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Abstract

Many of the most important problems arising in nonlinear analysis reduce to solv-

ing inclusions of monotone mappings, split equilibrium, variational inequality or

fixed point problems. Analytical methods for finding exact solutions of many non-

linear equations are rare or unknown. Therefore, methods of approximating the

solutions of nonlinear inclusion problems are of interest where solutions are known

to exist.

In this thesis, we combine Douglas-Rachford and Viscosity methods and construct

an iterative scheme which converges strongly to a zero of the sum of a finite fam-

ily of maximal monotone mappings, under suitable conditions, in the setting of

Hilbert spaces. Moreover, we construct a Viscosity method to approximate a zero

of the sum of maximal monotone mappings and a solution of the split equality

monotone inclusion problem for the sum of two maximal monotone mappings in

Hilbert spaces. We also establish forward-backward type and Halpern type al-

gorithms and prove strong convergent theorems to zeros of the sum of maximal

monotone mappings in the setting of real reflexive Banach spaces.

Furthermore, we introduce a new class of mappings called f -pseudocontractive

mappings and construct an algorithm for finding common f -fixed points of those

mappings and discuss its strong convergence in reflexive Banach spaces.

Finally, we introduce the concept of a Bregman relatively f -nonexpansive map-

ping and investigate an algorithm for approximating common element of the set

of solutions of variational inequality problems for Lipschitz monotone mappings

and the set of f -fixed points of Bregman relatively f -nonexpansive mapping in the

setting of Banach spaces.

xi



Chapter 1

Introduction

1.1 Background of the Study

The contribution of this thesis fall within the general area of Nonlinear Functional

Analysis and its Applications, an area which has been of active research inter-

est in recent years. We devote our attention to special classes of problems in this

area: approximation of solutions to various classes of nonlinear inclusion problems.

Throughout this thesis, unless otherwise specified, E denotes a real Banach space,

E∗ denotes the dual space of E, that is the space of all bounded linear functionals

on E, and 2E
∗

denotes the collection of all subsets of E∗. We proceed by briefly

introducing various classes of nonlinear mappings and various nonlinear mapping

inclusion problems which we shall study in this thesis.

Let Ai : E → 2E
∗
, i = 1, · · · , N , be monotone mappings. Many problems that

arises in several branches of applied mathematics can be reduced to finding solu-

tions of the generalized inclusion,

0 ∈ A1z + A2z + · · ·+ ANz. (1.1)
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1. Introduction

This inclusion problem is quite general as it includes variational inequality prob-

lems, equilibrium problems, complementary problems, minimization problems,

fixed point problems as special cases. Indeed, many nonlinear problems arising

in applied areas such as signal processing, image recovery, and machine learning

can be mathematically modelled as (1.1) (see, e.g., [54, 120] and the references

therein). To be more precise, it includes, the following minimization problem:

min
x∈E
{f1(x) + f2(x) + · · ·+ fN(x)}, (1.2)

where fi, i = 1, 2, · · · , N , are proper lower semicontinuous convex functions from

E to the extended real line R̄ := (−∞,∞]. If, in (1.1), we assume that Ai = ∂fi,

for i = 1, 2, · · · , N , where ∂f is the subdifferential operator of f in the sense

of convex analysis, then (1.2) is equivalent to (1.1). Consequently, considerable

research efforts have been devoted to methods of finding approximate solutions

(when they exist) of equations of the form (1.1) for a sum of two or more mono-

tone mappings (see, e.g., [7, 47, 54, 83, 95, 106–108, 117]).

This problem is also connected with a split equality monotone inclusion prob-

lem of the sum of monotone mappings. The split equality problem was introduced

in 2013 by A. Moudafi [72], and it has received much attention due to its appli-

cation in various disciplines such as medical image reconstruction, game theory,

decomposition methods for partial differential equations and radiation therapy

treatment planning (see, e.g., [4, 5]).

On the other hand, many of the most important nonlinear problems in applied

mathematics reduce to finding the fixed points of certain mappings. Fixed point

theorems are applicable in convex optimization, variational analysis, control the-

ory, differential inclusions, economics, graph theory and computer sciences. Con-

sequently, the existence of fixed points and their approximations for nonlinear

mappings have been studied by many researchers. A fundamental result in the

theory of fixed points is the classical Banach contraction principle which was es-

tablished by S. Banach in 1922 [8]. It was natural to try to extend such celebrated

2



1. Introduction

result to semi-fixed points in the setting of Banach spaces. The concept of a

semi-fixed point was introduced by H. Zegeye [123] and has been studied by many

researchers (see, e.g., [35, 37, 64, 99]).

Moreover, fixed point problems are related to one of the very important class of

inequality problems called variational inequality problems. This problem was first

introduced by P. Hartman and G. Stampacchia [51] in 1966. Since then, it has been

extended and generalized in several directions, using new and powerful methods,

to study a wide class of problems in a unified and general framework. This gen-

eral problem formulation covers many problems, such as optimization problems,

complementary problems, fixed point problems, etc. These alternative equivalent

formulations have played major roles in finding solutions of variational inequality

problems using iterative algorithms. In recent years, much attention has been given

to constructing efficient iterative schemes for treating approximate solutions of

variational inequality problems (see, e.g., [15, 29, 52, 77, 79, 111, 121, 123, 124, 126]

and the references therein). Several authors have also studied, iterative algorithms

for finding a common element of the set of fixed points of nonexpansive mappings

and the set of solutions of variational inequality problem for Lipschitz monotone

mapping (see, e.g., [58, 77, 89, 107, 108, 121, 125]).

Our purpose in this thesis is, therefore, to introduce and study iterative algo-

rithms for approximating: zeros of the sum of maximal monotone mappings in

Hilbert spaces and in Banach spaces more general than Hilbert spaces; solution

of the split equality monotone inclusion problems for the sum of two maximal

monotone mappings in Hilbert spaces; f -fixed points of nonlinear mappings in

Banach spaces and common element of the set of f -fixed points and solutions of

variational inequality problems in Banach spaces.

The rest of this thesis is organized as follows. Section 1.2 presents some pre-

liminary definitions of spaces, convex functions, Bregman distance and nonlinear

mappings. Section 1.3 to 1.6, respectively, presents statement of the problem,

3



1. Introduction

research questions, objectives and scope of the study. In Chapter two, we give

detail literature review on approximation methods of zeros of the sum of maximal

monotone mappings, solutions of split equality problems, semi-fixed points of non-

linear mappings in Banach spaces, common element of fixed points and variational

inequality problems.

Chapter three deals with the approximation of a zero of the sum of maximal mono-

tone mappings in Hilbert spaces. In Section 3.2, Viscosity type Douglas-Rachford

splitting algorithm is constructed and a strong convergence of the scheme to a zero

of the sum of a finite family of maximal monotone mappings is obtained. Moreover,

in Section 3.3, an algorithm which starts by reformulating (1.1) as the problem of

locating a point in a certain extended solution set Se(A1, A2, · · · , Am) ⊂ H ×Hm

is introduced and its strong convergence to a zero of the sum of a finite family of

maximal monotone mappings in Hilbert spaces is proved.

In Chapter four, we prove convergence theorems for approximating zeros of the

sum of maximal monotone mappings in Banach spaces. In Section 4.2, the forward-

backward scheme is studied and a strong convergence of the method to a zero of the

sum of maximal monotone and Lipschitz continuous monotone mappings in real

reflexive Banach spaces is obtained. In Section 4.3, a splitting algorithm method

associated with a certain extended solution set Se(A1, A2, · · · , Am) ⊂ E × E∗
m

,

which converges strongly to a zero of the sum of a finite family of maximal mono-

tone mappings in Banach spaces is proved.

In Chapter five, an algorithm for approximating a solution of the split equal-

ity monotone inclusion problem for a sum of two maximal monotone mappings is

constructed and a strong convergence of the sequence in a Hilbert space is proved.

Chapter six presents approximation of a common f -fixed point of nonlinear map-

pings. In this chapter, an algorithm for approximating a common f -fixed point

4



1. Introduction

of f -pseudocontractive mappings is investigated and its strong convergence in re-

flexive Banach spaces is discussed.

Chapter seven deals with the approximation of a common point of the solution

of f -fixed points and variational inequality problems. In this chapter, a strong

convergence result to a common point of the set of f -fixed point problem and the

set of solutions of variational inequality problem of Lipschitz monotone mappings

in real reflexive Banach spaces is obtained.

Finally, in Chapter eight, the discussion, conclusion and highlights of the con-

tributions of our study to the existing knowledge are presented. We also identify

and discuss possible areas of future research.

1.2 Preliminaries

In this section, we shall give definitions of some basic terms and concepts, which

will play a crucial role in the subsequent chapters.

1.2.1 Geometry of Banach Spaces

Throughout this thesis E will denote a real Banach space with its dual E∗ and

bidual E∗∗ and H will represent a real Hilbert space.

We note that there exists a canonical injection J : E → E∗∗ defined, for each

x ∈ E, by

J(x) = φx,

where φx : E∗ → R is given by φx(f) = 〈f, x〉, for each f ∈ E∗. Thus 〈J(x), f〉 =

〈f, x〉, for each f ∈ E∗ (see, e.g., [60]).

5



1. Introduction

Definition 1.2.1. Let E be a Banach space and J : E → E∗∗ be the canonical

injection from E into E∗∗. The space E is said to be reflexive if J is surjective,

that is J(E) = E∗∗.

It is well known that any bounded sequence in a reflexive Banach space has a

weakly convergent subsequence (see [103]). We remark that Hilbert spaces, `p and

Lp spaces, for 1 < p < ∞, are reflexive Banach spaces and neither of `1, L1, `∞

and L∞ spaces, are reflexive Banach spaces.

Definition 1.2.2. A Banach space E is said to be strictly convex if for all x, y ∈ E,

we have

||x|| = ||y|| = 1, x 6= y ⇒
∣∣∣∣∣∣x+ y

2

∣∣∣∣∣∣ < 1. (1.3)

Definition 1.2.3. A function δE : (0, 2] → [0, 1] is said to be the modulus of

convexity of E if

δE(ε) = inf
{

1− ||x+ y||
2

: x, y ∈ E, ||x|| = 1 = ||y||, ||x− y|| ≥ ε
}
, (1.4)

for every ε ∈ [0, 2].

Definition 1.2.4. A Banach space E is said to be uniformly convex if δE(ε) > 0

for each ε ∈ (0, 2].

It is known that Hilbert spaces, Lp and lp, for 1 < p < ∞, are uniformly convex

Banach spaces and every uniformly convex Banach space is strictly convex and

reflexive (see, e.g., [1]).

Definition 1.2.5. For p > 1, a Banach space E is said to be p-uniformly convex

if there exists a constant c > 0 such that δE(ε) ≥ cεp for every ε ∈ [0, 2].

It is obvious that a p-uniformly convex Banach space is uniformly convex.

Definition 1.2.6. A function ρE : [0,∞)→ [0,∞) defined by

ρE(t) = sup
{1

2
(||x+ y||+ ||x− y||)− 1 : x ∈ SE, ||y|| ≤ t

}
, (1.5)

6



1. Introduction

where SE = {x ∈ E : ||X|| = 1} is the unit sphere of E, is called modulus of

smoothness of E.

Definition 1.2.7. For q > 1, a Banach space E is said to be q-uniformly smooth

if there exists a constant c > 0 such that ρE(t) ≤ ctq, t > 0.

Definition 1.2.8. A Banach space E is said to be smooth if

lim
t→0

||x+ ty|| − ||x||
t

, (1.6)

exists for all x, y ∈ SE and E is said to be uniformly smooth if the limit (1.6)

converges uniformly for x, y ∈ SE.

It is known that E is uniformly smooth if and only if E∗ is uniformly convex (see,

e.g.,[36]).

Lemma 1.2.9. [6] Let 1
p

+ 1
q

= 1 for p > 1 and q > 1. The Banach space E is

q-uniformly smooth if and only if its dual E∗ is p-uniformly convex.

1.2.2 Nonlinear Mappings

Definition 1.2.10. Let A : E → 2E
∗

be a mapping.

i) The domain of A denoted by Dom(A) is defined by Dom(A) = {x ∈ E :

Ax 6= ∅}.

ii) The range of A denoted by ran(A) is defined by ran(A) = {Ax : x ∈

Dom(A)}.

iii) The graph of A denoted by Gph(A) is defined by

Gph(A) = {(x, x∗) ∈ E × E∗ : x∗ ∈ Ax}.

iv) The zero of A denoted by A−1(0) is defined by A−1(0) = {x ∈ E : 0 ∈ Ax}.

Definition 1.2.11. A mapping A : E → 2E
∗

is called monotone if for all

(x, x∗), (y, y∗) ∈ Gph(A), we have

〈x∗ − y∗, x− y〉 ≥ 0.

7



1. Introduction

Definition 1.2.12. A monotone mapping A : Dom(A) ⊆ E → 2E
∗

is called

maximal monotone if Gph(A) is not properly contained in the graph of any other

monotone mapping, that is, A is maximal monotone if for (x, y∗) ∈ E × E∗ such

that 〈x − y, Ax − y∗〉 ≥ 0, for every x ∈ Dom(A) implies that y ∈ Dom(A) and

Ay = y∗.

Definition 1.2.13. A mapping A : E → E∗ is said to be:

i) β-strongly monotone if there exists a real constant β > 0 such that

〈x− y, Ax− Ay〉 ≥ β||x− y||2, ∀ x, y ∈ E.

ii) α-inverse strongly monotone if there exists a real constant α > 0 such that

〈x− y, Ax− Ay〉 ≥ α||Ax− Ay||2, ∀ x, y ∈ E.

Definition 1.2.14. The generalized duality mapping Jp : E → 2E
∗

is defined by

Jp(x) = {y∗ ∈ E∗ : 〈x, y∗〉 = ||x||p, ||y∗|| = ||x||p−1}, (1.7)

for all x ∈ E. From the Hahn-Banach theorem, it follows that Jpx 6= ∅, for each

x ∈ E. It is well known that if E∗ is strictly convex, then Jp is single-valued.

If p = 2, then we write J2 = J and call it normalized duality mapping and

Jpx = ||x||p−2Jx. If E = H, a real Hilbert space, then J = I, where I is the

identity mapping on H.

Definition 1.2.15. The extended solution set of problem (1.1) is defined by:

Se(A1, · · · , Am) = {(z, w1, · · · , wm) ∈ V : z ∈ E,wk ∈ Ak(z), k = 1, 2, · · · ,m},

where V = {(z, w1, · · · , wm) ∈ E × E∗m : w1 + · · ·+ wm = 0}.

Now, we give the definitions of nonlinear mappings that are of interest to this

study.

8



1. Introduction

Definition 1.2.16. Let C be a nonempty subset of E. A mapping T : C → E is

called Lipschitz continuous if there exists a constant L ≥ 0 such that

||Tx− Ty|| ≤ L||x− y||,∀x, y ∈ C. (1.8)

i) If L < 1, then T is Called a contraction mapping.

ii) If L = 1, then T is called a nonexpansive mapping.

Definition 1.2.17. Let C be a nonempty, closed and convex subset of E. Let

T : C → E be a mapping. A point x ∈ C is called a fixed point of T if Tx = x.

We denote the set of fixed point of T by F (T ).

Definition 1.2.18. Let C be a nonempty subset of E. A mapping T : C → E is

said to be quasi-nonexpansive if F (T ) 6= ∅ and ||Tx−Tp|| ≤ ||x−p|| for all x ∈ C

and p ∈ F (T ).

Definition 1.2.19. Let C be a nonempty subset of E. A mapping T : C → E is

called demiclosed at 0 if for any sequence {xn} in C which converges weakly to x

and ||(I − T )xn|| → 0 implies (I − T )x = 0 (where I is the identity mapping on

E).

Definition 1.2.20. Let C be a nonempty, closed and convex subset of E. Let

T : C → E be a mapping. A point x ∈ C is called an asymptotic fixed point of T if

C contains a sequence {xn} which converges weakly to x and limn→∞ ||Txn−xn|| =

0. We denote the set of asymptotic fixed points of T by F̂ (T ).

Definition 1.2.21. [123] Let C be a nonempty, closed and convex subset of E.

Let T : C → E be a mapping. A point x ∈ C is called a semi-fixed point of T if

Jx = Tx, where J is normalized duality mapping. We denote the set of semi-fixed

points of T by Fs(T ), that is, Fs(T ) := {x ∈ H : Jx = Tx}.

Definition 1.2.22. [123] A mapping T : E → E∗ is called semi-pseudocontractive

if for any x, y ∈ E, we have

〈x− y, Tx− Ty〉 ≤ 〈x− y, Jx− Jy〉. (1.9)

9
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We observe that A is monotone if and only if T := J−A is semi-pseudocontractive

and thus a zero of A is a semi-fixed point of T .

Definition 1.2.23. [66] Let C be a nonempty, closed and convex subset of E. A

mapping T : C → E is called relatively nonexpansive if

i) F (T ) 6= ∅;

ii) φ(p, Tx) ≤ φ(p, x) ∀x ∈ C, p ∈ F (T ), where

φ(y, x) = ||y||2 − 2〈y, Jx〉+ ||x||2;

iii) F̂ (T ) = F (T ).

Definition 1.2.24. [39] Let C be a nonempty, closed and convex subset of E and

let T : C → E∗ be a mapping. A point p ∈ C is called an asymptotic semi-

fixed point of T if C contains a sequence {xn} which converges weakly to p and

limn→∞ ||Txn − Jxn|| = 0. We denote the set of asymptotic semi-fixed point by

F̂s(T ).

Definition 1.2.25. [39] Let C be a nonempty, closed and convex subset of E. A

mapping T : C → E∗ is called relatively semi-nonexpansive if

i) Fs(T ) 6= ∅;

ii) φ(p, J−1Ty) ≤ φ(p, y) ∀y ∈ C, p ∈ F̂s(T );

iii) F̂s(T ) = Fs(T ).

1.2.3 Convex Functions

We give the following important definitions which are used in the subsequent chap-

ters.

Let E be a real Banach space and f : E → (−∞,∞] be a proper convex and

lower semicontinuous function. We denote the domain of f by Dom f = {x ∈ E :

f(x) <∞}.

10
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Definition 1.2.26. Let f : E → (−∞,+∞] be a function. Then the conjugate

of f , denoted by f ∗, is the function f ∗ : E∗ → (−∞,+∞] defined by

f ∗(x∗) = sup{〈x∗, x〉 − f(x) : x ∈ E}, for x∗ ∈ E∗. The right-hand derivative of f

at x ∈ int dom f in the direction of y is defined by

f ′(x, y) = lim
t→0+

f(x+ ty)− f(x)

t
. (1.10)

Definition 1.2.27. [122] Let C be a convex subset of a vector space E and

f : C → (−∞,+∞] be a mapping. Then,

i) f is called proper if there exists at least one x ∈ C such that

f(x) 6= +∞;

ii) f is convex if for all x, y ∈ E and t ∈ [0, 1], we have

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y);

iii) f is uniformly convex function with modulus φ, if for each x, y in its domain

and t ∈ [0, 1], we have

f(tx+ (1− t)y) ≤ tf(x) + (1− t)f(y)− t(1− t)φ(||x− y||),

where φ is a function that is increasing and vanishes only at 0;

iv) f : Dom f → (−∞,+∞] is lower semicontinuous at x ∈ Dom f if

f(x) ≤ lim inf
n→∞

f(xn),

for each sequence {xn} in Dom f such that limn→∞ xn = x;

v) f is called Gâteaux differentiable at x ∈ int dom f if for any y ∈ E, we have

lim
t→0

f(x+ ty)− f(x)

t
, (1.11)

11
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exists. In this case, f ′(x, y) coincides with ∇f(x), the value of the gradient

of f at x;

vi) f is Gâteaux differentiable if it is Gâteaux differentiable at every point

x ∈ int dom f ;

vii) f is Fréchet differentiable at x if the limit in (1.11) is attained uniformly for

||y|| = 1;

viii) f is uniformly Fréchet differentiable on a subset C of E, if the limit in (1.11)

is attained uniformly for x ∈ C and ||y|| = 1;

ix) f is strongly coercive if lim
||x||→∞

f(x)

||x||
= +∞.

Definition 1.2.28. The function ρr : [0,∞)→ [0,∞) given by

ρr(t) = inf
x,y∈Br,||x−y||=t,λ∈(0,1)

λf(x) + (1− λ)f(y)− f(λx+ (1− λ)y)

λ(1− λ)
,

where Br = {x ∈ E : ||x|| ≤ r} for all r > 0 is called the gauge of uniformly

convexity of f .

Definition 1.2.29. Let f : E → (−∞,+∞] be a convex function. The subdiffer-

ential of f at x ∈ E is defined by

∂f(x) = {x∗ ∈ E∗ : f(y)− f(x) ≥ 〈y − x, x∗〉, ∀y ∈ E}. (1.12)

Note that when the subdifferential of f is single-valued, it coincides with the

gradient ∂f = ∇f (see, e.g., [82]).

Definition 1.2.30. A function f : E → (−∞,+∞] is said to be Legendre if it

satisfies the following conditions:

i) the interior of the domain of f , int dom f , is nonempty, f is Gâteaux

differentiable and dom ∇f = int dom f ;

ii) the interior of the domain of f ∗, int dom f ∗, is nonempty, f ∗ is Gâteaux

differentiable and dom ∇f ∗ = int dom f ∗.

12
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Note that if f : E → (−∞,+∞] is a Legendre function and E is a reflexive Banach

space, then ∇f ∗ = (∇f)−1 (see, e.g., [21]).

Remark 1.2.31. If E is in addition, a smooth and strictly convex Banach space,

then examples of Legendre functions are f(x) = 1
p
||x||p (1 < p < ∞) with the

conjugate functions f ∗(x∗) = 1
q
||x∗||q (1 < q < ∞), (see, e.g., [9, 10]), where

1
p

+ 1
q

= 1. In this case, the gradient ∇f coincides with the generalized duality

mapping, Jp, of E, that is, ∇f = Jp.

Definition 1.2.32. [18] A Gâteaux differentiable function f is called strongly

convex with constant µ > 0 if the following inequality holds:

〈∇f(x)−∇f(y), x− y〉 ≥ µ||x− y||2, (1.13)

for all points x, y in its domain, or equivalently (see, e.g., [78])

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
µ

2
||x− y||2. (1.14)

Remark 1.2.33. Note that a strongly convex function is uniformly convex with

φ(t) = µ
2
t2 and hence the class of uniformly convex functions contains the class of

strongly convex functions.

Example 1.2.34. Let E in addition, a smooth and strictly convex Banach space,

then the function f(x) = 1
2
||x||2 is strongly convex function with parameter 0 <

µ ≤ 1.

1.2.4 Bregman Distance and Some Related Notions

Definition 1.2.35. Let f : E → R be a Gâteaux differentiable convex function.

The function Df : dom f × int dom f → [0,∞) defined by

Df (y, x) = f(y)− f(x)− 〈∇f(x), y − x〉, x, y ∈ E (1.15)

is called the Bregman distance with respect to f (see, e.g., [30]).
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We remark that the Bregman distance is not a distance in the usual sense because

it is not symmetric and does not satisfy the triangle inequality. However, it has

the following important properties (see, e.g., [28, 90, 92]):

i) Df (y, x) ≥ 0 ∀x, y ∈ E and Df (x, y) = 0 if and only if x = y.

ii) Three point identity: for any x ∈ dom f and y, z ∈ int dom f ,

Df (x, y) +Df (y, z)−Df (x, z) = 〈∇f(z)−∇f(y), x− y〉. (1.16)

iii) Four point identity: for any y, w ∈ dom f and x, z ∈ int dom f ,

Df (y, x)−Df (y, z)−Df (w, x) +Df (w, z) = 〈∇f(z)−∇f(x), y − w〉.(1.17)

In addition, if f : E → R is a Gâteaux differentiable, convex and lower semicon-

tinuous function, then we have (see, e.g., [92])

Df (x, y) +Df (y, x) = 〈x− y,∇f(x)−∇f(y)〉, ∀x, y ∈ E. (1.18)

Let f : E → R be a Legendre function. Let Vf : E × E∗ → [0,+∞), associated

with f , be defined by

Vf (x, x
∗) = f(x)− 〈x, x∗〉+∇f ∗(x∗),∀x ∈ E, x∗ ∈ E∗. (1.19)

Then, Vf is nonnegative function which satisfies

Vf (x, x
∗) = Df (x,∇f ∗(x∗)),∀x ∈ E, x∗ ∈ E∗, (1.20)

and

Vf (x, x
∗) + 〈∇f ∗(x∗)− x, y∗〉 ≤ Vf (x, x

∗ + y∗),∀x ∈ E, x∗, y∗ ∈ E∗, (1.21)

(see, e.g., [96]).
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Definition 1.2.36. Let f : E → R be a Gâteaux differentiable convex function.

The Bregman projection with respect to f on x ∈ int dom f onto a nonempty,

closed and convex subset C ⊂ int dom f is denoted by P f
C(x) ∈ C and satisfies

Df (P
f
C(x), x) = inf{Df (y, x) : y ∈ C}. (1.22)

Remark 1.2.37. Some of the special cases of the Bregman projection are the

following:

i) If, in (1.22), C is a subset of a reflexive Banach space E and f(x) = ||x||2,

then the Bregman projection P f
C(x) reduces to the generalized projection

ΠC(x), which is defined by

φ(ΠC(x), x) = min
y∈C

φ(y, x).

ii) If, in (1.22), E is a Hilbert space and f(x) = ||x||2, then the Bregman

projection P f
C(x) reduces to the metric projection of x onto C.

Definition 1.2.38. Let C be a nonempty, closed and convex subset of E. A

mapping T : C → C with F̂ (T ) 6= ∅ is called

i) Bregman strongly nonexpansive ([20, 90]) with respect to F̂ (T ), if

Df (p, Tx) ≤ Df (p, x),∀ x ∈ C, p ∈ F̂ (T )

and, if whenever {xn} ⊆ C is bounded, p ∈ F̂ (T ), and

lim
n→∞

(Df (p, xn)−Df (p, Txn)) = 0,

then

lim
n→∞

Df (xn, Txn) = 0.
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ii) Bregman firmly nonexpansive (see, e.g., [91]) if for all x, y ∈ C,

〈∇f(Tx)−∇f(Ty), Tx− Ty〉 ≤ 〈∇f(x)−∇f(y), Tx− Ty〉.

Note that if T is a Bregman firmly nonexpansive mapping and f is a Legender

function which is bounded, uniformly Frèchet differentiable and totally convex on

bounded subsets of E, then it is known that F (T ) = F̂ (T ) and F (T ) is closed and

convex (see [91]). It also follows that every Bregman firmly nonexpansive mapping

is Bregman strongly nonexpansive with respect to F (T ) = F̂ (T ).

Definition 1.2.39. Let f : E → (−∞,+∞] be a Gâteaux differentiable function.

The Modulus of total convexity of f at x ∈ int dom f is the function

νf (., .) : E × R+ → R defined as

νf (x, t) = inf
{y∈E:||x−y||=t}

Df (y, x). (1.23)

The mapping f is called totally convex if νf (x, t) > 0 for all x ∈ E and t > 0.

Remark 1.2.40. The function f : E → (−∞,+∞] is totally convex on bounded

subsets if and only if f is uniformly convex on bounded subsets of E (see [25],

Theorem 2.10, page 9).

1.3 Statement of the Problem

In this section, we discuss the existing literature on approximation of solutions of

some inclusion problems and indicate the open problems.

Let A,B : E → 2E
∗

be monotone mappings. Consider the problem of finding:

x∗ ∈ E such that 0 ∈ Ax∗ +Bx∗. (1.24)

This problem has been studied by many authors in Hilbert spaces (see, e.g.,

[12, 43, 44, 75, 80] and the references therein). In 2008, Eckstein and Svaiter
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[47] constructed a new approach to splitting algorithms which starts by reformu-

lating (1.24) as the problem of locating a point in a certain extended solution set

Se(A,B) ⊂ H×H and proved weak convergence results provided that H has finite

dimension or A+B is maximal monotone mapping.

In connection with the strong convergence, several authors have studied differ-

ent iterative schemes (see, e.g., [83, 106–108, 117] and the references therein) for

approximating a zero of the sum of monotone mappings A and B in Hilbert spaces

under certain restrictions.

In 2012, Takahashi et al. [106] proved a strong convergence theorem of the

Halpern-type iteration in a Hilbert space H, which is defined by the following

manner: for any x1 ∈ H,

xn+1 = βnxn + (1− βn)(αnu+ (1− αn)JrnB(xn − rnAxn)),∀n ≥ 1, (1.25)

where, JrB = (I + rB)−1, u ∈ H is a fixed vector and A is an α-inverse strongly

monotone mapping on H and B is a maximal monotone mapping on H. Under

suitable conditions, they proved that the sequence {xn} generated by (1.25) con-

verges strongly to a zero point of A + B. Several researchers have also studied

and obtained similar results in Hilbert (see, e.g., [14, 85, 97]). We observe that

the strong convergence results available for the zero of the sum of monotone map-

pings A and B, are either one of the mappings is α-inverse strongly monotone or

single-valued.

For results in Banach spaces more general than Hilbert spaces, Iusem et al. [53]

studied a splitting algorithm which approximates a solution via the extended so-

lution set Se(A,B) ⊂ E×E∗ and proved weak convergence results of their scheme

to a solution of problem (1.24) in reflexive Banach spaces.
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More recently, Kimura and Nakajo [56] studied the following algorithm in uni-

formly smooth and 2-uniformly convex Banach spaces: for any x1 ∈ E, let

xn+1 = ΠCJλnA(γnJu+ (1− γn)Jxn − λnBxn), n ≥ 1, (1.26)

where u ∈ E, ΠC is the generalized projection of E onto C, {λn} and {γn} are

sequences in R satisfying certain conditions, A is a maximal monotone mapping

in E × E∗, B is an α-inverse strongly monotone mapping from C into E∗ and

J : E → E∗ is the normalized duality mapping. Under suitable conditions, they

proved that the sequence {xn} generated by (1.26) converges strongly to a zero

point of A + B. We remark that the convergence is strong, unlike the result of

Iusem et al. [53], which is more convenient in applications. However, the result

is restricted to uniformly smooth and 2-uniformly convex Banach spaces and B is

α-inverse strongly monotone and single valued.

With regard to the approximation of a zero of the sum of a finite family of max-

imal monotone mappings, Svaiter [100] introduced a splitting algorithm method

associated with a certain extended solution set Se(A1, A2, · · · , Am) ⊆ H × Hm

which approximates a solution of the sum of a finite family of maximal monotone

mappings and proved weak convergence results provided that H has finite dimen-

sion or A1 +A2 + · · ·+Am is a maximal monotone mapping. However, obtaining

a scheme which converges strongly to a zero of the sum of a finite family of maxi-

mal monotone mappings in Hilbert spaces and Banach spaces more general than

Hilbert spaces is still an open problem.

On the other hand, Moudafi [72] introduced the split equality problem (SEP)

which can be mathematically formulated as the problem of finding x and y with

the property:

x ∈ C, y ∈ Q, such that Ax = By. (1.27)
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Several authors have studied SEP with C = F (T ) and Q = F (S), where F (T ) and

F (S) denote the sets of fixed points of T and S, respectively, for T and S nonex-

pansive mappings or their generalizations in Banach spaces (see, e.g., [34, 73]).

In 2015, Chang et al. [34] introduced the following iterative algorithm for the

class of quasi-pseudo contractive mappings



un = xn − γnA∗(Axn −Byn),

xn+1 = αnxn + (1− αn)[(1− ξn)I + ξnT [(1− ηn)I + ηnT ]]un,

vn = yn − γnB∗(Byn − Axn),

yn+1 = αnyn + (1− αn)[(1− ξn)I + ξnS[(1− ηn)I + ηnS]]vn, n ≥ 0,

(1.28)

and proved that under certain assumptions the algorithm above converges weakly

to a solution of the split equality fixed point problem. In addition they showed that

the strong convergence is guaranteed if the mappings T and S are semi-compact.

However, it is worth to mention that, as far as we know, there is no convergent

result available to a solution of the split equality monotone inclusion problems for

the sum of two maximal monotone mappings in Hilbert spaces.

With regard to the approximation of semi-fixed points of nonlinear mappings in

Banach spaces, many researchers have established and studied different algorithms

(see, e.g., [35, 37, 64, 99, 123] and the references therein).

Recently, Chidume and Idu [37] studied the following iterative process for a semi-

fixed point of a bounded semi-pseudocontractive mapping T from E into E∗:

xn+1 = J−1
[
(1− λn)Jxn + λnTxn − λnθn(Jxn − Ju)

]
, n ≥ 1, (1.29)

where {λn} and {θn} are sequences in (0, 1) satisfying appropriate conditions.

They proved that under certain assumptions, the algorithm in (1.29) converges to

a semi-fixed point of T in p-uniformly convex and and q-uniformly smooth real

Banach spaces. Whether this can be extended to a more general class of mappings
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is an open problem.

On the other hand, with regard to a common point of solutions of fixed points of

certain nonlinear mappings and variational inequality problems, several authors

have studied algorithms for finding a common element of the set of fixed points of

nonexpansive mappings and the set of solutions of variational inequality problem

for Lipschitz monotone mappings (see, e.g., [58, 77, 89, 107, 108, 121, 125] and the

references therein).

Recently, Tufa and Zegeye [113] studied an algorithm for approximating a com-

mon point of solutions of fixed point problem of a relatively nonexpansive mapping

T : C → E and variational inequality problems for Lipschitz monotone mappings

A1, A2 : C → E∗ in uniformly smooth and 2-uniformly convex real Banach spaces.

They proved that the sequence generated by: for x0, u ∈ C

zn = ΠCJ
−1(Jxn − γnA2xn),

yn = ΠCJ
−1(Jxn − γnA1xn),

wn = anJxn + bnJTxn + cnJ(un) + dnJ(vn),

xn+1 = ΠCJ
−1(αnJu+ (1− αn)wn), n ≥ 0,

(1.30)

where, J is the normalized duality mapping, un = ΠCJ
−1(Jxn − γnA1yn),

vn = ΠCJ
−1(Jxn − γnA2zn), {γn} ⊂ [a, b] ⊂ (0, 1

µL
), for L = max{L1, L2} and

{an}, {bn}, {cn}, {dn} ⊂ [e, 1) ⊂ (0, 1) such that an + bn + cn + dn = 1, converges

strongly to x∗ ∈ F (T )∩ V I(C,A1) ∩ V I(C,A2). We remark that the convergence

is restricted to a uniformly smooth and 2-uniformly convex real Banach spaces.

1.4 Research Questions

The aforementioned research gaps lead us to pose the following research questions.
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1) Can we establish strong convergence theorems for approximating zeros of the

sum of maximal monotone mappings in Hilbert spaces and Banach spaces

more general than Hilbert spaces?

2) Can an iterative algorithm be introduced which converges strongly to a so-

lution of the split equality monotone inclusion problem for the sum of two

maximal monotone mappings in Hilbert spaces?

3) Can we extend the class of semi-pseudocontractive mappings to a more gen-

eral class of mappings with a more general notion of fixed points?

4) Is it possible to construct an algorithm which converges strongly to a com-

mon point of the set of fixed points of a mapping more general than Bregman

relatively nonexpansive mapping and the set of solutions of variational in-

equality problems for Lipschitz monotone mappings in spaces more general

than uniformly smooth and 2-uniformly convex real Banach spaces?

1.5 Objectives

The main objectives of this thesis are to:

1) combine Douglas-Rachford and Viscosity methods and construct an iterative

scheme which converges strongly to a zero of the sum of a finite family of

maximal monotone mappings under suitable conditions in Hilbert spaces,

2) construct a viscosity type algorithm for finding a zero of the sum of a fi-

nite family of maximal monotone mappings via the extended solution set

Se(A1, A2, · · · , Am) ⊂ H ×Hm and discuss its strong convergence in Hilbert

spaces,

3) develop a forward-backward type algorithm which approximates a zero of the

sum of maximal monotone and Lipschitz continuous monotone mappings in

real reflexive Banach spaces,
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4) establish Halpern type algorithms for approximating zeros of the sum of a

finite family of maximal monotone mappings via the extended solution set

and discus their strong convergence in real reflexive Banach spaces,

5) introduce an iterative scheme for approximating a solution of the split equal-

ity monotone inclusion problem for the sum of two maximal monotone map-

pings in Hilbert spaces and discuss its convergence,

6) introduce and develop a new class of mappings called f -pseudocontractive

mappings and propose a scheme that estimates a common f -fixed point of

those mappings and discuss its strong convergence in reflexive Banach spaces,

7) establish the concept of a Bregman relatively f -nonexpansive mapping and

construct an algorithm for approximating a common element of the set of

f -fixed points of Bregman relatively f -nonexpansive mapping and the set of

solutions of variational inequality problems for Lipschitz monotone mappings

in the setting of real reflexive Banach spaces.
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Chapter 2

Review of Literature

2.1 Review of Literature

In this chapter, we discuss literature review of some past and recent results related

to our work.

2.2 Approximation of Zeros of the Sum of Max-

imal Monotone Mappings

In this section, we present some research findings that have been obtained in ap-

proximating a zero of the sum of maximal monotone mappings.

For approximating a solution of problem (1.24) several authors have studied dif-

ferent iterative schemes in the setting of Hilbert spaces (see, e.g., [43, 44, 75, 80,

84, 112] and the references therein).
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In 1979, Passty [80] introduced the forward-backward splitting method which de-

fines a sequence {xn} by

xn+1 = (I + rnB)−1(I − rnA)xn, n ≥ 1, (2.1)

where x1 is chosen arbitrarily in H, {rn} is a sequence of positive numbers, A and

B are maximal monotone mappings with Dom(A) ⊂ Dom(B), and A is single val-

ued. This method is essentially a generalization of the classical gradient method

for constrained convex optimization and monotone variational inequalities, and

therefor inherited restrictions similar to those methods such as A is single valued.

In general, this method provides weak convergence even with the restriction that

A being single-valued. It fails to provide strong convergence results to the zero of

the sum of maximal monotone mappings.

In 1979, Lions and Mercier [63] introduced the Peaceman-Rachford splitting method

whose (n+ 1)th iteration is given by

yn = (2(I + λB)−1 − I)xn,

zn = (2(I + λA)−1 − I)yn,

xn+1 = (1− ρn)xn + ρnzn, n ≥ 1, (2.2)

where x1 is chosen arbitrarily in H, λ > 0 is a fixed scalar, and {ρn} ⊂ (0, 1] is a

sequence of relaxation parameters. They proved weak convergence of the sequence

{xn} to the solution of problem (1.24) under certain conditions.

In 2003, Moudafi and Oliny [71] proposed the following inertial proximal point

algorithm for finding zeros of the sum of two monotone mappings in real Hilbert

space H: for any x1 ∈ H,yn = xn + θn(xn − xn−1),

xn+1 = (I + γnB)−1(yn − γnAxn), n ≥ 1,

(2.3)
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where A : H → H is a single valued α-inverse strongly monotone and B : H → 2H

is a maximal monotone mappings. They obtained weak convergence theorem pro-

vided that γn < 2/L where, L is the Lipschitz constant of A and {θn} ⊂ [0, 1)

with
∑∞

n=1 θn||xn − xn−1||2 <∞.

In 2015, Lorenz and Pock [62] proposed the following inertial forward-backward

algorithm for monotone mappings which is basically a modification of the forward-

backward splitting algorithm in Hilbert spaces: For any x1 ∈ H,yn = xn + θn(xn − xn−1),

xn+1 = (I + γnB)−1(yn − γnAyn), n ≥ 1,

(2.4)

where {γn} is a positive real sequence, A : H → H and B : H → 2H are α-inverse

strongly monotone and maximal monotone mappings, respectively. They obtained

weak convergence of the sequence {xn} to a point in (A + B)−1(0) under certain

appropriate conditions.

The other well known algorithm for solving problem (1.24) is the so-called Douglas-

Rachford splitting method given by x1 ∈ H and

xn+1 = 2JAγ (2JBγ − I)xn + (I − 2JBγ )xn, n ≥ 1, (2.5)

where JBγ = (I+γB)−1 for some γ ∈ (0, 1). This method was initially proposed in

[63] for finding a zero of the sum of two maximal monotone mappings and has been

well studied from various perspectives in the literature (see, e.g., [7, 42, 54, 63, 80]).

In [42], Combettes established weak convergence of the asymptotic behavior of

the Douglas-Rachford splitting-type algorithm to a zero of the sum of two mono-

tone mappings in real Hilbert spaces: For any x1 ∈ H,yn = JBγ zn + bn,

zn+1 = zn + λn(JAγ (2yn − zn) + an − yn), n ≥ 1,

(2.6)
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where A : H → 2H and B : H → 2H are maximal monotone mappings and {an}

and {bn} are sequences in H satisfying certain conditions. He proved that {yn}

converges weakly to a point in (A+B)−1(0) under certain conditions imposed on

{λn}, {an} and {bn}.

In 2018, in order to solve problem (1.24), Svaiter [101] studied the following Algo-

rithm: For any λ > 0, x0, b0 ∈ H,

Step 1. Compute, yn, an such that an ∈ A(yn), λan + yn = xn−1 − λbn−1,

Step 2. Compute, xn, bn such that bn ∈ B(xn), λbn + xn = yn + λbn−1, n ≥ 1.

They proved that {(xn, bn)} and {(yn,−an)} converge weakly to a point (z, w) in

Se(A,B), where z ∈ (A+B)−1(0).

We remark that the algorithms mentioned above are weakly convergent. How-

ever, in some applied disciplines, the norm convergence is more desirable than the

weak convergence [14].

With regard to strong convergence, several authors have studied different iterative

schemes (see, e.g., [14, 22, 83, 98, 106–108, 117] and the references therein) to ap-

proximate the zero of the sum of monotone mappings A and B, where A : H → H

is an α-inverse strongly monotone mapping and B : H → 2H is a maximal mono-

tone mapping under certain conditions.

Recently, Dadashi and Postolache [45] studied the following forward-backward

splitting algorithm in a Hilbert space setting: For any x1 ∈ H,wn = JBγ (xn − λnAxn),

xn+1 = αnxn + βnwn + γnen, n ≥ 1,

(2.7)

where A is an α-inverse strongly monotone and single valued mapping on H, B is a

maximal monotone mapping of H into 2H , en is an error vector, αn, βn, γn ∈ (0, 1)
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such that αn + βn + γn = 1, for all n ≥ 1. They proved that the sequence {xn}

given by (2.7) converges strongly to a point x ∈ (A + B)−1(0) provided that the

control sequences {αn}, {βn} and {γn} satisfy appropriate conditions.

Concerning the approximation of the solution of problem (1.24) in Banach spaces

more general than Hilbert spaces, several authors have studied different iterative

schemes (see, e.g., [53, 56, 97] and the references therein).

More recently, Shehu [97] established a strong convergence theorem of forward-

backward splitting algorithm in uniformly smooth and 2-uniformly convex real

Banach spaces to approximate a solution of problem (1.24), where B is maximal

monotone mapping and A is a Lipschitz continuous monotone mapping.

Several researchers have also studied and obtained similar results in Hilbert and

Banach spaces more general than Hilbert spaces (see, e.g., [61, 85, 97]). However,

we observe that the strong convergence results available for the zero of the sum

of monotone mappings A and B, are only when either one of the mappings is

α-inverse strongly monotone or single-valued.

From the above discussions, it is natural to ask the following general questions.

Can we have strong convergence results for approximating:

(1) zeros of the sum of two maximal monotone mappings without the assump-

tion that one of the mappings is single valued and/or α-inverse strongly

monotone?

(2) zeros of the sum of a finite family of maximal monotone mappings via the

extended solution set of the sum of maximal monotone mappings?

Answers to these questions are given in Chapter three and Chapter four in the

affirmative.
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2.3 Solutions of Split Equality Monotone Inclu-

sion Problem for the Sum of Maximal Mono-

tone Mappings

In this section, we present some research findings that have been obtained for ap-

proximating solutions of the split equality monotone inclusion problems.

Let H1 and H2 be real Hilbert spaces. Let C ⊂ H1 and Q ⊂ H2 be two nonempty,

closed and convex subsets; let F1 : H1 → H1 and F2 : H2 → H2 be two given

mappings and A : H1 → H2 be a bounded linear mapping. The split variational

inequality problem (SVIP) introduced by Censor, Gibali and Reich [31] can math-

ematically be formulated as the problem of finding:
x∗ ∈ C such that 〈F1(x∗), x− x∗〉 ≥ 0 for all x ∈ C,

and

y∗ = Ax∗ ∈ Q solves 〈F2(y∗), y − y∗〉 ≥ 0 for all y ∈ Q.

(2.8)

The SVIP is quite general and permits split minimization between two spaces so

that the image of a minimizer of a given function, under a bounded linear operator,

is a minimizer of another function. Other special cases are, for instance, split zero

problems (SZP) and the split feasibility problem (SFP), which had already been

used in practice as a model in the intensity-modulation radiation therapy (IMRT)

treatment planning (see, e.g., [32]).

For solving the SVIP problem given in (2.8), Censor, Gibali and Reich [31] pro-

posed the following algorithm: For λ > 0 and x0 ∈ H1, let

xn+1 = U(xn + γA∗(T − I)Axn), (2.9)
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where γ ∈ (0, 1
||A||2 ), A∗ is the adjoint operator of A, T = PQ(I − λF2), U =

PC(I − λF1), where PQ and PC are metric projections of H onto Q and C, re-

spectively. They proved weak convergence of the sequence (2.9) to the solution

of problem (2.8) under certain conditions provided that F1 and F2 are α-inverse

strongly monotone mappings.

In 2011, Moudafi [74] introduced the following split monotone inclusion problem

(SMIP) given by
x∗ ∈ H1 such that 0 ∈ F1(x∗) +G1(x∗),

and

y∗ = Ax∗ ∈ H2 solves 0 ∈ F2(y∗) +G2(y∗);

(2.10)

where G1 : H1 → 2H1 , G2 : H2 → 2H2 are multi-valued maximal monotone map-

pings, F1 : H1 → H1 and F2 : H2 → H2 are single valued and α-inverse strongly

monotone mappings, and A : H1 → H2 is a bounded linear operator. It is worth

mentioning that by taking G1 = NC , G2 = NQ normal cones of the closed and con-

vex sets C and Q, respectively, we recover the split variational inequality problem

(2.8).

For solving the SMIP, Moudafi [73] introduced the following algorithm: For λ > 0

and x0 ∈ H1, let

xn+1 = U(xn + γA∗(T − I)Axn), (2.11)

where γ ∈ (0, 1
||A||2 ), A∗ is the adjoint operator of A, T = JλG2(I − λF2) and

U = JλG1(I − λF1), with λ ∈ (0, 2α), for α := min{α1, α2}. Under suitable

conditions, some weak convergence theorems are proved which can be seen as an

important generalization of an iterative method given by Censor et al. [31] for

split variational inequality problem, provided that the solution set of the problem

is nonempty.
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Let H1, H2 and H3 be real Hilbert spaces. Let C ⊂ H1 and Q ⊂ H2 be nonempty,

closed and convex subsets; let A : H1 → H3 and B : H2 → H3 be bounded linear

mappings. Moudafi [72] introduced the following split equality problem (SEP)

which can be mathematically formulated as the problem of finding x and y with

the property:

x ∈ C, y ∈ Q, such that Ax = By. (2.12)

This kind of split equality problem allows asymmetric and partial relations between

the variables x and y. If, in (2.12), we consider H2 = H3 and B = I, then the

split equality problem (2.12) reduces to the split feasibility problem (originally

introduced in Censor and Elfving [33]) which is to find:

x ∈ C such that Ax ∈ Q.

Several authors have studied split equality problem with C = F (T ) and Q = F (S),

where F (T ) and F (S) denote the sets of fixed points of T and S, respectively, for

T and S nonexpansive mappings or their generalizations in Banach spaces (see,

e.g., [73]).

Now, we consider the following inclusion problem: Let F1, G1 : H1 → 2H1 and

F2, G2 : H2 → 2H2 be maximal monotone mappings. Let A : H1 → H3 and

B : H2 → H3 be bounded linear mappings with adjoints A∗ and B∗, respectively.

The split equality monotone inclusion problem (SEMIP) for the sum of two max-

imal monotone mappings can mathematically be formulated as the problem of

finding x∗ ∈ H1 and y∗ ∈ H2 such that

0 ∈ F1x
∗ +G1x

∗ and 0 ∈ F2y
∗ +G2y

∗ with Ax∗ = By∗. (2.13)

If, in (2.13), we take H2 = H3 and B = I, then we recover the split monotone

inclusion problem (SMIP) given in (2.10). If, in (2.13), we take C = {x∗ : 0 ∈

F1x
∗ +G1x

∗} and Q = {y∗ : 0 ∈ F2y
∗ +G2y

∗}, then we recover the split equality
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problem (2.12).

Motivated by the above results, one of our aims in this thesis is to introduce

an algorithm for finding a point which is a solution of the split equality inclusion

problem for the sum of maximal monotone mappings in Hilbert spaces and discus

its convergence.

2.4 Fixed Points of Nonlinear Mappings in Ba-

nach Spaces

In this section, we present some research findings on iterative methods for ap-

proximating fixed point of pseudocontractive mappings and semi-fixed points of

semi-pseudocontractive mappings in Banach spaces.

It was Picard who first applied the technique of successive approximations to

solve certain problems which can be formulated as fixed point problems of nonlin-

ear mappings. This method of Picard was precisely formulated by Banach [8] in

1922. This fundamental result is stated as follows.

Theorem 2.4.1. [8] Let (X, d) be a complete metric space and T : X → X be a

contraction mapping. Then T has a unique fixed point in X. Moreover, the Picard

scheme, xn+1 = Txn, n ≥ 0, converges to a unique fixed point of T.

Theorem 2.4.1 is referred to as the “Contraction Mapping Principle” and it is the

most known and very important tool in the theory of fixed point problems.

The generalization of this principle has been obtained either by relaxing the prop-

erty on the mapping or by generalizing the domain of the mapping (see, e.g.,

[3, 16, 17, 23, 48, 49]).

One of the generalizations of the Banach contraction principle is the fixed point
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theorems for pseudocontractive mappings. The concept of pseudocontractive map-

pings introduced by Browder [24] in 1967 and has been studied by many researchers

(see, e.g., [2, 37, 40, 46, 94] and the references therein).

Pseudocontractive mappings in Hilbert spaces are related with the important class

of nonlinear monotone mappings. We note that T is pseudocontractive if and only

if A = I − T , where I is the identity mapping on H, is monotone and hence the

set of fixed points of T is the set of zero points of A. Consequently, considerable

research efforts have been devoted, especially within the past 30 years or so, to

methods of finding approximate solutions (when they exist) of equation Ax = 0,

where A is monotone (see, e.g., [2, 94]) or fixed points of pseudocontractive map-

pings (see, e.g., [40, 46, 123]).

In 2008, Zegeye [123] introduced the class of mapping called semi-pseudocontractive

and the notion of semi-fixed points in Banach spaces which are extensions of the

class of pseudocontractive mappings and the notion of fixed points in Hilbert

spaces, respectively. In 2012, Cheng et al. [35], Liu [64], and Su and Xu [99]

studied and called duality fixed points. The notion was later, in 2016, studied and

called J-fixed point by Chidume and Idu [37].

Interest in semi-pseudocontractive mappings stems mainly from their firm connec-

tion with the important class of nonlinear monotone mappings in Banach spaces

more general than Hilbert spaces. We note that T is semi-pseudocontractive if

and only if A = J − T , where J is the normalized duality mapping, is monotone

and hence a semi-fixed point of T is a zero of A.

These broad applications caught the attention of many researchers, and even-

tually led to various research output for the methods of finding a semi-fixed

point of a semi-pseudocontractive or a zero of a monotone mapping (see, e.g.,

[35, 37, 64, 99, 123]).
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In 2008, Zegeye [123], studied a Halpern-type approximation method for find-

ing a semi-fixed point of a Lipschitz semi-pseudocontractive mapping T : E → E∗

in a uniformly smooth and 2-uniformly convex real Banach space. He proved that

under certain assumptions, the sequence {xn} generated by

xn+1 = J−1
[
βnJu+ (1− βn)((1− αn)Jxn + αnTxn)

]
, n ≥ 1,

where {αn} and {βn} are real sequences in (0, 1) satisfying certain conditions,

converges strongly to x∗ ∈ Fs(T ), where Fs(T ) is the set of semi-fixed points of T ,

under some mild conditions.

In 2012, Su and Xu [99], also studied an algorithm for approximating a semi-

fixed point of a contractive type Lipschitz mapping T : E → E∗ in 2-uniformly

convex and uniformly smooth real Banach spaces. They proved that under certain

assumptions, the sequence {xn} generated by

xn+1 = αnu+ (1− αn)J−1Txn, n ≥ 1,

where 0 < 2L
c2
≤ 1, for some constant c > 0, {αn} is real sequences in (0, 1) satis-

fying certain conditions, converges strongly to x∗ ∈ Fs(T ).

In 2012, Liu [64] proposed the following iterative process for approximating a

semi-fixed point of a γ-strictly semi-pseudocontractive mapping T from E into
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E∗: 

x0 ∈ E, chosen arbitrarily,

yn = J−1((1− λn)Jxn + λnTxn),

Cn =
{
z ∈ Cn−1 ∩Qn−1 : φ(z, yn) ≤ φ(z, xn)

}
,

C0 = {z ∈ E : φ(z, y0) ≤ φ(z, x0)},

Qn =
{
z ∈ Cn−1 ∩Qn−1 : 〈xn − z, Jx0 − Jxn〉 ≥ 0},

Q0 = E,

xn+1 = ΠCn∩Qn(x0), n ≥ 1,

(2.14)

where {λn} is sequence in (0, 1) satisfying appropriate conditions. He proved that

the sequence {xn} generated by (2.14) converges to a semi-fixed point of T in

uniformly smooth and 2-uniformly convex real Banach spaces.

Motivated and inspired by the above results, one of our aim in this thesis is to

introduce, a new class of mappings called f -pseudocontractive mappings from E

into E∗ with the notion of f -fixed points and construct an algorithm for finding

a common f -fixed point of those mappings and discus its strong convergence in

reflexive Banach spaces.

2.5 Approximation of a Common Solution of Fixed

points and Variational Inequality Problems

In this section, we present some literature review on iterative methods for approx-

imating a common solution of fixed points and variational inequality problems.

Let A : C → E be a monotone mapping, where C is a nonempty, closed and

convex subset of E. The variational inequality problem (VIP) is formulated as
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finding a point

x∗ ∈ C such that 〈Ax∗, x− x∗〉 ≥ 0,∀x ∈ C. (2.15)

We denote the solution set of (2.15) by V I(C,A). This problem was first intro-

duced by Hartman and Stampacchia [51] in 1966 and has been studied by several

authors (see, e.g., [15, 29, 52, 77, 79, 111, 113, 121, 123, 124, 126] and the refer-

ences therein).

In [77], Nadezhkina and Takahashi studied the following algorithm in a finite

dimensional Hilbert space setting: for any x0 ∈ C,yn = PC(xn − βnAxn),

xn+1 = αnxn + (1− αn)PC(xn − βnAyn), n ≥ 0,

(2.16)

where A is an L-Lipschitz continuous monotone mapping and PC is a metric pro-

jection from H onto C. They proved that the sequence generated by (2.16),

converges weakly to a solution of problem (2.15) under certain conditions imposed

on the control sequences {βn} and {αn}.

In 2017, Thong and Hieu [111] established the following algorithm in a Hilbert

space setting: for arbitrary x0 ∈ H,
yn = PC [xn − γnAxn],

zn = yn − γn(Ayn − Axn),

xn+1 = αnf(xn) + (1− αn)zn, n ≥ 0,

(2.17)

where, A is L-Lipschitz continuous on H and f : H → H is a contraction map-

ping. They proved that the sequence generated by (2.17), converges strongly to

x∗ = PV I(C,A)f(x∗) provided that the control sequences {γn} and {αn} satisfy ap-

propriate conditions.
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Several authors have also studied, algorithms for finding a common element of

the set of fixed points of nonexpansive mapping and the set of solutions of varia-

tional inequality problem for Lipschitz monotone mapping (see, e.g., [58, 77, 109,

110, 121, 125] and the references therein).

In 2003, Takahashi and Toyoda [109] introduced the following scheme for find-

ing a point in V I(C,A) ∩ F (T ) in a Hilbert space setting: for arbitrary x0 ∈ C

xn+1 = αnxn + (1− αn)TPC(xn − γnAxn), n ≥ 0, (2.18)

where A : C → H is a α-inverse strongly monotone mapping, T : C → H is

nonexpansive, {αn} is a sequence in (0, 1) and {γn} is a sequence in (0, 2α). They

proved that if V I(C,A)∩F (T ) is nonempty, then the sequence generated by (2.18)

converges weakly to some x∗ ∈ V I(C,A) ∩ F (T ).

In 2005, Iiduka and Takahashi [52] established the following algorithm: for ar-

bitrary x0, x ∈ C,

xn+1 = αnx+ (1− αn)TPC(xn − γnAxn), n ≥ 0, (2.19)

where A : C → H is α-inverse strongly monotone mapping and T : C → H is

nonexpansive mapping. They proved that the sequence generated by (2.19), con-

verges strongly to x∗ = PV I(C,A)∩F (T )x provided that the control sequences {γn}

and {αn} satisfy appropriate conditions.

Recently, Zhang and Yuan [127] investigated an iterative method for approxi-

mating a common point of the set of fixed points of nonexpansive mapping and

solutions of variational inequality problems for a finite family of α-inverse strongly

monotone mappings in the setting of Hilbert spaces: for arbitrary x1 ∈ Cyn,i = PC [xn − γiAixn],

xn+1 = αnf(xn) + βnxn + γnT
∑n

i=1 ηiyn,i, n ≥ 1,

(2.20)
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where ||yn,i − PC(xn − γnAixn)|| ≤ en,i, and limn→∞ en,i = 0, {αn}, {βn} and

{γn} are real sequences in (0, 1) such that αn + βn + γn =
∑n

i=1 ηi = 1, {γi} is

a real sequence in (0, 2µi), f : C → C is α-contractive mapping, T : C → C

is nonexpansive and Ai : C → H is µi-inverse strongly monotone mapping for

1 ≤ i ≤ n. They proved that the sequence generated by (2.20) converges strongly

to x∗ ∈ ∩ni=1(V I,Ai) ∩ F (T ) provided that the control sequences satisfy certain

conditions.

Motivated and inspired by the above results, one of our aims in this thesis is

to introduce the concept of a Bregman relatively f -nonexpansive mapping and

construct an algorithm for approximating a common element of the set of f -fixed

points of a Bregman relatively f -nonexpansive mapping and the set of solutions

of variational inequality problems for Lipschitz monotone mappings in the setting

of reflexive real Banach spaces.
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Chapter 3

Approximating Zeros of Sum of

Maximal Monotone Mappings in

Hilbert Spaces

In this chapter, we present some preliminary results that will be useful to prove our

main theorems of the chapter and study the method of approximation for a zero

of the sum of a finite family of maximal monotone mappings using Viscosity type

Douglas-Rachford splitting algorithm and prove some strong convergence theorems

of the proposed algorithm. In addition, we introduce an algorithm which starts

by reformulating (1.1) as the problem of locating a point in a certain extended

solution set Se(A1, A2, · · · , Am) ⊂ H × Hm and prove strong convergence of the

proposed algorithm under suitable conditions.

3.1 Preliminaries

Lemma 3.1.1. [42] Let H be a real Hilbert space. Let A,B : H → 2H be two

maximal monotone mappings and γ ∈ (0,∞). Set T = RγARγB, where RγA =
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2JγA − I and RγB = 2JγB − I. Then,

(A+B)−1(0) = JγB(F (T )).

Furthermore, if A = ND, the normal cone of D, where D is closed affine subspace

of H, then x ∈ F (T ) if and only if PDx = JγBx, where PD is the metric projection

of H onto D.

Lemma 3.1.2. [13] Let H be a real Hilbert space. Let N be an integer such

that N ≥ 2, set I = {1, 2, · · · , N}, and let (Ai)i∈I be maximal monotone map-

ping, from H into 2H . Let H be the real Hilbert space obtained by endowing

the Cartesian product HN with the scalar product 〈X, Y 〉 =
∑N

i=1〈xi, yi〉, where

X = (x1, x2, · · · , xN), Y = (y1, y2, · · · , yN) ∈ H. Suppose
D = {(x, x, , , , x) ∈ H : x ∈ H},

Π : H → D : x→ (x, x, , , , x),

B = ×i∈IAi.

Then, for X ∈ H, the following holds:

i) NDX=

 {U ∈ H :
∑

i∈I ui = 0}, if X ∈ D

∅, otherwise ;

ii) JγAX = PDX = Π( 1
N

∑
i∈I xi), where A = ND;

iii) JγBX = (JγAixi)i∈I .

Lemma 3.1.3. [38] Let x, y ∈ H. If H is a real Hilbert space, then the following

inequality holds:

i) ||x+ y||2 ≤ ||x||2 + 2〈y, x+ y〉,

ii) ||tx+ (1− t)y||2 = t||x||2 + (1− t)||y||2 − t(1− t)||x− y||2.

Lemma 3.1.4. [57] (Demiclosedness principle) Let H be a Hilbert space, C be a

closed and convex subset of H, and T : C → C be a nonexpansive operator with
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F (T ) 6= ∅. If {xn} is a sequence in C weakly converges to x ∈ C and {(I − T )xn}

converges strongly to y ∈ C, then (I − T )x = y. In particular, if y = 0, then

x ∈ F (T ).

Lemma 3.1.5. [100] Finding a point in Se(A1, · · · , Am) is equivalent to solving

(1.1) in the sense that

0 ∈ A1(z) + · · ·+ Am(z)⇔ ∃w1, · · · , wm ∈ H : (z, w1, · · · , wm) ∈ Se(A1, · · · , Am).

Lemma 3.1.6. [100] If the monotone operators A1, · · · , Am are maximal mono-

tone, the corresponding extended solution set Se(A1, · · · , Am) is closed and convex

in Hm+1.

Lemma 3.1.7. [100] Given (xk, yk) ∈ Gph(Ak), k = 1, · · · ,m, define ϕ : V → R

via

ϕ(z, w1, · · · , wm) =
m∑
k=1

〈z − xk, yk − wk〉. (3.1)

Then, for any (z, w1, · · · , wm) ∈ Se(A1, · · · , Am), one has ϕ(z, w1, · · · , wm) ≤ 0,

that is

Se(A1, · · · , Am) ⊆ {(z, w1, · · · , wm) ∈ V : ϕ(z, w1, · · · , wm) ≤ 0}.

In addition, ϕ is affine on V , with

∇ϕ = (
m∑
k=1

yk, x1 − x, x2 − x, · · · , xm − x), where x =
1

m

m∑
k=1

xk, (3.2)

and

∇ϕ = 0 ⇔ (x1, y1, · · · , ym) ∈ Se(A1, · · · , Am), x1 = x2 = · · · = xm

⇔ ϕ(z, w1, · · · , wm) = 0, ∀(z, w1, · · · , wm) ∈ V. (3.3)

The function ϕ in Lemma 3.1.7 is called decomposable separators.
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Lemma 3.1.8. [118] Let C be a closed and convex subset of a real Hilbert space

H and x ∈ H be given. The metric projection of H onto C, PC, is characterized

by the following:

i) PCx ∈ C if and only if 〈x− PCx, PCx− z〉 ≥ 0, for all z ∈ C;

ii) PC is firmly nonexpansive and hence nonexpansive.

Lemma 3.1.9. [119] If a nonnegative real sequence {an} satisfies the following

relation:

an+1 ≤ (1− αn)an + αnδn, n ≥ n0,

where {αn} ⊂ (0, 1) and {δn} ⊂ R such that
∞∑
n=1

αn = ∞, and lim sup
n→∞

δn ≤ 0 or∑∞
n=1 |αnδn| <∞, then lim

n→∞
an = 0.

3.2 Viscosity Type Douglas-Rachford Splitting

Algorithm for Approximating a Zero of Sum

of a Finite Family of Maximal Monotone Map-

pings in Hilbert Spaces

In this section, we study the method of approximation of a zero of the sum of a fi-

nite family of maximal monotone mappings using Viscosity type Douglas-Rachford

splitting algorithm and prove some strong convergence theorems of the proposed

algorithm under suitable conditions.

For the rest of this section, let γ ∈ (0,∞) and {αn} ⊂ (0, 1) such that lim
n→∞

αn = 0,∑∞
n=0 αn =∞ and

∑∞
n=0 |αn − αn−1| <∞ or limn→∞

αn+1

αn
= 1.

Now, we state and prove the convergence theorem for a zero of the sum of maximal

monotone mappings.
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Theorem 3.2.1. Let H be a real Hilbert space. Let A,B : H → 2H be maximal

monotone mappings satisfying Ω := {x ∈ H : 0 ∈ Ax + Bx} 6= ∅. Let g : H → H

be a contraction mapping with constant α. For arbitrary x0 ∈ H define an iterative

algorithm {xn} by
dn = JγBxn,

yn = 2JγA(2JγB − I)xn − 2JγBxn + xn,

xn+1 = αng(xn) + (1− αn)yn,∀n ≥ 0.

(3.4)

Then, xn → x∗ = PF (RγARγB)(g(x∗)), as n → ∞, such that JγBx
∗ ∈ Ω and

dn = JγBxn → JγBx
∗ ∈ Ω, where RγA = 2JγA − I and RγB = 2JγB − I.

Proof. Note that, taking into account the definition of the reflected resolvent the

iterative scheme in (3.4) can be equivalently given by

xn+1 = αng(xn) + (1− αn)
[
2JγA(2JγB − I)xn − 2JγBxn + xn

]
,

= αng(xn) + (1− αn)Txn, ∀n ≥ 0. (3.5)

where T = RγARγB. We note that since RγA and RγB are nonexpansive we have

T is nonexpansive. Let x ∈ Ω. Then, by Lemma 5.2.5 there exists z ∈ F (T ) such

that x = JγB(z) and hence F (T ) 6= ∅. Thus, by Theorem 3.2 of [119] we obtain

that

||xn − Txn|| → 0 as n→∞, (3.6)

and {xn} converges strongly to the point x∗ = PF (T )(g(x∗)) = PF (RγARγB)(g(x∗)).

Thus, by Lemma 5.2.5 we have JγBx
∗ ∈ Ω. Moreover, the fact that JγB is contin-

uous provides dn = JγBxn → JγBx
∗ ∈ Ω. This completes the proof.

By using the product space technique we obtain the following theorem from The-

orem 3.2.1 for a zero of the sum of a finite family of maximal monotone mappings

in Hilbert spaces.
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Theorem 3.2.2. Let H be a real Hilbert space. Let Ai : H → 2H , for i ∈ I =

{1, 2, · · ·N} and N ≥ 2, be maximal monotone mappings satisfying Ω := {x ∈ H :

0 ∈ A1x + A2x + · · · + ANx} 6= ∅. Let g : H → H be a contraction mapping with

constant α. For arbitrary xi,0 ∈ H, i ∈ I, define an iterative algorithm by



pn = 1
N

∑N
i=1 xi,n,

di,n = JγAixi,n,∀i ∈ I,

qn = 1
N

∑N
i=1 di,n,

yi,n = xi,n + 2(2qn − pn − di,n),∀i ∈ I,

xi,n+1 = αng(xi,n) + (1− αn)yi,n,∀i ∈ I,∀n ≥ 0.

(3.7)

Then, {pn} and {qn} converge strongly to x∗ ∈ Ω as n→∞.

Proof. Let H be the real Hilbert space obtained by endowing the Cartesian product

HN with the scalar product 〈X, Y 〉 =
∑N

i=1〈xi, yi〉, whereX = (x1, x2, · · · , xN), Y =

(y1, y2, · · · , yN) ∈ H. Let

D := {(x, x, .., x) ∈ H : x ∈ H},

B := ⊗ANi=1 = A1 × A2 × · · · × AN .
(3.8)

Define Π : H → D by Π(x) = (x, x, · · · , x) and A = ND. Then, from Example

20.41 and Proposition 23.16 of [13] we have B and A are maximal monotone

mappings. In addition, from Lemma 3.1.2 we obtain the following:

PDX = Π(
1

N

N∑
i=1

xi) = JγAX, JγBX = (JγAixi)i=1,2,··· ,N , (3.9)

for any X ∈ H and

NDX =

 D⊥ = {U ∈ H :
∑N

i=1 ui = 0}, if X ∈ D,

∅, otherwise.
(3.10)
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Moreover, for any z ∈ H such that 0 ∈
∑N

i=1Aiz and making use of equation

(3.10) we obtain

∃U = (u1, u2, · · · , uN) ∈ ⊗ANi=1z such that
N∑
i=1

ui = 0

⇔ ∃U ∈ BΠ(z) such that − U ∈ D⊥ = NDΠ(z)

⇔ Π(z) ∈ zer(ND + B) ⊂ D, (3.11)

and hence

Π
(
zero

N∑
i=1

Ai
)

= zer(A + B). (3.12)

Now, let 

Yn = (y1,n, y2,n, · · · , yN,n),

Xn = (x1,n, x2,n, · · · , xN,n),

Pn = (pn, pn, · · · , pn),

Dn = (d1,n, d2,n, · · · , dN,n),

Qn = (qn, qn, · · · , qn),

G(Xn) = (g(x1,n), g(x2,n), · · · , g(xN,n)),∀n ≥ 0.

(3.13)

From (3.13) and the fact that JγA = PD, we see that equation (3.7) can be rewritten

as 

Dn = JγBXn,

Qn = PDDn,

Pn = JγAXn,

Yn = Xn + 2(2Qn − Pn −Dn),

Xn+1 = αnG(Xn) + (1− αn)Yn,∀n ≥ 0.

(3.14)

Therefore, by Theorem 3.2.1 we get that {Xn} converges strongly to the point

X∗ = PF (T)(G(X∗)) and JγBX
∗ ∈ zer(A + B), where T = RγARγB. Moreover,
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from (3.9) and the fact that PD is continuous and affine we have

X∗ = TX∗ = 2PD(2JγB − I)X∗ +X∗ − 2JγBX
∗,

which implies that

JγBX
∗ = 2PD(JγBX

∗) + (1− 2)PDX
∗ ∈ D,

⇔ PD(JγBX
∗) = JγBX

∗ = 2PD(JγBX
∗)− PDX

∗,

and hence

PDX
∗ = JγBX

∗. (3.15)

Thus, from (3.9) and the continuities of JγA we have Pn = JγAXn → JγAX
∗ =

PD(X∗) = Π(x∗) ∈ zer(A+B), where x∗ ∈ Ω. Hence, from (3.7) and the definition

of Π we obtain pn = Π−1(Pn)→ x∗ as n→∞.

Furthermore, from (3.14), (3.15), continuities of PD and JγB we have Qn = PDDn =

PDJγBXn → PDJγBX
∗ = PDX

∗ = Π(x∗) and hence qn = Π−1(Qn) → x∗, as

n→∞, where x∗ ∈ Omega. The proof is complete.

Remark 3.2.3. At this point, we note that the limit point of the sequence {Xn}

in (3.14) is the unique solution X∗ = (x∗1, x
∗
2, · · · , x∗N) ∈ F (T) satisfying the vari-

ational inequality

〈(G− I)X∗, X∗ −X〉 ≥ 0,∀X ∈ F (T), (3.16)

where PDX
∗ = Π(x∗) and x∗ = 1

N

∑N
i=1 x

∗
i ∈ Ω.

Remark 3.2.4. We observe from the proof of Theorem 3.2.2 that, since Pn =

PDXn = PD(x1,n, x2,n, · · · , xN,n) = Π( 1
N

∑N
i=1 xi,n)→ PDX

∗ = PD(x∗1, x
∗
2, · · · , x∗N) =

Π( 1
N

∑N
i=1 x

∗
i ) = Π(x∗), we obtain that 1

N

∑N
i=1 xi,n →

1
N

∑N
i=1 x

∗
i = x∗ ∈ Ω as

n→∞.

45



3. Approximating Zeros of the Sum of Maximal Monotone Mappings

If, in Theorem 3.2.1, we assume that B = 0, then we get the following corollary

for a zero of a maximal monotone mapping.

Corollary 3.2.5. Let H be a real Hilbert space. Let A : H → 2H be a maximal

monotone mapping satisfying Ω := {x ∈ H : 0 ∈ Ax} 6= ∅. Let g : H → H be

contraction mapping with constant α. For arbitrary x0 ∈ C define an iterative

algorithm by yn = 2JγAxn − xn,

xn+1 = αng(xn) + (1− αn)yn, ∀n ≥ 0.

(3.17)

Then, xn → x∗ ∈ Ω as n→∞.

As an application of Corollary 3.2.5 we have the following corollary for multi-

valued pseudocontractive mapping.

Corollary 3.2.6. Let H be a real Hilbert space. Let T : H → 2H be a pseudo-

contractive mapping with (I − T ) maximal monotone. Assume that Ω := {x ∈

H : x ∈ Tx} 6= ∅. Let g : H → H be a contraction mapping with constant α. For

arbitrary x0 ∈ H define an iterative algorithm byyn = 2Jγ(I−T )xn − xn,

xn+1 = αng(xn) + (1− αn)yn,∀n ≥ 0.

(3.18)

Then, {xn} converges strongly to z ∈ F (T ) as n→∞.

3.2.1 Application to Convex Minimization Problems

In this subsection, we shall apply Theorem 3.2.1 and 3.2.2 to the convex mini-

mization problems.

Theorem 3.2.7. Let H be a real Hilbert space. Let hi : H → R, i = 1, 2, · · · , N , be

a convex, lower semicontinuous function such that Ω = minx∈H{
∑N

i=1 hi(x)} 6= ∅.
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Let g : H → H be a contraction mapping with constant α. For arbitrary xi,0 ∈ H,

for i ∈ I, define an iterative algorithm by

pn = 1
N

∑N
i=1 xi,n,

di,n = JγAixi,n,∀i = 1, · · · , N,

qn = 1
N

∑N
i=1 di,n,

yi,n = xi,n + 2(2qn − pn − di,n),∀i = 1, · · · , N,

xi,n+1 = αng(xi,n) + (1− αn)yi,n,∀i = 1, · · · , N,∀n ≥ 0,

(3.19)

where Ai = (∂hi), for i = 1, 2, · · · , N . Then, {pn} and {qn} converge strongly to

x ∈ Ω as n→∞.

Theorem 3.2.8. Let H be a real Hilbert space. Let h : H → R be a convex smooth

function and f : H → R be a convex and lower semicontinuous function such that

Ω = minx∈H{(h(x) + f(x))} 6= ∅. Let g : H → H be a contraction mapping with

constant α. For arbitrary x0 ∈ H define an iterative algorithm by
dn = Jγ∂fxn,

yn = 2Jγ∇h(2Jγ∂f − I)xn − 2Jγ∂fxn + xn.

xn+1 = αng(xn) + (1− αn)yn,∀n ≥ 0.

(3.20)

Then, xn → z as n→∞ such that Jγ∂fz ∈ Ω and dn = Jγ∂fxn → Jγ∂fz.

Proof. Let A = ∇h and B = ∂f in Theorem 3.2.8. The scheme in (3.20) reduces to

the scheme in (3.4). Thus, Theorem 3.2.1 provides the conclusion of the theorem.

3.2.2 Numerical Example

In this subsection, we present some numerical experiments to explain the con-

clusion of our result. The following numerical example verifies the conclusion of
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Theorem 3.2.1.

Example 3.2.9. Let H = R3. Let A,B : R3 → R3 be defined by Ax =

2x + (1, 2, 3) and Bx = 5x, where x = (x1, x2, x3) ∈ R3. We see that A and

B are maximal monotone with R(I + γA) = l2 = (I + γB) for all γ > 0. Now,

by direct calculation we get that Tx = x(1−5γ)
1+5γ

(
2

1+2γ
− 1
)
− 2γ

1+2γ
(1, 2, 3), where

x = (x1, x2, x3) ∈ R3. Thus, if we assume αn = 1
10n+100

, γ = 1, for all n ≥ 0,

and g(x) = x
2

with initial point x0 = (2, 3, 4), then the iteration Scheme (3.4) pro-

vides the following numerical result (see, Table 3.1). All numerical computations

were carried out using Matlab 2020(a) on a hp personal computer, 12-Gb RAM.

From this we obtain that the Algorithm dn = JγBxn generated by (3.4) converges

strongly to x∗ = (−1
7
,−2

7
,−3

7
) ∈ (A+B)−1(0).

Table 3.1: Convergence of the sequence {dn}

n dn = JBxn ||dn+1 − dn||l2
1 (2.0000, 3.0000, 4.0000)

2 (−0.0350,−0.1075,−0.1800) 5.5920

3 (−0.1180,−0.2444,−0.3708) 0.2491

4 (−0.1367,−0.2752,−0.4138) 0.0561

5 (−0.1409,−0.2823,−0.4236) 0.0128

10 (−0.1423,−0.2847,−0.4270) 0.0044

100 (−0.1428,−0.2855,−0.4283) 0.0016

200 (−0.1428,−0.2856,−0.4284) 1.4142e-04

300 (−0.1428,−0.2857,−0.4285) 1.4142e-04

400 (−0.1428,−0.2857,−0.4285) 0

500 (−0.1428,−0.2857,−0.4285) 0
...

...

↓ ↓
(−1

7
,−2

7
,−3

7
) 0

In addition, we have sketched the error term ||dn − x∗|| for different initial points

such as x0 = (0,−0.2,−0.4), x
′
0 = (0, 1, 2) and x

′′
0 = (2, 3, 4). From the sketch we

observe that the convergence rate of the sequence dn generated by (3.4) converges

faster as the initial point gets closer to the solution (see, Figure 3.1, below).
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Figure 3.1: The graph of ||dn−x∗|| versus number of iterations with different
choices of x0

3.3 A Strong Convergence Results for Zeros of

the Sum of a Finite Family of Maximal Mono-

tone Mappings

In this section, we introduce an algorithm for finding a point in Se(A1, · · · , Am)

which will lead us to a solution of the sum of a finite family of maximal monotone

mappings in a Hilbert space and discus its strong convergence.

For the rest of this section, let H be a real Hilbert space and Ak : H → 2H , k =

1, · · · ,m (m ≥ 2), be a finite family of maximal monotone mappings satisfying

Se(A1, · · · , Am) 6= ∅. Let {αn} ⊂ (0, 1) such that lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and∑∞
n=1 |αn−αn−1| <∞, and let {βn} be a decreasing sequence in (0, 1] with β0 = 1.

We now propose the following algorithm.

Algorithm 3.3.1.

Step 0: Select initial guess u0 = (z0, w1,0, · · · , wm,0) ∈ V .
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Step 1: Given nth iterates (n ≥ 0), compute xk,n and yk,n as follows:

xk,n = (I + λk,nAk)
−1(zn + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n = wk,n +
zn − xk,n
λk,n

, k = 1, 2, · · · ,m,

where the real sequence λk,n > 0, for each k = 1, 2, · · · ,m and n ≥ 0.

Step 2: Define ϕi : V → R by

ϕi(z, w1, · · · , wm) =
m∑
k=1

〈z − xk,i, yk,i − wk〉, (3.21)

and compute

Tiun = (zn, w1,n, · · · , wm,n)−max
{

0,
ϕi(zn, w1,n, · · · , wm,n)

||∇ϕi||2
}
∇ϕi, (3.22)

where∇ϕi = (
∑m

k=1 yk,i, x1,i−xi, x2,i−xi, · · · , xm,i−xi) and ||∇ϕi||2 =
∑m

k=1 ||xk,i−

xi||2 + ||
∑m

k=1 yk,i||2 with xi = 1
m

∑m
k=1 xk,i, which is the projection of un =

(zn, w1,n, · · · , wm,n) onto the half space

Hi = {(z, w1, · · · , wm) ∈ V : ϕi(z, w1, · · · , wm) ≤ 0}.

Step 3: Computevn = βnun +
∑n

i=1(βi−1 − βi)Tiun,

un+1 = αnf(un) + (1− αn)vn,∀n ≥ 0,

(3.23)

where f : V → V is a contraction mapping with constant α. Set n := n + 1 and

go to step 1.

Remark 3.3.2. The following points indicate that Algorithm 3.1 is well defined.

(i) By maximality of Ak the resolvent mapping (I + λk,nAk)
−1 is single-valued
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and everywhere defined for each k = 1, 2, · · · ,m (see, e.g., [69]). By rear-

ranging the equation in step 1, one has the following equation:

xk,n + λk,nyk,n = zn + λk,nwk,n, ∀ n ≥ 0, (3.24)

where for each k = 1, 2, · · · ,m and n ≥ 0, λk,n > 0 and yk,n ∈ Ak(xk,n).

Hence, for each k = 1, 2, · · · ,m, (xk,n, yk,n) ∈ Gph(Ak) exists and is unique.

Thus, the decomposable separators function ϕ in Lemma 3.1.7 is well defined.

(ii) Since ϕi : V → R is affine on V (see, Lemma 3.1.7) and the half space Hi is

closed and convex subspace of V for all i ≥ 1, the projection of un onto Hi

given by (3.22) exists and is firmly nonexpansive (see, for example, [100]).

Lemma 3.3.3. The sequence {un} generated by Algorithm 3.3.1 is bounded.

Proof. Let u∗ = (z∗, w∗1, w
∗
2, · · · , w∗m) ∈ Se(A1, · · · , Am), then by Lemma 3.1.7 we

have u∗ ∈ Hi for all i ≥ 0 which implies that Se(A1, · · · , Am) ⊂ ∩∞i=1F (Ti) = F 6=

∅. Now, the fact that Ti is nonexpansive and (3.23) yield

||vn − u∗|| = ||βnun +
n∑
i=1

(βi−1 − βi)Tiun − u∗||

= ||βnun +
n∑
i=1

(βi−1 − βi)Tiun −
n∑
i=1

(βi−1 − βi)u ∗

+
n∑
i=1

(βi−1 − βi)u∗ − u∗||

= ||βn(un − u∗) +
n∑
i=1

(βi−1 − βi)(Tiun − u∗)||

≤ βn||un − u∗||+
n∑
i=1

(βi−1 − βi)||un − u∗|| = ||un − u∗||. (3.25)
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Thus, it follows that

||un+1 − u∗|| = ||αnf(un) + (1− αn)vn − u∗||

≤ αn||f(un)− u∗||+ (1− αn)||vn − u∗||

≤ αn||f(un)− f(u∗)||+ αn||f(u∗)− u∗||+ (1− αn)||vn − u∗||

≤ (1− αn(1− α))||un − u∗||+ αn||f(u∗)− u∗||

≤ max
{
||un − u∗||,

||f(u∗)− u∗||
1− α

}
.

Then, we have

||un − u∗|| ≤ max
{
||u0 − u∗||,

||f(u∗)− u∗||
1− α

}
,

which implies that {un} is bounded. Hence, we can obtain that {Tiun}, {vn} and

{f(un)} are bounded.

Lemma 3.3.4. The sequence {un} generated by Algorithm 3.3.1 converges strongly

to u∗ = (z∗, w∗1, · · · , w∗m) ∈ F =
⋂∞
i=1 F (Ti).

Proof. We proceed with the following steps.

Step 1. First we show that limn→∞ ||un+1 − un|| = 0.

From (3.23), we have

||vn − vn−1|| = ||βnun +
n∑
i=1

(βi−1 − βi)Tiun − βn−1un−1

−
n−1∑
i=1

(βi−1 − βi)Tiun−1||

≤ βn||un − un−1||+ |βn − βn−1|||un−1||

+
n∑
i=1

(βi−1 − βi)||Tiun − Tiun−1||+ |βn − βn−1|||Tiun−1||

≤ βn||un − un−1||+ |βn − βn−1|||un−1||

+
n∑
i=1

(βi−1 − βi)||un − un−1||+ |βn − βn−1|||Tiun−1||

≤ ||un − un−1||+ (βn−1 − βn)M, (3.26)
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for some M > 0 as the sequences {un} and {Tiun−1} are bounded. Thus, (3.23)

and (3.26) imply that

||un+1 − un|| = ||αnf(un) + (1− αn)vn − αn−1f(un−1)− (1− αn−1)vn−1||

≤ αn||f(un)− f(un−1)||+ |αn − αn−1|||f(un−1)||

+(1− αn)||vn − vn−1||+ |αn − αn−1|||vn−1||

≤ ααn||un − un−1||+ |αn − αn−1|(||f(un−1)||+ ||vn−1||)

+(1− αn)
(
||un − un−1||+ (βn−1 − βn)M)

)
= (1− αn(1− α))||un − un−1||+ |αn − αn−1|(||f(un−1)||+ ||vn−1||)

+(1− αn)(βn−1 − βn)M. (3.27)

Since {βn} is strictly decreasing, it implies that
∑∞

n=1(βn−1 − βn) < ∞. Hence,

from (3.27), conditions of {αn} and Lemma 3.1.9, we immediately obtain that

||un+1 − un|| → 0 as n→ ∞. (3.28)

Step 2. We show that ||Tiun − un|| → 0 as n→∞. Take u∗ = PF(f(u∗)). Note

that

||un − u∗||2 ≥ ||Tiun − Tiu∗||2

= ||Tiun − un + un − Tiu∗||2

= ||Tiun − un||2 + ||un − u∗||2 + 2〈Tiun − un, un − u∗〉, (3.29)

which yields

1

2
||Tiun − un||2 ≤ 〈un − Tiun, un − u∗〉. (3.30)
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Furthermore, from (3.23) and (3.30), we immediately obtain

1

2

n∑
i=1

(βi−1 − βi)||Tiun − un||2 ≤
n∑
i=1

(βi−1 − βi)〈un − Tiun, un − u∗〉

= 〈(1− βn)un −
n∑
i=1

(βi−1 − βi)Tiun, un − u∗〉

= 〈(1− βn)un − vn + βnun, un − u∗〉

= 〈un − vn, un − u∗〉

= 〈un − un+1, un − u∗〉

+〈un+1 − vn, un − u∗〉, (3.31)

and from (3.23) and (3.31), we have

1

2

n∑
i=1

(βi−1 − βi)||Tiun − un||2 ≤ 〈un − un+1, un − u∗〉

+〈αnf(un) + (1− αn)vn − vn, un − u?〉

≤ ||un − un+1||||un − u∗||

+〈αnf(un)− αnvn, un − u?〉

≤ ||un − un+1||||un − u∗||

+αn||f(un)− vn||||un − u?||. (3.32)

Thus, from Lemma 3.3.3, (3.28), (3.32) and the condition on {αn}, we conclude

that

lim
n→∞

n∑
i=1

(βi−1 − βi)||Tiun − un||2 = 0. (3.33)

Since {βn} is strictly decreasing, for every i ∈ N, equality (3.33) yields

lim
n→∞

||Tiun − un|| = 0 and lim
n→∞

||Tnun − un|| = 0. (3.34)

Step 3. We show that lim supn→∞〈f(u∗)− u∗, un − u∗〉 ≤ 0.

Since {un} is bounded, there exist u ∈ H ×Hm and a subsequence {unk} of {un}
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such that

lim sup
n→∞

〈f(u∗)− u∗, un − u∗〉 = lim
k→∞
〈f(u∗)− u∗, unk − u∗〉,

and unk ⇀ u. From (3.34) and Lemma 3.1.4, we obtain that u ∈ F (Ti) for each

i ≥ 1 and hence u ∈ F . Since u∗ = PF(f(u∗)), by Lemma 3.1.8, we have

lim sup
n→∞

〈f(u∗)− u∗, un − u∗〉 = lim
k→∞
〈f(u∗)− u∗, unk − u∗〉

= 〈f(u∗)− u∗, u− u∗〉 ≤ 0, as required.(3.35)

Step 4. Finally we show that un → u∗ as n→∞. From Lemma 3.1.3, (3.23) and

(3.25), we have

||un+1 − u∗||2 = ||αnf(un) + (1− αn)vn − u∗||2

≤
(
ααn||un − u∗||+ (1− αn)||un − u∗||

)2

+2αn〈f(u∗)− u∗, un+1 − u∗〉

≤ (1− (1− α)αn)||un − u∗||2 + 2αn〈f(u∗)− u∗, un+1 − u∗〉

≤ (1− (1− α)αn)||un − u∗||2 + 2αn〈f(u∗)− u∗, un − u∗〉

+2αn||f(u∗)− u∗||||un+1 − un||. (3.36)

Therefore, from (3.28), (3.35), (3.36) and Lemma 3.1.9, we conclude that un → u∗

as n→∞.

Lemma 3.3.5. If in Algorithm 3.3.1 there exists λ > λ > 0 such that the sequence

{λk,n} ⊂ [λ, λ], for each k = 1, 2, · · · ,m and n ≥ 0, then there exists η > 0 such

that

ϕn(un) ≥ η||∇ϕn||2 ∀ n ≥ 0, (3.37)

where ∇ϕn(un) = (
∑m

k=1 yk,n, x1,n − xn, x2,n − xn, · · · , xm,n − xn) and

||∇ϕn(un)||2 =
∑m

k=1 ||xk,n − xn||2 + ||
∑m

k=1 yk,n||2 with xn = 1
m

∑m
k=1 xk,n.
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Proof. From equation (3.24), we have

zn − xk,n
λk,n

= yk,n − wk,n. (3.38)

From (3.21), (3.38) and condition of λk,n, we get

ϕn(un) =
m∑
k=1

〈zn − xk,n, yk,n − wk,n〉

=
m∑
k=1

〈zn − xk,n,
zn − xk,n
λk,n

〉

=
m∑
k=1

1

λk,n
||zn − xk,n||2

≥ 1

λ

m∑
k=1

||zn − xk,n||2. (3.39)

By rearranging equation (3.38), we can also get

yk,n =
zn − xk,n
λk,n

+ wk,n, (3.40)

which implies that

m∑
k=1

yk,n =
m∑
k=1

zn − xk,n
λk,n

+
m∑
k=1

wk,n =
m∑
k=1

zn − xk,n
λk,n

, (3.41)

and hence

||
m∑
k=1

yk,n||2 = ||
m∑
k=1

zn − xk,n
λk,n

||2

≤ 1

λ2 ||
m∑
k=1

zn − xk,n||2

=
1

λ2 ||m(zn − xn)||2

=
m2

λ2 ||zn − xn||
2, (3.42)
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which is equivalent to

λ2

m
||

m∑
k=1

yk,n||2 ≤ m||zn − xn||2. (3.43)

In addition, from the properties of inner product, we have

m∑
k=1

||xk,n − xn||2 =
m∑
k=1

||xk,n − zn + zn − xn||2

=
m∑
k=1

||(xk,n − zn)− (xn − zn)||2

=
m∑
k=1

||xk,n − zn||2 − 2〈
m∑
k=1

(xk,n − zn), xn − zn〉

+
m∑
k=1

||xn − zn||2

=
m∑
k=1

||xk,n − zn||2 − 2m〈(xn − zn), xn − zn〉+m||xn − zn||2

=
m∑
k=1

||xk,n − zn||2 − 2m||xn − zn||2 +m||xn − zn||2

=
m∑
k=1

||xk,n − zn||2 −m||xn − zn||2, (3.44)

which implies that

m∑
k=1

||xk,n − xn||2 +m||xn − zn||2 =
m∑
k=1

||xk,n − zn||2. (3.45)

From (3.43) and (3.45), we get

m∑
k=1

||xk,n − xn||2 +
λ2

m
||

m∑
k=1

yk,n||2 ≤
m∑
k=1

||xk,n − zn||2, (3.46)

and hence,

1

λ
(
m∑
k=1

||xk,n − xn||2 +
λ2

m
||

m∑
k=1

yk,n||2) ≤ 1

λ

m∑
k=1

||xk,n − zn||2. (3.47)
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Thus, from (3.47), (3.39) and setting η = min
{

1
λ
, λ

2

mλ

}
, we get

η(
m∑
k=1

||xk,n − xn||2 + ||
m∑
k=1

yk,n||2) = η||∇ϕn||2 ≤ ϕn(un). (3.48)

Next, we state and prove our main theorem.

Theorem 3.3.6. Let Ak : H → 2H , for k ∈ {1, 2, · · · ,m} and m ≥ 2, be maximal

monotone mappings satisfying Ω := {z ∈ H : 0 ∈ A1z + A2z + · · · + Amz} 6= ∅.

Let f : V → V be a contraction mapping with constant α. Let the real sequence

{λk,n} ⊂ [λ, λ] for some λ > λ > 0 and for each k = 1, 2, · · · ,m and n ≥ 0. Then,

the sequence {un} generated by Algorithm 3.3.1 converges strongly to an element

u∗ = (z∗, w∗1, · · · , w∗m) ∈ Se(A1, A2, · · · , Am), satisfying the variational inequality

〈(f − I)u∗, u∗ − x〉 ≥ 0,∀x ∈ Se(A1, A2, · · · , Am), (3.49)

where z∗ ∈ Ω.

Proof. By Lemma 3.3.5, there exists η > 0 such that

ϕn(un) ≥ η||∇ϕn||2 ∀ n ≥ 0. (3.50)

This implies that ϕn(un) is always nonnegative, and from (3.22), we obtain

Tnun − un = −
( ϕn(un)

||∇ϕn||2
)
∇ϕn, (3.51)

which implies

||Tnun − un|| =
∣∣∣∣∣∣− ( ϕn(un)

||∇ϕn||2
)
∇ϕn

∣∣∣∣∣∣ =
ϕn(un)

||∇ϕn||
, (3.52)
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for all n such that ∇ϕn 6= 0. Thus, dividing both sides of the inequality (3.50) by

||∇ϕn||, we obtain

||Tnun − un|| ≥ η||∇ϕn||, (3.53)

which is also true for n having ∇ϕn = 0. From (3.34), we have ||Tnun − un|| → 0

as n → ∞, so (3.53) implies ∇ϕn → 0 as n → ∞. Thus, it follows from (3.52)

that

lim
n→∞

ϕn(un) = 0. (3.54)

From the expression for ∇ϕn, we have
∑m

k=1 yk,n → 0 and xk,n − xn → 0 for

k = 1, 2, · · · ,m as n→∞. Moreover, subtracting xk,n + λk,nwk,n from both sides

of equation (3.24), we obtain

zn − xk,n = λk,n(yk,n − wk,n). (3.55)

This and the definition of ϕn imply that

ϕn(un) =
m∑
k=1

〈zn − xk,n, yk,n − wk,n〉

=
m∑
k=1

〈λk,n(yk,n − wk,n), yk,n − wk,n〉

=
m∑
k=1

λk,n||yk,n − wk,n||2. (3.56)

Hence, from (3.54), (3.56) and the fact that λk,n > λ, we have

lim
n→∞

||yk,n − wk,n|| = 0, for all k = 1, 2, · · · ,m, (3.57)

and from (3.55) and (3.57), we obtain

lim
n→∞

||zn − xk,n|| = 0, for all k = 1, 2, · · · ,m. (3.58)
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Moreover, from Lemma 3.3.4, the sequence {un} = {(zn, w1,n, · · · , wm,n)} con-

verges strongly to a point u∗ = (z∗, w∗1, · · · , w∗m) ∈ F =
⋂∞
i=1 F (Ti). In ad-

dition, equations (3.57) and (3.58) imply that yk,n → w∗k and xk,n → z∗, for

each k = 1, 2, · · · ,m. Since Gph(Ak) is closed and (xk,n, yk,n) ∈ Gph(Ak) for all

k = 1, 2, · · · ,m and n ≥ 0, we get w∗k ∈ Ak(z∗). Furthermore, since {un} ⊂ V and

V is a closed subspace, we also have u∗ ∈ V and hence, u∗ = (z∗, w∗1, · · · , w∗m) ∈

Se(A1, A2, · · · , Am) and by Lemma 3.1.5 we obtain z∗ ∈ (A1 +A2 + · · ·+Am)−1(0).

Moreover, since u∗ = PF(f(u∗)) by Lemma 3.1.8, we obtain the variational inequal-

ity

〈(f − I)u∗, u∗ − x〉 ≥ 0,∀x ∈ Se(A1, A2, · · · , Am), (3.59)

as Se(A1, A2, · · · , Am) ⊂ F . The proof is complete.

Remark 3.3.7. We observe that the algorithm given by 3.3.1 is equivalent to the

following scheme:



u0 = (z0, w1,0, · · · , wm,0) ∈ V chosen arbitrarly,

xk,n = (I + λk,nAk)
−1(zn + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n = wk,n +
zn−xk,n
λk,n

, k = 1, 2, · · · ,m,

un+1 = αnf(zn, w1,n, · · · , wm,n) + (1− αn)(cn, d1,n, · · · , dm,n), n ≥ 0,

(3.60)

where f : V → V is a contraction mapping with constant α, λk,n > 0 for k =

1, 2, · · · ,m, and n ≥ 0, and

cn = βnzn +
n∑
i=1

(βi−1 − βi)ĉi,

dk,n = βnwk,n +
n∑
i=1

(βi−1 − βi) ˆdk,i,

ĉi =

zn, if ϕi(un) ≤ 0,

zn − δi(
∑m

k=1 yk,i), if ϕi(un) > 0,
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ˆdk,i =

wk,n, if ϕi(un) ≤ 0,

wk,n − δi(xk,i − xi), if ϕi(un) > 0,

with

δi =

∑m
k=1〈zn − xk,i, yk,i − wk,n〉

||
∑m

k=1 yk,i||2 +
∑m

k=1 ||xk,i − xi||2
, for xi =

1

m

m∑
k=1

xk,i.

Remark 3.3.8. At this point, we know that Se(A1, A2, · · · , Am) ⊂ F and one

can show that F ⊂ Se(A1, A2, · · · , Am) and hence Se(A1, A2, · · · , Am) = F .

If, in (3.60) we assume λk,n = λ > 0, for k = 1, 2, · · · ,m and n ≥ 0, then we

get the following corollary for the sum of a finite family of maximal monotone

mappings in Hilbert spaces.

Corollary 3.3.9. Let Ak : H → 2H , for k ∈ {1, 2, · · · ,m} and m ≥ 2, be maximal

monotone mappings satisfying Ω := {z ∈ H : 0 ∈ A1z + A2z + · · · + Amz} 6= ∅.

Let f : V → V be a contraction mapping with constant α. For arbitrary u0 =

(z0, w1,0, · · · , wm,0) ∈ V define an iterative algorithm by
xk,n = (I + λAk)

−1(zn + λwk,n), k = 1, 2, · · · ,m,

yk,n = wn,k +
zn−xk,n

λ
, k = 1, 2, · · · ,m,

un+1 = αnf(zn, w1,n, · · · , wm,n) + (1− αn)(cn, d1,n, · · · , dm,n), n ≥ 0,

(3.61)

where {cn} and {dk,n} are as in (3.60) and λ > 0. Then, {un} converges strongly

to an element u∗ = (z∗, w∗1, · · · , w∗m) of Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

If, in Theorem 3.3.6 we replace the contraction mapping f by a constant u ∈ V ,

then we get the following corollary for approximating the zero of the sum of a

finite family of maximal monotone mappings in Hilbert spaces.

Corollary 3.3.10. Let Ak : H → 2H , for k ∈ {1, 2, · · · ,m} (m ≥ 2), be maximal

monotone mappings satisfying Ω := {z ∈ H : 0 ∈ A1z + A2z + · · · + Amz} 6= ∅.
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For arbitrary u0 = (z0, w1,0, · · · , wm,0) ∈ V define an iterative algorithm by
xk,n = (I + λk,nAk)

−1(zn + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n = wk,n +
zn−xk,n
λk,n

, k = 1, 2, · · · ,m,

un+1 = αnu+ (1− αn)(cn, d1,n, · · · , dm,n), n ≥ 0,

(3.62)

where {cn} and {dk,n} are as in (3.60), {λk,n} ⊂ [λ, λ] for some λ > λ > 0

and for each k = 1, 2, · · · ,m and n ≥ 0, and u = (z, w1, · · · , wm) ∈ V ⊂

Hm+1. Then, {un} converges strongly to an element u∗ = (z∗, w∗1, · · · , w∗m) of

Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

We note that if in Corollary 3.3.10 we assume that u = (0, 0, · · · , 0) ∈ V we get

the following result for the minimum-norm point of the extended solution set of

the sum of a finite family of maximal monotone mappings in Hilbert spaces.

Theorem 3.3.11. Let Ak : H → 2H , for k ∈ {1, 2, · · · ,m} and m ≥ 2, be maxi-

mal monotone mappings satisfying Ω := {z ∈ H : 0 ∈ A1z+A2z+ · · ·+Amz} 6= ∅.

For arbitrary u0 = (z0, w0,1, · · · , w0,m) ∈ V define an iterative algorithm by
xk,n = (I + λk,nAk)

−1(zn + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n = wk,n +
zn−xk,n
λk,n

, k = 1, 2, · · · ,m,

un+1 = (1− αn)(cn, d1,n, · · · , dm,n), n ≥ 0,

(3.63)

where {cn} and {dk,n} are as in (3.60) and {λk,n} ⊂ [λ, λ] for some λ > λ > 0

and for each k = 1, 2, · · · ,m and n ≥ 0. Then, {un} converges strongly to the

minimum-norm point u∗ = (z∗, w∗1, · · · , w∗m) of Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

Proof. We note that since u∗ = (z∗, w∗1, · · · , w∗m) = PF(0), where u∗ ∈ Se(A1, A2, · · · , Am) ⊂

F , we obtain that u∗ is the minimum-norm point of Se(A1, A2, · · · , Am).
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3.3.1 Application to Convex Minimization Problems

In this subsection, we apply Theorem 3.3.6 to study the convex minimization prob-

lems.

Let gk : H → R, k = 1, 2, · · · ,m (m ≥ 2), be a finite family of convex and

lower semicontinuous functions. We consider the problem of finding z∗ ∈ H such

that

g1(z∗) + g2(z∗) + · · ·+ gm(z∗) = min
z∈H
{g1(z) + g2(z) + · · ·+ gm(z)}. (3.64)

We note that problem (3.64) is equivalent, by Fermat’s rule, to the problem of

finding z∗ ∈ H such that

0 ∈ ∂g1(z∗) + ∂g2(z∗) + · · ·+ ∂gm(z∗), (3.65)

where ∂g is a subdifferential of g, which is maximal monotone (see, e.g., [95]). So,

we obtain the following theorem from Theorem 3.3.6.

Theorem 3.3.12. Let gk : H → R, for each k = 1, 2, 3, · · · ,m and m ≥ 2, be a

convex and lower semicontinuous function such that Ω = minz∈H{g1(z) + g2(z) +

· · · + gm(z)} 6= ∅. Let f : V → V be a contraction mapping with constant α. For

arbitrary u0 = (z0, w0,1, · · · , w0,m) ∈ V define an iterative algorithm by
xk,n = (I + λk,n∂gk)

−1(zn + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n = wk,n +
zn−xk,n
λk,n

, k = 1, 2, · · · ,m,

un+1 = αnf(zn, w1,n, · · · , wm,n) + (1− αn)(cn, d1,n, · · · , dm,n), n ≥ 0,

(3.66)

where for each k = 1, 2, · · · ,m and n ≥ 0, {λk,n} ⊂ [λ, λ] for some λ > λ > 0,

cn = βnzn +
n∑
i=1

(βi−1 − βi)ĉi,

dk,n = βnwk,n +
n∑
i=1

(βi−1 − βi) ˆdk,i,

63



3. Approximating Zeros of the Sum of Maximal Monotone Mappings

ĉi =

zn, if ϕi(un) ≤ 0,

zn − δi(
∑m

k=1 yk,i), if ϕi(un) > 0,

ˆdk,i =

wk,n, if ϕi(un) ≤ 0,

wk,n − δi(xk,i − xi), if ϕi(un) > 0,

with

δi =

∑m
k=1〈zn − xk,i, yk,i − wk,n〉

||
∑m

k=1 yk,i||2 +
∑m

k=1 ||xk,i − xi||2
,

for xi = 1
m

∑m
k=1 xk,i. Then, {un} converges strongly to an element u∗ = (z∗, w∗1, · · · , w∗m)

of Se(∂g1, ∂g2, · · · , ∂gm), where z∗ ∈ Ω.

Proof. Set Ak = ∂gk, for k = 1, 2, · · · ,m. Then, we have that Ak, k = 1, 2, · · · ,m,

is maximal monotone with Ω := {z ∈ H : 0 ∈ A1z+A2z+ · · ·+Amz} 6= ∅. Hence,

the conclusion follows from Theorem 3.3.6.

3.3.2 Numerical Example

In this subsection, we present a numerical experiment to illustrate our result. The

following numerical example verifies the conclusion of Corollary 3.3.9.

Example 3.3.13. Let H = l2, where l2 is the space of sequences. Let A1, A2, A3 :

l2 → l2 be defined by A1x = x+ (1, 2, 3, 0, 0, · · · ), A2x = 2x+ (3, 4, 5, 0, 0, · · · ) and

A3x = 3x− (2, 2, 2, 0, 0, · · · ), where x = (x1, x2, · · · ) ∈ l2. We see that A1, A2 and

A3 are maximal monotone with R(I + λA1) = R(I + λA2) = R(I + λA3) = l2 for

each λ > 0. Now, by direct calculation we get that

x1,n =
zn + λw1,n − λ(1, 2, 3, 0, 0, · · · )

1 + λ
, y1,n =

zn + λw1,n + (1, 2, 3, 0, 0, · · · )
1 + λ

,

x2,n =
zn + λw2,n − λ(3, 4, 5, 0, 0, · · · )

1 + 2λ
, y2,n =

2zn + 2λw2,n + (3, 4, 5, 0, 0, · · · )
1 + 2λ

,

x3,n =
zn + λw3,n + λ(2, 2, 2, 0, 0, · · · )

1 + 3λ
and y3,n =

3zn + 3λw3,n − (2, 2, 2, 0, 0, · · · )
1 + 3λ

,
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for some λ > 0. Thus, if we assume λ = 1, αn = 1
100(n+100)

, βn = 1
n
, for all n ≥ 1,

and f(x) = x
1000

then the Algorithm in (3.61) reduces to the following:

un+1 =
1

105(n+ 102)
(zn, w1,n, w2,n, w3,n) + (1− 1

102(n+ 102)
)(cn, d1,n, d2,n, d3,n),

(3.67)

where {cn} and {dk,n}, for k = 1, 2, 3, are as in (3.60).

Now, if we take initial point u1 = (z1, w1,1, w2,1, w3,1), where z1 = (2,−1,−2, 0, 0, · · · ),

w1,1 = (1, 1, 1, 0, 0, · · · ), w2,1 = (0, 0, 0, 0, 0, · · · ) and w3,1 = (−1,−1,−1, 0, 0, · · · ),

then the numerical result using MATLAB provide that the first component {zn}

of {un} = {(zn, w1,n, w2,n, w3,n)} generated by (3.67) converges strongly to the so-

lution z∗ = (−1
3
,−2

3
,−1, 0, 0, · · · ) ∈ (A1 + A2 + A3)−1(0) (see, Table 3.2, below).

Table 3.2: Convergence of the first component {zn} of {un} generated by
(3.67)

.

n zn ||zn+1 − zn||l2
1 (2.0000,−1.0000,−2.0000, 0, 0, · · · )
2 (2.1662,−1.3413,−2.5015, 0, 0, · · · ) 0.690

3 (1.3286,−1.4059,−2.3823, 0, 0, · · · ) 0.8485

4 (0.7003,−1.3819,−2.2615, 0, 0, · · · ) 0.6403

5 (0.4264,−1.3101,−2.1714, 0, 0, · · · ) 0.2971

10 (0.0554,−1.0218,−1.7395, 0, 0, · · · ) 0.0999

100 (−0.3081,−0.5944,−0.9294, 0, 0, · · · ) 9.4868e-04

200 (−0.2977,−0.6367,−0.9519, 0, 0, · · · ) 3.6056e-04

300 (−0.3064,−0.6500,−0.9776, 0, 0, · · · ) 2.4495e-04

400 (−0.3141,−0.6539,−0.9906, 0, 0, · · · ) 1.4142e-04

500 (−0.3196,−0.6549,−0.9969, 0, 0, · · · ) 1.4142e-04

1000 (−0.3300− 0.6554,−1.0006, 0, 0, · · · ) 0

2000 (−0.3324,−0.6597,−0.9987, 0, 0, · · · ) 0

3000 (−0.3330,−0.6635,−1.0001, 0, 0, · · · ) 0
...

...

↓ ↓
(−1

3
,−2

3
,−1, 0, 0, · · · ) 0
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Chapter 4

Convergence Theorems for a Zero

of the Sum of Maximal Monotone

Mappings in Banach Spaces

In this chapter, we present some preliminary results that will be useful throughout

the chapter and study the forward-backward algorithm for a zero of the sum of

maximal monotone mappings in the setting of Banach spaces. In addition, we

prove strong convergence results for finding a zero of a finite family of maximal

monotone mappings in Banach

4.1 Preliminaries

We shall need the following known results in the sequel.

In this section, let E be a real reflexive Banach space with its dual E∗.

Lemma 4.1.1. [87] Let f : E → R be a uniformly Fréchet differentiable and

bounded on bounded subsets of E. Then, ∇f is uniformly continuous on bounded

subsets of E from the strong topology of E to the strong topology of E∗.
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Lemma 4.1.2. [28, 122] Let f : E → R be a strongly coercive Legendre function.

Then

i) ∇f : E → E∗ is one-to-one, onto and norm-to-weak∗ continuous;

ii) {x ∈ E : Df (x, y) ≤ r} is bounded for all y ∈ E and r > 0;

iii) domf ∗ = E∗, f ∗ is Gâteaux differentiable and ∇f ∗ = (∇f)−1.

Lemma 4.1.3. [68] If f : E → R is a Gâteaux differentiable and totally con-

vex function such that for x0 ∈ E, the sequence Df (xn, x0) is bounded, then the

sequence {xn} is also bounded.

Proposition 4.1.4. [28] Let f : E → R be a Gâteaux differentiable, strictly

convex and lower semicontinous function. Then the following hold:

i) Df (x, y) ≥ 0 ∀x, y ∈ E and Df (x, y) = 0 if and only if x = y.

ii) Df (x, y) +Df (y, x) = 〈x− y,∇f(x)−∇f(y)〉,∀x, y ∈ E.

Lemma 4.1.5. [25] Let C be a nonempty, closed and convex subset of E. Let

f : E → R be Gâteaux differentiable function and total convex function and let

x ∈ E. The Bregman projection P f
C from E onto C is a unique vector with the

following properties:

i) z = P f
C(x) if and only if 〈∇f(x)−∇f(z), y − z〉 ≤ 0,∀y ∈ C.

ii) Df (y, P
f
C(x)) +Df (P

f
C(x), x) ≤ Df (y, x), for all y ∈ C and x ∈ E.

Lemma 4.1.6. [82] Let f : E → (−∞,+∞] be a proper, lower semi-continuous

and convex function, then f ∗ : E∗ → (−∞,+∞] is a proper, weak∗ lower semi-

continuous and convex function. Thus, for all z ∈ E , we have

Df

(
z,∇f ∗

( N∑
i=1

ti∇f(xi)
))
≤

N∑
i=1

tiDf (z, xi), (4.1)

where {xi} ⊆ E and {ti} ⊆ (0, 1) with
∑N

i=1 ti = 1.
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Lemma 4.1.7. ( [76], see also, [88]) Let f : E → R be a Gâteaux differentiable

function which is uniformly convex on bounded subset of E. Let {xn} and {yn} be

bounded sequences in E. Then the following assertions are equivalent

i) limn→∞Df (xn, yn) = 0;

ii) limn→∞ ||xn − yn|| = 0.

Lemma 4.1.8. [122] Let f : E → R be a convex and continuous function which

is bounded on bounded subsets of E. Then the following are equivalent:

i) f ∗ is Fréchet differentiable and ∇f ∗ is uniformly norm to-norm continuous

on bounded subsets of E∗, domf ∗ = E∗;

ii) f is coercive and uniformly convex on bounded subset of E;

iii) f ∗ is bounded on bounded subsets and uniformly smooth on bounded subsets

of E∗, domf ∗ = E∗;

Let f : E → (−∞,+∞] be a proper, lower semicontinuous, convex and Gâteaux

differentiable function and ∇f : E × E∗ → R be its Gâteaux derivative. We will

denote the family of such function by F(E).

Lemma 4.1.9. [27] Let E be a Banach space and let A : E → 2E be maximal

monotone mapping. Let f ∈ F(E) such that ∇f is onto. Then given z ∈ E∗ there

exists a unique x ∈ E such that z ∈ ∇f(x) + Ax.

The method of proof in [53] provides the following lemma.

Lemma 4.1.10. Let E and K be real Banach spaces. Take f ∈ F(E) and gk ∈

F(K), for each k = 1, 2, · · · ,m. Define h : E×Km → R as h(x, y1, y2, · · · , ym) =

f(x) +
∑m

k=1 g(yk). Then, if f and gk, for each k = 1, 2, · · · ,m, are strongly co-

ercive Legendre functions which are bounded, uniformly Fréchet differentiable and

totally convex on bounded subsets of E and K respectively, then h is also strongly

coercive Legendre function which is bounded, uniformly Fréchet differentiable and

totally convex on bounded subsets of E ×Km.
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Proposition 4.1.11. [87] Let f : E → R be a Gâteaux differentiable function.

If ∇f is uniformly continuous on bounded subsets of E, then both f and ∇f are

bounded on bounded subset of E.

Lemma 4.1.12. [41] Let F : E → 2E
∗

be a maximal monotone mapping and

G : E → E∗ be a bounded and continuous monotone mapping. Then the mapping

F +G is a maximal monotone mapping.

Now, we shall prove the following lemma.

Lemma 4.1.13. Let f be a strongly convex function with constant µ > 0. Then

for all y ∈ dom f and x ∈ int dom f , we have

Df (y, x) ≥ µ

2
||x− y||2, (4.2)

where, Df (y, x) is a Bregman distance with respect to f .

Proof. Let y ∈ dom f and x ∈ int dom f . By Definition 1.2.32, we have

f(y) ≥ f(x) + 〈∇f(x), y − x〉+
µ

2
||x− y||2. (4.3)

Hence, we obtain

Df (y, x) = f(y)− f(x)− 〈∇f(x), y − x〉 ≥ µ

2
||x− y||2, (4.4)

which is the desired result.

Lemma 4.1.14. Let f be a convex and lower semi-continuous function on a Ba-

nach space E. The following assertions are equivalent (see, [122]):

i) f is uniformly convex;

ii) There exists modulus φ, ∀(x, x∗), (y, y∗) ∈ Gph(∂f) such that

f(y) ≥ f(x) + 〈y − x, x∗〉+ φ(||x− y||);
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iii) dom f ∗ = E∗, f ∗ is Frèchet differentiable and ∇f ∗ is uniformly continuous.

Lemma 4.1.15. [65] Let {sk} be a sequence of real numbers that does not decrease

at infinity, in the sense that there exists a subsequence {skj} of {sk}such that

skj < skj+1 for all j ≥ 0. Define an integer sequence {mk}k≥k0 as

mk = max{k0 ≤ l ≤ k : sl < sl+1}. (4.5)

Then mk →∞ as k →∞ and for all k ≥ k0

max{smk , sk} ≤ smk+1. (4.6)

4.2 Convergence Results of Forward-Backward

Method for a Zero of the Sum of Maximal

Monotone Mappings in Banach Spaces

In this section, we study the forward-backward algorithm and prove strong con-

vergence of the method to a zero of the sum of maximal monotone and Lipschitz

continuous monotone mappings in real reflexive Banach spaces. For the rest of

this section, let E be a real reflexive Banach space with its dual E∗.

Theorem 4.2.1. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Frêchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let F : E → 2E
∗

be a maximal monotone and

G : E → E∗ be a L-Lipschitz continuous monotone mappings such that Ω = {x ∈

E : 0 ∈ Fx+Gx} 6= ∅. For arbitrary u0, u ∈ E define an iterative algorithm by

zn = (∇f + λnF )−1(∇fun − λnGun);

un+1 = ∇f ∗[αn∇fu+ (1− αn)(∇fzn − λn(Gzn −Gun))],

(4.7)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

µ
L

, for all n ≥ 0. Then, {un} is bounded.
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Proof. Let u∗ ∈ Ω. Let wn = ∇f ∗(∇fzn− λn(Gzn−Gun)). Then, from (4.7) and

Lemma 4.1.6, we have

Df (u
∗, un+1) = Df (u

∗,∇f ∗[αn∇fu+ (1− αn)∇fwn])

≤ αnDf (u
∗, u) + (1− αn)Df (u

∗, wn). (4.8)

Now, from (1.15), we obtain

Df (u
∗, wn) = Df (u

∗,∇f ∗(∇fzn − λn(Gzn −Gun)))

= f(u∗)− 〈u∗ − wn,∇fzn − λn(Gzn −Gun)〉 − f(wn)

= f(u∗) + 〈wn − u∗,∇fzn〉+ 〈u∗ − wn, λn(Gzn −Gun)〉 − f(wn)

= f(u∗)− 〈u∗ − zn,∇fzn〉 − f(zn) + 〈u∗ − zn,∇fzn〉+ f(zn)

+〈wn − u∗,∇fzn〉+ 〈u∗ − wn, λn(Gzn −Gun)〉 − f(wn)

= Df (u
∗, zn) + 〈wn − zn,∇fzn〉+ f(zn)− f(wn)

−〈wn − u∗, λn(Gzn −Gun)〉

= Df (u
∗, zn)−Df (wn, zn)− 〈wn − u∗, λn(Gzn −Gun)〉, (4.9)

and from (1.17), we get

Df (u
∗, zn)−Df (wn, zn) = Df (u

∗, un)−Df (wn, un)

+〈∇fun −∇fzn, u∗ − wn〉. (4.10)

Now, combining (4.9) and (4.10), we obtain

Df (u
∗, wn) = Df (u

∗, un)−Df (wn, un) + 〈∇fun −∇fzn, u∗ − wn〉

−〈wn − u∗, λn(Gzn −Gun)〉. (4.11)

Furthermore, from (1.16), we get

Df (wn, un) = Df (wn, zn) +Df (zn, un)− 〈∇fun −∇fzn, wn − zn〉. (4.12)
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Substituting (4.12) into (4.11), we have

Df (u
∗, wn) = Df (u

∗, un)−Df (wn, zn)−Df (zn, un) + 〈∇fun −∇fzn, wn − zn〉

+〈∇fun −∇fzn, u∗ − wn〉 − 〈wn − u∗, λn(Gzn −Gun)〉

= Df (u
∗, un)−Df (wn, zn)−Df (zn, un) + 〈∇fun −∇fzn, u∗ − zn〉

−〈wn − u∗, λn(Gzn −Gun)〉

= Df (u
∗, un)−Df (wn, zn)−Df (zn, un) + 〈∇fun −∇fzn, u∗ − zn〉

−〈wn − zn + zn − u∗, λn(Gzn −Gun)〉

= Df (u
∗, un)−Df (wn, zn)−Df (zn, un) + 〈∇fun −∇fzn, u∗ − zn〉

−〈wn − zn, λn(Gzn −Gun)〉 − 〈zn − u∗, λn(Gzn −Gun)〉

= Df (u
∗, un)−Df (wn, zn)−Df (zn, un)− 〈wn − zn, λn(Gzn −Gun)〉

−〈zn − u∗, λn(Gzn −Gun)− (∇fzn −∇fun)〉. (4.13)

But zn = (∇f + λnF )−1(∇fun − λnGun) implies that ∇fun − λnGun ∈ (∇f +

λnF )zn and hence there exists tn ∈ Fzn such that ∇fun−λnGun = ∇fzn +λntn.

Therefore,

tn =
1

λn
(∇fun − λnGun −∇fzn). (4.14)

On the other hand we know that 0 ∈ (Fu∗ + Gu∗) and tn + Gzn ∈ (F + G)zn.

Since F +G is monotone, we obtain

〈tn +Gzn, zn − u∗〉 ≥ 0. (4.15)

Now, putting (4.14) into (4.15), we obtain

〈zn − u∗, λn(Gzn −Gun)− (∇fzn −∇fun)〉 ≥ 0. (4.16)
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Now, from (4.13), (4.16), Lemma 4.1.13 and the fact thatG is Lipschitz continuous,

we have

Df (u
∗, wn) ≤ Df (u

∗, un)− [Df (wn, zn) +Df (zn, un)]− 〈wn − zn, λn(Gzn −Gun)〉

≤ Df (u
∗, un)− [Df (wn, zn) +Df (zn, un)] + λn||zn − wn||||Gzn −Gun||

≤ Df (u
∗, un)− [Df (wn, zn) +Df (zn, un)] + λnL||zn − wn||||zn −Gun||

≤ Df (u
∗, un)− µ

2
[||wn − zn||2 + ||zn − un||2]

+
λnL

2
[||wn − zn||2 + ||zn − un||2]

= Df (u
∗, un)−

(µ− λnL
2

)[
||wn − zn||2 + ||zn − un||2

]
, (4.17)

and hence

Df (u
∗, wn) ≤ Df (u

∗, un). (4.18)

Finally, from (4.8) and (4.18), we get

Df (u
∗, un+1) ≤ αnDf (u

∗, u) + (1− αn)Df (u
∗, un)

≤ max{Df (u
∗, u), Df (u

∗, un)}, (4.19)

and by induction we obtain

Df (u
∗, un) ≤ max{Df (u

∗, u), Df (u
∗, u0)}. (4.20)

This implies {Df (u
∗, un)} is bounded. Therefore, by Lemma 4.1.3, {un} is bounded.

Theorem 4.2.2. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Frêchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let F : E → 2E
∗

be a maximal monotone and

G : E → E∗ be a L-Lipschitz continuous monotone mapping such that Ω = {x ∈
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E : 0 ∈ Fx+Gx} 6= ∅. For arbitrary u0, u ∈ E define an iterative algorithm by

zn = (∇f + λnF )−1(∇fun − λnGun);

un+1 = ∇f ∗[αn∇fu+ (1− αn)(∇fzn − λn(Gzn −Gun))],

(4.21)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

µ
L

, for all n ≥ 0. Then, {un} converges strongly to an element u∗ = P f
Ω(u).

Proof. From Theorem 4.2.1, we know that {un} is bounded. Let u∗ = P f
Ω(u). We

note that from Lemma 4.1.5 (i), we get

〈v − u∗,∇fu−∇fu∗〉 ≤ 0,∀ u ∈ Ω. (4.22)

Now, from (1.20), (1.21), (4.7), Lemma 4.1.6 and (4.18), we obtain

Df (u
∗, un+1) = Df (u

∗,∇f ∗(αn∇fu+ (1− αn)∇fwn))

= Vf (u
∗, αn∇fu+ (1− αn)∇fwn)

≤ Vf (u
∗, αn∇fu+ (1− αn)∇fwn − αn(∇fu−∇fu∗))

+〈αn(∇fu−∇fu∗), un+1 − u∗〉

= Vf (u
∗, αn∇fu∗ + (1− αn)∇fwn) + 〈αn(∇fu−∇fu∗), un+1 − u∗〉

= Df (u
∗,∇f ∗(αn∇fu∗ + (1− αn)∇fwn))

+〈αn(∇fu−∇fu∗), un+1 − u∗〉

≤ αnDf (u
∗, u∗) + (1− αn)Df (u

∗, wn)

+αn〈∇fu−∇fu∗, un+1 − u∗〉

= (1− αn)Df (u
∗, wn) + αn〈∇fu−∇fu∗, un+1 − u∗〉

≤ (1− αn)Df (u
∗, un) + αn〈∇fu−∇fu∗, un+1 − u∗〉

≤ (1− αn)Df (u
∗, un) + αn||∇fu−∇fu∗||||un+1 − un||

+αn〈∇fu−∇fu∗, un − u∗〉. (4.23)
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Moreover, from (4.8) and (4.17), we obtain

Df (u
∗, un+1) ≤ αnDf (u

∗, u) + (1− αn)Df (u
∗, un)

−(1− αn)
(µ− λnL

2

)[
||wn − zn||2 + ||zn − un||2

]
which implies that

(1− αn)
(µ− λnL

2

)[
||wn − zn||2 + ||zn − un||2

]
≤ αn(Df (u

∗, u)−Df (u
∗, un)) +Df (u

∗, un)−Df (u
∗, un+1). (4.24)

Now, we divide the rest of the proof into two parts as follows:

Case 1. Assume that there exists n0 ∈ N such that the sequence of real numbers

{Df (u
∗, un)} is decreasing for all n ≥ n0. It then follows that {Df (u

∗, un)} is

convergent and hence Df (u
∗, un)−Df (u

∗, un+1)→ 0 as n→∞. Thus from (4.24)

and the conditions of αn we get

lim
n→∞

[||wn − zn||2 + ||zn − un||2] = 0, (4.25)

which implies that

lim
n→∞

||wn − zn|| = lim
n→∞

||zn − un|| = 0. (4.26)

Moreover, from (4.21), we have

lim
n→∞

||∇fun+1 −∇fwn|| = αn||∇fu−∇fwn|| = 0. (4.27)

Since ∇f ∗ is uniformly continuous on bounded subset of E∗, we obtain

lim
n→∞

||un+1 − wn|| = 0. (4.28)
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Consequently, from (4.26) and (4.28), we get

||un+1 − un|| ≤ ||un+1 − wn||+ ||wn − zn||

+||zn − un|| → 0 as n→∞. (4.29)

Now, since {un} is bounded in E there exist v ∈ E and a subsequence {unk} of

{un} such that unk ⇀ v and

lim sup
n→∞

〈un − u∗,∇fu−∇fu∗〉 = lim
k→∞
〈unk − u∗,∇fu−∇fu∗〉. (4.30)

Now, we show that v ∈ Ω, that is, v ∈ (F+G)−1(0). Suppose (x, y) ∈ Gph(F+G).

This implies that y −Gx ∈ Fx. Furthermore, we obtain from

znk = (∇f + λnkF )−1(∇funk − λnkGunk) that (4.31)

(∇funk − λnkGunk) ∈ (∇f + λnkF )znk (4.32)

and thus,

1

λnk
(∇funk −∇fznk − λnkGunk) ∈ Fznk . (4.33)

In addition, monotonicity of F yields that

〈x− znk , y −Gx−
1

λnk
(∇funk −∇fznk − λnkGunk)〉 ≥ 0. (4.34)

Thus, we have

〈x− znk , y〉 ≥ 〈x− znk , Gx+
1

λnk
(∇funk −∇fznk − λnkGunk)〉

= 〈x− znk , Gx−Gunk〉+ 〈x− znk ,
1

λnk
(∇funk −∇fznk)〉

= 〈x− znk , Gx−Gznk〉+ 〈x− znk , Gznk −Gunk〉

+〈x− znk ,
1

λnk
(∇funk −∇fznk)〉
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〈x− znk , y〉 ≥ 〈x− znk , Gznk −Gunk〉

+〈x− znk ,
1

λnk
(∇funk −∇fznk)〉, (4.35)

Furthermore, from (4.26), the fact that G and ∇f are uniformly continuous, we

obtain limn→∞ ||Gzn−Gun|| = 0 and limn→∞ ||∇fun−∇fzn|| = 0. Consequently,

inequality (4.35) provides that 〈x − v, y〉 ≥ 0 and hence by maximality of F + G

we obtain v ∈ (F +G)−1(0). Thus, by Lemma 4.1.5, we get

lim sup
n→∞

〈un − u∗,∇fu−∇fu∗〉 = lim
k→∞
〈unk − u∗,∇fu−∇fu∗〉

= 〈v − u∗,∇fu−∇fu∗〉 ≤ 0. (4.36)

Therefore, from (4.23), (4.29), (4.36) and Lemma 3.1.9, we conclude thatDf (u
∗, un)→

0 as n→∞. Hence, by Lemma 4.1.7 un → u∗ as n→∞.

Case 2. Suppose that there exists a subsequence {ni} of {n} such that

Df (u
∗, uni) < Df (u

∗, uni+1),∀i ∈ N. (4.37)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {mk} ⊂ N such

that mk → ∞ as k → ∞ and max{Df (u
∗, umk), Df (u

∗, uk)} ≤ Df (u
∗, umk+1) for

all k ∈ N. Thus, from (4.24) and the conditions of αn, we get

lim
k→∞
||wmk − zmk || = lim

k→∞
||zmk − umk || = 0. (4.38)

Moreover, following the methods in Case 1, we get

lim
k→∞
||umk − umk+1|| = 0, (4.39)

and

lim sup
k→∞

〈umk − u∗,∇fu−∇fu∗〉 ≤ 0. (4.40)
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Now, from (4.23), we have

αmk(Df (u
∗, umk) ≤ Df (u

∗, umk)−Df (u
∗, umk+1)

+αmk ||umk − umk+1||||∇fu−∇fu∗||

+αmk〈umk − u∗,∇fu−∇fu∗〉

≤ αmk ||umk − umk+1||||∇fu−∇fu∗||

+αmk〈umk − u∗,∇fu−∇fu∗〉. (4.41)

Consequently, since αmk > 0, we get

Df (u
∗, umk) ≤ ||umk − umk+1||||∇fu−∇fu∗||

+〈umk − u∗,∇fu−∇fu∗〉. (4.42)

Therefore, from (4.39), (4.40) and (4.42), we obtain Df (u
∗, umk) → 0 as k → ∞.

But from (4.23), we obtain that Df (u
∗, umk+1)→ 0 as k →∞ and hence the fact

Df (u
∗, uk) ≤ Df (u

∗, umk+1) implies lim supk→∞Df (u
∗, uk) = 0. Thus, uk → u∗ as

k →∞.

If, in Theorem 4.2.2, we assume that F = 0, then we get the following corollary

for a zero of monotone mapping in Banach spaces.

Corollary 4.2.3. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Frêchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let G : E → E∗ be a L-Lipschitz continuous

monotone mapping such that Ω = {x ∈ E : Gx = 0} 6= ∅. For arbitrary u0, u ∈ E

define an iterative algorithm byzn = ∇f ∗(∇fun − λnGun),

un+1 = ∇f ∗[αn∇fu+ (1− αn)(∇fzn − λn(Gzn −Gun))],

(4.43)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

µ
L

, for all n ≥ 0. Then, {un} converges strongly to an element u∗ = P f
Ω(u).
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If, in Theorem 4.2.2, we assume that G = 0, then we get the following corollary

for a zero of maximal monotone mapping in Banach spaces.

Corollary 4.2.4. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Frêchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let F : E → 2E
∗

be a maximal monotone

mapping such that Ω = {x ∈ E : 0 ∈ Fx} 6= ∅. For arbitrary u0, u ∈ E define an

iterative algorithm byzn = (∇f + λnF )−1(∇fun),

un+1 = ∇f ∗[αn∇fu+ (1− αn)(∇fzn)],

(4.44)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn = ∞ and 0 < λ ≤ λn ≤ λ,

for all n ≥ 0. Then, {un} converges strongly to an element u∗ = P f
Ω(u).

If, in Theorem 4.2.2, E is in addition a smooth, strictly convex, then f(x) = 1
2
||x||2

is a strongly coercive, bounded and uniformly Frêchet differentiable Legendre func-

tion which is strongly convex with the conjugate f ∗(x∗) = 1
2
||x∗||2. This yields

that ∇f = J2 = J with ∇f ∗ = J−1
2 = J−1, where J is the normalized duality

mapping. Thus, we get the following corollary for approximating a zero of the

sum of two maximal monotone mappings in Banach spaces.

Corollary 4.2.5. Let E be a smooth, strictly convex and real reflexive Banach

space with its dual E∗. Let F : E → 2E
∗

be a maximal monotone mapping

and G : E → E∗ be an L-Lipschitz continuous monotone mapping such that

Ω = {x ∈ E : 0 ∈ Fx + Gx} 6= ∅. For arbitrary u0, u ∈ E define an iterative

algorithm byzn = (J + λnF )−1(Jun − λnGun),

un+1 = J−1[αnJu+ (1− αn)(Jzn − λn(Gzn −Gun))],

(4.45)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

1
L

, for all n ≥ 0. Then, {un} converges strongly to an element u∗ of Ω.
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Proof. Take f(x) = 1
2
||x||2 which is strongly coercive and strongly convex Legendre

functions, then the scheme in (4.7) reduces to the scheme in (4.45). Thus, the

conclusion follows from Theorem 4.2.2

If, in Theorem 4.2.2, we assume that E = Lp (1 < p < ∞) spaces, then these

spaces are smooth, strictly convex and real reflexive Banach spaces and hence we

have the following corollary.

Corollary 4.2.6. Let E = Lp spaces (1 < p < ∞). Let F : E → 2E
∗

be

a maximal monotone mapping and G : E → E∗ be a L-Lipschitz continuous

monotone mapping such that Ω = {x ∈ E : 0 ∈ Fx + Gx} 6= ∅. For arbitrary

u0, u ∈ E define an iterative algorithm byzn = (J + λnF )−1(Jun − λnGun),

un+1 = J−1[αnJu+ (1− αn)(Jzn − λn(Gzn −Gun))],

(4.46)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

µ
L

, for all n ≥ 0. Then, {un} converges strongly to an element u∗ of Ω.

If, in Corollary 4.2.5, we assume E = H, a real Hilbert space, and f(x) = 1
2
||x||2,

then we have ∇f = J2 = J∗2 = I, identity mapping on H. Thus, we get the

following corollary for approximating a zero of the sum of two monotone mappings

in Hilbert spaces.

Corollary 4.2.7. Let H be a real Hilbert space. Let F : H → 2H be a maximal

monotone mapping and G : H → H be a L-Lipschitz continuous monotone map-

ping such that Ω = {x ∈ H : 0 ∈ Fx + Gx} 6= ∅. For arbitrary u0, u ∈ H define

an iterative algorithm byzn = (I + λnF )−1(un − λnGun),

un+1 = αnu+ (1− αn)(zn − λn(Gzn −Gun)),

(4.47)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

1
L

, for all n ≥ 0. Then, {un} converges strongly to an element u∗ of Ω.
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4.2.1 Application to Convex Minimization Problems

Let k : E → R be a convex, Gâteaux differentiable function with derivative ∇k

which is Lipschitz continuous with constant L and l : E → R be a convex, lower

semicontinuous function. We consider the problem of finding x∗ ∈ E such that

k(x∗) + l(x∗) = min
x∈E
{k(x) + l(x)}. (4.48)

This problem is equivalent, by Fermat’s rule, to the problem of finding x∗ ∈ E

such that

0 ∈ ∇k(x∗) + ∂l(x∗), (4.49)

where ∂l is a subdifferential of l. Note that ∇k is monotone mapping (see, The-

orem 3.13,[81]) and ∂l is maximal monotone mapping (see, e.g., [95]). Thus, the

following result can be obtained from Theorem 4.2.2.

Theorem 4.2.8. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Frêchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let k : E → R be a convex, Gâteaux differentiable

function with derivative ∇k which is Lipschitz continuous with constant L and l :

E → R be a convex, lower semicontinuous function such that Ω = minx∈E{k(x) +

l(x)} 6= ∅. For arbitrary u0, u ∈ E define an iterative algorithm by

zn = (∇f + λn∂l)
−1(∇fun − λn∇kun),

un+1 = ∇f ∗[αn∇fu+ (1− αn)(∇fzn − λn(∇kzn −∇kun))],

(4.50)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

µ
L

, for all n ≥ 0. Then, {un} converges strongly to an element u∗ = P f
Ω(u).

Proof. Set F = ∂l and G = ∇k. Then, we have that ∂l is maximal monotone

mapping, ∇k is Lipschitz continuous monotone mapping with Ω = {x ∈ E : 0 ∈

Fx+Gx} 6= ∅. Hence, the conclusion follows from Theorem 4.2.2.
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4.2.2 Numerical Example

In this subsection, we present a numerical result to illustrate our result. The

following numerical example verifies the conclusion of Corollary 4.2.7.

Example 4.2.9. Let H = R. Define f : R→ R, by f(x) = x2

2
, then J2 = x = J∗2 .

Let F,G : R→ R be defined by Fx = 3x+1 and Gx = 2x−11, then F is maximal

monotone mapping on R and G is 2-Lipschitz continuous monotone mapping with

2 ∈ (F + G)−1(0). Thus, the Algorithm {un} generated by (4.47) reduces to the

following:

un+1 = αnu+ (1− αn)
[un − 2λnun + 10λn − 10λ2

n(2− un)

1 + 3λn

]
. (4.51)

Therefore, if we assume u = 1, λn = 1
5
, αn = 1

100(n+100)
, for all n ≥ 0, and take

different initial points u0 = 0, u0 = 1, u0 = 3 and u0 = 4, then, in all cases,

the numerical experiment results using MATLAB provide that the sequence {un}

generated by (4.51) converges strongly to the solution u∗ = 2 (see, Figure 4.1,

below).
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Figure 4.1: Convergence of the sequence {un} generated by (4.51)
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4.3 Convergence Results for a Zero of the Sum of

a Finite Family of Maximal Monotone Map-

pings in Banach Spaces

In this section, we propose an algorithm for approximating a solution of the sum

of a finite family of maximal monotone mappings in Banach spaces, and prove a

strong convergence of the sequence generated by the proposed algorithm.

For the rest of this section, let E be a real reflexive Banach space with its dual

E∗. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m. Let Ak : E → 2E
∗
,

k = 1, 2, · · · ,m, where m ≥ 2, be a finite family of maximal monotone mappings

satisfying Ω := {z ∈ E : 0 ∈ A1z + A2z + · · ·+ Amz} 6= ∅. Let {αn} ⊂ (0, 1) such

that lim
n→∞

αn = 0,
∑∞

n=1 αn = ∞ and {βn} is a decreasing sequence in (0, 1] such

that β0 = 1.

We now propose the following algorithm.

Algorithm 4.3.1.

Step 0: Select initial guess v0 = (z0, w1,0, w2,0, · · · , wm,0) ∈ V , where

V = {(z, w1, w2, · · · , wm) ∈ E × E∗m :
m∑
k=1

wk = 0}.

Step 1: Given vn = (zn, w1,n, w2,n, · · · , wm,n) ∈ V , for n ≥ 0, compute

xk,n = (∇f + λk,nAk)
−1(∇f(zn) + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
∇f(zn)−∇f(xk,n)

λk,n
+ wk,n, k = 1, 2, · · · ,m,
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where λk,n ∈ [λ, λ], for some λ > λ > 0.

Step 2 : Defineγn =
∑m

k=1〈xk,n, yk,n〉,

δn = 〈zn,
∑m

k=1 yk,n〉+
∑m

k=1〈xk,n − xn, wk,n〉
(4.52)

where xn = 1
m

∑m
k=1 xk,n. If γn = δn then stop. Otherwise, compute

Tivn =

 vn, if vn ∈ Hi,

(z′, w′1, w
′
2, · · · , w′m), if vn /∈ Hi,

(4.53)

which is the Bregman projection of vn onto the set

Hi = {(z, w1, w2, · · · , wm) ∈ V : 〈(z, w1, w2, · · · , wm),

(
m∑
k=1

yk,i, x1,i − xi, x2,i − xi, · · · , xm,i − xi)〉 ≤ σi},

for each i = 1, 2, · · · , n, with

σi = 〈∇f ∗(∇f(zn) + ηi

m∑
k=1

yk,i),
m∑
k=1

yk,i〉

+
m∑
k=1

〈xk,i − xi,∇g∗k(∇gk(wn) + ηi(xk,i − xi))〉,

where (z′, w′1, w
′
2, · · · , w′m) ∈ E × E∗m is given by
z′ = ∇f ∗(∇f(zn) + ηi(

∑m
k=1 yk,i)),

w′k = ∇g∗k(∇gk(wk,n) + ηi(xk,i − xi)),

γi = 〈z′,
∑m

k=1 yk,i〉+
∑m

k=1〈xk,i − xi, w′k〉,

(4.54)
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for each k = 1, 2, · · · ,m, and for some ηi ∈ R.

Step 3: Computeun = ∇h∗(βn∇h(vn) +
∑n

i=1(βi−1 − βi)∇h(Tivn)),

vn+1 = ∇h∗(αn∇h(u) + (1− αn)∇h(un)), ∀n ≥ 0,

(4.55)

where h : E × E∗
m → R is defined by h(z, w1, w2, · · · , wm) = f(z) + g1(w1) +

g2(w2) + · · ·+ gm(wm) and u ∈ E × E∗m . Set n := n+ 1 and go to Step 1.

Remark 4.3.2.

We make the following observations to justify that Algorithm 4.3.1 is well defined.

1. From the maximality of Ak and the fact that ∇f is onto (see, Lemma 4.1.2)

we obtain that the mapping (∇f +λnAk,n)−1 is single-valued and hence xk,n

and yk,n in Step 1 exist and are well defined for each k = 1, 2, · · · ,m.

2. By rearranging equations in Step 1, we get

∇f(xk,n) + λk,nyk,n = ∇f(zn) + λk,nwk,n, (4.56)

as a consequence, we have yk,n ∈ Ak(xk,n).

3. From the definition of Bregman projection, it follows that there exists a point

(z′, w′1, w
′
2, · · · , w′m) ∈ E × E∗m satisfying the system of equations in (4.54)

which is the first order optimality condition for the Bregman projection of

(zn, w1,n, w2,n, · · · , wm,n) onto the hyperplane Hi with respect to the auxil-

iary function h. Since Hi is closed and convex, the existence of the point

(z′, w′1, w
′
2, · · · , w′m) follows from Lemma 4.1.5.

Next, we shall prove the following propositions and lemmas which will be needed

in the proof of our main theorem.

Proposition 4.3.3. If f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m,

are strongly coercive Legendre functions which are bounded, uniformly Fréchet
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differentiable and totaly convex on bounded subset of E and E∗, respectively,

then γn ≤ δn, with γn, δn as defined in (4.52), which is equivalent to

γn ≤ (1− ε)γn + εδn (4.57)

where ε ∈ (0, 1] for all n ≥ 0.

Proof. From (4.52), (4.56) and the fact λk,n is positive for each k = 1, 2, · · · ,m,

we get

δn − γn = 〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,n − xn, wk,n〉 −
m∑
k=1

〈xk,n, yk,n〉

= 〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,n, wk,n〉 −
m∑
k=1

〈xn, wk,n〉 −
m∑
k=1

〈xk,n, yk,n〉

= 〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,n, wk,n〉 − 〈xn,
m∑
k=1

wk,n〉 −
m∑
k=1

〈xk,n, yk,n〉

and

δn − γn = 〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,n, wk,n〉 −
m∑
k=1

〈xk,n, yk,n〉

= 〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,n, wk,n〉 −
m∑
k=1

〈xk,n, yk,n〉 − 〈zn,
m∑
k=1

wk,n〉

=
m∑
k=1

〈zn − xk,n, yk,n − wk,n〉

=
m∑
k=1

〈zn − xk,n,
∇f(zn)−∇f(xk,n)

λk,n
〉 ≥ 0, (4.58)

where the last inequality holds by the virtue of strict convexity of f . This implies

that γn ≤ δn, for all n ≥ 0. The proof is complete.

Proposition 4.3.4. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m,

be strongly coercive Legendre functions which are bounded, uniformly Fréchet

differentiable and uniformly convex on bounded subsets of E and E∗, respec-

tively. If Algorithm 4.3.1 stops at n, then vn = (zn, w1,n, w2,n, · · · , wm,n) belongs

to Se(A1, A2, · · · , Am), that is vn solves problem (1.1).
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Proof. Algorithm 4.3.1 stops at n if γn = δn. This implies, from (4.58), that

m∑
k=1

〈
zn − xk,n,

∇f(zn)−∇f(xk,n)

λk,n

〉
= 0. (4.59)

By positivity of λk,n and strict convexity of f , we obtain

zn = xk,n, (4.60)

for each k = 1, 2, · · · ,m. As a consequence, this and equation (4.56) yield

yk,n = wk,n, (4.61)

for each k = 1, 2, · · · ,m. Therefore,

0 =
m∑
k=1

wk,n =
m∑
k=1

yk,n ∈ A1x1,n + A2x2,n + · · ·+ Amxm,n

= A1zn + A2zn + · · ·+ Amzn (4.62)

and hence vn = (zn, w1,n, w2,n, · · · , wm,n) ∈ Se(A1, A2, · · · , Am).

Lemma 4.3.5. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differen-

tiable and uniformly convex on bounded subsets of E and E∗, respectively. Let {vn}

be the sequence generated by Algorithm 4.3.1. Then, Se(A1, A2, · · · , Am) ⊆ Hi, for

each i ≥ 1.

Proof. From (4.54) and the definition of σi, we have,

γi ≤ σi, for each i ≥ 1. (4.63)

Now, it suffices to show that for any (z∗, w∗1, w
∗
2, · · · , w∗m) ∈ Se(A1, A2, · · · , Am)

〈z∗,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,i − xi, w∗k〉 ≤ γi. (4.64)
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But, from (4.52) and (4.64), we have

γi − [〈z∗,
m∑
k=1

yk,n〉+
m∑
k=1

〈xk,i − xi, w∗k〉]

=
m∑
k=1

〈xk,i, yk,i〉 − 〈z∗,
m∑
k=1

yk,n〉 −
m∑
k=1

〈xk,i − xi, w∗k〉

=
m∑
k=1

〈xk,i, yk,i〉 − 〈z∗,
m∑
k=1

yk,n〉 −
m∑
k=1

〈xk,i, w∗k〉+
m∑
k=1

〈xi, w∗k〉

=
m∑
k=1

〈xk,i, yk,i〉 − 〈z∗,
m∑
k=1

yk,n〉 −
m∑
k=1

〈xk,i, w∗k〉

=
m∑
k=1

〈z∗, w∗k〉+
m∑
k=1

〈xk,i, yk,i〉 − 〈z∗,
m∑
k=1

yk,n〉 −
m∑
k=1

〈xk,i, w∗k〉

=
m∑
k=1

〈z∗ − xk,i, w∗k − yk,i〉 ≥ 0,

where the last inequality follows by the virtue of the monotonicity of Ak, w
∗
k ∈

Ak(z
∗) and yk,i ∈ Ak(xk,i), for each k = 1, 2, · · · ,m. Therefore, inequality (4.64)

holds and hence Se(A1, A2, · · · , Am) ⊆ Hi for each i ≥ 1.

Lemma 4.3.6. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly convex on bounded subsets of E and E∗, respectively. Then

the sequence {vn} generated by Algorithm 4.3.1 is bounded in E × E∗m.

Proof. Since Ω 6= ∅, from Lemma 3.1.5, we have Se(A1, A2, · · · , Am) 6= ∅. Let

v∗ ∈ Se(A1, A2, · · · , Am). Then, from (4.55), Lemma 4.1.6 and the fact that Ti is

Bregman strongly nonexpansive, for each i ≥ 1, we have

Dh(v
∗, un) = Dh(v

∗,∇h∗(βn∇h(vn) + Σn
i=1(βi−1 − βi)∇h(Tivn))

≤ βnDh(v
∗, vn) + Σn

i=1(βi−1 − βi)Dh(v
∗, Tivn)

≤ βnDh(v
∗, vn) + Σn

i=1(βi−1 − βi)Dh(v
∗, vn)

= Dh(v
∗, vn). (4.65)
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From Lemma 4.1.6 and (4.65), we also get

Dh(v
∗, vn+1) = Dh(v

∗,∇h∗(αn∇h(u) + (1− αn)∇h(un))

≤ αnDh(v
∗, u) + (1− αn)Dh(v

∗, un)

≤ αnDh(v
∗, u) + (1− αn)Dh(v

∗, vn) (4.66)

≤ max{Dh(v
∗, u), Dh(v

∗, vn)}, (4.67)

and hence by induction we obtain

Dh(v
∗, vn) ≤ max{Dh(v

∗, u), Dh(v
∗, v0)}. (4.68)

This, implies that {Dh(v
∗, vn)} is bounded. Moreover, by Lemma 4.1.3, the

sequence {vn} is bounded and so are the sequences {un} and {Tivn}, for each

i ≥ 1.

Lemma 4.3.7. If f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m, are

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly convex on bounded subsets of E and E∗, respectively, then

the sequence {vn} generated by Algorithm 4.3.1 converges strongly to an element

v∗ of F =
⋂∞
i=1 F (Ti).

Proof. Since Ω 6= ∅, from Lemma 4.3.5 we have Ω ⊂ F and hence F 6= ∅. Let

v∗ = P h
F(u). From (4.55) and the properties of Vh , we get

Dh(v
∗, vn+1) = Vh(v

∗,∇h(vn+1))

≤ Vh(v
∗,∇h(vn+1)− αn(∇h(u)−∇h(v∗))

−〈vn+1 − v∗,−(αn(∇h(u)−∇h(v∗))〉

= Vh(v
∗, αn∇h(u) + (1− αn)∇h(un)− αn∇h(u) + αn∇h(v∗))

+αn〈vn+1 − v∗,∇h(u)−∇h(v∗)〉
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and

Dh(v
∗, vn+1) ≤ Vh(v

∗, αn∇h(v∗) + (1− αn)∇h(un))

+αn〈vn+1 − v∗,∇h(u)−∇h(v∗)〉

= Dh(v
∗,∇h∗(αn∇h(v∗) + (1− αn)∇h(un)))

+αn〈vn+1 − v∗,∇h(u)−∇h(v∗)〉

≤ αnDh(v
∗, v∗) + (1− αn)Dh(v

∗, un)

+αn〈vn+1 − v∗,∇h(u)−∇h(v∗)〉

≤ (1− αn)Dh(v
∗, vn) + αn〈vn+1 − vn,∇h(u)−∇h(v∗)〉

+αn〈vn − v∗,∇h(u)−∇h(v∗)〉

≤ (1− αn)Dh(v
∗, vn) + αn||vn+1 − vn||||∇h(u)−∇h(v∗)||

+αn〈vn − v∗,∇h(u)−∇h(v∗)〉. (4.69)

Moreover, from (4.55), (4.66) and Lemma 4.1.6, we get

Dh(v
∗, vn+1) ≤ αnDh(v

∗, u) + (1− αn)Dh(v
∗, un)

= αnDh(v
∗, u)

+(1− αn)Dh(v
∗,∇h∗(βn∇h(vn) + Σn

i=1(βi−1 − βi)Tivn))

≤ αnDh(v
∗, u) + (1− αn)βnDh(v

∗, vn)

+(1− αn)Σn
i=1(βi−1 − βi)Dh(v

∗, Tivn)

= αnDh(v
∗, u) + (1− αn)βnDh(v

∗, vn)

+(1− αn)Σn
i=1(βi−1 − βi)Dh(v

∗, Tivn)

−(1− αn)Σn
i=1(βi−1 − βi)Dh(v

∗, vn)

+(1− αn)Σn
i=1(βi−1 − βi)Dh(v

∗, vn)

= αnDh(v
∗, u) + (1− αn)βnDh(v

∗, vn)

+(1− αn)Σn
i=1(βi−1 − βi)(Dh(v

∗, Tivn)−Dh(v
∗, vn))

+(1− αn)Dh(v
∗, vn)− (1− αn)βnDh(v

∗, vn)]

= αn(Dh(v
∗, u)−Dh(v

∗, vn)) +Dh(v
∗, vn)

+(1− αn)Σn
i=1(βi−1 − βi)(Dh(v

∗, Tivn)−Dh(v
∗, vn)), (4.70)
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which implies that

(1− αn)Σn
i=1(βi−1 − βi)(Dh(v

∗, vn)−Dh(v
∗, Tivn))

≤ αn(Dh(v
∗, u)−Dh(v

∗, vn)) +Dh(v
∗, vn)−Dh(v

∗, vn+1) (4.71)

Now, we divide the rest of the proof into two parts as follows:

Case 1. Suppose that there exist n0 ∈ N such that {Dh(v
∗, vn)} is decreas-

ing. Thus, {Dh(v
∗, vn)} converges and hence Dh(v

∗, vn) − Dh(v
∗, vn+1) → 0 as

n→∞. From (4.71) and the conditions of αn, we get

lim
n→∞

(Dh(v
∗, vn)−Dh(v

∗, Tivn)) = 0. (4.72)

Now, since Ti is Bregman strongly nonexpansive we get

lim
n→∞

Dh(vn, Tivn) = 0, for each i ≥ 1. (4.73)

Thus, by Lemma 4.1.7, we obtain

lim
n→∞

||Tivn − vn|| = 0, for each i ≥ 1, (4.74)

and hence

lim
n→∞

||Tnvn − vn|| = 0. (4.75)

Furthermore, since E is reflexive and {vn} is bounded, there exist v ∈ E × E∗m

and a subsequence {vnk} of {vn} such that {vnk} converge weakly to v and

lim sup
n→∞

〈vn − v∗,∇h(u)−∇h(v∗)〉 = lim
k→∞
〈vnk − v∗,∇h(u)−∇h(v∗)〉.

Now, using (4.74) and the fact that Ti is Bregman strongly nonexpansive mapping

we have v ∈ F (Ti) for each i ≥ 1 and hence v ∈ F . Since v∗ = P h
F(u) by Lemma
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4.1.5, we obtain

lim sup
n→∞

〈vn − v∗,∇h(u)−∇h(v∗)〉 = lim
k→∞
〈vnk − v∗,∇h(u)−∇h(v∗)〉

= 〈v − v∗,∇h(u)−∇h(v∗)〉 ≤ 0. (4.76)

Moreover, from (4.55) and Lemma 4.1.6, we have

Dh(vn, vn+1) = Dh(vn,∇h∗(αn∇h(u) + (1− αn)∇h(un))

≤ αnDh(vn, u) + (1− αn)Dh(vn, un)

≤ αnDh(vn, u)

+(1− αn)Dh(vn,∇h∗(βn∇h(vn) +
n∑
i=1

(βi−1 − βi)∇h(Tivn)))

≤ αnDh(vn, u) + (1− αn)βnDh(vn, vn)

+(1− αn)Σn
i=1(βi−1 − βi)Dh(vn, Tivn). (4.77)

Thus, from the conditions of αn, (4.73) and (4.77), we obtain

lim
n→∞

Dh(vn, vn+1) = 0, (4.78)

and hence, by Lemma 4.1.7, we get

lim
n→∞

||vn − vn+1|| = 0. (4.79)

Therefore, the relations in (4.69), (4.76), (4.79) and Lemma 3.1.9 imply that

Dh(v
∗, vn) → 0 as n → ∞. Consequently, by Lemma 4.1.7, we obtain {vn}

converges strongly to v∗.

Case 2. Suppose that there exists a subsequence {ni} of {n} such that

Dh(v
∗, vni) < Dh(v

∗, vni+1), ∀i ∈ N. (4.80)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {mk} ⊂ N such

that mk → ∞ as k → ∞ and max{Dh(v
∗, vmk), Dh(v

∗, vk)} ≤ Dh(v
∗, vmk+1) for
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all k ∈ N. Thus, from (4.71), conditions of αn, we get

lim
k→∞

Dh(v
∗, vmk)−Dh(v

∗, Tivmk) = 0, (4.81)

for each i ∈ N. Therefore, from the fact that Ti is Bregman strongly nonexpansive,

(4.73) and Lemma 4.1.7, we obtain

lim
k→∞
||vmk − Tivmk || = 0, (4.82)

for each i ∈ N and hence following the methods in Case 1, we get

lim sup
k→∞

〈vmk − v∗,∇h(u)−∇h(v∗)〉 ≤ 0 (4.83)

and

lim
k→∞
||vmk − vmk+1|| = 0. (4.84)

Now, from (4.69) we have

αmkDh(v
∗, vmk) ≤ Dh(v

∗, vmk)−Dh(v
∗, vmk+1)

+αmk ||vmk+1 − vmk ||||∇h(v)−∇h(v∗)||

+αmk〈vmk − v∗,∇h(u)−∇h(v∗)〉. (4.85)

Consequently, since αmk > 0 and Dh(v
∗, vmk) ≤ Dh(v

∗, vmk+1
), we get

Dh(v
∗, vmk) ≤ ||vmk+1 − vmk ||||∇h(v)−∇h(v∗)||

+〈vmk − v∗,∇h(u)−∇h(v∗)〉. (4.86)

Therefore, from (4.83), (4.84) and (4.86), we obtain limk→∞Dh(v
∗, vmk) = 0.

This and (4.69) imply that lim supk→∞Dh(v
∗, vmk+1) = 0. But, the fact that

Dh(v
∗, vk) ≤ Dh(v

∗, vmk+1) provides

lim sup
k→∞

Dh(v
∗, vk) = 0. (4.87)
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Thus, by Lemma 4.1.7 we obtain that vk → v∗ as k →∞.

Theorem 4.3.8. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly convex on bounded subsets of E and E∗ respectively. Then,

the sequence {vn} generated by Algorithm 4.3.1 converges strongly to an element

v∗ = (z∗, w∗1, w
∗
2, · · · , w∗m) of Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

Proof. Note that the equality in (4.75) yields

lim
n→∞

||zn −∇f ∗(∇f(zn) + ηn

m∑
k=1

yk,n)|| = 0, (4.88)

and

lim
n→∞

||wk,n −∇g∗k(∇gk(wk,n) + ηn(xk,n − xn))|| = 0, (4.89)

for all k = 1, 2, · · · ,m. Moreover, using Proposition 4.3.3, we have

〈∇f ∗(∇f(zn) + ηn

m∑
k=1

yk,n),
m∑
k=1

yk,n〉

+
m∑
k=1

〈∇g∗k(∇gk(wk,n) + ηn(xk,n − xn)), xk,n − xn〉

≤ (1− ε)
m∑
k=1

〈xk,n, yk,n〉+ ε[〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈wk,n, xk,n − xn〉],

which implies that

〈−∇f ∗(∇f(zn) + ηn

m∑
k=1

yk,n),
m∑
k=1

yk,n〉

+
m∑
k=1

〈−∇g∗k(∇gk(wk,n) + ηn(xk,n − xn)), xk,n − xn〉

≥ −(1− ε)
m∑
k=1

〈xk,n, yk,n〉 − ε[〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈wk,n, xk,n − xn〉]. (4.90)
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By adding 〈zn,
∑m

k=1 yk,n〉+
∑m

k=1〈wk,n, xk,n−xn〉 on both sides of inequality (4.90)

and using equation (4.56), we get

〈zn −∇f ∗(∇f(zn) + ηn

m∑
k=1

yk,n),
m∑
k=1

yk,n〉

+
m∑
k=1

〈wk,n −∇g∗k(∇gk(wk,n) + ηn(xk,n − xn)), xk,n − xn〉

≥ −(1− ε)
m∑
k=1

〈xk,n, yk,n〉+ (1− ε)[〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈wk,n, xk,n − xn〉]

= (1− ε)[〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈wk,n, xk,n − xn〉 −
m∑
k=1

〈xk,n, yk,n〉]

= (1− ε)[〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈wk,n, xk,n〉 −
m∑
k=1

〈wk,n, xn〉 −
m∑
k=1

〈xk,n, yk,n〉]

= (1− ε)[〈zn,
m∑
k=1

yk,n〉+
m∑
k=1

〈wk,n, xk,n〉 −
m∑
k=1

〈xk,n, yk,n〉 −
m∑
k=1

〈zn, wk,n〉]

= (1− ε)
m∑
k=1

〈zn − xk,n, yk,n − wk,n〉

= (1− ε)
m∑
k=1

〈zn − xk,n,
∇f(zn)−∇f(xk,n)

λk,n
〉

≥ 1− ε
λ

m∑
k=1

〈zn − xk,n,∇f(zn)−∇f(xk,n)〉,

and hence

〈zn −∇f ∗(∇f(zn) + ηn

m∑
k=1

yk,n),
m∑
k=1

yk,n〉

+
m∑
k=1

〈wk,n −∇g∗k(∇gk(wk,n) + ηn(xk,n − xn)), xk,n − xn〉

≥ 1− ε
λ

m∑
k=1

Df (zn, xk,n) +Df (xk,n, zn), (4.91)

where inequality (4.91) follows from (6.2.1). Thus, using the relations in (4.88),

(4.89), (4.91 ) and the fact that the sequences {xk,n} and {yk,n} are bounded, we

get

lim
n→∞

Df (zn, xk,n) = lim
n→∞

Df (xk,n, zn) = 0. (4.92)
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Consequently, from Lemma 4.1.7, we obtain

lim
n→∞

||zn − xk,n|| = 0, (4.93)

for each k = 1, 2, · · · ,m. In addition, since the sequences {xk,n}, {yk,n} and {zn}

are bounded and ∇f is uniformly continuous on bounded sets, from (4.93), we get

lim
n→∞

||∇f(zn)−∇f(xk,n)|| = 0. (4.94)

Thus, from (4.56), we obtain

lim
n→∞

||yk,n − wk,n|| = 0, for each k = 1, 2, · · · ,m. (4.95)

Moreover, from Lemma 4.3.7 the sequence {vn} = {(zn, w1,n, · · · , wm,n)} converges

strongly to a point v∗ = (z∗, w∗1, · · · , w∗m) ∈ F =
⋂∞
i=1 F (Ti). In addition, the

equations in (4.93) and (4.95) imply that xk,n → z∗ and yk,n → w∗k, for each

k = 1, 2, · · · ,m. Since Gph(Ak) is closed and (xk,n, yk,n) ∈ Gph(Ak), for all

k = 1, 2, · · · ,m and n ≥ 0, we get w∗k ∈ Ak(z
∗). Furthermore, since {vn} ⊂ V

and V is a closed subspace, we also have v∗ = (z∗, w∗1, · · · , w∗m) ∈ V and hence,

v∗ ∈ Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

Remark 4.3.9. We observe that Algorithm 4.3.1 is equivalent to the following

scheme:

v0 = (z0, w1,0, · · · , wm,0) ∈ V chosen arbitrarly,

xk,n = (∇f + λk,nAk)
−1(∇f(zn) + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
∇f(zn)−∇f(xk,n)

λk,n
+ wk,n, k = 1, 2, · · · ,m,

vn+1 = ∇h∗(αn∇h(z, w1, w2 · · · , wm) + (1− αn)∇h(an, b1,n, · · · , bm,n)),

.(4.96)
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where (z, w1, w2 · · · , wm) ∈ V,

an = ∇f ∗(βn∇f(zn) +
n∑
i=1

(βi−1 − βi)∇f(âi)),

bk,n = ∇g∗k(βn∇gk(wk,n) +
n∑
i=1

(βi−1 − βi)∇gk(b̂k,i))

and λk,n ∈ [λ, λ], for some λ > λ > 0, for each k = 1, 2, · · · ,m, with

âi =

zn, if vn ∈ Hi,

∇f ∗(∇f(zn) + ηi(
∑m

k=1 yk,i)), if vn /∈ Hi

b̂k,i =

wk,n, if vn ∈ Hi,

∇g∗k(∇gk(wk,n) + ηi(xk,i − xi)), if vn /∈ Hi,

such that

γi = 〈∇f ∗(∇f(zn) + ηi(
m∑
k=1

yk,i)),
m∑
k=1

yk,i〉

+
m∑
k=1

〈xk,i − xi,∇g∗k(∇gk(wk,n) + ηi(xk,i − xi))〉

for yk,i ∈ Ak(xk,i), ηi ∈ R and Hi is as Algorithm 4.3.1.

We note that if in (4.96) we assume that (z, w1, w2 · · · , wm) = (0, 0, 0, · · · , 0) ∈ V

we get the following theorem for approximating the minimum-norm point of the

extended solution set of the sum of a finite family of maximal monotone mappings

in Banach spaces.

Theorem 4.3.10. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly convex on bounded subsets of E and E∗, respectively. Let

Ak : E → 2E
∗
, for k ∈ {1, 2, · · · ,m} and m ≥ 2, be maximal monotone map-

pings satisfying Ω := {z ∈ E : 0 ∈ A1z + A2z + · · · + Amz} 6= ∅. For arbitrary
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v0 = (z0, w0,1, · · · , w0,m) ∈ V define an iterative algorithm by
xk,n = (∇f + λk,nAk)

−1(∇f(zn) + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
∇f(zn)−∇f(xk,n)

λk,n
+ wk,n, k = 1, 2, · · · ,m,

vn+1 = ∇h∗((1− αn)∇h(an, b1,n, · · · , bm,n)),

where {an} and {bk,n} are as in (4.96), {λk,n} ⊂ [λ, λ] for some λ > λ > 0

and for each k = 1, 2, · · · ,m and n ≥ 0. Then, {vn} converges strongly to the

minimum-norm point v∗ = (z∗, w∗1, · · · , w∗m) of Se(A1, A2, · · · , Am) with respect to

the Bregman distance and the auxiliary function h, where z∗ ∈ Ω.

If, in (4.96), E is smooth, strictly convex and real reflexive Banach space with

its dual E∗ and f : E → R and gk : E∗ → R are defined by f(x) = 1
p
||x||p,

gk(yk) = 1
q
||yk||q, for each k = 1, 2, · · · ,m, and 1 < p < ∞ such that 1

p
+ 1

q
= 1

with h(x, y1, y2, · · · , ym) = 1
p
||x||p + 1

q

∑m
k=1 ||yk||q. Then, f , gk and h are proper,

lower semicontinuous, strongly coercive Legendre functions which are bounded,

uniformly Fréchet differentiable and uniformly convex on bounded subsets of E,

E∗ and E × E∗m , respectively. Moreover, the corresponding conjugates are given

by f ∗(x∗) = 1
q
||x∗||q, g∗k(y∗k) = 1

p
||y∗k||p, and h∗(x∗, y∗1, y

∗
2, · · · , y∗m) = 1

q
||x∗||q +

1
p

∑m
k=1 ||y∗k||p and the corresponding gradients are given by ∇f = Jp,∇gk = Jq,

∇h = (Jp, Jq, · · · , Jq) with ∇f ∗ = Jq,∇g∗k = Jp, for each k = 1, 2, · · · ,m and

∇h∗ = (Jq, Jp, · · · , Jp). Thus, we get the following corollary for approximating

a zero of the sum of a finite family of maximal monotone mappings in Banach

spaces.

Corollary 4.3.11. Let E be a smooth, strictly convex and reflexive real Banach

space with its dual E∗. Let f(x) = 1
p
||x||p and gk(yk) = 1

q
||yk||q, for k = 1, 2, · · · ,m

and 1 < p < ∞ such that 1
p

+ 1
q

= 1 be functions on E and E∗ respectively with

h(x, y1, y2, · · · ym) = f(x) +
∑m

k=1 gk(yk). Let Ak : E → 2E
∗
, for k ∈ {1, 2, · · · ,m}

and m ≥ 2, be maximal monotone mappings satisfying Ω := {z ∈ E : 0 ∈

A1z+A2z+ · · ·+Amz} 6= ∅. For arbitrary v0 = (z0, w0,1, · · · , w0,m) ∈ V define an
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iterative algorithm by
xk,n = (Jp + λk,nAk)

−1(Jp(zn) + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
Jp(zn)−Jp(xk,n)

λk,n
+ wk,n, k = 1, 2, · · · ,m,

vn+1 = ∇h∗(αn∇h(z, w1, w2 · · · , wm) + (1− αn)∇h(an, b1,n, · · · , bm,n)),

where (z, w1, w2 · · · , wm) ∈ V , ∇h = (Jp, Jq, · · · , Jq), ∇h∗ = (Jq, Jp, · · · , Jp)

an = Jq(βnJp(zn) +
n∑
i=1

(βi−1 − βi)Jp(âi))

bk,n = Jp(βnJq(wk,n) +
n∑
i=1

(βi−1 − βi)Jq(b̂k,i))

and λk,n ∈ [λ, λ], for some λ > λ > 0, for each k = 1, 2, · · · ,m, with

âi =

zn if vn ∈ Hi,

Jq(Jpzn) + ηi(
∑m

k=1 yk,i)) if vn /∈ Hi

b̂k,i =

wk,n if vn ∈ Hi,

Jp(Jq(wk,n) + ηi(xk,i − xi)) if vn /∈ Hi,

such that

γi = 〈Jq(Jp(zn) + ηi(
m∑
k=1

yk,i)),
m∑
k=1

yk,i〉

+
m∑
k=1

〈xk,i − xi, Jp(Jq(wk,n) + ηi(xk,i − xi))〉

for yk,i ∈ Ak(xk,i) and ηi ∈ R. Then, {vn} converges strongly to an element

v∗ = (z∗, w∗1, w
∗
2, · · · , w∗m) of Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

If, in (4.96), E is smooth and strictly convex with its dual E∗ and p = 2, then

∇h = (J, J−1, · · · , J−1) and ∇h∗ = (J−1, J, · · · , J). Thus, we get the following
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corollary for a zero of the sum of a finite family of maximal monotone mappings

in Banach spaces.

Corollary 4.3.12. Let E be a smooth, strictly convex and reflexive real Ba-

nach space with its dual E∗. Let f(x) = 1
2
||x||2 and gk(yk) = 1

2
||yk||2, for

k = 1, 2, · · · ,m, be functions on E and E∗ respectively with h(x, y1, y2, · · · ym) =

f(x) +
∑m

k=1 gk(yk). Let Ak : E → 2E
∗
, for k ∈ {1, 2, · · · ,m} and m ≥ 2, be maxi-

mal monotone mappings satisfying Ω := {z ∈ E : 0 ∈ A1z+A2z+ · · ·+Amz} 6= ∅.

For arbitrary v0 = (z0, w0,1, · · · , w0,m) ∈ V define an iterative algorithm by
xk,n = (J + λk,nAk)

−1(J(zn) + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
J(zn)−J(xk,n)

λk,n
+ wk,n, k = 1, 2, · · · ,m,

vn+1 = ∇h∗(αn∇h(z, w1, w2 · · · , wm) + (1− αn)∇h(an, b1,n, · · · , bm,n))

where (z, w1, w2 · · · , wm) ∈ V , ∇h = (J, J−1, · · · , J−1), ∇h∗ = (J−1, J, · · · , J)

an = J−1(βnJ(zn) +
n∑
i=1

(βi−1 − βi)J(âi))

bk,n = J(βnJ
−1(wk,n) +

n∑
i=1

(βi−1 − βi)J−1(b̂k,i))

and λk,n ∈ [λ, λ], for some λ > λ > 0, for each k = 1, 2, · · · ,m, with

âi =

zn if vn ∈ Hi,

J−1(J(zn) + ηi(
∑m

k=1 yk,i)) if vn /∈ Hi

b̂k,i =

wk,n if vn ∈ Hi,

J(J−1(wk,n) + ηi(xk,i − xi)) if vn /∈ Hi,
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such that

γi = 〈J−1(J(zn) + ηi(
m∑
k=1

yk,i)),
m∑
k=1

yk,i〉

+
m∑
k=1

〈xk,i − xi, J(J−1(wk,n) + ηi(xk,i − xi))〉

for yk,i ∈ Ak(xk,i) and ηi ∈ R. Then, {vn} converges strongly to an element

v∗ = (z∗, w∗1, w
∗
2, · · · , w∗m) of Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

If, in Corollary 4.3.12, we assume E = H, a real Hilbert space, then ∇h = ∇h∗ =

I, where I is the identity mapping on Hm+1. Thus, we get the following corollary

for approximating a zero of the sum of maximal monotone mappings in Hilbert

spaces.

Corollary 4.3.13. Let H be a real Hilbert space. Let f(x) = 1
2
||x||2, gk(yk) =

1
2
||yk||2, for k = 1, 2, · · · ,m, be functions on H with h(x, y1, y2, · · · ym) = f(x) +∑m
k=1 gk(yk). Let Ak : H → 2H

∗
, for k ∈ {1, 2, · · · ,m} and m ≥ 2, be maximal

monotone mappings satisfying Ω := {z ∈ H : 0 ∈ A1z + A2z + · · · + Amz} 6= ∅.

For arbitrary v0 = (z0, w0,1, · · · , w0,m) ∈ V define an iterative algorithm by
xk,n = (I + λk,nAk)

−1(zn + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
zn−xk,n
λk,n

+ wk,n, k = 1, 2, · · · ,m,

vn+1 = αn(z, w1, w2 · · · , wm) + (1− αn)(an, b1,n, · · · , bm,n)

(4.97)

where (z, w1, w2 · · · , wm) ∈ V ,

an = βnzn +
n∑
i=1

(βi−1 − βi)âi

bk,n = βnwk,n +
n∑
i=1

(βi−1 − βi)b̂k,i
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and λk,n ∈ [λ, λ], for some λ > λ > 0, for each k = 1, 2, · · · ,m, with

âi =

zn if vn ∈ Hi,

zn + ηi
∑m

k=1 yk,i if vn /∈ Hi

b̂k,i =

wk,n if vn ∈ Hi,

wk,n + ηi(xk,i − xi) if vn /∈ Hi,

such that

γi = 〈zn + ηi

m∑
k=1

yk,i,

m∑
k=1

yk,i〉

+
m∑
k=1

〈xk,i − xi, wk,n + ηi(xk,i − xi)〉

for yk,i ∈ Ak(xk,i) and ηi ∈ R. Then, {vn} converges strongly to an element

v∗ = (z∗, w∗1, w
∗
2, · · · , w∗m) of Se(A1, A2, · · · , Am), where z∗ ∈ Ω.

4.3.1 Application to Convex Minimization Problems

Let lk : E → R, k = 1, 2, · · · ,m, where m ≥ 2, be a finite family of convex and

lower semicontinuous functions. We consider the problem of finding z∗ ∈ E such

that

l1(z∗) + l2(z∗) + · · ·+ lm(z∗) = min
z∈E
{l1(z) + l2(z) + · · ·+ lm(z)}. (4.98)

We note that problem (4.98) is equivalent, by Fermat’s rule, to the problem of

finding z∗ ∈ E such that

0 ∈ ∂l1(z∗) + ∂l2(z∗) + · · ·+ ∂lm(z∗), (4.99)

where ∂l is a subdifferential of l, which is maximal monotone (see, e.g., [95]). So,

we obtain the following theorem from Theorem 4.3.8.
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Theorem 4.3.14. Let f ∈ F(E) and gk ∈ F(E∗), for each k = 1, 2, · · · ,m, be

strongly coercive Legendre functions which are bounded, uniformly Fréchet differ-

entiable and uniformly convex on bounded subsets of E and E∗, respectively. Let

lk : E → R, for each k = 1, 2, 3, · · · ,m and m ≥ 2, be convex and lower semi-

continuous functions such that Ω = minz∈E{l1(z) + l2(z) + · · · + lm(z)} 6= ∅. For

arbitrary v0 = (z0, w0,1, · · · , w0,m) ∈ V define an iterative algorithm by
xk,n = (∇f + λk,n∂lk)

−1(∇f(zn) + λk,nwk,n), k = 1, 2, · · · ,m,

yk,n =
∇f(zn)−∇f(xk,n)

λk,n
+ wk,n, k = 1, 2, · · · ,m,

vn+1 = ∇h∗(αn∇h(z, w1, w2 · · · , wm) + (1− αn)∇h(an, b1,n, · · · , bm,n)),

where (z, w1, w2 · · · , wm) ∈ V , {an} and {bk,n} are as in (4.96) for yk,n ∈ ∂lk(xk,n)

for each k = 1, 2, 3, · · · ,m. Then, {vn} converges strongly to an element v∗ =

(z∗, w∗1, w
∗
2, · · · , w∗m) of Se(∂l1, ∂l2, · · · , ∂lm), where z∗ ∈ Ω.

4.3.2 Numerical Example

In this subsection, we present a numerical example to explain the conclusion of

our result. The following example verifies the conclusion of Corollary 4.3.13.

Example 4.3.15. Let H = R. Define f : R→ R, by f(x) = x2

2
and g1(x) = x2

2
=

g2(x), then ∇f(x) = x = ∇g1(x) = ∇g2(x), ∇f(x∗) = x∗ = ∇g1(x∗) = ∇g2(x∗)

and ∇h = (x, x, x) = ∇h∗. Let A1, A2 : R → R be defined by A1x = 2x − 3

and A2x = x3, then A1 and A2 are maximal monotone mapping on R and 1 ∈

(A1 + A2)−1(0). Now, by direct calculation we have

x1,n =
zn + λ1,nw1,n + 3λ1,n

1 + 2λ1,n

, y1,n =
zn + 2λ1,nw1,n − 3

1 + 3λ2,n

,
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x2,n =
3

√√√√zn + λ2,nw2,n

2λ2,n

+

√(zn + λ2,nw2,n

2λ2,n

)2

+
( 1

3λ2,n

)3

+
3

√√√√zn + λ2,nw2,n

2λ2,n

−

√(zn + λ2,nw2,n

2λ2,n

)2

+
( 1

3λ2,n

)3

,

and y2,n = (x2,n)3, for some λ1,n, λ2,n > 0. Thus, if we assume u = (z, w1, w2) =

(0.001,−0.01, 0.01), λ1,n = λ2,n = 1, αn = 1
100(n+104)

, βn = 1
n+1

, for all n ≥ 0,

and take different initial points v0 = (0, 4,−4), v0 = (0.5, 6,−6), v0 = (1.5,−3, 3)

and v0 = (2,−4, 4), then, in all cases, the numerical experiment results using

MATLAB provide that the sequence {vn} = {(zn, w1,n, w2,n)} generated by (4.97)

converges strongly to v∗ = (1,−1, 1), where z∗ = 1 ∈ (A1 + A2)−1(0). The Figure

4.2 shown below indicates that the convergence of the first component {zn} of

{vn} = {(zn, w1,n, w2,n)} to the solution z∗ = 1, for all different initial points.
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Figure 4.2: Convergence of the first component {zn} of {vn} generated by
(4.97)
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Chapter 5

Split Equality Methods for

Solutions of Monotone Inclusion

Problems

We divide this chapter into two sections. In the first section, we collect some

preliminary results that will be useful throughout the study of the chapter. In the

second section, we introduce our algorithm for finding a point which is a solution of

the split equality inclusion problem for the sum of maximally monotone mappings

in Hilbert spaces and discus its convergence

5.1 Preliminaries

Lemma 5.1.1. [47] Finding a point in Se(A,B) is equivalent to solving (1.24) in

the sense that

z ∈ (A+B)−1(0)⇔ ∃w ∈ H : (z, w) ∈ Se(A,B). (5.1)

Proof. Given z ∈ H, one has z ∈ (A + B)−1(0) ⇔ 0 ∈ A(z) + B(z) ⇔ ∃w ∈ H :

w ∈ B(z),−w ∈ A(z)⇔ ∃w ∈ H : (z, w) ∈ Se(A,B).
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Lemma 5.1.2. [47] Given any two maximal monotone mappings A,B : H → 2H ,

the corresponding extended solution set Se(A,B) is closed and convex in H ×H.

Lemma 5.1.3. [47] Given any two points (x, b) ∈ Gph(B) and (y, a) ∈ Gph(A),

define the function ϕ : H ×H → R via

ϕ(z, w) = 〈z − x, b− w〉+ 〈z − y, a+ w〉.

Then, for any (z, w) ∈ Se(A,B) we have ϕ(z, w) ≤ 0, that is

Se(A,B) ⊆ {(z, w) ∈ H ×H|ϕ(z, w) ≤ 0}.

Additionally, ϕ is both continuous and affine, ∇ϕ = (a+ b, x− y), and

∇ϕ = 0⇔ (x, b) ∈ Se(A,B), x = y, a = −b.

Furthermore, ∇ϕ = 0 implies ϕ(z, w) = 0 for all z, w ∈ H.

The function ϕ in Lemma 5.1.3 is called decomposable separators.

Definition 5.1.4. Let H be a real Hilbert space and A : H → H be a bounded

linear mapping. We define a mapping A∗ : H → H by the relation

〈Ax, y〉 = 〈x,A∗y〉,

for all x, y ∈ H. The mapping A is called adjoint/dual of A.

5.2 Iterative Algorithm for Solving Monotone

Inclusion Problems

For the rest of this section, let H1, H2 and H3 be real Hilbert spaces and F1, G1 :

H1 → 2H1 and F2, G2 : H2 → 2H2 be maximally monotone mappings satisfying

Γ := {(x∗, y∗) ∈ H1 × H2 : x∗ ∈ (F1 + G1)−1(0), y∗ ∈ (F2 + G2)−1(0) and Ax∗ =
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By∗} 6= ∅, where A : H1 → H3 and B : H2 → H3 are bounded linear mappings

with adjoints A∗ and B∗, respectively. Let A : H1 × H1 → H3 × H3 and B :

H2 ×H2 → H3 ×H3 be given by

A(z, w) = (Az, 0) and B(ẑ, ŵ) = (Bẑ, 0). (5.2)

Then we observe that

A∗(z, w) = (A∗z, 0) and B∗(ẑ, ŵ) = (B∗ẑ, 0). (5.3)

Let f1 : H1×H1 → H1×H1 and f2 : H2×H2 → H2×H2 be contraction mappings

with common constant α ∈ [0, 1√
2
). Let {αn} ⊂ (0, 1) such that lim

n→∞
αn = 0,∑∞

n=1 αn = ∞, let {βn} be a decreasing sequence in (0, 1] such that β0 = 1 and

{ωn} be a real sequence satisfying 0 < lim infn→∞ ωn ≤ lim supn→∞ ωn < 1.

We now propose the following algorithm.

Algorithm 5.2.1.

Step 0: Select initial guess p0 = (z0, w0) ∈ H1×H1 and v0 = (ẑ0, ŵ0) ∈ H2×H2.

Step 1: Given (zn, wn) and (ẑn, ŵn), for n ≥ 0, compute

xn = (I + λnG1)−1(zn + λnwn),

yn = (I + µnF1)−1((1− θn)zn + θnxn − µnwn),

x̂n = (I + λnG2)−1(ẑn + λnŵn),

ŷn = (I + µnF2)−1((1− θn)ẑn + θnx̂n − µnŵn),
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where λn, µn > 0 and θn ∈ R.

Step 2: Compute



dn = 1
µn

(
(1− θn)zn + θnxn − yn

)
− wn,

en = wn + 1
λn

(zn − xn),

d̂n = 1
µn

(
(1− θn)ẑn + θnx̂n − ŷn

)
− ŵn,

ên = ŵn + 1
λn

(ẑn − x̂n).

Step 3 : Define ϕi : H1 ×H1 → R by

ϕi(z, w) := 〈z − xi, ei − w〉+ 〈z − yi, di + w〉,

and ϕ̂i : H2 ×H2 → R by

ϕ̂i(ẑ, ŵ) := 〈ẑ − x̂i, êi − ŵ〉+ 〈ẑ − ŷi, d̂i + ŵ〉,

and compute

Sipn =


(zn, wn), if ϕi(zn, wn) ≤ 0,

(zn, wn)−
(
ϕi(zn,wn)
‖∇ϕi‖2

)
∇ϕi, if ϕi(zn, wn) > 0,

(5.4)

and

Tivn =


(ẑn, ŵn), if ϕ̂i(ẑn, ŵn) ≤ 0,

(ẑn, ŵn)−
(
ϕ̂i(ẑn,ŵn)
‖∇ϕ̂i‖2

)
∇ϕ̂i, if ϕ̂i(ẑn, ŵn) > 0,

(5.5)

where Sipn is the projection of pn = (zn, wn) onto the half space

Hi = {(z, w) ∈ H1 ×H1 : ϕi(z, w) ≤ 0}, for each i = 1, 2, ..., n

and Tivn is the projection of vn = (ẑn, ŵn) onto the half space

Ĥi = {(ẑ, ŵ) ∈ H2 ×H2 : ϕ̂i(ẑ, ŵ) ≤ 0}, for each i = 1, 2, ..., n.
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Step 4: Compute



qn = pn − γnA∗(Apn − Bvn),

pn+1 = αnf1(pn) + (1− αn)[(1− ωn)qn

+ ωn(βnqn +
∑n

i=1(βi−1 − βi)Siqn],

un = vn + γnB∗(Apn − Bvn),

vn+1 = αnf2(vn) + (1− αn)[(1− ωn)un

+ ωn(βnun +
∑n

i=1(βi−1 − βi)Tiun],

(5.6)

where A : H1×H1 → H3×H3 and B : H2×H2 → H3×H3 are defined as in (5.2) with

adjoints A∗ and B∗ respectively and for some ε > 0,

γn ∈
(
ε,

2||Apn − Bvn||2

||A∗(Apn − Bvn)||2 + ||B∗(Apn − Bvn)||2
− ε
)
, for n ∈ Ω

otherwise, γn = γ (γ being any nonnegative value), such that the indexes Ω = {n ∈ N :

Apn − Bvn 6= 0}. Set n := n+ 1 and go to Step 1.

Remark 5.2.2. By maximality of G1 the resolvent mapping (I + λnG1)−1 is

single-valued and well-defined (see, e.g., [69]) and hence

(xn, en) = ((I + λnG1)−1(zn + λnwn), wn +
1

λn
(zn − xn)),

exists and is unique. Also by maximality of F1 the resolvent mapping (I+µnF1)−1

is single-valued and well-defined, which implies that

(yn, dn) = ((I + µnF1)−1((1− θn)zn + θnxn − µnwn),
1

µn

(
(1− θn)zn + θnxn − yn

)
− wn),

exists and is unique. Similarly, by maximality of F2 and G2 we have (ŷn, d̂n) and

(x̂n, ên) exist. By rearranging equations in Step 1, one has the following equations:

xn + λnen = zn + λnwn,

yn + µndn = (1− θn)zn + θnxn − µnwn,
(5.7)
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x̂n + λnên = ẑn + λnŵn,

ŷn + µnd̂n = (1− θn)ẑn + θnx̂n − µnŵn,
(5.8)

where dn ∈ F1(yn), en ∈ G1(xn), d̂n ∈ F2(ŷn) and ên ∈ G2(x̂n). Hence decompos-

able separators function ϕi and ϕ̂i in Step 3 are well defined.

We proceed with the following lemmas which will be used to prove our main

theorem.

Lemma 5.2.3. The sequence {pn} and {vn} generated by Algorithm 5.2.1 are

bounded in H1 ×H1 and H2 ×H2, respectively.

Proof. Let (z∗, ẑ∗) ∈ Γ. Then by Lemmas 5.1.1 and 5.1.3 there exist w∗ ∈ H1 and

ŵ∗ ∈ H2 such that p∗ = (z∗, w∗) ∈
⋂∞
i=1 Fix(Si), v

∗ = (ẑ∗, ŵ∗) ∈
⋂∞
i=1 Fix(Ti) and

hence (p∗, v∗) ∈ F := {(p, v) : p ∈
⋂∞
i=1 Fix(Si), v ∈

⋂∞
i=1 Fix(Ti) and Ap = Bv}.

Thus, from (5.6) we get

||qn − p∗||2 = ||pn − γA∗(Apn − Bvn)− p∗||2

= ||pn − p∗ − γA∗(Apn − Bvn)||2

= ||pn − p∗||2 − 2γ〈pn − p∗,A∗(Apn − Bvn)〉

+γ2||A∗(Apn − Bvn)||2. (5.9)

Observe that

−2〈pn − p∗,A∗(Apn − Bvn)〉 = −2〈Apn −Ap∗,Apn − Bvn〉

= ||Bvn −Ap∗||2 − ||Apn −Ap∗||2

−||Apn − Bvn||2. (5.10)

Thus, from (5.9) and (5.10), we obtain

||qn − p∗||2 = ||pn − p∗||2 − γn||Apn −Ap∗||2 − γn||Apn − Bvn||2

+γn||Bvn −Ap∗||2 + γ2
n||A∗(Apn − Bvn)||2. (5.11)
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Similarly, we have

||un − v∗||2 = ||vn − v∗||2 + γn||Apn − Bv∗||2 − γn||Bvn − Bv∗||2

−γn||Apn − Bvn||2 + γ2
n||B∗(Apn − Bvn)||2. (5.12)

By adding the equations (5.11) and (5.12) and using the fact that Ap∗ = Bv∗, we

obtain

||qn − p∗||2 + ||un − v∗||2 = ||pn − p∗||2 + ||vn − v∗||2 − γn[2||Apn − Bvn||2

−γn(||A∗(Apn − Bvn)||2 + ||B∗(Apn − Bvn)||2)]

≤ ||pn − p∗||2 + ||vn − v∗||2. (5.13)

Thus, from (5.6), firmly nonexpansiveness property of Si and Ti for all i ∈ N and

Lemma 3.1.3, we have

||pn+1 − p∗||2 = ||αnf1(pn) + (1− αn)
[
(1− ωn)qn

+ωn(βnqn +
n∑
i=1

(βi−1 − βi)Siqn]− p∗||2

≤ αn||f1(pn)− p∗||2 + (1− αn)||(1− ωn)(qn − p∗)

+ωn(βnqn +
n∑
i=1

(βi−1 − βi)Siqn − p∗)||2

≤ αn(||f1(pn)− f1(p∗)||+ ||f1(p∗)− p∗||)2

+(1− αn)[(1− ωn)||(qn − p∗)||2

+ωn||(βnqn +
n∑
i=1

(βi−1 − βi)Siqn)− p∗||2
]

≤ 2αn(α2||pn − p∗||2 + ||f1(p∗)− p∗||2)

+(1− αn)||qn − p∗||2. (5.14)

Similarly, we have

||vn+1 − v∗||2 ≤ 2αn(α2||vn − v∗||2 + ||f2(v∗)− v∗||2) + (1− αn)||un − v∗||2.

(5.15)
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Adding up the inequalities (5.14) and (5.15), setting Rn(p∗, v∗) = ||pn − p∗||2 +

||vn − v∗||2 and using inequality (5.13), we obtain

Rn+1(p∗, v∗) ≤ (1− αn(1− 2α2))Rn(p∗, v∗)

+2αn(||f1(p)− p∗||2 + ||f2(v)− v∗||2)

≤ max
{
Rn(p∗, v∗),

2

1− 2α2
(||f1(p∗)− p∗||2 + ||f2(v∗)− v∗||2)

}
,

and hence by induction

Rn(p∗, v∗) ≤ max
{
R0(p∗, v∗),

2(||f1(p∗)− p∗||2 + ||f2(v∗)− v∗||2)

1− 2α2

}
,

which implies that {pn}, {vn} and hence {qn}, {un}, {Siqn} and {Tiun} are

bounded.

Lemma 5.2.4. The sequence {(pn, vn)} generated by Algorithm 5.2.1 converges

strongly to an element (p∗, v∗) of

F := {(p, v) : p ∈
⋂∞
i=1 Fix(Si), v ∈

⋂∞
i=1 Fix(Ti) and Ap = Bv}.

Proof. Let (p∗, v∗) = PF(f1(p∗), f2(v∗)), where p∗ = (z∗, w∗) and v∗ = (ẑ∗, ŵ∗). It

follows that Sip
∗ = p∗ and Tiv

∗ = v∗, for each i ∈ N and Ap∗ = Bv∗. From (5.6)

and Lemma 3.1.3 and following the arguments in the proof of Lemma 5.2.3 we

112



5. Split Equality Methods for a Solution of Monotone Inclusion Problems

have

||pn+1 − p∗||2 = ||αnf1(pn) + (1− αn)[(1− ωn)qn

+ωn(βnqn +
n∑
i=1

(βi−1 − βi)Siqn]− p∗||2

≤ ||αn(f1(pn)− f1(p∗)) + (1− αn)
[
(1− ωn)qn

+ωn(βnqn +
n∑
i=1

(βi−1 − βi)Siqn − p∗
]
||2

+2αn〈f1(p∗)− p∗, pn+1 − p∗〉

≤ αn||f1(pn)− f1(p∗||2 + (1− αn)||
[
(1− ωn)qn

+ωn(βnqn +
n∑
i=1

(βi−1 − βi)Siqn]− p∗||2

+2αn〈f1(p∗)− p∗, pn+1 − p∗〉

≤ αnα
2||pn − p∗||2 + (1− αn)||qn − p∗||2

−ωn(1− ωn)(1− αn)||qn − (βnqn +
n∑
i=1

(βi−1 − βi)Siqn)||2

+2αn〈f1(p∗)− p∗, pn+1 − p∗〉. (5.16)

Similarly,

||vn+1 − v∗||2 ≤ αnα
2||vn − v∗||2 + (1− αn)||un − v∗||2

−ωn(1− ωn)(1− αn)||un − (βnun +
n∑
i=1

(βi−1 − βi)Tiun||2

+2αn〈f2(v∗)− v∗, vn+1 − v∗〉. (5.17)

By adding (5.16) with (5.17) and using (5.13), we obtain

Rn+1(p∗, v∗) ≤ (1− αn(1− α2))Rn(p∗, v∗) + 2αn
[
〈f1(p∗)− p∗, pn+1 − p∗〉

+〈f2(v∗)− v∗, vn+1 − v∗〉
]

−ωn(1− ωn)(1− αn)||qn − (βnqn +
n∑
i=1

(βi−1 − βi)Siqn)||2

−ωn(1− ωn)(1− αn)||un − (βnun +
n∑
i=1

(βi−1 − βi)Tiun)||2

−(1− αn)γn[2||Apn − Bvn||2 − γn(||A∗(Apn − Bvn)||2

+||B∗(Apn − Bvn)||2)]. (5.18)
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The rest of the proof will be divided into two parts.

Case 1. Suppose that there exists n0 ∈ N such that {Rn(p∗, v∗)} is decreas-

ing, then {Rn(p∗, v∗)} converges and Rn(p∗, v∗) − Rn+1(p∗, v∗) → 0 as n → ∞.

Now from (5.18), we have

||qn − (βnqn +
n∑
i=1

(βi−1 − βi)Siqn)|| → 0 as n →∞, (5.19)

||un − (βnun +
n∑
i=1

(βi−1 − βi)Tiun)|| → 0 as n →∞, (5.20)

and

lim
n→∞

[
||A∗(Apn − Bvn)||2 + ||B∗(Apn − Bvn)||2

]
= 0. (5.21)

Note that Apn − Bvn = 0 if n /∈ Ω. So, in general we get

lim
n→∞

||A∗(Apn − Bvn)|| = lim
n→∞

||B∗(Apn − Bvn)|| = 0. (5.22)

In addition, from (5.18) and (5.21) we obtain that

lim
n→∞

||Apn − Bvn|| = 0. (5.23)

Since Si, for each i ∈ N, is firmly nonexpansive, we have

||qn − p∗||2 ≥ ||Siqn − p∗||2

= ||Siqn − qn + qn − p∗||2

which implies that

1

2
||Siqn − qn||2 ≤ 〈qn − Siqn, qn − p∗〉, (5.24)
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and hence,

1

2

n∑
i=1

(βi−1 − βi)||Siqn − qn||2 ≤
n∑
i=1

(βi−1 − βi)〈qn − Siqn, qn − p∗〉

= 〈
n∑
i=1

(βi−1 − βi)(qn − Siqn), qn − p∗〉

= 〈qn − (βnqn +
n∑
i=1

(βi−1 − βi)Siqn), qn − p∗〉

≤ ||qn − (βnqn +
n∑
i=1

(βi−1 − βi)Siqn)||||qn − p∗||.

Thus, from (5.19) we get

lim
n→∞

n∑
i=1

(βi−1 − βi)||Siqn − qn|| = 0. (5.25)

Since {βn} strictly decreasing the above equation yields,

lim
n→∞

||Siqn − qn|| = 0, (5.26)

for each i ≥ 1 and hence

lim
n→∞

||Snqn − qn|| = 0. (5.27)

Similarly, we obtain that

lim
n→∞

n∑
i=1

(βi−1 − βi)||Tiun − qn|| = 0,

and hence

lim
n→∞

||Tiun − un|| = 0, (5.28)

for each i ≥ 1 and

lim
n→∞

||Tnun − un|| = 0. (5.29)
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Moreover, from (5.6) and (5.22), we get

||qn − pn||2 = γ2
n||A∗(Apn − Bun)||2 (5.30)

and hence

lim
n→∞

||qn − pn|| = 0. (5.31)

Similarly,

lim
n→∞

||un − vn|| = 0. (5.32)

From equations (5.29), (5.31), (5.32) and the fact that Si and Ti for each i ∈ N

are nonexpansive, we have

||pn − Snpn|| = ||pn − qn + qn − Snqn + Snqn − Snpn||

≤ 2||pn − qn||+ ||qn − Snqn|| (5.33)

and

||vn − Tnvn|| = ||vn − un + un − Tnun + Tnun − Tnvn||

≤ 2||vn − un||+ ||un − Tnun||. (5.34)

Therefore,

lim
n→∞

||pn − Snpn|| = 0 = lim
n→∞

||vn − Tnvn||. (5.35)

Now, since {(pn, vn)} is bounded in H1×H2, there exists a subsequence {(pnk , vnk)}

of {(pn, vn)} such that (pnk , vnk) ⇀ (p, v) ∈ H1 ×H2 and

lim sup
n→∞

[〈f1(p∗)− p∗, pn − p∗〉+ 〈f2(v∗)− v∗, vn − v∗〉] =

lim
k→∞
〈f1(p∗)− p∗, pnk − p∗〉+ lim

k→∞
〈f2(v∗)− v∗, vnk − v∗〉. (5.36)
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Note that (pnk , vnk) ⇀ (p, v) implies pnk ⇀ p and vnk ⇀ v. Now, using (5.26),

(5.28) and Lemma 3.1.4, we obtain p ∈
⋂∞
i=1 F (Si) and v ∈

⋂∞
i=1 F (Ti). Next, we

show that Ap = Bv. But, observe that from (5.23) we get

||Ap− Bv||2 = ||Ap−Apnk + Bvnk − Bv +Apnk − Bvnk ||2

≤ ||Apnk − Bvnk ||2 + 2〈Ap− Bv,Ap−Apnk + Bvnk − Bv〉,

→ 0 as k →∞, (5.37)

and this implies Ap = Bv, that is, (p, v) ∈ F . Since (p∗, v∗) = PF(f1(p∗), f2(v∗)),

from (5.36) and Lemma 3.1.8, we obtain

lim sup
n→∞

[〈f1(p∗)− p∗, pn − p∗〉+ 〈f2(v∗)− v∗, vn − v∗〉]

= lim
k→∞
〈f1(p∗)− p∗, pnk − p∗〉+ lim

k→∞
〈f2(v∗)− v∗, vnk − v∗〉

= 〈f1(p∗)− p∗, p− p∗〉+ 〈f2(v∗)− v∗, v − v∗〉 ≤ 0. (5.38)

Moreover, from (5.6), we have

||pn+1 − pn|| = ||αnf1(pn) + (1− αn)[(1− ωn)qn + ωn(βnqn

+
n∑
i=1

(βi−1 − βi)Siqn]− pn||

≤ αn||f1(pn)− pn||+ (1− αn)
[
(1− ωn)||qn − pn||

+ωn||(βnqn +
n∑
i=1

(βi−1 − βi)Siqn)− pn||
]

≤ αn(α||pn − p∗||+ ||f1(p∗)− pn||) + (1− αn)||qn − pn||

+ωn(1− αn)
n∑
i=1

(βi−1 − βi)||Siqn − qn||. (5.39)

Hence, from (5.27), (5.31), (5.39) and the fact that αn → 0, as n→∞, we get

lim
n→∞

||pn+1 − pn|| = 0. (5.40)

Similarly, we obtain that

lim
n→∞

||vn+1 − vn|| = 0. (5.41)
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Finally, from (5.18), we have

Rn+1(p∗, v∗) ≤ (1− αn(1− α2))Rn(p∗, v∗) + 2αn

[
〈f1(p∗)− p∗, pn+1 − p∗〉

+〈f2(v∗)− v∗, vn+1 − v∗〉
]

≤ (1− αn(1− α2))Rn(p∗, v∗) + 2αn

[
||f1(p∗)− p∗||||pn+1 − pn||

+||f2(v∗)− v∗||||vn+1 − vn||+ 〈f1(p∗)− p∗, pn − p∗〉

+〈f2(v∗)− v∗, vn − v∗〉
]
. (5.42)

Thus, from (5.38)-(5.42) and Lemma 3.1.9, Rn(p∗, v∗) converges strongly to (p∗, v∗) =

PF(f1(p∗), f2(v∗)) as n→∞. That is, {pn} converges strongly to p∗ and {vn} con-

verges strongly to v∗ as n→∞.

Case 2. Assume that there exists a subsequence Rkj(p
∗, v∗) of Rk(p

∗, v∗) :=

||pk − p∗||2 + ||vk − v∗||2 such that Rkj(p
∗, v∗) < Rkj+1(p∗, v∗). Then by Lemma

4.1.15, we can define nondecreasing sequence {mk} ⊂ N such that mk → ∞ as

k → ∞ and max{Rmk(p
∗, v∗), Rk(p

∗, v∗)} ≤ Rmk+1(p∗, v∗) for all k ∈ N. From

(5.18) and the fact that αmk → 0 as k →∞, we have

lim
k→∞
||qmk − (βmkqmk +

k∑
i=1

(βi−1 − βi)Siqmk)|| = 0, (5.43)

lim
k→∞
||umk − (βmkumk +

k∑
i=1

(βi−1 − βi)Tiumk)|| = 0, (5.44)

and

lim
k→∞
||A∗(Apmk − Bvmk)|| = lim

k→∞
||B∗(Apmk − Bvmk)|| = 0. (5.45)

Moreover, following the methods in Case 1, we can also drive the limits

lim
k→∞
||Siqmk − qmk || = lim

k→∞
||Tiumk − umk || = 0, (5.46)
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for each i ≥ 1 and we drive

lim
k→∞
||qmk − pmk || = 0 = lim

k→∞
||umk − vmk ||, (5.47)

and

lim
n→∞

||Smkpmk − pmk || = 0 = lim
n→∞

||Tmkvmk − vmk || = 0.

Consequently, following similar steps as in Case 1, we obtain

lim
k→∞
||pmk+1 − pmk || = 0 = lim

k→∞
||vmk+1 − vmk ||. (5.48)

Now, we may choose a subsequence {(pnkl , vnkl )} of {(pnk , vnk)} such that (pnkl , vnkl ) ⇀

(p, v) ∈ H1 ×H2 and

lim sup
k→∞

[〈f1(p∗)− p∗, pmk − p∗〉+ 〈f2(v∗)− v∗, vmk − v∗〉]

= lim
l→∞
〈f1(p∗)− p∗, pmkl − p

∗〉+ lim
l→∞
〈f2(v∗)− v∗, vmkl − v

∗〉. (5.49)

Then, as in Case 1, we drive that (p, v) ∈ F . So, by Lemma 3.1.8, we obtain

lim sup
k→∞

[〈f1(p∗)− p∗, pmk − p∗〉+ 〈f2(v∗)− v∗, vmk − v∗〉]

= 〈f1(p∗)− p∗, p− p∗〉+ 〈f2(v∗)− v∗, v − v∗〉 ≤ 0. (5.50)

Now, from (5.42) we have

Rmk+1(p∗, v∗) ≤ (1− αmk(1− α2))Rmk(p
∗, v∗) + 2αmk [〈f1(p∗)− p∗, pmk+1 − p∗〉

+〈f2(v∗)− v∗, vnk+1 − v∗〉]

≤ (1− αmk(1− α2))Rmk(p
∗, v∗) + 2αmk [||f1(p∗)− p∗||||pmk+1 − pmk ||

+||f2(v∗)− v∗||||vmk+1 − vmk ||] + 2αmk [〈f1(p∗)− p∗, pmk − p∗〉

+〈f2(v∗)− v∗, vmk − v∗〉]. (5.51)
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Since Rmk(p
∗, v∗) ≤ Rmk+1(p∗, v∗), it follows that

Rmk(p
∗, v∗) ≤ 2

1− α2

[
〈f1(p∗)− p∗, pmk − p∗〉+ 〈f2(v∗)− v∗, vmk − v∗〉

+||f1(p∗)− p∗||||pmk+1 − pmk ||

+||f2(v∗)− v∗||||vmk+1 − vmk ||
]
. (5.52)

Thus, from (5.50), (5.48) and (5.52), we get

lim
k→∞

Rmk(p
∗, v∗) = 0 and hence lim

k→∞
Rmk+1(p∗, v∗) = 0.

The fact that Rk(p
∗, v∗) ≤ Rmk+1(p∗, v∗), provides that Rk(p

∗, v∗)→ 0 as k →∞,

that is,

lim
k→∞
||pk − p∗|| = 0 = lim

k→∞
||vk − v∗|| = 0. (5.53)

Hence, {pk} converges strongly to p∗ and {vk} converges strongly to v∗ as k →∞.

We have shown in both cases that the sequence generated by Algorithm 5.2.1

converges strongly to (p∗, v∗) ∈ F .

Following the method of proof of [47] we obtain the following lemma.

Lemma 5.2.5. If in Algorithm 5.2.1, the sequences {λn}, {µn} ⊂ [λ, λ] for some

λ > λ > 0 and {θn} ⊂ R satisfy the condition

inf
n≥0

{µn
λn
−
(θn

2

)2}
> 0, (5.54)

then, there exist some scalars η > 0 and η̂ > 0 such that ϕn(pn) ≥ η||∇ϕn||2 and

ϕ̂n(vn) ≥ η̂||∇ϕ̂n||2 for all n ≥ 0.

Next, we state and prove our main theorem.

Theorem 5.2.6. Let H1, H2 and H3 be real Hilbert spaces. Let F1, G1 : H1 → 2H1

and F2, G2 : H2 → 2H2 be maximally monotone mappings and Γ 6= ∅. Let A :

H1 × H1 → H3 × H3 and B : H2 × H2 → H3 × H3 are as in (5.2) with adjoints
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A∗ and B∗, respectively. If the sequences {λn}, {µn} ⊂ [λ, λ] for some λ > λ > 0

and {θn} ⊂ R satisfy the condition

inf
n≥0

{µn
λn
−
(θn

2

)2}
> 0,

then, the sequence {((zn, wn), (ẑn, ŵn))} generated by Algorithm 5.2.1 converges

strongly to an element (p∗, v∗) = ((z∗, w∗), (ẑ∗, ŵ∗)) of F , where (z∗, ẑ∗) ∈ Γ.

Proof. By Lemma 5.2.5, there exist η > 0 and η̂ > 0 such that

ϕn(pn) ≥ η||∇ϕn||2, (5.55)

and

ϕ̂n(vn) ≥ η̂||∇ϕ̂n||2. (5.56)

This implies that ϕn(pn) and ϕ̂n(vn) are always nonnegative, so from (5.4), we

have

||Snpn − pn|| =
∣∣∣∣∣∣− (ϕn(zn, wn)

‖∇ϕn‖2

)
∇ϕn

∣∣∣∣∣∣ =
ϕn(zn, wn)

||∇ϕn||
, (5.57)

for all n for which ∇ϕn 6= 0. Thus, dividing both sides of the inequality (5.55) by

||∇ϕn||, we obtain

||Snpn − pn|| ≥ η||∇ϕn||, (5.58)

which is also true for n with ∇ϕn = 0. Similarly, from (5.5), we have

||Tnvn − vn|| ≥ η||∇ϕ̂n||. (5.59)

Now, (5.35), (5.58) and (5.59) imply that ∇ϕn → 0 and ∇ϕ̂n → 0 as n → ∞.

Now, from the expression for∇ϕn = (dn+en, xn−yn) and∇ϕ̂n = (d̂n+ên, x̂n−ŷn),
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we have

xn − yn → 0, and dn + en → 0 as n→∞, (5.60)

and

x̂n − ŷn → 0 and d̂n + ên → 0 as n→∞. (5.61)

Moreover, subtracting yn from both sides of the first equation and adding µnen −

θnyn to both sides of the second equation in (5.7) and rearranging we obtain

(zn − yn) + λn(wn − en) = (xn − yn),

(θn − 1)(zn − yn) + µn(wn − en) = θn(xn − yn)− µn(dn + en), n ≥ 0.

Thus, solving for (wn − en) from the above equations, we obtain that

(µn + (1− θn)λn)(wn − en) = (xn − yn)− µn(dn + en). (5.62)

Similarly, subtracting ŷn from both sides of the first equation and adding µnên −

θnŷn to both sides of the second equation in (5.8) and rearranging we get

(ẑn − ŷn) + λn(ŵn − ên) = (x̂n − ŷn),

(θn − 1)(ẑn − ŷn) + µn(ŵn − ên) = θn(x̂n − ŷn)− µn(d̂n + ên), n ≥ 0.

.

Now, solving (ŵn − ên) from this equations, we get

(µn + (1− θn)λn)(ŵn − ên) = (x̂n − ŷn)− µn(d̂n + ên). (5.63)

Therefore, since (µn + (1 − θn)λn) > 0, from (5.60)-(5.63), we have wn − en → 0

and hence this with (5.60) yields zn − yn → 0, as n→∞. Similarly, ŵn − ên → 0

as n → ∞ and hence this with (5.61) yields ẑn − ŷn → 0, as n → ∞. As a

consequence, we obtain

zn − xn → 0, zn − yn → 0, wn − en → 0, wn + dn → 0 as n→∞, (5.64)
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and

ẑn − x̂n → 0, ẑn − ŷn → 0, ŵn − ên → 0, ŵn + d̂n → 0 as n→∞. (5.65)

In addition, from Lemma 5.2.4 we know that the sequence

{(pn, vn)} = {(zn, wn), (ẑn, ŵn)} converges strongly to a point

(p∗, v∗) = ((z∗, w∗), (ẑ∗, ŵ∗)) ∈ F . Now, we show that p∗ ∈ Se(F1, G1) and v∗ ∈

Se(F2, G2). But zn− xn → 0 implies that xn → z∗. Furthermore, since wn− en →

0, we have en → w∗. Similarly, ẑn − x̂n → 0 implies that x̂n → ẑ∗. Since

ŵn − ên → 0, we have ên → ŵ∗. As a consequence, since the Gph(G1) is closed

and (xn, en) ∈ Gph(G1) for all n, we conclude that (z∗, w∗) ∈ Gph(G1). Similarly,

(z∗,−w∗) ∈ Gph(F1), so p∗ = (z∗, w∗) ∈ Se(F1, G1). Moreover, since the Gph(F2)

and Gph(G2) are closed by the same argument, we have v∗ = (ẑ∗, ŵ∗) ∈ Se(F2, G2).

Therefore, by Lemma 5.1.1, we obtain z∗ ∈ (F1 + G1)−1(0), ẑ∗ ∈ (F2 + G2)−1(0)

and hence (z∗, ẑ∗) ∈ Γ. The proof is complete.

Remark 5.2.7. We observe that Algorithm 5.2.1 is equivalent to the following

scheme:

(z0, w0) ∈ H1 ×H1 and (ẑ0, ŵ0) ∈ H2 ×H2 chosen arbitrary,

xn = (I + λnG1)−1(zn + λnwn),

yn = (I + µnF1)−1((1− θn)zn + θnxn − µnwn),

x̂n = (I + λnG2)−1(ẑn + λnŵn),

ŷn = (I + µnF2)−1((1− θn)ẑn + θnx̂n − µnŵn),

pn+1 = αnf1(zn, wn) + (1− αn)[(1− ωn)(an, wn) + ωn(hn, gn)],

vn+1 = αnf2(ẑn, ŵn) + (1− αn)[(1− ωn)(ân, ŵn) + ωn(ĥn, ĝn)],

(5.66)

where

an = zn − γnA∗(Azn −Bẑn),

ân = ẑn + γnA
∗(Azn −Bẑn),
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hn = βnan +
n∑
i=1

(βi−1 − βi)ςi

gn = βnbn +
n∑
i=1

(βi−1 − βi)τi

ĥn = βnân +
n∑
i=1

(βi−1 − βi)ς̂i

ĝn = βnb̂n +
n∑
i=1

(βi−1 − βi)τ̂i,

such that

ςi =

an if ϕi(zn, wn) ≤ 0,

an − δi(di + ei) if ϕi(zn, wn) > 0,

τi =

bn if ϕi(zn, wn) ≤ 0,

bn − δi(xi − yi) if ϕi(zn, wn) > 0,

ς̂i =

ân if ϕ̂i(ẑn, ŵn) ≤ 0,

ân − δ̂i(d̂i + êi) if ϕ̂i(ẑn, ŵn) > 0,

τ̂i =

b̂n if ϕ̂i(ẑn, ŵn) ≤ 0,

b̂n − δ̂i(x̂i − ŷi) if ϕ̂i(ẑn, ŵn) > 0,

λn, µn ∈ [λ, λ] for some λ > λ > 0, θn ∈ R, with

δi =
〈an − xi, ei − wn〉+ 〈an − yi, di + wn〉

||di + ei||2 + ||xi − yi||2

and

δ̂i =
〈ân − x̂i, êi − ŵn〉+ 〈ân − ŷi, d̂i + ŵn〉

||d̂i + êi||2 + ||x̂i − ŷi||2
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5. Split Equality Methods for a Solution of Monotone Inclusion Problems

for ei ∈ G1(xi), di ∈ F1(yi), êi ∈ G2(x̂i) and d̂i ∈ F2(ŷi).

If, in Theorem 5.2.6, we assume f1 = (z, w) ∈ H1×H1 and f2 = (ẑ, ŵ) ∈ H2×H2,

then we get the following corollary for approximating a solution of the split equality

monotone inclusion problem (2.13).

Corollary 5.2.8. LetH1, H2 andH3 be real Hilbert spaces. Let F1, G1 : H1 → 2H1

and F2, G2 : H2 → 2H2 be maximally monotone mappings and Γ := {(x, y) ∈

H1 × H2 : x ∈ (F1 + G1)−1(0), y ∈ (F2 + G2)−1(0) and Ax = By} 6= ∅. Let

A : H1×H1 → H3×H3 and B : H2×H2 → H3×H3 are as in (5.2) with adjoints

A∗ and B∗, respectively. Let the sequences {λn}, {µn} ⊂ [λ, λ] for some λ > λ > 0

and {θn} ⊂ R satisfy the condition

inf
n≥0

{µn
λn
−
(θn

2

)2}
> 0.

For arbitrary (z0, w0), (z, w) ∈ H1 × H1 and (ẑ0, ŵ0), (ẑ, ŵ) ∈ H2 × H2 define an

iterative algorithm by

xn = (I + λnG1)−1(zn + λnwn),

yn = (I + µnF1)−1((1− θn)zn + θnxn − µnwn),

x̂n = (I + λnG2)−1(ẑn + λnŵn),

ŷn = (I + µnF2)−1((1− θn)ẑn + θnx̂n − µnŵn),

pn+1 = αn(z, w) + (1− αn)[(1− ωn)(an, wn) + ωn(hn, gn)],

vn+1 = αn(ẑ, ŵ) + (1− αn)[(1− ωn)(ân, ŵn) + ωn(ĥn, ĝn)],

(5.67)

where an, ân, hn, gn, ĥn and ĝn are as in (5.66). Then, {(zn, wn), (ẑn, ŵn)} converges

strongly to an element (p∗, v∗) = ((z∗, w∗), (ẑ∗, ŵ∗)) of F , where (z∗, ẑ∗) ∈ Γ.

If, in Theorem 5.2.6, we assume θn = 0 for all n ≥ 0 and then we get the following

method for approximating the split equality monotone inclusion problem 2.13.

Corollary 5.2.9. LetH1, H2 andH3 be real Hilbert spaces. Let F1, G1 : H1 → 2H1

and F2, G2 : H2 → 2H2 be maximally monotone mappings and Γ := {(x, y) ∈
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H1 × H2 : x ∈ (F1 + G1)−1(0), y ∈ (F2 + G2)−1(0) and Ax = By} 6= ∅. Let

A : H1×H1 → H3×H3 and B : H2×H2 → H3×H3 are as in (5.2) with adjoints

A∗ and B∗, respectively. Let λn, µn ∈ [λ, λ] for some λ > λ > 0. For arbitrary

(z0, w0) ∈ H1 ×H1 and (ẑ0, ŵ0) ∈ H2 ×H2 define an iterative algorithm by

xn = (I + λnG1)−1(zn + λnwn),

yn = (I + µnF1)−1(zn − µnwn),

x̂n = (I + λnG2)−1(ẑn + λnŵn),

ŷn = (I + µnF2)−1(ẑn − µnŵn),

pn+1 = αnf1(zn, wn) + (1− αn)[(1− ωn)(an, wn) + ωn(hn, gn)],

vn+1 = αnf2(ẑn, ŵn) + (1− αn)[(1− ωn)(ân, ŵn) + ωn(ĥn, ĝn)],

. (5.68)

where an, ân, hn, gn, ĥn and ĝn are as in (5.66). Then, {(zn, wn), (ẑn, ŵn)} converges

strongly to an element (p∗, v∗) = ((z∗, w∗), (ẑ∗, ŵ∗)) of F , where (z∗, ẑ∗) ∈ Γ.

If, in Theorem 5.2.6, we take H2 = H3 and B = I, then we obtain a convergence

result for a solution of the split monotone inclusion problem (SMIP) given in

(2.10).

Theorem 5.2.10. Let H1 and H2 be real Hilbert spaces. Let F1, G1 : H1 → 2H1

and F2, G2 : H2 → 2H2 be maximally monotone mappings and Γ̄ := {(x, y) ∈

H1 × H2 : x ∈ (F1 + G1)−1(0) such that y = Ax ∈ (F2 + G2)−1(0)} 6= ∅. Let

A : H1 → H2. If the sequences {λn}, {µn} ⊂ [λ, λ] for some λ > λ > 0 and

{θn} ⊂ R satisfy the condition

inf
n≥0

{µn
λn
−
(θn

2

)2}
> 0,

then, the sequence {((zn, wn), (ẑn, ŵn))} generated by Algorithm 5.2.1, with B = I,

identity mapping on H2, converges strongly to an element (p∗, v∗) = ((z∗, w∗), (ẑ∗, ŵ∗))

of F , where (z∗, ẑ∗) ∈ Γ̄.
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5.2.1 Application to Convex Minimization Problem

In this subsection, we shall apply Theorem 5.2.6 to study the convex minimization

problem.

Theorem 5.2.11. Let H1, H2 and H3 be real Hilbert spaces. Let h1 : H1 → R and

h2 : H2 → R be convex smooth functions and k1 : H1 → R and k2 : H2 → R be

convex, lower semicontinuous functions such that Γ = {(x, y) ∈ H1×H2 : h1(x) +

k1(x) = minz∈H{h1(z)+k1(z)}, h2(y)+k2(y) = minẑ∈H{h2(ẑ)+k2(ẑ)} and Ax =

By} 6= ∅. Let A : H1×H1 → H3×H3 and B : H2×H2 → H3×H3 are as in (5.2)

with adjoints A∗ and B∗ respectively. Let {λn} and {µn} be real sequences such

that {λn}, {µn} ⊂ [λ, λ] for some λ > λ > 0 and {θn} ⊂ R satisfy the condition

inf
n≥0

{µn
λn
−
(θn

2

)2}
> 0.

For arbitrary (z0, w0) ∈ H1 × H1 and (ẑ0, ŵ0) ∈ H2 × H2 define an iterative

algorithm by

xn = (I + λn∂k1)−1(zn + λnwn),

yn = (I + µn∇h1)−1((1− θn)zn + θnxn − µnwn),

x̂n = (I + λn∂k2)−1(ẑn + λnŵn),

ŷn = (I + µn∇h2)−1((1− θn)ẑn + θnx̂n − µnŵn),

pn+1 = αnf1(zn, wn) + (1− αn)[(1− ωn)(an, wn) + ωn(hn, gn)],

vn+1 = αnf2(ẑn, ŵn) + (1− αn)[(1− ωn)(ân, ŵn) + ωn(ĥn, ĝn)],

(5.69)

where an, ân, hn, gn, ĥn and ĝn are as in (5.66) for ei ∈ ∂k1(xi), di ∈ ∇h1(yi),

êi ∈ ∂k2(x̂i) and d̂i ∈ ∇h2(ŷi). Then, {(zn, wn), (ẑn, ŵn)} converges strongly to an

element (p∗, v∗) = ((z∗, w∗), (ẑ∗, ŵ∗)) of F , where (z∗, ẑ∗) ∈ Γ.

Proof. Let F1 = ∇h1, G1 = ∂k1, F2 = ∇h2 and G2 = ∂k2 be as in Theorem 5.2.11.

Then, Theorem 5.2.6 provides the conclusion of the theorem.
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5.2.2 Numerical Example

In this subsection, we present a numerical experiment result to explain the con-

clusion of our result. The following numerical example verifies the conclusion of

Corollary 5.2.9.

Example 5.2.12. Let H1 = H2 = H3 = l2, where l2 is the space of sequences.

Let A,B : l2 × l2 → l2 × l2 be defined by A(z, w) = ( z
2
, 0) and B(ẑ, ŵ) =

(ẑ, 0), where z = (z1, z2, ...), w = (w1, w2, ...), ẑ = (ẑ1, ẑ2, ...), ŵ = (ŵ1, ŵ2, ...) ∈

l2. Let F1, G1, F2, G2 : l2 → l2 be defined by F1x = x + (1, 1.25, 1, 0, 0, ...),

G1x = 2x + (5, 1.75, 0.5, 0, 0, ...), F2x = x + (−1, 1, 1.25, 0, 0, ...) and G2x =

2x + (3, 0,−0.75, 0, 0, ...), where x = (x1, x2, ...) ∈ l2. We see that F1, G1, F2 and

G2 are maximally monotone with R(I + γF1) = R(I + γG1) = l2 = R(I + γF2) =

R(I + γG2) for each γ > 0. Now, by direct calculation we get that

xn =
zn + λwn − λ(5, 1.75, 0.5, 0, 0, ...)

1 + 2λ
, yn =

zn − λwn − λ(1, 1.25, 1, 0, 0, ...)

1 + λ
,

dn =
zn − λwn + (1, 1.25, 1, 0, 0, ...)

1 + λ
, en =

2zn − 2λwn + (5, 1.75, 0.5, 0, 0, ...)

1 + 2λ
,

x̂n =
ẑn + λŵn − λ(3, 0,−0.75, 0, 0, ...)

1 + λ
, ŷn =

ẑn − λŵn − λ(−1, 1, 1.25, 0, 0, ...)

1 + λ
,

d̂n =
ẑn − λŵn − (−1, 1, 1.25, 0, 0, ...)

1 + λ
and ên =

ẑn + λŵn + (3, 0,−0.75, 0, 0, ...)

1 + λ
,

for some λ > 0. Thus, if we assume λn = µn = 1, αn = 1
105(n+100)

, βn =

1
n
, ωn = 9n+100

10n+100
for all n ≥ 1, and f1(x) = f2(x) = x

10
with initial points

z1 = (−1, 1,−2, 0, 0, ...), w1 = (1, 0,−2, 0, 0, ...), ẑ1 = (−1,−1, 1, 0, 0, ...) and

ŵ1 = (−1, 2,−1, 0, 0, ...), then the iteration Scheme (5.68) provides the follow-

ing numerical experiment result using MATLAB (see, Table 5.1 and Table 5.2)

below. From this we obtain that the Algorithms zn and ẑn converges strongly

to z∗ = (−2,−1,−1
2
, 0, 0, ...) ∈ (F1 + G1)−1(0) and ẑ∗ = (−1,−1

2
,−1

4
, 0, 0, ...) ∈

(F2 +G2)−1(0) respectively, where A(z∗) = B(ẑ∗).
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Table 5.1: Convergence of the sequence {zn}

n zn ||zn+1 − zn||l2
1 (−1.0000, 1.0000,−2.0000, 0, 0, ...)

5 (−1.6546,−0.3399,−0.9301, 0, 0, ...) 0.5854

10 (−1.7874,−0.6085,−0.7857, 0, 0, ...) 0.0389

100 (−1.9605,−0.9364,−0.5666, 0, 0, ...) 9.0000e-04

500 (−1.9900,−0.9876,−0.5125, 0, 0, ...) 1.0000e-04

600 (−1.9916,−0.9903,−0.5095, 0, 0, ...) 1.0000e-04

700 (−1.9928,−0.9922,−0.5072, 0, 0, ...) 1.0000e-04

800 (−1.9937,−0.9936,−0.5055, 0, 0, ...) 0

900 (−1.9944,−0.9947,−0.5042, 0, 0, ...) 0

1000 (−1.9950,−0.9957,−0.5031, 0, 0, ...) 0
...

...

↓ ↓
(−2,−1,−1

2
, 0, 0, ...) 0

Table 5.2: Convergence of the sequence {ẑn}

n ẑn ||ẑn+1 − ẑn||l2
1 (−1.0000,−1.0000,−1.0000, 0, 0, ...)

5 (−0.9072,−0.4382,−0.7684, 0, 0, ...) 0.0604

10 (−0.9085,−0.3628,−0.6164, 0, 0, ...) 0.0258

100 (−0.9799,−0.4674,−0.2866, 0, 0, ...) 5.3852e-04

500 (−0.9950,−0.4938,−0.2564, 0, 0, ...) 1.4142e-04

600 (−0.9958,−0.4951,−0.2549, 0, 0, ...) 0

700 (−0.9964,−0.4960,−0.2537, 0, 0, ...) 0

800 (−0.9968,−0.4968,−0.2528, 0, 0, ...) 0

900 (−0.9972,−0.4974,−0.2521, 0, 0, ...) 0

1000 (−0.9975,−0.4978,−0.2516, 0, 0, ...) 0
...

...

↓ ↓
(−1,−1

2
,−1

4
, 0, 0, ...) 0
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Chapter 6

Approximation of Common

f-Fixed Points of

f-Pseudocontractive Mappings in

Banach Spaces

In this chapter, we introduce and study a new class of mappings called

f -pseudocontractive mappings with the notion of f -fixed points and construct an

algorithm which converges strongly to a common f -fixed point of such mappings

in Banach space.

6.1 Iterative Schemes for a Common f-fixed Point

of f-Pseudocontractive Mappings in Banach

Spaces

In this section, let E be a real reflexive Banach space with its dual E∗ and let

f : E → (−∞,+∞] be a proper, lower-semi-continuous and Gâteaux differentiable

convex function on E with f ∗ : E∗ → (−∞,+∞] as the Fenchel conjugate of f .
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We introduce the following definition.

Definition 6.1.1. Let C be a nonempty subset of E. A mapping T : C → E∗ is

said to be f -pseudocontractive if for each x, y ∈ C the following inequality holds:

〈Tx− Ty, x− y〉 ≤ 〈∇fx−∇fy, x− y〉.

It is called strictly f -pseudocontractive if there exists γ > 0 such that for each

x, y ∈ C

〈Tx− Ty, x− y〉 ≤ 〈∇fx−∇fy, x− y〉 − γ||(∇fx−∇fy)− (Tx− Ty)||2.

Example 6.1.2. Let 1 < q < p <∞ such that 1
p

+ 1
q

= 1. Define f : `p → [0,∞)

by f(x) = ||x||p
p

and T : `p → `q by Tx = −∇fx, then T is f -pseudocontractive

mapping.

Definition 6.1.3. Let C be a nonempty, closed and convex subset of E. Let

T : C → E∗ be a map. A point p ∈ C is called f -fixed point of T if Tp = ∇fp.

We denote the set of f -fixed points of T by Ff (T ), that is, Ff (T ) := {p ∈ C :

Tp = ∇fp}.

Example 6.1.4. Let 1 < q < p <∞ 1
p

+ 1
q

= 1 and let α1, α2 ∈ {x ∈ R : x ≥ 0}

be arbitrary. Define T : `p → `q by T (x1, x2, x3, · · · ) = (|x1|p−1, |x2|p−1, 0, 0, · · · )

and f : `p → [0,∞) by f(x) = ||x||p
p

. Then, αx := (α1, α2, 0, 0, · · · ) is f -fixed point

of T .

We observe that if f(x) = 1
2
||x||2, then ∇f = J , the normalized duality map-

ping from E into 2E
∗
, and hence f -pseudocontractive mappings become semi-

pseudocontractive mappings and f -fixed points of T reduces to semi-fixed points

of T . If, in addition, E = H, a real Hilbert space, then f -pseudocontractive map-

ping reduces to pseudocontractive mapping. Therefore, we obtain that the class of

f -pseudoconstrictive mappings includes the class of semi-pseudocontractive map-

pings and hence it is an extension of pseudocontractive mappings to Banach spaces.
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We remark that this class of f -pseudocontractive mappings in Banach spaces is

closely related with the important class of nonlinear monotone mappings. Observe

that T is f -pseudocontractive if and only if A := ∇f − T is monotone and if T is

strictly f -pseudocontractive, then A := ∇f − T is γ-inverse strongly monotone.

Furthermore, we observe that zeros of A correspond to f -fixed points of T . In

fact, if T and ∇f are continuous then A is maximal monotone and the set of zeros

of A and hence the set of f -fixed points of an f -pseudocontractive mapping T is

closed and convex (see, [93]).

Theorem 6.1.5. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant µ >

0 on bounded subsets of E. Let Ti : E → E∗ be a Lipschitz and f -pseudocontractive

mappings with Lipschitz constants Li, for i = 1, 2 such that Ω = Ff (T1)∩Ff (T2) 6=

∅. For arbitrary x0, v ∈ E define an iterative algorithm by

yn = ∇f ∗((1− λn)∇fxn + λnT1xn),

zn = ∇f ∗((1− λn)∇fxn + λnT2xn),

vn = ∇f ∗((1− λn)∇fyn + λn∇fxn + λn(T1yn − T1xn)),

un = ∇f ∗((1− λn)∇fzn + λn∇fxn + λn(T2zn − T2xn)),

xn+1 = ∇f ∗(αn∇fv + (1− αn)∇fwn),

(6.1)

where wn = ∇f ∗(βn∇fxn+ηn∇fvn+θn∇fun), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn =

0,
∑∞

n=1 αn = ∞, 0 < λ ≤ λn ≤ λ < µ
µ+L

, for L := max{L1, L2} and {βn}, {ηn},

{θn} ⊂ [ε, 1) ⊂ (0, 1) such that βn + ηn + θn = 1, for all n ≥ 0. Then, {xn} is

bounded.

Proof. Let x∗ ∈ Ω. Then, from (6.1) and Lemma 4.1.6, we get

Df (x
∗, xn+1) = Df (x

∗,∇f ∗[αn∇fv + (1− αn)∇fwn])

≤ αnDf (x
∗, v) + (1− αn)[βnDf (x

∗, xn) + ηnDf (x
∗, vn)

+θnDf (x
∗, un)]. (6.2)
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Now, from (1.15), we obtain

Df (x
∗, vn) = Df (x

∗,∇f ∗((1− λn)∇fyn + λn∇fxn + λn(T1yn − T1xn))

= f(x∗)− 〈x∗ − vn, (1− λn)∇fyn + λn∇fxn + λn(T1yn − T1xn)〉

−f(vn)

= f(x∗)− 〈x∗ − vn, (1− λn)∇fyn〉 − 〈x∗ − vn, λn∇fxn〉

−〈x∗ − vn, λn(T1yn − T1xn)〉 − f(vn)

= f(x∗)− 〈x∗ − vn,∇fyn〉 − 〈x∗ − vn, λn(∇fxn −∇fyn)〉

−〈x∗ − vn, λn(T1yn − T1xn)〉 − f(vn)

= Df (x
∗, yn)− [f(vn)− 〈vn − yn,∇fyn〉 − f(yn)]

−〈x∗ − vn, λn(∇fxn −∇fyn)〉 − 〈x∗ − vn, λn(T1yn − T1xn)〉

= Df (x
∗, yn)−Df (vn, yn)− 〈x∗ − vn, λn(∇fxn −∇fyn〉)

−〈x∗ − vn, λn(T1yn − T1xn)〉, (6.3)

and from (1.17), we obtain

Df (x
∗, yn)−Df (vn, yn) = Df (x

∗, xn)−Df (vn, xn)

+〈∇fxn −∇fyn, x∗ − vn〉. (6.4)

Now, combining (6.3) and (6.4), we obtain

Df (x
∗, vn) = Df (x

∗, xn)−Df (vn, xn) + 〈∇fxn −∇fyn, x∗ − vn〉

−〈x∗ − vn, λn(∇fxn −∇fyn)〉

−〈x∗ − vn, λn(T1yn − T1xn)〉. (6.5)

From (1.16), we get

Df (vn, xn) = Df (vn, yn) +Df (yn, xn)− 〈∇fxn −∇fyn, vn − yn〉. (6.6)
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Substituting (6.6) into (6.5), we have

Df (x
∗, vn) = Df (x

∗, xn)−Df (vn, yn)−Df (yn, xn)

+〈∇fxn −∇fyn, vn − yn〉+ 〈∇fxn −∇fyn, x∗ − vn〉

−〈x∗ − vn, λn(∇fxn −∇fyn)〉 − 〈x∗ − vn, λn(T1yn − T1xn)〉

= Df (x
∗, xn)−Df (vn, yn)−Df (yn, xn) + 〈∇fxn −∇fyn, x∗ − yn〉

−〈x∗ − vn, λn(∇fxn −∇fyn)〉 − 〈x∗ − vn, λn(T1yn − T1xn)〉

= Df (x
∗, xn)−Df (vn, yn)−Df (yn, xn) + 〈∇fxn −∇fyn, x∗ − yn〉

−〈x∗ − yn + yn − vn, λn(∇fxn −∇fyn)〉

−〈x∗ − yn + yn − vn, λn(T1yn − T1xn)〉

= Df (x
∗, xn)−Df (vn, yn)−Df (yn, xn) + 〈∇fxn −∇fyn, x∗ − yn〉

−〈x∗ − yn, λn(∇fxn −∇fyn)〉 − 〈yn − vn, λn(∇fxn −∇fyn〉)

−〈x∗ − yn, λn(T1yn − T1xn)〉 − 〈yn − vn, λn(T1yn − T1xn)〉

= Df (x
∗, xn)−Df (vn, yn)−Df (yn, xn)

−〈yn − x∗, λn((∇f − T1)yn − (∇f − T1)xn)− (∇fyn −∇fxn)〉

+λn〈vn − yn,∇fxn −∇fyn〉+ λn〈vn − yn, T1yn − T1xn〉. (6.7)

Furthermore, from (1.16), we obtain

〈vn − yn,∇fxn −∇fyn〉 = Df (vn, yn) +Df (yn, xn)−Df (vn, xn)

≤ Df (vn, yn) +Df (yn, xn). (6.8)

From (6.7) and (6.8), we get

Df (x
∗, vn) ≤ Df (x

∗, xn)− (1− λn)[Df (vn, yn) +Df (yn, xn)]

−〈yn − x∗, λn((∇f − T1)yn − (∇f − T1)xn)− (∇fyn −∇fxn)〉

+λn〈vn − yn, T1yn − T1xn〉 (6.9)

But yn = ∇f ∗((1−λn)∇fxn+λnT1xn) implies that∇fxn−λn(∇f−T1)xn = ∇fyn.

Now, let sn = (∇f−T1)yn so that we have∇fxn+λn(∇f−T1)yn−λn(∇f−T1)xn =

134



6. f -Fixed point of f -Pseudocontractive Mappings

∇fyn + λnsn. This implies that

sn =
1

λn

(
λn(∇f − T1)yn − λn(∇f − T1)xn)− (∇fyn −∇fxn)

)
. (6.10)

On the other hand we know that 0 = (∇f − T1)x∗. Since ∇f − T1 is monotone,

we obtain

〈yn − x∗, sn〉 ≥ 0. (6.11)

Now, putting (6.10) into (6.11), we obtain

〈yn − x∗, λn(∇f − T1)yn − λn(∇f − T1)xn)− (∇fyn −∇fxn)〉 ≥ 0. (6.12)

From (6.9), (6.12), Lemma 4.1.13 and the fact that T1 is Lipschitz continuous, we

have

Df (x
∗, vn) ≤ Df (x

∗, xn)− (1− λn)[Df (vn, yn) +Df (yn, xn)]

+λn〈vn − yn, T1yn − T1xn〉

≤ Df (x
∗, xn)− (1− λn)[Df (vn, yn) +Df (yn, xn)]

+λn||vn − yn||||T1yn − T1xn||

≤ Df (x
∗, xn)− (1− λn)[Df (vn, yn) +Df (yn, xn)]

+λnL||vn − yn||||yn − xn||

≤ Df (x
∗, xn)− (1− λn)[Df (vn, yn) +Df (yn, xn)]

+
λnL

2
[||vn − yn||2 + ||yn − xn||2]

≤ Df (x
∗, xn)− (1− λn)[Df (vn, yn) +Df (yn, xn)]

+
λnL

µ
[Df (vn, yn) +Df (yn, xn)]

= Df (x
∗, xn)−

(µ− λn(µ+ L)

µ

)
Df (vn, yn)

−
(µ− λn(µ+ L)

µ

)
Df (yn, xn). (6.13)
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Similarly, we obtain that

Df (x
∗, un) ≤ Df (x

∗, xn)−
(µ− λn(µ+ L)

µ

)
Df (un, zn)

−
(µ− λn(µ+ L)

µ

)
Df (zn, xn), (6.14)

and hence since by hypothesis λn <
µ

µ+L
we obtain

Df (x
∗, vn) ≤ Df (x

∗, xn), (6.15)

and

Df (x
∗, un) ≤ Df (x

∗, xn). (6.16)

Finally, from (6.2), (6.15) and (6.16), we get

Df (x
∗, xn+1) ≤ αnDf (x

∗, v) + (1− αn)Df (x
∗, xn)

≤ max{Df (x
∗, v), Df (x

∗, xn)}, (6.17)

and by induction, we obtain

Df (x
∗, xn) ≤ max{Df (x

∗, v), Df (x
∗, x0)}. (6.18)

This implies that {Df (x
∗, xn)} is bounded. Therefore, by Lemma 4.1.3 we have

{xn} is bounded and so is the sequence {vn}.

Next, we prove our main theorem.

Theorem 6.1.6. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant µ >

0 on bounded subsets of E. Let Ti : E → E∗ be Lipschitz and f -pseudocontractive

mappings with Lipschitz constants Li, for i = 1, 2, such that Ω = Ff (T1)∩Ff (T2) 6=
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∅. For arbitrary x0, v ∈ E, define an iterative algorithm by

yn = ∇f ∗((1− λn)∇fxn + λnT1xn),

zn = ∇f ∗((1− λn)∇fxn + λnT2xn),

vn = ∇f ∗((1− λn)∇fyn + λn∇fxn + λn(T1yn − T1xn)),

un = ∇f ∗((1− λn)∇fzn + λn∇fxn + λn(T2zn − T2xn)),

xn+1 = ∇f ∗(αn∇fv + (1− αn)∇fwn),

(6.19)

where wn = ∇f ∗(βn∇fxn+ηn∇fvn+θn∇fun), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn =

0,
∑∞

n=1 αn = ∞, 0 < λ ≤ λn ≤ λ < µ
µ+L

, for L := max{L1, L2} and {βn}, {ηn},

{θn} ⊂ [ε, 1) ⊂ (0, 1) such that βn + ηn + θn = 1, for all n ≥ 0. Then, {xn}

converges strongly to an element x∗ = P f
Ω(v).

Proof. From Theorem 7.2.5, we know that {xn} is bounded. Let x∗ = P f
Ω(v). We

note that from Lemma 4.1.5 (i), we get

〈u− x∗,∇fv −∇fx∗〉 ≤ 0,∀ u ∈ Ω. (6.20)

From (6.19), Lemma 4.1.6, (6.15) and (6.16), we have

Df (x
∗, wn) = Df (x

∗,∇f ∗(βn∇fxn + ηn∇fvn + θn∇fun))

≤ βnDf (x
∗, xn) + ηnDf (x

∗, vn) + θnDf (x
∗, un)

≤ Df (x
∗, xn). (6.21)
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Now, from (6.19), Lemma 4.1.6, (1.20) and (6.21), we obtain

Df (x
∗, xn+1) = Df (x

∗,∇f ∗(αn∇fv + (1− αn)∇fwn))

= Vf (x
∗, αn∇fv + (1− αn)∇fwn)

≤ Vf (x
∗, αn∇fv + (1− αn)∇fwn − αn(∇fv −∇fx∗))

+〈αn(∇fv −∇fx∗), xn+1 − x∗〉

= Vf (x
∗, αn∇fx∗ + (1− αn)∇fwn)

+αn〈∇fv −∇fx∗, xn+1 − x∗〉

= Df (x
∗,∇f ∗(αn∇fx∗ + (1− αn)∇fwn))

+αn〈∇fv −∇fx∗, xn+1 − x∗〉

≤ αnDf (x
∗, x∗) + (1− αn)Df (x

∗, wn)

+αn〈∇fv −∇fx∗, xn+1 − x∗〉

≤ (1− αn)Df (x
∗, xn) + αn〈∇fv −∇fx∗, xn+1 − x∗〉

≤ (1− αn)Df (x
∗, xn) + αn||∇fv −∇fx∗||||xn+1 − xn||

+αn〈∇fv −∇fx∗, xn − x∗〉. (6.22)

Moreover, from (6.2), (6.13) and (6.14), we have

Df (x
∗, xn+1) ≤ αnDf (x

∗, v) + (1− αn)Df (x
∗, xn)

−
(µ− λn(µ+ L)

µ

)
(1− αn)

[
ηn(Df (vn, yn) +Df (yn, xn))

+θn(Df (un, zn) +Df (zn, xn))
]
, (6.23)

which implies that

(µ− λn(µ+ L)

µ

)
(1− αn)ηn[Df (vn, yn) +Df (yn, xn)]

+
(µ− λn(µ+ L)

µ

)
(1− αn)θn[Df (un, zn) +Df (zn, xn)]

≤ αn(Df (x
∗, v)−Df (x

∗, xn)) +Df (x
∗, xn)−Df (x

∗, xn+1). (6.24)

Now,we divide the rest of the proof into two parts as follows:
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Case 1. Assume that there exists n0 ∈ N such that the sequence of real numbers

{Df (x
∗, xn)} is decreasing for all n ≥ n0. It then follows that {Df (x

∗, xn)} is

convergent and hence Df (x
∗, xn)−Df (x

∗, xn+1)→ 0 as n→∞. Thus from (6.24)

and the conditions on αn, ηn and θn, we get

lim
n→∞

[Df (vn, yn) +Df (yn, xn)] = 0, (6.25)

and

lim
n→∞

[Df (un, zn) +Df (zn, xn)] = 0, (6.26)

which imply that

lim
n→∞

||vn − yn|| = lim
n→∞

||yn − xn|| = 0, (6.27)

and

lim
n→∞

||un − zn|| = lim
n→∞

||zn − xn|| = 0. (6.28)

Consequently, from (6.27) and (6.28), we get

||xn − vn|| ≤ ||xn − yn||+ ||yn − vn|| → 0 as n→∞, (6.29)

and

||xn − un|| ≤ ||xn − zn||+ ||zn − un|| → 0 as n→∞. (6.30)

Moreover, from (6.19), we have

lim
n→∞

||∇fxn+1 −∇fwn|| = lim
n→∞

αn||∇fv −∇fwn|| = 0, (6.31)

and the fact that ∇f ∗ is uniformly continuous on bounded subset of E∗ yields

lim
n→∞

||xn+1 − wn|| = 0. (6.32)
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Next, from (6.19), we have

Df (xn, wn) = Df (xn,∇f ∗(βn∇fxn + ηn∇fvn + θn∇fun))

≤ βnDf (xn, xn) + ηnDf (xn, vn) + θnDf (xn, un), (6.33)

and from Lemma 4.1.7, (6.29), (6.30) and (6.33), we obtain

lim
n→∞

||xn − wn|| = 0. (6.34)

Consequently, from (6.32) and (6.34), we get

||xn+1 − xn|| ≤ ||xn+1 − wn||+ ||wn − xn|| → 0 as n→∞. (6.35)

Since {xn} is bounded in E, there exists p ∈ E and a subsequence {xnk} of {xn}

such that xnk ⇀ p and

lim sup
n→∞

〈xn − x∗,∇fv −∇fx∗〉 = lim
k→∞
〈xnk − x∗,∇fv −∇fx∗〉. (6.36)

Now, we show that p ∈ Ω, that is T1p = ∇fp = T2p. Suppose z = (∇f − T1)w.

Note that from (6.19), we get

∇fxnk − λnk(∇f − T1)xnk = ∇fynk , (6.37)

and hence

1

λnk
(∇fxnk −∇fynk + λnk((∇f − T1)ynk − (∇f − T1)xnk)) = (∇f − T1)ynk .

In addition, monotonicity of A yields that

〈w − ynk , z −
1

λnk
(∇fxnk −∇fynk + λnk((∇f − T1)ynk − (∇f − T1)xnk))〉 ≥ 0.
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Thus, we have

〈w − ynk , z〉 ≥ 〈w − ynk ,
1

λnk
(∇fxnk −∇fynk〉

+〈w − ynk , (∇f − T1)ynk − (∇f − T1)xnk)〉

= 〈x− ynk ,
1

λnk
(∇fxnk −∇fynk)〉

+〈w − ynk ,∇fynk −∇fxnk〉

+〈w − ynk , T1xnk − T1ynk〉, (6.38)

Furthermore, from (6.27), the fact that T1 and ∇f are uniformly continuous, we

obtain limn→∞ ||T1xnk − T1ynk || = 0 and limn→∞ ||∇fxnk − ∇fynk || = 0. Conse-

quently, inequality (6.38) provides that 〈w−p, z〉 ≥ 0 and hence by the maximality

of ∇f − T1, we obtain 0 = (∇f − T1)p, that is, p ∈ Ff (T1). Similarly, we get that

p ∈ Ff (T2), and hence p ∈ Ff (T1) ∩ Ff (T2). Thus, by Lemma 4.1.5, we obtain

lim sup
n→∞

〈xn − x∗,∇fv −∇fx∗〉 = lim
k→∞
〈xnk − x∗,∇fv −∇fx∗〉

= 〈p− x∗,∇fv −∇fx∗〉 ≤ 0. (6.39)

Therefore, from (6.22), (6.35), (6.39) and Lemma 3.1.9, we conclude thatDf (x
∗, xn)→

0 as n→∞ which implies that xn → x∗ as n→∞.

Case 2. Suppose that there exists a subsequence {ni} of {n} such that

Df (x
∗, xni) < Df (x

∗, xni+1),∀i ∈ N. (6.40)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {mk} ⊂ N such

that mk → ∞ as k → ∞ and max{Df (x
∗, xmk), Df (x

∗, xk)} ≤ Df (x
∗, xmk+1) for

all k ∈ N. Thus, from (6.24) and the conditions on αn, ηn and θn, we get

lim
k→∞
||vmk − ymk || = lim

k→∞
||ymk − xmk || = 0, (6.41)
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and

lim
k→∞
||umk − zmk || = lim

k→∞
||zmk − xmk || = 0. (6.42)

Moreover, following the methods in Case 1, we have

lim
k→∞
||xmk − xmk+1|| = 0, (6.43)

and

lim sup
k→∞

〈xmk − x∗,∇fv −∇fx∗〉 ≤ 0. (6.44)

Now, the inequality in (6.22) provides

αmkDf (x
∗, xmk) ≤ Df (x

∗, xmk)−Df (x
∗, xmk+1)

+αmk ||xmk − xmk+1||||∇fv −∇fx∗||

+αmk〈xmk − x∗,∇fv −∇fx∗〉

≤ αmk ||xmk − xmk+1||||∇fv −∇fx∗||

+αmk〈xmk − x∗,∇fv −∇fx∗〉. (6.45)

Consequently, since αmk > 0, we get

Df (x
∗, xmk) ≤ ||xmk − xmk+1||||∇fv −∇fx∗||

+〈xmk − x∗,∇fv −∇fx∗〉. (6.46)

Therefore, from (6.43), (6.44) and (6.46), we obtain Df (x
∗, xmk) → 0 as k → ∞

and hence from (6.23) we have Df (x
∗, xmk+1) → 0 as k → ∞. But the fact

Df (x
∗, xk) ≤ Df (x

∗, xmk+1) implies that limk→∞Df (x
∗, xk) = 0. Therefore, xk →

x∗ as k →∞. The proof is complete.

We remark that the method of proof of Theorem 6.1.6 provides the following

theorem for approximating common f -fixed points of a finite family of Lipschitz

and f -pseudocontractive mappings in Banach spaces.
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Theorem 6.1.7. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant µ >

0 on bounded subsets of E. Let Ti : E → E∗ be Lipschitz and f -pseudocontractive

mappings with Lipschitz constants Li, for i = 1, 2, · · ·N such that Ω = ∩Ni=1Ff (Ti) 6=

∅. For arbitrary x0, v ∈ E define an iterative algorithm by
yn,i = ∇f ∗((1− λn)∇fxn + λnTixn),

vn,i = ∇f ∗((1− λn)∇fyn,i + λn∇fxn + λn(Tiyn,i − Tixn)),

xn+1 = ∇f ∗(αn∇fv + (1− αn)∇fwn),

(6.47)

where wn = ∇f ∗(βn∇fxn+
∑N

i=1 ηn,i∇fvn,i), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,∑∞
n=1 αn = ∞, 0 < λ ≤ λn ≤ λ < µ

µ+L
, for L := max{Li : i = 1, 2, · · · , N} and

{βn}, {ηn,i} ⊂ [ε, 1) ⊂ (0, 1) such that βn +
∑N

i=1 ηn,i = 1, for all n ≥ 0. Then,

{xn} converges strongly to an element x∗ = P f
Ω(v).

The following theorem follows from Theorem 6.1.6, when T2 = ∇f .

Theorem 6.1.8. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant µ >

0 on bounded subsets of E. Let T : E → E∗ be a Lipschitz and f -pseudocontractive

mapping with Lipschitz constant L such that Ff (T ) 6= ∅. For arbitrary x0, v ∈ E,

define an iterative algorithm by
yn = ∇f ∗((1− λn)∇fxn + λnTxn),

vn = ∇f ∗((1− λn)∇fyn + λn∇fxn + λn(Tyn − Txn)),

xn+1 = ∇f ∗(αn∇fv + (1− αn)[βn∇fxn + (1− βn)∇fvn]),

(6.48)

where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞, 0 < λ ≤ λn ≤ λ < µ
µ+L

and {βn} ⊂ [ε, 1) ⊂ (0, 1), for all n ≥ 0. Then, {xn} converges strongly to an

element x∗ = PFf (T )(v).

Next, we state a theorem for a common zero of Lipschitz monotone mappings.
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Theorem 6.1.9. Let f ∈ F(E) be a strongly coercive bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let Ai : E → E∗ be monotone mappings such that

(∇f −Ai) are Lipschitz with Lipschitz constant Li, for i = 1, 2, and Ω = {x ∈ E :

x ∈ ∩2
i=1A

−1
i (0)} 6= ∅. For arbitrary x0, v ∈ E, define an iterative algorithm by

vn = ∇f ∗(∇fyn − λn(A1yn − A1xn)),

un = ∇f ∗(∇fzn − λn(A2zn − A2xn)),

xn+1 = ∇f ∗(αn∇fv + (1− αn)∇fwn),

(6.49)

where yn = ∇f ∗(∇fxn−λnA1xn), zn = ∇f ∗(∇fxn−λnA2xn), wn = ∇f ∗(βn∇fxn+

ηn∇fvn + θn∇fun), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 <

λ ≤ λn ≤ λ < µ
µ+L

, for L := max{L1, L2} and {βn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1)

such that βn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to an

element x∗ = P f
Ω(v).

Proof. Consider Ti = ∇f − Ai, for i = 1, 2. Then, we have that Ti is Lipschitz

f -pseudocontractive mapping and f -fixed point of Ti is the same as the zero of

Ai, for i = 1, 2. Moreover, the scheme in (6.49) reduces to the scheme in (6.19).

Therefore, Theorem 6.1.6 provides the conclusion of the theorem.

The following corollary is for a common f -fixed point of strictly f -pseudocontractive

mappings which follows from Theorem 6.1.6.

Corollary 6.1.10. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let Ti : E → E∗ be Lipschitz and strictly

f -pseudocontractive mappings with Lipschitz constant Li, for i = 1, 2, such that

Ω = Ff (T1) ∩ Ff (T2) 6= ∅. For arbitrary x0, v ∈ E, define an iterative algorithm
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by 

yn = ∇f ∗((1− λn)∇fxn + λnT1xn),

zn = ∇f ∗((1− λn)∇fxn + λnT2xn),

vn = ∇f ∗((1− λn)∇fyn + λn∇fxn + λn(T1yn − T1xn)),

un = ∇f ∗((1− λn)∇fzn + λn∇fxn + λn(T2zn − T2xn)),

xn+1 = ∇f ∗(αn∇fv + (1− αn)∇fwn),

(6.50)

where wn = ∇f ∗(βn∇fxn+ηn∇fvn+θn∇fun), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn =

0,
∑∞

n=1 αn = ∞, 0 < λ ≤ λn ≤ λ < µ
µ+L

, for L := max{L1, L2} and {βn}, {ηn},

{θn} ⊂ [ε, 1) ⊂ (0, 1) such that βn + ηn + θn = 1, for all n ≥ 0. Then, {xn}

converges strongly to an element x∗ = P f
Ω(v).

If, in Theorem 6.1.6, E is in addition a smooth and strictly convex, then f(x) =

1
2
||x||2 is a strongly coercive, bounded and uniformly Fréchet differentiable Leg-

endre function which is strongly convex with constant µ = 1 and conjugate

f ∗(x∗) = 1
2
||x∗||2 which imply that ∇f = J and ∇f ∗ = J−1. Thus, we have

the following corollaries from Theorems 6.1.6 and 6.1.9, respectively.

Corollary 6.1.11. Let E be a smooth, strictly convex and real reflexive Banach

space with its dual E∗. Let Ti : E → E∗ be a Lipschitz and J-pseudocontractive

mappings with Lipschitz constants Li, for i = 1, 2, such that Ω = Fs(T1)∩Fs(T2) 6=

∅. For arbitrary x0, v ∈ E, define an iterative algorithm by
vn = J−1((1− λn)Jyn + λnJxn + λn(T1yn − T1xn)),

un = J−1((1− λn)Jzn + λnJxn + λn(T2zn − T2xn)),

xn+1 = J−1(αnJv + (1− αn)Jwn),

(6.51)

where yn = J−1((1 − λn)Jxn + λnT1xn), zn = J−1((1 − λn)Jxn + λnT2xn), wn =

J−1(βnJxn+ηnJvn+ θnJun), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞,

0 < λ ≤ λn ≤ λ < 1
1+L

, for L := max{L1, L2} and {βn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1)
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such that βn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to an

element x∗ in Ω.

Corollary 6.1.12. Let E be a smooth, strictly convex and real reflexive Banach

space with its dual E∗. Let Ai : E → E∗ be monotone mappings such that (J−Ai)

are Lipschitz with constant Li, for i = 1, 2, and Ω = {x ∈ E : x ∈ ∩2
i=1A

−1
i (0)} 6=

∅. For arbitrary x0, v ∈ E define an iterative algorithm by
vn = J−1(Jyn − λn(A1yn − A1xn)),

un = J−1(Jzn − λn(A2zn − A2xn)),

xn+1 = J−1(αnJv + (1− αn)Jwn),

(6.52)

where yn = J−1(Jxn − λnA1xn), zn = J−1(Jxn − λnA2xn), wn = J−1(βnJxn +

ηnJvn + θnJun), {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤

λn ≤ λ < 1
1+L

, for L := max{L1, L2} and {βn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such

that βn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to an element

x∗ of Ω.

If, in Corollary 6.1.11, we assume E = H a real Hilbert space, and f(x) = 1
2
||x||2,

then we have ∇f = J = I and ∇f ∗ = J−1 = I, where I is identity mapping on

H. Thus, we have the following corollary for a common fixed point of Lipschitz

and pseudocontractive mappings.

Corollary 6.1.13. Let H be a real Hilbert space. Let Ti : H → H be Lipschitz

and pseudocontractive mappings with Lipschitz constant Li, for i = 1, 2 such that

Ω = F (T1) ∩ F (T2) 6= ∅. For arbitrary x0, v ∈ E define an iterative algorithm by
vn = (1− λn)yn + λnxn + λn(T1yn − T1xn),

un = (1− λn)zn + λnxn + λn(T2zn − T2xn),

xn+1 = αnv + (1− αn)wn,

(6.53)
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where yn = (1−λn)xn+λnT1xn, zn = (1−λn)xn+λnT2xn, wn = βnxn+ηnvn+θnun,

{αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn = ∞, 0 < λ ≤ λn ≤ λ < 1
1+L

, for

L := max{L1, L2} and {βn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that βn+ηn+θn = 1,

for all n ≥ 0. Then, {xn} converges strongly to an element x∗ in Ω.

6.2 Application to Convex Minimization Prob-

lems in Banach Spaces

Let h : E → R be a convex, Gâteaux differentiable function with derivative ∇h

which is Lipschitz continuous with constant L. We consider the problem of finding

x∗ ∈ E such that

h(x∗) = min
x∈E
{h(x)}, (6.54)

This problem is equivalent, by Fermat’s rule, to the problem of finding x∗ ∈ E

such that

0 = ∇h(x∗). (6.55)

Note that ∇h is monotone mapping (see, Theorem 3.13, [81]). One way of solving

the equation (6.55) is by finding the f -fixed points of an f -pseudocontractive

mapping T := ∇f −∇h since an f -fixed point of T is a zero of ∇h. Thus, we get

the following result from Theorem 6.1.8.

Theorem 6.2.1. Let f ∈ F(E) be a strongly coercive Legendre function which is

bounded and strongly convex with constant µ > 0 on bounded subsets of E. Let

h : E → R be a convex, Gâteaux differentiable function such that ∇f − ∇h is

Lipschitz continuous with constant L and Ω = minx∈E{h(x)} 6= ∅. For arbitrary

u0, u ∈ E, define an iterative algorithm byzn = ∇f ∗(∇fun − λn∇hun),

un+1 = ∇f ∗[αn∇fu+ (1− αn)(∇fzn − λn(∇hzn −∇hun))],

(6.56)
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where {αn} ⊂ (0, 1) satisfying lim
n→∞

αn = 0,
∑∞

n=1 αn =∞ and 0 < λ ≤ λn ≤ λ <

µ
µ+L

, for all n ≥ 0. Then, {un} converges strongly to an element x∗ = P f
Ω(v).

Proof. Consider T = ∇f−∇h. Then, we have that T is a Lipschitz f -pseudocontractive

mapping, and an f -fixed point of T is the same as the zero of ∇h. Moreover, the

scheme in (6.56) reduces to the scheme in (6.48). Therefore, Theorem 6.1.8 pro-

vides the conclusion of the theorem.

6.2.1 Numerical Example

In this subsection, we present a numerical example to explain the conclusion of

our result. The following numerical example verifies the conclusion of Corollary

6.1.13.

Example 6.2.2. Let H = R3. Define f : R3 → R, by f(x) = 1
2
||x||2, then

∇f = J = I and ∇f ∗ = J−1 = I, where I is identity mapping on R3. Let

T1, T2 : R3 → R3 be defined by T1x = (3, 1, 10) − (2x1, x2, 4x3) and T2x =

(4, 2, 8) − 3(x1, x2, x3) where x = (x1, x2, x3) ∈ R3. We see that T1 and T2 are

Lipschitz and pseudocontractive mappings with F (T1) ∩ F (T2) = {(1, 1
2
, 2)}.

Now, taking v = (1, 1, 1), λn = 1
6
, αn = 1

100(n+100)
, βn = 1

n+1000
+ 0.001 = ηn

and θn = 1− 2
n+1000

− 0.002 for all n ≥ 0, we observe that the conditions of Corol-

lary 6.1.13 are satisfied. Thus, if we take different initial points x0 = (2, 1, 3),

x
′
0 = (3, 2, 4) and x

′′
0 = (4, 3, 5) then in all cases, the numerical experiment results

using MATLAB provide that {xn} generated by (6.53) converges strongly to the

solution x∗ = (1, 1
2
, 2) ∈ F (T1) ∩ F (T2) (see, Table 6.1, below).

In addition, we have sketched the error term ||xn − x∗|| for each initial point.

From the sketch we observe that the convergence rate of the sequence {xn} gener-

ated by (6.53) converges faster as the initial point gets closer to the solution (see,

Figure 6.1, below).
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Table 6.1: Convergence of the sequence {xn} generated by (6.53)

n xn xn xn

0 (2.0000, 1.0000, 3.0000) (3.0000, 2.0000, 4.0000) (4.0000, 3.0000, 5.0000)

1 (1.6951, 0.8891, 2.8612) (2.3902, 1.6673, 3.7225) (3.0853, 2.4454, 4.5838)

2 (1.4832, 0.8028, 2.7417) (1.9663, 1.4084, 3.4835) (2.4495, 2.0139, 4.2253)

3 (1.3358, 0.7357, 2.6387) (1.6717, 1.2069, 3.2777) (2.0075, 1.6781, 3.9166)

4 (1.2334, 0.6835, 2.5500) (1.4669, 1.0501, 3.1004) (1.7003, 1.4167, 3.6507)

5 (1.1623, 0.6428, 2.4736) (1.3245, 0.9281, 2.9476) (1.4868, 1.2134, 3.4217)

10 (1.0263, 0.5409, 2.2242) (1.0527, 0.6223, 2.4488) (1.0790, 0.7037, 2.6735)

50 (1.0000, 0.5002, 2.0001) (1.0000, 0.5002, 2.0006) (1.0000, 0.5002, 2.0012)

100 (1.0000, 0.5001, 1.9996) (1.0000, 0.5001, 1.9996) (1.0000, 0.5001, 1.9996)

150 (1.0000, 0.5001, 1.9997) (1.0000, 0.5001, 1.9997) (1.0000, 0.5001, 1.9997)
...

...
...

↓ ↓ ↓
(1, 1
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, 2) (1, 1

2
, 2) (1, 1
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Figure 6.1: The graph of ||xn−x∗|| versus number of iterations with different
choices of x0
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Chapter 7

Convergence Theorem for

Approximating a Common Point

of Solutions of Variational

Inequality and f-Fixed Point

Problems

In this chapter, we present some preliminary results that will be useful to prove

our main theorems of the chapter. In addition, we introduce the concept of a

Bregman relatively f -nonexpansive mapping and the method of approximating

a common element of the set of solutions of variational inequality problems for

Lipschitz monotone mappings and the set of f -fixed points of Bregman relatively

f -nonexpansive mapping in the setting of Banach spaces.

7.1 Preliminaries

In the sequel, we shall need the following lemmas.
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Lemma 7.1.1. [76] Let E be a Banach space and r > 0 be a constant. Let

f : E → R be a continuous and convex function which is uniformly convex on

bounded subset of E. Then

f
( n∑
k=0

αkxk

)
≤

n∑
k=0

αkf(xk)− αiαjρr(||xi − xj||), (7.1)

for all 0 ≤ i, j ≤ n, xk ∈ Br, αk ∈ (0, 1) with
∑n

k=0 αk = 1, where ρr is the gauge

of uniform convexity of f .

Lemma 7.1.2. [122] Let f : E → R be a continuous convex function on a reflexive

Banach space E which is strongly coercive. Then, the following statements are

equivalent:

i) f is bounded on bounded subset and uniformly smooth on bounded subset of

E.

ii) f ∗ is Fréchet differentiable and f ∗ is uniformly norm-to-norm continuous on

bounded subset of E∗.

iii) dom f ∗ = E∗, f ∗ is strongly coercive and uniformly convex on bounded

subset of E∗.

7.2 Solutions of Variational Inequality and f-

Fixed Point Problems

For the rest of this section, let E be a real reflexive Banach space with its dual E∗

and C be a nonempty, closed and convex subset of E. Let f : E → (−∞,+∞]

be a proper, continuous and convex function on a real Banach space E and f ∗ :

E∗ → (−∞,+∞] be the Fenchel conjugate of f . We denote the family of such

functions by F(E). Let {αn} ⊂ (0, 1) be a real sequence satisfying lim
n→∞

αn = 0

and
∑∞

n=1 αn =∞.
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Definition 7.2.1. Let T : C → E∗ be a map. A point p ∈ C is called an f -

asymptotic fixed point of T if C contains a sequence {xn} which converges weakly

to p and limn→∞ ||∇fxn − Txn|| = 0. We denote the set of f -asymptotic fixed

points of T by F̂f (T ).

Definition 7.2.2. A mapping T : C → E∗ is called Bregman relatively f -

nonexpansive if

i) Ff (T ) 6= ∅;

ii) Df (p,∇f ∗Ty) ≤ Df (p, y),∀ y ∈ C, p ∈ F̂f (T );

iii) F̂f (T ) = Ff (T ).

Example 7.2.3. Let `p be the sequence spaces for 1 < q < p < ∞ such that

1
p

+ 1
q

= 1. Let {xn} ∈ `p be given by xn = (0, 0, 0, · · · , 0, 1, 0, · · · ) with 1 in the

nth position and zero in every other position, then xn ⇀ 0 as n → ∞. Define

f : `p → [0,∞) by f(x) = ||x||p
p

and T : `p → `q by

Tx =

∇f
x
2

if x 6= xn

2n
2n+3
∇fxn, if x = xn,

(7.2)

then we observe that Ff (T ) = {0}. Moreover, since ||Txn−∇fxn|| = || 2n
2n+3
∇fxn−

∇fxn|| = 3
2n+3
||∇fxn|| → 0 as n → ∞, we obtain that F̂f (T ) = {0} = Ff (T ).

Furthermore, the fact that

Df (0,∇f ∗Tx) = Df (0,
x

2
) =
||x||p

2pp
(p− 1) ≤ ||x||

p

p
(p− 1) = Df (0, x) (7.3)

for x 6= xn and

Df (0,∇f ∗Txn) =
( 2n

2n+ 3

)q p− 1

p
≤ p− 1

p
= Df (0, xn), (7.4)

for x = xn, we obtain Df (0,∇f ∗Tx) ≤ Df (0, x) for all x ∈ lp. Thus, T is Bregman

relatively f -nonexpansive.

First, we prove the following lemmas.
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Lemma 7.2.4. If T : C → E∗ is a Bregman relatively f -nonexpansive mapping,

then Ff (T ) is closed and convex.

Proof. We first prove that Ff (T ) is closed. Let {xn} be a sequence in Ff (T ) such

that xn → p ∈ C. From the definition of T , we have

Df (xn,∇f ∗Tp) ≤ Df (xn, p), for each n ≥ 0. (7.5)

Thus,

Df (p,∇f ∗Tp) = lim
n→∞

Df (xn,∇f ∗Tp) ≤ lim
n→∞

Df (xn, p)

= Df (p, p) = 0, (7.6)

which implies that p = ∇f ∗Tp and hence, ∇fp = Tp. So, we have p ∈ Ff (T ),

that is, Ff (T ) is closed. Next, we show that Ff (T ) is convex. Let p, q ∈ Ff (T )

and w = tp + (1 − t)q, for t ∈ (0, 1). Then, from (1.15) and the definition of T ,

we have

Df (w,∇f ∗Tw) = f(w)− 〈w −∇f ∗Tw, Tw〉 − f(∇f ∗Tw)

= f(w)− 〈tp+ (1− t)q −∇f ∗Tw, Tw〉 − f(∇f ∗Tw)

= f(w)− t〈p−∇f ∗Tw, Tw〉

−(1− t)〈q −∇f ∗Tw, Tw〉 − f(∇f ∗Tw)

= f(w) + tf(p)− tf(p)− t〈p−∇f ∗Tw, Tw〉

+(1− t)f(q)− (1− t)f(q)

−(1− t)〈q −∇f ∗Tw, Tw〉 − f(∇f ∗Tw)

= f(w) + tDf (p,∇f ∗Tw) + (1− t)Df (q,∇f ∗Tw)

−tf(p)− (1− t)f(q)

≤ f(w) + tDf (p, w) + (1− t)Df (q, w)− tf(p)− (1− t)f(q)

= f(w) + t[f(p)− 〈p− w,∇fw〉 − f(w)]

+(1− t)[f(q)− 〈q − w,∇fw〉 − f(w)]− tf(p)− (1− t)f(q)

= f(w)− 〈w − w,∇fw〉 − f(w) = 0. (7.7)
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This impels w = ∇f ∗Tw and hence ∇fw = Tw. Therefore, w ∈ Ff (T ), that is,

Ff (T ) is convex.

Theorem 7.2.5. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let Ai : C → E∗ be Li-Lipschitz monotone

mappings with constants Li, for i = 1, 2 and T : C → E∗ be a Bregman relatively

f -nonexpansive mapping such that Ω = V I(C,A1) ∩ V I(C,A2) ∩ Ff (T ) 6= ∅. For

arbitrary x0, w ∈ C define an iterative algorithm by



yn = P f
C∇f ∗(∇fxn − γnA1xn),

zn = P f
C∇f ∗(∇fxn − γnA2xn),

wn = ∇f ∗(βn∇fxn + δnTxn + ηn∇fun + θn∇fvn),

xn+1 = P f
C∇f ∗(αn∇fw + (1− αn)∇fwn),

(7.8)

where un = P f
C∇f ∗(∇fxn−γnA1yn), vn = P f

C∇f ∗(∇fxn−γnA2zn), 0 < γ ≤ γn ≤

γ < µ
L

, for L := max{L1, L2} and {βn}, {δn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that

βn + δn + ηn + θn = 1, for all n ≥ 0. Then, {xn} is bounded.

Proof. Let q ∈ Ω. Now, from (7.8), Lemma 4.1.5 (ii), (1.15), (2.15) and mono-

tonicity of A1, we have

Df (q, un) = Df (q, P
f
C∇f

∗(∇fxn − γnA1yn))

≤ Df (q,∇f ∗(∇fxn − γnA1yn))−Df (un,∇f ∗(∇fxn − γnA1yn))

= f(q)− 〈q −∇f ∗(∇fxn − γnA1yn),∇fxn − γnA1yn〉

−f(∇f ∗(∇fxn − γnA1yn))− f(un)

+〈un −∇f ∗(∇fxn − γnA1yn),∇fxn − γnA1yn〉

+f(∇f ∗(∇fxn − γnA1yn))

= f(q) + 〈un − q,∇fxn − γnA1yn〉 − f(un)
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and

Df (q, un) ≤ f(q) + 〈un − q,∇fxn〉 − 〈un − q, γnA1yn〉 − f(un)

= f(q)− 〈q − xn,∇fxn〉 − f(xn) + 〈q − xn,∇fxn〉+ f(xn)

+〈un − q,∇fxn〉 − 〈un − q, γnA1yn〉 − f(un)

= Df (q, xn) + 〈un − xn,∇fxn〉+ f(xn)− f(un)− 〈un − q, γnA1yn〉

= Df (q, xn)−Df (un, xn)− 〈un − q, γnA1yn〉

= Df (q, xn)−Df (un, xn) + 〈q − yn, γnA1yn〉+ 〈yn − un, γnA1yn〉

= Df (q, xn)−Df (un, xn) + γn〈q − yn, A1yn − A1q〉

+γn〈q − yn, A1q〉+ 〈yn − un, γnA1yn〉

≤ Df (q, xn)−Df (un, xn) + 〈yn − un, γnA1yn〉. (7.9)

In addition, from (1.16), we get

Df (un, xn) = Df (un, yn) +Df (yn, xn) + 〈∇fxn −∇fyn, yn − un〉. (7.10)

Substituting (7.10) in (7.9), we obtain

Df (q, un) ≤ Df (q, xn)−Df (un, yn)−Df (yn, xn)

−〈∇fxn −∇fyn, yn − un〉+ 〈yn − un, γnA1yn〉

= Df (q, xn)−Df (un, yn)−Df (yn, xn)

+〈yn − un, γnA1yn +∇fyn −∇fxn〉, (7.11)

and from Lemma 4.1.5 (i), we have

〈yn − un, γnA1yn +∇fyn −∇fxn〉 = 〈un − yn,∇fxn − γnA1yn −∇fyn〉

= 〈un − yn, γnA1xn − γnA1yn〉

+〈un − yn,∇fxn − γnA1xn −∇fyn〉

≤ 〈un − yn, γnA1xn − γnA1yn〉. (7.12)
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Furthermore, (7.11), (7.12), the fact that A1 is L1-Lipschitz and Lemma 4.1.13,

we obtain

Df (q, un) ≤ Df (q, xn)−Df (un, yn)−Df (yn, xn) + 〈un − yn, γnA1xn − γnA1yn〉

≤ Df (q, xn)−Df (un, yn)−Df (yn, xn) + γn||un − yn||||A1xn − A1yn||

≤ Df (q, xn)−Df (un, yn)−Df (yn, xn) + γnL||un − yn||||xn − yn||

≤ Df (q, xn)−Df (un, yn)−Df (yn, xn) +
γnL

2
[||un − yn||2 + ||xn − yn||2]

≤ Df (q, xn)− µ

2
||un − yn||2 −

µ

2
||yn − xn||2

+
γnL

2
[||un − yn||2 + ||xn − yn||2]

= Df (q, xn)−
(µ− γnL

2

)[
||un − yn||2 + ||xn − yn||2

]
. (7.13)

Similarly, we obtain that

Df (q, vn) ≤ Df (q, xn)−
(µ− γnL

2

)[
||vn − zn||2 + ||xn − zn||2

]
. (7.14)

Again from (7.8), (1.19), (1.20) and Lemma 7.1.1, we get

Df (q, wn) = Df (q,∇f ∗(βn∇fxn + δnTxn + ηn∇fun + θn∇fvn))

= Vf (q, βn∇fxn + δnTxn + ηn∇fun + θn∇fvn)

= f(q)− 〈q, βn∇fxn + δnTxn + ηn∇fun + θn∇fvn〉

+f ∗(βn∇fxn + δnTxn + ηn∇fun + θn∇fvn)

≤ βnf(q) + δnf(q) + ηnf(q) + θnf(q)

−〈q, βn∇fxn〉 − 〈q, δnTxn〉 − 〈q, ηn∇fun〉 − 〈q, θn∇fvn〉

+βnf
∗(∇fxn) + δnf

∗(Txn) + ηnf
∗(∇fun) + θnf

∗(∇fvn)

−βnδnρ∗r(||∇fxn − Txn||)

= βnVf (q,∇fxn) + δnVf (q, Txn) + ηnVf (q,∇fun)

+θnVf (q,∇fvn)− βnδnρ∗r(||∇fxn − Txn||)

= βnDf (q, xn) + δnDf (q,∇f ∗Txn) + ηnDf (q, un) + θnDf (q, vn)

−βnδnρ∗r(||∇fxn − Txn||).
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Using the assumption on T , inequalities (7.13) and (7.14), we obtain

Df (q, wn) ≤ βnDf (q, xn) + δnDf (q, xn) + ηnDf (q, un) + θnDf (q, vn)

−βnδnρ∗r(||∇fxn − Txn||)

≤ βnDf (q, xn) + δnDf (q, xn)

+ηn

[
Df (q, xn)−

(µ− γnL
2

)
(||un − yn||2 + ||xn − yn||2)

]
+θn

[
Df (q, xn)−

(µ− γnL
2

)
(||vn − zn||2 + ||xn − zn||2)

]
−βnδnρ∗r(||∇fxn − Txn||)

= Df (q, xn)− ηn
[(µ− γnL

2

)
(||un − yn||2 + ||xn − yn||2)

]
−θn

[(µ− γnL
2

)
(||vn − zn||2 + ||xn − zn||2)

]
−βnδnρ∗r(||∇fxn − Txn||) (7.15)

≤ Df (q, xn). (7.16)

Now, from (7.8), Lemma 4.1.5 (ii), Lemma 4.1.6 and (7.16), we obtain

Df (q, xn+1) = Df (q, P
f
C∇f

∗(αn∇fw + (1− αn)∇fwn))

= Df (q,∇f ∗(αn∇fw + (1− αn)∇fwn))

≤ αnDf (q, w) + (1− αn)Df (q, wn)

≤ αnDf (q, w) + (1− αn)Df (q, xn)

≤ max{Df (q, w), Df (q, xn)}, (7.17)

and by induction we get

Df (q, xn) ≤ max{Df (q, w), Df (q, x0)}. (7.18)

Thus, {Df (q, xn)} is bounded. Therefore, by Lemma 4.1.3, {xn} is bounded and

so are {yn}, {zn}, {un}, {wn} and {vn}.

Next, we prove the main theorem of the section.
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Theorem 7.2.6. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let Ai : C → E∗ be Li-Lipschitz monotone

mappings with constants Li, for i = 1, 2 and T : C → E∗ be a Bregman relatively

f -nonexpansive mapping such that Ω = V I(C,A1) ∩ V I(C,A2) ∩ Ff (T ) 6= ∅. For

arbitrary x0, w ∈ C define an iterative algorithm by



yn = P f
C∇f ∗(∇fxn − γnA1xn),

zn = P f
C∇f ∗(∇fxn − γnA2xn),

wn = ∇f ∗(βn∇fxn + δnTxn + ηn∇fun + θn∇fvn),

xn+1 = P f
C∇f ∗(αn∇fw + (1− αn)∇fwn),

(7.19)

where un = P f
C∇f ∗(∇fxn−γnA1yn), vn = P f

C∇f ∗(∇fxn−γnA2zn), 0 < γ ≤ γn ≤

γ < µ
L

, for L := max{L1, L2} and {βn}, {δn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that

βn + δn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to an element

x∗ = P f
Ω(w).

Proof. From Theorem 7.2.5, we know that {xn} is bounded. Let q = P f
Ω(w) and

rn = ∇f ∗(αn∇fw + (1− αn)∇fwn). We note that from Lemma 4.1.5 (i), we get

〈u− q,∇fw −∇fq〉 ≤ 0,∀u ∈ Ω. (7.20)

Now, from (7.19), Lemma 4.1.5 and (1.20), we get

Df (q, xn+1) = Df (q, P
f
C∇f

∗(αn∇fw + (1− αn)∇fwn))

≤ Df (q,∇f ∗(αn∇fw + (1− αn)∇fwn))

= Vf (q, αn∇fw + (1− αn)∇fwn)

≤ Vf (q, αn∇fw + (1− αn)∇fwn − αn(∇fw −∇fq))

+〈αn(∇fw −∇fq), rn − q〉
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and from Lemma 4.1.6 and (7.16),

Df (q, xn+1) ≤ Vf (q, αn∇fq + (1− αn)∇fwn)

+αn〈∇fw −∇fq, rn − q〉

= Df (q,∇f ∗(αn∇fq + (1− αn)∇fwn))

+αn〈∇fw −∇fq, rn − q〉,

≤ αnDf (q, q) + (1− αn)Df (q, wn)

+αn〈∇fw −∇fq, rn − q〉

= (1− αn)Df (q, wn) + αn〈∇fw −∇fq, rn − q〉

≤ (1− αn)Df (q, xn) + αn〈∇fw −∇fq, rn − q〉

≤ (1− αn)Df (q, xn) + αn||∇fw −∇fq||||rn − xn||

+αn〈∇fw −∇fq, xn − q〉. (7.21)

On the other hand, from (7.19), Lemma 4.1.5 and Lemma 4.1.6, we have

Df (q, xn+1) = Df (q, P
f
C∇f

∗(αn∇fw + (1− αn)∇fwn))

= Df (q,∇f ∗(αn∇fw + (1− αn)∇fwn))

≤ αnDf (q, w) + (1− αn)Df (q, wn). (7.22)

Moreover, from (7.22) and (7.15), we obtain

Df (q, xn+1) ≤ αnDf (q, w) + (1− αn)Df (q, xn)

−(1− αn)ηn

[(µ− γnL
2

)
(||un − yn||2 + ||xn − yn||2)

]
−(1− αn)θn

[(µ− γnL
2

)
(||vn − zn||2 + ||xn − zn||2)

]
−βnδnρ∗r(||∇fxn − Txn||), (7.23)
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which implies that

(1− αn)ηn

[(µ− γnL
2

)
(||un − yn||2 + ||xn − yn||2)

]
+(1− αn)θn

[(µ− γnL
2

)
(||vn − zn||2 + ||xn − zn||2)

]
+βnδnρ

∗
r(||∇fxn − Txn||)

≤ αn(Df (q, w)−Df (q, xn)) +Df (q, xn)−Df (q, xn+1). (7.24)

Now,we divide the rest of the proof into two parts as follows:

Case 1. Assume that there exists n0 ∈ N such that the sequence of real numbers

Df (q, xn) is decreasing for all n ≥ n0. It then follow that Df (q, xn) is convergent

and hence Df (q, xn) − Df (q, xn+1) → 0 as n → ∞. Thus, from (7.24) and the

conditions on αn, βn, δn, ηn and θn we get,

lim
n→∞

[||un − yn||2 + ||xn − yn||2] = lim
n→∞

[||vn − zn||2 + ||xn − zn||2] = 0,

and

lim
n→∞

ρ∗r(||∇fxn − Txn||) = 0, (7.25)

which implies that

lim
n→∞

||un − yn|| = lim
n→∞

||xn − yn|| = 0, (7.26)

lim
n→∞

||vn − zn|| = lim
n→∞

||xn − zn|| = 0, (7.27)

and

lim
n→∞

||∇fxn − Txn|| = 0. (7.28)
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From (7.28) and the fact that ∇f ∗ is uniformly continuous on bounded subsets of

E∗, we get

lim
n→∞

||xn −∇f ∗Txn|| = 0. (7.29)

Moreover, from (7.19) and Lemma 4.1.6, we obtain

Df (xn, rn) = Df (xn,∇f ∗[αn∇fw + (1− αn)∇fwn])

≤ αnDf (xn, w) + (1− αn)Df (q, wn)

= αnDf (xn, w) + (1− αn)[βnDf (xn, xn) + δnDf (xn,∇f ∗Txn)]

+(1− αn)[ηnDf (xn, un) + θnDf (xn, vn)] (7.30)

Thus, from Lemma 4.1.7, (7.26), (7.27), (7.29) and (7.30), we get

lim
n→∞

Df (xn, rn) = 0, (7.31)

which implies that

lim
n→∞

||xn − rn|| = 0. (7.32)

Now, since {xn} is bounded in E there exists u ∈ E and a subsequence {xnk of

{xn} such that since {xn} is bounded in E there exists u ∈ E and a subsequence

{xnk} of {xn} such that xnk ⇀ u and

lim sup
n→∞

〈xn − q,∇fw −∇fq〉 = lim
k→∞
〈xnk − q,∇fw −∇fq〉. (7.33)

From (7.28) and the fact that T is relatively f -nonexpansive, we have u ∈ Ff (T ).

Next, we show that u ∈ V I(C,A1) ∩ V I(C,A2). Let

F1x =

A1x+NCx, if x ∈ C,

∅, if x /∈ C,

(7.34)

where NC(x) = {v ∈ E∗ : 〈x − z, v〉 ≥ 0 for all z ∈ C} is the normal cone
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to C. Then, F1 is a maximal monotone mapping and 0 ∈ F1x if and only if

x ∈ V I(C,A1) (see, [95]). Let (x, y) ∈ Gph(F1). Then y ∈ A1x + NC(x) and

hence y − A1x ∈ NC(x). Thus we obtain

〈x− v, y − A1x〉 ≥ 0, for all v ∈ C. (7.35)

Since x and unk are in C by Lemma 4.1.5 (i), we have 〈∇fxnk − γnkA1ynk −

∇funk , unk − x〉 ≥ 0 which implies that 〈x− unk ,
∇funk−∇fxnk

γnk
+A1ynk〉 ≥ 0. This

and the inequality in (7.35) imply that

〈x− unk , y〉 ≥ 〈x− unk , A1x〉

≥ 〈x− unk , A1x〉 − 〈x− unk ,
∇funk −∇fxnk

γnk
+ A1ynk〉

= 〈x− unk , A1x− A1unk〉+ 〈x− unk , A1unk − A1ynk〉

− 1

γnk
〈x− unk ,∇funk −∇fxnk〉

≥ 〈x− unk , A1unk − A1ynk〉

− 1

γnk
〈x− unk ,∇funk −∇fxnk〉. (7.36)

Furthermore, from (7.26), the fact that A1 and ∇f are uniformly continuous,

we obtain limn→∞ ||A1un − A1yn|| = 0 and limn→∞ ||∇fun −∇fxn|| = 0. Conse-

quently, inequality (7.36) provides that 〈x−u, y〉 ≥ 0 and hence by the maximality

of F1 we obtain u ∈ F−1
1 (0). Therefore, u ∈ V I(C,A1). Similarly, we get that

u ∈ V I(C,A2). Thus u ∈ V I(C,A1)∩V I(C,A2)∩Ff (T ). Hence, by Lemma 4.1.5

(i), we get

lim sup
n→∞

〈xn − q,∇fw −∇fq〉 = lim
k→∞
〈xnk − q,∇fw −∇fq〉

= 〈u− q,∇fw −∇fq〉 ≤ 0. (7.37)

Therefore, from (7.21), (7.32), (7.37) and Lemma 3.1.9, we conclude thatDf (q, xn)→

0 as n→∞. Hence, by Lemma 4.1.7, xn → q as n→∞.
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Case 2. Suppose that there exists a subsequence {ni} of {n} such that

Df (q, xni) < Df (q, xni+1), ∀i ∈ N. (7.38)

Then, by Lemma 4.1.15, there exists a nondecreasing sequence {mk} ⊂ N such

that mk → ∞ as k → ∞ and max{Df (q, xmk), Df (q, xk)} ≤ Df (q, xmk+1), for all

k ∈ N. Thus, from (7.24) and the conditions on αn, βn, δn, ηn and θn, we get

lim
k→∞
||umk − ymk || = lim

k→∞
||xmk − ymk || = 0, (7.39)

lim
k→∞
||vmk − zmk || = lim

k→∞
||xmk − zmk || = 0, (7.40)

and

lim
k→∞
||∇fxmk − Txmk || = 0. (7.41)

Moreover, following the methods in Case 1, we get

lim
k→∞
||xmk − rmk || = 0, (7.42)

and

lim sup
k→∞

〈xmk − q,∇fw −∇fq〉 ≤ 0. (7.43)

Now, from (7.21), we obtain

αmk(Df (q, xmk) ≤ Df (q, xmk)−Df (q, xmk+1)

+αmk ||xmk − rmk ||||∇fw −∇fq||

+αmk〈xmk − q,∇fw −∇fq〉

≤ αmk ||xmk − rmk ||||∇fw −∇fq||

+αmk〈xmk − q,∇fw −∇fq〉. (7.44)
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Consequently, since αmk > 0, we get

Df (q, xmk) ≤ ||xmk − rmk ||||∇fw −∇fq||

+〈xmk − q,∇fw −∇fq〉. (7.45)

Therefore, from (7.42), (7.43) and (7.45), we obtain Df (q, xmk) → 0 as k → ∞.

But from (7.23), we obtain that Df (q, xmk+1) → 0 as k → ∞ and hence the fact

that Df (q, xk) ≤ Df (q, xmk+1) implies limk→∞Df (q, xk) = 0. Thus, by Lemma

4.1.7 xk → q as k →∞.

We remark that the method of proof of Theorem 7.2.6 provides the following

result for a common point of solutions of f -fixed points of a Bregman relatively

f -nonexpansive mapping and variational inequality problems of a finite family of

Lipschitz monotone mappings in Banach spaces.

Theorem 7.2.7. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let Ai : C → E∗ be Li-Lipschitz monotone

mappings with constants Li, for i = 1, 2, · · · , N and T : C → E∗ be a Bregman

relatively f -nonexpansive mapping such that Ω = ∩Ni=1V I(C,Ai)∩Ff (T ) 6= ∅. For

arbitrary x0, w ∈ C define an iterative algorithm by



yn,i = P f
C∇f ∗(∇fxn − γnAixn),

un,i = P f
C∇f ∗(∇fxn − γnAiyn,i),

wn = ∇f ∗(βn∇fxn + δnTxn +
∑n

i=1 ηn,i∇fun,i),

xn+1 = P f
C∇f ∗(αn∇fw + (1− αn)∇fwn),

(7.46)

where 0 < γ ≤ γn ≤ γ < µ
L

, for L := max{Li : i = 1, 2, · · · , N} and {βn}, {δn}, {ηn,i} ⊂

[ε, 1) ⊂ (0, 1) such that βn+δn+
∑N

i=1 ηn,i = 1, for all n ≥ 0. Then, {un} converges

strongly to an element x∗ = P f
Ω(w).

If, in Theorem 7.2.6, we assume that C = E, then the Bregman projection

P f
C reduces to the the identity mapping on E and hence V I(C,A1) = A−1

1 (0),
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V I(C,A2) = A−1
2 (0). Thus, we obtain the following corollary for approximating

a common point in the set of solutions of f -fixed points of Bregman relatively

f -nonexpansive mapping and the set of zeros of Lipschitz monotone mappings in

Banach spaces.

Corollary 7.2.8. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let Ai : E → E∗ be Li-Lipschitz monotone

mappings with constants Li, for i = 1, 2 and T : E → E∗ be a Bregman relatively

f -nonexpansive mapping such that Ω = Ff (T )∩A−1
1 (0)∩A−1

2 (0) 6= ∅. For arbitrary

x0, w ∈ E define an iterative algorithm by



yn = ∇f ∗(∇fxn − γnA1xn),

zn = ∇f ∗(∇fxn − γnA2xn),

wn = ∇f ∗(βn∇fxn + δnTxn + ηn∇fun + θn∇fvn),

xn+1 = ∇f ∗(αn∇fw + (1− αn)∇fwn),

(7.47)

where un = ∇f ∗(∇fxn − γnA1yn), vn = ∇f ∗(∇fxn − γnA2zn), 0 < γ ≤ γn ≤

γ < µ
L

, for L := max{L1, L2} and {βn}, {δn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that

βn + δn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to an element

x∗ = P f
Ω(w).

If, in Theorem 7.2.6, we assume that Ai = 0, for i = 1, 2, then we get a method of

approximation for f -fixed points of a Bregman relatively f -nonexpansive mapping

in Banach spaces.

Corollary 7.2.9. Let f ∈ F(E) be a strongly coercive, bounded and uniformly

Fréchet differentiable Legendre function which is strongly convex with constant

µ > 0 on bounded subsets of E. Let T : C → E∗ be a Bregman relatively f -

nonexpansive mapping such that Ff (T ) 6= ∅. For arbitrary x0, w ∈ C define an
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iterative algorithm bywn = ∇f ∗(βn∇fxn + δnTxn),

xn+1 = P f
C∇f ∗(αn∇fw + (1− αn)∇fwn),

(7.48)

where {βn}, {δn} ⊂ [ε, 1) ⊂ (0, 1) such that βn + δn = 1, for all n ≥ 0. Then, {xn}

converges strongly to an element x∗ = PFf (T )(w).

If, in Theorem 7.2.7, we assume that C = E and T = ∇f , then we get the

following result for a common point of zeros of a finite family of Lipschitz monotone

mappings in Banach spaces.

Corollary 7.2.10. Let f ∈ F(E) be a strongly coercive, bounded and uni-

formly Fréchet differentiable Legendre function which is strongly convex with

constant µ > 0 on bounded subsets of E. Let Ai : E → E∗ be Li-Lipschitz

monotone mappings with Lipschitz constants Li, for i = 1, 2, · · · , N such that

Ω = ∩Ni=1A
−1
i (0) 6= ∅. For arbitrary x0, w ∈ E, define an iterative algorithm by



yn,i = ∇f ∗(∇fxn − γnAixn),

un,i = ∇f ∗(∇fxn − γnAiyn,i),

wn = ∇f ∗(βn,0∇fxn +
∑n

i=1 βn,i∇fun,i),

xn+1 = ∇f ∗(αn∇fw + (1− αn)∇fwn),

(7.49)

where 0 < γ ≤ γn ≤ γ < µ
L

, for L := max{Li : i = 1, 2, · · · , N} and {βn,i} ⊂

[ε, 1) ⊂ (0, 1) such that
∑N

i=0 βn,i = 1, for all n ≥ 0. Then, {xn} converges strongly

to a point x∗ = P f
Ω(w).

If, in Corollary 7.2.8, E is a smooth, strictly convex and real reflexive Banach

space then f(x) = 1
2
||x||2 is a strongly coercive, bounded and uniformly Frêchet

differentiable Legendre function which is strongly convex with constant µ = 2 and

conjugate f ∗(x∗) = 1
2
||x∗||2. This yields that ∇f = J2 = J with ∇f ∗ = J−1

2 =

J−1. Thus, we get the following corollaries for approximating a common point of
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solutions of semi-fixed points of relativity J-nonexpansive mapping and variational

inequality problems in Banach spaces.

Corollary 7.2.11. Let E be a smooth, strictly convex and real reflexive Banach

space with its dual E∗ Let Ai : C → E∗ be Li-Lipschitz monotone mappings with

Lipschitz constants Li, for i = 1, 2 and T : C → E∗ be a relatively J-nonexpansive

mapping such that Ω = Ff (T ) ∩ A−1
1 (0) ∩ A−1

2 (0) 6= ∅. For arbitrary x0, w ∈ C,

define an iterative algorithm by



yn = ΠCJ
−1(Jxn − γnA1xn),

zn = ΠCJ
−1(Jxn − γnA2xn),

wn = J−1(βnJxn + δnTxn + ηnJun + θnJvn),

xn+1 = ΠCJ
−1(αnJw + (1− αn)Jwn),

(7.50)

where un = ΠCJ
−1(Jxn − γnA1yn), vn = ΠCJ

−1(Jxn − γnA2zn), 0 < γ ≤ γn ≤

γ < 1
L

, for L := max{L1, L2} and {βn}, {δn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that

βn + δn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to a point

x∗ ∈ Ω.

Corollary 7.2.12. Let E be a smooth, strictly convex and real reflexive Banach

space with its dual E∗ Let Ai : C → E∗ be Li-Lipschitz monotone mappings with

Lipschitz constants Li, for i = 1, 2 and T : C → E be a relatively nonexpansive

mapping such that Ω = V I(C,A1)∩V I(C,A2)∩F (T ) 6= ∅. For arbitrary x0, w ∈ C

define an iterative algorithm by



yn = ΠCJ
−1(Jxn − γnA1xn),

zn = ΠCJ
−1(Jxn − γnA2xn),

wn = J−1(βnJxn + δnJTxn + ηnJun + θnJvn),

xn+1 = ΠCJ
−1(αnJw + (1− αn)Jwn),

(7.51)

where un = ΠCJ
−1(Jxn − γnA1yn), vn = ΠCJ

−1(Jxn − γnA2zn), 0 < γ ≤ γn ≤

γ < 1
L

, for L := max{L1, L2} and {βn}, {δn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that

167



7. Solutions of VIP and f -fixed points

βn + δn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to a point

x∗ ∈ Ω.

If, in Corollary 7.2.11, we assume E = H, a real Hilbert space, and f(x) = 1
2
||x||2,

then we have ∇f = J2 = I and ∇f ∗ = J−1
2 = I, were I is identity mapping on

H. Thus, we get the following corollary for approximating a common point of

solutions of variational inequality and fixed point problems in Hilbert spaces.

Corollary 7.2.13. Let H be a real Hilbert space. Let Ai : C → H be Li-

Lipschitz monotone mappings with Lipschitz constants Li, for i = 1, 2 and T :

C → E be a quasi-nonexpansive mapping such that (I − T ) is demiclosed at 0

and Ω = A−1
1 (0)∩A−1

2 (0)∩F (T ) 6= ∅. For arbitrary x0, w ∈ C, define an iterative

algorithm by



yn = PC(xn − γnA1xn),

zn = PC(xn − γnA2xn),

wn = βnxn + δnTxn + ηnun + θnvn,

xn+1 = PC(αnw + (1− αn)wn),

(7.52)

where un = PC(xn − γnA1yn), vn = PC(xn − γnA2zn), 0 < γ ≤ γn ≤ γ <

1
L

, for L := max{L1, L2} and {βn}, {δn}, {ηn}, {θn} ⊂ [ε, 1) ⊂ (0, 1) such that

βn + δn + ηn + θn = 1, for all n ≥ 0. Then, {xn} converges strongly to an element

x∗ ∈ Ω.
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Chapter 8

Discussion, Conclusion and

Recommendation

8.1 Discussion and Conclusion

The works presented in this thesis contains different methods studied for approxi-

mating solutions of several problems in the area of Nonlinear Functional Analysis.

Most of the results obtained in this thesis were carried out in Hilbert and real

reflexive Banach spaces where the notion of Bregman distance was utilized. In

addition, we briefly introduced new classes of nonlinear mappings and studied

their properties and methods of approximating their fixed points. In particular,

we summarize our contributions and provide our conclusions as follows.

• In Chapter 3, we successfully formulated the method of approximation for a

zero of the sum of maximal monotone mappings in Hilbert spaces. In Section 3.2,

Viscosity type Douglas-Rachford splitting algorithm was constructed and strong

convergence of the scheme to a zero of the sum of a finite family of maximal mono-

tone mappings was obtained. Moreover, in Section 3.3, we introduced an algorithm

by reformulating (1.1) as the problem of locating a point in a certain extended

solution set Se(A1, A2, · · · , Am) ⊂ H × Hm and proved its strong converges to
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a zero of the sum of a finite family of maximal monotone mappings in Hilbert

spaces. We also gave some applications to the minimization problems. Moreover,

numerical examples which support our main result were presented. Our results

in this chapter extend the results of [100], Lorenz and Pock [62], Combettes [42],

Takahashi et al. [105] and the references therein in the sense that our convergence

is strong or A and/or B is not α-inverse strongly monotone. Furthermore, our

results extend the results of Bot et al. [22] to the case of the zero of the sum of a

finite family of maximal monotone mappings. The results obtained in Section 3.2

have been published in the journal of “Advances in Operator Theory, volume 5,

Number 2, (2020), Pages 359-370” while the results obtained in Section 3.3 have

been published in the journal of “Arab Journal of Mathematical Sciences 2019,

Pages 1-15” and the journal of “Demonstratio Mathematica volume 53, Number

1, (2020), Pages 152-166”.

• In Chapter 4, we proved convergence theorems for approximating a zero of the

sum of maximal monotone mappings in Banach spaces. In Section 4.2, we studied

the forward-backward algorithm and proved strong convergence of the method to

a zero of the sum of maximal monotone and Lipschitz continuous mappings in real

reflexive Banach spaces. In Section 4.3, we proposed splitting algorithm method

associated with a certain extended solution set Se(A1, A2, · · · , Am) ⊂ E × E∗
m

,

which converges strongly to a zero of of the sum of a finite family of maximal mono-

tone mappings A1, A2,· · · , Am in Banach spaces. We have given some applications

to the minimization problems. Furthermore, we have provided numerical exam-

ples to support our main results. Our results in this chapter extend the results of

[19, 40, 45, 80, 107, 108] from real Hilbert spaces to real reflexive Banach spaces

without the assumption that one of the mappings is α-inverse strongly monotone.

In particular, Theorem 4.3.8 extends Theorem 6 of Iusem [53] and the results in

[100] in the sense that our theorems provide strong convergence in arbitrary real

reflexive Banach spaces and Corollary 4.2.5 extends Theorem 3.12 of Shehu [97]

from uniformly smooth real Banach spaces and 2-uniformly convex to smooth,
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strictly convex and real reflexive Banach spaces. In addition, Theorem 4.3.8 ex-

tends Theorem 3 of [115] and Theorem 3.6 of [114] from Hilbert spaces to real

reflexive Banach spaces. The results obtained in Section 4.2 have been published

in the “Computational and Applied Mathematics Journal, Volume 39, Number 3,

(2020), Pages 1-16” and the results obtained in Section 4.3 have been published

in the journal of “Journal of Fixed Point Theory and Applications, Volume 22,

Number 57, (2020), Pages 1-24” and accepted by the journal of “Optimization ”.

• In Chapter 5, we constructed an algorithm for approximating a solution of the

split equality monotone inclusion problem for the sum of two maximal monotone

mappings in Hilbert spaces and discussed its strong convergence. The assump-

tions that one of the mappings is single-valued and α-inverse strongly monotone

are dispensed with. We have given an application to the convex minimization

problem. Moreover, a numerical example which supports our main result is pre-

sented. Our results improve and unify most of the results that have been proved in

this direction. In particular Theorem 5.2.6 generalize the results in [72–74]. The

results obtained in this chapter has been published in the journal of “Linear and

Nonlinear Analysis, Volume 5, Number 3, (2019), Pages 495-516”.

• In Chapter 6, we introduced a new class of mappings called f -pseudocontractive

mappings with the notion of f -fixed points in Banach spaces which are the exten-

sions of the class of pseudocontractive mappings and the notion of fixed points in

Hilbert spaces, respectively. This class of mappings also includes the class of semi-

pseudocontractive in Banach spaces. In addition, an algorithm for approximating

a common point of f -fixed points of Lipschitz and f -pseudocontractive mappings

is established. Furthermore, we applied our main results to obtain a common zero

of Lipschitz monotone mappings. Our theorems in this chapter improve and unify

most of the results that have been proved for this important class of nonlinear

mappings. In particular, Theorem 6.1.6 extends Theorem 3.6 of Zegeye [123],

Theorem 2.5 of Su and Xu [99] and Theorem 2.4 of Liu [64] to the case of real

reflexive Banach spaces. Our results also complements the results of Chidume
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and Idu [37]. The results obtained in this chapter have been published in the jour-

nal of “Rendiconti del Circolo Matematico di Palermo Series 2 (2020), Pages 1-24”.

• In Chapter 7, we introduced the concepts of Bregman relatively f -nonexpansive

mappings and studied their properties and the method of approximating a common

element of the set of f -fixed points of Bregman relatively f -nonexpansive mapping

and the sets of solutions of variational inequality problems of Lipschitz monotone

mappings in real reflexive Banach spaces. Our results in this chapter improve and

extend most of the results in the literature. In particular, Theorem 7.2.6 extend

the results of [52, 77, 102, 107, 121, 127] from real Hilbert spaces to real reflexive

Banach spaces. Furthermore, Corollary 7.2.12 extends Theorem 3.1 of Tufa and

Zegeye [113] from uniformly smooth real Banach spaces and 2-uniformly convex

to smooth, strictly convex and real reflexive Banach spaces. The results obtained

in this chapter have been accepted by the journal of “Applied Set-Valued Analysis

and Optimization”.

8.2 Recommendation

To the best of our knowledge the following problems/questions are still open for

investigations.

• In Chapter 3 and 4, we have obtained strong convergence results for approx-

imating a zero of the sum of maximal monotone mappings in Hilbert spaces and

Banach spaces more general than Hilbert spaces. Can we relax the assumptions

indicated and/or extend the results to a more general Banach spaces?

• In Chapter 4, we have proved convergence theorems for approximating a zero of

the sum of maximal monotone mappings in Banach spaces using the concept of

extended solution set of the sum of maximal monotone mappings. Can we intro-

duce a simpler iteration scheme which is efficient and easy to implement?
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• In Chapter 5, we have developed an algorithm which converges strongly to a

solution of the split equality monotone inclusion problem for the sum of two max-

imal monotone mappings in Hilbert spaces. Can we extended this result to a

finite family of maximal monotone mappings in Banach spaces more general than

Hilbert spaces?

• In Chapter 6, we have introduced and studied an algorithm for approximat-

ing a common point of a f -fixed point of f -pseudocontractive mappings in real

reflexive Banach space. Can we obtain f -fixed point results for a class of map-

pings more general than Lipschitz and f -pesudocontractive mappings in spaces

more general than reflexive Banach spaces?

• In Chapter 7, we have obtained strong convergence results for approximating a

common element of the set of f -fixed points of Bregman relatively f -nonexpansive

mapping and the sets of solutions of variational inequality problems of Lipschitz

monotone mappings in real reflexive Banach spaces. Can the Lipschitz monotone

mapping assumption on our mappings be relaxed in order to accommodate more

class of mappings?
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