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Abstract

Many of the most important problems arising in nonlinear analysis reduce to solv-
ing inclusions of monotone mappings, split equilibrium, variational inequality or
fixed point problems. Analytical methods for finding exact solutions of many non-
linear equations are rare or unknown. Therefore, methods of approximating the
solutions of nonlinear inclusion problems are of interest where solutions are known

to exist.

In this thesis, we combine Douglas-Rachford and Viscosity methods and construct
an iterative scheme which converges strongly to a zero of the sum of a finite fam-
ily of maximal monotone mappings, under suitable conditions, in the setting of
Hilbert spaces. Moreover, we construct a Viscosity method to approximate a zero
of the sum of maximal monotone mappings and a solution of the split equality
monotone inclusion problem for the sum of two maximal monotone mappings in
Hilbert spaces. We also establish forward-backward type and Halpern type al-
gorithms and prove strong convergent theorems to zeros of the sum of maximal

monotone mappings in the setting of real reflexive Banach spaces.

Furthermore, we introduce a new class of mappings called f-pseudocontractive
mappings and construct an algorithm for finding common f-fixed points of those

mappings and discuss its strong convergence in reflexive Banach spaces.

Finally, we introduce the concept of a Bregman relatively f-nonexpansive map-
ping and investigate an algorithm for approximating common element of the set
of solutions of variational inequality problems for Lipschitz monotone mappings
and the set of f-fixed points of Bregman relatively f-nonexpansive mapping in the

setting of Banach spaces.

X1



Chapter 1

Introduction

1.1 Background of the Study

The contribution of this thesis fall within the general area of Nonlinear Functional
Analysis and its Applications, an area which has been of active research inter-
est in recent years. We devote our attention to special classes of problems in this

area: approximation of solutions to various classes of nonlinear inclusion problems.

Throughout this thesis, unless otherwise specified, F denotes a real Banach space,
E* denotes the dual space of E, that is the space of all bounded linear functionals
on E, and 2¥" denotes the collection of all subsets of E*. We proceed by briefly
introducing various classes of nonlinear mappings and various nonlinear mapping

inclusion problems which we shall study in this thesis.

Let A, : E — 2P 4 = 1,--- N, be monotone mappings. Many problems that
arises in several branches of applied mathematics can be reduced to finding solu-

tions of the generalized inclusion,



1. Introduction

This inclusion problem is quite general as it includes variational inequality prob-
lems, equilibrium problems, complementary problems, minimization problems,
fixed point problems as special cases. Indeed, many nonlinear problems arising
in applied areas such as signal processing, image recovery, and machine learning
can be mathematically modelled as (1.1) (see, e.g., [54, 120] and the references

therein). To be more precise, it includes, the following minimization problem:

min{ fi(z) + fo(w) + -+ fw(2)}, (1.2)
where f;, i =1,2,---, N, are proper lower semicontinuous convex functions from

E to the extended real line R := (—o00,00]. If, in (1.1), we assume that A; = 9f;,
for i = 1,2,---, N, where df is the subdifferential operator of f in the sense
of convex analysis, then (1.2) is equivalent to (1.1). Consequently, considerable
research efforts have been devoted to methods of finding approximate solutions

(when they exist) of equations of the form (1.1) for a sum of two or more mono-

tone mappings (see, e.g., [7, 47, 54, 83, 95, 106-108, 117]).

This problem is also connected with a split equality monotone inclusion prob-
lem of the sum of monotone mappings. The split equality problem was introduced
in 2013 by A. Moudafi [72], and it has received much attention due to its appli-
cation in various disciplines such as medical image reconstruction, game theory,
decomposition methods for partial differential equations and radiation therapy

treatment planning (see, e.g., [4, 5]).

On the other hand, many of the most important nonlinear problems in applied
mathematics reduce to finding the fixed points of certain mappings. Fixed point
theorems are applicable in convex optimization, variational analysis, control the-
ory, differential inclusions, economics, graph theory and computer sciences. Con-
sequently, the existence of fixed points and their approximations for nonlinear
mappings have been studied by many researchers. A fundamental result in the
theory of fixed points is the classical Banach contraction principle which was es-

tablished by S. Banach in 1922 [8]. It was natural to try to extend such celebrated

2



1. Introduction

result to semi-fixed points in the setting of Banach spaces. The concept of a
semi-fixed point was introduced by H. Zegeye [123] and has been studied by many
researchers (see, e.g., [35, 37, 64, 99]).

Moreover, fixed point problems are related to one of the very important class of
inequality problems called variational inequality problems. This problem was first
introduced by P. Hartman and G. Stampacchia [51] in 1966. Since then, it has been
extended and generalized in several directions, using new and powerful methods,
to study a wide class of problems in a unified and general framework. This gen-
eral problem formulation covers many problems, such as optimization problems,
complementary problems, fixed point problems, etc. These alternative equivalent
formulations have played major roles in finding solutions of variational inequality
problems using iterative algorithms. In recent years, much attention has been given
to constructing efficient iterative schemes for treating approximate solutions of
variational inequality problems (see, e.g., [15, 29, 52, 77,79, 111, 121, 123, 124, 126]
and the references therein). Several authors have also studied, iterative algorithms
for finding a common element of the set of fixed points of nonexpansive mappings
and the set of solutions of variational inequality problem for Lipschitz monotone

mapping (see, e.g., [58, 77, 89, 107, 108, 121, 125]).

Our purpose in this thesis is, therefore, to introduce and study iterative algo-
rithms for approximating: zeros of the sum of maximal monotone mappings in
Hilbert spaces and in Banach spaces more general than Hilbert spaces; solution
of the split equality monotone inclusion problems for the sum of two maximal
monotone mappings in Hilbert spaces; f-fixed points of nonlinear mappings in
Banach spaces and common element of the set of f-fixed points and solutions of

variational inequality problems in Banach spaces.

The rest of this thesis is organized as follows. Section 1.2 presents some pre-
liminary definitions of spaces, convex functions, Bregman distance and nonlinear

mappings. Section 1.3 to 1.6, respectively, presents statement of the problem,
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research questions, objectives and scope of the study. In Chapter two, we give
detail literature review on approximation methods of zeros of the sum of maximal
monotone mappings, solutions of split equality problems, semi-fixed points of non-
linear mappings in Banach spaces, common element of fixed points and variational

inequality problems.

Chapter three deals with the approximation of a zero of the sum of maximal mono-
tone mappings in Hilbert spaces. In Section 3.2, Viscosity type Douglas-Rachford
splitting algorithm is constructed and a strong convergence of the scheme to a zero
of the sum of a finite family of maximal monotone mappings is obtained. Moreover,
in Section 3.3, an algorithm which starts by reformulating (1.1) as the problem of
locating a point in a certain extended solution set S.(Ay, A, -, A,,) C H x H™
is introduced and its strong convergence to a zero of the sum of a finite family of

maximal monotone mappings in Hilbert spaces is proved.

In Chapter four, we prove convergence theorems for approximating zeros of the
sum of maximal monotone mappings in Banach spaces. In Section 4.2, the forward-
backward scheme is studied and a strong convergence of the method to a zero of the
sum of maximal monotone and Lipschitz continuous monotone mappings in real
reflexive Banach spaces is obtained. In Section 4.3, a splitting algorithm method
associated with a certain extended solution set S.(Aj, A, -+, A,) C E x E*",
which converges strongly to a zero of the sum of a finite family of maximal mono-

tone mappings in Banach spaces is proved.

In Chapter five, an algorithm for approximating a solution of the split equal-
ity monotone inclusion problem for a sum of two maximal monotone mappings is

constructed and a strong convergence of the sequence in a Hilbert space is proved.

Chapter six presents approximation of a common f-fixed point of nonlinear map-

pings. In this chapter, an algorithm for approximating a common f-fixed point
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of f-pseudocontractive mappings is investigated and its strong convergence in re-

flexive Banach spaces is discussed.

Chapter seven deals with the approximation of a common point of the solution
of f-fixed points and variational inequality problems. In this chapter, a strong
convergence result to a common point of the set of f-fixed point problem and the
set of solutions of variational inequality problem of Lipschitz monotone mappings

in real reflexive Banach spaces is obtained.

Finally, in Chapter eight, the discussion, conclusion and highlights of the con-
tributions of our study to the existing knowledge are presented. We also identify

and discuss possible areas of future research.

1.2 Preliminaries

In this section, we shall give definitions of some basic terms and concepts, which

will play a crucial role in the subsequent chapters.

1.2.1 Geometry of Banach Spaces

Throughout this thesis £ will denote a real Banach space with its dual £* and
bidual £** and H will represent a real Hilbert space.

We note that there exists a canonical injection J : E — E** defined, for each

xr € FE, by

J(2) = ¢u,

where ¢, : E* — R is given by ¢,(f) = (f, z), for each f € E*. Thus (J(z), f) =
(f,x), for each f € E* (see, e.g., [60]).
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Definition 1.2.1. Let E be a Banach space and J : E — E** be the canonical
injection from E into E**. The space E is said to be reflexive if J is surjective,

that is J(F) = E**.

It is well known that any bounded sequence in a reflexive Banach space has a
weakly convergent subsequence (see [103]). We remark that Hilbert spaces, ¢, and
L, spaces, for 1 < p < oo, are reflexive Banach spaces and neither of ¢, Ly,

and L., spaces, are reflexive Banach spaces.

Definition 1.2.2. A Banach space F is said to be strictly convex if for all x,y € FE,

we have
rT+y
lell=llpll =1, = 2y = || =52 <. (13

Definition 1.2.3. A function dg : (0,2] — [0,1] is said to be the modulus of

convexity of F if

) T+y
pe) = inf {1~ X0y e e =1 =yl e —ull 2 ¢} )

for every € € [0, 2].

Definition 1.2.4. A Banach space F is said to be uniformly convex if dg(e) > 0
for each € € (0,2].

It is known that Hilbert spaces, L, and [,, for 1 < p < oo, are uniformly convex
Banach spaces and every uniformly convex Banach space is strictly convex and

reflexive (see, e.g., [1]).

Definition 1.2.5. For p > 1, a Banach space FE is said to be p-uniformly convex

if there exists a constant ¢ > 0 such that dg(e) > ce? for every € € [0, 2].

It is obvious that a p-uniformly convex Banach space is uniformly convex.

Definition 1.2.6. A function pg : [0, 00) — [0, 00) defined by

1
pp®) =sw {S(le+yll +lle—yl) 1w € Sp.lyll <t} (15)
6



1. Introduction

where Sp = {x € E : ||X|| = 1} is the unit sphere of E, is called modulus of

smoothness of F.

Definition 1.2.7. For ¢ > 1, a Banach space F is said to be ¢g-uniformly smooth

if there exists a constant ¢ > 0 such that pg(t) < ct?,t > 0.

Definition 1.2.8. A Banach space F is said to be smooth if

i 2+ 0 = lal]
t—0 t

(1.6)

exists for all z,y € Sp and E is said to be uniformly smooth if the limit (1.6)

converges uniformly for z,y € Sg.

It is known that £ is uniformly smooth if and only if £* is uniformly convex (see,
e.g.,[36]).
Lemma 1.2.9. [6] Let }—17 + % =1 forp>1and g > 1. The Banach space E is

q-uniformly smooth if and only if its dual E* is p-uniformly convex.

1.2.2 Nonlinear Mappings

Definition 1.2.10. Let A : £ — 2" be a mapping.

i) The domain of A denoted by Dom(A) is defined by Dom(A) = {x € E :
Az # 0}

ii) The range of A denoted by ran(A) is defined by ran(A) = {Ax : = €
Dom(A)}.

iii) The graph of A denoted by Gph(A) is defined by
Gph(A) = {(z,2*) € E x E* : 2* € Ax}.

iv) The zero of A denoted by A~1(0) is defined by A~1(0) = {z € E: 0 € Az}.

Definition 1.2.11. A mapping A : £ — 2F" is called monotone if for all
(5,2%), (4, 5") € Gph(A), we have

(" —y*,x—y) > 0.
7



1. Introduction

Definition 1.2.12. A monotone mapping A : Dom(A) C E — 2¥ is called
maximal monotone if Gph(A) is not properly contained in the graph of any other
monotone mapping, that is, A is maximal monotone if for (z,y*) € E x E* such
that (r —y, Ar — y*) > 0, for every x € Dom(A) implies that y € Dom(A) and

Ay = y*.

Definition 1.2.13. A mapping A : E — E* is said to be:

i) [-strongly monotone if there exists a real constant 5 > 0 such that

(x —y, Az — Ay) > Bllz — y||*, Vz,y € E.

ii) a-inverse strongly monotone if there exists a real constant o > 0 such that

(v —y, Az — Ay) > af|[Ax — Ay|]*, V 2,y € E.

Definition 1.2.14. The generalized duality mapping J, : E — 2% is defined by

Jo(@) ={y" € B+ (w,y") = |[2[I”, lly"|l = ||=| P}, (1.7)

for all x € E. From the Hahn-Banach theorem, it follows that J,z # 0, for each
x € E. It is well known that if E* is strictly convex, then J, is single-valued.
If p = 2, then we write J, = J and call it normalized duality mapping and
Jyx = ||z||P7*Jx. If E = H, a real Hilbert space, then J = I, where [ is the

identity mapping on H.

Definition 1.2.15. The extended solution set of problem (1.1) is defined by:
Se(A1, -+ Ay) ={(z,w1,- -+ ,wy) €V ize BEjw, € Ag(2),k=1,2,--- ,m},
where V = {(z,wy, -+ ,w,) € EX E*" :w; + -+ +w,, = 0}.

Now, we give the definitions of nonlinear mappings that are of interest to this

study.
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Definition 1.2.16. Let C' be a nonempty subset of E. A mapping T : C' — E is

called Lipschitz continuous if there exists a constant L > 0 such that
[Tz — Tyl|| < Ll|z — y||,Vz,y € C. (1.8)

i) If L <1, then T is Called a contraction mapping.
ii) If L =1, then T is called a nonexpansive mapping.

Definition 1.2.17. Let C' be a nonempty, closed and convex subset of E. Let
T :C — FE be a mapping. A point x € C' is called a fixed point of T"if Tx = x.
We denote the set of fixed point of T by F(T).

Definition 1.2.18. Let C' be a nonempty subset of E. A mapping T : C' — FE is
said to be quasi-nonexpansive if F(T) # () and ||Tz —Tpl|| < ||z —p|| for all z € C
and p € F(T).

Definition 1.2.19. Let C be a nonempty subset of £. A mapping T : C' — E is
called demiclosed at 0 if for any sequence {z,} in C' which converges weakly to z
and ||(I — T)x,|| — 0 implies (I — T)x = 0 (where I is the identity mapping on

Definition 1.2.20. Let C' be a nonempty, closed and convex subset of E. Let
T : C — E be amapping. A point z € C'is called an asymptotic fixed point of T" if
C' contains a sequence {z, } which converges weakly to z and lim,,_,, ||Tx,—z,|| =

0. We denote the set of asymptotic fixed points of T by F(T).

Definition 1.2.21. [123] Let C' be a nonempty, closed and convex subset of F.
Let T : C'— E be a mapping. A point = € C is called a semi-fixed point of 7" if

Jx = Tx, where J is normalized duality mapping. We denote the set of semi-fixed

points of T' by Fy(T'), that is, Fy(T) :={x € H : Jr = Tx}.

Definition 1.2.22. [123] A mapping 7' : E — E* is called semi-pseudocontractive

if for any x,y € E, we have

(x —y,Te —Ty) < (x—y,Jor — Jy). (1.9)
9
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We observe that A is monotone if and only if T := J — A is semi-pseudocontractive

and thus a zero of A is a semi-fixed point of T'.

Definition 1.2.23. [66] Let C' be a nonempty, closed and convex subset of E. A

mapping T : C' — F is called relatively nonexpansive if

i) F(T) # 0;

ii) ¢(p,Tx) < ¢(p,x) Va € C, p € F(T), where
oy, ) = [lyl|* — 2y, J2) + ||=|*;

iii) F(T) = F(T).

Definition 1.2.24. [39] Let C' be a nonempty, closed and convex subset of £ and
let T: C — E* be a mapping. A point p € C is called an asymptotic semi-
fixed point of T if C' contains a sequence {z,} which converges weakly to p and
lim,, o ||[Tx, — Jx,|| = 0. We denote the set of asymptotic semi-fixed point by
Fy(T).

Definition 1.2.25. [39] Let C' be a nonempty, closed and convex subset of E. A

mapping T : C' — E* is called relatively semi-nonexpansive if

i) F(T) #0;

i) ¢(p, J'Ty) < ¢(p,y) Yy € C,p € Fu(T);

—

i) FL(T) = F,(T).

1.2.3 Convex Functions

We give the following important definitions which are used in the subsequent chap-

ters.

Let E be a real Banach space and f : E — (—o00,00] be a proper convex and
lower semicontinuous function. We denote the domain of f by Dom f={x € E:

f(z) < oo}.
10
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Definition 1.2.26. Let f : E — (—o00,+0oc| be a function. Then the conjugate
of f, denoted by f*, is the function f*: E* — (—o00, +00| defined by

f*(z*) = sup{(z*,z) — f(z) : © € E}, for 2* € E*. The right-hand derivative of f
at x € int dom [ in the direction of y is defined by

floy) = lim L& EW) = /@) (1.10)

t—0+ t

Definition 1.2.27. [122] Let C' be a convex subset of a vector space E and

f:C — (=00, +00] be a mapping. Then,
i) f is called proper if there exists at least one x € C' such that
f(z) # +o0;
ii) f is convex if for all z,y € E and t € [0, 1], we have
flte + (1 =t)y) <tf(x) + (1 =) f(y);

iii) f is uniformly convex function with modulus ¢, if for each z, y in its domain

and ¢ € [0, 1], we have
fltr+ (1 =t)y) <tf(x) + 1 =1)f(y) =t =)ol —yl]),

where ¢ is a function that is increasing and vanishes only at 0;

iv) f: Dom f — (—o0,+0o0] is lower semicontinuous at x € Dom f if

f(z) < liminf f(z,),

n—oo

for each sequence {x,} in Dom f such that lim, . =, = z;

v) fis called Gateaux differentiable at x € int dom f if for any y € E, we have

11
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exists. In this case, f'(x,y) coincides with V f(z), the value of the gradient
of f at z;

vi) f is Gateaux differentiable if it is Gateaux differentiable at every point

x € int dom f;

vii) f is Fréchet differentiable at z if the limit in (1.11) is attained uniformly for
lyll = 1;

viii) f is uniformly Fréchet differentiable on a subset C' of E| if the limit in (1.11)

is attained uniformly for x € C' and ||y|| = 1;

ix) f is strongly coercive if lim M = +o0
lell=oc [[]]

Definition 1.2.28. The function p, : [0,00) — [0, 00) given by

_ : M)+ A =Nfly) — fOz+ (1= Ny)
pr(t) - :c,yGBT,H:vl—r;ﬁ:t)\G(O,l) )\(1 — )\)

Y

where B, = {z € E : ||z|| < r} for all » > 0 is called the gauge of uniformly

convexity of f.

Definition 1.2.29. Let f : £ — (—o00, +00] be a convex function. The subdiffer-
ential of f at x € F is defined by

Of(x) ={a" € E*: f(y) — f(x) = (y —x,27), Vye E}. (1.12)

Note that when the subdifferential of f is single-valued, it coincides with the

gradient Of = V[ (see, e.g., [82]).

Definition 1.2.30. A function f : F — (—o0,+o0] is said to be Legendre if it

satisfies the following conditions:

i) the interior of the domain of f, int dom f, is nonempty, f is Gateaux

differentiable and dom V f = int dom f;

ii) the interior of the domain of f*, int dom f*, is nonempty, f* is Gateaux
differentiable and dom V f* = int dom f*.
12
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Note that if f : E — (—o0, +0o0] is a Legendre function and E is a reflexive Banach

space, then Vf* = (Vf)™! (see, e.g., [21]).

Remark 1.2.31. If F is in addition, a smooth and strictly convex Banach space,
then examples of Legendre functions are f(x) = %Hx“p (1 < p < o0) with the
conjugate functions f*(z*) = éHx*Hq (1 < g < o0), (see, e.g., [9, 10]), where
% + é = 1. In this case, the gradient V f coincides with the generalized duality

mapping, .J,, of E, that is, Vf = J,.
Definition 1.2.32. [18] A Gateaux differentiable function f is called strongly

convex with constant p > 0 if the following inequality holds:

(Vf(@) = VIy),z—y) = plle —ylP, (1.13)

for all points z,y in its domain, or equivalently (see, e.g., [78])

F() 2 J(@) + (V@) y = 2) + Sl =yl (1.14)

Remark 1.2.33. Note that a strongly convex function is uniformly convex with
¢(t) = 5t* and hence the class of uniformly convex functions contains the class of

strongly convex functions.

Example 1.2.34. Let E in addition, a smooth and strictly convex Banach space,

then the function f(z) = ||z||? is strongly convex function with parameter 0 <

p<l

1.2.4 Bregman Distance and Some Related Notions

Definition 1.2.35. Let f : E — R be a Gateaux differentiable convex function.
The function Dy : dom f x int dom f — [0, 00) defined by

Df(y,:c):f(y)—f(x)—<Vf(:c),y—:c>, .T},yGE (115>

is called the Bregman distance with respect to f (see, e.g., [30]).

13
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We remark that the Bregman distance is not a distance in the usual sense because
it is not symmetric and does not satisfy the triangle inequality. However, it has

the following important properties (see, e.g., [28, 90, 92]):

i) Df(y,z) > 0Ve,y € E and Dy(z,y) = 0 if and only if z = y.

ii) Three point identity: for any x € dom f and y, 2z € int dom f,

Dy(x,y) + Ds(y, 2) = Dy(x,2) = (Vf(2) =V [(y),z —y). (116

iii) Four point identity: for any y,w € dom f and z,z € int dom f,

Dy(y,x) = Dy(y, 2) = Dy(w,x) + Dy(w, 2) = (Vf(2) = Vf(2),y — wf1.17)

In addition, if f : ' — R is a Gateaux differentiable, convex and lower semicon-

tinuous function, then we have (see, e.g., [92])

Dy(z,y) + Ds(y,x) = (x —y, Vf(x) = V[f(y)), Yo,y € E. (1.18)

Let f : E — R be a Legendre function. Let V; : E x E* — [0,400), associated
with f, be defined by

Vi(x, ") = f(z) — (z,2") + Vf*(2"),Vo € E, 2" € E*. (1.19)

Then, V} is nonnegative function which satisfies

Vi(z,2") = D¢(z, Vf*(2")),Vo € E, 2" € E*, (1.20)

and

Vi(x,2*) + (Vf(2") —z,y") < Vi(z,2" +y"),Ve € E,2",y" € £, (1.21)

(see, e.g., [96]).

14
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Definition 1.2.36. Let f : E — R be a Gateaux differentiable convex function.
The Bregman projection with respect to f on x € int dom f onto a nonempty,

closed and convex subset C' C int dom f is denoted by Pé(x) € C and satisfies
D(Pl(x).a) = nf{D;(y,x) : y € C}. (1.22)

Remark 1.2.37. Some of the special cases of the Bregman projection are the

following;:

i) If, in (1.22), C is a subset of a reflexive Banach space E and f(x) = ||z||?,
then the Bregman projection Pé(x) reduces to the generalized projection

II¢(x), which is defined by

¢(e(x), x) = min ¢(y, z).

yeC

ii) If, in (1.22), FE is a Hilbert space and f(x) = ||z||?, then the Bregman

projection Pg () reduces to the metric projection of x onto C.

Definition 1.2.38. Let C' be a nonempty, closed and convex subset of E. A
mapping T : C' — C with F(T) #  is called

i) Bregman strongly nonexpansive ([20, 90]) with respect to F (T), if
Dy(p, T) < Dy(p,x),¥Y x € C,p € F(T)
and, if whenever {z,,} C C is bounded, p € F(T), and
Jim (Dg(p, an) — Dy(p, Twn)) = 0,

then

lim Dy (z,, Tx,) = 0.

n—o0
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ii) Bregman firmly nonexpansive (see, e.g., [91]) if for all z,y € C,

(Vf(Tz) = Vf(Ty),Te —Ty) < (Vf(x) =V f(y), Tz —Ty).

Note that if T" is a Bregman firmly nonexpansive mapping and f is a Legender

function which is bounded, uniformly Frechet differentiable and totally convex on

~

bounded subsets of F, then it is known that F(T) = F(T) and F(T) is closed and
convex (see [91]). It also follows that every Bregman firmly nonexpansive mapping

is Bregman strongly nonexpansive with respect to F(T') = ﬁ(T)

Definition 1.2.39. Let f : E — (—o00, +00] be a Gateaux differentiable function.
The Modulus of total convexity of f at x € int dom f is the function
ve(.,.) s Ex RY — R defined as

vi(z,t) = inf Dy (y, ). (1.23)

{yeE:l|z—yl|=t}
The mapping f is called totally convex if v;(z,t) > 0 for all z € E and t > 0.

Remark 1.2.40. The function f: E — (—o0, +00] is totally convex on bounded
subsets if and only if f is uniformly convex on bounded subsets of E (see [25],

Theorem 2.10, page 9).

1.3 Statement of the Problem

In this section, we discuss the existing literature on approximation of solutions of

some inclusion problems and indicate the open problems.

Let A, B : E — 2" be monotone mappings. Consider the problem of finding:
x* € F such that 0 € Az™ + Bz”. (1.24)

This problem has been studied by many authors in Hilbert spaces (see, e.g.,
[12, 43, 44, 75, 80] and the references therein). In 2008, Eckstein and Svaiter
16
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[47] constructed a new approach to splitting algorithms which starts by reformu-
lating (1.24) as the problem of locating a point in a certain extended solution set
Se(A, B) C H x H and proved weak convergence results provided that H has finite

dimension or A 4+ B is maximal monotone mapping.

In connection with the strong convergence, several authors have studied differ-
ent iterative schemes (see, e.g., [83, 106-108, 117] and the references therein) for
approximating a zero of the sum of monotone mappings A and B in Hilbert spaces

under certain restrictions.

In 2012, Takahashi et al. [106] proved a strong convergence theorem of the
Halpern-type iteration in a Hilbert space H, which is defined by the following

manner: for any x; € H,

Tpt1 = Bpxn + (1= Bp)(apu+ (1 — ay)J, g(2n — 1 Axy)), Y > 1, (1.25)

where, J,5 = (I +rB)™', u € H is a fixed vector and A is an a-inverse strongly
monotone mapping on H and B is a maximal monotone mapping on H. Under
suitable conditions, they proved that the sequence {x,} generated by (1.25) con-
verges strongly to a zero point of A + B. Several researchers have also studied
and obtained similar results in Hilbert (see, e.g., [14, 85, 97]). We observe that
the strong convergence results available for the zero of the sum of monotone map-
pings A and B, are either one of the mappings is a-inverse strongly monotone or

single-valued.

For results in Banach spaces more general than Hilbert spaces, Tusem et al. [53]
studied a splitting algorithm which approximates a solution via the extended so-
lution set S.(A, B) C E x E* and proved weak convergence results of their scheme

to a solution of problem (1.24) in reflexive Banach spaces.

17
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More recently, Kimura and Nakajo [56] studied the following algorithm in uni-

formly smooth and 2-uniformly convex Banach spaces: for any z; € F, let

Tpr1 = Hedy, a(mJu+ (1 —v,)Jx, — Ay Bxy,), n > 1, (1.26)

where u € E, Il is the generalized projection of E onto C, {\,} and {v,} are
sequences in R satisfying certain conditions, A is a maximal monotone mapping
in £ x E*, B is an a-inverse strongly monotone mapping from C' into £E* and
J : E — FE* is the normalized duality mapping. Under suitable conditions, they
proved that the sequence {x,} generated by (1.26) converges strongly to a zero
point of A + B. We remark that the convergence is strong, unlike the result of
Tusem et al. [53], which is more convenient in applications. However, the result
is restricted to uniformly smooth and 2-uniformly convex Banach spaces and B is

a-inverse strongly monotone and single valued.

With regard to the approximation of a zero of the sum of a finite family of max-
imal monotone mappings, Svaiter [100] introduced a splitting algorithm method
associated with a certain extended solution set S.(Aj, A, -+, A,,) € H x H™
which approximates a solution of the sum of a finite family of maximal monotone
mappings and proved weak convergence results provided that H has finite dimen-
sion or Ay + Ay + - -+ + A,, is a maximal monotone mapping. However, obtaining
a scheme which converges strongly to a zero of the sum of a finite family of maxi-
mal monotone mappings in Hilbert spaces and Banach spaces more general than

Hilbert spaces is still an open problem.

On the other hand, Moudafi [72] introduced the split equality problem (SEP)
which can be mathematically formulated as the problem of finding x and y with

the property:

x € C,y € Q, such that Az = By. (1.27)

18
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Several authors have studied SEP with C' = F(T) and @ = F(5), where F/(T') and
F(S) denote the sets of fixed points of T" and S, respectively, for 7" and S nonex-

pansive mappings or their generalizations in Banach spaces (see, e.g., [34, 73]).

In 2015, Chang et al. [34] introduced the following iterative algorithm for the

class of quasi-pseudo contractive mappings

(

Uy, = Ty, — Y A*(Az,, — Byy),

Tn1 = nn + (1= ) [(1 = &)+ ET((L = ma)I + 10T, (1.28)

\yn—i-l = OnlYn + (1 - an)[(l - gn)l + fns[(l - nn)I + T]TLS]]UTM n Z 07

and proved that under certain assumptions the algorithm above converges weakly
to a solution of the split equality fixed point problem. In addition they showed that
the strong convergence is guaranteed if the mappings 7" and S are semi-compact.
However, it is worth to mention that, as far as we know, there is no convergent
result available to a solution of the split equality monotone inclusion problems for

the sum of two maximal monotone mappings in Hilbert spaces.

With regard to the approximation of semi-fixed points of nonlinear mappings in
Banach spaces, many researchers have established and studied different algorithms

(see, e.g., [35, 37, 64, 99, 123] and the references therein).

Recently, Chidume and Idu [37] studied the following iterative process for a semi-

fixed point of a bounded semi-pseudocontractive mapping 7" from F into E*:
Tpp1 = J ! [(1 — A)Jxy + NTx, — NOn(Jxy, — Ju)] n>1, (1.29)

where {A\,} and {6,} are sequences in (0,1) satisfying appropriate conditions.
They proved that under certain assumptions, the algorithm in (1.29) converges to
a semi-fixed point of 7" in p-uniformly convex and and g-uniformly smooth real

Banach spaces. Whether this can be extended to a more general class of mappings

19



1. Introduction

is an open problem.

On the other hand, with regard to a common point of solutions of fixed points of
certain nonlinear mappings and variational inequality problems, several authors
have studied algorithms for finding a common element of the set of fixed points of
nonexpansive mappings and the set of solutions of variational inequality problem
for Lipschitz monotone mappings (see, e.g., [58, 77, 89, 107, 108, 121, 125] and the

references therein).

Recently, Tufa and Zegeye [113] studied an algorithm for approximating a com-
mon point of solutions of fixed point problem of a relatively nonexpansive mapping
T : C — FE and variational inequality problems for Lipschitz monotone mappings
Ay, Ay - C'— E* in uniformly smooth and 2-uniformly convex real Banach spaces.

They proved that the sequence generated by: for zg,u € C

;

2n = e Y (Jx, — Y Aaxy),

yn = HoJ 1 (Jz)y — v A12,),
( 1) (1.30)

Wy = anJ T, + by JTx, + ¢ d (uy) + dpJ(vy),

(T4 = HeJ YanJu + (1 — ap)w,), n >0,

where, J is the normalized duality mapping, u, = llcJ (Jz, — ¥, A19n),

v, = UeJ YTz, — YaA22,), {1} C [a,b] C (O,i), for L = max{L;, Lo} and
{a},{bn}, {cn}, {dn} C [e,1) C (0,1) such that a, + b, + ¢, + d,, = 1, converges
strongly to a* € F(T)NVI(C,A;)NVI(C, Ay). We remark that the convergence

is restricted to a uniformly smooth and 2-uniformly convex real Banach spaces.

1.4 Research Questions

The aforementioned research gaps lead us to pose the following research questions.

20



1. Introduction

1)

Can we establish strong convergence theorems for approximating zeros of the
sum of maximal monotone mappings in Hilbert spaces and Banach spaces

more general than Hilbert spaces?

Can an iterative algorithm be introduced which converges strongly to a so-
lution of the split equality monotone inclusion problem for the sum of two

maximal monotone mappings in Hilbert spaces?

Can we extend the class of semi-pseudocontractive mappings to a more gen-

eral class of mappings with a more general notion of fixed points?

Is it possible to construct an algorithm which converges strongly to a com-
mon point of the set of fixed points of a mapping more general than Bregman
relatively nonexpansive mapping and the set of solutions of variational in-
equality problems for Lipschitz monotone mappings in spaces more general

than uniformly smooth and 2-uniformly convex real Banach spaces?

1.5 Objectives

The main objectives of this thesis are to:

)

combine Douglas-Rachford and Viscosity methods and construct an iterative
scheme which converges strongly to a zero of the sum of a finite family of

maximal monotone mappings under suitable conditions in Hilbert spaces,

construct a viscosity type algorithm for finding a zero of the sum of a fi-
nite family of maximal monotone mappings via the extended solution set
Se(Aq, Ag, -+ -, Ap) C H x H™ and discuss its strong convergence in Hilbert

spaces,

develop a forward-backward type algorithm which approximates a zero of the
sum of maximal monotone and Lipschitz continuous monotone mappings in

real reflexive Banach spaces,
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4)

establish Halpern type algorithms for approximating zeros of the sum of a
finite family of maximal monotone mappings via the extended solution set

and discus their strong convergence in real reflexive Banach spaces,

introduce an iterative scheme for approximating a solution of the split equal-
ity monotone inclusion problem for the sum of two maximal monotone map-

pings in Hilbert spaces and discuss its convergence,

introduce and develop a new class of mappings called f-pseudocontractive
mappings and propose a scheme that estimates a common f-fixed point of

those mappings and discuss its strong convergence in reflexive Banach spaces,

establish the concept of a Bregman relatively f-nonexpansive mapping and
construct an algorithm for approximating a common element of the set of
f-fixed points of Bregman relatively f-nonexpansive mapping and the set of
solutions of variational inequality problems for Lipschitz monotone mappings

in the setting of real reflexive Banach spaces.
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Chapter 2

Review of Literature

2.1 Review of Literature

In this chapter, we discuss literature review of some past and recent results related

to our work.

2.2 Approximation of Zeros of the Sum of Max-

imal Monotone Mappings

In this section, we present some research findings that have been obtained in ap-

proximating a zero of the sum of maximal monotone mappings.
For approximating a solution of problem (1.24) several authors have studied dif-

ferent iterative schemes in the setting of Hilbert spaces (see, e.g., [43, 44, 75, 80,
84, 112] and the references therein).
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In 1979, Passty [80] introduced the forward-backward splitting method which de-

fines a sequence {z,} by
Tpi1 = +7r,B) I —rpA)z,,n > 1, (2.1)

where 7 is chosen arbitrarily in H, {r,} is a sequence of positive numbers, A and
B are maximal monotone mappings with Dom(A) C Dom(B), and A is single val-
ued. This method is essentially a generalization of the classical gradient method
for constrained convex optimization and monotone variational inequalities, and
therefor inherited restrictions similar to those methods such as A is single valued.
In general, this method provides weak convergence even with the restriction that
A being single-valued. It fails to provide strong convergence results to the zero of

the sum of maximal monotone mappings.

In 1979, Lions and Mercier [63] introduced the Peaceman-Rachford splitting method

whose (n + 1)t iteration is given by

Yp = (2(I + AB) ™' — Iz,
zn = (2(1 + /\A)_1 — Dyn,

Tpi1 = (L= pp)xy + ppzn,n > 1, (2.2)

where z is chosen arbitrarily in H, A\ > 0 is a fixed scalar, and {p,} C (0,1] is a
sequence of relaxation parameters. They proved weak convergence of the sequence

{z,} to the solution of problem (1.24) under certain conditions.

In 2003, Moudafi and Oliny [71] proposed the following inertial proximal point
algorithm for finding zeros of the sum of two monotone mappings in real Hilbert

space H: for any =, € H,

Yn = Tn + Qn<xn - xn—l)a

Tpi1 = (I + 9 B) (yp — YnAz,),n > 1,
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where A : H — H is a single valued a-inverse strongly monotone and B : H — 2/
is a maximal monotone mappings. They obtained weak convergence theorem pro-
vided that 7, < 2/L where, L is the Lipschitz constant of A and {6,} C [0,1)

with D7 O, ]|z, — 21| |? < 0.

In 2015, Lorenz and Pock [62] proposed the following inertial forward-backward
algorithm for monotone mappings which is basically a modification of the forward-

backward splitting algorithm in Hilbert spaces: For any x, € H,

Yn = Tn + 6n<xn - xnfl)a (2 4)

Tpt1 = (-[ + VnB)_l(yn - ynAyn), n Z 17

where {7, } is a positive real sequence, A: H — H and B : H — 2 are a-inverse
strongly monotone and maximal monotone mappings, respectively. They obtained
weak convergence of the sequence {z,,} to a point in (A + B)~'(0) under certain

appropriate conditions.

The other well known algorithm for solving problem (1.24) is the so-called Douglas-
Rachford splitting method given by x; € H and

Tnir = 2J2(2J5 — D, + (I — 22,0 > 1, (2:5)

where J? = (I +~B)~" for some v € (0,1). This method was initially proposed in
[63] for finding a zero of the sum of two maximal monotone mappings and has been

well studied from various perspectives in the literature (see, e.g., [7, 42, 54, 63, 80]).

In [42], Combettes established weak convergence of the asymptotic behavior of
the Douglas-Rachford splitting-type algorithm to a zero of the sum of two mono-

tone mappings in real Hilbert spaces: For any x, € H,

Y = JP 2, + by,
! (2.6)

Zn+1 = 2n + )\n(‘]f;‘(2yn - Zn) + ap — yn)an Z 17
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where A : H — 2% and B : H — 2% are maximal monotone mappings and {a, }
and {b,} are sequences in H satisfying certain conditions. He proved that {y,}

converges weakly to a point in (A + B)~!(0) under certain conditions imposed on

W), {an) and {b,}.

In 2018, in order to solve problem (1.24), Svaiter [101] studied the following Algo-
rithm: For any A > 0,x0,09 € H,

Step 1. Compute, y,,a, such that a, € A(yn), \an + Yn = Tp_1 — Abp_1,

Step 2. Compute, x,,b, such that b, € B(z,), \b, + T, = yp + Aby_1,n > 1.

They proved that {(z,,b,)} and {(y,, —a,)} converge weakly to a point (z,w) in
S.(A, B), where z € (A+ B)~%(0).

We remark that the algorithms mentioned above are weakly convergent. How-
ever, in some applied disciplines, the norm convergence is more desirable than the

weak convergence [14].

With regard to strong convergence, several authors have studied different iterative
schemes (see, e.g., [14, 22, 83, 98, 106-108, 117] and the references therein) to ap-
proximate the zero of the sum of monotone mappings A and B, where A: H — H
is an a-inverse strongly monotone mapping and B : H — 2 is a maximal mono-

tone mapping under certain conditions.

Recently, Dadashi and Postolache [45] studied the following forward-backward
splitting algorithm in a Hilbert space setting: For any x; € H,
wy, = JP (2, — N\ Azy,),

Y

(2.7)
Tpi1 = QpTy + 5nwn + Tn€n, N > 17

where A is an a-inverse strongly monotone and single valued mapping on H, B is a

maximal monotone mapping of H into 27, ¢, is an error vector, ay,, Bn, vn € (0,1)
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such that o, + 8, + v, = 1, for all n > 1. They proved that the sequence {z,}
given by (2.7) converges strongly to a point z € (A + B)~!(0) provided that the

control sequences {«,},{#,} and {v,} satisfy appropriate conditions.

Concerning the approximation of the solution of problem (1.24) in Banach spaces
more general than Hilbert spaces, several authors have studied different iterative

schemes (see, e.g., [53, 56, 97] and the references therein).

More recently, Shehu [97] established a strong convergence theorem of forward-
backward splitting algorithm in uniformly smooth and 2-uniformly convex real
Banach spaces to approximate a solution of problem (1.24), where B is maximal

monotone mapping and A is a Lipschitz continuous monotone mapping.

Several researchers have also studied and obtained similar results in Hilbert and
Banach spaces more general than Hilbert spaces (see, e.g., [61, 85, 97]). However,
we observe that the strong convergence results available for the zero of the sum
of monotone mappings A and B, are only when either one of the mappings is

a-inverse strongly monotone or single-valued.

From the above discussions, it is natural to ask the following general questions.

Can we have strong convergence results for approximating:

(1) zeros of the sum of two maximal monotone mappings without the assump-
tion that one of the mappings is single valued and/or a-inverse strongly

monotone?

(2) zeros of the sum of a finite family of maximal monotone mappings via the

extended solution set of the sum of maximal monotone mappings?

Answers to these questions are given in Chapter three and Chapter four in the

affirmative.
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2.3 Solutions of Split Equality Monotone Inclu-
sion Problem for the Sum of Maximal Mono-

tone Mappings

In this section, we present some research findings that have been obtained for ap-

proximating solutions of the split equality monotone inclusion problems.

Let H; and H, be real Hilbert spaces. Let C C H; and ) C H, be two nonempty,
closed and convex subsets; let F} : Hy — H; and F, : Hy — Hy be two given
mappings and A : H; — Hs be a bounded linear mapping. The split variational
inequality problem (SVIP) introduced by Censor, Gibali and Reich [31] can math-

ematically be formulated as the problem of finding:

(

z* € C such that (Fy(z*),x —2*) > 0 for all z € C,
and (2.8)

y* = Az* € @Q solves (Fy(y*),y —y*) > 0 for all y € Q.

The SVIP is quite general and permits split minimization between two spaces so
that the image of a minimizer of a given function, under a bounded linear operator,
is a minimizer of another function. Other special cases are, for instance, split zero
problems (SZP) and the split feasibility problem (SFP), which had already been
used in practice as a model in the intensity-modulation radiation therapy (IMRT)

treatment planning (see, e.g., [32]).

For solving the SVIP problem given in (2.8), Censor, Gibali and Reich [31] pro-
posed the following algorithm: For A > 0 and xy € Hy, let

Tpi1 = Uz, +yA(T — I)Ax,), (2.9)
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where v € (O,W), A* is the adjoint operator of A, T' = Po(l — A\Fy), U =
Po(I — M\Fy), where Py and Pe are metric projections of H onto () and C, re-
spectively. They proved weak convergence of the sequence (2.9) to the solution
of problem (2.8) under certain conditions provided that F} and F, are a-inverse

strongly monotone mappings.

In 2011, Moudafi [74] introduced the following split monotone inclusion problem

(SMIP) given by

p

x* € Hy such that 0 € Fy(2*) + G1(x%),

and (2.10)

y* = Az* € Hj solves 0 € Fy(y*) + Ga(y*);
\

where Gy : Hy — 21, Gy Hy — 212 are multi-valued maximal monotone map-
pings, Fy : Hi — H, and F5 : Hy — H, are single valued and a-inverse strongly
monotone mappings, and A : H; — Hs is a bounded linear operator. It is worth
mentioning that by taking G; = N¢, G2 = Ng normal cones of the closed and con-
vex sets C' and @), respectively, we recover the split variational inequality problem

(2.8).

For solving the SMIP, Moudafi [73] introduced the following algorithm: For A > 0

and xg € Hy, let
Tp1 = Uz, +yA (T — I)Az,), (2.11)

where v € (O,W), A* is the adjoint operator of A, T' = Jyg,(I — AF3) and
U = Jyg,(I — A\Fy), with A € (0,2«), for a := min{a;,as}. Under suitable
conditions, some weak convergence theorems are proved which can be seen as an
important generalization of an iterative method given by Censor et al. [31] for
split variational inequality problem, provided that the solution set of the problem

is nonempty.
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Let Hy, H, and Hj be real Hilbert spaces. Let C' C H; and ) C Hs be nonempty;,
closed and convex subsets; let A : H;y — Hs and B : Hy, — H3 be bounded linear
mappings. Moudafi [72] introduced the following split equality problem (SEP)
which can be mathematically formulated as the problem of finding x and y with

the property:

x € C,y € Q, such that Ax = By. (2.12)

This kind of split equality problem allows asymmetric and partial relations between
the variables z and y. If, in (2.12), we consider Hy = H3 and B = I, then the
split equality problem (2.12) reduces to the split feasibility problem (originally
introduced in Censor and Elfving [33]) which is to find:

x € C such that Az € Q.

Several authors have studied split equality problem with C' = F(T') and Q = F(S),
where F'(T') and F(S) denote the sets of fixed points of T" and S, respectively, for

T and S nonexpansive mappings or their generalizations in Banach spaces (see,

e.g., [73]).

Now, we consider the following inclusion problem: Let Fy,G; : H; — 21 and
Fy,Gy : Hy — 22 be maximal monotone mappings. Let A : H; — Hs and
B : Hy — H3 be bounded linear mappings with adjoints A* and B*, respectively.
The split equality monotone inclusion problem (SEMIP) for the sum of two max-
imal monotone mappings can mathematically be formulated as the problem of

finding * € H; and y* € Hy such that

0 € Fiz¥ + Gix* and 0 € Fyy* + Goy™ with Az* = By*. (2.13)

If, in (2.13), we take Hy, = H3 and B = I, then we recover the split monotone
inclusion problem (SMIP) given in (2.10). If, in (2.13), we take C' = {z* : 0 €
Fiz* + Giz*} and Q = {y* : 0 € Foy* + Goy*}, then we recover the split equality
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problem (2.12).

Motivated by the above results, one of our aims in this thesis is to introduce
an algorithm for finding a point which is a solution of the split equality inclusion
problem for the sum of maximal monotone mappings in Hilbert spaces and discus

its convergence.

2.4 Fixed Points of Nonlinear Mappings in Ba-

nach Spaces

In this section, we present some research findings on iterative methods for ap-
proximating fixed point of pseudocontractive mappings and semi-fixed points of

semi-pseudocontractive mappings in Banach spaces.

It was Picard who first applied the technique of successive approximations to
solve certain problems which can be formulated as fixed point problems of nonlin-
ear mappings. This method of Picard was precisely formulated by Banach [8] in

1922. This fundamental result is stated as follows.

Theorem 2.4.1. [§] Let (X,d) be a complete metric space and T : X — X be a
contraction mapping. Then T has a unique fixed point in X. Moreover, the Picard

scheme, T, = Tx,, n >0, converges to a unique fixed point of T.

Theorem 2.4.1 is referred to as the “Contraction Mapping Principle” and it is the

most known and very important tool in the theory of fixed point problems.

The generalization of this principle has been obtained either by relaxing the prop-

erty on the mapping or by generalizing the domain of the mapping (see, e.g.,

[3, 16, 17, 23, 48, 49]).

One of the generalizations of the Banach contraction principle is the fixed point
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theorems for pseudocontractive mappings. The concept of pseudocontractive map-
pings introduced by Browder [24] in 1967 and has been studied by many researchers
(see, e.g., [2, 37, 40, 46, 94] and the references therein).

Pseudocontractive mappings in Hilbert spaces are related with the important class
of nonlinear monotone mappings. We note that 7" is pseudocontractive if and only
if A=1—T, where [ is the identity mapping on H, is monotone and hence the
set of fixed points of T is the set of zero points of A. Consequently, considerable
research efforts have been devoted, especially within the past 30 years or so, to
methods of finding approximate solutions (when they exist) of equation Az = 0,
where A is monotone (see, e.g., [2, 94]) or fixed points of pseudocontractive map-

pings (see, e.g., [40, 46, 123]).

In 2008, Zegeye [123] introduced the class of mapping called semi-pseudocontractive
and the notion of semi-fixed points in Banach spaces which are extensions of the
class of pseudocontractive mappings and the notion of fixed points in Hilbert
spaces, respectively. In 2012, Cheng et al. [35], Liu [64], and Su and Xu [99]
studied and called duality fixed points. The notion was later, in 2016, studied and
called J-fixed point by Chidume and Idu [37].

Interest in semi-pseudocontractive mappings stems mainly from their firm connec-
tion with the important class of nonlinear monotone mappings in Banach spaces
more general than Hilbert spaces. We note that T is semi-pseudocontractive if
and only if A = J — T, where J is the normalized duality mapping, is monotone

and hence a semi-fixed point of T is a zero of A.

These broad applications caught the attention of many researchers, and even-
tually led to various research output for the methods of finding a semi-fixed

point of a semi-pseudocontractive or a zero of a monotone mapping (see, e.g.,

35, 37, 64, 99, 123]).
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In 2008, Zegeye [123], studied a Halpern-type approximation method for find-
ing a semi-fixed point of a Lipschitz semi-pseudocontractive mapping 7' : £ — E*
in a uniformly smooth and 2-uniformly convex real Banach space. He proved that

under certain assumptions, the sequence {z,} generated by
Tpr = Badu+ (1= B,)((1 — an)Jzn + 0 Txy)], n > 1,

where {a,,} and {3,} are real sequences in (0,1) satisfying certain conditions,
converges strongly to x* € F(T'), where F(T) is the set of semi-fixed points of T,

under some mild conditions.

In 2012, Su and Xu [99], also studied an algorithm for approximating a semi-
fixed point of a contractive type Lipschitz mapping T': £ — E* in 2-uniformly
convex and uniformly smooth real Banach spaces. They proved that under certain

assumptions, the sequence {z,} generated by
Tpi1 = o+ (1 — ) J Tz, n > 1,

where 0 < 2% < 1, for some constant ¢ > 0, {a,} is real sequences in (0, 1) satis-

fying certain conditions, converges strongly to x* € F(T).

In 2012, Liu [64] proposed the following iterative process for approximating a

semi-fixed point of a ~v-strictly semi-pseudocontractive mapping 1" from FE into
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E*:

p
xo € F, chosen arbitrarily,

Yo = J (1= \)Jzy + N Txy),

Cn = {Z € Cnfl N anl : (b(zayn) < ¢(Zaxn)}a

Co={z€ E:¢(z,y0) < ¢(z,20)}, (2.14)
Qn={2€Cro1NQp_1: (xn— 2, Jxog — Jz,) > 0},
QO = Ea

Tnt+1 = HCn,ﬂQn (xO)a n > 17

where {\,} is sequence in (0, 1) satisfying appropriate conditions. He proved that
the sequence {x,} generated by (2.14) converges to a semi-fixed point of 7' in

uniformly smooth and 2-uniformly convex real Banach spaces.

Motivated and inspired by the above results, one of our aim in this thesis is to
introduce, a new class of mappings called f-pseudocontractive mappings from F
into £* with the notion of f-fixed points and construct an algorithm for finding
a common f-fixed point of those mappings and discus its strong convergence in

reflexive Banach spaces.

2.5 Approximation of a Common Solution of Fixed

points and Variational Inequality Problems

In this section, we present some literature review on iterative methods for approx-

imating a common solution of fixed points and variational inequality problems.

Let A : C — E be a monotone mapping, where C' is a nonempty, closed and

convex subset of E. The variational inequality problem (VIP) is formulated as
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finding a point
x* € C such that (Az",x —2*) > 0,Vx € C. (2.15)

We denote the solution set of (2.15) by VI(C,A). This problem was first intro-
duced by Hartman and Stampacchia [51] in 1966 and has been studied by several
authors (see, e.g., [15, 29, 52, 77, 79, 111, 113, 121, 123, 124, 126] and the refer-

ences therein).

In [77], Nadezhkina and Takahashi studied the following algorithm in a finite

dimensional Hilbert space setting: for any xzq € C,

n:P n nAna
Y ol PrAin) (2.16)

Tpi1 = Ay + (1 — o) Po(x, — BrAy,), n >0,

where A is an L-Lipschitz continuous monotone mapping and Pg is a metric pro-
jection from H onto C. They proved that the sequence generated by (2.16),
converges weakly to a solution of problem (2.15) under certain conditions imposed

on the control sequences {3,} and {a,}.

In 2017, Thong and Hieu [111] established the following algorithm in a Hilbert

space setting: for arbitrary zq € H,

(

Yn = PC[xn - f}/nAmn]a

Zn = Yn — Yn(AYn — Azy,), (2.17)

Tpr1 = o f(xn) + (1 —ay)zn, n >0,
\

where, A is L-Lipschitz continuous on H and f : H — H is a contraction map-
ping. They proved that the sequence generated by (2.17), converges strongly to
x* = Pyyc,a) f(x*) provided that the control sequences {v,} and {a,} satisfy ap-

propriate conditions.
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Several authors have also studied, algorithms for finding a common element of
the set of fixed points of nonexpansive mapping and the set of solutions of varia-
tional inequality problem for Lipschitz monotone mapping (see, e.g., [58, 77, 109,
110, 121, 125] and the references therein).

In 2003, Takahashi and Toyoda [109] introduced the following scheme for find-
ing a point in VI(C, A) N F(T) in a Hilbert space setting: for arbitrary =g € C

Tpt1 = Quzy + (1 — )T Po(z, — vmAxy,), n >0, (2.18)

where A : C — H is a a-inverse strongly monotone mapping, 7' : C' — H is
nonexpansive, {a,} is a sequence in (0, 1) and {v,} is a sequence in (0, 2a). They
proved that if VI(C, A)NF(T) is nonempty, then the sequence generated by (2.18)
converges weakly to some z* € VI(C, A) N F(T).

In 2005, liduka and Takahashi [52] established the following algorithm: for ar-

bitrary xg,x € C,

Tni1 = apx + (1 — )T Po(x, — yAzy,), n >0, (2.19)

where A : C' — H is a-inverse strongly monotone mapping and 7' : C' — H is
nonexpansive mapping. They proved that the sequence generated by (2.19), con-
verges strongly to x* = Py .aynrr2 provided that the control sequences {Vn}

and {«,} satisfy appropriate conditions.

Recently, Zhang and Yuan [127] investigated an iterative method for approxi-
mating a common point of the set of fixed points of nonexpansive mapping and
solutions of variational inequality problems for a finite family of a-inverse strongly

monotone mappings in the setting of Hilbert spaces: for arbitrary x; € C

Yn,i = PC[:ETL - ’yzAzan
(2.20)

Tpt1 = Oénf(mn) + ﬁnxn + fYnT 2?21 NiYn,i, N Z 17
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where ||yn; — Po(xn, — Aizs)|| < ens, and lim, oo e,,; = 0, {a,}, {f,} and
{7} are real sequences in (0,1) such that o, + By + 9% = Doy = 1, {3} is
a real sequence in (0,2u;), f : C — C is a-contractive mapping, 7' : C — C
is nonexpansive and A; : €' — H is p;-inverse strongly monotone mapping for
1 <i < n. They proved that the sequence generated by (2.20) converges strongly
to x* € N (VI, A;) N F(T) provided that the control sequences satisfy certain

conditions.

Motivated and inspired by the above results, one of our aims in this thesis is
to introduce the concept of a Bregman relatively f-nonexpansive mapping and
construct an algorithm for approximating a common element of the set of f-fixed
points of a Bregman relatively f-nonexpansive mapping and the set of solutions
of variational inequality problems for Lipschitz monotone mappings in the setting

of reflexive real Banach spaces.
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Chapter 3

Approximating Zeros of Sum of
Maximal Monotone Mappings in

Hilbert Spaces

In this chapter, we present some preliminary results that will be useful to prove our
main theorems of the chapter and study the method of approximation for a zero
of the sum of a finite family of maximal monotone mappings using Viscosity type
Douglas-Rachford splitting algorithm and prove some strong convergence theorems
of the proposed algorithm. In addition, we introduce an algorithm which starts
by reformulating (1.1) as the problem of locating a point in a certain extended
solution set S.(Ay, Ag, -+, Apn) C H x H™ and prove strong convergence of the

proposed algorithm under suitable conditions.

3.1 Preliminaries

Lemma 3.1.1. [{2] Let H be a real Hilbert space. Let A,B : H — 2 be two

mazimal monotone mappings and v € (0,00). Set T = R aR,p, where R,y =
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2Jya—1I and Ryp = 2J,3 — 1. Then,
(A+ B)'(0) = J,5(F(T)).

Furthermore, if A = Np, the normal cone of D, where D 1is closed affine subspace
of H, then x € F(T) if and only if Ppx = J,px, where Pp is the metric projection
of H onto D.

Lemma 3.1.2. [13] Let H be a real Hilbert space. Let N be an integer such
that N > 2, set I = {1,2,--- ,N}, and let (A;)ic; be maximal monotone map-
ping, from H into 2%. Let H be the real Hilbert space obtained by endowing
the Cartesian product HYN with the scalar product (X,Y) = Zi]il(xi,yi>, where

X = (z1,29, - ,2N),Y = (y1,Y2, -+ ,yn) € H. Suppose

(

D={(x,z,,,,x) eH:x € H},
IN:H—-D:z— (z,z,,,,x),

B = XieIAi-

\

Then, for X € H, the following holds:

UecH:Y, u; =0, if XeD
0, otherwise ;

it) JaX = PpX =TI(% > ;e @), where A = Np;
i) JypX = (Jya,%i)ier-
Lemma 3.1.3. [38] Let x,y € H. If H is a real Hilbert space, then the following
equality holds:
i) [lz+yll? < ||2]* + 2@y, z + y),
i) |[tw 4+ (1= t)y[|* = tl|2|* + (1 = Oyl * = t(1 = )]z — yl[*.

Lemma 3.1.4. [57] (Demiclosedness principle) Let H be a Hilbert space, C be a

closed and convex subset of H, and T' : C' — C be a nonexpansive operator with
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F(T) # 0. If {x,} is a sequence in C weakly converges to x € C and {(I —T)x,}
converges strongly to y € C, then (I —T)x = y. In particular, if y = 0, then
xe F(T).

Lemma 3.1.5. [100] Finding a point in S.(Ay,---, Ap) is equivalent to solving
(1.1) in the sense that

0€Ai(2)+ -+ An(z) & Jwy, -+ ywy € H: (2w, ,wy) € Se(Ar, -+, Anp).

Lemma 3.1.6. [100] If the monotone operators Ay,--- , A,, are maximal mono-
tone, the corresponding extended solution set S¢(Ay,--- , Ap) is closed and convex
in H™+1,

Lemma 3.1.7. [100] Given (xy,yx) € Gph(Ax),k =1,--- ,m, define p: V — R

MG
go(z,wl,--- awm)zz<z_xkayk_wk’> (31)
k=1
Then, for any (z,wy, -+ ,Wy) € Se(A1, -+, Am), one has @(z,wy, - ,wy,) <0,
that is

Se<A1;"' 7Am) g {(zywly"' 7wm> EV:SD<Z7w17"' 7wm> SO}

In addition, ¢ s affine on V', with

m B B B B 1 m
Vo= (Y gemi—Fay =T oy —7), where T=— Y x (32)
k=1 k=1
and
V(,O:O A (xlﬁyh'”aym)ESE(Ah'”aAm)axlszZ"':xm
S oz, wy, e wy) =0, Y(z w0 wy,) €V (3.3)

The function ¢ in Lemma 3.1.7 is called decomposable separators.
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Lemma 3.1.8. [118] Let C be a closed and convex subset of a real Hilbert space
H and x € H be given. The metric projection of H onto C, Pg, is characterized

by the following:

i) Pex € C if and only if (x — Pox, Pox — z) > 0, for all z € C;
ii) P is firmly nonexpansive and hence nonexpansive.

Lemma 3.1.9. [119] If a nonnegative real sequence {a,} satisfies the following
relation:
ant1 < (1 = ), + @y, 1> ng,

where {a,} C (0,1) and {6,} C R such that Zan = 00, and limsupd, < 0 or

n=1 n—oo

Yo land,| < oo, then lim a, = 0.

n—oo

3.2 Viscosity Type Douglas-Rachford Splitting
Algorithm for Approximating a Zero of Sum
of a Finite Family of Maximal Monotone Map-

pings in Hilbert Spaces

In this section, we study the method of approximation of a zero of the sum of a fi-
nite family of maximal monotone mappings using Viscosity type Douglas-Rachford
splitting algorithm and prove some strong convergence theorems of the proposed

algorithm under suitable conditions.

For the rest of this section, let v € (0, 00) and {«a, } C (0, 1) such that lim «, =0,

n—00

An41 __
il =,

Yo o =00 and > 7 o, — apoq| < 00 or lim, e

Now, we state and prove the convergence theorem for a zero of the sum of maximal

monotone mappings.
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Theorem 3.2.1. Let H be a real Hilbert space. Let A, B : H — 2% be mazimal
monotone mappings satisfying Q :={x € H:0€ Ax+ Bz} # (. Letg: H— H
be a contraction mapping with constant . For arbitrary xo € H define an iterative

algorithm {xz,} by

(
dn = JWBCUna

$Un = 20,4205 — Dy — 20,525 + T, (3.4)

Tntl = ang(‘rn> + (1 - an>yn7vn > 0.
\

Then, x, — x* = Ppr,,r,5)(9(z%)), as n — oo, such that J,px* € Q and

d, = Jypry, — Jypx* € ), where Ryy = 2J,4 — I and R,p =2J,p — I.

Proof. Note that, taking into account the definition of the reflected resolvent the

iterative scheme in (3.4) can be equivalently given by

Tpr1 = ang(xy) + (1 —ay) (25420 — I)xy — 2J 52, + 20 |,

where T' = R, 4R,5. We note that since R,4 and R,p are nonexpansive we have
T is nonexpansive. Let x € Q. Then, by Lemma 5.2.5 there exists z € F/(T') such
that * = J,p(2) and hence F(T) # (. Thus, by Theorem 3.2 of [119] we obtain
that

||z, — Tzy|] — 0 as n — oo, (3.6)

and {x,} converges strongly to the point * = Pp(1)(9(z*)) = Pr(r, 1r,5) (9(7")).
Thus, by Lemma 5.2.5 we have J,gx* € (). Moreover, the fact that J,p is contin-

uous provides d,, = J,px, — Jypr* € Q. This completes the proof. O

By using the product space technique we obtain the following theorem from The-
orem 3.2.1 for a zero of the sum of a finite family of maximal monotone mappings

in Hilbert spaces.

42



3. Approximating Zeros of the Sum of Mazimal Monotone Mappings

Theorem 3.2.2. Let H be a real Hilbert space. Let A; - H — 2 fori € I =
{1,2,--- N} and N > 2, be mazimal monotone mappings satisfying Q := {x € H :
0€ Ajx+ Az +---+ Ayx} #0. Let g: H— H be a contraction mapping with

constant .. For arbitrary x;0 € H, © € I, define an iterative algorithm by

)
_ 1 N
Pn=7% i1 Tins

i = Jy4,Tim, Vi € I,
qn = % Zi\;1 di,na (37)

Yin = Tin + 2(2% — Pn — d%n),\V/’l (- I,

| Tint1 = ang(Tin) + (1 — an)yin, Vi € I,¥n > 0.

Then, {p,} and {q,} converge strongly to x* € 2 as n — occ.

Proof. Let H be the real Hilbert space obtained by endowing the Cartesian product
HY with the scalar product (X,Y) = 3"~ (z;,v;), where X = (21,29, ,2n),Y =
(Y1,92, -+ ,yn) € H. Let

D:={(x,z,.,2) e H: 2z € H}, (3.8)

B:=®AN, = A; x Ay X --+ x Ay.

Define Il : H — D by II(z) = (z,x,--- ,x) and A = Np. Then, from Example
20.41 and Proposition 23.16 of [13] we have B and A are maximal monotone

mappings. In addition, from Lemma 3.1.2 we obtain the following:

1
Py X =1I(5 D @) = T X, JpX = (Jyaxi)iz120 N, (3.9)

=1

for any X € H and

Dt={UeH: SN u =0}, if X €D,
NpX = { 2eint J (3.10)
(), otherwise.
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Moreover, for any z € H such that 0 € ZZ]L A;z and making use of equation
(3.10) we obtain

N
U = (up, ug, -+ ,uy) € AN, z such that Zul =0
i=1

& 3U € BII(z) such that — U € D+ = NplI(z)

& Il(2) € zer(Np+B) C D, (3.11)
and hence

I1(zero Z A;) = zer(A +B). (3.12)

i=1

Now, let

Yn = (yl,rw Yon, 7yN,n)7

s

n — (xl,n7 Lon, " 71;N,n)7
Pn = (pnapna e 7pn>a

Dn = (dl,Tw d2,n7 e 7dN,n)7

(3.13)

Qn = (QH7QH7 e 7Qn)7

G(X,) = (g(xl,n)vg(xln)v T ,g(me)),‘v’n > 0.

\

From (3.13) and the fact that .J,, = Pp, we see that equation (3.7) can be rewritten

as

p

Dn = 'y]BXna
Qn = PID)Dnv
$ Py = Ju X, (3.14)

Xni1 = a,G(X,) + (1 — )Yy, Vn > 0.
\

Therefore, by Theorem 3.2.1 we get that {X,} converges strongly to the point
X* = Ppy(G(X™")) and J,gX* € zer(A + B), where T = R,4R,g. Moreover,
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from (3.9) and the fact that Pp is continuous and affine we have
X =TX" = 2Pp2Jp — )X "+ X" —2J X",
which implies that

JpX* = 2P (J5X*) + (1 —2)PpX* €D,

=4 P[[)(J«/[BX*) = J'\/IBX* = QPD(J,YBX*) — P]D)X*,
and hence
PpX* = JyBX*- (3.15)

Thus, from (3.9) and the continuities of J,4 we have P, = J 2 X, = J 2 X* =
Pp(X*) =1I(z*) € zer(A+B), where z* € €. Hence, from (3.7) and the definition

of IT we obtain p, = II7'(P,) — z* as n — oo.

Furthermore, from (3.14), (3.15), continuities of Pp and J,5 we have Q,, = PpD,, =
PyJpX, — PpJpX* = PpX* = II(z*) and hence ¢, = II"1Q,) — x*, as

n — oo, where x* € Omega. The proof is complete. [

Remark 3.2.3. At this point, we note that the limit point of the sequence {X,,}
in (3.14) is the unique solution X* = (z7],z3,--- ,a}) € F(T) satisfying the vari-

ational inequality
(G-DX*" X*"—X)>0,VX € F(T), (3.16)

where PpX* =1II(z*) and z* = + SN ozt eq.

=11

Remark 3.2.4. We observe from the proof of Theorem 3.2.2 that, since P, =

PoX, = Po(@1n,Top, TN n) = H(% Z,]\Ll Tin) = PpX* = Pp(z], x5, ,ay) =

N
I(+ SV xF) = TI(z*), we obtain that %Zf\; Tin — %2511 xf =a" € Q as
n — oo.
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If, in Theorem 3.2.1, we assume that B = 0, then we get the following corollary

for a zero of a maximal monotone mapping.

Corollary 3.2.5. Let H be a real Hilbert space. Let A : H — 2 be a maximal
monotone mapping satisfying Q := { € H : 0 € Az} # 0. Let g : H — H be
contraction mapping with constant a. For arbitrary xqg € C define an iterative

algorithm by

Yn = 2J7A$n — T,

(3.17)
Tnt1 = Ang(zn) + (1 — a)yn, Vo > 0.

Then, z, — x* € Q as n — oo.

As an application of Corollary 3.2.5 we have the following corollary for multi-

valued pseudocontractive mapping.

Corollary 3.2.6. Let H be a real Hilbert space. Let T : H — 2 be a pseudo-
contractive mapping with (I — 7') maximal monotone. Assume that  := {z €
H:x €Tz} #0. Let g: H— H be a contraction mapping with constant a. For

arbitrary xg € H define an iterative algorithm by

Yn = 2J. I-T)Tn — Tn,
e (3.18)

Tny1 = ang(x,) + (1 — ap)yn, ¥n > 0.

Then, {x,} converges strongly to z € F(T') as n — co.

3.2.1 Application to Convex Minimization Problems

In this subsection, we shall apply Theorem 3.2.1 and 3.2.2 to the convex mini-

mization problems.

Theorem 3.2.7. Let H be a real Hilbert space. Leth; : H - R,i=1,2,--- . N, be
a conves, lower semicontinuous function such that Q = minge {3~ hi(z)} # 0.
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Let g : H — H be a contraction mapping with constant «. For arbitrary x;o € H,

for i € I, define an iterative algorithm by

(
1 N
Pn=% > i1 Tins

di,n: ,yAi:[‘i7n’Vi: ]_’ 7N’
Gn = % ity i, (3.19)
Yin = Tin + 2(2qn — Pn — dz,n>,VZ = ]_7 ce 7N7

Tint1 = O‘ng(xi,n) + (1 - an)yi,naVi =1,---,N, Vn > 0,

\

where A; = (Oh;), fori=1,2,---  N. Then, {p,} and {q,} converge strongly to

r € asn — o0.

Theorem 3.2.8. Let H be a real Hilbert space. Let h : H — R be a convex smooth
function and f : H — R be a convex and lower semicontinuous function such that
Q = mingepg{(h(z) + f(x))} #0. Let g : H — H be a contraction mapping with

constant o. For arbitrary xo € H define an iterative algorithm by

(

dn = J’yafxna

Yn = 2Jyon (20007 — Dan — 250180 + Tn. (3.20)

Tni1 = ang(2n) + (1 = an)yn, ¥n = 0.
\

Then, x,, — z as n — oo such that Jyorz € Q0 and d, = Jyo5T, — Jyo5%.

Proof. Let A =Vhand B = Jf in Theorem 3.2.8. The scheme in (3.20) reduces to
the scheme in (3.4). Thus, Theorem 3.2.1 provides the conclusion of the theorem.

]

3.2.2 Numerical Example

In this subsection, we present some numerical experiments to explain the con-

clusion of our result. The following numerical example verifies the conclusion of
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Theorem 3.2.1.

Example 3.2.9. Let H = R?®. Let A,B : R* — R3? be defined by Az =
2z + (1,2,3) and Bx = bz, where x = (x1,79,73) € R?. We see that A and
B are maximal monotone with R(I +vA) = ly = (I + vB) for all v > 0. Now,

by direct calculation we get that Tz = x(f;;:) (ﬁ — 1) — %(1,2,3), where

r = (z1,T9,73) € R3. Thus, if we assume a,, = 1, for all n > 0,

o0 7 =
and g(z) = § with initial point zy = (2,3,4), then the iteration Scheme (3.4) pro-
vides the following numerical result (see, Table 3.1). All numerical computations
were carried out using Matlab 2020(a) on a hp personal computer, 12-Gb RAM.
From this we obtain that the Algorithm d,, = J,px,, generated by (3.4) converges

strongly to z* = (_%’ _%7 _%) e (A—I— B)_l(()).

TABLE 3.1: Convergence of the sequence {d,}

n  d,=Jpw, l[dns1 — dnlli,
1 (2.0000, 3.0000, 4.0000)
2 (—0.0350, —0.1075, —0.1800)  5.5920
3 (—0.1180, —0.2444, —0.3708) 0.2491
4 (—0.1367,—0.2752, —0.4138) 0.0561
5 (—0.1409, —0.2823, —0.4236) 0.0128
10 (—0.1423,—0.2847, —0.4270) 0.0044
100 (—0.1428,—0.2855, —0.4283) 0.0016
200 (—0.1428, —0.2856, —0.4284) 1.4142e-04
300 (—0.1428,—0.2857, —0.4285) 1.4142e-04
400 (—0.1428,—-0.2857,—0.4285) 0
500 (—0.1428, —0.2857,—0.4285) 0
{ {
R )

In addition, we have sketched the error term ||d,, — x*|| for different initial points
such as 2o = (0, 0.2, —0.4), =, = (0,1,2) and zy = (2,3,4). From the sketch we
observe that the convergence rate of the sequence d,, generated by (3.4) converges

faster as the initial point gets closer to the solution (see, Figure 3.1, below).
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FIGURE 3.1: The graph of ||d,, — 2*|| versus number of iterations with different
choices of g

3.3 A Strong Convergence Results for Zeros of
the Sum of a Finite Family of Maximal Mono-
tone Mappings

In this section, we introduce an algorithm for finding a point in S.(A, - -, Ap)

which will lead us to a solution of the sum of a finite family of maximal monotone

mappings in a Hilbert space and discus its strong convergence.

For the rest of this section, let H be a real Hilbert space and A : H — 27 k =

1,--+,m (m > 2), be a finite family of maximal monotone mappings satisfying

Se(Ar, -+, Ap) # 0. Let {ay,} € (0,1) such that lim a,, =0, > o, = 00 and
n—o0

Yo |lan—an—1| < oo, and let {3,} be a decreasing sequence in (0, 1] with fy = 1.

We now propose the following algorithm.

Algorithm 3.3.1.

Step 0: Select initial guess ug = (2o, w10, s Wmo) € V.
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Step 1: Given n'" iterates (n > 0), compute Tgn and Y, as follows:

Trm = L+ MenAr) 7 (20 + MenWin), k=1,2,---,m,
Yen = wk,n+w7 k:1727' U
>\k,n
where the real sequence A, > 0, for each k =1,2,--- ;m and n > 0.

Step 2: Define ¢; : V' — R by
QOi(Z,’wl,"' 7wm) = Z(z_xk,iayk,i _wk>a (321)

k=1

and compute

Soi(zn; Win, * , Wn n)
Eun = (Zna Wip, - 7wm,n> — Inax {0, ’ : }VQDZ, (322)
Vil 2

where Vo, = (3000 Ykir T1,i—Tas T2,i—Ta, -+ 5 Tni—T3) and ||V |* = Y000 [|gi—
Tl + || ey ykall? with 73 = L 377" @y, which is the projection of u, =

(Zn, W1, , Wnpn) onto the half space
Hi - {(2?7’(1}1,-" 7wm) evV: cpi(zawlv"' 7wm) S 0}
Step 3: Compute

Up = Bnun + Z?:l(ﬁi*l - ﬁz)nuna

Unt1 = O f(un) + (1 — a)vp, V0 >0,

(3.23)

where f : V — V is a contraction mapping with constant a. Set n :=n + 1 and

go to step 1.

Remark 3.3.2. The following points indicate that Algorithm 3.1 is well defined.

(i) By maximality of A, the resolvent mapping (I + Ay, Ax)~" is single-valued
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and everywhere defined for each k = 1,2,--- ;m (see, e.g., [69]). By rear-

ranging the equation in step 1, one has the following equation:

Tk + MenYkn = Zn + MenWip, V12> 0, (3.24)
where for each k = 1,2,--- ;m and n > 0, Ay, > 0 and yi,, € Ap(zk,)-
Hence, for each k =1,2,--- ., m, (Tgn, Yn) € Gph(Ax) exists and is unique.

Thus, the decomposable separators function ¢ in Lemma 3.1.7 is well defined.

(ii) Since ¢; : V — R is affine on V' (see, Lemma 3.1.7) and the half space H; is
closed and convex subspace of V' for all 7 > 1, the projection of u,, onto H;

given by (3.22) exists and is firmly nonexpansive (see, for example, [100]).

Lemma 3.3.3. The sequence {u,} generated by Algorithm 3.5.1 is bounded.

Proof. Let u* = (z*,wi,wh, -+ ,wk) € Se(A1,--+, Ap), then by Lemma 3.1.7 we
have u* € H; for all i > 0 which implies that S.(Ay, -+, A,) C N2, F(T;) = F #
(). Now, the fact that T} is nonexpansive and (3.23) yield

lon —w*|l = [|Butin + > _(Bics — Bi)Titty, — 0]
i=1

= |1Battn + Y _(Bic1 — B) Tty — Y _(Bicy — Br)u
i=1 i=1
+> (Bt — Bi)u” — ']
=1
= [[Bu(tn — ) + > (Bio1 = Bi)(Titty — )]

i=1

N

< Bullun — ||+ (Bior = Bi)llun — u*|] = [[un — . (3.25)
=1
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Thus, it follows that

g1 —u|] = |Janf(un) + (1 = ap)v, — 7|
< | f(un) = [+ (1 = an)|fon — 7]
< an|f(un) = f(W)|| + el f () = w|[ + (1 — an)[vn — 7]
< (=l = a))fun — || + an|[f(u") — u]
oy () =]
< mas [l — o], B )

Then, we have

) =y

l|u, —u*]] < max{||u0— T

which implies that {u,} is bounded. Hence, we can obtain that {T;u,}, {v,} and
{f(uy)} are bounded. 0O

Lemma 3.3.4. The sequence {u,} generated by Algorithm 3.3.1 converges strongly
tou* = (z*,wf, - ,wk) € F =y F(T5).

Proof. We proceed with the following steps.
Step 1. First we show that lim,, o ||[tps1 — us]| = 0.

From (3.23), we have

an - vnle = Hﬁnun + Z(ﬁifl - ﬂz)T'zun - anlunfl

=1

(ﬁz /BZ)Tun 1“

H

n—

||M

S Bn”un_un 1||+’Bn 6n—1|||un—1||
+ Z(ﬁH — Bl Tittn, = Tottna]| + |Bn = Baa || Tittna |
=1
S ﬁn”un - un—1|| + |ﬁn - 6n—1|||un—1||
+ 3 (Bic1 = Bi)lltn = || + 18n = Bucall| Tittn—a]|
=1
S Hun - un—lH + (Bn—l - Bn)Mv (326)
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for some M > 0 as the sequences {u,} and {T;u,_1} are bounded. Thus, (3.23)
and (3.26) imply that

Hun-ﬁ-l - un” = Hanf<un) + (1 - an)vn - an—lf(un—l) - (1 - an—l)vn—lu
|| f(un) = flun-1)|] + o — ana||[f(tn-1)]]

+(1 = an)llvn = vaall + o — i |[vn-1]|

IN

IN

[ty — ]| + om — o[ ([1f (wa1)[] + o)

+(1 = ) ([[un = tn-1[[ + (Bar = Ba) M)

= (1= an(l = a))fun = wn-il| + | — cna| (|| f (1)l + [[onl])
+(1 = o) (Ba—1 — Ba) M. (3.27)

Since {f,} is strictly decreasing, it implies that Y >° (8,1 — f,) < co. Hence,

from (3.27), conditions of {c,} and Lemma 3.1.9, we immediately obtain that
||tnt1 — un|] = 0 as n — oo. (3.28)

Step 2. We show that ||T;u, — u,|| — 0 as n — co. Take u* = Px(f(u*)). Note
that

|l —w*|[* > [Ty, — Tou*||?

= [T — wn||? + ||t — w*||* + 2(Titty, — Up, u, — u*), (3.29)
which yields

1
éHTzun —up|)? < (up — Titty, uy — u*). (3.30)
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Furthermore, from (3.23) and (3.30), we immediately obtain

n

1 n
3 Z(Bi—1 — Bl Tsun — ua|* < Z(ﬁi—l — Bi)(un — Tittn, up — u™)
i—1 i—1

= ((1 = Bn)un — Z(ﬁiq — Bi)Tittn, Uy, — u™)

=1
= <(1 — Bn)un — Up + Bnum Up — U*>

= <un — Up, Up — U*>
= (Up — Upy1, Uy — u)

+(Upy1 — U, Uy — U™, (3.31)

and from (3.23) and (3.31), we have

1 — i}
3 E (Bic1 = Bi)llTitn — un| > < (un — Upyr, up — ')
=1

Han f(un) + (1 — an)vp — Uyt — u*)

IA

[ltn = g [[[Jun — 7|

+<05nf(un) — QpUp, Up — U*>

IN

[ltn = wnpa|[[[un — 7]

+a | f(un) = val|[|un — u]|. (3.32)

Thus, from Lemma 3.3.3, (3.28), (3.32) and the condition on {«,}, we conclude
that

lim Y (i1 = B)l| T — un|[* = 0. (3.33)
i=1
Since {f,} is strictly decreasing, for every i € N, equality (3.33) yields
lim ||Tiu, — u,|| =0 and lim ||T,u, — u,|| = 0. (3.34)
n—oo n—oo

Step 3. We show that limsup,,_, . (f(u*) — u*, u,, — u*) <O0.

Since {u,} is bounded, there exist u € H x H™ and a subsequence {u,, } of {u,}
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such that

limsup(f(u*) — u*, u, —u*) = lim (f(u*) — u*, u,, —u"),
n—00 k—ro0

and u,, — u. From (3.34) and Lemma 3.1.4, we obtain that v € F(7;) for each
i > 1 and hence u € F. Since u* = Pz(f(u*)), by Lemma 3.1.8, we have

limsup(f(u*) — u*,u, —u*) = lim (f(u*) —u*, u,, —u*)
n—00 ko0

= (f(u") —u",u—u*) <0, as required.(3.35)

Step 4. Finally we show that u, — u* as n — co. From Lemma 3.1.3, (3.23) and

(3.25), we have

o = w|* = o f(un) + (1 = an)v, — ||

IN

2
(aamllun = |l + (1 = )l — u'|])

+20n (f(u") — u*, Up g1 — )

IN

(1= (1 = )an)[Jun — '] + 200 (f (") — 0", tpgr — )

IN

)
(1= (1= a)om)[Jun — w'[|* + 200, (f (u") — ", 1 — u")
)

20, || f(u*) — w*||||tns1 — unll. (3.36)

Therefore, from (3.28), (3.35), (3.36) and Lemma 3.1.9, we conclude that u,, — u*

as n — oo. O

Lemma 3.3.5. If in Algorithm 3.3.1 there exists A > X\ > 0 such that the sequence
e} C NN, for each k= 1,2,--- ,m and n > 0, then there exists n > 0 such
that

on(Un) > n|IVen||* ¥ n >0, (3.37)

where v(pn(un) = (Zzlzl Yk, Lin — I_na Ton — ZE_n, s Tmn T x_n> and

IVeon (un)l* = 32550 Nlern = Zall® + 11 3245 vkl with T = 55 3500 2.
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Proof. From equation (3.24), we have

Z";ﬂ = Yo — Whon. (3.38)
k.n

From (3.21), (3.38) and condition of Ay, we get

NE

Spn(un) = <Zn — Tkns Yen — wk,n)

B
Il
—

Zn — Tkn

)\k,n

[
NE

)

(2n — Ti

B
Il
—

1

|20 _xk,n”2

[
Eﬂs

ko
3

(="

v
Ml

|2 — @l (3.39)

e
Il
—

By rearranging equation (3.38), we can also get

Zn — Tkn

" 3.40
)\k,n * W ( )

Yen =

which implies that

> Uk = Y % ) wp = Z"A_kﬁ (3.41)
k=1 i k=1 m

k=1 k=1 ’

and hence

2 = HZm:MHQ
)\k,n

m
1> Yen
k=1

k=1
1 & )
- k=1
1 _
= zllmte, —mI
mr
= FHzn_ana (3.42)
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which is equivalent to
N e
Il D kall? < mllzn =Tl

k=1

In addition, from the properties of inner product, we have

3

m
DMk —Tall? = Y lekn — 20+ 2 — Tl
k=1

k=1

I

I
NE

(@ = 2n) = (T = 2n)

1
m
k=1 k=1

m
Z 7w — zall?
k=1

3

[
Ms

b
Il

1

|2k = 2al[* = 2m[T5 = 20l + m [T — 2]

I
NE

B
Il
—

12k — 2nll* = ml[Tn — 2,

I
NE

T

1

which implies that

m m
S e — Tl 2+ ml[Fn — 2l 2 =3 enn — 2%
k=1

k=1

From (3.43) and (3.45), we get

m )\2 m m
Z ||Z5n — T |* + _EH ZyanQ < Z || Zsn — zl
k=1 k=1 k=1

and hence,

> =

m )\2 1 m
3 N — 7l +—\|Zykn|| < ;erask,n—znu?
k=1 k=1 k=1

o7

||xkn - Zn||2 —2m((Tr — 2n), Tn — 20) + m|[Tn —

(3.43)

Zn||2

(3.44)

(3.45)

(3.46)

(3.47)
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Thus, from (3.47), (3.39) and setting 77 = min {%, 7%}, we get

N0 Nkn = Zall> + 11D yenl?) = 0l Venl* < on(un). (3.48)

k=1 k=1

Next, we state and prove our main theorem.

Theorem 3.3.6. Let Ay : H — 2% fork € {1,2,--- ,m} and m > 2, be maximal
monotone mappings satisfying Q :={z € H : 0 € A1z + Az + -+ Az} £ 0.
Let f : V. — V be a contraction mapping with constant «.. Let the real sequence
{Men} C [A A for some X > A > 0 and for eachk =1,2,--- ,m andn > 0. Then,
the sequence {u,} generated by Algorithm 3.3.1 converges strongly to an element

ut = (25 wy, - wk) € Se(Ay, Ao, -+, A, satisfying the variational inequality
(f = Du*,u* —x) > 0,Vz € Se(Ar, Ag, -+, An), (3.49)
where z* € ().
Proof. By Lemma 3.3.5, there exists n > 0 such that
on(un) > 1||[Vu|[* ¥ n > 0. (3.50)

This implies that ¢, (u,) is always nonnegative, and from (3.22), we obtain

o P (Un)
Toun — uy, = <vapn‘|2>Vg0n, (3.51)
which implies
_ |l Pn(Un) _ Pnlun)
I = tall = || = (551) Vo4l | = ol 352
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for all n such that Vi, # 0. Thus, dividing both sides of the inequality (3.50) by
[|Vnll, we obtain

| Twun = unl| = 1]V eoull, (3.53)

which is also true for n having Vi, = 0. From (3.34), we have ||T,u, — u,|| — 0
as n — 00, so (3.53) implies Vo, — 0 as n — oo. Thus, it follows from (3.52)

that

lim ¢, (u,) =0. (3.54)

n—o0

From the expression for Vi, we have Z;"Zl Yen — 0 and xp,, — 7, — 0 for
k=1,2,---,m asn — oo. Moreover, subtracting xy, + Ay, W, from both sides

of equation (3.24), we obtain

Zn — Tkn = Ak,n(yk,n - wk,n)- (355)

This and the definition of ¢, imply that

NE

gpn(un) = <Zn — Tk, Yen — wk,n>

i
)

I
NE

<)\k,n<yk,n - wk,n>7 yk,n - wk,n>

e
Il
—

)\k,n‘ ’yk,n - wk,n‘ ‘2- (356)

I
NE

£
Il
—

Hence, from (3.54), (3.56) and the fact that Ay, > A, we have
lim ||yk, — win|| =0, forallk=1,2,--- m, (3.57)
n—oo

and from (3.55) and (3.57), we obtain

lim ||z, —2kn|| =0, forall k=1,2,--- m. (3.58)
n—oo
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Moreover, from Lemma 3.3.4, the sequence {u,} = {(zn,wipn, - ,Wnn)} con-

verges strongly to a point u* = (z*,wf, -, w}) € F = (g F(T;). In ad-

dition, equations (3.57) and (3.58) imply that yx, — wj; and x, — z*, for
each k = 1,2,--- ,;m. Since Gph(Ay) is closed and (zg, ykn) € Gph(A) for all

k=1,2,--- ,mandn >0, we get w; € Ag(z*). Furthermore, since {u,} C V and
V is a closed subspace, we also have u* € V and hence, u* = (z*,wj, -+ ,w},) €

Se(Ay, A, -+, A,,) and by Lemma 3.1.5 we obtain 2* € (A; + Ay +- -+ A,,) " 1(0).
Moreover, since u* = Pr(f(u*)) by Lemma 3.1.8, we obtain the variational inequal-

ity
(f —Du*,u" —z) > 0,Vr € S.(A1, Agy -+, Ap), (3.59)

as S¢(Ay, Ag, -+, Ay) C F. The proof is complete. ]
Remark 3.3.7. We observe that the algorithm given by 3.3.1 is equivalent to the
following scheme:

.
up = (20, W10, , Wmo) € V chosen arbitrarly,

.'L’k:,n - (_[ ‘l— AkvnAk)il(Zn —|— Ak,nwk,n)a kj = ]_7 27 . e ’m’

(3.60)
yk,n:wk,n+ Z"}\_::n’ k= 1727"' , T,
\un—&—l — Oénf(zn, wl,n7 e 7wm,n) + (1 - an)(cn7 dl,n; e )dm,n)u n Z 07

where f : V' — V is a contraction mapping with constant o, A, > 0 for k =

1,2,---,m,and n > 0, and
Cp = ann + Z(ﬁi—l - Bz)éza
i=1

i = Butrn + > _(Bict — Bi)dni,
=1

Zn _(5i<221:1 yk,i)a Zf sz(un) > Oa

~

C;, =
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~ W n, lf %(Un) S Oa
di; =

with

Z?—1<2n_$kiayki_wkn> _ 1 &
51' = o o — for €T; = — T s
Remark 3.3.8. At this point, we know that S.(Ay, Ay, -+, Ap) C F and one
can show that F C S.(A;, Ag,--- , Ay,) and hence S,(Ay, Ay, -+, Ap) = F.

If, in (3.60) we assume Ay, = A > 0, for £ = 1,2,--- ,m and n > 0, then we
get the following corollary for the sum of a finite family of maximal monotone

mappings in Hilbert spaces.

Corollary 3.3.9. Let Ay, : H — 2H fork € {1,2,--- ,;m} and m > 2, be maximal
monotone mappings satisfying Q := {2z € H : 0 € Az + Az + -+ + Az} # 0.
Let f : V — V be a contraction mapping with constant «. For arbitrary ug =

(20, W10, s Wmp) € V define an iterative algorithm by

;

xk,n: (I"’AAk)*l(zn—’—)\whn)’ k: ]_72’... , M,

Yk = Wi + 25 k=1,2,--,m, (3.61)
Un+1 = Oénf(zn, wl,m e 7wm,n) + (1 - an)(CTu dl,m e 7dm,n>7 n Z 07
\

where {¢,} and {dj,} are as in (3.60) and A > 0. Then, {u,} converges strongly

to an element u* = (2*, wf, -+ ,w}) of Sc(A1, Ag, -+, Ap), where z* € Q.

If, in Theorem 3.3.6 we replace the contraction mapping f by a constant u € V/,
then we get the following corollary for approximating the zero of the sum of a

finite family of maximal monotone mappings in Hilbert spaces.

Corollary 3.3.10. Let Ay : H — 27 for k € {1,2,--- ,m} (m > 2), be maximal
monotone mappings satisfying Q := {2z € H : 0 € Az + Az + -+ + Az} # 0.
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3. Approximating Zeros of the Sum of Mazimal Monotone Mappings

For arbitrary uy = (20, w10, , Wmo) € V define an iterative algorithm by

(

:Ek,n = ([ + >\k7nAk.)_1(Zn + )\k’nwkﬂl), k = 1’ 2’ P ,m’

Yn = Wi + 5 k=1,2,---,m, (3.62)

)\k,n

Up+1 = QrU + (1 - an)(cn7 dl,n> e adm,n)a n 2 07
\

where {c,} and {dy,} are as in (3.60), {M.,} C [AA] for some A > X\ > 0

and for each £k = 1,2,--- ,m and n > 0, and u = (z,wy, -+ ,wy) € V C
H™. Then, {u,} converges strongly to an element u* = (z*,w},--- ,w’) of

Se(Ay, Ay, -+ [ Ay, where z* € Q.

We note that if in Corollary 3.3.10 we assume that u = (0,0,---,0) € V we get
the following result for the minimum-norm point of the extended solution set of

the sum of a finite family of maximal monotone mappings in Hilbert spaces.

Theorem 3.3.11. Let Ay : H — 2% for k € {1,2,--- ,m} and m > 2, be maxi-
mal monotone mappings satisfying Q:={z € H:0 € Ajz+Agz+---+ Az} # 0.

For arbitrary ug = (z0, wo 1, -+ ,Wom) € V define an iterative algorithm by

(

l’k,n - (] “I'_ )\k;’nAk/,)71<Zn —I'_ )\kJka},n)) k’ = 1’ 2, e 7r'fn/7

Ykn = Win + Zn)\_::m; k= 17 27 e, M, <363)

Up+1 = (1 - Oén)(Cn, dl,n7 e 7dm,n)7 n > 07
\

where {c,} and {dy.,} are as in (3.60) and {\pn} C [N, A] for some X > A > 0
and for each k = 1,2,--+ ,m and n > 0. Then, {u,} converges strongly to the

minimum-norm point u* = (2*,wi, -+ ,wk) of Se(A1, Ag, -+, Ap), where z* € ).
Proof. We note that since u* = (2*, wy,--- ,w},) = Pr(0), where u* € Sc(Ay, Ag, -+, Ap) C
F, we obtain that «* is the minimum-norm point of S.(A;, Ag, -+, Ap). O]
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3. Approximating Zeros of the Sum of Mazimal Monotone Mappings

3.3.1 Application to Convex Minimization Problems

In this subsection, we apply Theorem 3.3.6 to study the convex minimization prob-

lems.

Let g : H - R, k =1,2,---.,m (m > 2), be a finite family of convex and
lower semicontinuous functions. We consider the problem of finding 2* € H such

that

91(z%) +92(27) 4+ g (27) = min{gi(2) + g2(2) + - + gm(2)}. (3.64)

We note that problem (3.64) is equivalent, by Fermat’s rule, to the problem of
finding 2* € H such that

0€ 0g1(2") + 0ga(2") + -+ - + Igm(27), (3.65)

where Jg is a subdifferential of g, which is maximal monotone (see, e.g., [95]). So,

we obtain the following theorem from Theorem 3.3.6.

Theorem 3.3.12. Let g, : H — R, for each k =1,2,3,--- ,m and m > 2, be a
convez and lower semicontinuous function such that Q = min,eg{g1(z) + g2(2) +
o+ gm(2)} £ 0. Let f:V =V be a contraction mapping with constant «. For

arbitrary uy = (20, wo 1, -+ ,Wom) € V define an iterative algorithm by

/

xk,n - ([ + )\k7nagk)_1(zn + )\k,nwhn), k = 1’ 2’ . e 7m’

Yk = Whin + 750, k=1,2,--+,m, (3.66)
Unp+1 = anf(zn>w1,na te 7wm,n) + (1 - an)(cna dl,n7 e 7dm,n)7n Z 07
\

where for each k =1,2,--- . m andn >0, { M.} C [\ A] for some X > )\ > 0,

Cn = 6nzn + Z(ﬂifl - 52)617

i=1

dk,n = ﬁnwk,n + Z(ﬁi—l - ﬁz)d;ﬂ,m
=1
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3. Approximating Zeros of the Sum of Mazimal Monotone Mappings

with

forT; =

1 m * * *
= pe1 Tri- Then, {u,} converges strongly to an element u* = (z*,wy, - - -

Zn, 'Lf sz(un) S 07

&=
Zn—(si(ZZL:l yk,i)a Zf Sol(un) > 07
~ wk,na Zf Spl(un) S 07
dis =
Wiy — (@ — T5), of @i(u,) > 0,
5 — Z;ﬂ:ﬂzn = Tkyis Yk — wk,n>

SR el P+ 305 s — a2

of Se(0g1,092, -+ ,0gm), where z* € Q.

Proof. Set A, = Ogy, for k=1,2,--- ,m. Then, we have that Ay, k =1,2,--- ,m,

is maximal monotone with Q:={z € H:0€ Ajz+ Az +---+ Az} # (. Hence,

the conclusion follows from Theorem 3.3.6. ]

3.3.2 Numerical Example

In this subsection, we present a numerical experiment to illustrate our result. The

following numerical example verifies the conclusion of Corollary 3.3.9.

Example 3.3.13. Let H = [, where [, is the space of sequences. Let A, Ay, Az :
ly — Iy be defined by Ajx =2+ (1,2,3,0,0,---), Asx = 22+ (3,4,5,0,0,---) and
Asz =3x—(2,2,2,0,0,---), where x = (x1, 29, -+ ) € l. We see that Ay, Ay and
Ajz are maximal monotone with R(/ + AA;) = R(I + AAy) = R(I + A\Aj3) = [, for

each A > 0. Now, by direct calculation we get that

L2.n

T3n

oz Awr, — A(1,2,3,0,0,-- )

Zn+)\w1,n+(1727370707"'>

Yin =

1+ A ’ 1+ A ’
Zn + Mg — A(3,4,5,0,0,-- ) 2z, + 2 wa, + (3,4,5,0,0,- )
1+ 2 Y= 1+ 2\ ’
tnt A +A(2,2,2,0,0,0) , _ 320+ 3Mwg, — (2,2,2,0,0,-)
1+ 3\ o 1+3)
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3. Approximating Zeros of the Sum of Mazimal Monotone Mappings

for some A > 0. Thus, if we assume A\ =1, o, = = l, foralln > 1,

— 1 __ 5
100(n+100)* n
and f(r) = 555 then the Algorithm in (3.61) reduces to the following:

1 1

n = TAB/ 1 102 o ns n n l—-— n,d n;d n,dn,
el = TR0 1 102) (o W W Wan) (U Ty ens duns das s

(3.67)

where {c,} and {dy,}, for k =1,2,3, are as in (3.60).

Now, if we take initial point uy = (21, w11, we1,ws1), where z; = (2,—1,-2,0,0,---),
wip = (1,1,1,0,0,---), way = (0,0,0,0,0,---) and w3, = (—1,—1,—1,0,0,-- ),
then the numerical result using MATLAB provide that the first component {z,}
of {un} = {(zn, W1 n, wan, ws,)} generated by (3.67) converges strongly to the so-
lution z* = (—3,—32,-1,0,0,---) € (A1 + Ay + A3)'(0) (see, Table 3.2, below).

3

TABLE 3.2: Convergence of the first component {z,} of {u,} generated by

(3.67)

nooz |
1 (2.0000, —1.0000, —2.0000, 0, 0, - - - )
2 (2.1662, —1.3413, —2.5015,0,0,---)  0.690
3 (1.3286, —1.4059, —2.3823,0,0,--)  0.8485
4 (0.7003, —1.3819, —2.2615,0,0,--)  0.6403
5 (0.4264, —1.3101, —2.1714,0,0,---)  0.2971
10 (0.0554, —1.0218, —1.7395,0,0,---)  0.0999
100 (—0.3081,—0.5944, —0.9294,0,0,---) 9.4868¢-04
200 (—0.2977,—0.6367, —0.9519,0,0,---) 3.6056e-04
300 (—0.3064, —0.6500, —0.9776,0,0,---) 2.4495¢-04
400 (—0.3141,—0.6539, —0.9906, 0,0, ---) 1.4142¢-04
500  (—0.3196, —0.6549, —0.9969, 0,0, ---) 1.4142e-04
1000 (—0.3300 — 0.6554, —1.0006,0,0,---) 0
2000 (—0.3324, —0.6597, —0.9987,0,0,---) 0
3000 ( 0.3330, —0.6635, —1.0001,0,0,---) 0

! l

(1, -2 -1,0,0,---) 0
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Chapter 4

Convergence Theorems for a Zero
of the Sum of Maximal Monotone

Mappings in Banach Spaces

In this chapter, we present some preliminary results that will be useful throughout
the chapter and study the forward-backward algorithm for a zero of the sum of
maximal monotone mappings in the setting of Banach spaces. In addition, we
prove strong convergence results for finding a zero of a finite family of maximal

monotone mappings in Banach

4.1 Preliminaries
We shall need the following known results in the sequel.

In this section, let E be a real reflexive Banach space with its dual E*.

Lemma 4.1.1. [87] Let f : E — R be a uniformly Fréchet differentiable and
bounded on bounded subsets of E. Then, V f is uniformly continuous on bounded

subsets of E from the strong topology of E to the strong topology of E*.
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4. Conv. Theorems for a Zero of the Sum of Monotone Mappings

Lemma 4.1.2. [28, 122] Let f : E — R be a strongly coercive Legendre function.
Then

i) Vf: E— E* is one-to-one, onto and norm-to-weak™ continuous;
ii) {x € E: Dy¢(x,y) <r} is bounded for ally € E and r > 0;
iii) domf* = E*, f* is Gateauz differentiable and V f* = (V f)~L.

Lemma 4.1.3. [68] If f : E — R is a Gateaux differentiable and totally con-
vex function such that for xy € E, the sequence Dy(x,,xq) is bounded, then the

sequence {x,} is also bounded.

Proposition 4.1.4. [28] Let f : E — R be a Gateaux differentiable, strictly

convex and lower semicontinous function. Then the following hold:

i) D¢(z,y) > 0Vr,y € E and Dy(x,y) =0 if and only if x = y.

ii) Dy(x,y) + Dy(y, ) = (x —y, Vf(z) = V[f(y)),Vo,y € E.

Lemma 4.1.5. [25] Let C' be a nonempty, closed and conver subset of E. Let
f+ E = R be Gateaux differentiable function and total convexr function and let
x € E. The Bregman projection P(]; from E onto C' is a unique vector with the

following properties:

i) 2= PL(x) if and only if (Vf(zx) —Vf(z),y—z) <0,y e C.
ii) Dy(y, PL(z)) + Dy(PL(x),z) < Ds(y,z), for ally € C and x € E.

Lemma 4.1.6. [82] Let f : E — (—o0,+00| be a proper, lower semi-continuous
and convez function, then f* : E* — (—o0,+00] is a proper, weak® lower semi-

continuous and convex function. Thus, for all z € E |, we have
N N
i=1 i=1

where {x;} C E and {t;} C (0,1) with Zf\il t;=1.
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4. Conv. Theorems for a Zero of the Sum of Monotone Mappings

Lemma 4.1.7. ( [76], see also, [88]) Let f : E — R be a Gateaux differentiable
function which is uniformly convex on bounded subset of E. Let {x,} and {y,} be

bounded sequences in E. Then the following assertions are equivalent

i) limy oo ||Tn — ynl| = 0.

Lemma 4.1.8. [122] Let f : E — R be a convex and continuous function which

s bounded on bounded subsets of E. Then the following are equivalent:

i) f* is Fréchet differentiable and ¥V f* is uniformly norm to-norm continuous

on bounded subsets of E*, domf* = E*;
it) f is coercive and uniformly conver on bounded subset of E;

iii) f* is bounded on bounded subsets and uniformly smooth on bounded subsets

of E*, domf* = E*;

Let f: EF — (—o00,400| be a proper, lower semicontinuous, convex and Gateaux
differentiable function and Vf : £ x E* — R be its Gateaux derivative. We will
denote the family of such function by F(F).

Lemma 4.1.9. [27] Let E be a Banach space and let A : E — 2F be mazimal
monotone mapping. Let f € F(E) such that V f is onto. Then given z € E* there
exists a unique © € FE such that z € V f(z) + Ax.

The method of proof in [53] provides the following lemma.

Lemma 4.1.10. Let E and K be real Banach spaces. Take f € F(E) and gy €
F(K), for eachk =1,2,--- ;m. Defineh: EX K™ — R as h(z,y1,y2,** ,Ym) =
f(x) + >0 g(yk). Then, if f and gg, for each k = 1,2,--- ,m, are strongly co-
ercive Legendre functions which are bounded, uniformly Fréchet differentiable and
totally convex on bounded subsets of E and K respectively, then h is also strongly
coercive Legendre function which is bounded, uniformly Fréchet differentiable and
totally convex on bounded subsets of E x K™.

68
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Proposition 4.1.11. [87] Let f : E — R be a Gateaux differentiable function.
If Vf is uniformly continuous on bounded subsets of F, then both f and V f are
bounded on bounded subset of E.

Lemma 4.1.12. [1] Let F : E — 2% be a mazimal monotone mapping and
G : E — E* be a bounded and continuous monotone mapping. Then the mapping

F + G is a maximal monotone mapping.

Now, we shall prove the following lemma.

Lemma 4.1.13. Let f be a strongly convez function with constant u > 0. Then

for ally € dom f and x € int dom f, we have
H 2
Dy(y, ) = Slle = ylIl%, (4.2)
where, D¢(y, ) is a Bregman distance with respect to f.

Proof. Let y € dom f and x € int dom f. By Definition 1.2.32, we have
F) 2 f@) + (V(@),y - a) + Elle = ol (4.3)
Hence, we obtain
Dy(y.2) = f(y) = f(2) = (Vf(2).y — @) = Bl = y]” (44)

which is the desired result. O

Lemma 4.1.14. Let f be a convex and lower semi-continuous function on a Ba-

nach space E. The following assertions are equivalent (see, [122]):

i) f is uniformly convex;

ii) There exists modulus ¢, V(x,z*), (y,y*) € Gph(Jf) such that

fy) = f(@) + (y —z,27) + o(||x — yl]);
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ii1) dom f* = E*, f* is Frechet differentiable and V f* is uniformly continuous.

Lemma 4.1.15. [65] Let {s1.} be a sequence of real numbers that does not decrease
at infinity, in the sense that there exists a subsequence {sy,} of {siy}such that

Sk; < Sk;41 for all j > 0. Define an integer sequence {my}r>k, as
my, = max{ky <[ < k:s <spq1}. (4.5)
Then my, — 00 as k — oo and for all k > ky

max{Sm,, Sk} < Smy+1- (4.6)

4.2 Convergence Results of Forward-Backward
Method for a Zero of the Sum of Maximal

Monotone Mappings in Banach Spaces

In this section, we study the forward-backward algorithm and prove strong con-
vergence of the method to a zero of the sum of maximal monotone and Lipschitz
continuous monotone mappings in real reflexive Banach spaces. For the rest of

this section, let F be a real reflexive Banach space with its dual E*.

Theorem 4.2.1. Let [ € F(E) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which s strongly convex with constant
i > 0 on bounded subsets of E. Let F : E — 2F" be a mazimal monotone and
G : E — E* be a L-Lipschitz continuous monotone mappings such that Q = {x €

E:0€ Fx+ Gz} # 0. For arbitrary ug,u € E define an iterative algorithm by

2y = (Vf 4+ M\F) YV fu, — \Guy); (4.7)

un+1 - Vf* [Oéanu + (1 - Oén)<Von - )\n(GZn - Gun))]a

where {a,} C (0,1) satisfying lim a, =0, Y00 a, =00 and 0 < A < A\, <A <
n—oo
&, for alln > 0. Then, {u,} is bounded.
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Proof. Let u* € Q. Let w, = Vf*(Vfz, — \(Gz, — Guy,)). Then, from (4.7) and

Lemma 4.1.6, we have

Df<U*a un+1) = Df(U*a Vf*[OéanU + (1 - an)Vfwn])

< apD(u*,u) + (1 — o) Dy(u”, wy,). (4.8)

Now, from (1.15), we obtain

D(u*,wy) = Dp(u", VI (Vfz, = M(Gz, — Guy)))
= W) = (u" —wn, Vfzn = M(Gzn = Gun)) — f(wn)
= JW) + {wn =", Vfz) + (0 = wn, MGz = Guy)) = fwn)
= fu') = (W =20, Vifzn) = f(zn) + (0" = 20, Vf2n) + f(20)
+Hw, —u*, Vfz,) + (U — wp, \(Gzy, — Guy)) — f(wy,)
= Dy(u’,zn) + (wn = 20, Vifzn) + f(20) = fwn)
—(wy, —u*, A\ (G2, — Guy,))

N

= Dy(u", z,) — Df(wy, z,) — (W, — u™, A\ (Gz, — Guy,)), (4.9)

and from (1.17), we get

Df<U*7Zn) - Df(wmzn) = Df(U*vun) - Df(wnvun)

+H(Vfu, — Vfz,,u* —w,). (4.10)

Now, combining (4.9) and (4.10), we obtain

D¢(u*,w,) = Dyg(u*,u,) — Ds(wy,un) + (Vfu, — Vfz,, v —w,)
—(wy, — u*, My (G2, — Guy,)). (4.11)

Furthermore, from (1.16), we get

De(wy,un) = Df(wn, 2n) + Dp(2n, un) — (Vfu, — Vfz,, w, — 2,). (4.12)
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Substituting (4.12) into (4.11), we have

Dy(u",wn) = Dy(u”sun) = D(wn, 2n) = Dy (zn, un) +(V ftn =V f2n, wn — z5)

H(Vfu, — Vzy,u" —w,) — (w, —u*, A\ (Gz, — Guy,))

= Dy¢(u*,up) — Dp(wn, 2) — Df(2n, upn) + (Vfu, — Vfz, u* — z,)
—(wp, — u*, M\ (G2 — Guy,))

= Ds(u",un) — Di(wn, 2n) — D(2n, ) + (Vfu, — Vfz,u* — 2,)
—(wy, — 2y + 2n — U5, M (G2 — Guy))

= Dy(u*,up) — Dp(wn, 2) — Dy(2n,upn) + (Vfu, — Vfz, u* — z,)
—(Wn, = 2nys M (G2 — Guy)) — (2, — U™, A (G2, — Guy))

= Dy(u*,up) — Dp(wn, 2n) — D2, un) — (Wy — 20y A (G2 — Guy))

—(zn — U, M (G2 — Guy) — (Vfz — Vifuy)). (4.13)

But z, = (Vf + A\ EF) NV fu, — \Gu,,) implies that V fu, — \,Gu, € (Vf +
M F)z, and hence there exists t,, € F'z, such that V fu, — \,Gu,, = V fz, + Auty.

Therefore,
1
t, = )\—(Vfun — MGu, — Vfz,). (4.14)

n

On the other hand we know that 0 € (Fu* + Gu*) and t,, + Gz, € (F + G)z,.

Since F' + (G is monotone, we obtain
(tn + Gzpy 2z —u*) > 0. (4.15)
Now, putting (4.14) into (4.15), we obtain

(zn — U, M(Gzp, — Guy) — (Vfz, — Vfu,)) > 0. (4.16)
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Now, from (4.13), (4.16), Lemma 4.1.13 and the fact that G is Lipschitz continuous,

we have
D¢(u*,w,) < Dy(u,un) — [Df(wn, 2n) + Di(2n, un)] — (Wn — 2n, A (G2, — Guy))
< Dy(u,un) = [Df(wn, 20) + Dy (20, un)] + Anll2n — wal[[|Gzn — Guy||
< Dyl un) — [Py (W, 20) + Dyl )] + MaLl 2 — walll120 — Gt
. p
< Dy(wun) = Glllwn = zll* + |20 — wll]
AL
+ 9 [[wn — Zn||2 + |2 — unH2]
. p— AL
= Dy un) = (B ) [l = 2l + 120 = wal ). (4.17)
and hence
Dy(u*,wy) < Dy(u”, uy). (4.18)
Finally, from (4.8) and (4.18), we get
De(u* upy1) < o Dy(u,u) + (1 — ay)Dy(u”, uy)
< max{Ds(u",u), Df(u",u,)}, (4.19)
and by induction we obtain
Dy(u*,u,) < max{Ds(u",u), Df(u*,up)}. (4.20)

This implies { Dy(u*, u,,)} is bounded. Therefore, by Lemma 4.1.3, {u,, } is bounded.
[l

Theorem 4.2.2. Let f € F(E) be a strongly coercive, bounded and uniformly
Fréechet differentiable Legendre function which is strongly convex with constant
p > 0 on bounded subsets of E. Let F : E — 2% be a mazimal monotone and

G : E — E* be a L-Lipschitz continuous monotone mapping such that Q = {z €
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E:0€ Fx+ Gz} # 0. For arbitrary ug,w € E define an iterative algorithm by

zn = (V4 M F) UV fun = AGlug); (4.21)

Uny1 = VI anVu+ (1 —a,)(Vfz, — A(Gzn — Guy))],

where {a,} C (0,1) satisfying lim a, =0, Y.°° a, =00 and 0 < A< A\, <A <
n—oo

%, for alln > 0. Then, {u,} converges strongly to an element u* = Pl(u).

Proof. From Theorem 4.2.1, we know that {u,} is bounded. Let u* = PJ(u). We

note that from Lemma 4.1.5 (i), we get
(v—u",Vfu—Vfu) <0,V ue. (4.22)
Now, from (1.20), (1.21), (4.7), Lemma 4.1.6 and (4.18), we obtain

Dy tnss) = Dy(w', Vi*(anVfu+ (1 - a,)Vfw,))
= Vi(u, onViu+ (1 — an)Vfw,)
< Vi, anViu+ (1 — an)Vfw, — an(Vfu — V")
Han(V fu — VFur), uner — u)
= Vi, o VU + (1 — an)Vfwn) + (o (V fu — VFu"), tnsr — )
= Dp(u, V(0 VIu' + (1 — an)Vfwy))
Hon(Vfu— Vfu'), st —u')

< anDp(u',u) + (1= ) Dy(u, w)
+a, (Vfu—Vfu* u, 1 —u*)
= (1 —oan)Ds(u",wy) + an(Vfu—Vfu* u,4 —u")
< (1 —an)Dyp(u*, up) + o (Vfu — V fu* upg —u’)
< (L= an)Dyp(u, un) + o[V fu =V fub[[[unsr — ]

+a, (Vfu—V fu,u, —u). (4.23)
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Moreover, from (4.8) and (4.17), we obtain

De(u*, upt1) < apDyp(u”,u) 4+ (1 — ) Dp(u™, uy,)

~(1 = ) (A2 ) [t = 2l + e = ]

which implies that

(1= an) (B5E) [l = 20l + lzn = P

< an(Dy(u*,u) — Dp(u*,un)) + Dy(u*, up) — Dp(u™, upyr).  (4.24)

Now, we divide the rest of the proof into two parts as follows:

Case 1. Assume that there exists ng € N such that the sequence of real numbers
{Ds(u*,u,)} is decreasing for all n > ng. It then follows that {Dg(u*, u,)} is
convergent and hence Ds(u*, u,) — Ds(u*, up11) = 0 as n — oo. Thus from (4.24)

and the conditions of a,, we get

lim [||wn, — 2a||* + |20 — unl|?] = 0, (4.25)
n—oo
which implies that
lim ||w, — z,|| = lim ||z, — u,|| = 0. (4.26)
n—0o0 n—oo

Moreover, from (4.21), we have
lim ||V fups1 — Vfw,|| = an||V fu — V fw,|| = 0. (4.27)
n—oo

Since V f* is uniformly continuous on bounded subset of E*, we obtain

lim ||up1 — wy|| = 0. (4.28)
n—oo
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Consequently, from (4.26) and (4.28), we get

[tni1 — unl] < ||un+1 — wy| + ||wn - Zn||

+||zn — un|| = 0 as n — . (4.29)

Now, since {u,} is bounded in E there exist v € E and a subsequence {u,, } of

{u,} such that u,, — v and

limsup(u, —u*,Vfu— Vfu*) = klim (Up,, —u*, V fu—Vfu"). (4.30)
—00

n—o0

Now, we show that v € Q, that is, v € (F+G)~!(0). Suppose (z,y) € Gph(F+@G).

This implies that y — Gx € Fx. Furthermore, we obtain from

Zn = (Vf + X, F) N (V fy, — A, Guy, ) that (4.31)
(Vfun, — A Guyn,) € (Vf 4+ F)zn, (4.32)
and thus,
1
)\—(Vfunk = Vfzn, — M, GUy,) € Fz,,. (4.33)
ng

In addition, monotonicity of I’ yields that

1
(x — 2z, y — G — )\—(Vfunk — Vfzn, — A\,Guy,)) > 0. (4.34)

Nk

Thus, we have

1
<CE - any) > <‘T — Znys Gz + /\_(vfumg - vfznk - )\nkGunk)>

' 1
/\_nk(Vfunk - sznk>>

= (v — zn,,Gx — Gzp,) + (v — 2, Gz, — Guy,)

1

= (v — zn,, Gx — Guy, ) + (T — 2zp,,

+(T — 2y,
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(x —2zn,,y) = (v — zn,,Gzn, — Guy,)

Ai(v i, — V2 )), (4.35)

(X — 2y,

Furthermore, from (4.26), the fact that G and V f are uniformly continuous, we
obtain lim,, , |Gz, — Gu,|| = 0 and lim,, . ||V fu,, — V fz,|| = 0. Consequently,
inequality (4.35) provides that (x — v,y) > 0 and hence by maximality of F' + G
we obtain v € (F + G)~1(0). Thus, by Lemma 4.1.5, we get

limsup(u, — u*, Vfu—Vfu*) = lim (u, —u",Vfu—Vfu")

n—o0 k—o0

= (v—u",Vfu—-Vfu)<0.  (4.36)

Therefore, from (4.23), (4.29), (4.36) and Lemma 3.1.9, we conclude that Ds(u*, u,) —

0 as n — oo. Hence, by Lemma 4.1.7 u,, — u* as n — oo.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that
D¢(u*, uy,) < Dp(u*, tp,41), Vi € N. (4.37)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {my} C N such
that my, — oo as k — oo and max{Ds(u*, Uy, ), Ds(u*,ur)} < Dy(u*, tm,+1) for

all £ € N. Thus, from (4.24) and the conditions of a,,, we get
lim ||, — 2m, || = im ||z, — um, || = 0. (4.38)
k—o0 k—o0

Moreover, following the methods in Case 1, we get

lim ||t — Um,+1|| =0, (4.39)
k—o0
and
lim sup(u,,, — u*, Vfu — Vfu*) <0. (4.40)
k—o0
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Now, from (4.23), we have

O (D (u”s i) < Dy(u, ) — Dp(u”, thmy41)

+ ot [|tmy, — W1 |||V fu =V fu]]
+ U, (U, — 0", V fu— V fu”)

| [y, — Uy [[||V fu =V fu”|

+am, (U, —u*, Vfu—V fu*). (4.41)

IN

Consequently, since a,,, > 0, we get

Dy(u®s ) < |ty = it [[[[V fu =V fu|

(U, —u", Vfu—Vfu). (4.42)

Therefore, from (4.39), (4.40) and (4.42), we obtain Ds(u*, uy,,) — 0 as k — oo.
But from (4.23), we obtain that D;(u*, ty,+1) — 0 as K — oo and hence the fact
Dy(u*, ug) < Dy(u*, tpm,+1) implies limsup,_, . Ds(u*, uy) = 0. Thus, uy — u* as

k — o0. O

If, in Theorem 4.2.2, we assume that F' = 0, then we get the following corollary

for a zero of monotone mapping in Banach spaces.

Corollary 4.2.3. Let f € F(F) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
1 > 0 on bounded subsets of E. Let G : E — E* be a L-Lipschitz continuous
monotone mapping such that Q = {x € F : Gx = 0} # (. For arbitrary ug,u € E

define an iterative algorithm by

2 = VIV fu, — MGuy), (4.43)

U1 = VIV fu+ (1 — a,)(Vfz, — \(Gzn — Guy))l,

where {a,,} C (0,1) satisfying lim a,, =0, >°7 @, =occand 0 <A <\, <A <
n—oo

&, for all n > 0. Then, {u,} converges strongly to an element u* = Pé(u)
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If, in Theorem 4.2.2, we assume that G = 0, then we get the following corollary

for a zero of maximal monotone mapping in Banach spaces.

Corollary 4.2.4. Let f € F(F) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
i > 0 on bounded subsets of E. Let F' : E — 2F" be a maximal monotone
mapping such that Q = {z € £ : 0 € Fxz} # (). For arbitrary ug,u € E define an

iterative algorithm by

2 = (Vf 4+ M F) (VY fun), (4.44)

Uny1 = V[V fu+ (1 = a,)(Vfz,)],

where {a,,} C (0,1) satisfying lim a,, =0, >°7 o, = 00 and 0 < A <\, < A,
n—oo

for all n > 0. Then, {u,} converges strongly to an element u* = ng (u).

If, in Theorem 4.2.2, E is in addition a smooth, strictly convex, then f(z) = 1|z||?
is a strongly coercive, bounded and uniformly Fréchet differentiable Legendre func-
tion which is strongly convex with the conjugate f*(2*) = 3||2*||>. This yields
that Vf = Jo = J with Vf* = J;' = J~!, where J is the normalized duality

mapping. Thus, we get the following corollary for approximating a zero of the

sum of two maximal monotone mappings in Banach spaces.

Corollary 4.2.5. Let E be a smooth, strictly convex and real reflexive Banach
space with its dual E*. Let F : E — 2F" be a maximal monotone mapping
and G : F — FE* be an L-Lipschitz continuous monotone mapping such that
Q={re€eE:0¢€ Fx+ Gz} # (. For arbitrary ug,u € E define an iterative

algorithm by

2 = (J + N F) 7 H(Juy, — M\Guy), (4.45)

Uny1 = J HapJu+ (1 — an)(Jzn — A(Gz, — Guy)),

where {a,,} C (0,1) satisfying lim a,, =0, > >" @, =occand 0 <A <\, <A <
n—o0o
%, for all n > 0. Then, {u,} converges strongly to an element u* of Q.
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Proof. Take f(z) = %||x| |2 which is strongly coercive and strongly convex Legendre
functions, then the scheme in (4.7) reduces to the scheme in (4.45). Thus, the

conclusion follows from Theorem 4.2.2 OJ

If, in Theorem 4.2.2, we assume that £ = L, (1 < p < 00) spaces, then these
spaces are smooth, strictly convex and real reflexive Banach spaces and hence we

have the following corollary.

Corollary 4.2.6. Let £ = L, spaces (1 < p < 00). Let F : E — 2F" be
a maximal monotone mapping and G : E — E* be a L-Lipschitz continuous
monotone mapping such that Q@ = {z € F : 0 € Fx + Gz} # (). For arbitrary

up, u € F define an iterative algorithm by

2o = (J 4 M F) 7 (T — MGy, (4.46)

Uny1 = J HapJu+ (1 — an)(Jzn — A(Gz, — Guy,))],

where {a,,} C (0,1) satisfying lim a,, =0, > >" @, =occand 0 <A <\, <A <
n—o0

& for all n > 0. Then, {u,} converges strongly to an element u* of €.

If, in Corollary 4.2.5, we assume E = H, a real Hilbert space, and f(z) = 3||z?,
then we have Vf = J, = JJ = I, identity mapping on H. Thus, we get the
following corollary for approximating a zero of the sum of two monotone mappings

in Hilbert spaces.

Corollary 4.2.7. Let H be a real Hilbert space. Let F' : H — 27 be a maximal
monotone mapping and G : H — H be a L-Lipschitz continuous monotone map-
ping such that Q = {x € H : 0 € Fx + Gz} # (). For arbitrary ug,u € H define

an iterative algorithm by

b = (4 AP) = 1., (147

Unt1 = aptt + (1 — ) (20 — M(Gz — Guy)),

where {a,,} C (0,1) satisfying lim a,, =0, Y.°7 @, =occand 0 <A <\, <A <
n—oo
for all n > 0. Then, {u,} converges strongly to an element u* of .
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4. Conv. Theorems for a Zero of the Sum of Monotone Mappings

4.2.1 Application to Convex Minimization Problems

Let k : E — R be a convex, Gateaux differentiable function with derivative Vk
which is Lipschitz continuous with constant L and [ : £ — R be a convex, lower
semicontinuous function. We consider the problem of finding x* € F such that

k(z*) + l(2*) = min{k(z) + I(x)}. (4.48)

zel

This problem is equivalent, by Fermat’s rule, to the problem of finding z* € F
such that

0 € Vk(z*) + 0l(z"), (4.49)

where Ol is a subdifferential of [. Note that Vk is monotone mapping (see, The-
orem 3.13,[81]) and 0! is maximal monotone mapping (see, e.g., [95]). Thus, the

following result can be obtained from Theorem 4.2.2.

Theorem 4.2.8. Let [ € F(E) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which s strongly convex with constant
1 >0 on bounded subsets of E. Let k : . — R be a convex, Gateaux differentiable
function with derivative Vk which is Lipschitz continuous with constant L and [ :
E — R be a convex, lower semicontinuous function such that @ = mingep{k(x) +

I(x)} # 0. For arbitrary ug,u € E define an iterative algorithm by

20 = (VI 4 M)~V fun = Ao Vhuy), (4.50)

Un+1 = V¥,V fu+ (1 —0a,)(Vfz, — M(Vkz, — Viu,))],

where {a,} C (0,1) satisfying lim a, =0, Y .°° a, =00 and 0 < A< A\, <A <
n—oo

%, for alln > 0. Then, {u,} converges strongly to an element u* = Pl(u).

Proof. Set F' = 0l and G = Vk. Then, we have that 0l is maximal monotone
mapping, Vk is Lipschitz continuous monotone mapping with Q = {x € £ : 0 €
Fx + Gz} # (). Hence, the conclusion follows from Theorem 4.2.2. ]
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4.2.2 Numerical Example

In this subsection, we present a numerical result to illustrate our result. The

following numerical example verifies the conclusion of Corollary 4.2.7.

Example 4.2.9. Let H = R. Define f : R - R, by f(z) = ‘”2—2, then Jo, = x = J;.
Let F,G : R — R be defined by F'z = 3z+1 and Gz = 2x — 11, then F is maximal
monotone mapping on R and G is 2-Lipschitz continuous monotone mapping with

2 € (F +G)71(0). Thus, the Algorithm {u,} generated by (4.47) reduces to the

following:
Up — 2Xn Uy + 10N, — 102 (2 — uy,)
Uns1 = o+ (1= ay,) e ] (4.51)
Therefore, if we assume v = 1, A, = %, = m, for all n > 0, and take

different initial points ug = 0, ug = 1, ug = 3 and uy = 4, then, in all cases,
the numerical experiment results using MATLAB provide that the sequence {u,,}
generated by (4.51) converges strongly to the solution u* = 2 (see, Figure 4.1,
below).

o
1

—_ — — u_=4
45 ¢F 0_3
——— Uo—
Ak uy=1
N u_=0
LN °
3.5 N
~
3: 3~ \\
~
173 \.\_ \\\
DL 25+ T~ =~
©C | e T—-a -
e I e T
g , Ty ey
1.5
1l
05
[0} I L . I L - : ' ‘
1 2 3 4 5 6 7 8 9 10 11 12

iterations, n

FIGURE 4.1: Convergence of the sequence {u,} generated by (4.51)
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4.3 Convergence Results for a Zero of the Sum of
a Finite Family of Maximal Monotone Map-

pings in Banach Spaces

In this section, we propose an algorithm for approximating a solution of the sum
of a finite family of maximal monotone mappings in Banach spaces, and prove a

strong convergence of the sequence generated by the proposed algorithm.

For the rest of this section, let £ be a real reflexive Banach space with its dual
E*. Let f € F(E) and g, € F(E*), foreach k =1,2,--- ,m. Let A, : E — 27",
k=1,2,---,m, where m > 2, be a finite family of maximal monotone mappings
satisfying Q:={z € E:0€ Ajz2+ Az + -+ Az} # 0. Let {a,,} € (0,1) such
that lim a, =0, Y 7, a, = oo and {f3,} is a decreasing sequence in (0, 1] such

n—oo

that BO = 1.

We now propose the following algorithm.

Algorithm 4.3.1.

Step 0: Select initial guess vy = (2o, w10, Wap, - ,Wmo) € V, where

V ={(z,w1,ws, - ,wp) € £ x B Zwk =0}.
k=1

Step 1: Given v, = (2, W1, Wan, ** ,Wm,) € V, for n > 0, compute
ZL‘kz,n — (Vf + )\k;7nAk)_1(vf<Zn) + )\k7nwk7n>7 k‘ = 1’ 27 e ’m,
Vilz,) -V n
Yen = f(z))\ f(:zrk,)erkm F—12m.
k.n
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where A\, € [\, A], for some A > \ > 0.

Step 2 : Define

Tn = Zznzl <xk,n7 yk,n>7

(4.52)
On = (2n, ZZL yk,n> + Z?:l(xk,n — Ty, wk,n>
where T,, = % ZZ; T If v, = 0, then stop. Otherwise, compute
Un,s [ Uy € Hi;
Tiv, = / (4.53)
(%,uﬂ,uéf--,uig, if %1¢ }ﬂa

which is the Bregman projection of v,, onto the set

H; ={(z,w1,wa, -+ ,wy) €V :{(z,w,ws, W),
m
(Z Yhois T1i — Tis T2y — Tiy 5 Ty — T7)) < 04,
k=1
foreach : = 1,2,--- ,n, with

oi = (Vf(Vf(z)+ni Z Yii)s Z Yi.i)

k=1 k=1

+ Y (i = T, Vi (Var(wn) + mizes — %)),
k=1

where (2. W), wh, -+ ,w' ) € E x E*" is given b
) 1 29 I m

7

2=V (Vf(zn) + 000 i Yka)),
wy, = Vgi(Vge(wen) + ni(xr, — 7)), (4.54)

k% - <Z/7 ZZL:I yk,i) + Z;:nzl <xkﬂ' — T4, w%),
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for each k =1,2,--- ,m, and for some 7; € R.

Step 3: Compute

Up = Vh*(ﬁth<Un) + Z?:1<Bi—1 - ﬁz)Vh(,—TzUn))a
Unt1 = Vh*(a, Vh(u) + (1 — a,)Vh(uy,)), Vn > 0,

(4.55)

where h : E x E*" — R is defined by h(z,wi,ws, - ,wy) = f(2) + g1(wy) +
go(wy) + -+ + gm(wy,) and u € E x E*". Set n:=n + 1 and go to Step 1.

Remark 4.3.2.

We make the following observations to justify that Algorithm 4.3.1 is well defined.

1. From the maximality of Ay and the fact that V f is onto (see, Lemma 4.1.2)
we obtain that the mapping (Vf + A\, Ay.,) " is single-valued and hence xy,

and yy, in Step 1 exist and are well defined for each £ =1,2,--- ,m.

2. By rearranging equations in Step 1, we get

vf<xk:,n) + )\k,nyk,n = vf(zn) + )\k’,nwk,n; (456)

as a consequence, we have yi,, € Ag(zk,).

3. From the definition of Bregman projection, it follows that there exists a point
(2w, wh, -+ ,w! ) € Ex B satisfying the system of equations in (4.54)
which is the first order optimality condition for the Bregman projection of
(Zn, Wiy W, -+, Wiy ) Onto the hyperplane H; with respect to the auxil-
iary function h. Since H; is closed and convex, the existence of the point

(', wy,wh, -+ ,w!) follows from Lemma 4.1.5.

Next, we shall prove the following propositions and lemmas which will be needed

in the proof of our main theorem.

Proposition 4.3.3. If f € F(FE) and g, € F(E*), for each k = 1,2,--- ,m,

are strongly coercive Legendre functions which are bounded, uniformly Fréchet
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differentiable and totaly convex on bounded subset of E and E*, respectively,

then 7,, < d,, with v,,d,, as defined in (4.52), which is equivalent to

Tn

where € € (0,1] for all n > 0.

Proof. From (4.52), (4.56) and the fact Az, is positive for each k = 1,2,--- ,m

we get

< (1—€)y, + €dy, (4.57)

671 —Tn = Zn7 Zyk n) + Z LTk — Ty, wkz,n) - Z<xk,na ykz,n)

1 =
m
= Zn7§ ykn + E $k,nawkn E mnawkn -
k=1

k= k=1

S

<wk,n7 yk,n>

k
m

1

SEMS

= Zn7§ ykn + E xk,nawkn mnaE wk:n - xk,nvyk,n>
1

and

571, —Tn = Zna Zykn + Z xk,n7wk,n> -
= Zn, Zyk‘n + Z xk‘,n7wk,n> -

I
Ms

B
Il
—

[
NE

B
Il
,_.

<Zn — Tk.n,

k=1 k=

3

NE

<$k,n> yk,n>
k=1

3
B
ﬂ‘

NE

m
<xk,n7 yk,n> - <Zn7 Z wk,n)
k=1

k=1

=
Il
—

<Zn — Tkns Yen — wk,n>

Vf(zn) — vf(xk,n)

> 4.
) 20, (4.58)

where the last inequality holds by the virtue of strict convexity of f. This implies

that v, < d,, for all n > 0. The proof is complete. m

Proposition 4.3.4. Let f € F(E) and g, € F(E*), for each k = 1,2,--- ,m,

be strongly coercive Legendre functions which are bounded, uniformly Fréchet

differentiable and uniformly convex on bounded subsets of £ and E*, respec-

tively. If Algorithm 4.3.1 stops at n, then v, = (2, W1 p, Wop, - , W) belongs
to Se(Ay, Ao, -+, Ay), that is v, solves problem (1.1).
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Proof. Algorithm 4.3.1 stops at n if v, = §,. This implies, from (4.58), that

" Vi(z,) — VI(Tpn
S (o gy, VI en) = Vi),

p— . 4-
™ 0 (4.59)

k=1

By positivity of )\, and strict convexity of f, we obtain
for each k =1,2,--- ,m. As a consequence, this and equation (4.56) yield

Ykn = Wi,n, (461)

for each £k =1,2,--- ,m. Therefore,

0= Z Wg.n = Z Ykn € Alxl,n + A2x2,n + -+ AmJ:m,n
= k=1

and hence v, = (2, W10, Wan, - , Winp) € Se(A1, Ao, -+, Ap). O

Lemma 4.3.5. Let f € F(E) and g, € F(E*), for each k = 1,2,--- 'm, be
strongly coercive Legendre functions which are bounded, uniformly Fréchet differen-
tiable and uniformly convex on bounded subsets of E and E*, respectively. Let {v,}
be the sequence generated by Algorithm 4.3.1. Then, S¢(A1, As, -+, Ay) C H;, for

each i > 1.

Proof. From (4.54) and the definition of ¢;, we have,

v < o;, for each i > 1. (4.63)
Now, it suffices to show that for any (z*, wi,ws, - ,w) € Se(A1, Ag, -+, Ap)
<Z*7Zyk’n +Z Thi — xuwk <'71 (464)
k=1 k=1

87



4. Conv. Theorems for a Zero of the Sum of Monotone Mappings

But, from (4.52) and (4.64), we have

S

Zykn + Z Thi — Tiy W})]

k=1
m m m
= Z<xk,i7 yk,z> - <Z*7 Z yk,’fl> - Z<xk,z - x_i7 wl:>
k=1 k=1 k=1
m m m m
= Z<$m,ym> — (2, Zykn> - Z Jim,wk + Z T, wy)
k=1 k=1 k=1 k=1
m m m
= Z<xk,i7 yk,z> - <Z*7 Z yk,n> - Z<xk,i7 "LUZ)
k=1 k=1 k=1
m m m m
= D D) — (D) — D i)
k=1 k=1 k=1 k=1

NE

(2" = Tpiswy, — Yr) >0,

B
Il
—

where the last inequality follows by the virtue of the monotonicity of Ay, wj €
Ag(z*) and yx; € Ag(xg,), for each k = 1,2,--- ,m. Therefore, inequality (4.64)
holds and hence S.(A;, As,- -+, A,,) € H; for each i > 1. O

Lemma 4.3.6. Let f € F(E) and g, € F(E*), for each k = 1,2,--- 'm, be
strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-
entiable and uniformly convex on bounded subsets of E and E*, respectively. Then

the sequence {v,} generated by Algorithm 4.3.1 is bounded in E x E*".

Proof. Since Q # (), from Lemma 3.1.5, we have S¢(Ay, Ag, -+, Ay) # 0. Let
v* € Se(Aq, Ag, -+, Ay). Then, from (4.55), Lemma 4.1.6 and the fact that T is

Bregman strongly nonexpansive, for each ¢ > 1, we have

Dp(v*,un) = Dp(v", VA (B, Vh(vn) + Eiy (Bi1 — Bi) VI(Tivy))
< BuDn(v*,vn) + By (Bi1 — Bi) D (v*, Tyvn)
< BuDn(v",vn) + By (Bicy — 8i) Du(v", vn)
= Dy(v*,v,). (4.65)
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From Lemma 4.1.6 and (4.65), we also get

Dy(v* vpp1) = Dp(v*, VA" (0, Vh(u) + (1 — o) Vh(uy,))

< apDp(v*,u) + (1 — ay) Dp(v*, wy)
< a, Dp(v*,u) + (1 — ay,) Dy (v*, v,) (4.66)
< max{Dy(v*,u), Dp(v*,v,)}, (4.67)

and hence by induction we obtain
Dy (v*,v,) < max{D(v*,u), Dp(v*,vg)}. (4.68)

This, implies that {Dp(v*,v,)} is bounded. Moreover, by Lemma 4.1.3, the
sequence {v,} is bounded and so are the sequences {u,} and {Tv,}, for each

1> 1. [l

Lemma 4.3.7. If f € F(E) and g, € F(E*), for each k = 1,2,--- 'm, are
strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-
entiable and uniformly convex on bounded subsets of E and E*, respectively, then

the sequence {v,} generated by Algorithm 4.3.1 converges strongly to an element

v Offzﬂfil F(Tz)

Proof. Since Q # (), from Lemma 4.3.5 we have Q C F and hence F # (). Let
v* = P%(u). From (4.55) and the properties of V}, , we get

Dy (v*,vp11) = Via(v", VA(vni1))

IN

Vi (0", VA1) — o (VA(u) — Vh(v*))

(V1 — V", —(an(Vh(u) = VR(v")))

= Vh(v", 0uVh(u) + (1 — @) Vh(uy) — anVh(t) + an Vh(v"))
o (Ups1 — v, V() — Vh(v))
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and

IN

Dy (v*, vpy1) Vi(v*, 0, VR(v*) + (1 — o, )Vh(uy,))
+a, (V1 — 0%, Vh(u) — Vh(v"))
= Dyp(v*, VA*(a, VA(W") + (1 — ) VA(u,)))

+a, (V1 — 0%, Vh(u) — Vh(v"))

IN

an Dp(v*,0") + (1 — ) Dp(v™, uy,)

+a, (V1 — 0%, Vh(u) — Vh(v"))

IN

(1 — ) Da(v*, ) + i (Uns1 — vn, Vi(u) — VA1)
o (U — 0%, VA1) — Vh(v"))

(1 = an) Du(v", vn) + anl[vnsr — val[[[VR(w) — VR(0")]]
o (U — 0%, VA1) — Vh(v")). (4.69)

IN

Moreover, from (4.55), (4.66) and Lemma 4.1.6, we get

Dyp(v*,vp41) < apDp(v*,u) + (1 — o) Dy (v*, uy)
= a,Dp(v*,u)

+(1 — an) Dp(v*, VR* (B, Vh(v,) + X, (Biz1 — Bi)Tivn))

IN
e
S
S
=
<
7 =
_.I_
—_
|
o
<
3
S
>
<
\'*
<
N

+(1 - an) Y (Bic1 — 5Z>(Dh( Tzvn) - Dh(v*avn))
+(1 — an) Dp(v*,v,) — (1 — ay) B Dp (v, v,)]
= ap(Dp(v*,u) — Dp(v*,v,)) + Dp(v*,vy)

+(1 — )X (Bic1 — Bi)(Dr(v*, Tiv,) — Dp(v*,v,)), (4.70)
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which implies that

(1 - an)E?:1(ﬂi_1 — ﬁz’)(Dh(U*7 Un) - Dh(v*a Tzvn))
< (Dp(v*,u) — Dip(v*,vy)) + Dp (v, v,) — Dp (v, Up41) (4.71)

Now, we divide the rest of the proof into two parts as follows:

Case 1. Suppose that there exist ng € N such that {Dj(v*,v,)} is decreas-
ing. Thus, {Dp(v*,v,)} converges and hence Dj(v*,v,) — Dp(v*,v41) — 0 as

n — oo. From (4.71) and the conditions of «,,, we get

lim (Dp(v*, v,) — Dp(v*, Tyv,)) = 0. (4.72)

n—0o0

Now, since T; is Bregman strongly nonexpansive we get

lim Dy (v, Tyv,) =0, for each i > 1. (4.73)

n—oo

Thus, by Lemma 4.1.7, we obtain

lim ||T;v, — v,|| = 0, for each i > 1, (4.74)
n—oo
and hence
lim ||T,v, — v,|| = 0. (4.75)
n—oo

Furthermore, since E is reflexive and {v,} is bounded, there exist v € E x E*"

and a subsequence {v,, } of {v,} such that {v,, } converge weakly to v and

lim sup(v, — v*, Vh(u) — Vh(v")) = klim (U, — V", Vh(u) — Vh(v")).
—00

n—0o0

Now, using (4.74) and the fact that T} is Bregman strongly nonexpansive mapping

we have v € F(T;) for each i > 1 and hence v € F. Since v* = P%(u) by Lemma
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4.1.5, we obtain

lim sup(v,, — v*, Vh(u) — Vh(v*)) = lim (v, —v*, Vh(u) — Vh(v"))
—o0

n—o0 k

= (v—v",Vh(u) — Vh(v")) <0. (4.76)
Moreover, from (4.55) and Lemma 4.1.6, we have

Dy(Vp,Vns1) = Dp(vn, VE* (@, VRh(u) + (1 — ay, ) Vh(uy))

< apDp(vn, 1) + (1 — ) Da(vn, i)
< anDp(vn, u)

L= ) Dy VA (BT h(0) + 3 (Bis — B)VA(T))
< apDp(vy,u) + (1 — an)ﬁnDh(vn,vn)i:1

+(1 — a2 (Biz1 — Bi) Di(vn, Tivy). (4.77)
Thus, from the conditions of «,,, (4.73) and (4.77), we obtain
lim Dy (vy, Upy1) = 0, (4.78)

n—oo

and hence, by Lemma 4.1.7, we get
lim ||v, — vpia]|| = 0. (4.79)
n—oo

Therefore, the relations in (4.69), (4.76), (4.79) and Lemma 3.1.9 imply that
Dy(v*,v,) — 0 as n — oo. Consequently, by Lemma 4.1.7, we obtain {v,}
converges strongly to v*.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that
Dy (v*,vp,) < Dp(v*,Up;41), Vi € N, (4.80)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {m;} C N such

that my — oo as k — oo and max{Dy,(v*, vy, ), Dn(v*, v5)} < Dp(v*, Upg1) for
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all k € N. Thus, from (4.71), conditions of a,,, we get
lim Dy (v*, v, ) — Dp(v*, Tivy,, ) =0, (4.81)

k—o0

for each ¢ € N. Therefore, from the fact that 7} is Bregman strongly nonexpansive,

(4.73) and Lemma 4.1.7, we obtain
lim ||vy,, — Tivm, || =0, (4.82)
k—o0

for each ¢ € N and hence following the methods in Case 1, we get

lim sup(vy,, — v*, Vh(u) — Vh(v*)) <0 (4.83)
k—ro0
and
lim ||vy, — Um,t1]] = 0. (4.84)
k—o00

Now, from (4.69) we have

Oémth(U*, Umk) S Dh(v*vvmk) - Dh<v*7 vkarl)
+ | [Umi1 = Vm [ VA(0) = VA(07)]]
+ 0, (U, — V", Vh(u) — Vh(vY)). (4.85)

Consequently, since ay,, > 0 and Dy (v*, vy, ) < Dy(v*, Uy, ,), We get

Dy(v",vmy) < Vg1 — v |[[[VR(0) = VA(07)]|
+{Vm,, — v, Vh(u) — Vh(v")). (4.86)

Therefore, from (4.83), (4.84) and (4.86), we obtain limy . Dp(v*,vy,) = 0.
This and (4.69) imply that limsup,_,.. Dp(v*,vm,+1) = 0. But, the fact that

Dy (v*,vg) < Dp(v*, Uy, +1) provides

lim sup Dy, (v, v;) = 0. (4.87)

k—o0
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Thus, by Lemma 4.1.7 we obtain that vy — v* as kK — oo.

Theorem 4.3.8. Let f € F(FE) and g, € F(E*), for each k = 1,2,---

O

,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly convex on bounded subsets of E and E* respectively. Then,

the sequence {v,} generated by Algorithm 4.3.1 converges strongly to an element

v* = (25w wd, - wk) of Se(Aq, A, -+ Ay, where 2 € ().

Proof. Note that the equality in (4.75) yields

m

T |z = V(Y (20) + 50 Yyl =0,
k=1
and
nh_>nolo wkn = Vg (Var(win) + mn(Trn —T0))|| =0,
for all k =1,2,--- ,m. Moreover, using Proposition 4.3.3, we have

(VI(Vf(zn) + Z Ykon)s Z Yin)
k=1 k=1

+ 3 (Vi (Vgr(Wen) + 1@k — Fn)), T — Tn)
k=1

m m m
< (1—¢) Zﬂﬁkmykn + €] Znazykn +Z<wk,n,$k,n—$_n>],
k=1 k=1 k=1

which implies that

(=V [ (Vf(zn)+ M Z Ykon)s Z Yin)
k=1 k=1

+ 3 =V (Vae(win) + 00Tk — Tn)), T — Tr)
k=1

(4.88)

(4.89)

> —(1—e¢ Z Thns Ykon) — €[(2n, Z Ykn) + Z(wk,m T — Tn)]- (4.90)
k=1 k=1 k=1
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By adding (z,,, > ey Ykn) + ey Wk, Thn — Tn) on both sides of inequality (4.90)
and using equation (4.56), we get

k=1 k=1
k=1

]- _6 Z xknuykn 1 _6)[<Znyzyk,n> +Z<wk,naxk,n_x_n>]
k=1 k=1 k=1

(= Ol D )+ D s T — T) — 3 (s )]

v

3

k=1 k=1 k=1
- 1 - 6 ZTL7 Zykn + Z wk,na xk,n) - Z<wk,nax_n> - Z<xk,n, yk,n>]
k=1 k=1 k=1
= 1 - 6 Zn7 Zykn + Z wk,nu xk,n) - Z<xk,n7 yk,n) - Z<Zn; wk,n)]
k=1 k=1 k=1
= (1 - 6) Z(zn — Tk, Yen — wk,n>
k=1
- Vf(za) = VI(hn
= (1 - €> Z(Zn - zk,?’u f(z ))\kn f(xk’ )>
k:1 kl
1— e
> 5 e = s V() = V(@)
k=1
and hence

(20 = VI (Vf(z0) + 0 Z Ykn)s Z Yin)
k=1 k=1

k:l

1 —
= X : Z Df(zn’ 'Ikm) + Df<xk’,na Zn)a (491)

k=1

where inequality (4.91) follows from (6.2.1). Thus, using the relations in (4.88),
(4.89), (4.91 ) and the fact that the sequences {zy,} and {yx,} are bounded, we
get

lim D¢(zp, gpn) = Um Dy(xgp, 2,) = 0. (4.92)

n—o0 n—oo
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Consequently, from Lemma 4.1.7, we obtain

lim ||z, — 2xn|| =0, (4.93)
n—oo
for each k = 1,2,--- ,m. In addition, since the sequences {xy,}, {yxn} and {z,}

are bounded and V f is uniformly continuous on bounded sets, from (4.93), we get

T [[Vf(20) — V()| = 0. (4.94)

Thus, from (4.56), we obtain

lim ||y, — win|| =0, for each k =1,2,--- ,m. (4.95)
n—oo
Moreover, from Lemma 4.3.7 the sequence {v, } = {(z,, w1, , W)} converges

strongly to a point v* = (z*,wi, -+ ,w}) € F = (2, F(T;). In addition, the

m

equations in (4.93) and (4.95) imply that =y, — 2* and yx, — wj, for each

k =1,2,---,m. Since Gph(Ay) is closed and (zy, Ykn) € Gph(Ag), for all

k=1,2---,mand n >0, we get w; € Ap(z*). Furthermore, since {v,} C V
and V is a closed subspace, we also have v* = (z*,w},--- ,w?) € V and hence,
v* € Se(Ay, Ag, -+ | Ap), where z* € Q. O

Remark 4.3.9. We observe that Algorithm 4.3.1 is equivalent to the following

scheme:

(
vo = (20, W10, * ,Wmo) € V chosen arbitrarly,

$k,n - (vf + )\k:,nAk:)il(vf(Zn) + )\k,nwk,n)a k = 17 27 e, M, (4 96)
o )‘Ic,n

Yk,n +wk,n7 k= 1727”' , M,

\/U’n-‘rl - Vh*(Oéth(Z, Wy, W -+ - awm) + (1 - an)Vh(aTw bl,nu e 7bm,n))7
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where (z,wy, ws -+ ,wy,) €V,

an = V(B V f(20) + Z(ﬁi_l — BV (@),

bn = Vi (BaVar(win) + Y (Bio1 = B)Vr(br.))

=1

and Ay, € [A, A, for some A > A > 0, for each k = 1,2,--- ,m, with

Zn, 1f v, € Hj,

&\i =
VAV f(zn) +mi(imy Yea)), if v & Hi
— wk,n7 'lf Up € Hia
br,i =

Vai(Var(win) + ni(Tr: — 7)), if vn € Hi,

such that

Vi = (VL) O uei)s Y i)
k=1 k=1

+> (i — 77, Vi (Vgr(wen) + mi(wr: — 7))

k=

1

for yr; € Ax(zg;), 7 € R and H; is as Algorithm 4.3.1.

We note that if in (4.96) we assume that (z,wy,ws -+ ,wy,) = (0,0,0,---,0) € V

we get the following theorem for approximating the minimum-norm point of the

extended solution set of the sum of a finite family of maximal monotone mappings

in Banach spaces.

Theorem 4.3.10. Let f € F(E) and gr € F(E*), for each k = 1,2,--- ,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly conver on bounded subsets of E and E*, respectively. Let

Ay« E — 28 for k € {1,2,---,m} and m > 2, be mazimal monotone map-

pings satisfying Q = {z € E:0 € Ayjz+ Asz+ -+ Az} # 0. For arbitrary
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vo = (20, W01, ,Wom) €V define an iterative algorithm by
(
.Z'k,n = (Vf + /\k,nAk)_l(Vf(Zn) + Ak7nwk7n), k = 1, 2’ S m,

Vf(zn)_vf(xk,n)
)‘k,n

Up+1 = Vh*((l - an)Vh<ana bl,n7 T 7bm,n)>a

Yen = +wk,n) k:1,2, , M,

where {a,} and {b,,} are as in (4.96), {Mn} C [N\ A for some X > A > 0

and for each k = 1,2,--- 'm and n > 0. Then, {v,} converges strongly to the
minimum-norm point v* = (2*,w}, -+ ,w’) of Se(Ay, Ag, -+, Ap) with respect to

the Bregman distance and the auxiliary function h, where z* € €).

If, in (4.96), E is smooth, strictly convex and real reflexive Banach space with
its dual E* and f : E — R and g, : E* — R are defined by f(x) = %||m||p,
9(y) = %||yk||q, for each £ = 1,2,--- ;m, and 1 < p < oo such that %—I—% =1
with h(x, y1, 92, Ym) = %HQ:HP + é S e Nyel|9. Then, f, g, and h are proper,
lower semicontinuous, strongly coercive Legendre functions which are bounded,
uniformly Fréchet differentiable and uniformly convex on bounded subsets of E,
E* and E x E*", respectively. Moreover, the corresponding conjugates are given
by f*(z*) = Cllz*|l% gi(wi) = Sllwills and h* (2" y7, 93, syp) = Slla*[17 +
%ZZLI l|lyz||? and the corresponding gradients are given by Vf = J,, Vg, = J,,
Vh = (Jp, g, -, Jy) with Vf* = J,,Vgi = J,, for each k = 1,2,--- ,m and
Vh* = (Jg Jp, -+, Jp). Thus, we get the following corollary for approximating

a zero of the sum of a finite family of maximal monotone mappings in Banach

spaces.

Corollary 4.3.11. Let E be a smooth, strictly convex and reflexive real Banach
space with its dual E*. Let f(z) = %||x||p and gy (yx) = %||yk||q, fork=1,2,---,m
and 1 < p < oo such that % + % = 1 be functions on F and E* respectively with
h(x,y1, Y2, Ym) = f(2) + >0 gr(y). Let Ay : E — 287 for k € {1,2,--- ,m}

and m > 2, be maximal monotone mappings satisfying  := {z € E : 0 €

Ajz+Asz+ -+ Az} # 0. For arbitrary vy = (20, Wo1, - , Wom) € V define an
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iterative algorithm by

(

Tk = (Jp + )‘k,nAk;)_l(Jp<Zn) + )‘k,nwk,n)y k= 1,2,---,m,

Jp(zn)_Jp($k,n)
)‘k7n

Ykon = + Wi p, kE=1,2,--- ,m,

Un41 = Vh*(ozth(z, w1, Wg -« -+ awm) + (]- - an)Vh(any bl,na e 7bm,n))7

where (z,wy,we -+ ,wy,) €V, Vh = (Jy, Jy, -+, Jy), VR* = (Jy, Jp, -+, Jp)

an L (20) +Z Bio1 — Bi)Jp(@)

(Bn wkn + Z 5@ 1 Bz (bk z))

and A, € [\, A, for some A > A > 0, for each k = 1,2,--- ,m, with

N zZn if v, € Hj,
a; —
Jo(Jpzn) + (3252 i) if va & H;
—~ W,n Zf Up € Hi7
bri =

p(Jg(Wn) + niTrs — 7)) if va & Hi,

such that
Vi = (Jo(Jp(zn) + UZ(Z Yiii)): Z Yi.i)
k=1
+Z Tki — ZEZ, (wkn)_’_nz(xkz__z)»
k=1

for yp; € Ax(vx;) and n; € R. Then, {v,} converges strongly to an element
vt = (25wl wi, - wk) of Se(Ay, Agy -+ L Ayy), where 2* € Q.

If, in (4.96), E is smooth and strictly convex with its dual E* and p = 2, then
Vh=(JJ - JYand VR* = (J1 J,---,J). Thus, we get the following
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corollary for a zero of the sum of a finite family of maximal monotone mappings

in Banach spaces.

Corollary 4.3.12. Let E be a smooth, strictly convex and reflexive real Ba-
nach space with its dual E*. Let f(z) = 3|/z|[* and gi(yr) = %|ysl|?, for
k=1,2,--- m, be functions on E and E* respectively with h(z,y1,y2, " Ym) =
f@)+30 gr(yk). Let Ay : B — 28" for k € {1,2,--- ,m} and m > 2, be maxi-

mal monotone mappings satisfying Q :={z € F:0€ Ajz+Ayz+---+ A2} # 0.

For arbitrary vy = (20, w1, ,Wom) € V define an iterative algorithm by
)
Ten = (J+ MenAr) (T (20) + AenWrn), k=1,2,--,m,
yk,nZ%‘yW—l—wm, k=1,2,---,m,
| U+t = Vi (a,Vh(z, w1, we - wn) + (1 — ) VR(an, biny -+ b))

where (z,wy,wy - ,wy) €V, Vh=(J,J - JN, VA= (J 1 J - J)

an = J (BT (2a) + Z(ﬂi_l — Bi)J(ai))

bn = J(Bud " (win) + D (Bior — B) T (b))
i=1

and Ay, € [A, A], for some A>A>0, foreach k=1,2,---,m, with

Zn tf v, € Hy,

T Gn) +mQky vei)) if vn @ Hi

& =

o~ wkm Zf Uy € Hi7

b =
J(J Y wgn) +ni(xr; — 7)) if va & H;,
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such that

v = (TIE) 00 ued))s > k)

NE

+ (g — T, J(J_l(wk,n) +ni(z; — 7))

b
Il

1

for yr; € Ar(zg;) and n; € R. Then, {v,} converges strongly to an element

vt = (25wl wi, - wk) of Se(Ay, Agy -+ L Ayy), where 2* € Q.

If, in Corollary 4.3.12, we assume F/ = H, a real Hilbert space, then Vh = Vh* =
I, where [ is the identity mapping on H™"!. Thus, we get the following corollary
for approximating a zero of the sum of maximal monotone mappings in Hilbert

spaces.

Corollary 4.3.13. Let H be a real Hilbert space. Let f(z) = 3||2||?, gr(yx) =
vkl for k =1,2,--- ,m, be functions on H with h(z,y1,ys, - ym) = f(z) +
S gk(yk). Let Ay : H — 277 for k € {1,2,--- ;m} and m > 2, be maximal
monotone mappings satisfying Q :={z € H : 0 € Ajz+ Az + -+ Az} # 0.

For arbitrary vy = (20, w1, ,Wom) € V define an iterative algorithm by

(

xk,n = ([ + AkanAk)il(Zn —+ Ak,nwkz,n)a ]{j = ]_, 2’ S, M,

Ykn = Zn/\—kﬂ + Wk n, k= 17 27 e, M, <497)
Up+1 = Oén(Z,wl, wg - 7wm> + (1 - an)(ana bl,'rn T 7bm,n>
\
where (z,wy,we -+ ,wy,) €V,

i=1

D = Butin + 3 (Bio1 — Bi)bes
=1
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and A\, € [A, ], for some A > A > 0, for each k = 1,2,--- ,m, with

Zn o f v, € Hj,

Zn TN Z;nzl Yki of v & H;

~

a; =

. Wy 1f U € Hi,

b, =
Wi + Ni(Tps —77) if v, ¢ Hi,

such that

Vi = <Zn+nizyk,iazyk,i>
k=1 k=1

+ Z(xm — T, Wi + 0i(Tr — T))

k=1
for yp; € Ar(zg;) and n;, € R. Then, {v,} converges strongly to an element

v* = (25wl wi, - wk) of Se(Ay, Agy -+ L Apy), where 2* € Q.

4.3.1 Application to Convex Minimization Problems

Let I, : E - R, k=1,2,--- ,m, where m > 2, be a finite family of convex and
lower semicontinuous functions. We consider the problem of finding z* € F such
that

L(2") +1(z") + -+ 1n(2") = min{li(2) + l2(2) + - + Lnu(2) } (4.98)

zelE

We note that problem (4.98) is equivalent, by Fermat’s rule, to the problem of
finding z* € E such that

0 € Oly(2") + Ola(2") + - + Ol (27), (4.99)

where 0l is a subdifferential of [, which is maximal monotone (see, e.g., [95]). So,
we obtain the following theorem from Theorem 4.3.8.
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Theorem 4.3.14. Let f € F(E) and gr € F(E*), for each k = 1,2,--- ,m, be
strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-
entiable and uniformly conver on bounded subsets of E and E*, respectively. Let
Iy : B — R, for each k = 1,2,3,--- .m and m > 2, be conver and lower semi-
continuous functions such that Q = min,cp{l1(z) + l2(2) + -+ + ln(2)} # 0. For

arbitrary vo = (20, Wo1, -+ ,Wom) € V define an iterative algorithm by

(

Zem = (V. + XMenOl) "NV F (20) 4 MenWhn), k=1,2,---,m,

<yk,n:%zﬂw+wk,m k:172>"'am7

Un+1 = Vh*(Oéth(Z, Wy, Wy - -+ 7wm) + (1 - an>Vh(a'n7 bl,n7 e 7bm,n))7
\

where (z,wy, W - -+ ,Wy,) € V, {a,} and {by,} are as in (4.96) for yin € Oli(zk,)
for each k = 1,2,3,--- ,m. Then, {v,} converges strongly to an element v* =

(2%, wi,wh, -+ wk) of Se(0ly, lg, -+ ,0l,y,), where z* € Q.

4.3.2 Numerical Example

In this subsection, we present a numerical example to explain the conclusion of

our result. The following example verifies the conclusion of Corollary 4.3.13.

Example 4.3.15. Let H = R. Define f : R — R, by f(z) = % and g;(x) = %

g2(z), then Vf(z) = 2 = Vgi(z) = Vga(z), Vf(2") = 2" = Vgi(a") = Vga(27)
and Vh = (z,z,2) = Vh*. Let A}, Ay : R — R be defined by Ajxz = 22 — 3
and Asx = 23, then A; and A, are maximal monotone mapping on R and 1 €

(A; + A2)71(0). Now, by direct calculation we have

Zn + Al,nwl,n + 3)\1,11 Zn + 2)\1,nw1,n -3
Tin = ) n — s
L 1+ 2\, o, 1+ 3han
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Zn + Ao pWa Zn F A2 pWa p\ 2 1 \3
Ton, = 3 #_’_ <#> +( >
7 2)\2,71 2)\2,71 3)\2,n
Zn + Ao pWa Zn + A2 W\ 2 1 \3
43 2,nW2n ( 2,n W2, ) +( ) ’
202 2Xon 3Aen

and ya,, = (72,)3, for some A;,, Ao, > 0. Thus, if we assume u = (z,w, wy) =

(0.001,—0.01,0.01), Ay, = Aoy = 1, vy = m Bn = 7, for all n > 0,

and take different initial points vy = (0,4, —4), vy = (0.5,6,—6), vy = (1.5, -3, 3)

and vy = (2,—4,4), then, in all cases, the numerical experiment results using
MATLAB provide that the sequence {v,} = {(zn, w10, wa,)} generated by (4.97)
converges strongly to v* = (1,—1,1), where z* =1 € (4; + A5)~'(0). The Figure
4.2 shown below indicates that the convergence of the first component {z,} of

{vn} = {(zn, W1 n, wa,)} to the solution z* = 1, for all different initial points.

V,=(2.0,-4,4), z,=2.0
T V,=(1.5-3,3), z,=1.5
v,=(0.5,6,-6), z,=0.5
— — — v,=(0.0,4,-4), 2,=0.0
2
—
N
E:ID.; .
1.5
<
S
5]
=
1
0.5
o ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘ ‘
2 4 6 8 10 12 14 16 18

iterations, n

FIGURE 4.2: Convergence of the first component {z,} of {v,} generated by
(4.97)
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Chapter 5

Split Equality Methods for
Solutions of Monotone Inclusion

Problems

We divide this chapter into two sections. In the first section, we collect some
preliminary results that will be useful throughout the study of the chapter. In the
second section, we introduce our algorithm for finding a point which is a solution of
the split equality inclusion problem for the sum of maximally monotone mappings

in Hilbert spaces and discus its convergence

5.1 Preliminaries

Lemma 5.1.1. [47] Finding a point in S.(A, B) is equivalent to solving (1.24) in

the sense that
z€(A+B)0) < Jwe H: (z,w) € S.(A, B). (5.1)

Proof. Given z € H, one has z € (A+ B)™'(0) & 0€ A(2) + B(z) & Jw e H :
weE B(z),—w e A(z) & Jw € H : (z,w) € S.(A, B). O
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

Lemma 5.1.2. [47] Given any two maximal monotone mappings A, B : H — 21

the corresponding extended solution set S.(A, B) is closed and convex in H x H.

Lemma 5.1.3. [}7] Given any two points (x,b) € Gph(B) and (y,a) € Gph(A),
define the function ¢ : H x H — R wvia

o(z,w) =(z—z,b—w) + (2 —y,a + w).
Then, for any (z,w) € S.(A, B) we have ¢(z,w) < 0, that is

Se(A,B) C{(z,w) € H x H|p(z,w) < 0}.
Additionally, ¢ is both continuous and affine, Vi = (a + b,z —y), and

Vo=0<%& (z,b) € S.(A,B),x =y,a = —b.
Furthermore, Vo = 0 implies p(z,w) =0 for all z,w € H.

The function ¢ in Lemma 5.1.3 is called decomposable separators.

Definition 5.1.4. Let H be a real Hilbert space and A : H — H be a bounded
linear mapping. We define a mapping A* : H — H by the relation

(Az,y) = (z, A"y),

for all x,y € H. The mapping A is called adjoint/dual of A.

5.2 Iterative Algorithm for Solving Monotone

Inclusion Problems

For the rest of this section, let H;, Hy and Hj3 be real Hilbert spaces and Fi, Gy :

H, — 2 and F,, G, : Hy — 2%2 be maximally monotone mappings satisfying

I = {(z*y*) € H x Hy: 2" € (F} +G1)7*(0),y* € (Fy, + G2)"'(0) and Az* =
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

By*} # 0, where A : Hy — Hs and B : Hy — Hj are bounded linear mappings
with adjoints A* and B*, respectively. Let A : Hy x Hy — Hs x H3 and B :
H2 X H2 — H3 X H3 be given by

A(z,w) = (Az,0) and B(z,w) = (Bz,0). (5.2)
Then we observe that
A*(z,w) = (A*2,0) and B*(z,w) = (B*2,0). (5.3)

Let f; : Hi x Hy — Hy x Hy and f5 : Hy x Hy — Hy X Hy be contraction mappings

with common constant « € [O,\/Li). Let {a,} C (0,1) such that lim a,, = 0,
n—oo
Yo o, = 00, let {3,} be a decreasing sequence in (0, 1] such that f, = 1 and

{wn} be a real sequence satisfying 0 < liminf,, o w, < limsup,,_, . w, < 1.

We now propose the following algorithm.

Algorithm 5.2.1.
Step 0: Select initial guess py = (20, wo) € Hy X Hy and vy = (Zp, wg) € Hy X Hs.

Step 1: Given (z,,w,) and (Z,,w,), for n > 0, compute

-1

Tpn = Zn + )\nwn>7

-1

( ) (

U = (L4 1) (1= 0n) 20 + Ony — prnwn),
( )" (Zn + Anin),
( ) (

(1 - 0n>Z/;z + Qn@ - ,un'u/];)a
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

where A\, u, > 0 and 0, € R.
Step 2: Compute

A~ — 1 A~

€n = Wy + v+ (2, — Tp).

,
>
3

Step 3 : Define ¢; : H; x H; — R by

vi(z,w) = (z — x5, e, —w) + (2 — y;, d; + w),

and ¢; : Hy x Hy — R by

~
o~ ~ A~

and compute

g (znvwn>7 if Qpi(znawn) < 07
iPn =
(Znawn) - (cpﬂ(vzz;jﬁg))V@h if ‘Pi(zmwn) > Oa
and
- (Zn, Wn), if @i(Zn, wy) <0,
iUn =
() — (527 )V . Gil5 @) >0,

where S;p,, is the projection of p,, = (25, wy) onto the half space
H; ={(z,w) € H x Hy : p;(z,w) <0}, foreachi=1,2,....,n
and Tjv,, is the projection of v, = (2, w,) onto the half space

—

H; ={(z,w) € Hy x Hy : ¢;(z,w) < 0}, for each i =1,2,...,n.
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

Step 4: Compute

n = Pn — VA" (Apn — Bon),
Prt1 = o f1(pn) + (1 — an)[(1 = wn)gn
+ Wi (Bngn + >2i1 (Bim1 — Bi)Signl,
Up, = Uy, + W B*(Apn, — Buy),
Un1 = o fo(vn) + (1 — an)[(1 — wp)un

+ wn(ﬁnun + Z;’L:l(ﬁi—l - /Bz),fzun]?

where A : Hy x Hy — H3 x Hs and B : Hy x Hy — H3 x H3 are defined as in (5.2) with

adjoints A* and B* respectively and for some € > 0,

2||Apy — Bug||?
[A*(App = Bug)||? + | B*(Apy — By

Vn6<e,| )H2—e),forn€§2

otherwise, 7, = v (7 being any nonnegative value), such that the indexes 2 = {n € N:

App, — Bu, # 0}. Set n:=n+ 1 and go to Step 1.
Remark 5.2.2. By maximality of G the resolvent mapping (I + \,G;)™! is

single-valued and well-defined (see, e.g., [69]) and hence

1
(Ina en) - ((I + )\nGl)_l(zn + )\nwn>7 Wn, + )\_<Zn - In))7

exists and is unique. Also by maximality of F} the resolvent mapping (I + i, 1)~}

is single-valued and well-defined, which implies that

1

exists and is unique. Similarly, by maximality of F; and G5 we have (g, dAn) and

(Zn, €,) exist. By rearranging equations in Step 1, one has the following equations:

Tn + )\nen =2zp+ )\nwrw
(5.7)
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

Tp + /\nen =2+ /\nwn7

A (5.8)

where d, € Fi(y,), en € G1(2,), dn € Fy(i7) and &, € Go(T,,). Hence decompos-

able separators function ¢; and ¢; in Step 3 are well defined.

We proceed with the following lemmas which will be used to prove our main

theorem.

Lemma 5.2.3. The sequence {p,} and {v,} generated by Algorithm 5.2.1 are
bounded in Hy X Hy and Hy X Hs, respectively.

Proof. Let (2%, 2%) € T'. Then by Lemmas 5.1.1 and 5.1.3 there exist w* € H; and
w* € Hy such that p* = (2%, w*) € (22, Fiz(S;), v* = (2%, w*) € 2, Fiz(T}) and
hence (p*,v*) € F :={(p,v) : p € Nz, Fiz(S;),v € N2, Fiz(T;) and Ap = Bo}.
Thus, from (5.6) we get

g —p*II° = |Ipn — vA*(Ap, — Bv,) — p*||?
= |lpn — p* — A (Apn — Bu,)||?

= lpn — 2*I1* = 29(py — p*, A*(Ap, — Bv,,))

+7°||A* (Apy — Bun)||*. (5.9)
Observe that
_2<pn —p5 A (Apn - an» = —2<Apn — Ap*, Ap, — an>
= ||Bv, — Ap*|* — || Apn — Ap*|®
—[|Ap, — Buy| > (5.10)

Thus, from (5.9) and (5.10), we obtain

g — 211 = |lpn — 2*[I> = YallApn — AP*| | — 7l | Apn — Boy|?
+n| [Bun — Ap*||* + 22| A (Ap, — Bv,)|[>. (5.11)
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

Similarly, we have

lun = v"I* = Nlow = 0*]1* + Yl Apn — BU*||* — 3| Bvy — Bu*||?
~ Yl [Apn — Bug|[* + 3 |1B* (Apy — Bu)||*. (5.12)

By adding the equations (5.11) and (5.12) and using the fact that Ap* = Bv*, we

obtain

gn — P|1° + llun — 0*[> = ||pn — 211> + |Jon — 0*[|* — W[2]|Apn — Buy||?
—Y (|| A* (Ap, — Bv,)||* + || B*(Apn — Bun)|?)]

< Nlpn = p*[1> + o — v*|°. (5.13)

Thus, from (5.6), firmly nonexpansiveness property of S; and T; for all ¢ € N and

Lemma 3.1.3, we have

[Pn1 — p*||2 = |l fi(pn) + (1 — an) [(1 — Wn)Gn
_H’dn(ﬂrLQn + Z(ﬁifl - ﬁz)San] - p*HQ
=1

el lF1 () — 2717+ (1 = an)l[(1 = wn)(gn — 9°)

<
e (Butn + Zn:(/@i—l — B)Sitn — p*)|I?
< anlllAsln)  HE + G - )
1= a1 = w)ll(an — )P
fnll(Bute + Y (Bios — B)San) 17|
< 2a,(a’||pn —pz*ﬁ2 + 1A% =P

+(1 = an)llgn — p"[*. (5.14)
Similarly, we have

loner = 07| < 200 (a®[Jvn = 0|1 + |1 f2(v7) = 07[17) + (1 = a)lJun — 07|

(5.15)
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

Adding up the inequalities (5.14) and (5.15), setting R, (p*,v*) = ||p, — p*||> +

||v, — v*||* and using inequality (5.13), we obtain

Rn-i-l(p*a U*) S (1 - O./n(l - 2a2))Rn(p*7 U*)
+2a, ([ fi(p) — [ + [ fo(v) — v7]?)

2
< max { R0, 0), T (1) = | +11220) = 07|},

and hence by induction

201140 — P71 + [1f2(v") — ") }

Rn(p*7 U*) S max {RO(p*7U*)7 1— 20[2

which implies that {p,}, {v,} and hence {¢.}, {u.}, {Sign} and {Tiu,} are
bounded. O

Lemma 5.2.4. The sequence {(pn,vn)} generated by Algorithm 5.2.1 converges
strongly to an element (p*,v*) of

F:={(p,v) : p € Nz, Fizx(S;),v € N2y Fiz(T;) and Ap = Buv}.
Proof. Let (p*,v*) = Pr(f1(p*), fo(v*)), where p* = (2%, w*) and v* = (2%, w*). It

follows that S;p* = p* and T;v* = v*, for each i € N and Ap* = Bv*. From (5.6)

and Lemma 3.1.3 and following the arguments in the proof of Lemma 5.2.3 we
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

have
pnser — P17 = lanfi(pn) + (1 — an)[(1 — wn)gn
B+ Y (Bies — B)Sa] I
< Han(filon) = A + (1= an) (L= )an
+wn (Batn + i(ﬁi—l — B:)Sign — '] [I?
+20,(f1(p") tlya*,pn+1 —p")
< ap|filpn) = AP+ (1 = )| [(1 = wn)gn
B+ 3 (Bies — B)Sia] I
+20,(f1(p") Z—le*,pnﬂ —p")
< and®|lpn — p*|1P + (1 = an)llgn — p*I|?
=) (1~ )l ~ (o + D (B~ B)Sia)
o) =P et -7 (5.16)
Similarly,

|[Vns1 — U*H2 < ano‘szn - U*HZ + (1 = an)||un — U*Hz
_wn(l - wn)<1 - an>||un - (6nun + Z(ﬁi—l - Bz)ﬂunHQ
=1

200 (f2(v") = V", vpyr — 7). (5.17)
By adding (5.16) with (5.17) and using (5.13), we obtain

Roa(p',v*) < (1= an(l—a®)Ra(p*,v") + 200 [(1(P*) = 2", P — D7)
+(f2(v*) = v, Vg1 — U*”

_wn(l - wn)(l - an)HQn - (ﬁnQn + Z(Bz‘—l - ﬁz)San)Hz
=1

=1
—(1 = an)va[2]|Apn — Bunl[* — 7 (||A*(Apy — Buy)|[?

+||B*(Ap, — Bv,)|]?)]. (5.18)
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The rest of the proof will be divided into two parts.

Case 1. Suppose that there exists ng € N such that {R,(p*,v*)} is decreas-
ing, then {R,(p*,v*)} converges and R,(p*,v*) — R,11(p*,v*) — 0 as n — oo.

Now from (5.18), we have

||Q7L - (/BnQN + Z(ﬂi—l - /BZ)San)H —0asn — o, (519)
i=1
[t — (Bnun + Z(Bi—l — Bi)Tiun)|| = 0 asn — oo, (5.20)
i=1
and
T [[|A° (Apo = B + 118" (Apn — Bu,)| | =0 (5.21)

Note that Ap,, — Bv, = 0if n ¢ Q. So, in general we get
T LA (Ap, = Buy)l| = i [1B"(Ap, — Bun)l| = 0. (5:22)
In addition, from (5.18) and (5.21) we obtain that
T}Lngo || Ap,, — Bu,|| = 0. (5.23)
Since S;, for each ¢ € N, is firmly nonexpansive, we have

lan = "I > [1Sign — pII”

= HSan —Gn T Gn _p*HZ
which implies that

1 x
—HSiqn - an2 S <Qn - SiQnu qn — P >7 (524>
2
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and hence,

n

%Z(ﬁi—l - ﬁz)HSan - QnH2 < Z(ﬁi—l - 62)<Qn - SiQna Qn — p*>
i=1 =1

n

= <Z<Bz—l - ﬁz)(Qn - Si‘]n)ﬂ qn — p*>

=1

= {qn — (Bngn + Z(ﬁz’_l — Bi)Sin); gn — P*)
=1

i=1
Thus, from (5.19) we get
lim Y (Bt = B)11Sign — aall = 0. (5.25)
i=1

Since {3,} strictly decreasing the above equation yields,

lim ||Sign — qnl|| =0, (5.26)
n—o0

for each 7 > 1 and hence
lim ||Sngn — qnl| = 0. (5.27)
n—o0

Similarly, we obtain that
lim Y (B — B)l|Town — aall = 0,
i=1

and hence

lim ||T5u, — u,|| =0, (5.28)
n—oo

for each 7 > 1 and
lim ||T,u, — u,|| = 0. (5.29)
n—oo
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Moreover, from (5.6) and (5.22), we get

lgn = pall® = 2l[A*(Ap, — Buy)||? (5.30)
and hence
n—oo
Similarly,
lim ||u, —v,|| = 0. (5.32)
n—oo

From equations (5.29), (5.31), (5.32) and the fact that S; and T; for each ¢ € N

are nonexpansive, we have

Hpn_snan = Hpn_Qn_‘_Qn_ann"i_SnQn_Snan
and
< 2l|lvp — unl| + ||un — Toun||- (5.34)
Therefore,
lim ||p, — Sppnll = 0= lim ||v, — T,u,]]. (5.35)
N—00 n—00

Now, since {(pn,v,)} is bounded in Hy x Hy, there exists a subsequence {(py, , v, )}

of {(pn, v,)} such that (p,,,v,,) = (p,7) € Hy x Hy and

limsup[(f1(p*) — p*, pn — *) + (f2(v") — 0", 0, —0")] =

n—oo
klim (fi(p*) — 0", pn, — P*) + lim (fo(v*) — V", v,, — v"). (5.36)
—00 k—o0
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Note that (pn,,vn,) — (p,0) implies p,, — p and v,, — v. Now, using (5.26),
(5.28) and Lemma 3.1.4, we obtain p € (>, F(S;) and © € ;2 F(T;). Next, we
show that Ap = Bv. But, observe that from (5.23) we get

| Ap — Bo||> = ||Ap — Apn, + Bu,, — Bo+ Ap,, — Bu,, ||?
< || Apn, — Bo,, ||* + 2(Ap — Bv, Ap — Ap,,, + Buv,, — Bv),

— 0 as k — oo, (5.37)

and this implies Ap = Bv, that is, (p,v) € F. Since (p*,v*) = Pr(fi(p*), f2(v*)),
from (5.36) and Lemma 3.1.8, we obtain

limﬁsupKfl(p*) — "o — D7) + (fo(v°) =", v, —07)]

= Bim (i(p") = P, pay, = )+ lim (fo(07) = 0", v, = 07)
—00 k—oo

= (h() =p",p—p") + {f(v") =", 7 =) <0. (5.38)
Moreover, from (5.6), we have

||pn+1 _an - ||anf1<pn) + (1 - an)[(l - wn)Qn + wn(ﬁnQn

+3 (Bt — 1) Siau] — pall
=1

< anllfilpn) = pal| + (1 = an) [(1 — wn)||gn — pnl|
=1
< anlallpn =Pl +[1/1(0%) = pall) + (1 = aa)lgn — pul|

(1= an) (Bt — B)I1Sign — gl (5.39)

i=1

Hence, from (5.27), (5.31), (5.39) and the fact that o, — 0, as n — oo, we get

T [lpwss — pull = 0. (5.40)
Similarly, we obtain that
nh_)IIC}O [|ons1 — vnl| = 0. (5.41)
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Finally, from (5.18), we have

Rot(0,0) < (1= (1= ) Ralp",07) 4 200 [ (A7) = 5 st = #7)

+(fo(v") = 0", vpp1 — U*>]

IN

H120%) = vy = vall + (A7) =P oo =)
H(al0") = 0", o = 07)].

(1= @l = ) R, v°) + 200 11 (5") = " ll[pa1 = al

(5.42)

Thus, from (5.38)-(5.42) and Lemma 3.1.9, R,,(p*, v*) converges strongly to (p*, v*)

Pr(f1(p*), f2(v*)) as n — oo. That is, {p,} converges strongly to p* and {v, } con-

verges strongly to v* as n — oo.

Case 2. Assume that there exists a subsequence Ry, (p*,v*) of Ri(p*,v*) :=

ok — p*|1* + [|uk — v*]|* such that Ry, (p*,v*) < Ry, +1(p*,v*). Then by Lemma

4.1.15, we can define nondecreasing sequence {m;} C N such that m; — oo as

k — oo and max{R,, (p*,v*), Rk(p*,v*)} < Ry, +1(p*,v*) for all £ € N. From

(5.18) and the fact that «,,, — 0 as k — oo, we have

k
Jim | Gmy, — (B Gmy, + 2(&_1 — Bi)Siqm, )| = 0,

k
dm [t = Byt + D _(Bit = B) Tiawmy )| = 0,

=1

and
khm H'A*(Apmk - vak)H = lim HB*(Apmk - vak)H =0.
00 k—o00

Moreover, following the methods in Case 1, we can also drive the limits

lim HSlqu - qu” = lim HTlumk - umkH = 07
k—o0 k—o0
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for each 7 > 1 and we drive

—00 k—oco
and
nhﬁrgo ||Smkpmk - pmk” =0= rzlggo ||kavmk - Umk|| = 0.

Consequently, following similar steps as in Case 1, we obtain
khm ||pmk+1 _pmk” =0= lim ||Umk+1 - Umk” (548)
—00 k—o0

Now, we may choose a subsequence {(pn,, , Un,, )} Of {(Pny, Un, )} such that (pn, , vy, ) —

(]_7,6) € H1 X H2 and

lim sup[(f1(p") — P, Pmy, — P*) + (fo(v") = V", vy, — v7)]

k—o0

= 0 (f1(0) = 5 o, — 57+ 10 (%) = 07, v — 7). (5.49)
— 00 l—o00
Then, as in Case 1, we drive that (p,7) € F. So, by Lemma 3.1.8, we obtain

limsup[(f1(p*) = P* Pmy — P°) + (f2(v") = V", Uy, — V7))

k—o0

= (L") =p" P —p") + (fo(v7) =07, 0= v") <0 (5.50)
Now, from (5.42) we have

Rpyyi1(p",0%) < (1= a, (1 = @) Ry, (%, 0%) + 200, [(/1(P) = D" P — )
+<f2(1}*) - U*> Unp+1 — U*>]

(1= am, (1 = &) R, (p",v") + 200, [[1f1(9%) = P[Pt — P ]

IN

[ f2(07) = [ [[[omy 11 = vmy ][] + 200, [(f1(P7) = P7s Py — P7)
+(fo(v") = 0%, Uy, — V7). (5.51)
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Since R, (p*,v*) < Ry, 11(p*, v*), it follows that

>k * 2 k k * * * *
Rmk(pav) S 1—0{2 <f1<p)_p’pmk_p>+<f2(v)_v7Umk_v>
A1) = 2 lIPme1 = P |
H1F20) = 0 omy 1 = v ] (5.52)

Thus, from (5.50), (5.48) and (5.52), we get
lim R,,, (p*,v") =0 and hence lim R,, 1(p",v") = 0.
k—o0 k—o00

The fact that Rg(p*,v*) < Ry, 11(p*, v*), provides that Ry(p*,v*) — 0 as k — oo,
that is,

lim ||px — p*|| = 0 = lim |Jvx, — v*|| = 0. (5.53)
k—o00 k—oo

Hence, {pi} converges strongly to p* and {v;} converges strongly to v* as k — co.
We have shown in both cases that the sequence generated by Algorithm 5.2.1
converges strongly to (p*,v*) € F. O

Following the method of proof of [47] we obtain the following lemma.

Lemma 5.2.5. If in Algorithm 5.2.1, the sequences {\.}, {in} C [\, A] for some
A > A >0 and {6,} C R satisfy the condition

{22 (4]0 o5

then, there exist some scalars 1 > 0 and 1) > 0 such that ¢,(p,) > nl|[Ven||? and
on(vn) > 1lIVPulI? for alln > 0.

Next, we state and prove our main theorem.

Theorem 5.2.6. Let Hy, Hy and Hy be real Hilbert spaces. Let Fy, Gy : Hy — 21
and Fy, Gy : Hy — 292 be mazimally monotone mappings and I' # 0. Let A :
Hy x Hl — H3 x Hy and B : Hy x Hy — H3 x Hj are as in (5.2) with adjoints
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A* and B*, respectively. If the sequences {\,}, {ttn} C [\, A] for some X > A >0
and {0,} C R satisfy the condition

then, the sequence {((zn,wy), (Zn,Wn))} generated by Algorithm 5.2.1 converges

strongly to an element (p*,v*) = ((2*,w*), (2%, w*)) of F, where (z*,2%) € .
Proof. By Lemma 5.2.5, there exist n > 0 and 77 > 0 such that

wn(pn) > nlIVenl[?, (5.55)

and
Pn(vn) = 0VEa||. (5.56)

This implies that ¢,(p,) and p,(v,) are always nonnegative, so from (5.4), we

have

_ Pnlzn; wn) (5.57)

o= ]| = (£l )
1S Dn an—H ( )Vson IVnll

IVeon|?

for all n for which V,, # 0. Thus, dividing both sides of the inequality (5.55) by
[|Vonll, we obtain

[1Snpn = pull Z 1l Veonll, (5.58)
which is also true for n with Vg,, = 0. Similarly, from (5.5), we have
| Tovn = vnll Z 0l VEnl|. (5.59)

Now, (5.35), (5.58) and (5.59) imply that V¢, — 0 and Vi, — 0 as n — oo.
Now, from the expression for V,, = (d,+én, t,—y,) and Vi, = (cz;—i—é;, Tn—Un),

121



5. Split Equality Methods for a Solution of Monotone Inclusion Problems

we have

Ty, —Yp — 0, and d, + e, — 0 as n — oo, (5.60)
and

@—%%Oandc@%—é;%()asn%oo. (5.61)

Moreover, subtracting y,, from both sides of the first equation and adding p,e, —

0,yn to both sides of the second equation in (5.7) and rearranging we obtain
(20 = Yn) + An(wy — €n) = (@0 — Yn),
(Qn - 1)<Zn - yn) + Mn(wn - en) = en(xn - yn> - Mn(dn + en)a n > 0.

Thus, solving for (w,, — e,) from the above equations, we obtain that

(fn + (1 = 00)An) (Wn — €n) = (T — Yn) — pn(dn + €n). (5.62)

Similarly, subtracting g, from both sides of the first equation and adding pu,é, —

0,Un to both sides of the second equation in (5.8) and rearranging we get

—

(20 = Tn) + An(Wn — €3) = (Tn — ),

(6 = 1)(Z0 = Ga) + 0 @n = &) = 00 (@ — ) — iy + &), > 0.
Now, solving (w,, — €,) from this equations, we get
(b + (1 = 00)An)(Wn — €n) = (T — Fn) — pn(dn + €5). (5.63)

Therefore, since (pu, + (1 — 0,)A,) > 0, from (5.60)-(5.63), we have w, —e, — 0
and hence this with (5.60) yields z, — y, — 0, as n — oo. Similarly, w,, — €, — 0
as n — oo and hence this with (5.61) yields z, — g, — 0, as n — 00. As a

consequence, we obtain

Zn— Ty — 0,2, —yp — 0,w, — e, = 0,w, +d, = 0 as n — oo, (5.64)

122



5. Split Equality Methods for a Solution of Monotone Inclusion Problems

and
o —Tn = 0,5, — G0 — 0,0, — €y, = 0,00 +dp > 0asn—o00.  (5.65)

In addition, from Lemma 5.2.4 we know that the sequence

{(Pn,vn)} = {(zn, wy), (Z,, wy,)} converges strongly to a point

(p*,v*) = ((z*,w*), (z*,w*)) € F. Now, we show that p* € S.(F},G;) and v* €
Se(Fy, Gy). But z, —z, — 0 implies that z,, — 2*. Furthermore, since w,, — e, —
0, we have e, — w*. Similarly, Z, — 7, — 0 implies that 7,, — 2z*. Since
W, — €, — 0, we have €, — w*. As a consequence, since the Gph(Gy) is closed
and (z,,e,) € Gph(G;) for all n, we conclude that (z*, w*) € Gph(G;). Similarly,
(z*, —w*) € Gph(F1), so p* = (2", w*) € S.(F1,G1). Moreover, since the Gph(F5)
and Gph(Gs) are closed by the same argument, we have v* = (2%, w*) € S.(Fy, Ga).
Therefore, by Lemma 5.1.1, we obtain z* € (Fy + G1)~1(0), z* € (Fy + G3)~1(0)

and hence (z*, 2*) € T'. The proof is complete. ]
Remark 5.2.7. We observe that Algorithm 5.2.1 is equivalent to the following
scheme:

)
(z0,wo) € Hy x Hy and (Zy,wp) € Hy X Hy chosen arbitrary,

Tp = (I 4+ XG1) M zn + Nwy,),

Yn = (I + 1, F1)7H(1 = 0,) 20 + Opty — pinwy,),

T = (I + MG2) ™ (& + Aalln), (5.66)
n = (I + pinF2) 7 (1 = 0n) 2 + 0nTn — 1 W0n),

Prt1 = i f1(Zn, wn) + (1 = an)[(1 — wn)(an, wn) + wn(hn, gn)],

—

\'Un—i-l = O‘nf?('g;u @) + (]- - an)[(l - wn)(d;w@) + Wn(hnué;l)L

where

an = zp — WA (Az, — BZ,),

123



5. Split Equality Methods for a Solution of Monotone Inclusion Problems

hn = Brpa, + Z(ﬁz‘_l — Bi)si
i=1

Gn = Bnbp + Z(@;l — Bi)7i
i=1

B = Badn + > (Bic1 — B))G
i=1

Gn = 57157\1 + Z(ﬁi—1 — BT,
i=1

such that

G if QOZ(Z’mwn) S 07
S =
an — 0;(d; +¢;) if @i(zn,wy) >0,

=)

bo = 0:(& — B) 1 Gi(5,@0) > 0,
Ans fin € [A, A] for some XA > A > 0, 0, € R, with

An — Tjy €; — Wy) + (@ — Y4, di + wy,)

5; = &
\[di + ei|? + [|7s — il |2

and

S (An — 73,6 — Wy) + (a0 — §ir di + Wy)

i = = PO
ldi +&l* + |J7: — vl
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for €; € G1<$i), dl - Fl(yi), é\z - GQ(@) and C/i\z - FQ(@;)

If, in Theorem 5.2.6, we assume f; = (z,w) € Hy; X Hy and fo = (Z, W) € Hy X Ho,
then we get the following corollary for approximating a solution of the split equality

monotone inclusion problem (2.13).

Corollary 5.2.8. Let H;, H, and Hs be real Hilbert spaces. Let Fy, Gy : Hy — 2
and Fy, Gy : Hy — 2H2 be maximally monotone mappings and I' := {(z,y) €
Hy x Hy: x € (F, +G1)710), y € (F, + Gy) '(0) and Az = By} # 0. Let
A: Hy x H — H3 x Hz and B : Hy x Hy — H3 X Hj are as in (5.2) with adjoints
A* and B*, respectively. Let the sequences {\,}, {tn} C [A, A] for some A > )\ > 0
and {6,,} C R satisfy the condition

For arbitrary (zo,wo), (z,w) € Hy x Hy and (Zy,wp), (Z,W) € Hy X Hy define an

iterative algorithm by

(

T = (I 4+ X\G1) 20 + Nwy),
Yn = ([ + :unFl)_l((l - en)zn + enxn - ,unwn)a

T = (I + X\G2)7H(Z + \atn), (567

Un = (L 4 pnF2) (1 = 6,) 20 + 0,75 — pa0y),

Pnt+1 = an(sz) + (1 - an)[(l - wn)(anv wn) + wn(hmgn)]a

—

Uni1 = an(Z, @) + (1 = an)[(1 = wn)(@n, Wn) + wn(hn, Gu)l;

\

where a,,, @, h,, gn, E; and g, are as in (5.66). Then, {(z,, w,), (Z,,w,)} converges
)

strongly to an element (p*,v*) = ((z*,w*), (2%, w*)) of F, where (z*,2*) € T.

If, in Theorem 5.2.6, we assume #,, = 0 for all n > 0 and then we get the following

method for approximating the split equality monotone inclusion problem 2.13.

Corollary 5.2.9. Let H,, H, and Hs be real Hilbert spaces. Let Fy, Gy : Hy — 2
and Fy, Gy : Hy — 22 be maximally monotone mappings and I' := {(x,y) €
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Hy x Hy: x € (F, +G1)"0), y € (F, + G3) '(0) and Az = By} # 0. Let
A: Hy x H — H3 x H3 and B : Hy x Hy — H3 X Hjy are as in (5.2) with adjoints
A* and B*, respectively. Let A, € [A, A] for some A > A > 0. For arbitrary

(20, wo) € Hy x Hy and (2, wg) € Hy x Hy define an iterative algorithm by

(

Ty = (I + )\nGl)_l(Zn + Anwn)7
Yn = (I + /LnF1>71(Zn - ann)a

y/;L - (I + MnF2>_1(2;L - /vbnl/l}?z)v

Prt1 = nf1(2n, wn) + (1 — an)[(1 — wn)(an, wn) + W (hn, gn)l,

Un+1 = Oéan(é;la @) + (1 - an)[(l - wn)(@,@) + wTL(hmg/;L)]?

\

where a,,, a,, h,, g, ?L; and g, are as in (5.66). Then, {(z,,w,), (Z,, w,)} converges

strongly to an element (p*, v*) = ((2*, w*), (2%, ﬁ)) of F, where (z*,2*) e T.

If, in Theorem 5.2.6, we take H, = H3 and B = I, then we obtain a convergence
result for a solution of the split monotone inclusion problem (SMIP) given in

(2.10).

Theorem 5.2.10. Let H, and H, be real Hilbert spaces. Let Fy,Gq : Hy — 21
and Fy, Gy : Hy — 212 be mazimally monotone mappings and T = {(z,y) €
H, x Hy : x € (Fy + G1)"Y(0) such that y = Az € (Fy + Gy) ' (0)} # 0. Let
A Hy — Hy. If the sequences {\,}, {ttn} C [AA] for some A > A > 0 and
{0,,} C R satisfy the condition

then, the sequence {((zn, wy), (Zn, Wy))} generated by Algorithm 5.2.1, with B =1,

identity mapping on Hy, converges strongly to an element (p*, v*) = ((z*, w*), (z*, w*))

of F, where (2*,2%) € T.
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5.2.1 Application to Convex Minimization Problem

In this subsection, we shall apply Theorem 5.2.6 to study the convex minimization

problem.

Theorem 5.2.11. Let Hi, Hy and Hj3 be real Hilbert spaces. Let hy : Hi — R and
hy : Hy — R be convexr smooth functions and ki1 : Hi — R and ky : Hy — R be
convez, lower semicontinuous functions such that T = {(z,y) € Hy x Hy : hy(z) +
ki(z) = min,eg{hi(2) +k1(2)}, ho(y) +ko(y) = minge g {ho(2) +k2(2)} and Ax =
By} #0. Let A: Hy x Hy — Hs x Hs and B : Hy X Hy — H3 X H3 are as in (5.2)
with adjoints A* and B* respectively. Let {\,} and {p,} be real sequences such
that {\.}, {ta} C [N, A] for some X > A > 0 and {0,} C R satisfy the condition

nt{f-(3) o

For arbitrary (zo,wo) € Hy x Hy and (Z,wy) € Hy x Hy define an iterative

algorithm by

;

Tp = ([ + )\nak1>_1(zn + /\nwn>7

Yn = (I + :uthI)il«l —Op)2n + Opxp — ppwny),
@ = ([ + )\nak )_1(2;1 + )\n@ 5

? ) (5.69)
Prt1 = o f1(20, wy) + (1 — O‘n)Kl — Wn) (@, W) + wn(hnagn)L

—~

Un+1 = an.fQ(Z/;u@) + (1 - an)[(l - wn)(d;u @) + Wn(hnag;)]a

where an,d;,hn,gn,ﬁ; and gy, are as in (5.66) for e; € Oki(x;), d; € Vhy(y;),
é; € Oko(x;) and 0@ € Vha(g:). Then, {(zn, wy), (Zn, wn)} converges strongly to an

element (p*,v*) = ((z*, w*), (9,?7);)) of F, where (Z*aZA*) el

Proof. Let Fy = Vhy, Gi = 0k, F5 = Vhy and Gy = 0ks be as in Theorem 5.2.11.

Then, Theorem 5.2.6 provides the conclusion of the theorem. O]
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5.2.2 Numerical Example

In this subsection, we present a numerical experiment result to explain the con-
clusion of our result. The following numerical example verifies the conclusion of

Corollary 5.2.9.

Example 5.2.12. Let H; = Hy = H3 = ly, where [y is the space of sequences.
Let A, B : Iy x Iy — Iy x [y be defined by A(z,w) = (5,0) and B(z,w) =
(2,0), where z = (21, 22, ...),w = (wy,wo,...), 2 = (21, 23,...), W = (Wy, Wy, ...) €
ly. Let Fi,Gq,Fy,Gy : Iy — Iy be defined by Fiz = x + (1,1.25,1,0,0,...),
Gix = 2x + (5,1.75,0.5,0,0,...), Fox = x + (—1,1,1.25,0,0,...) and Gex =
2x + (3,0,-0.75,0,0,...), where x = (x1,z9,...) € l. We see that F}, Gy, Fy and
G5 are maximally monotone with R(/ +~vF) = R(I +vG1) = lo = R(I +vF») =
R(I + ~G5) for each v > 0. Now, by direct calculation we get that

2 + Aw, — A(5,1.75,0.5,0,0, ...) Zn — Aw, — A(1,1.25,1,0,0,...)
Tp = ) Yn = )
142X 14+ A
P Aw, + (1,1.25,1,0,0,...) . 2z, — 22w, + (5,1.75,0.5,0,0, ...)
" 14+ A o 1+ 2 ’
__ Znt+Aw, — A(3,0,-0.75,0,0,...) . Zn—Aw, — A(—1,1,1.25,0,0,...)
LTy = s n — )
14+ 1+ A
~ oy — AW, — (—1,1,1.2 2 + Ay, —0.
dn:zn w, —(—1,1,1.25,0,0, )and eAn:zn—I— w, + (3,0,-0.75,0,0, )’
14+ A 14+ A
for some A > 0. Thus, if we assume A\, = u, = 1, a,, = m, B, =
1w, = 19&1110(?0 for all n > 1, and fi(r) = fo(z) = {5 with initial points

5 o= (=1,1,-2,0,0,..), wi = (1,0,-2,0,0,...), 5 = (—1,—1,1,0,0,...) and
w; = (—1,2,-1,0,0,...), then the iteration Scheme (5.68) provides the follow-
ing numerical experiment result using MATLAB (see, Table 5.1 and Table 5.2)
below. From this we obtain that the Algorithms z, and Z, converges strongly

to z* = (=2,—1,-%,0,0,...) € (F} + G1)71(0) and z* = (—1,-3,-1,0,0,...) €
(Fy 4+ G)~(0) respectively, where A(z*) = B(2%).
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TABLE 5.1: Convergence of the sequence {z,}

Zn [2nt1 — 2nlli,

10
100
200
600
700
800
900
1000

1.0000, 1.0000, —2.0000, 0, 0, ...)

(_
(—1.6546, —0.3399, —0.9301,0,0,...) 0.5854
(—1.7874, —0.6085, —0.7857,0,0,...) 0.0389
(—1.9605, —0.9364, —0.5666, 0,0, ...) 9.0000e-04
(—1.9900, —0.9876, —0.5125,0,0,...) 1.0000e-04
(—1.9916, —0.9903, —0.5095, 0,0, ...) 1.0000e-04
(—1.9928, —0.9922, —0.5072,0,0,...) 1.0000e-04
(—1.9937, —0.9936, —0.5055,0,0,...) 0
(—1.9944, —0.9947, —0.5042,0,0,...) 0
(—1.9950, —0.9957, —0.5031,0,0,...) 0
! !
(—=2,-1,-1,0,0, ... 0

TABLE 5.2: Convergence of the sequence {2, }

é;z HZZ\H_Z/;HM

10
100
500
600
700
800
900
1000

1.0000, —1.0000, —1.0000, 0, 0, ...

(— )
(—0.9072, —0.4382, —0.7684, 0,0, ...) 0.0604
(—0.9085, —0.3628, —0.6164, 0,0, ...) 0.0258
(—0.9799, —0.4674, —0.2866, 0,0, ...) 5.3852e-04
(—0.9950, —0.4938, —0.2564,0,0,...) 1.4142¢-04
(—0.9958, —0.4951, —0.2549,0,0,...) 0
(—0.9964, —0.4960, —0.2537,0,0,...) 0
(—0.9968, —0.4968, —0.2528,0,0,...) 0
(—0.9972, —0.4974, —0.2521,0,0,...) 0
(—0.9975, —0.4978, —0.2516,0,0,...) 0
\ !
(-1,-%,-1,0,0,..) 0
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Chapter 6

Approximation of Common
f-Fixed Points of
f-Pseudocontractive Mappings in

Banach Spaces

In this chapter, we introduce and study a new class of mappings called
f-pseudocontractive mappings with the notion of f-fixed points and construct an
algorithm which converges strongly to a common f-fixed point of such mappings

in Banach space.

6.1 Iterative Schemes for a Common f-fixed Point
of f-Pseudocontractive Mappings in Banach
Spaces

In this section, let E be a real reflexive Banach space with its dual E* and let

f: E — (=00, +00| be a proper, lower-semi-continuous and Gateaux differentiable

convex function on F with f*: E* — (—o0, +0o0] as the Fenchel conjugate of f.
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We introduce the following definition.

Definition 6.1.1. Let C' be a nonempty subset of E. A mapping T : C' — E* is

said to be f-pseudocontractive if for each x,y € C the following inequality holds:
(Tx —Ty,z —y) <(Vfr - Vfyz—y).

It is called strictly f-pseudocontractive if there exists v > 0 such that for each

x,yeC
(Te —Ty,x —y) < (Vfx -V fy,z—y) —||(Vfr—Vfy) — (Tz—Ty)|.

Example 6.1.2. Let 1 < ¢ < p < oo such that %Jr % = 1. Define f : £, — [0, 00)
by f(x) = @ and T : 4, = {, by Tx = —V fz, then T is f-pseudocontractive

mapping.

Definition 6.1.3. Let C' be a nonempty, closed and convex subset of E. Let
T :C — E* be amap. A point p € C is called f-fized point of T if Tp = V fp.
We denote the set of f-fixed points of T' by F(T), that is, F¢(T) := {p € C :
Tp =V fp}.

Example 6.1.4. Let1<q<p<oo%—i—%zlandletal,age{xeR:xZO}
be arbitrary. Define T : ¢, — ¢, by T(z1,x2,x3,-+) = (1|77, |a2[P~1,0,0,--+)
and f: ¢, — [0,00) by f(z) = W. Then, a, = (a1, @9,0,0,---) is f-fixed point
of T.

We observe that if f(z) = 3|[z|[?, then Vf = J, the normalized duality map-
ping from E into 2", and hence f-pseudocontractive mappings become semi-
pseudocontractive mappings and f-fixed points of T" reduces to semi-fixed points
of T'. If, in addition, £ = H, a real Hilbert space, then f-pseudocontractive map-
ping reduces to pseudocontractive mapping. Therefore, we obtain that the class of
f-pseudoconstrictive mappings includes the class of semi-pseudocontractive map-

pings and hence it is an extension of pseudocontractive mappings to Banach spaces.
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We remark that this class of f-pseudocontractive mappings in Banach spaces is
closely related with the important class of nonlinear monotone mappings. Observe
that T is f-pseudocontractive if and only if A := V f — T is monotone and if T is
strictly f-pseudocontractive, then A := Vf — T is vy-inverse strongly monotone.
Furthermore, we observe that zeros of A correspond to f-fixed points of T. In
fact, if T"and V f are continuous then A is maximal monotone and the set of zeros
of A and hence the set of f-fixed points of an f-pseudocontractive mapping 7' is

closed and convex (see, [93]).

Theorem 6.1.5. Let f € F(FE) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant p >
0 on bounded subsets of E. Let'T; : E— E* be a Lipschitz and f-pseudocontractive
mappings with Lipschitz constants L;, fori = 1,2 such that Q = F¢(T\)NF¢(Ty) #

(. For arbitrary xo,v € E define an iterative algorithm by

(

Yn = V(1= N)Vfx, + N Tiz,),
zn = V(1= N)V Sz, + N Tox,),
o = V(1= A)V Y+ AV 20 + A (T — Tin)), (6.1)

up, = V(1= N)V Sz + NV fx, + A\ (Toz, — Toxy,)),

\xn—&-l = Vf*(OéanU + (1 - O‘n)vfwn)7

where wy, = V [*(B,V fr,+0,V fo,+0,V fu,), {a,} C (0,1) satisfying lim «a,, =
n—oo

0, > a,=00,0< A<\, < A< ;ﬁ’ for L :== max{Ly, Ly} and {B.},{n.},

{0.} C [e,1) C (0,1) such that B, +nn + 0, = 1, for alln > 0. Then, {z,} is

bounded.

Proof. Let x* € 2. Then, from (6.1) and Lemma 4.1.6, we get

Df(x*7 Tpy1) = Df<x*a Vi an Vv + (1 — a,)V fwy))
< anDy(a,0) + (1 — @) [BaDy(e", 20) + 1Dy (a", )
+0,D (2", uy)]. (6.2)
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Now, from (1.15), we obtain

Dy(z*, vy)

Di(z*, V(1 = M)V fYn + AV 2 + An(Tiyn — Tion))
fl@®) = (2" —vn, (1 = N)Vfyn + MV fx, + N (Thy, — Tixy))
—f(vn)

f(@®) = (@ = v, (L= M)V ) — (2" — v, AV fan)

—(@" = vn, M(Thyn — Thw)) — [ ()

f@) =@ = v, Vyn) = (&% = vp, A(V f2n = V fyn))

—(@" = v, Aa(Thyn — Thwn)) — f(vn)

D(x", yn) = [f(vn) = (vn = 40, Vfym) — f ()]

—(&" = v, M (V2 = YV fyn)) — (2" — v, Mo (Thyn — Thxn))
Dy(x*, yn) = Dy(vn, yn) = (& = vn, MV fn — V fy))

(& — v Ma(Tigm — Tin)), (6.3)

and from (1.17), we obtain

Df(x*ayn) - Df<vn>yn) = Df(x*’xn) - Df(vmxn)

H(Vfr, =V fyn,z" —vy). (6.4)

Now, combining (6.3) and (6.4), we obtain

D¢(z*,v,) = Dg(x*,2n) — Dy(vn, ) + (Vfr, — Vfyn, 2" —v,)

—<(L'* — Un, )\n(VfIn - vfyn)>
—(x" = v, Mo (Thyn — Thy)). (6.5)

From (1.16), we get

Df(vmxn> = Df(”na?Jn) + Df(ymxn) - <VfSL’n — Vfiyn,vn — yn>’ (6'6>
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Substituting (6.6) into (6.5), we have

Dy(a*,vn) = Dy(a",xn) = Dy(vn,yn) — Dy(yn, n)

(V[ =V [Yn, Un = Yn) + (V20 — V fyn, 2" — vy,)
—(@" = v, M (V2 = Vfyn)) — (@ = vn, A(T1yn — Thwy))

= Dy(a%, xn) = Dy(vn, yn) = Dp(yn, ¥n) + (V2 =V i, 27 — yn)
—(@" = v, M (V2 =V fyn)) — (@ — vn, M(T1yn — Thwy))

= Dy, 20) = Dy(vns yn) = Dy(yn, ¥n) + (Vfn =V fyn, a* — yn)
—(@" = Y + Yo — Un, AV f20 — V fym))
—(@" = Yn + Yo — Vn, M(T1yn — Th20))

= Dy(a",20) = Dy(0n,yn) = Dy(Yns Tn) + (Vf2n = V fyn, 2" — yp)
=@ = Y, A(V 2 = V) = (Yo — vny AV 2 = V)
(@™ = yn; A (Tryn — T1n)) = (Y — Uy An(T1yn — Tr0n))

= Dy(a",xn) = Dy(vn,yn) = Dy(Yn, n)
—(n — 2" M((Vf = T1)yn — (Vf = T1)zn) = (Vfyn — V)
A0 (Un = Y, V2 =V fym) + Anlvn = yn, Tign — Thzn). (6.7)

Furthermore, from (1.16), we obtain

<Un — Yn, V[T, — nyn> = Df(vm yn) + Df(ynaxn) - Df(”m xn)

< Df(vnayn) +Df(yn>$n)- (68)

From (6.7) and (6.8), we get

Df(l'*, vn) S Df(iL’*, xn) - (1 - )\n)[Df('Um yn) + Df(ymxn)]
_<yn - ZL‘*, )‘n((v.f - Tl)yn - (Vf - Tl)xn) - (vfyn - foL'n))
+/\n<vn — Yn, len - T1$n> (69)

But y, = Vf*(1-\,)V fz,+ N\, Tix,) implies that V fz,,—\,(V f=T1)x, = V fy,.
Now, let s,, = (V f—=T1)y, so that we have V fz,+ X, (V f=T1)y,— A\ (V f=T1)x,, =
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V fy, + AnSn. This implies that

Sp —

(Al = T = MV F = ) = (Vg — V). (610

On the other hand we know that 0 = (Vf — T)z*. Since Vf — T3 is monotone,

we obtain
(yn — 2", 50) 2 0. (6.11)
Now, putting (6.10) into (6.11), we obtain
(Y — ", M (Vf =Ty — M(Vf —T))xy,) — (Vfy, — Vfz,)) >0, (6.12)

From (6.9), (6.12), Lemma 4.1.13 and the fact that 7} is Lipschitz continuous, we

have

Dy(a*,vn) < Dy(a®,xn) = (1= A)[Dy(0n, Yn) + Dy (Yn, 20)]

+>\n<vn — Yn, len - Tlxn>

< Dy w) — (1= A)[Ds(i ) + Dy, 2]
+Anl[on = ynl [ Thyn — Thzn||

< Dy, w) — (1= A)[Ds (v 90) + Dy,
ALt = Bl =

< Dy, w) — (1= A)[Ds(i ) + Dy, 22
2 s — gl 2+ e — )

< Dy, w) — (1= APy, 90) + Dy,
2D {0 30) + Dyt )

— Dyfatsm) - (B2 by )

—<M_An/§M+L)>Df(yn,xn). (6.13)
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Similarly, we obtain that

D¢(z*,u,) < Dy(a*,x,) — (,u— )\n[(LMjLL))Df(un,zn)
(H An(p+ L) o
( ’ )Df( ), (6.14)

and hence since by hypothesis A, < EJ% we obtain
Dy(x*,v,) < Dy(a*, ), (6.15)
and

Dy(x*,u,) < Dy(z*, xp). (6.16)

Finally, from (6.2), (6.15) and (6.16), we get

D(x*,xpy1) < o,Dy(z",v) + (1 — ay)Dy(x™, xp)
< max{Ds(z",v), Ds(x™, )}, (6.17)
and by induction, we obtain
D¢(z*, z,) < max{Dy(z",v), Ds(z*, x0)}. (6.18)

This implies that {Ds(2*, x,)} is bounded. Therefore, by Lemma 4.1.3 we have

{z,} is bounded and so is the sequence {v,}. O

Next, we prove our main theorem.

Theorem 6.1.6. Let f € F(FE) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant p >
0 on bounded subsets of E. Let T; : E — E* be Lipschitz and f-pseudocontractive
mappings with Lipschitz constants L;, fori = 1,2, such that Q = F¢(T\)NF(Ty) #
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(). For arbitrary xo,v € E, define an iterative algorithm by

(

Yn = Vf*<<1 - )‘n)vfxn + )\nTlxn>7
zn = V(1= M\)V Sz, + \Thxy,),

up, = V(1= N)V Sz + NV fx, + A\ (Toz, — Toxy)),

\xn—&—l =V (anVfv+ (1 —an)Vfw,),

where wy, = V f*(6,V fr,+0,V fo,+0,V fu,), {a,} C (0,1) satisfying lim a, =
n—oo

0, a,=00,0< A<\, <A< s for L= max{Ly, Lo} and {B.},{n.},

{0,} C [e,1) C (0,1) such that B, + n, + 6, = 1, for alln > 0. Then, {x,}

converges strongly to an element x* = Pé(v).

Proof. From Theorem 7.2.5, we know that {x,} is bounded. Let * = P}(v). We

note that from Lemma 4.1.5 (i), we get
(u—az",Vfo—-Vfz*) <0,V ue. (6.20)
From (6.19), Lemma 4.1.6, (6.15) and (6.16), we have

Dy(z*,w,) = Dy(a*, VI (BaV fn + 0V fvn + 60,V fuy))

BnD¢(z*, xn) + 1 Dp(x™, vn) + 0, Dp(x™, up)

IN

< Dy(a*,x,). (6.21)
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Now, from (6.19), Lemma 4.1.6, (1.20) and (6.21), we obtain

Dy(z*, 2n41) = Dp(a", V(@ V v+ (1 — )V fw,))

= V(2" anVfo+ (1 — )V fw,)

< Vi, an Vv + (1= )V fw, — an(Vfv — Vfz*))
Hon(V v — Vo', tppr — )

= Vi(@", a,Vfr* + (1 —a,)V fw,)
(Vo — Vfa*, pp — 2°)

= D",V (aVIr" + (1 — an)Vfuw,))
o (Vv — Vot pp — )

< anDy(a", %) + (1= an) Dy (", w)
+a, (Vfvo—Vfax* z,q — )

< (1 —o0y)Ds(x",2,) + 0n(V fo =V fo*, xpp — %)

< (=) Dy(a", 2n) + anl| [V fo = Vf2"[|[[2n41 — 20|

+a, (Vv —Vfz* x, —a*). (6.22)

Moreover, from (6.2), (6.13) and (6.14), we have

De(x",xpy1) < an,Dy(z",v)+ (1 — ) D(z™, xp)

(B2 (1 ) (D) + Dy o)
+0,(D;(tn, 20) + D20, xn))], (6.23)
which implies that
(=2 (1 D s ) + Dyl )

(M An (u+ L) )(1 — )0n[ D (tn, 2) + Dy (2, )]

< 0u(Dy(a"1) = Dyla" ) + Dyl 02) = Dylaass). (6:21)

Now,we divide the rest of the proof into two parts as follows:
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Case 1. Assume that there exists ny € N such that the sequence of real numbers

{Dy(x*,2,)} is decreasing for all n > ng. It then follows that {Dy(x*, x,)} is

convergent and hence D (z*, z,,) — Ds(z*, 2p41) = 0 as n — oo. Thus from (6.24)

and the conditions on «a,,n, and 6,, we get

lim [Df(vmyn) + Df(yna In)] - 07

n—oo

and

lim [Df(un, 2,) + Df(2n, z,)] = 0,

n—oo

which imply that

lim [|vn, — yo|| = lm [ly, — zn|| =0,
n—oo n—oo

and
lim ||u, — z,|| = lim ||z, — z,|| = 0.
n—oo n—o0

Consequently, from (6.27) and (6.28), we get

|zn = vnll < len = ynll +[lyn —onll = 0 as n — oo,
and

lzn —unll < ||xn — 2ul| + |20 —unl] = 0 as n — oc.

Moreover, from (6.19), we have

lim ||V fz,1 — Viw,|| = lim a,||Vfo—V fw,|| =0,

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

and the fact that V f* is uniformly continuous on bounded subset of E* yields

lim ||z,41 — wy|| = 0.
n—oo
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Next, from (6.19), we have

< BuDg(xn, xy) + uDs(20, vy) + 05D (20, up), (6.33)

and from Lemma 4.1.7, (6.29), (6.30) and (6.33), we obtain

lim ||z, — w,|| = 0. (6.34)

n—oo

Consequently, from (6.32) and (6.34), we get
Zni1 — xal| < |Tne1r — wa|| + [|wn — 20|l = 0 as n— 00, (6.35)

Since {z,} is bounded in E, there exists p € E and a subsequence {z,, } of {z,}

such that z,, — p and

limsup(z, — 2", Vfv -V fz*) = klim (xp, — 2", Vfvo—Vfz"). (6.36)
—00

n—oo

Now, we show that p € €, that is Tip = V fp = Top. Suppose z = (Vf — T})w.
Note that from (6.19), we get

Vfn, = A (Vf = T1)2n, =V fyn,, (6.37)

and hence

TVt Ve 4 M (VF = T, — (V= Ti))) = (VF = Ty

In addition, monotonicity of A yields that

1

\ (Vfl‘nk - nynk + )\"k((vf - Tl)ynk - (Vf - Tl)wnk)» > 0.

<w_y’nk7z_
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Thus, we have

1
(V0. =V )
ng

+<w = Ynyps (Vf - Tl)ynk - (Vf - Tl)xnk)>
= (&= s (VS = V)

<w_ynkvz> Z <w_ynk7

Nk
+<w - ynvalxnk - lenk>’ (638)

Furthermore, from (6.27), the fact that 7} and V f are uniformly continuous, we
obtain lim,, o0 ||T1%0, — T1Yn, || = 0 and lim, 0 ||V f2n, — V fyn,|| = 0. Conse-
quently, inequality (6.38) provides that (w—p, z) > 0 and hence by the maximality
of Vf — Ty, we obtain 0 = (V f — T1)p, that is, p € F¢(T}). Similarly, we get that
p € Fy(Ty), and hence p € Fy(T1) N F¢(1%). Thus, by Lemma 4.1.5, we obtain

limsup(z, —«*,Vfv — Vfz*) = lim (z,, —2z",Vfvo—Vfz¥)
—00

n—o0 k

= (p—a",Vfo—Vfz*)<0. (6.39)

Therefore, from (6.22), (6.35), (6.39) and Lemma 3.1.9, we conclude that D(z*, x,,) —

0 as n — oo which implies that x,, — x* as n — oo.

Case 2. Suppose that there exists a subsequence {n;} of {n} such that
D¢(x*, xy,) < Dp(x™, xp,41), Vi € N. (6.40)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {m;} C N such
that my, — oo as k — oo and max{Ds(z*, 2, ), Df(z*,2)} < Ds(z*, Tmy41) for

all £ € N. Thus, from (6.24) and the conditions on «,,,n, and 6, we get

im ||ym, — Tm, || =0, (6.41)

klgrolo vak - ymk” = o0
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and
lim ||t — 2m, || = Um ||z, — Tm, || = 0.
k—o00 k—o0

Moreover, following the methods in Case 1, we have

lim ||mmk - xmk+1|| =0,
k—o0

and

limsup(z,, —x*,Vfv—Vfz*) <O0.

k—o0

Now, the inequality in (6.22) provides

U, Dp(2", T,) < Dp(a™, 2m,) — Dp(2", Tyyt1)

+ 0t [Ty, = T |V fo = V fa||
+ 0, (T, — 2",V fo—V fz*)
[Ty, = Ty [ ||V fo = V fa]]

+m, (T, — 2",V fv =V fz*).

IN

Consequently, since a,,, > 0, we get

D" 2m) < N@my — T l[[Vf0 — V|

+H(Tm, — 2", Vfo—V fo*).

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

Therefore, from (6.43), (6.44) and (6.46), we obtain Dy(z*, x,,,) — 0 as k — oo

and hence from (6.23) we have Dg(z*,Zy,+1) — 0 as k& — oo. But the fact

Dy(z*, zx) < Dy(2*, 2, +1) implies that limy_,, Ds(z*, 25) = 0. Therefore, x;, —

x* as k — oo. The proof is complete.

]

We remark that the method of proof of Theorem 6.1.6 provides the following

theorem for approximating common f-fixed points of a finite family of Lipschitz

and f-pseudocontractive mappings in Banach spaces.
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Theorem 6.1.7. Let f € F(FE) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant pu >
0 on bounded subsets of E. Let T; : E — E* be Lipschitz and f-pseudocontractive
mappings with Lipschitz constants L;, fori =1,2,--+ N such that Q = NN, Fy(T;) #
(. For arbitrary xo,v € E define an iterative algorithm by

4

Tn+1 = Vf*(OéanU + (1 - O‘n)vfwn)v

where w,, = Vf*(ﬁanxnjLZfil NV foni), {an} C (0,1) satisfying lim a,, = 0,
n—oo

S an=00,0< A< ), <A< ;_%, for L := max{L; : 1 =1,2,--- N} and

{6n}, {mmi}t C [e,1) € (0,1) such that B, + Zfil Nni = 1, for alln > 0. Then,

{x,} converges strongly to an element z* = P} (v).

The following theorem follows from Theorem 6.1.6, when T3 = V f.

Theorem 6.1.8. Let f € F(E) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convezx with constant p >
0 on bounded subsets of E. LetT : E — E* be a Lipschitz and f-pseudocontractive
mapping with Lipschitz constant L such that Fy(T) # 0. For arbitrary zo,v € E,

define an iterative algorithm by

(

Yn = Vf*((l - /\n>vfxn + /\nTxn)a

\anrl = Vf*(OéanU + (1 - Oén)[ﬁanJ?n + (1 - Bn)van])a

where {a,} C (0,1) satisfying nh_}rgo =0, a,=00,0<A< )\, <A< ;&
and {B,} C [e,1) C (0,1), for all n > 0. Then, {x,} converges strongly to an

element * = Pp,r)(v).

Next, we state a theorem for a common zero of Lipschitz monotone mappings.
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Theorem 6.1.9. Let f € F(FE) be a strongly coercive bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
1> 0 on bounded subsets of E. Let A; - E — E* be monotone mappings such that
(Vf—A;) are Lipschitz with Lipschitz constant L;, for i =1,2, and Q ={z € E :
€ M2, A7H0)} # 0. For arbitrary xo,v € E, define an iterative algorithm by

v, = VIV Iy, — M(Ary, — Ar1zy)),

Uy = VIS (Vfz, — A(Agz, — Aszy)), (6.49)

\$n+1 =V (anVfv+ (1 —an)Vfw,),

wherey, = Vf*(Vfr,—\A12,), 20 = VI (V fr,— N Aszy,), w, = V (B, V fr,+
DV fo, + 0,V fu,), {a,} C (0,1) satisfying nhjEO an =0, " o, =00 and 0 <
A< <A< o Jor L= max{Ly, Lo} and {B,}, {m.}, {fn} C [e,1) C (0,1)
such that B, + n, + 0, = 1, for alln > 0. Then, {x,} converges strongly to an

element z* = P} (v).

Proof. Consider T; = Vf — A;, for © = 1,2. Then, we have that T; is Lipschitz
f-pseudocontractive mapping and f-fixed point of T; is the same as the zero of
A;, for i = 1,2. Moreover, the scheme in (6.49) reduces to the scheme in (6.19).

Therefore, Theorem 6.1.6 provides the conclusion of the theorem. O]

The following corollary is for a common f-fixed point of strictly f-pseudocontractive

mappings which follows from Theorem 6.1.6.

Corollary 6.1.10. Let f € F(FE) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
i > 0 on bounded subsets of E. Let T; : E — FE* be Lipschitz and strictly
f-pseudocontractive mappings with Lipschitz constant L;, for ¢ = 1,2, such that

Q = Fy(Ty) N Fy(Tz) # 0. For arbitrary xzo,v € E, define an iterative algorithm
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by

Yn = Vf*((l - )\n>vf$n + )\nTlxn)a
zn = V(1= M\)V Sz, + \Tox,),

up = V(1= N)V Sz + NV fx, + A\ (Toz, — Tox,)),

70t = V@V fo+ (1= an)Vfun),

where w,, = Vf*(B,V fx,+n,V fv,+6,V fu,), {an,} C (0,1) satisfying lim «,, =
n—oo

0, > o, =00, 0 <A<\, < < MLL, for L := max{Ly, Ly} and {8,},{n.},

{0,} C [e,1) € (0,1) such that 5, +n, + 0, = 1, for all n > 0. Then, {z,}

converges strongly to an element x* = P(’; (v).

If, in Theorem 6.1.6, F is in addition a smooth and strictly convex, then f(z) =
||z||? is a strongly coercive, bounded and uniformly Fréchet differentiable Leg-
endre function which is strongly convex with constant ¢ = 1 and conjugate
f*(z*) = 3||2*||* which imply that Vf = J and Vf* = J~'. Thus, we have

the following corollaries from Theorems 6.1.6 and 6.1.9, respectively.

Corollary 6.1.11. Let E be a smooth, strictly convex and real reflexive Banach
space with its dual E*. Let T; : E — E* be a Lipschitz and J-pseudocontractive
mappings with Lipschitz constants L;, for i = 1,2, such that Q = F,(T1)NFy(T3) #

(). For arbitrary xg,v € E, define an iterative algorithm by

(

Up = J_l((l - )\n)*]yn + )\ann + )\n(len - Tlxn))a

Up = JH(1 = M) T 20 + AdTn + An(Tozn — Totn)), (6.51)

| Tnt1 = J Handv+ (1 — ay)Jw,),

where y, = J7H(1 — \,)Jz, + NThzy), 20 = J7H(1 = N Tz + A\ Towy,), w, =

J N (Bpd xn + nnJvn + 0pJuy,), {an} C (0,1) satisfying lim a, =0, Y7 o, = 00,
n—oo

0< A<M <A< for L :=max{Ly, Ly} and {8, }, {n.}, {0n} C [e,1) C (0,1)

1+L>
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such that 8, + n, + 0, = 1, for all n > 0. Then, {x,} converges strongly to an

element z* in (2.

Corollary 6.1.12. Let E be a smooth, strictly convex and real reflexive Banach
space with its dual £*. Let A; : E — E* be monotone mappings such that (J— A4;)
are Lipschitz with constant L;, for i = 1,2, and Q = {z € E: 2 € N2, 4;(0)} #

(). For arbitrary zo,v € F define an iterative algorithm by

(

Up = Jﬁl(‘]yn - An(Alyn - A1$n))7
U = J Tz — M (Aoz, — Aszy)), (6.52)

Tpp1 = J HapJv+ (1 — o) Jw,),

\

where y, = J Y Jx, — N A1T,), 20 = J Tz, — MAswy), w, = J Y BuJz, +

NndUn + 0, Juy), {0} C (0,1) satistying lim a,, =0, Y2 a, =oco and 0 < A <
n—0o0

A <A< ﬁ, for L := max{Ly, Lo} and {B,},{n.}, {6} C [e,1) C (0,1) such

that S, + 0, + 6, = 1, for all n > 0. Then, {z,,} converges strongly to an element
z* of Q.

If, in Corollary 6.1.11, we assume E = H a real Hilbert space, and f(z) = 3||z|[%,
then we have Vf = J = I and Vf* = J~! = I, where [ is identity mapping on
H. Thus, we have the following corollary for a common fixed point of Lipschitz

and pseudocontractive mappings.

Corollary 6.1.13. Let H be a real Hilbert space. Let T; : H — H be Lipschitz
and pseudocontractive mappings with Lipschitz constant L;, for ¢ = 1,2 such that

Q= F(Ty) N F(Ty) # (. For arbitrary xo,v € E define an iterative algorithm by

.

U = (1 = A\p)zn + Aty + Ap(Toz, — Toxy), (6.53)

| Tnt1 = Qv + (1 — ) wy,
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where y, = (1=\,) 2+ N\ T1%0, 2 = (1= xn+ A Toxy,, Wy = Br@n+1,00+ 00Uy,
{a,} C (0,1) satisfying lim a,, =0, Y°% [, =00, 0 < A< A\, <A < i, for
n—oo

L :=max{Ly, Lo} and {B,},{n.}, {0n} C [¢,1) C (0,1) such that 8, +n,+6, =1,

for all n > 0. Then, {z,} converges strongly to an element z* in €.

6.2 Application to Convex Minimization Prob-

lems in Banach Spaces

Let h : E — R be a convex, Gateaux differentiable function with derivative Vh
which is Lipschitz continuous with constant L. We consider the problem of finding
x* € E such that

h(z*) = min{h(z)}, (6.54)

el

This problem is equivalent, by Fermat’s rule, to the problem of finding x* € F
such that

0= Vh(z*). (6.55)

Note that VA is monotone mapping (see, Theorem 3.13, [81]). One way of solving
the equation (6.55) is by finding the f-fixed points of an f-pseudocontractive
mapping T := V f — Vh since an f-fixed point of T is a zero of Vh. Thus, we get

the following result from Theorem 6.1.8.

Theorem 6.2.1. Let f € F(E) be a strongly coercive Legendre function which is
bounded and strongly convex with constant p > 0 on bounded subsets of E. Let
h : E — R be a conver, Gateauz differentiable function such that Vf — Vh is
Lipschitz continuous with constant L and Q = mingep{h(x)} # 0. For arbitrary

ug,u € E, define an iterative algorithm by

zn = Vf*(Vfu, — \,Vhuy,), (6.56)
Unt1 = V[ a,Viu+ (1 —a,)(Vfz, — A\(Vhz, — Vhu,))], .
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where {a,} C (0,1) satisfying lim a, =0, Y 00 ja, =00 and 0 <A<\, <A <
n—o0

HLL, for alln > 0. Then, {u,} converges strongly to an element x* = PS];("U).

Proof. Consider T' = V f—Vh. Then, we have that T is a Lipschitz f-pseudocontractive

mapping, and an f-fixed point of T is the same as the zero of Vh. Moreover, the

scheme in (6.56) reduces to the scheme in (6.48). Therefore, Theorem 6.1.8 pro-

vides the conclusion of the theorem. O

6.2.1 Numerical Example

In this subsection, we present a numerical example to explain the conclusion of
our result. The following numerical example verifies the conclusion of Corollary

6.1.13.

Example 6.2.2. Let H = R Define f : R* — R, by f(z) = 1||z[[?, then
Vf=J=1and Vf* = J ! = I, where [ is identity mapping on R?. Let
Ty, T, : R® — R? be defined by Tiz = (3,1,10) — (221,22, 423) and Thx =
(4,2,8) — 3(x1, T2, x3) where z = (z1,79,23) € R®. We see that T} and T are

Lipschitz and pseudocontractive mappings with F(T7) N F(Ty) = {(1, é, 2)}.

Now, taking v = (1,1,1), A, = %, a, = m, Bn = +1000 +0.001 = n,
and 0, =1— +1000 —0.002 for all n > 0, we observe that the conditions of Corol-

lary 6.1.13 are satisfied. Thus, if we take different initial points zo = (2,1, 3),
Ty = (3,2,4) and z, = (4,3,5) then in all cases, the numerical experiment results
using MATLAB provide that {z,} generated by (6.53) converges strongly to the
solution z* = (1,1,2) € F(T1) N F(T3) (see, Table 6.1, below).

In addition, we have sketched the error term ||z, — x*|| for each initial point.
From the sketch we observe that the convergence rate of the sequence {x,} gener-
ated by (6.53) converges faster as the initial point gets closer to the solution (see,

Figure 6.1, below).
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TABLE 6.1: Convergence of the sequence {z,} generated by (6.53)

n Tn T T,
0 (2.0000, 1.0000, 3.0000) | (3.0000,2.0000,4.0000) | (4.0000,3.0000,5.0000)
1 (1.6951,0.8891,2.8612) | (2.3902,1.6673,3.7225) | (3.0853,2.4454,4.5838)
2 (1.4832,0.8028,2.7417) | (1.9663,1.4084, 3.4835) | (2.4495,2.0139,4.2253)
3 (1.3358,0.7357,2.6387) | (1.6717,1.2069, 3.2777) | (2.0075,1.6781,3.9166)
4 (1.2334,0.6835,2.5500) | (1.4669,1.0501,3.1004) | (1.7003,1.4167, 3.6507)
5 (1.1623,0.6428,2.4736) | (1.3245,0.9281,2.9476) | (1.4868,1.2134,3.4217)
10 | (1.0263,0.5409,2.2242) | (1.0527,0.6223,2.4488) | (1.0790,0.7037,2.6735)
50 | (1.0000,0.5002,2.0001) | (1.0000,0.5002,2.0006) | (1.0000,0.5002,2.0012)
100 | (1.0000,0.5001,1.9996) | (1.0000,0.5001,1.9996) | (1.0000,0.5001,1.9996)
150 | (1.0000,0.5001,1.9997) | (1.0000,0.5001,1.9997) | (1.0000,0.5001,1.9997)
d
(1,1,2) (1,1,2) (1,1,2)
5 -
a5 P
K %,=(2,1,3)
al\
\ x,=(3,2,4)

— 351 \ .

*; \ — — — x,=(4,3,5)

é‘:

8

©

Pt

iterations, n

30

FIGURE 6.1: The graph of ||z, — z*|| versus number of iterations with different

choices of zg
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Chapter 7

Convergence Theorem for
Approximating a Common Point
of Solutions of Variational
Inequality and f-Fixed Point

Problems

In this chapter, we present some preliminary results that will be useful to prove
our main theorems of the chapter. In addition, we introduce the concept of a
Bregman relatively f-nonexpansive mapping and the method of approximating
a common element of the set of solutions of variational inequality problems for
Lipschitz monotone mappings and the set of f-fixed points of Bregman relatively

f-nonexpansive mapping in the setting of Banach spaces.

7.1 Preliminaries

In the sequel, we shall need the following lemmas.
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7. Solutions of VIP and f-fized points

Lemma 7.1.1. [76] Let E be a Banach space and r > 0 be a constant. Let
f + E — R be a continuous and convex function which is uniformly convexr on

bounded subset of E. Then
f(z Oék$k> < Z arf(zr) — ciepe(||zi — 24]]), (7.1)
k=0 k=0

forall0 <i,5 <n,z,€ B, ay€ (0,1) with )"} _,ou = 1, where p, is the gauge

of uniform convexity of f.

Lemma 7.1.2. [122] Let f : E — R be a continuous convez function on a reflexive
Banach space E which is strongly coercive. Then, the following statements are

equivalent:

i) f is bounded on bounded subset and uniformly smooth on bounded subset of

E.

ii) f* is Fréchet differentiable and f* is uniformly norm-to-norm continuous on

bounded subset of E*.

iit) dom  f* = E*, f* is strongly coercive and uniformly conver on bounded

subset of E*.

7.2 Solutions of Variational Inequality and f-
Fixed Point Problems

For the rest of this section, let E be a real reflexive Banach space with its dual £*
and C' be a nonempty, closed and convex subset of E. Let f : E — (—o0,+o0]
be a proper, continuous and convex function on a real Banach space F and f* :
E* — (—00,400]| be the Fenchel conjugate of f. We denote the family of such
functions by F(E). Let {a,,} C (0,1) be a real sequence satisfying nhjEO a, =0

and > 7, = 00.
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7. Solutions of VIP and f-fized points

Definition 7.2.1. Let T : C' — E* be a map. A point p € C' is called an f-
asymptotic fixed point of 7" if C' contains a sequence {z, } which converges weakly
to p and lim, o ||V fx, — Tx,|| = 0. We denote the set of f-asymptotic fixed
points of T' by E(T)

Definition 7.2.2. A mapping T : ¢ — FE* is called Bregman relatively f-

nonexpansive if

i) Fy(T) # 0
ii) Dy(p,Vf*Ty) < Ds(p,y),V y € C,p € Fy(T);
iii) Fy(T) = Fy(T).

Example 7.2.3. Let ¢, be the sequence spaces for 1 < ¢ < p < oo such that
]—1)4—% = 1. Let {z,} € ¢, be given by z,, = (0,0,0,---,0,1,0,---) with 1 in the
n' position and zero in every other position, then z, — 0 as n — oo. Define

fil,—10,00) by f(z) =1 and T:¢, - ¢, by
p P P q

Vfz if v 4z,
Ta = 2 (7.2)
zziBfon, if v = x,,
then we observe that F(T') = {0}. Moreover, since || Tz, =V fu,|| = ||5255V f2,—

Vi, = T?LFSHfonH — 0 as n — 00, we obtain that E(T) = {0} = F¢(T).
Furthermore, the fact that

D(0,Vf*Tz) = Dy (0,%) =

for x # x,, and

2n )pr—l <p—1

2n + 3 -

D40,V £ Ta) = ( <

= Df((),xn), (74)

for x = x,,, we obtain D;(0,V f*Tx) < D;(0,z) for all z € [,,. Thus, T"is Bregman

relatively f-nonexpansive.

First, we prove the following lemmas.
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7. Solutions of VIP and f-fized points

Lemma 7.2.4. If T : C — E* is a Bregman relatively f-nonexpansive mapping,

then F¢(T') is closed and convex.

Proof. We first prove that F;(T') is closed. Let {z,} be a sequence in Fy(T") such
that x,, — p € C. From the definition of T', we have

D¢(x,, Vf*Tp) < Dy(xy,p), for each n>0. (7.5)
Thus,

= Dj(p.p) =0, (7.6)

which implies that p = V f*Tp and hence, Vfp = Tp. So, we have p € F¢(T),
that is, Fy(T') is closed. Next, we show that Fy(T) is convex. Let p,q € F¢(T)
and w = tp+ (1 —t)q, for t € (0,1). Then, from (1.15) and the definition of T,

we have

Dy(w, V[ Tw) = f(w) = (w—VfTwTw) - f(VfTw)
= flw)=({tp+ (1 —t)g—VfTwTw)— f(VfTw)
= flw) —t{p -V Tw Tw)
—(1=t){q¢ = VfTw,Tw) — f(VfTw)
= f(w)+tf(p) —tf(p) —tlp — VfTw, Tw)
+(1=8)f(q) — (L =1)f(q)
—(1=t)(qg = VfTw,Tw) — f(VfTw)
= f(w) +tDs(p, VfTw)+ (1 —1)Dys(q, V[ Tw)
—tf(p) — (1 —=1)f(q)
< flw) +tDg(p,w) + (1 =) Dy(q,w) —tf(p) — (L =) f(q)
= f(w)+t[f(p) — (p —w, Vfw) — f(w)]
+(1=8)[f(a) = (g —w, Vfw) = fw)] = tf(p) = (1 =) f(q)
= f(w) = (w—w,Vfw)— f(w)=0. (7.7)
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7. Solutions of VIP and f-fized points

This impels w = V f*T'w and hence V fw = Tw. Therefore, w € F¢(T'), that is,
F¢(T) is convex. O

Theorem 7.2.5. Let f € F(FE) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
i > 0 on bounded subsets of E. Let A; : C — E* be L;-Lipschitz monotone
mappings with constants L;, fori =1,2 and T : C — E* be a Bregman relatively
f-nonexpansive mapping such that Q = VI(C, A)) N VI(C, As) N F¢(T) # 0. For

arbitrary xo,w € C define an iterative algorithm by

p

Yo = PLNV f*(V 2, — vuArz,),
2n = PINV [ (V f, — ynAsty),

wy, = V6.V, + 6, Tx, +n,Vfu, + 60,V fu,),

| Tnt1 = P(];Vf*(ozanw + (1 — )V fw,),

where u,, = P(];Vf*(fon—%Alyn), Uy = P(’;Vf*(fon—%Agzn), 0<y<mm <
¥ < %, for L:=max{Li, Ly} and {Bn},{0n} {nn}. {0n} C[e,1) C (0,1) such that
Bn+ 0y +n0+6,=1, for alln > 0. Then, {x,} is bounded.

Proof. Let g € . Now, from (7.8), Lemma 4.1.5 (ii), (1.15), (2.15) and mono-

tonicity of A1, we have

Di(q,un) = Dyla, PV [*(Vfn = 1Aiyn)
Dy(q. Vf*(V fan = mdiyn)) = Dy(un, VI (V f2n — A1)
= fla) = {a—= VIV, — 1Aiyn), VT, — 1nAiyn)
— (VI (Ve — yAiyn)) — flun)
+un = VIV, — mdiyn), VT, — v Aiyn)
+f(V(Vfan — ymAiyn))

= f(q) + (un — ¢, V2, — v Aryn) — f(un)

IN
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7. Solutions of VIP and f-fized points

and

Dy(q,un) < f(@) + (un — ¢, Vfan) — (un — ¢, 7 A1yn) — fun)
= f(@) = (g — 20, Vfan) — f(z) + (g — 20, Vfaa) + f(zn)
Hun = ¢ Vfan) = (un — ¢ 1Aryn) — fun)
= Dy(q, zn) + (Un — @0, Vfan) + fan) — f(un) = (un — ¢, Y A1yn)
(¢, 2n) = Dy(tin, Tn) = (Un — ¢ YnA1Yn)
(¢, 2n) = Dy(un, Tn) + (0 = Yns Y A1Yn) + (Yn — Uns YnA1Yn)
= Dy(q,20) = Dy(un, ¥n) + ¥0{q = Y, A1y — A1q)
Y0 (d = Yn, A10) + (Yn — Uns Yo A1Yn)

S Df(Q7 .l’n) - Df(um In) + <yn — Up, 'VnAlyn> (79)

In addition, from (1.16), we get

Df(una xn) - Df(um yn) + Df(yna l‘n) + <fon - nym Yn — un) (710)

Substituting (7.10) in (7.9), we obtain

Dy(q,un) < Dy(q2n) = D(un, yn) — Dy (yn, T0)
— (V20 =V fYn, Yn — tn) + (Yo — Un, YnA1Yn)
= Dy(q,2n) = Dy(tn, yn) = Dy (yn, 2n)
+(Yn — Un, Y A1Yn + V fyn — V f,), (7.11)

and from Lemma 4.1.5 (i), we have

<yn — Unp, ’ynAlyn + nyn - Vf$n> = <un — Yn, fon - 'ynAlyn - nyn>
= <un — Yn, ’YnAlxn - r)/nAlyn>
+(tn, = Yn, VfTn — A1z, — V fyn)

< <un — Yn, ’YnAlxn - PYnAlyTL> (712)
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7. Solutions of VIP and f-fized points

Furthermore, (7.11), (7.12), the fact that A; is L;-Lipschitz and Lemma 4.1.13,

we obtain
Df(Qaun) < Df(Q;-CEn) - Df(unayn) - Df(ynaxn) < ynafYnAlxn VnAlyn>

< Df(‘]vxn) - Df(umyn) - Df(ynaxn) + 7n||un yn||||A1mn - AlynH

< Dy(q,2n) = Dy(tn,Yn) = Ds(yn, Tn) + %Lllun Yallllzn — ynl|

< Dy(q,7n) = Dy(tn,yn) — Dy(Yn, T0) + [Ilun Ynl* + 120 — ynll?]

7 u
< Df((b-rn) - §||un - yn||2 - §Hyn - anz
nL
+5 Httn = Yol * + 120 — ynll?]
p— Tl

= Dyla.mn) = (5572 [ltn = gl 2+ lfn = wal ] (7.13)

Similarly, we obtain that
B =L
Di(a,v) < Dyla,w) = (52 [llon = zall? + llwn = 2l P (7.14)

Again from (7.8), (1.19), (1.20) and Lemma 7.1.1, we get

Dilq,w,) = Dy(q, VI (BuV fn + 0,Tx, + 1,V fuu, + 0,V fv,,))
= Vi(q, BV fn + 62T + 12V ftin + 0,V fy,)
= f(q) — {q, BV frn + 6.Txy + 1V fu, + 60,V fu,)
+ (BN fan, + 6, Ty + 1,V fu, + 0,V fu,)
B f (@) + 0nf(q) + mnf(q) + Onf(q)
(@, BaV fxn) = (@, 0nTw0) = (¢, 1V fn) = (¢, 60V fn)
FBuf*(V fan) + 6n " (Txn) + 1 f* (V fun) + 0n f*(V fun)
= Bn0npy([|V fn — Txnl|)
= BuVi(a, Vizn) + 0.Vi(q, Tan) + 02 Vi(q, V fun)
+0n,Vi(q, Von) = Bronpy(||V f2n, — Ty|)
= BuDs(q,20) +0.Dy(q, V" T2n) + 12Dy (q, up) + 00Dy (g, vn)

_5n6np:(‘|vf$n - Tan)

IN
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7. Solutions of VIP and f-fized points

Using the assumption on 7', inequalities (7.13) and (7.14), we obtain

Df(Q) wn) S Ban(Qa l‘n) + 5an(Q: mn) + nan(Qa un) + gan((b Un)
—Bnbnpr([|[V frn — Tall)

= Yl
| Dy 20) = (552 ) (ltn = 9l P + o = vl )]

o M_/VnL . 2 i 2
+0n | Dsla20) = (552 ) llvw = 2l + [ = 23]
_ansnp:("vfxn - Txn”)

= Yl
= Dyla,a) = (F52) Ultm = vl 1+ 0 = )]

[ (B22E) o = 2l 4l — P

Dy(q, ). (7.16)

IN

IN

Now, from (7.8), Lemma 4.1.5 (ii), Lemma 4.1.6 and (7.16), we obtain

Df(Qa xn-i—l) = Df(Q? Pg’vf*(anvfw + (1 - Oén)Vf’LUn))
Df(Qa Vf*(aanw + (1 - O‘ﬂ>vfwn))

< onDy(q,w) + (1 — an)Dy(q, 2n)
< max{Ds(q,w), Ds(q, )}, (7.17)
and by induction we get
D¢(q, z,) < max{Dy(q,w), Ds(q,x0)}- (7.18)

Thus, {Dy(q,x,)} is bounded. Therefore, by Lemma 4.1.3, {x,} is bounded and
so are {y,}, {zu}, {un}, {w,} and {v,}. O

Next, we prove the main theorem of the section.
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7. Solutions of VIP and f-fized points

Theorem 7.2.6. Let f € F(FE) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
i > 0 on bounded subsets of E. Let A; : C — E* be L;-Lipschitz monotone
mappings with constants L;, fori =1,2 and T : C — E* be a Bregman relatively
f-nonexpansive mapping such that Q = VI(C, A)) N VI(C, As) N F¢(T) # 0. For

arbitrary xo,w € C' define an iterative algorithm by

e

Yo = PLNV ¥ (V fx, — v Arz,),

Zp = Pfo* Vir, — mAsx,),
ARl 1) 10

wy, = VBV fr,+ 6, Txy + 0,V fu, + 0,V fv,),

( Tnt+l = Pévf*(@nvfw + (1 = )V fuw,),

where u, = Pg,Vf*(fon—%Alyn), v, = Pgi*(fon—%Agzn), 0<y<m<
¥ < %, for L:=max{Li, Ly} and {Bn},{0n} {nn}. {0n} C[e,1) C (0,1) such that
Bn+0n+ 10,40, =1, for alln > 0. Then, {x,} converges strongly to an element
z* = P (w).

Proof. From Theorem 7.2.5, we know that {z,} is bounded. Let ¢ = P(w) and
rn = Vf*(a,Vfw+ (1 —a,)Vfw,). We note that from Lemma 4.1.5 (i), we get

(u—q,Vfw—Vfq) <0,VueQ. (7.20)
Now, from (7.19), Lemma 4.1.5 and (1.20), we get

Di(q,%0s1) = Dy(q, PV (a,Vfw+ (1 - a,)Vfuw,))

< Di(q, VI (aVfw+ (1 —an)Vfwy,))
= Vi(q,a, Vfw+ (1 —a,)V fw,)
< Vi(q,anVfw+ (1 — an)V fw, — a,(Vfw —Vfq))

+<Oén<Vfw - va)vrn - Q>
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7. Solutions of VIP and f-fized points

and from Lemma 4.1.6 and (7.16),

Dg(q, xnt1) < Vilg,oanVfg+ (1 —an)Vfw,)
+an(Vfw =V fq,r, —q)
= Dy(q, VI (anVfqg+ (1 — )V fwy))
+an(Vfw—Vfqr, —q),

IN

anDy(q,q) + (1 — an)Dy(q, wy)

+an(Vfw =V fgr —q)

(1= on)Dy(q,wn) + an(V fw = Vfq,ry — q)

(1= an)Dys(q, 0) + oV fw =V fq,rn — q)

(1= ) Dy(q,z0) + ||V fw = V fl|l[rn — zn]|

+a, (Vfw—-Vfq,z,—q). (7.21)

IN I

IN

On the other hand, from (7.19), Lemma 4.1.5 and Lemma 4.1.6, we have

Dy(q,%ns1) = Dy(q, PLVf (@ Vfw+ (1 - a,)Vfw,))
= Dy(q, VI (anVfw+ (1 - )V fw,))

< anDy(q,w) + (1= an) Dy(q, wn). (7.22)
Moreover, from (7.22) and (7.15), we obtain

Df(q7 'xn—l—l) S Oéan(q,QU) + (1 - Oén)Df(q, mn)

(0= e [ (B bl P+ [ — )]

—~,L
(1 = @)t [ (F522 ) lon = zall? + llan = 2l
—Bu8uf (19 fn = T ), (7.23)
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7. Solutions of VIP and f-fized points

which implies that

(1 = ) [ (B2 Ut = gl + i — 3l )]

2
—~, L
+(1 = @) | (5522 ) Ulow = 22+ lln = 2l 1)
< an(Dy(g,w) = Dy(:20)) + Dy(g,w) = Dy annn). (7:24)

Now,we divide the rest of the proof into two parts as follows:

Case 1. Assume that there exists ng € N such that the sequence of real numbers
D¢(q, x,) is decreasing for all n > ng. It then follow that D¢(q,x,) is convergent
and hence D(q,x,) — D¢(¢, Tpy1) — 0 as n — oo. Thus, from (7.24) and the

conditions on a,, By, 0,, N, and 0, we get,

: - 2 _ 21 — 13 . 2 - 21 _
Tim [fun =yl "+ [[20 = yul ] =l [[lon = 20[[* + [[25 = 24| "] = 0,
and
lim p;(||V fz, —Tz,||) =0, (7.25)
n—00

which implies that

lim ||u, — yu|| = lim ||z, —yn|| =0, (7.26)
lim ||v, — z,|| = lim ||z, — z,|| =0, (7.27)
n—oo n—oo
and
lim ||V fz, — Tx,|| = 0. (7.28)
n—oo
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7. Solutions of VIP and f-fized points

From (7.28) and the fact that V f* is uniformly continuous on bounded subsets of
E*, we get

lim ||z, — Vf*Tx,|| = 0. (7.29)
n—oo
Moreover, from (7.19) and Lemma 4.1.6, we obtain

D¢(xn,rn) = Di(x,, VI, Vfw+ (1—a,)Vfw,))

IN

(

&an(:En, w) + (1 — an)Df(Q7 W)

= o, Df(xn,w)+ (1 — a,)[BnDs(xn, xn) + 0, D2, V[ Tay)]
)

+(1 — ap) [ Dy (@n, un) + 0, D (24, v0)] (7.30)

Thus, from Lemma 4.1.7, (7.26), (7.27), (7.29) and (7.30), we get

lim Dy(z,,r,) =0, (7.31)
n—oo

which implies that
nh_)ngo ||z — rul| = 0. (7.32)

Now, since {z,} is bounded in F there exists u € E and a subsequence {x,, of
{z,,} such that since {z,} is bounded in E there exists u € E and a subsequence

{zy, } of {z,} such that x,, — v and

limsup(z, —¢,Vfw—=Vfg) = lim (z,, —q,Vfw—Vfq). (7.33)

n—00

From (7.28) and the fact that 7" is relatively f-nonexpansive, we have u € Fy(T).
Next, we show that u € VI(C, A1) NVI(C, Ay). Let

Az + Nez, if x € C,
Fio = (7.34)

0, ifré¢ C,
where Ne(x) = {v € E* : (x —z,v) > 0 for all z € C} is the normal cone

161



7. Solutions of VIP and f-fized points

to C'. Then, F} is a maximal monotone mapping and 0 € Fjz if and only if
x € VI(C,Ay) (see, [95]). Let (x,y) € Gph(Fy). Then y € Az + Neo(z) and

hence y — Ajz € No(z). Thus we obtain
(x —v,y — Ayz) >0, for all v e C. (7.35)

Since z and u,, are in C' by Lemma 4.1.5 (i), we have (Vfz,, — Vo, A1Yn, —

V fun,, un, —x) > 0 which implies that (z — wu,,, w + A1yyn,) > 0. This
"k

and the inequality in (7.35) imply that

(= Up,,y) > (T — Uy, A1)
Z <I U, A1I> _ <[E . Vfunk - vfflfnk + Alynk>
g
= (x —Up,, A1x — Ay, ) + (& — Up,, A1y, — A1Yn,)
1
——<.Z' — Up,y, Vfunk - vfmnk>
Tng
> (T — Up,, Arttn, — A1Yn,)
1
—T<x — Uy, V Uy, — V). (7.36)

Furthermore, from (7.26), the fact that A; and Vf are uniformly continuous,
we obtain lim,, . |[|[A1u, — A1y,|| = 0 and lim,, o ||V fu, — V fz,|| = 0. Conse-
quently, inequality (7.36) provides that (x —u,y) > 0 and hence by the maximality
of F| we obtain u € F; *(0). Therefore, u € VI(C, A;). Similarly, we get that
ue VI(C,Ay). Thusu € VI(C, A;)NVI(C,A;) N F¢(T). Hence, by Lemma 4.1.5

(i), we get

limsup(z, —q,Vfw—Vfq = ]}Lrglo(xnk —q,Vfw—Vfq)
= (u—q,Vfw—Vfq) <O0. (7.37)

Therefore, from (7.21), (7.32), (7.37) and Lemma 3.1.9, we conclude that D(q, ,,) —

0 as n» — oo. Hence, by Lemma 4.1.7, x, — q as n — oc.
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7. Solutions of VIP and f-fized points

Case 2. Suppose that there exists a subsequence {n;} of {n} such that

Di(q,xn;) < D(q, Tn;41), Vi € N (7.38)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {m;} C N such
that my — 0o as k — oo and max{D¢(q, Tm, ), Df(q, xx)} < Ds(q, Tm,+1), for all
k € N. Thus, from (7.24) and the conditions on «,, B, 0n, N, and 6, we get

k:lg{olo vak - kaH = klggo mek - zmk“ = 07 (740)
and
lim ||V fz,, —Txpy,|| =0. (7.41)
k—o0

Moreover, following the methods in Case 1, we get

lim ||, — Tm, || =0, (7.42)
k—o00
and
lim sup(x,,, — ¢, Vfw — Vfq) <0. (7.43)

k—o00

Now, from (7.21), we obtain

Ay (Dy (¢ 2my) < Dyp(q Tmy) = Dy(qs Tmyt1)

oy || 2m, — [V fw =V fql]

i, (Tm, — ¢, Vfw =V fq)

i |[ T, = T |[[[V fo = V ]

+ 0, (T, — ¢, Vfw —V fq). (7.44)

IN
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Consequently, since a,,, > 0, we get

Df(Q7xmk) < ||$mk - ka||||Vfw — V||

(X, — 0,V fw =V fq). (7.45)

Therefore, from (7.42), (7.43) and (7.45), we obtain D¢(q, xy,, ) — 0 as k — oo.
But from (7.23), we obtain that D¢(q, z,,+1) — 0 as k — oo and hence the fact
that Ds(q,xr) < Df(q, Tm,+1) implies limy_,o Ds(q,x;) = 0. Thus, by Lemma

4.1.7 ), — q as k — oo. O

We remark that the method of proof of Theorem 7.2.6 provides the following
result for a common point of solutions of f-fixed points of a Bregman relatively
f-nonexpansive mapping and variational inequality problems of a finite family of

Lipschitz monotone mappings in Banach spaces.

Theorem 7.2.7. Let f € F(E) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
i > 0 on bounded subsets of E. Let A; : C — E* be L;-Lipschitz monotone
mappings with constants L;, fori = 1,2,--- N and T : C' — E* be a Bregman
relatively f-nonexpansive mapping such that Q = NN, VI(C, A;) N Fy(T) # 0. For

arbitrary xo,w € C' define an iterative algorithm by

(

Yn,i = ngf* (vfmn - ’YnAz:Un)a
VI ) (7.46)
Wy = vf*(ﬁnvfxn + 5nTxn + Z?zl nn,ivfun,i)a

| Zni1 = PAV f*(anV fw + (1 — )V fuwy),

where) <y <7, <Y< &, for L:=max{L;:i=1,2,--- N} and {B.},{0n}, {7} C
le,1) C (0, 1) such that 6,;1—(5,;%2511 Mni = 1, for alln > 0. Then, {u,} converges

strongly to an element x* = Pl(w).

If, in Theorem 7.2.6, we assume that ' = FE, then the Bregman projection
P/, veduces to the the identity mapping on E and hence VI(C, A;) = A7(0),
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VI(C,Ay) = A;'(0). Thus, we obtain the following corollary for approximating
a common point in the set of solutions of f-fixed points of Bregman relatively
f-nonexpansive mapping and the set of zeros of Lipschitz monotone mappings in

Banach spaces.

Corollary 7.2.8. Let f € F(E) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
i > 0 on bounded subsets of F. Let A; : E — E* be L;-Lipschitz monotone
mappings with constants L;, for i = 1,2 and T : E — E* be a Bregman relatively
f-nonexpansive mapping such that Q = Fy(T)NA;*(0)NA;'(0) # (). For arbitrary

xo,w € E define an iterative algorithm by

;

2n = VIV fn — YaAswy), (7.47)

Wy, = V[ (BaV [y + 0n T2y + 0,V fn + 0,V fuy),

\xn+1 = vf*(anvfw + (1 - an)Vfwn),

where u, = Vf*(Vfr, — vA10n), vn = VI (Vfr, — 7A22,), 0 <7 < 7, <
7y < &, for L :=max{Ly, Ly} and {B.}, {0n}, {mn}, {0n} C [e,1) C (0,1) such that
Bn+0n + 1m0+ 6, =1, for all n > 0. Then, {z,,} converges strongly to an element
z* = Pf(w).

If, in Theorem 7.2.6, we assume that A; = 0, for 7 = 1,2, then we get a method of
approximation for f-fixed points of a Bregman relatively f-nonexpansive mapping

in Banach spaces.

Corollary 7.2.9. Let f € F(E) be a strongly coercive, bounded and uniformly
Fréchet differentiable Legendre function which is strongly convex with constant
@ > 0 on bounded subsets of E. Let T": C' — E* be a Bregman relatively f-
nonexpansive mapping such that F¢(T') # 0. For arbitrary zg,w € C define an
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iterative algorithm by

Wn = V(BN fn + 0, T), _

Tpt+1 = P(J;cvf*(anvfw + (1 - O‘n)vfwn)a

where {5,},{0,} C [e,1) C (0,1) such that 8, + 0, = 1, for all n > 0. Then, {z,}

converges strongly to an element z* = Pp (1) (w).

If, in Theorem 7.2.7, we assume that C' = F and T = Vf, then we get the
following result for a common point of zeros of a finite family of Lipschitz monotone

mappings in Banach spaces.

Corollary 7.2.10. Let f € F(FE) be a strongly coercive, bounded and uni-
formly Fréchet differentiable Legendre function which is strongly convex with
constant ¢ > 0 on bounded subsets of E. Let A; : F — E* be L;-Lipschitz
monotone mappings with Lipschitz constants L;, for ¢ = 1,2,--- | N such that

Q =nN,A;70) # 0. For arbitrary x,w € E, define an iterative algorithm by

(

Yni = VIV, — ynditn),

J i = VIV fan = YnAiyn),

Wy, =V [*(BroVfrn + D01 BriV ftng),
| ZTnt1 = VI (anVfw+ (1= an)V fuwy),

(7.49)

where 0 < v < 7, <5 < £, for L := max{L; : i = 1,2,--- ,N} and {$,,} C

[e,1) C (0, 1) such that Zf\io Bni =1, for all n > 0. Then, {z,} converges strongly

to a point z* = PJ(w).

If, in Corollary 7.2.8, E is a smooth, strictly convex and real reflexive Banach

space then f(z) = %||z||? is a strongly coercive, bounded and uniformly Fréchet

2
differentiable Legendre function which is strongly convex with constant p = 2 and
conjugate f*(z*) = i||z*|[>. This yields that Vf = J, = J with Vf* = J;' =

J~1. Thus, we get the following corollaries for approximating a common point of
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solutions of semi-fixed points of relativity J-nonexpansive mapping and variational

inequality problems in Banach spaces.

Corollary 7.2.11. Let E be a smooth, strictly convex and real reflexive Banach
space with its dual E* Let A; : C' — E* be L;-Lipschitz monotone mappings with
Lipschitz constants L;, for i = 1,2 and T : C' — E* be a relatively J-nonexpansive
mapping such that Q = Fy(T) N A;1(0) N A31(0) # 0. For arbitrary zg,w € C,

define an iterative algorithm by

;

Y = Mo YTz, — ynA17,),

Zn = HCJ71<J:En - /YnA2xn)7 (7 50)

wy, = J N Budzy + 6T + nudu, + 0, Jv,),

| T4t = Hed HapJw + (1 — ay)Jw,),

where u, = HeJ ' (J2m — Y A1yn), vn = o H(J2n — 1mA22,), 0 < 7 < g <
5 < 1, for L :=max{Ly, Lo} and {B,}, {6.}, {m.}, {0} C [e,1) C (0,1) such that
Bn 4+ 0n +np + 6, =1, for all n > 0. Then, {x,} converges strongly to a point

z* € Q.

Corollary 7.2.12. Let E be a smooth, strictly convex and real reflexive Banach
space with its dual E* Let A; : C' — E* be L;-Lipschitz monotone mappings with
Lipschitz constants L;, for ¢ = 1,2 and T : C' — E be a relatively nonexpansive
mapping such that Q = VI(C, A))NVI(C, A))NF(T) # 0. For arbitrary zo,w € C

define an iterative algorithm by

(

yp = U YTz — ynA12,),

Zn = HC’Jil(an - ’ynAan)a (7 51)

wy, = J N Budwy + 60 JT Ty + npJugy + 0, J0y),

| Tnt1 = Hed HapJw + (1 — ap)Jw,),

where w, = IlgJ ™ (Jon — 1Aiyn), vn = Hed " (Jan — 1ndazn), 0 < 7 < 9, <
5 < 1, for L :=max{Ly, Lo} and {B,}, {6.}, {m.}, {0} C [e,1) C (0,1) such that
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Bn+ 6+ 1+ 0, =1, for all n > 0. Then, {z,} converges strongly to a point
x* e Q.

If, in Corollary 7.2.11, we assume E = H, a real Hilbert space, and f(z) = 3||z|[%,
then we have Vf = J, = I and Vf* = J, ' = I, were [ is identity mapping on

H. Thus, we get the following corollary for approximating a common point of

solutions of variational inequality and fixed point problems in Hilbert spaces.

Corollary 7.2.13. Let H be a real Hilbert space. Let A; : C — H be L;-
Lipschitz monotone mappings with Lipschitz constants L;, for ¢« = 1,2 and T :
C — FE be a quasi-nonexpansive mapping such that (I — T is demiclosed at 0
and Q = A71(0)N A1 (0)N F(T) # 0. For arbitrary zp,w € C, define an iterative
algorithm by

(

Yn = PC(xn - ’YnAlxn)a

Zp = PC<xn - fYnAan)a (7 52)

Wy, = By, + 0,1, + Ny, + 0,0,

[ Tnt1 = Po(a,w + (1 — ap)w,,),

where Up = PC(xn - 'YnAlyn)7 Up = PC<xn - ’ynAQZn)a 0 < v <% <7 <
1, for L := max{Ly, Ly} and {B,},{0.}, {mn},{0n} C [e,1) C (0,1) such that
Bn+ 6 + 1+ 0, =1, for all n > 0. Then, {z,,} converges strongly to an element

z* € Q.
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Chapter 8

Discussion, Conclusion and

Recommendation

8.1 Discussion and Conclusion

The works presented in this thesis contains different methods studied for approxi-
mating solutions of several problems in the area of Nonlinear Functional Analysis.
Most of the results obtained in this thesis were carried out in Hilbert and real
reflexive Banach spaces where the notion of Bregman distance was utilized. In
addition, we briefly introduced new classes of nonlinear mappings and studied
their properties and methods of approximating their fixed points. In particular,

we summarize our contributions and provide our conclusions as follows.

e In Chapter 3, we successfully formulated the method of approximation for a
zero of the sum of maximal monotone mappings in Hilbert spaces. In Section 3.2,
Viscosity type Douglas-Rachford splitting algorithm was constructed and strong
convergence of the scheme to a zero of the sum of a finite family of maximal mono-
tone mappings was obtained. Moreover, in Section 3.3, we introduced an algorithm
by reformulating (1.1) as the problem of locating a point in a certain extended

solution set S¢(Aj, As, .-+, A,) C H x H™ and proved its strong converges to
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a zero of the sum of a finite family of maximal monotone mappings in Hilbert
spaces. We also gave some applications to the minimization problems. Moreover,
numerical examples which support our main result were presented. Our results
in this chapter extend the results of [100], Lorenz and Pock [62], Combettes [42],
Takahashi et al. [105] and the references therein in the sense that our convergence
is strong or A and/or B is not a-inverse strongly monotone. Furthermore, our
results extend the results of Bot et al. [22] to the case of the zero of the sum of a
finite family of maximal monotone mappings. The results obtained in Section 3.2
have been published in the journal of “Advances in Operator Theory, volume 5,
Number 2, (2020), Pages 359-370” while the results obtained in Section 3.3 have
been published in the journal of “Arab Journal of Mathematical Sciences 2019,
Pages 1-15” and the journal of “Demonstratio Mathematica volume 53, Number

1, (2020), Pages 152-166.

e In Chapter 4, we proved convergence theorems for approximating a zero of the
sum of maximal monotone mappings in Banach spaces. In Section 4.2, we studied
the forward-backward algorithm and proved strong convergence of the method to
a zero of the sum of maximal monotone and Lipschitz continuous mappings in real
reflexive Banach spaces. In Section 4.3, we proposed splitting algorithm method
associated with a certain extended solution set S.(A;, Ay, -+, A,) C E x E*",
which converges strongly to a zero of of the sum of a finite family of maximal mono-
tone mappings Ay, As,---, A, in Banach spaces. We have given some applications
to the minimization problems. Furthermore, we have provided numerical exam-
ples to support our main results. Our results in this chapter extend the results of
[19, 40, 45, 80, 107, 108] from real Hilbert spaces to real reflexive Banach spaces
without the assumption that one of the mappings is a-inverse strongly monotone.
In particular, Theorem 4.3.8 extends Theorem 6 of Tusem [53] and the results in
[100] in the sense that our theorems provide strong convergence in arbitrary real
reflexive Banach spaces and Corollary 4.2.5 extends Theorem 3.12 of Shehu [97]

from uniformly smooth real Banach spaces and 2-uniformly convex to smooth,
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strictly convex and real reflexive Banach spaces. In addition, Theorem 4.3.8 ex-
tends Theorem 3 of [115] and Theorem 3.6 of [114] from Hilbert spaces to real
reflexive Banach spaces. The results obtained in Section 4.2 have been published
in the “Computational and Applied Mathematics Journal, Volume 39, Number 3,
(2020), Pages 1-16” and the results obtained in Section 4.3 have been published
in the journal of “Journal of Fized Point Theory and Applications, Volume 22,
Number 57, (2020), Pages 1-24” and accepted by the journal of “Optimization ”.

e In Chapter 5, we constructed an algorithm for approximating a solution of the
split equality monotone inclusion problem for the sum of two maximal monotone
mappings in Hilbert spaces and discussed its strong convergence. The assump-
tions that one of the mappings is single-valued and a-inverse strongly monotone
are dispensed with. We have given an application to the convex minimization
problem. Moreover, a numerical example which supports our main result is pre-
sented. Our results improve and unify most of the results that have been proved in
this direction. In particular Theorem 5.2.6 generalize the results in [72-74]. The
results obtained in this chapter has been published in the journal of “Linear and

Nonlinear Analysis, Volume 5, Number 3, (2019), Pages 495-516".

e In Chapter 6, we introduced a new class of mappings called f-pseudocontractive
mappings with the notion of f-fixed points in Banach spaces which are the exten-
sions of the class of pseudocontractive mappings and the notion of fixed points in
Hilbert spaces, respectively. This class of mappings also includes the class of semi-
pseudocontractive in Banach spaces. In addition, an algorithm for approximating
a common point of f-fixed points of Lipschitz and f-pseudocontractive mappings
is established. Furthermore, we applied our main results to obtain a common zero
of Lipschitz monotone mappings. Our theorems in this chapter improve and unify
most of the results that have been proved for this important class of nonlinear
mappings. In particular, Theorem 6.1.6 extends Theorem 3.6 of Zegeye [123],
Theorem 2.5 of Su and Xu [99] and Theorem 2.4 of Liu [64] to the case of real

reflexive Banach spaces. Our results also complements the results of Chidume
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and Idu [37]. The results obtained in this chapter have been published in the jour-
nal of “Rendiconti del Circolo Matematico di Palermo Series 2(2020), Pages 1-24”.

e In Chapter 7, we introduced the concepts of Bregman relatively f-nonexpansive
mappings and studied their properties and the method of approximating a common
element of the set of f-fixed points of Bregman relatively f-nonexpansive mapping
and the sets of solutions of variational inequality problems of Lipschitz monotone
mappings in real reflexive Banach spaces. Our results in this chapter improve and
extend most of the results in the literature. In particular, Theorem 7.2.6 extend
the results of [52, 77, 102, 107, 121, 127] from real Hilbert spaces to real reflexive
Banach spaces. Furthermore, Corollary 7.2.12 extends Theorem 3.1 of Tufa and
Zegeye [113] from uniformly smooth real Banach spaces and 2-uniformly convex
to smooth, strictly convex and real reflexive Banach spaces. The results obtained
in this chapter have been accepted by the journal of “Applied Set-Valued Analysis

and Optimization”.

8.2 Recommendation

To the best of our knowledge the following problems/questions are still open for

investigations.

e In Chapter 3 and 4, we have obtained strong convergence results for approx-
imating a zero of the sum of maximal monotone mappings in Hilbert spaces and
Banach spaces more general than Hilbert spaces. Can we relax the assumptions

indicated and/or extend the results to a more general Banach spaces?

e In Chapter 4, we have proved convergence theorems for approximating a zero of
the sum of maximal monotone mappings in Banach spaces using the concept of
extended solution set of the sum of maximal monotone mappings. Can we intro-

duce a simpler iteration scheme which is efficient and easy to implement?
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e In Chapter 5, we have developed an algorithm which converges strongly to a
solution of the split equality monotone inclusion problem for the sum of two max-
imal monotone mappings in Hilbert spaces. Can we extended this result to a
finite family of maximal monotone mappings in Banach spaces more general than

Hilbert spaces?

e In Chapter 6, we have introduced and studied an algorithm for approximat-
ing a common point of a f-fixed point of f-pseudocontractive mappings in real
reflexive Banach space. Can we obtain f-fixed point results for a class of map-
pings more general than Lipschitz and f-pesudocontractive mappings in spaces

more general than reflexive Banach spaces?

e In Chapter 7, we have obtained strong convergence results for approximating a
common element of the set of f-fixed points of Bregman relatively f-nonexpansive
mapping and the sets of solutions of variational inequality problems of Lipschitz
monotone mappings in real reflexive Banach spaces. Can the Lipschitz monotone
mapping assumption on our mappings be relaxed in order to accommodate more

class of mappings?
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