiness of
health care facilities. The ability to deal with huge numbers of hospitalisations because of
education response rates, trust in health care systems and well-trained health professionals

will contribute significantly to the reduction in the burden of the Ebola disease.
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Appendix

Appendix

A.1 DMatrix M

Entries from the following matrix M from Section 4.2 is used throughout this paper to

abbreviate other matrices:

My 0 0 0 0 0 My
My My O O 0O 0 0
0 0 Mz 0 0 Mz 0
M = 0 0 0 Mys 0 My O )
0 0 0 0 Mss 0 Msy
0 0 0 Mg 0 Mg O
Ma 0 0 0 0 0 My
where My = _<M$1 + mszs), M7 = 1y, Moy = «, My = ﬂiSL?
(Has — Ta5) (Bas = Ta5)
M3z = —(pag — T23), Mz = Txgﬁ, Myy = </<34mx:% + pay ), Mas =

S
Tayy Mss = —(las — Tas)y Mp7 = 1oy ————, Mgs = Nuyghiz,, Mes = —fing, Mr =
(st - Tx5)
N$7Mw1(1 + 6)7 Mpr = M-

137
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A.2 Coefficients of the Characteristic Polynomial

These results are for the coefficients of the characteristic polynomial of the v = 8 = 1 case

for weak viral source model and all cases for the strong viral source model.

S S
ar = [ pay +F1 7 ) g | || Ba s g | F g | >0
(M:Es - 7’175) (Mms - T$5)

ay = { [(““)wxl(ﬂxs —ras) + ﬂ + [w% - (KaSay + b (ay — Ty) — rm»} }

Hxs — Txy - 7"905) - TJE:&)

Sy Sy
X (1 —Rog,) + [<H4(,u—37‘) + ,U«:c4> + Mxﬁ} [(Mxl + KlM) + ,U«:c7]
x5 x5 x5 Ts5

> { [(/Lm)(um (Mo — Tz5) + ﬁlsxs):| + [(MIG)(MSM + iy (s — Tms)] } X (1 = Rog;) >0,

Has = T M5 — Txs
Sis .
a3 = { |:<KJ4(N_7=) + ,u:(:4> + #x6:| [M(le (Hx5 — sz) + ﬁ15x5):|
3 z3 5 x5

Haze Sz 1 R 0
G, = oy e+ bty = 7)) ||| B+ == |+ par | (1= Rowi) > 0,

3 3 i _
= - )(H4Sx3 + fay (ng - T1’3))($(Mx1 (,u'xs - T:cs) + /€18x5)(1 — ROxi)Z > 0.

(MI3 - Txg x5 T Txf))

since all parameters are positive.

A.3 Proof of Local Stability when v = § = 1 for the Weak
Viral Source Model

We are going to show that ajasas — a% — a%a4 > 0. Hence, we have

ajasaz — CL% — CL%CL4 =

() o] [ s = ) + 0521 )

— Tas 5 Tas

X :(m(%;m) + um) + u%] [(%)(Mm(um — Tay) + F1805) (1 — Romﬂ

- rl‘3 M$5 - rl‘5
+ -<u + R )+u H(ms‘”s +u >+;z H(u R - )+u ]
L o (/L% - T:ch,) o (/‘963 - ng) “ "o o (:uxs - r$5) o
Mg Sas
X | —————<(K4Szy + s — T 1—720-]{( +:‘<L1>+ }
(g — rx?’)( w + My (Hay 23))( z6) Haq (Has — Tas) Haq

gy o) o]y o) o[ ) o]
L (N$3 - ng) M o (UI3 - 74383) o e o (,Ua:5 - Tw5) o

s i
| (a2 ) s | 2 Gy = ) + 05251 = R
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- Sz3 Mg
T Kg—— — F + T (K4S8g3 + - 1-Ry ]
_< (:u333 - r$3) M$4) M$6:| |:(M$3 - rI3)( s M$4 (,Uzg 223))( EG)
S
|G- ><“4513 ]| R erm R
+ "ty — T23) +“ )+N ("54%+u >+u Ku +ms“>+u ]
ng Tx3 - ° L (M TJC3) i %_ o (Nx5 - sz) o
Sex
X | —————(K4Sps + —r —Ro [( —|—/£1"> + ]
I (ng T'a:g) ( zg T Haxy (Mﬂcg 173))( :Ea) Haq (l’l’mo — 7"3:5) Har
Sgs Sa
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It suffices to show that

|:('u'zl + Hl%) + Mw7:| |:<KV4S$ + Mm) + ,U'me:|
(MI5 - sz) (/Lch T$3)

- 2¢(K45$3 + /’L$4(:u’1‘3 - ngg))( — RU%) >0
(/’Ldig - rl‘g)
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2
- (,U« _r )(N _r )("@181‘3 (M$5 - T~T5>IU/$6 + Hay (Mzs - 7“353)(,[1%5 - r$5)ﬂﬂ$6)(1 - ROws)
T3 x3 x5 5

= [Hm (/‘L$5 - rw&s) + K1Sg5 + tay (:uzs - T965)] [“4513 + Uy (Nxs - TI3) + U (:uit3 - Tms)}

— 2(KaSs (Has — Tas)Has + Moy (s — Tag) (Bas — Tas)Hag) (1 — Rozg)

= K4Szs ey (Has — Tos) + Moy (Has — Tas) Moy (Bas — Tas) + tag (Bas — Tas) ey (Hes — Tes) + K4Sz K152
+ fay (o — Tos)K152s + o (Hes — Tes)K180s + K4Ses oy (Has — Tos) + Hay (Bas — Tas) By (Bas — Tos)
+ Mg (Has — Tag)Har (Bas — Tas) = (264805 (Has — Tag ) Hag + 2024 (Hag — Tag) (Bas — Tag)Hag) (1 — Roag)

We can show that for Ro,, < 1 the following holds

KaSxszhay (M$5 - T‘x5) + Hay (:urs - rﬂcs)ﬂwl (H% - 7“955) + Uz (st - rws)ﬂm (/Uws - 7";,35) + K4Sz3K1Sz;
+ Hzy (M:L“s - 7‘903)’{1515 + Hag (.“xs - TI3)’<’13905 + KaSzy ey (:uxzs - sz) + Hay (:ums - Tl“s):um (Hm5 - Tx5)
+ g (Mx?) - TJL‘3)MI7 (/‘Is - Tl‘5) — 2K4Sz4 (/‘Is - Tl‘s):u% — 2g, (Nxs - Tx?))(/‘xs - Tl‘s):u%‘ >0

= KaSus(Mas — Tas) (Hay — 2fag) + Hay (Has — Tas) (Has — Tas) (e — 2Hze) > 0
My

Mg

= g, — 2zs >0 = > 2

Hay

Kz

Hence, ajasag — a% - a%a4 > 0 on condition that > 2.

A.4 Proof for uniquness of optimality system

Theorem A.1. Fort € [0,ty], the bounded solutions to the optimality system is unique.

Proof. We suppose (1,22, -+ ,27, 1, A2, , A7) and (21, %2, - Z7, A1, Aa, - , A7) are
two distinct solutions to the optimality system. Let 21 = e*Mp1, 290 = eMpo, - -+, 7 = eMpy,
A o=e Mg, dy = e Mgy, oo, Ap = e Mgr and 71 = eMpy, @ = Ny, -, @77 = My,
A\ = e_’\tq_l, g = e_)‘tq_g, A = e_)‘tq}, where A\ > 0 is to be chosen. Further we let

A(B-1)
¢ = maw{O, min (Tmpﬁq;j?) , 1) }

N,
C; - mam{O, min(xf’ngMG, 1) }

. , 1 et
0= max{(), mzn(QAS (ozplqg (1 - wp2>>, 1> }
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and

_ ndne M (B—1)
= max{O,min(%, 1> }

_ N. 1 O
G = maa:{O, min(wﬁgjﬂm%, 1> }

5 1 My
* n| — ng| 1 — 1
n; max{O,mzn<2A5 (apm( " >>, >}

Now we substitute 1 = e*p; into the first ODE of (5.10) and we get

eM(p1 + A\p1) = 1, €M pr — pig, €Mpr — Kipipse®

At(y-1)

D1+ Ap1 = 1y, € DT — My P1 — K1D1P5E.

- At At At At At
Similarly, for xo = ep2, x3 = eVp3 -+, 7 = eVpr, M = e Vg1, A2 = e Vo, -,

A7 = e Mgy we obtain

1 At At
Po + Apg = (1 — maaz{O,min(M <ap1q2 (1 =€ p2)>7 1) }apl (1 _ € pz) — Ii3p2p5€>\t,
5 w w

D3+ A3 = sp5€ N+ 10y p3p6" N — phay 3,
A(B-1)
. . Tz4P644€ _
Ps+ Apy = (1 — maaz{O, mm<g€4 oA, ) 1) }Tm@)\t(ﬂ 1)]76 — Kapapae™ — s P4,

Ps + A\ps = szs€ N+ 1o pspre?™ — 14, s,
) . (N, D46
DPe + )‘pﬁ = <]- - max{()? mln<xﬁgjf4a 1 Nxeux4p4 - ,stp&

D7+ Ap7 = Ny iz, D1 (1 + (56'8)\tp6) — U D7,

—q1 + Aq1 = @1 (fay + £1€™D5) — 47 Nay i, (1 + 567 pg)

1 At At
—qa|l—mazq0,min| — | api1qe 1—6 b2 , 1 1—6 2 ,
2As5 w w
. ) 1 eM
-2+ A2 = —qu’\t [(1 — max{O, mm<2A5 (apqu (1 — wp2>>’ 1> }) a% + K3ps

e

+ A26>\t7

—g3 + A3 = —qurkseMps + g3 (7"3:3 Mpg — Mx3)7

: . Nag s Pags
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05 + A5 = —qrr1eMp1 — qarzepy + q5(Tes €N pr — pizs),

— 6 + Ags = —Q6fiag + D3DP63T 25 B3N + p1peqr N o, 68PN

At(6-1)
+ P6q4 (1 - max{o, min(%, 1) }) Ty BeMBD)
3

—q7 + A7 = —Qrpiar + prai7a, 7Y+ psprgsre, e

Now we subtract the equations for 1 and @7, xo and @9, - - -, 7 and z7, A\ and )\_1, Ao and
Ao, -+, A7 and A7. Afterwards, we multiply each equation by an appropriate difference
of functions and integrate from 0 to ;. Next we add all fourteen integral equations are
combined, and estimates are utilised to obtain uniqueness. The estimate is obtained by

using the Cauchy’s inequality in order to separate the linear terms into quadratic terms.

For illustration purposes, some of the integral equations are listed below. Using Lemma
(5.1) we have

" _ Tx4PGQ4€>‘t(B_1) Tx4p6@16)\t(ﬁ—l)
G =G| < -
r rl = 245 94,
1 A(B—1) -
< oA, | (P6qs — DP6qa)|s
also,
% — | NagtasPags  NogtosPads
PPl = 24, 24,
1 — —
< 27144 N iz, (p4QG - p4Q6)
and

e — | <

L - 6)‘tp2 B L (1 6)\tp—2
9245 ap1q92 w 24, ap1qg2 w

(g
: 04(1?1612—1)1612)(6 (72 p2)>|

IN

245
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Then we obtain

1 - tf - tf B - - tf -
51 —p1)?+ A/ (pr — p1)?dt < rg, / MOV pr — pr| |1 — padt +/ fiz, |p1 — P1 |
0 0 0
tf N
+/ k1eM|pips — pips||lp1 — paldt
0
tf 2 A 1 tf 2 2
gcl/ Ipy — i Pt + o >/ ipr — 5 Plp — i Pt
0 0

ty
+ C'36)‘tf/ (Ipr — p1|* + |ps — ps|?) dt
0

1 tf tf €>\t B e)\t ~
5(1)2 — )+ /\/ (p2 — po)?dt < / a(l —nex)pr (1 = wp2> —a(l —n)p <1 — p2>
0 0

ty
X |p2 — paldt — / r3e | paps — paps||p2 — paldt
0
b 12 12
< 04/ (lp1 — p1|” + [p2 — p2|)dt
0
sy [ 2 9
+ Cse tf/ (Ip2 — pa|® + |ps — ps|°) dt
0

The remaining equations are estimated in a similar fashion. To show uniqueness, the

integral equations are combined. Adding all the fourteen estimates gives:

L= 7)) + 52— 2)7(00) (s — 5 (15) + 3 (oa — 0)2(05) + 5 (05 — 5 (tp)

2
50— P0)(1) + 37— )(00) + & (a1 — 0)2(0) + 52— @)0) + (a5 — 3)(0)
+ 5= @P0) + 5 (a5~ @)*(0) + a5 — %)20) + 5(ar — 6)(0)

+ )\/0 ' {(Pl —p1)% 4 (p2 — 12)* + (p3 — 13)* + (pa — pu)? + (ps — 15)* + (ps — 16)*
+pr—)’+ (@ —-a)’+(@—-R)°+ (@G- +(—a)+ (5 —d)?

+ (g6 — @6)* + (q7 — 47)2] dt

- - ty
< <C1 + 0262)‘tf> / [(pl —p1)% 4 (p2 — p2)® + (p3 — §3)* + (pa — P1)* + (p5 — P5)°
0

+ (ps — 17_6)2 + (p7 —2?_7)2 + (q1 — (1_1)2 + (g2 — q‘2)2 + (g3 — 61_3)2 + (qa — 61_4)2 + (g5 — q‘5)2

+ (g6 — d6)* + (a7 — @7)2] dt.
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Using the nonnegativity of the variable expressions evaluated at the initial and the final

time and simplifying, the inequality is reduced to the following:

5 N iy

(A= Ci = Coe®r) / (o1 =912+ (2 = 72)* + (95— ) + (01— 50)> + (5 — 1)
0

+ (6 —16)2+ (1 — 1) + (1 — @)+ (@2 — @)+ (3 — @)% + (g1 — @) + (5 — ¢5)°

+ (g6 — g6)* + (g7 — q})ﬂdt <0

where Ci, Cs depend on the coefficients and the bounds on p1,p2,--- ,p7,91,92, - ,q7. If
A is chosen such that A > C~'1 + 6’2 thus, A — él — C’gez)‘tf > 0. The natural logarithm is

m(A i01> > 2\t
Cs

an increasing function, hence

1. (A-C
which would give us ty < ﬁln G L ). The choice of A and ¢ f» has each of the squared
2
terms in the integral terms being zero. Thus, p1 = p1, p2 = P2, -+, P7 = P7, @1 = q1,

q2 = G2, -, g7 = q7. Hence the solution is unique for small time. ]
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