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Abstract

Many physical problems in real life can be modeled as nonlinear problems. In general, finding
the exact solutions of many nonlinear problems is difficult. Thus, development of different
approximation methods for solving nonlinear problems has gained significant interest once the

existence of these solutions has been established.

In this thesis, we construct different iterative algorithms to approximate solutions of such non-

linear problems.

First, we introduce an iterative algorithm which solves the split equality fixed point problem
involving uniformly continuous pseudocontractive mappings in the real Hilbert space settings.
We also introduce a method for approximating solutions of split equality common f, g—fixed
point problems involving uniformly continuous f, g—pseudocontractive mappings in reflexive
real Banach spaces. We discuss their convergence analysis and give numerical examples to

support each algorithm’s theoretical formulation.

Next, we introduce the split equality Minty variational inequality problems and construct an
iterative algorithm for approximating its solution, where the underlying mappings are Lipschitz

quasimonotone in reflexive real Banach spaces and discuss its strong convergence analysis.

Then, we construct an iterative algorithm for solving bilevel variational inequality problem with
fixed point constraint, where the mapping in the lower level variational inequality problem is
uniformly continuous pseudomonotone and the mapping for the fixed point problem is a general
demimetric mapping. Moreover, we introduce a method which approximates solutions of the
split equality of variational inequality and f, g— fixed point problems in reflexive real Banach
spaces and discuss its convergence analysis. We prove strong convergence theorems and provide

numerical examples for each algorithm.

Finally, we introduce the split equality Hammerstein type equation problem and propose meth-
ods for approximating its solution. We construct a method for approximating its solutions,
where the underlying mappings are uniformly continuous monotone in reflexive real Banach
spaces and its strong convergence analysis is discussed. Moreover, we introduce an iterative
algorithm which involves continuous monotone mappings for solving split equality Hammerstein
type equation problems in reflexive real Banach spaces. We discuss its convergence analysis and

give examples for each algorithm to reveal their effectiveness.
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1. Introduction

1.1 Background of the Study

The main focus of this thesis is the wide area of nonlinear functional analysis and its applications,
an active research area in the recent years, with special emphasis given to iterative algorithms for
approximating solutions of various nonlinear equations and inequalities. Several problems in the
area of applied mathematics reduce to finding solutions of nonlinear equations and inequalities.
However, there are no closed way methods of solving such problems, unlike those of linear
problems. Consequently, various approximation techniques have been employed for solving such
equations and inequalities. This thesis specifically focuses on construction of different iterative
algorithms for approximating solutions of problems related to fixed point, variational inequality,

and Hammerstein type equations.

One of the most interesting theories in the study of nonlinear analysis is the theory of fixed
points which was introduced by Poincaré [129] in 1886. Fixed point theory is highly applicable
in the study of applied sciences and engineering as many problems posed in these areas can be
modeled as finding fixed points of some nonlinear mappings. In particular, fixed point theorems
are applicable in differential inclusions, computer sciences, convex optimization, control theory,
economics, graph theory and variational analysis. Due to these applications, the area of fixed
point theory has attracted the interests of many researchers recently. Consequently, considerable
research efforts have been made on the existence and approximation of solutions of fixed point

problems (see, for instance, [20, 55, 92, , . ’ : , | and the references therein).

Specifically, several research works have been made on the concept of fixed points of mappings
with different pseudocontractivity properties. The class of monotone mappings, which was orig-
inally defined by Kacurovskii [90], is closely related to the class of pseudocontractive mappings
in Hilbert spaces. In this regard, if H is a Hilbert space and T: H — H is a mapping, then
F =1 — T is monotone if and only if T is pseudocontractive, where I is the identity mapping
on H. Thus, the set of fixed points of T', denoted by F(T), is the same as the set of null points
of F. Monotone mappings are very interesting as they are highly applicable for solving different

real life problems. For instance, many physical problems can be modeled in the form of
Z(t)+ Fz(t) =0, 2(0) =0, (1.1)

where F' is a monotone mapping in a suitable Banach space E (see, [139]). Heat, wave and

Schrodinger equations are typical examples where (1.1) can be applied.

The concepts of fixed points and pseudocontractive mappings have been extended from Hilbert
spaces to Banach spaces as semi—fixed points and semi—pseudocontractive mappings, respec-
tively, by Zegeye [131]. The concepts of semi—pseudocontractive mappings and semi—fixed

points have further been extended to the concepts of f—pseudocontractive mappings and f—fixed
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points, respectively, by Zegeye and Wega [191]. It was pointed out by Zegeye and Wega [191]
that, for a mapping T: E — E*, the mapping F' = Vf — T is monotone if and only if T is
f—pseudocontractive, where E* is the dual of ¥ and V f is the gradient of a real valued function
f defined on FE satisfying certain properties. Likewise, the set of f—fixed points of the mapping
T is the same as the set of null points of the mapping F'. Thus, the interest of researchers on
f—fixed points of f—pseudocontractive mappings is mainly due to their connection with the

crucial class of certain monotone mappings.

The variational inequality problem is another important area in the study of nonlinear functional
analysis. It was first introduced by Stampacchia [117] in 1964 as a tool for the study of partial
differential equations and later studied by Hartman and Stampacchia [¢1] in 1966. Since then,
they have been studied by many authors (see, for instance, [9, 36, 60, 73, 83, , , , ]

and the references therein).

Variational inequality problems are of crucial importance in the study of optimization and
equilibrium problems and have been applied in solving real life problems of various fields such as
transportation, engineering mechanics, circuits in electronics, network analysis, control theory,
economics among others (see, for instance, [1, 14, 19, 72, 95, , , ) ] and references

therein).

Many other problems in the real world can be formulated and studied as variational inequal-
ity problems. Financial equilibrium problems, migration equilibrium problems, environmental
network and ecology problems, knowledge network problems, supply chain network equilibrium
problems are some of the problems that can be formulated as variational inequality problems.
Thus, the variational inequality problem has become an active area of research nowadays. Con-
sequently, a lot of attention has been given to introducing iterative algorithms for approximating
solutions of variational inequality problems (see, for instance, [9, 36, 60, 73, 83, , , ,

, , , , | and the references therein).

Variational inequality problems are also closely related to the fixed point problems as they can

be formulated as finding fixed points of certain mappings.

Besides, several algorithms have also been introduced for finding common solutions of variational

inequality and fixed point problems (see, for instance, [150, , ).

The other important area in the study of nonlinear analysis is the concept of Hammerstein type

equation problems. The Hammerstein nonlinear integral equation is an equation of the form

u(z) + /Q k() (4, uly))dy = 0, (1.2)

where ) is a measure space, dy is a o—finite measure on 2, the real kernel k is defined on €2, f is
a nonlinear function from Q xR to R and w is a real—valued function defined on Q [192]. Interest
in (1.2) stems mainly from the fact that several problems that arise from differential equations,
for instance, elliptic boundary value problems whose linear parts possess Green’s functions can

be transformed into the form (1.2). Consider, for instance, the following problem of a pendulum
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with finite amplitude:

d?0(t)
6 (t)2

+ ?sinf(t) = 2(t), t€0,1], (0) =6(1) =0, (1.3)

where 6 is the amplitude (angular displacement) of the bob from the equilibrium point, z is the
driving force and c¢ is a nonzero constant which depends on the length of the pendulum and
gravitational acceleration. After a series of computational steps, equation (1.3) can be trans-
formed into the form (1.2) (see, [1(]). The integral equation (1.2) can further be transformed in

to a more general equation called the Hammerstein Type Equation.

Different problems that emerge from network systems, automation and optimal control can
also be formulated as Hammerstein type equation problems (see, [6, ]). Due to these and
other applications, the Hammerstein type equation problems have been recently attracting the
interests of researchers. Consequently, several existence and uniqueness theorems have been
proved for Hammerstein type equation problems [26, 27, 28, 29]. Besides, many authors have
developed different algorithms to approximate solutions of Hammerstein type equation problems

(see, for instance, [16, 48, 52, 54, 56, 67, 76, , , , ] and references therein).

Therefore, this thesis focuses on construction and study of different iterative algorithms for:
approximation of solutions of the split equality fixed point problems involving non-Lipschitzian
mappings in Hilbert spaces; solving split equality common f, g—fixed point problems in real
Banach spaces; finding solutions of the split equality quasimonotone Minty variational inequality
problems in the setting of reflexive Banach spaces; approximating solutions of bilevel variational
inequality problems with fixed point constraints in Hilbert spaces; finding solutions of split
equality variational inequality and f, g—fixed point problems in Banach spaces; approximating
solutions of split equality Hammerstein type equation problems involving monotone mappings

with different continuity properties in reflexive Banach spaces.

The remaining part of the thesis is organized as follows: Section 1.2 focuses on preliminary
concepts on the geometry of Hilbert and Banach spaces, convex functions, Bregman distances
and their properties, monotonicity and other properties of nonlinear mappings. Sections 1.3-1.6
contain the problem statement, research questions, objectives of the study, and scope of the

study, respectively.

The second chapter deals with the detailed review of related literature on approximating so-
lutions of fixed point problems both in Hilbert and Banach space settings, finding solutions of
variational inequality problems, finding common solutions of the variational inequality and fixed

point problems and approximating solutions of Hammerstein type equation problems.

In Chapter three, we introduce iterative algorithms which approximate solutions of split equality
fixed point problems both in Hilbert and Banach space settings. In Section 3.1, we collect some
preliminary concepts and definitions that will be used in the sections that follow. In Section
3.2, we construct an iterative algorithm for solving split equality fixed point problems involving
non Lipschitz pseudocontractive mappings in real Hilbert spaces and we discuss its convergence

analysis. Finally, numerical examples are provided to reveal the effectiveness of the method. In
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Section 3.3, an algorithm for solving split equality common f, g—fixed point problems involving
f, g—pseudocontractive mappings in reflexive real Banach spaces is introduced and a strong

convergence analysis is discussed along with numerical illustrations.

Chapter four deals with approximation methods for solving split equality quasimonotone Minty
variational inequality problems in Reflexive Banach spaces. We construct an iterative algorithm
which approximates a solution of split equality Minty variational inequality problem involving
quasimonotone mappings in real Banach spaces. After discussing a strong convergence analysis,

a numerical example is provided to illustrate the effectiveness of the algorithm.

In Chapter five, we construct an iterative algorithm which approximates solutions of variational
inequality problems involving fixed points of certain mappings. In Section 5.1, we collect some
preliminary lemmas and definitions. In Section 5.2, we introduce an iterative algorithm which
approximates solutions of the bilevel variational inequality problems with fixed point constraints
and discuss strong convergence analysis of the algorithm introduced. Section 5.3 deals with an
approximation method for solving split equality of variational inequality and f, g—fixed point
problems in reflexive real Banach spaces along with a strong convergence result. Numerical

illustrations are provided for each method introduced.

Chapter six focuses on introducing iterative algorithms for solving split equality Hammerstein
type equation problems in reflexive real Banach spaces. Some basic concepts and preliminary
lemmas are provided in Section 6.1. Section 6.2 deals with approximating solutions of split
equality Hammerstein type equation problems involving uniformly continuous monotone map-
pings in reflexive real Banach spaces. Section 6.3 deals with construction of iterative algorithms
and prove strong convergence theorems on split equality Hammerstein type equation problems
involving mappings which are continuous and monotone in reflexive real Banach spaces. Proofs

of strong convergence theorems along with illustrative numerical examples are also given.

The seventh chapter includes discussion and conclusions. We also point out a few unresolved
issues with our findings that need further research.
1.2 Preliminary Concepts

In this section, we introduce some fundamental concepts, notations and important results that

are useful in establishing our main results.

1.2.1 Geometry of Hilbert and Banach Spaces

Let H be a real Hilbert space. Then (see, e. g., [103, 151])

lz +yl? < [|«]* + 2(y, = + y), for all z, y € H, (1.4)
Az + (1= Nyl = Mz||* + (1= N)|yl|*> = X1 = N)||z — y||?, for all z,y € H and X € R. (1.5)



Chapter 1. Introduction

The following elementary properties also readily follow from the relation ||z||? = (z,z) of Hilbert

spaces.

lz +ylI* = ||| + 2(z, y) + [ly]|?, and (1.6)

1
(@) = 5llI21” = llz = yl* + lyl°], for all .,y € H. (1.7)

Definition 1.2.1. [175] Let C' be a nonempty, closed and convex subset of a real Hilbert space
H. Then the metric projection of a point x € H onto C is the unique point, Pox, of C which is

characterized by

Pox — z|| = inf — .
|Pox — || = inf {jly — |}

The metric projection is nonexpansive and it satisfies the following properties (see, e.g., [175]):
z = Pexifand only if (z — 2,y — 2) <0, forally € C, x € H, (1.8)
|z — Pox|* + | Pez — y||* < ||z — y||?, for ally € C and x € H. (1.9)

Throughout the subsequent definitions, the notation Sg = {x € E : ||z|| = 1} will be used, where

FE is a Banach space.

[z + yll

Definition 1.2.2. [2] A Banach space E is called strictly convex if
with x # .

<1, forallz,y € Sg

Definition 1.2.3. /2] Let E be a Banach space. The function ég: (0,2] — [0, 1] defined by

2_
dp(e) = inf {H;U—'_yu e -yl > 6},

ﬂﬂvyGSE
1s called the modulus of convexity of E.

Definition 1.2.4. [2] A Banach space E is said to be uniformly convex if dg(e) > 0, for all
e € (0,2]. We say that E is p—uniformly convez if there exists dp > 0 such that g(g) > d,eP,
for all € € (0,2].

For the special case when p = 2, the space F is said to be 2—uniformly convex. It is noted
in [173] that L, and [, are 2—uniformly convex if p € (1,2] and p—uniformly convex if p > 2.
We obviously observe that the class of p—uniformly convex spaces is subclass of the class of
uniformly convex spaces. It can also be observed (see, [2]) that every uniformly convex Banach

space is strictly convex.

Definition 1.2.5. [7/9] A Banach space E is said to be smooth if

t —
eyl - e

10 t ’ (1.10)

exists for all x,y € Sg.
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Definition 1.2.6. [2] The function pg : [0,00) — [0,00) given as

zt+y|+lx—y
pe(t) = sup (AR =0l gy )
TESE

1s called modulus of smoothness of E.

t
Definition 1.2.7. [2] A Banach space E is said to be uniformly smooth if lim pe(t) = 0.

t—0t+ T
Moreover, we say that E is q—uniformly smooth if there exists a positive constant ¢ such that

pE(t) <ctl, for allt >0 and g > 1.

It is well known that F is a uniformly convex if and only if E* is uniformly smooth, where E*

is the dual of F (see, for instance, [13]).

Definition 1.2.8. [?] A Banach space E is said to be reflexive if the natural embedding mapping
v: E — E** defined by ¥(x) = f, is onto, where x € E, f, is a bounded linear functional on
E* and E** is the bidual or second dual of E.

All Hilbert spaces, the [, and L, spaces, for p € (1,00), are examples of reflexive Banach spaces.
Every uniformly convex Banach space is also reflexive (see, [2]). But, neither of the spaces 1,
Li, I and Ly is a reflexive Banach space (see, [2]). One of the most important properties of
reflexive Banach spaces is that every bounded sequence in the space has a weakly convergent

subsequence (see, [119]).

Definition 1.2.9. Let Ey and Ey be real Banach spaces with duals EY and E3, respectively, and
let A: Ex — E3 be a bounded linear mapping. A mapping A*: E5 — EY is called an adjoint of
A if the equality (z, A*y) = (Ax,y) holds true for every x € E1 and y € Ej.

For the remaining part of the thesis, we use E to denote a real Banach space, E* to denote the
dual space of F, that is, the collection of all bounded linear functionals defined on £ and H to
denote a real Hilbert space, unless otherwise specified. The generalized duality relation between

E and E* and the induced norm will be denoted by (-,-) and || - ||, respectively.

1.2.2 Monotonicity of Mappings

Definition 1.2.10. A mapping F: C C F — FE is said to be L-Lipschitz continuous on C if

there exists a constant L > 0 such that
|Fx — Fy|| < Ll|z — yl|, for all z,y € C.

In this case, if L < 1, then F is called a contraction and if L = 1, then F 1is said to be

nonerpansive.
Definition 1.2.11. Let C be a nonempty subset of E. A mapping F: C — E* is said to be
(a) a-inverse strongly monotone if there exists o > 0 such that
(Fx — Fy,x —y) > o||[Fz — Fyl||?, for all z,y € C;

(b) a-strongly monotone on C (see, [93]) if there exists o > 0 such that
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(Fx — Fy,x —y) > allz — y||?, for all z,y € C;
(¢) monotone on C (see, [93]) if
(Fx — Fy,x —y) >0, for all x,y € C;
(d) a-strongly pseudomonotone on C (see, [97]) if there exists o > 0 such that
(Fa,y —x) > 0 implies (Fy,y — x) > ||z — y||?, for all z,y € C;

(e) pseudomonotone on C (see, [93]) if

(Fx,y —x) > 0 implies (Fy,y —x) > 0, for all z,y € C;
(f) quasimonotone on C if

(Fx,y — x) > 0 implies (Fy,y —x) >0, for all z,y € C.

A monotone mapping F: C — E* is said to be mazimal monotone if its graph, Gph(F) =
{(z, Fx) : « € C}, is not properly contained in Gph(G) for any monotone mapping G: C' — E*
other than F. That is, a monotone mapping F' is maximal monotone if and only if y = Fz,
whenever (z,y) € C x E* and (x —u,y —v) > 0 for every (u,v) € Gph(F).

Remark 1.2.1. (i). We observe from the above definitions that (a) — (¢) = (e) =

(f), but the converse relations may not be always true.

(ii). It is also easy to see that every a--strongly monotone mapping is a-strongly pseudomonotone

and every a—inverse strongly monotone mapping is —— Lipschitz continuous.
Q@

(iii). The classes of inverse strongly monotone and strongly monotone mappings are indepen-
dent.

For verification of the inclusion of monotonicity properties of mappings, we consider the following

some examples.

Example 1.2.1. Let F: [0,1] — R be defined by Fx = x*. Then

(z +y)
2

(Fz— Fy,x—y) = (z+y)(z—y)* > (z —y)?

(z +y)*
4

(1.11)
>

1
(v —y)* = ;[Fz = Fyf’,
. 1
showing that F 1is Z—mverse strongly monotone. However, we can not find o > 0 such that
(Fx—Fy,z—y) = (x+y)|v —y|*> > alz —y|?, for all z,y € [0,1] showing that F is not strongly

monotone.

Example 1.2.2. The mapping F: [1,00) — R defined by Fx = 2% is 2—strongly monotone but

not inverse strongly monotone.

Example 1.2.3. The mapping F: R — R defined by F(x) = ¢, for all x € R, where ¢ is a real

number, is monotone but not strongly monotone.
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Example 1.2.4. Let F': (0,00) — (0,00) be defined by F(x) = %, a > 0. Let us now assume
r+a
that (Fx,y —x) > 0, for all x,y € (0,00), that is, <%,y — x> > 0, for all z,y € (0,00).
r+a

It then follows that y — x > 0, and thus (Fy,y — x) = <L,y - x> > 0, showing that

y+a
F is pseudomonotone. To show that F is not monotone, let us take arbitrary distinct points
a a —allz —y|]?
z,y € (0,00). Then we have (Fx — Fy,x — :<x— , — >: ,
y € (0,00) ( Y,z —y) Yita vial  Grawta)
and thus F is not monotone.
Example 1.2.5. Let C = [—1,1]. Then the mapping F: R — R defined by
|2z — 4|, ifx > 1,
Fr={2?+1, ifreC,
=2z, ifr < —1,
. . ) -1
is quasimonotone but not pseudomonotone [165]. In fact, if we take x = 2 and y = EX then

-1 5 —1 ) —5
we get (Fz,y —x) = <0,7 —2> =0, but (Fy,y —x) = <17? —2> = <4> . <2> <0,

showing that F is not pseudomonotone.

We note from Cioranescu [57] that in a reflexive real Banach space, every continuous monotone

mapping is maximal monotone.
Definition 1.2.12. The generalized duality mapping is a mapping Jp: E — 2E" defined by
Jpr = {a* € B* : (z,2*) = ||z||’ and ||2*|| = ||z|P~}, for allz € E.

The Hahn Banach Theorem guarantees that Jyz # (), for each € E. If p = 2, then J, = J, is
called the normalized duality mapping usually denoted by J. The normalized duality mapping
is a multi-valued monotone mapping. Generally, we have that J,x = ||y||[P~2Jz. If, in addition,
FE = H, then J is the same as the identity mapping on H. We also note that the generalized

duality mapping is multi-valued monotone.

1.2.3 Convex Functions

Let f: F — R be a function. The domain of f, denoted by Dom f, is defined as Dom f =
{r e E: f(x) < +o0}.

Definition 1.2.13. The right-hand derivative of the function f: E — (—oo,+00| at a point
x € int(Dom f) in the direction of y is defined as

! BT f($+ty)_f(x)
f(:v,y)—ltlfg . :

(1.12)

Definition 1.2.14. Given a function f: E — R. Then the function f*: E* — R, defined by
(y*) =sup{{(y*,y) — f(y) : y € E} for any y* € E* is called the Fénchel conjugate of f.

Definition 1.2.15. [/80] Let E be a vector space and let C be a convexr subset of E. Then the
function f: C — (—o0,400] is said to be
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i) proper if it has nonempty domain;

ii) convex if for all w,z € C' and a € [0,1], one has

flow+ (1 —a)z) <af(w) + (1 - a)f(2);

iii) uniformly convex with modulus v, if for each w,z in its domain and o € [0,1], one has
flaw+ (1 —a)z) <af(w) + (1 -a)f(z) —all = a)p(lw - z]),

where 1) is an increasing function with ¥ (0) = 0;

iv) lower semicontinuous at x if

f(z) < liminf f(z,),

n—o0

for every sequence {x,} C Dom f with lim z, = z;
n—oo

v) Gateaux differentiable at x € int(Dom f) if for any y € E the derivative

)

/ — 1
fia,y) = lim ”

exists. In this case, f'(x,y) coincides with V fx, where V fx is the value of the gradient
of f at x. Moreover, the function f is said to be Gateaux differentiable if it is Gateaux

differentiable at each point x € int(Dom f);
vi) Fréchet differentiable at x if the limit in (1.13) is attained uniformly for every |yl = 1;

vii) uniformly Fréchet differentiable on a subset C of E, if the limit in (1.13) is attained
uniformly for any x € C and |yl = 1;

xiii) strongly coercive if % — 400 as ||z| — oo.

If a function is proper, convex and lower semi-continuous, then it is continuous (see, [10]).

A Fréchet differentiable function is Gateaux differentiable and continuous (see, [120], p. 142).
A function f: E — R is said to be a Legendre function (see, [131]) if and only if the following

two conditions hold:
(1) f is Gateaux differentiable, int(Dom f) # () and Dom V f = int(Dom f);
(2) f* is Gateaux differentiable, int(Dom f*) # () and Dom V f* = int(Dom f*).
If E is a strictly convex and smooth Banach space, then the function defined by f(z) = ;Hme ,

p € (1,00) is a proper, lower semicontinuous Legendre function with Fénchel conjugate f*(z*) =

1 1 1
—|lz*||9, ¢ € (1,00), where — + — =1 (see, [15]). In this case, we have Vf = J,.
q p q

For a reflexive Banach space F and a Legendre function f: E — (—o0,+0o0], we have Vf* =
(Vf)~! [24]. We also have that f is a Legendre function on E if and only if f* is a Legendre
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function on E* [15].

Definition 1.2.16. [2/] A Gateaux differentiable function f: E — R U {400} is said to be

B—strongly convex if there exists a positive constant 3 such that

for all x,y € Dom f, or equivalently [127]
F@) > F@) + (Vo —2) + D~y

The constant S in Definition 1.2.16 is called the strong convezity constant of f.

1
If E is a smooth and 2—uniformly convex Banach space, then the function f(x) = 5“1”’2 is
strongly coercive, lower semi-continuous, uniformly Fréchet differentiable, bounded and strongly

1
convex with strong convexity constant 5 € (0, 1] and conjugate f*(z*) = §||JU*H2 We also have

1
that if f is B—strongly convex, then V f* is B—Lipschitz continuous (see, Zhong [191]).

Note that the class of uniformly convex functions contains that of strongly convex functions.
The subdifferential of f at x, denoted by df, is the set defined by
0f (@) = {a* € B* : v,y — 2) < f(y) — f(x), for all y € B}, (see, [55]).

For a nonempty, closed and convex subset C' of E = E; X Ey and let f: E; — (—o0,400],
g: By — (—o00,+00] be convex Gateaux differentiable functions. Now, for any (z,y) € E, if
(2*,y*) = Pl(x,y), then

(Vh(z,y) — Vh(z™,y"), (u,v) — (z%,9")) <0, (1.14)
for all (u,v) € C, where h: E — (—00,+00] is the function defined by h = (f, g).

1.2.4 Bregman Distances and their Properties

Definition 1.2.17. [25, 39] The Bregman distance with respect to a Gateaux differentiable
convex function f: E — RU{+4o00} is the function Dy: Dom f xint(Dom f) — [0,400) defined
as

The Bregman distance is not a distance in the usual sense because it is not symmetric and does

not satisfy the triangle inequality, but it satisfies the following important properties (see, e.g.,
[33, 133, 135]):

(i) Three point identity: For any w € Dom f and any x,y € int(Dom f)
Dy(w,z) + Dy(z,y) — Dy(w,y) =(Vfz = Vfy,z —w). (1.15)

(ii) Four point identity: For any x,w € Dom f and any y, z € int(Dom f)

10
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D¢(x,2) + Dy(w,y) — Dy(x,y) — Dp(w,2) = (Vfy = Vfz,x —w). (1.16)

Definition 1.2.18. [75] Let C C int(Dom f) be a nonempty, convexr and closed subset of
E, where f: E — RU{+o0} is a Gateaux differentiable and convex function. The Bregman
projection of x € int(Dom f) onto C is the unique vector Pg(x) of C' with the property

Dy(PL(x),x) = min {Dj(y,z) : y € C}. (1.17)
The Bregman projection has the following important properties (see, [35]):
w = P(J;(:L') if and only if (Vfz — V fw,y —w) <0, for ally € C, (1.18)
and
Dy(w, PL(z)) + Dy(PL(z),2) < Dy(w, ), for all z € E,w € C. (1.19)

Remark 1.2.2. The Bregman projection has the following special cases [3]:

1
(i) If, in (1.17), E is a smooth Banach space and f(x) = §||xHQ, then Pé(x) reduces to Il (x),
where 1o is the generalized projection mapping (see, e.g., [5]) characterized by
QS(HC(:L‘)a ZE) = min ¢(y7 33‘),
yeC
where ¢ is the Lyapunov function defined by ¢(w,z) = ||w||® — 2(w, Jz) + ||z||%.
1
(i) If, in (1.17), E = H with f(x) = inHQ, then Pé(x) further reduces to Pow.
The modulus of total convezity of a Gateaux differentiable function f is the function vy: int(Dom f)x
[0,00) — [0,00) defined by v¢(z,t) = inf {Df(y,x) :y € Dom f,||y — x| = t}. In this case, f
is said to be totally convexr at the point x € int(Dom f) if vg(x,t) > 0 whenever t > 0 (see,
[34]) and f is said to be totally convex if it is totally convex at every point in the interior of its
domain. On bounded subsets of E, the concepts of uniform convexity and total convexity are

the same (see, [35]).

Let f: E — R be a Gateaux differentiable and Legendre function. The non-negative real—valued
function Vy: E x E* — [0,400) associated with f defined by

Vily,y") = f(y) = " 9) + [(y"), forally € E, y" € E, (1.20)
satisfies the following two properties (see, [111]):
Vi(y,y") = Ds(y, V.I*y"), (1.21)
and
Vi(y,y") + (" V" —y) < Vi(y,y" +27), forally € E, y*, 2* € E*. (1.22)

11
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1.2.5 Nonlinear Mappings
Definition 1.2.19. A mapping T: H — H is said to be

i. firmly nonexpansive [71] if

|72 = Ty|2 < o — y|2 = l(x — y) — (Tw = Ty)|1%, for all z,y € H.

it. y— strictly pseudocontractive (in the sense of Browder and Petryshyn [70]) if there exists
v € (0,1) such that

(T —Ty,x —y) <|lz —y|> = yll(z = y) = (Tz = Ty)|>, for allw,y € H;
or equivalently

1Tz = Tyll* < |l = ylI* +ll(z — Tz) — (y = Ty)l>, for allz,y € H;

1ii. pseudocontractive if
1Tz = Ty|* < |l = ylI* + |(I = T)a — (I = T)yl*, for allz,y € H,
or equivalently (due to Kato [9/])

<T$ [ Tyal‘ - y> < ||$ - y||27 fOT‘ allm,y € H.

Remark 1.2.3. We observe here that if a mapping is firmly nonexpansive, then it is strictly

pseudocontractive and hence it is pseudocontractive.

Definition 1.2.20. A point p € C C E is said to be a fized point of the mapping T: C — E if
Tp =p. The set of all fized points of T is denoted by F(T), that is, F(T) ={p € C: Tp = p}.

Definition 1.2.21 ([32, D). A mapping T: H — H with F(T) # 0 is said to be v-
demicontractive if there exists a number v € [0,1) with

Tz —p|? < ||z —p|? + v||Tz — z||%, for allz € H and p € F(T). (1.23)
If (1.23) is satisfied for v = —1, then T is said to be firmly quasi—nonexpansive; and T is said
to be quasi—nonexpansive if v = 0.
Definition 1.2.22. [19] A mapping T: H — H is said to be v—demimetric if F(T) # 0 and
there exists v € (—oo, 1) such that

| Tz — p||?> < ||z — p||® + v| Tz — z||?, for allz € H and p € F(T),

or equivalently

1—v

2

(x —p,x —Tx) > |z — Tz|?, for allz € C andp € F(T).

12
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We notice here that the class of v—demicontractive mappings is a larger class of mappings
which contains the families of quasi—monexpansive mappings, firmly nonexpansive mappings
with nonempty set of fixed points, strictly pseudocontractive mappings with nonempty set of

fixed points and firmly quasi—nonexpansive mappings (see, [59]).

It can also be observed that the class of v—demicontractive mappings is contained in the class
of v—demimetric mappings, and thus the class of v—demimetric mappings is a larger class of

mappings.

It is shown in [14] that if T is a v—demicontractive mapping, then F(T') is closed and convex
subset of H.

Definition 1.2.23. A mapping T: H — H is said to be semicompact if, for any bounded
sequence {xn} C H with ||z, — Txy| — 0 as n — oo, there exists a subsequence {xp, } of {xn}

such that {x,, } converges strongly to some y € H.

Definition 1.2.24. A mappingT: H — H is said to demicompact if, for any sequence {y,} C H
which is bounded and {||yn, — Tyn||} converges to some yo, there is a subsequence {yn,} of {yn}
such that {yn, } converges strongly to some y* € H and Ty* — y* = yp.

Definition 1.2.25. [2] A sequence {xy,} in E is said to converge weakly top € E if f(x,) — f(p)
for all f € E*. The weak convergence of the sequence {x,} to p is denoted by x, — p.

Definition 1.2.26. [100] A mapping T: C C E — E is said to satisfy the demiclosedness
property or (I — T) is demiclosed at 0 if {x,} is any sequence in C such that z, — p and
(I = T)xy| — 0, then Tp = p.

Definition 1.2.27. A mapping T: C C E — E* is said to be weakly sequentially continuous

on C if Tz, — Tx whenever {x,} is a sequence in C with x,, — x.
Definition 1.2.28. [181] Let C' be a nonempty subset of a smooth Banach space E. A mapping

T: C — E* is said to be semi—pseudocontractive if for any x,y € C, we have

(Tz —Ty,x —y) < (Jo— Jy,z —y).

Definition 1.2.29. [I181] Let T: C C E — E* be a mapping, where E is a smooth Banach
space. A point x* € C is said to be a semi—fixed point of T if Jx* = Tx*. We denote the set of
semi— fized points of the mapping T by Fy(T).

Definition 1.2.30. [191] Let C' be a nonempty subset of E. A mapping T: C — E* is called
f—pseudocontractive if

(Tz =Ty, —y) < (Vfr = Vfy,z—y),
for all z,y € C, where f: E — (—o00,+00] is a proper, lower—semicontinuous, convex, Fréchet
differentiable function.
Definition 1.2.31. [191] Let C be a nonempty, closed and convex subset of E and let f: E —

(—o0, +00] be a proper, lower semi-continuous and convex Fréchet differentiable function. Let

13
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T: C — E* be any mapping. A point p € C is called
(1) an f—fized point of T if Tp = V fp. We denote the set of all f—fized points of T by F¢(T).

(ii) an f—asymptotic fized point of T if there exists a sequence {xyn} in C such that x, — p
and lim |V fz, — Tx,|| = 0. The set of all f—asymptotic fized points of T is denoted by
n—oo

—

Fi(T).

If f(x) = %Hm||2, then Vf = J and hence the class of f—pseudocontractive mappings reduces

to the class of semi—pseudocontractive mappings. In this case, the concepts of f—fixed points

and semi—fixed points coincide.

If in addition, £ = H, where H is a real Hilbert space, then Vf = J = I, where [ is the
identity mapping on H. In this case, the concepts of f—pseudocontractive mappings and pseu-
docontractive mappings coincide. Moreover, the set of f—fixed points and fixed points of T" are
equal. As a result, we conclude that the class of f—pseudocontractive mappings contains that of
semi—pseudocontractive mappings. Thus, the concept of f—pseudocontractivity is an extension

of pseudocontractivity of mappings from Hilbert spaces to Banach spaces.

Definition 1.2.32. [172] Let f: E — (—o00,+00] be a proper, lower semi-continuous, Gateaux
differentiable and convex function. A mappingT: C — E* is called Bregman relatively f—mnonexpansive

if the following properties hold:
i. Fy(T) is nonempty;

—

ii. Dy (p, Vf*Tx) < Df(p,x), for allz € C,p € Ff(T); and

iii. Fp(T) = Fy(T).

The class of f—pseudocontractive mappings has a close connection with the class of monotone
mappings as a mapping 1" is f—pseudocontractive if and only if F' := Vf — T is monotone. In
this case, the set of f—fixed points of T" is equal to the set of zero points, N(F'), of F, where
N(F) ={z € Dom(F) : Fx = 0}.

Moreover, we have from Reich and Sabach [130] that if Vf and T are continuous, then F' is

maximal monotone and the set of f—fixed points of T is closed and convex.

1.3 Research Motivation and Statement of the Problem

This section covers the research problems and study motivation.

The fixed point problem is defined as finding a point z* € F with the property
Tz* =,

where T: E — FE is a nonlinear mapping.

Picard [128] was the first to construct iterative algorithms for solving boundary value prob-

lems involving integral operators, which can be modeled as fixed point problems of certain

14
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nonlinear mappings. Since then, several iterative algorithms have been proposed and stud-
ied for approximating fixed points of nonexpansive, strictly pseudocontractive and pseudo-
contractive mappings both in Hilbert space and Banach space frameworks (see, for instance,

[20, 30, 51, 55, 92, , ) | and other references therein).

In connection with the fixed point problems, Moudafi and Al-Shemas [1 16] introduced the Split
Equality Fixed Point Problem (SEFPP) defined as finding a point

(x*,y*) € F(S1) x F(S2) such that Az* = By*, (1.24)

where Hy and Hs are real Hilbert spaces, S1: Hy — Hp and So: Hs — Hsy are nonlinear
mappings, A: H; — Hs and B: Hy — Hj are bounded linear mappings, where Hs is another

real Hilbert space.

The split equality fixed point problem is a quite general problem which contains, as special cases,
the Split Equality Feasibility Problem (SEFP) and Split Feasibility Problem (SFP). Since it is
highly applicable in many areas of applied mathematics, the split equality fixed point problem
has been widely studied [11].

Consequently, many authors have introduced and studied different methods which approxi-
mate solutions of the SEFPP involving firmly quasi—nonexpansive, quasi—monexpansive and

quasi—pseudocontractive mappings (see, for instance, [10, 412, ).

Chang et al. [10] proposed and studied an iterative algorithm which approximates solutions of
SEFPP involving Lipschitz quasi—asymptotically pseudocontractive mappings which are more
general than quasi—nonexpansive mappings in real Hilbert spaces. They established a weak

convergence result under certain conditions.

It is worth mentioning here that, according to what we currently know, there is mo strong con-

vergence result for solving SEFPP for uniformly continuous pseudocontractive mappings.

On the other hand, many authors have introduced different methods for approximating semi-
fixed points, f—fixed points and common fixed points of different types of mappings in the

Banach space settings (see, for instance, [50, ) ) D).

Recently, Zegeye and Wega [191] introduced an iterative algorithm which approximates a com-
mon f—fixed point of two Lipschitz f—pseudocontractive mappings in reflexive Banach spaces.
However, the results obtained are restricted to a specific problem involving Lipschitz continuous

mappings.

Thus, it is natural to introduce a more general problem called the Split Equality Common

f, g—Fixed Point Problem (SECFPP) in reflexive Banach spaces with more general mappings.

The Split Equality Common f, g—Fixed Point Problem (SECFPP) is defined as finding a point
(x*,y") € (Fr(T1) N Fp(T2)) x (Fg(S1) N Fy(S2)) such that Ax™ = By*, (1.25)

where Ey and Es are reflexive real Banach spaces, f: E; — (—o00,+0o0] and g: Ey — (—00, +00]
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are convex, proper, lower-semi—continuous and Géateaux differentiable functions, 11,7T5>: E1 —
E} are f—pseudocontractive, Si, S2: Eo — E3 are g—pseudocontractive mappings and A: Fy —
FEs3 and B: Ey — Ej3 are bounded linear mappings, where Fs5 is another reflexive real Banach

space.

The SECFPP is a more general problem which contains the Split Equality Fixed Point Problem,
Split Equality f, g—Fixed Point Problem and Split Common f, g—Fixed Point Problems as its

special cases.

Whether we can construct an iterative method which approximates a solution of the split equality
common f, g—fized point problem involving uniformly continuous, f,g—pseudocontractive map-

pings is an open problem.

The other problem in the study of nonlinear functional analysis is the Variational Inequality
Problem (VIP) defined as finding a point z* € C such that

(Fa*,y —2*) >0, for all y € C, (1.26)

where C' is a nonempty, convex and closed subset of F and F: C — E* is a monotone mapping.
We usually denote the solution set of the VIP (1.26) by VI(C,F). The variational inequal-
ity problems are closely related to the fixed point problems. Indeed, a point p is a solution
of the variational inequality problem (1.26) if and only if it is a fixed point of the mapping
Pco (z — AF(x)) for any A > 0.

Several authors have proposed different iterative algorithms to approximate solutions of varia-
tional inequality problems involving mappings with different monotonicity properties (see, for
instance, [74, 75, 78, 88, 97, 98, ) , , | and the references therein). The projected
gradient method, extragradient method, subgradient extragradient method and Tseng’s extra-

gradient method are some of the methods employed for solving variational inequality problems.

In connection with the variational inequality problem, we have the dual variational inequality
problem, commonly called the Minty Variational Inequality Problem (MVIP), which is defined

as finding an element z* € C such that
(Fz,z—2") >0, forall z € C, (1.27)

where C' is a nonempty, convex and closed subset of ¥ and F: C' — E* is a mapping. The set
of solutions of MVIP (1.27) is commonly denoted by MV I(C, F). Clearly, if the mapping F is
pseudomonotone, then MV I(C, F) is a closed and convex set. If F'is a continuous mapping and
C' is convex, then MV I(C,F) C VI(C,F) [193]. If F is continuous and pseudomonotone, then
we have that VI(C, F) = MVI(C, F) [58]. However, the inclusion VI(C, F) C MVI(C, F) does

not always hold if F' is continuous and quasimonotone mapping (see, [179]).

There has been a growing interest of researchers on speeding up the convergence rates of dif-
ferent approximation methods. The inertial technique which originates from the implicit time
discretization of a second-order dynamical system, is one of the methods of accelerating the con-

vergence of algorithms and it was introduced by Polyak [130] in 1964. It is an iterative method
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in which a subsequent term of a sequence is obtained from the combination of the two immediate
preceding terms of the sequence. Nowadays, introducing and studying inertial algorithms for
solving variational inequality problems, Hammerstein type equation problems and fixed point

problems is attracting interests of many authors (see, [15, , , 155]).

Several authors have introduced different inertial algorithms for solving the Minty variational

inequality problems involving quasimonotone mappings (see, for instance, [37, , D).

In 2022, Izuchukwu et al. [87] introduced an inertial extrapolation method which solves the
MVIP in a real Hilbert space. They established a weak convergence of their method under the
assumption that the underlying mapping is a Lipschitz continuous quasimonotone. However,
the method in Izuchukwu et al. [87] is based on the metric projection. More recently, Wang
et al. [169] introduced a more general inertial-like algorithm which approximates solutions of
quasimonotone Minty variational inequalities in real Hilbert spaces which makes use of the

Bregman projection method, which is more general than the metric projection considered in
[57].

The aforementioned results deal only with MVIP in the Hilbert space settings and the conver-
gence results obtained are weak convergence. As a result, further study is required to determine
whether the existing problems can be extended to more general problems with strong conver-

gence results in more general Banach spaces.

Thus, it is natural to introduce a new problem called the split equality Minty variational inequality
problem and construct an iterative algorithm which approzimates its solution in reflexive Banach

spaces.

We introduce the Split Equality Minty Variational Inequality Problem (SEMVIP) as finding a
point
(z*,y*) €e MVI(C,F) x MVI(D, Q) such that Az* = By*, (1.28)

where ) # C and ) # D are convex and closed subsets of the Banach spaces F; and Es,
respectively, F: E; — E} and G: Ey — E3 are nonlinear mappings, A: E; — Es and B:

Fy> — E3 are bounded linear mappings, where E3 is a Banach space.
Another problem which is formulated in terms of the VIPs is the Bilevel Variational Inequality
Problem (BVIP) which is defined as finding an element

¥ e VI(C,F): (Gz*, x —x*) >0, for allz € VI(C, F), (1.29)

where C'is a nonempty, convex and closed subset of H, F: C — H and G: C — H are mappings.
Here, the variational inequality problem which involves the mapping F' is called the lower level
problem or the constraint problem. The set of solutions of (1.29) is denoted by VI(VI(C, F),G).

Bilevel variational inequality problems (1.29) are special classes of quasivariational inequalities

(see, for instance, [11, 72, ]) and that of equilibrium problems with equilibrium constraints
(see, [63, 64, D).

Several nonlinear optimization problems are covered by the BVIP. For instance, fixed point
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problems, complementary problems, saddle point problems and minimum norm problems are

some special cases of the BVIP.

For solving the bilevel variational inequality problems, several authors (see, [10, 11, 12, (5,
, 91, , | and the references therein) have introduced different iterative algorithms and

discussed their convergence analyses.

Many authors have also been working on the approximation of solutions of bilevel variational
inequality problems that involve fixed points of certain mappings in their lower level problems

(see, for instance, [77, 79]).

The Bilevel Variational Inequality Problem with Fized Point Constraint (BVIPFPC) is defined
as finding z* € ) with the property

(x —2",Gz") >0, for all z € Q, (1.30)

where Q = {y € VI(C,F) : Ay € F(T)}, C is a nonempty, convex and closed subset of the real
Hilbert space Hy; F,G: Hy — Hy and T: Hs — Hs are nonlinear mappings; A: H; — Hs is a

bounded linear mapping.

In 2021, Hai et al. [79] introduced an iterative algorithm which approximates a solution of
(1.30). They proved a strong convergence theorem under the conditions that F' is Lipschitz

pseudomonotone and T: Hy — Hj is a demicontractive mapping with (I — T") demiclosed at 0.

Howewver, to the best of our knowledge, there is no strong convergence result for BVIPFPC
tnwolving beyond Lipschitz continuous mappings in the lower level variational inequality problem

and a mapping more general than demicontractive for the fized point constraint.

One of the generalizations of the variational inequality problems is the Split Equality Variational
Inequality Problem (SEVIP), which is defined as finding a point

(z*,y*) e VI(C,S) x VI(D,T) such that Az = By*, (1.31)

where, ) £ C and () # D are convex and closed subsets of the real Banach spaces Ey and Fa,
respectively, S: E; — ET and T: Ey — Ej are nonlinear mappings and A: Ey — E3 and B:
FEy — E3 are bounded linear mappings, where Fs3 is another real Banach space. Some of the
special cases of SEVIP are Common Solutions of Variational Inequality Problem (CSVIP), Split
Variational Inequality Problem (SVIP), Split Equality Feasibility Problem (SEFP) introduced
by Moudafi [ 15], Split Feasibility Problem (SFP) introduced by Censor and Elfving [38] and
the Split Equality Null Point Problem (SENPP).

Recently, Boikanyo and Zegeye [23] introduced a new algorithm which approximates SEVIP for
uniformly continuous pseudomonotone mappings which are sequentially weakly continuous in

uniformly convex Banach spaces and they obtained strong convergence results.
However, their results are still confined to the classes of uniformly convex Banach spaces.

Whether the results in Boikanyo and Zegeye [25] can be extended to more general Banach spaces
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with more general mappings is an open problem which needs further studies. Based on these
results, it is natural to introduce a new problem called the split equality of variational inequality

and f,g—fixzed point problem and propose a method for approrimating its solution.

We propose the split equality of variational inequality and f, g—fixed point problem as finding
a point

(a*,u*) € (VI(C, A) N Fy(G)) x (VI(D, B) N Fy(K)) : Ta* = Su”, (1.32)

where E) and E, are reflexive real Banach spaces, A: £y — Ef and B: E; — Ej are any
mappings, G: C — E} and K: D — E3 are Bregman relatively f—nonexpansive and Bregman
relatively g—nonexpansive mappings, respectively, f: E1 — R and g: Es — R are proper, con-
vex, lower semicontinuous, uniformly Fréchet differentiable, strongly convex, strongly coercive

Legendre functions which are bounded.

The other important problem in the field of nonlinear functional analysis is the Hammerstein

type equation problem which is defined as finding a point «* in £ which solves the equation
u+ KFu =0, (1.33)

where F is a Banach space; and F: EF — E* and K: EF* — E are monotone mappings.

With regard to approximating solutions of the Hammerstein-type equation problems, different

iterative methods have been introduced (see, for instance, [32, 47, 19, 54, 56, 61, 67, 70, 76, ,

) ) ])'

In 2013, Zegeye and Malonza [183] introduced an iterative algorithm in a uniformly convex
and uniformly smooth Banach space. They proved that the method they proposed converges
strongly to a solution of the Hammerstein-type equation problem under the assumption that

the underlying mappings are continuous monotone.

To extend the settings under consideration, Tufa et al. [164] proposed an algorithm which
approximates a solution of (1.33) in reflexive real Banach spaces. They obtained a strong

convergence result under the assumption that the governing mappings are Lipschitz monotone.

Based on the results obtained in Tufa et al. [164], we introduce a more general problem called
the Split Equality Hammerstein Type Equation Problem (SEHTEP) which is defined as finding
a point (u,p) € E1 x E3 such that

u—+ K1Fju =0, p+ KoFyp = 0 such that Au = Bp, (1.34)

where F and E» are reflexive real Banach spaces with dual spaces E and E3, respectively, F7:
E, — E},Ky: Ef — Ey, Fy: Ey — E5 and Ky: E5 — Ey are monotone mappings, A: Ey — Es

and B: Fy — Ej3 are bounded linear mappings and Fj3 is another reflexive real Banach space.

The SEHTEP includes Hammerstein Type Equation Problems, Common Solutions of Ham-
merstein Type Equation Problems and Split Hammerstein Type Equation Problems as special

cases.
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Whether it is possible to introduce a strongly convergent algorithm for solving the split equality
Hammerstein type equation problem (1.34) involving more general types of mappings in reflexive

Banach spaces is not known and it needs further study.

1.4 Research Questions

Based on the aforementioned gaps, we raise the following major research questions.

1. Can we construct and study an algorithm which approximates a solution of the split
equality f, g—fixed point problems for mappings which are more general than Lipschitz

continuous f, g—pseudocontractive in reflexive Banach spaces?

2. Can we introduce and study a strongly convergent algorithm for solving split equality
Minty variational inequality problems involving quasimonotone mappings in reflexive Ba-

nach spaces?

3. Is it possible to introduce and study a strong convergence method for bilevel variational
inequality problems with fixed point constraints involving uniformly continuous mappings

in their lower level variational inequality problems?

4. Is it possible to construct and study an algorithm which approximates solutions of the
split equality variational inequality and f, g—fixed point problems for mappings which are

more general than Lipschitz continuous in Banach spaces?

5. Can we develop an algorithm that converges strongly to a solution of split equality Ham-
merstein type equation problem involving mappings which are more general Lipschitz

continuous in more general Banach spaces?

1.5 Objectives

1.5.1 General Objective

The general objective of the study is to construct and study different iterative methods for
solving fixed point, variational inequality, and Hammerstein type equation problems involving

more general class of mappings in general Banach spaces.

1.5.2 Specific Objectives
The specific objectives of the study are to

1. develop an algorithm which approximates a solution of the split equality f, g—fixed point
problems involving f, g—pseudocontractive mappings with more general continuity prop-
erty than Lipschitz continuous in reflexive real Banach spaces and discuss its convergence

analysis;

2. prove a strong convergence theorem for solving split equality quasimonotone Minty varia-

tional inequality problems in reflexive Banach spaces;
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3. introduce and study an iterative algorithm for solving bilevel variational inequality prob-
lems with fixed point constraints involving uniformly continuous mapping in the lower

level problem and discuss its strong convergence theorem:;

4. construct and study an algorithm for solving split equality variational inequality and
f, g—fixed point problems involving mappings more general than Lipschitz continuous in

Banach spaces;

5. introduce and study a strongly convergent algorithm for solving split equality Hammerstein
type equation problems in reflexive Banach spaces where the underlying mappings are more

general than Lipschitz continuous.

1.6 Scope of the Study

The scope of this thesis is limited to

e approximating f, g—fixed points of f, g—pseudocontractive mappings in Hilbert spaces and

reflexive Banach spaces;

e solving split equality Minty variational inequality problems involving quasimonotone map-

pings in reflexive Banach spaces;

e approximating bilevel variational inequality problems with fixed point constraints in Hilbert

spaces;

e finding a common solution of the split equality of variational inequality and f, g—fixed

point problems in reflexive real Banach spaces;

e approximating solutions of split equality Hammerstein type equation problems involving

uniformly continuous monotone mappings in reflexive real Banach spaces.
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In this chapter, we present detailed review of the related literature which is relevant to the

remaining part of the thesis.

2.1 Approximation of Solutions of Fixed Point Problems Involv-

ing Pseudocontractive Mappings

In this section, we present some research findings that have been done on the approximation of

fixed points of different types of pseudocontractive mappings in Hilbert and Banach spaces.

For solving the fixed point problems, Picard [128] introduced the following iterative algorithm:
Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let T: C'— C be a

contraction mapping and let {u,} be a sequence generated from arbitrary ug € H as
Upt1 = Tup, n > 0. (2.1)

It has been proved that the sequence {u,} converges strongly to the unique fixed point of the

mapping 7.

It was remarked here that the convergence of the method (2.1) is not guaranteed whenever 7'
is generally nonexpansive. If, for example, we take C' to be the unit disc in R? with center at
the origin and T is the mapping defined by the rotation of C' about the origin with an angle %
Then T is a nonexpansive mapping and 0 is the unique fixed point of T". It is not difficult to
visualize that the sequence {x,} generated by this rotation from any xg # 0 on the unit disc
does not converge to 0. Thus, several improvements have been made on the work of Picard [128]

(see, for instance [30, , 124])

To resolve the drawback in Picard iteration [128], Mann [105] introduced an iterative algorithm
for approximating solutions of fixed point problems involving nonexpansive mappings in the
Hilbert space settings. Mann [108] proved that the sequence {u,} obtained from arbitrary
ug € C C H by

Unt1 = (1 — ap)up + apnTu,, n >0, (2.2)

where T: C' — C' is a nonexpansive mapping and «, € (0,1) satisfies some appropriate con-

ditions, is a sequence of approximate fixed point, that is, |z, — Tzp|| = 0. To obtain a

lim
n—oo
strong convergence result of {u,} to a fixed point of 7' (when exists), one needs some compact-
ness type assumptions either on the set C' (e.g., C'is compact) or on the mapping T (e.g., T is

demicompact or semicompact).

However, the algorithm introduced by Mann [10%] does not necessarily converge to a fixed point
of T, whenever T is a more general pseudocontractive mapping even when some compactness

assumptions are imposed on C or T'. Chidume and Mutangadura [51] provided an example of a
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Lipschitz pseudocontractive self mapping of a convex and compact subset of a Hilbert space for

which the Mann iterative scheme fails to converge.

In 1974, Ishikawa [20] introduced the following iterative algorithm in a real Hilbert space H:
Let K be a convex and compact subset of H and let T: K — K be a self mapping. Then the

sequence {uy} generated from arbitrary point u; € K by
Unt1 = T [BnTun + (1 — Bp)up] + (1 — ap)un, n>1, (2.3)

where the control sequences {a,,} and {f,} satisfy certain conditions, converges strongly to a
fixed point of T provided that T is a Lipschitz pseudocontractive mapping. It can be observed
that if 8, = 0, for all n > 1 in (2.3), then the Ishikawa iteration scheme reduces to the Mann
iteration scheme (2.2). We notice here that the compactness condition imposed on the set K is

a quite strong condition.

In 2013, Osilike et al. [124] introduced and studied the Modified Ishikawa Algorithm in real
Hilbert space settings: Let T: H — H be a Lipschitz pseudocontractive mapping. Let {u,} be
arbitrarily defined from u; € H by

Un+1 = (1 - Oén)(l - tn)un + anT [(1 - Bn)(l - tn)un + Bn [T(l - tn)unﬂ , n>1, (2'4)

where {t,,}, {an}, {8n} C (0,1) with some suitable conditions. Then the authors proved a strong
convergence of {u,} to a point p = Pr7) (0), provided that 7" is a Lipschitz pseudocontractive
mapping with F(T') # (. Tt can be seen that the Modified Ishikawa Iteration method is more
general than that of Ishikawa and can be reduced to the normal Ishikawa iteration [36] when
t, = 0. The other advantage of the result obtained in Osilike [124] over Ishikawa [30] is that the

Modified Ishikawa Algorithm does not require the compactness condition on the feasible set.

Many other authors have also proposed and studied different iterative algorithms which approx-
imate fixed points of pseudocontractive mappings (see, for instance, [4, 20, 55, 89, 92, , ,

, , , , ] and the references therein).

The split equality fixed point problem (SEFPP), which is a generalization of the split feasibility
problem and of the convex feasibility problem, has been extensively investigated recently due
to its extraordinary utility and applicability in several areas of applied mathematics (see, for

instance, [11, 150]).

In 2011, Moudafi and Al—Shemas [!16] proposed the following algorithm which approximates a
solution of SEFPP (1.24): Let Hy, Hy and Hs be real Hilbert spaces and let T: H; — H; and
S: Hy — Hs be firmly quasi—nonexpansive mappings. Let {(z,,y,)} be the sequence obtained
by the following iteration:

{‘rn-i-l = T(xn - 57114* (Ax” o Byn)) (2.5)

Yn+1 = S(yn + /BnB*(Axn - Byn))a

where {5,} is a real sequence satisfying some conditions, A: H; — Hs and B: Hy — Hsj
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are bounded linear mappings. Then the authors proved that the sequence {(x,,y,)} converges
weakly to a solution of the SEFPP (1.24) .

However, the calculation of the step size {3,} in (2.5) is dependent on the operators norms ||A||
and || B].

In 2015, Che and Li [12] proposed the following algorithm for solving SEFPP (1.24) which does
not require prior information about the operator norms for calculating the step sizes: Let Hi, Ho
and Hj be real Hilbert spaces and let T1: Hy — Hy and T5: Hy — Hs be quasi—nonexpansive
mappings. Let {(z,,y,)} be the sequence defined from arbitrary (xo,y0) € Hy x Hs as

cn = Ty — 0, A" (Azy, — Byy),
Tnt1l = OnTn + (1 — on)Ticy,
dn = yn — 0B (Byn — Axn),
Ynt+1 = OnYn + (1 — 0n)Todn,

where A: Hy — H3 and B: Hy — Hjz are bounded linear mappings. They established a weak

convergence result under some appropriate conditions on the control sequences {g,} and {6, }.

Though the firmly quasi—nonexpansive assumption imposed on the mappings in Moudafi and

Al—Shemas [116] is extended to the relatively bigger class of quasi—nonexpansive mappings by
Che and Li [12], the quasi—monexpansiveness property is still a quite strong condition. Conse-
quently, Chang et al. [10] proposed the following algorithm for solving SEFPP (1.24) involving

more general mappings: Let Hi, Hy and Hs be real Hilbert spaces and let T: H; — H; and S:
Hy — Hs be Lipschitz quasi-pseudocontractive mappings. Let A: Hy — Hs and B: Hy — Hj
are bounded linear mappings with adjoints A* and B*, respectively. Let {(zy,yn)} be the

sequence obtained from the following scheme:

en = Tp — 0, A" (Ax, — Byy),
Tnt1 = OnTn + (1= 00) [(1 = G)I + ¢, T (1 = na) I + 0 T)] n,
dp = yn — 0, B*(By, — Axy),
Ynt+1 = OnlYn + (1 = on) [(1 = Gu)I + (.S (1 = mn)I + 1 S)] di,

(2.6)

Then they proved a weak convergence theorem under some appropriate conditions on the se-
quences {on}, {0n}, {nn} and {(,}. They have also obtained a strong convergence result if in

addition T and S are semi-compact.

However, no strong convergence result is obtained for the split equality fixed point problem
involving mappings which are more general than Lipschitz continuous and this gap needs further

studies.

Many authors have also proposed different iterative algorithms for approximating common fixed
points of pseudocontractive, semi—pseudocontractive and f—pseudocontractive mappings both

in Hilbert and Banach space settings (see, for instance, [131, , 191]).

In 2013, Zegeye and Shahzad [137] introduced the following iterative algorithm to approximate
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a solution of common fixed point problem which involves two pseudocontractive mappings:
Let C be a nonempty, convex and closed subset of H and let T1,7T>: C — C be Lipschitz
pseudocontractive mappings with constants Ly and Lg, respectively. Assume that I' = F(T7) N
F(Ty) # 0. Let {z,,} be defined from arbitrary xg,z € C' by

dy = (1 - Cn)xn + CnT2$n7
En = (1 - Bn)l'n + BnTlxna (27)
Tpyl = Qp + (1 - an)(enmn + opThe, + 'YnTan)a n >0,

where {6,,}, {on}, {7} C (a,b) C (0,1) and {a,,} C (0,¢) C (0,1) are real sequences which
oo

satisfy the conditions: (i) 6, + 0, + v, = 1; (ii) lim a, = 0; Zan = oo; (ili) 0y + 0 <

n—oo ne1
1

Cn, <fB<————foralln>1, and L := max{Lq, Lo}. Then they obtained a stron

convergence of {z,} to an element z* € T'.

In 2021, Zegeye and Wega [191] introduced the following algorithm which converges to an element

of the set of common f—fixed points of two f—pseudocontractive mappings in a reflexive real

Banach space E: Let T; : F — E*, i = 1,2, be Lipschitz f—pseudocontractive mappings with

constants L; and assume that A = F¢(T1) N Ff(Ts) # (. Let z9,x € E be arbitrary. Define the

sequence {z,} by

Sn =V (1 =)V fx, +n.Thzy),

Yn = V(L= 00)V fzn + npTozn),

un = V(L= 1)V s+ 1V frn +mn(Tisn — Tizn)), (2.8)
v = V(1= 0)V fyn + MV fon + nn(Toyn — Toy)),

Tnt1 = V[ (anVfz+ (1 —an)Vfzm),

where z, = Vf*(B,Vfxn, + 0,V fun, + 0,V fun), {an} C (0,1) satisfying li_>m an =0, Zan =
n=1

00,0 < <n <7< MLL, for L = max{Ly, Lo}, {Bn}, {0n}, {6} C [c,1) C (0,1) such
that 8, + 6, +6, =1, for all n > 0 and f: F — (—o00,40o0] is a strongly coercive, bounded,
uniformly Fréchet differentiable, Legendre, and strongly convex function with constant 5. Then

they obtained a strong convergence result of the sequence {z,} to an element z* = PJ{(CL‘)

Motivated by the findings presented above, one of the goals of this thesis is to construct an
wnertial algorithm which approximates a solution of the split equality fixed point problem involving
uniformly continuous pseudocontractive mappings. It is also our aim to construct a method
which approximates solutions of the split equality common f, g—fized point problems involving

f, g—pseudocontractive mappings in reflexive Banach spaces.
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2.2 Approximating Solutions of Variational Inequality Problems

This section is devoted to collecting some research findings on iterative algorithms for approxi-

mating solutions of variational inequality problems.

Many authors have been constructing and studying different iterative algorithms involving map-
pings with different continuity and monotonicity properties to approximate solutions of the

variational inequality problems (1.26).

The simplest method which solves the variational inequality problem (1.26) is the projected
gradient method introduced by Goldstein [78] which is given as

ZTnt1 = Po (xy, — A\Fxy), (2.9)

where C' is a nonempty, convex and closed subset of H and F: C — H is a mapping. Goldstein

proved a strong convergence of the sequence {x,} to a solution of the VIP under L—Lipschitz

continuity and y—strong monotonicity assumptions on F' and A € ( 0, LZ) Weak convergence
of (2.9) can also be obtained if F' is inverse strongly monotone and Lipschitz continuous. We

note here that the strong monotonicity condition on the governing mapping is a quite strong

condition.
It is shown in [20] that a VIP has unique solution when the underlying mapping is strongly
monotone.
In 2015, Malitsky [107] proposed the following method for monotone mappings: Let ug,yo € H

V2-1
L

and let 0 € (O, > Let {u,} and {y,} be the sequences generated by

{Un-i-l =FPc (Un_éFyn)a (2 10)

Ynt+1 = 2Upy1 — Up,n 2> 0.

They obtained weak convergence results under the assumption that the mapping F: H — H is
L—Lipschitz monotone and C' is a nonempty, convex and closed subset of H. One observes here

that the monotonicity condition in [107] is more relaxed than that of [78].
In 2020, Thong et al. [160] proposed the following projection type algorithm to solve (1.26)
in a Hilbert space setting which further relaxes the monotonicity condition on the underlying

1
mapping. Let [ € (0,1),u > 0,8 € (0, ) and x1 € C be given. Then compute
1

Sn:PC[-rn_BFxn]a
Wy, = Tn — YnT3(Tn), (2.11)
Tnt1 = Oénf(l'n) + (1 - an)PCn (‘Tn)?

where F: H — H is a uniformly continuous pseudomonotone mapping that is sequentially
weakly continuous on bounded subsets of C'; f: C — C is a contraction mapping with a

coefficient § € [0,1); rg(xn) = xn — sn; {an} is a sequence of real numbers in (0, 1) such that
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[e.e]

lim a,, = 0 and Zan = 00; Y, = ", j, being the smallest non-negative integer j which
n—oo ne1

satisfies
(Fan — F (2n — Urg(an)) ,ra(zn)) < pllrg(za)l?,

Cn = {x € C:hy(x) <0} and hy,(x) = (Fw,,z — wy,). They proved that the sequence {z,}
converges strongly to x* = Py (¢, p)f(z*) provided that VI(C, F) # 0.

Since the monotonicity of mappings has a big impact on the convergence analysis of VIPs, there
has been a huge demand to expand the monotonicity property of mappings in solving variational

inequality problems (see, [0, , , , ]) to the bigger class of quasimonotone mappings.

In 2020, Liu and Yang [101] proposed the following algorithm to approximate solutions of VIPs
involving quasimonotone mappings in Hilbert spaces: Let C' be a nonempty, convex and closed

subset of H and let A\g > 0, z9p € H, 0 < u < 1 and {¢,} be a sequence of non-negative real

oo
numbers such that Z qn < +00. Let {x,} be the sequence obtained from

n=0
wy = Po (xn, — A Fxy),
{ " oy =0y (2.12)
Tpt1l = Wy + Ay (Fzy, — Fwy,)
where I |
. K| Tn — Wn :
mind Ay, + qp, ————— o, if Fa Fwny,
e e e B
An + Qn, otherwise,

and F is Lipschitz continuous, quasimonotone and weakly sequentially continuous. They proved,
under certain conditions, that the sequence {z,} obtained from (2.12) converges weakly to an
element of VI(C, F) provided that VI(C, F) # 0.

Many authors have also introduced and studied different iterative algorithms for solving the

Minty variational inequality problems involving quasimonotone mappings (see, for instance,
87, 169, 170]).

In 2022, Izuchukwu et al. [87] constructed and studied the following algorithm which approxi-
mates a solution of the variational inequality problem, where the underlying mapping is quasi-

1-2 1
monotone: Let H be a real Hilbert space and let pg, p1 > 0, p € (’y, 27), v E (0, 4) and

o0
a € [0,1). Let {8,} be a non-negative sequence with the property Z Bn < 0o. Let zg, x1 € H

n=0

be given starting points and let {z,,} be the sequence defined by

{tn :$n+a($n—$n_1), (2 13)

Tn+1 = Pc (tn - ((pn + pn—l)Fxn - Pn—lFxn—I» 5
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where

: il en — T | :
f F F
min {IBTL + pn7 ||F(L'n — Fl'n+1|| , 1 Tn 7& xn+17

B + Pns otherwise,

Pn+1 =

C is a nonempty, convex and closed subset of H and F: C — H is Lipschitz continuous and
quasimonotone with the property [|[Fz| < linrg ioréf |Fzyl|, for every sequence {z,} C C with
Tn — x. They proved, under certain conditions on the control sequences, that the sequence
{z,,} obtained from (2.13) converges weakly to an element z* of MV I(C,F) provided that
MVI(C,F)# 0 and Fx # 0, for all z € C.

Very recently, Wang et al. [169] constructed the following algorithm with Bregman distance
approach for solving quasimonotone variational inequalities in real Hilbert spaces: Let C be
a nonempty, convex and closed subset of H and let F': H — H be Lipschitz continuous and
quasimonotone with the property ||Fz| < linng> gf |Fx,]||, for every sequence {z,} with z,, — x.
Let 8 € [0,1), A € (0,1], 71 > 0, u € (0,0). Let {d,} and {¢,} be non-negative real sequences
satisfying certain conditions. Let xg, x1 € H be arbitrary and let {z,,} be the sequence generated
by

wy, = V[ (Vfa, + Qn(fon_l - Vf$n)) )
Zn = Pgi* (Vfw, — v Fwy,),

Yn = V[ (Vfzn — m(Fzn — Fwn)),

Tny1 = V(1= AV fan + AV fyn),

(2.14)

where 0, € [0, 6,] with

: Gn } :

_ min < 6, , if Vfz Vfxn_1,
o= [ oS pon 72 Vfna
0, otherwise,

. MHwn - ZnH } .

min + 0y, —————— p, if Fw Fz,,
Vnt1 = {% Y Fwpn — Fz n 7 e
Yn + Ons otherwise,

f: H — R is a Legendre, uniformly Fréchet differentiable and strongly convex function with
strong convexity constant 5 > 0 which is bounded on bounded subsets of H, V f is the gradient
of the function f, Vf* is the gradient of f* and Pé: is the Bregman projection of H onto C.
They established a strong convergence result of sequence {z,} to an element of MV I(C,F),
provided that MVI(C,F) # () and Fx # 0 for all x € C.

We note here that the previously mentioned algorithms converge weakly to solutions of the
MVIP. However, we find in some applied disciplines that the results obtained from strong con-

vergence are more significant than that of weak convergences [17].

Inspired and driven by the outcomes discussed above, one of our goals in this thesis is to construct
a scheme for approzimating solutions of the split equality Minty variational inequality problem

mvolving quasimonotone mappings in reflexive real Banach spaces.
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2.3 Solutions of Variational Inequality Problems Involving Fixed

Points of Some Mappings

Many authors have proposed and studied different methods to approximate solutions of the
bilevel variational inequality problem BVIP (see, for instance, [10, 11, 12, 65, 66, 91, , ,

| and the references therein).

In 2014, Anh et al. [12] constructed and studied the following algorithm for solving the BVIP:
Let C be a nonempty, convex and closed subset of H. Let F' be n—inverse strongly monotone on
H and let G be k—strongly monotone and L—Lipschitz continuous on C. For arbitrary z¢ € C,

compute the sequence {x,} as follows:

(2.15)

{yn:PC(xn_)\Fxn)y
Tn+l = Yn — 1o, Gy,

2K
L2

1
where A € (0,2n], p € <0 ), T =1-+/1-—pu2x—pl?), 0 < a, < min{l,} with
T

1 1

Qpt1 Qn

= 0. They proved that the sequences {z,} and

o

lim o, =0, E oy = 00 and lim

n—oo 1 n—o0
n=

{yn} generated by (2.15) converge strongly to an element of the set of solutions of BVIP (1.29).

In order to extend monotonicity property of the underlying mappings in BVIP, authors (see, for
instance, [152]) have studied bilevel variational inequality problems which involve pseudomono-

tone mappings in their lower level problems.

In 2020, Thong and Hieu [159] proposed and studied the following algorithm for solving pseu-
domonotone BVIP in Hilbert spaces: Let C' be a nonempty, convex and closed subset of H and
let F: H — H be pseudomonotone, Lj—Lipschitz continuous on H and sequentially weakly
continuous on C. Let G: H — H be x—strongly monotone and Ls—Lipschitz continuous on H.

For arbitrary xo € H, compute the sequence {x,} as

up = Po (2, — AFxy,),
Wy, = PTn (xn - AénnFun) ) (216)

Tpal = Wy — Yo, Gy,

oo
1
where {a,} C (0,1) such that lim «, = 0 and E ap, = 00, A € <0, ), 0 € (0,2), v €
n—oo Ll

n=0

2
<0,L§>,Tn:{a}€H: (X — AFxy — U,z — up) <0}, dyy = 2y — up — A (Fayy, — Fuy), and
2

<xn — Un, dn)
d? ’

0, if d, =0.

if d, #0,

They proved that {z,} converges strongly to the unique solution of (1.29).
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The method in (2.16) involves a projection on to the half-space T}, which is costly in computa-

tions.

In 2022, Liu and Yao [102] introduced and studied the following single projection inertial algo-

rithm to solve the bilevel variational inequality problem in a real Hilbert space H which does

not require projections on to half spaces unlike that of Thong and Hieu [159]: Let xg,21 € H
o

be arbitrarily chosen and let {d,} C (0,1) be such that lim 6§, = O, Z 0, = oo. Let
n—oo n—0

1
0<a<M <b< I for some a,b € (0,1). Let {x,,} be the sequence generated by
1

Up = Ty + apn(Ty, — Tp—1);
vp = Po(un, — A\ Fuy,), (2.17)
Tpy1 = (I — BénG)((I — M F)v, + )\nFun),

where C'is a nonempty, convex and closed subset of H, the mapping F: H — H is L1—Lipschitz

continuous, pseudomonotone and weakly sequentially continuous, G: H — H is Lo—Lipschitz

k—strongly monotone , and

{Tonn — Zp_1|l, when ||z, — xp_1]| # o0,
oy =

0, otherwise,

T 2
where T, is a sequence with the property 5—” —0asn— oo, and B € <0, L—IZ
n 2
that the sequence {x,} generated by (2.17) converges strongly to the unique solution of (1.29).

) . They proved

Many authors have also been working on the approximation of solutions of the bilevel variational

inequality problems with fixed point constraints (1.30) (see, for instance, [77, 79]).

In 2021, Hai et al. [79] proposed the following algorithm for approximating solutions of (1.30).
Let {wn},{A}, and {ay,} be positive sequences satisfying some appropriate conditions and let

xo € Hy. Let {x,} be the sequence generated by

up = A(zy) and y, =z, + wp A" (S(up) — uy),
Zn = PC(yn - )\nG(yn)) and ty = PTn (yn - )\nG(zn)) s (218)
Tnt+1 = (I - OénF)tna

where T, = {w € Hy : (yp — \nG(Yn) — 2n,w — 2z,) < 0}, G: Hy — H; is Lipschitz pseudomono-
tone mapping, F: H; — H; is Lipschitz strongly monotone, S: Hs — Hs is demicontractive
I — S demiclosed at 0 and A: H; — Hs is a bounded linear mapping. They obtained a strong

convergence result under the assumption that limsup(Gx,,y — y,) < (Gz*,y — y*) for any
n—oo

sequences {zy}, {yn} in H; which converge weakly to z* and y*, respectively.

Inspired by the results presented above, one of the goals of this thesis is to construct a scheme
for approximating solutions of (1.30) which involves a non-Lipschitz pseudomonotone mapping

i its lower level variational inequality problem and a general demimetric mapping in the fized
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point constraint.

On the other hand, many authors have proposed and studied different algorithms which ap-
proximate common points of the solution sets of variational inequality and fixed point problems
(see, for instance, [, ) , , ]). This method became very important in optimization
theory because it is applicable in different problems whose constraints can be modeled as both
problems. This arises in areas like signal processing, image recovery, and network resource al-
location. An instance of this is in network bandwidth allocation problem for two services in a
heterogeneous wireless access networks in which the bandwidth of the services is mathematically

related (see, for instance, [34, , 106]).

In 2003, Takahashi and Toyoda [150] introduced an iterative method which approximates a
common solution of fixed point and variational inequality problems in a Hilbert space, where
the underlying mapping in the fixed point problem is nonexpansive and that of the variational
inequality problem is inverse strongly monotone mapping. Given a nonempty, convex and closed
subset C' of H. Let {z,,} be defined from arbitrary x¢ € C' by

Tptl = Qplp + (1 - an)GPD (xn - nann) ) (219)

where n is a non-negative integer, F: C' — H is S—inverse strongly monotone mapping, G:
C — H is a nonexpansive mapping, {a,} C (0,1) and {n,} C (0,28). They proved that
if VI(C,F) N F(G) # 0, then the sequence {z,} generated by (2.19) converges weakly to an
element p € VI(C, F) N F(G).

The result obtained in Takahashi and Toyoda [150] is a weak convergence result and the setting
they considered was confined to Hilbert spaces. Besides, the conditions on the mappings are
quite strong conditions. In 2021, Wega and Zegeye [172] introduced and studied an iterative
algorithm which approximates a common element of the set of g—fixed points of a Bregman
relatively g—nonexpansive mapping and the solution set of a variational inequality problem
in a reflexive real Banach space. In fact, let F be a reflexive real Banach space and let g¢:
E — (—o00,00] be a strongly coercive, bounded, A—strongly convex on bounded subsets of E,
uniformly Fréchet differentiable Legendre function. Let C be a nonempty, convex and closed
subset of F. Let F: C — E* be a Lipschitz monotone mapping with Lipschitz constant L. Let
G: C' — E* be a Bregman relatively g—nonexpansive mapping with I' = VI(C, F) N F,(G) # 0.
Given xg,z € C, let the sequence {z,} be generated by

sn = P2V gG* (Vgz, —nnFay),
ty = VQ* [fnv.gxn + BnGxy + Tnv9wn] ) (2‘20)
Tng1 = PEVG* (anVg(z) + (1 — an)Vgty),

where P2 (x) is the Bregman projection of « € int(Dom g) onto C, w,, = PV g* (Vgx, — 1, Fsy),
A
0<n<n<N< T {an} is a sequence in (0,1), {&.},{Bn},{mn} C [0,1) C (0,1) such that

&n+ Bn+7n = 1. They established a strong convergence result of {x, } to some element Z, where
T = P(x).
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Many authors have also introduced different iterative algorithms for solving the split equality

variational inequality problem.

In 2021, Kwelegano et al. [99] introduced the following algorithm in real Hilbert spaces for

pseudomonotone uniformly continuous mappings T :Hy — H; and S: Hs — Hy which are
1

weakly sequentially continuous: Let ¢ € (0,1), p > 0, A € (0,—) and let {(zn,up)} be the
7

sequence generated from arbitrary (zg,ug) € C x D by

zn = Po(xn — AT'zy,),

Yn = Tp — Tn(Tn — 2n),

vn, = Pp (v, — ASuy,),

Sp = Up, — On(Up — V),

d, = Polz, — yA*(Ax, — Bv,)],

Tnt1 = Qnf(xn) + (1 — an)anPo, xn + (1 — ay)dy],
tn, = Pplun — v B*(Bu, — Ax,)],

(2.21)

Up+1 = ang(un) + (1 - an)[anPDnun + (1 - an)tn];

where

Ch={xeC:(Tyn,x—yn) <0}, Dp={ueD:(Ssp,v—s,) <0},

7, = £ and §,, = £*» and j, and k,, are the smallest non-negative integers j and k, respectively
such that

(Taxn —Tlzn — ¥ (xn — )]s Tn — Zn) < pllzn — anZ,

(Sup — Slup, — Kk(un — vp) ]y Un — vn) < pf|un, — Un||2, (2.22)

where {v,},{an},{an} are positive sequences satisfying some conditions. Under suitable as-
sumptions, they proved that the resulting sequence converges strongly to a solution of the
SEVIP (1.31).

In 2021, Boikanyo and Zegeye [23] introduced an iterative algorithm for solving SEVIP (1.31) for
uniformly continuous and pseudomonotone in uniformly smooth and uniformly convex Banach

spaces.

The result obtained in Boikanyo and Zegeye [23] improved that of Kwelegano et al. [99] in
the sense that it extended the settings from Hilbert spaces to uniformly convex and uniformly
smooth Banach space. However, whether the result can be extended to more general reflexive

Banach spaces still needs further research.

Motivated and inspired by the works of Boikanyo and Zegeye [25] and Wega and Zegeye [172],
one of our aims in this thesis is to introduce the split equality of variational inequality and
f, g—fixed point problems and construct a strongly convergent algorithm involving mappings
more general than Lipschitz continuous in the variational inequality part and Bregman relatively

f, g—nonexpansive mappings for the f, g—fixed point part of the problem.
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2.4 Approximating Solutions of Hammerstein Type Equation

Problems

In this section, we collect some findings for approximating solutions of Hammerstein type equa-

tion problems both in Hilbert and Banach space settings.

Many authors have studied and proved several existence and uniqueness results for Hammerstein
type equation problem (1.33), (see, for instance, [26, 27, 28, 29, (69]). Generally, as Hammerstein
type equations involve nonlinear mappings, there is no closed way method to solve such type of
equations. Thus, several authors have constructed and studied different approximation methods
for solving Hammerstein type equations (see, for instance, [16, 48, 52, 54, 56, 67, 70, 76, ,

, , 186]). Chidume and Zegeye [18, 54, 56] were the first to construct and study iterative

algorithms which approximate solutions of the Hammerstein type equation problem (1.33).

In 2005, Chidume and Zegeye [56] introduced the following iterative algorithm in real Hilbert
spaces. Let F: D(F) — H and K: D(K) — H be bounded monotone mappings with R(F') C
D(K), where R(F') and D(K) are closed convex subsets of H satisfying certain conditions. Let
{un} and {v,} be sequences generated from arbitrary elements uy € D(F) and vy € D(K),
respectively, by

{Un—i-l = PD(F) [un — Yn (Ftn — v 4 Op(up — wl))] ) (2 23)

Vnt+1 = Pp(icy [vn — Y (Kvn + un + On(vn — we))],n >0,

where (w1, wsq) is an arbitrary fixed element of D(F') x D(K) and 7,6, C (0,1). They proved,

l”gfyg for all n > 0,
O

then the sequence {(uy,,vy,)} converges strongly to {(u*,v*)}, where u* is a solution of (1.33)

with v* = Fu*.

under some conditions, that there exists y9 > 0 such that if v,, < 9 and

In 2015, Tufa et al. [165] pointed out that the convergence in the work of Chidume and Zegeye
[56] depends on the existence of a constant ~yg, though it is not clear how to choose such ~y during
implementation. They also constructed and studied an iterative algorithm which approximates a
solution of the general Hammerstein type equation, u+ K Fu = 0, where K and F are Lipschitz
monotone mappings. Though, the convergence of their method does not require the existence

of a constant vy, it only holds true in the Hilbert space settings.

In 2016, Uba et al. [166] proposed the following algorithm for solving (1.33) in a Banach
space setting: Let E be a uniformly convex and uniformly smooth real Banach space and let
F:FE— E* K:FE*— E be maximal monotone and bounded mappings. For u; € F, v; € X*
define the sequences {u,} and {v,} in F and E*, respectively, by

{Un+1 =J! [Jup — A (Fup — vp) — ApOn(Juy — Juq)], (2.24)

Uptl = J*_1 [Jevn — A (K + up) — A\pOp (Jovy, — Jov1)],

where {A\,},{0,} C (0, 1) satisfy the relation A,, < ~y0,, where 79 > 0. Under the assumption
that the equation u + K Fu = 0 has a solution, they proved that the sequences {u,} and {v,}
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converge strongly to u* and v*, respectively, where u* is the solution of (1.33) with v* = Fu*.

In 2013, Zegeye and Malonza [183] introduced the following iterative algorithm in a uniformly
convex and uniformly smooth Banach space: Let F: EF — E* K: E* — FE be continuous,
bounded and monotone mappings. Define A: X — X* by A(u,v) = (Fu — v, Kv 4+ u), where
X = FE x E*. For r > 0, denote

1
Trx = {zeX : (Az,y—z>—|—;<Jz—Jx,y—z> >0, for allyeX}, (2.25)

for all z € X, where J = Jx is the normalized duality mapping on X. Define the sequence {z,,}
by

yo = w € X, chosen arbitrarily,

Up = Ty, Yn, (2.26)

Yn+1 = J! [Bndw + (1 — Bn)Jun],

o0
where {#,} C (0, 1) such that lim 3, =0, Z Bn = 00, {rn} C [c1,+00) for some ¢; > 0, for all
n—oo
n=0
n € N. They established a strong convergence of the sequence {y,} to some point y* = (u*, v*),

where u* is a solution of (1.33) with v* = Fu*.

There are also several studies carried out for the approximation of solutions of Hammerstein
type equation u + K Fu = 0, where K and F are accretive mappings in Banach spaces (see, for

example, [15, 48, 52 53]).

The aforementioned results are valid only in Hilbert spaces or uniformly smooth and uniformly
convex Banach spaces. Besides, the convergence processes of some of the methods depend on

the existence of a constant yg and the conditions on the underlying mappings are very strong.

In 2021, Tufa et al. [164] introduced the following iterative algorithm in a reflexive real Banach
space E: Given the Lipschitz monotone mappings F: F — E* and K: E* — E with constants
Ly and Lo, respectively, and let L = v/2max {\/L% +1,v/L3 + 1}. Let g : E — (—o00,+00| be

a strongly coercive, bounded and uniformly Fréchet differentiable Legendre function on bounded

subsets of E/. Let g and ¢g* be strongly convex with constants p1 and ps, respectively, and let
p = min {pg, po}. Let the sequence {(un,v,)} C E X E* be generated from arbitrary points
(ug,vo), (u,v) € E x E* by

Unt1 = Vg* [anVgu + (1 — ap)(Vguy — opsy)]

Vny1 = Vg [an Vgt + (1 — an) (Vg v, — ontn)], (2.27)

where
sn = F[Vg* (Vguy, — on (Fun, —vy))] — Vg [Vg v, — on(Kv, + uy)],

tn, = K [Vg (Vg v, —on (Kvp +up))| — Vg* [Vgun — on(Fuy, —vy)],

[e.@]
and {o,},{a,} are sequences satisfying lim a,, = 0, Zan = oo and o, C [a,b] C (O, %)
n—oQ

n=0
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They proved that the sequences {u,} and {v,} generated by (2.27) converge strongly to u* and

v*, respectively, where u* is a solution of (1.33) with v* = Fu*.

Motivated by the results discussed above, one of the goals of this thesis is to construct and study
inertial iterative algorithms for solving the split equality Hammerstein type equation problem
(1.34) in reflexive real Banach spaces involving mappings with general continuity property than

Lipschitz continuity.
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3. Approximating Solutions of Split
Equality Fixed Point Problems

Three sections make up this chapter. The first section deals with some preliminary lemmas
that will be used in the convergence analysis of the subsequent sections. In section two, we
introduce an iterative algorithm for solving split equality fixed point problems with non-Lipschitz
pseudocontractive self mappings in the setting of Hilbert spaces and discuss its convergence
analysis. In section three, we construct an algorithm for solving split equality common f, g—fixed
point problems involving uniformly continuous f, g—pseudocontractive mappings in reflexive real

Banach spaces and we discuss its convergence analysis.

3.1 Preliminaries

Lemma 3.1.1. [1//] Let a and v be any real numbers and x,y € H. Then |ax + yy||* =
alo+ )|z +y(a + )yl — avllz —yl*.

Lemma 3.1.2. [62] Let C' be a nonempty, convex and closed subset of H. Then the following
inequalities hold for allu € H and a > 8 > 0:
u— Po(u — BAu)

\ <
B
Lemma 3.1.3. [22] If Hy and Hsy are real Hilbert spaces, then H = Hy x Hay is also a real

Hilbert space with inner product

u— Po(u— aAu)
o

and ||u — Po(u — BAu)|| < ||lu — Po(u — aAu)||.

<('r17y1)7 (‘T27y2)> = <.I'1,.%‘2> + <ylay2>7 fOT all (xlayl)a ('r27y2) € H = Hy x Hs.
Thus, it can be easily shown from the definition of weak convergence that

(Tnyyn) — (,y) implies x,, = x and y, — y. (3.1)

Lemma 3.1.4. [22] Let Hy and Ho be real Hilbert spaces, H = Hy x Hy and C' be a nonempty,
convez and closed subset of H. If (u,v) € H and (u*,v*) = Po(u,v), then

((u,v) — (u*,v%), (z,y) — (u*,0")) <0, for all (x,y) € C.

Lemma 3.1.5. [2] Let Ey and Es be reflexive real Banach spaces. Then E = Ey x Es is also a
reflexive Banach space with dual E* = E} x E5 and duality pairing

<($2,y2), (w1,y1)) = <$2,$1> + (yz,y1>,
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for all (x1,y1) € E, (x2,y2) € E*, and (zp,yn) — (z,y) implies x, — = and y, — y.

Lemma 3.1.6. [170] Let {b,} be a sequence of non-negative real numbers such that
bn—l—l < (1 - an) bn + andna
where {a,} C (0,1) with > 2 | o, = 00 and {d,,} is a sequence of real numbers with limsup d,, <
n—oo
0. Then lim b, = 0.
n—oo

Lemma 3.1.7. [10/] Let {c,} be a sequence of non-negative real numbers. If {c,,} is a sub-
sequence of {cn} such that ¢,, < cn,41 for alli € N, then there exists a non-decreasing sequence
{mi} of N such that klirgo my = oo and the following properties are satisfied by all (sufficiently
large) number k € N:

Cmy < Cmy41 - and Cp < Cyp.
In fact, mp=max{n <k :c, < cpy1}.
Lemma 3.1.8. [/5] Let Jg be the normalized duality mapping on E. Then for any x,y € E,

the following inequality holds:

Iz +yl* < |21 + 20 (z + y), y), for all j(z +y) € Je(z +y).

Lemma 3.1.9. [127] Let f: E — (—o0,+00] be a proper, lower semi-continuous, convex and
Gateaur differentiable function. Then f*: E* — (—oo,+0o0] is a proper, weak® lower semi-

continuous and convex function. Moreover, for all x € E, we have

N N
f (éU,Vf* (Z aivf(wi)>> <> aiDyg(z,w;),
=1 1=1

where {w;} C E and {a;} C (0,1) with SN | oy = 1.

Lemma 3.1.10. [171] Let f be a strongly convez function with convezity constant 3. Then
g

for all x € int(Dom f) and y € Dom f.

Lemma 3.1.11. [109] Let f: E — R be a totally convexr function. If the sequence of real
numbers {D¢(xn,x0)} is bounded for any xg € E, then {xy,} is bounded.

Lemma 3.1.12. [152] Let f: E — R be a uniformly Fréchet differentiable function which is
bounded on bounded subsets of E. Then V f is norm-to-norm uniformly continuous on bounded
subsets of B and hence both f and V f are bounded on bounded subsets of E.

Lemma 3.1.13. [12]] Let f: E — (—o00,+00] be a Gateauz differentiable function which is
uniformly conver on bounded subsets of E. Let the sequences {x,} and {y,} be bounded in E.

Then lim Df(xp,yn) =0 if and only if lim ||z, —y,| = 0.
n—oo n—oo
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Lemma 3.1.14. Let f: E — (—00,400] be a convex and lower semicontinuous function. Then

the following are equivalent (see, [150]):
(i) fis uniformly convex;

modulus of uniform convexity of f;

(iii) f* is Fréchet differentiable, V f* is uniformly continuous and dom f* = E*.

In Hilbert spaces, the Lyapunov function introduced by Alber [7] takes the form
oy, x) = llyl* + l|=]* = 2(y, z), for allw,y € H, (3.2)

and the following identities readily follow:
(i) Three point identity:
o(z,y) + oy, w) — o(x,w) = 2(y —w,y — z), for all z,y,w € H. (3.3)
(ii) Four point identity:

o(y,2) + o(z,w) — d(y, w) — Pz, 2) = 2(w — z,y — x), for all z,y,w, z € H. (3.4)

Moreover, the following relation holds (see, [96]):

Oz, x™) + 2(y*, 2" — x) < p(x, 2" +y*), for all z, 2™, y* € H. (3.5)
We also have that
o(y, Pox) + ¢(Pox,x) < ¢(y,x), for allz € H,y € C. (3.6)

The following lemmas are special cases of Lemma 3.1.9, Lemma 3.1.10, Lemma 3.1.11 and
Lemma 3.1.13 in the order they appear.

N
Lemma 3.1.15. [127] Let {z;} C H and {co;} C (0,1) be such that Zai = 1. Then

i=1

N N
1) (m, Z%’%’) < Zaiqb(ﬂs,mi), for allx € H.
i=1 i=1

1
Lemma 3.1.16. [/71] Let H be a real Hilbert space. Then ¢(y,x) > = ||z —y||?, for allz,y € H.

Lemma 3.1.17. [109] If the sequence {¢(xn,z0)} is bounded for any xzo € H, then {xn} is
bounded.

Lemma 3.1.18. [121] Let the sequences {xy,} and {y,} be bounded in H. Then lim ¢(xy,yn) =
n—oo
0 if and only if lim ||z, — y,| = 0.
n—oo
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3.2 An Inertial Method for Solving Split Equality Fixed Point
Problems for Non-Lipschitz Pseudocontractive Mappings in
Real Hilbert Spaces

This section is devoted to construction of an inertial algorithm involving uniformly continuous

pseudocontractive mappings for solving SEFPP in real Hilbert spaces.

3.2.1 Main Results
We will make use of the following conditions in the convergence analysis of our main result.

(C1) Let C' and D be nonempty, convex and closed subsets of the real Hilbert spaces H; and
Hjy, respectively;

(C2) Let T7: C — C and T: D — D be uniformly continuous pseudocontractive self mappings;

C3) Let By: Hy — Hsz and By: Hy — Hs be bounded linear mappings with adjoints B and
( g \ 1

Bs3, respectively, where Hj is a real Hilbert space;

(C4) Let Q = {(z,9) € F(T1) x F(Ty) : B1Z = By} # 0;

o
(C5) Let {a,,} C (0,1) be such that li_}m an =0 and Z ay, = 00;

n=1

1
(C6) Let {¢,} be a sequence of positive numbers such that ¢, € <O, 4> for all n > 0, and
n

-— —0asn— oo.
(8773

We now state our proposed algorithm and discuss its convergence analysis.

Algorithm 3.1.

1
Initialization: Let xg,z1 € Hy; yo,y1 € Ho; p,0 € |0, 3) l,v € (0,1) and 6 € [0,1). For

arbitrary points uw € Hy and v € Ha, calculate {xy,} and {yn} as follows:

Step 1: Given xp_1,x, € Hy and yp—1,yn € Ha, choose 0,, such that 0 < 6, < o, where

: Cn } .
min < 6, , if |len — xn_1|| + — Yn— 0,
on = { Ton = ol Tom =gl o o = @l Al = gm0, 7
0, otherwise.
Step 2: Compute
a, = Pc (:Un + On(xp — xn,l)), (3.8)
bp = PD(yn + On(yn — yn—l))-
Step 3: Compute
cn = Po(an — wBi (Bran — Baby) ), (3.9)

dn, = Pp (bn - ’YnB; (Ban - Blan) )>
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where 0 < p < v, < pp, with

. HBlan - B2bn||2 }
=minq p+ 1, " " 3.10
oo = min {9+t BN~ BT (310
forne Y ={m € N: Bja,, — Bab,, # 0}, otherwise v, = p, for some p > 0.
Step 4: Compute
en = Cn, — A (L1 — T )cp, (3.11)
hn = dn - nn(IQ - TZ)dny
where Ay, = Y'" and j, is the smallest non-negative integer j satisfying the relation
I(Ii = T1)(cn =Y (I = Th)en) — (I = Th)enl| < gl (I = Th)enl, (3.12)
and n, = Y™, where my, is the smallest non-negative integer m satisfying the relation
1B = T3)(dn — ™ (I — To)dn) — (I — To)du | < ol|(Iz — To)do . (3.13)
Step 5: Compute
pnzen—)\n((fl —Tl)en—(Il —T1>Cn), (3.14)
Gn = hn — 10 (12 = T2) by — (I2 — T2)dy).
Step 6: Compute
Tnt1 = apu + (1 — ay)pp, (3.15)

Ynt1 = anv + (1 — ap)qn.

Setn=n+1 and go to Step 1.

Remark 3.2.1. The novelty of our method over the existing ones is that it extends the nature
of the underlying mappings to the more general class of uniformly continuous mappings while

the results in the literature are confined to Lipschitz continuous mappings.

Lemma 3.2.1. Assume that conditions (C1) — (C6) hold. Then the Armijo line-search rules
(3.12) and (3.13) in Algorithm 3.1 are well defined.

Proof. 1If ¢, is a fixed point of 77, then obviously j = 0 satisfies the relation (3.12). Assume now

that ¢, is not a fixed point of 77, for all n > 1. Then ||(I; — T1)cy|| > 0.

Since [ € (0,1) and T is continuous on C, it follows that

lim H(Il — Tl)(cn - ’ylj(Il - Tl)Cn) - (Il - Tl)Cn” =0. (316)

Jj—00

On the other hand, we have ||(I; —T1)cy|| > 0. This together with (3.16) guarantees the existence
of a non-negative integer j which satisfies (3.12). Similarly, we can find a non-negative integer

m which satisfies the relation (3.13) and hence the proof is complete. O
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Theorem 3.2.1. Assume that conditions (C1) — (C6) hold. Then the sequences {zy} and {yn}
generated by Algorithm 3.1 are bounded.

Proof. Let (z,y) € Q. From (3.15) and Lemma 3.1.15, we obtain

A2, Tnr1) = (2, anu + (1 — an)pn)

Pr (3.17)
< and (g, u) + (1 — an) (2, pn).

From (3.14) and (3.2), we get

¢ (Z,pn) = ¢ (2, en — M((I1 — T1)en — (11 — Th)cn))
= [|2]1* = 2(en — An((I1 = Th)en — (11 = Th)cn), &) + [|pnll®
= [|2[1* + lpall® = 2(en, ) + 22\ (It = Th)en — (I = Th)cn, &)
= 1211” + llenl® = llenll® = 2(en, &) + pall® + 2An (1L = T1)en — (I = T1)cn, &)

= ¢(&, en) = lleall® + Ipall* + 22 ((Iy = Th)en — (I = Th)en, &)
= (&, en) = llenll® = Ipall? + 20lpall® = 2{ens pn) + 2(en, pn)
+ 20 ((Ih — Th)en — (11 — Th)en, &)
¢(&, en) = G(Pn, €n) + 2[Pall® = 2(en, pn) + 20 (I = Th)en — (It — Th)cn, 2)
= ¢(&,en) = ¢(Pn, en) + 2(pn, Pn) — 2(en, Pn) + 22 ((I1 — Th)en — (I — Th)cn, &)
= ¢(Z, en) — (P, en) + 2(Pp: Pn — €n) + 20 ((I1 — T1)en — (11 — T )cn, &)
= ¢(Z, en) — ¢(Pn, €n) — 2(pn, An [(I1 — Th)en — (L1 — Ti)cn))
+ 20 ((I1 = Th)en, — (I1 — T1)cp, T)
= (2, en) — d(Pn,en) + 22 (11 — Th)en — (It = T1)cn, & — pa)-
(3.18)
By (3.4), we have
O(Z,en) — @(Pn,en) = &(Z, cn) — (P, cn) + 2(en — cn, Pn — 2). (3.19)

Substituting (3.19) into (3.18), we obtain

(;5 (ivpn) = ¢(i,0n) - ¢(pna Cn) + 2<€n — CnyPn — i’> + 2)\n<(11 - Tl)@n - (Il Tl)cm pn>

(3.20)
By (3.3), we have
<Z>(pn, Cn) = ¢(pm en) + ¢(€na Cn) - 2<€n — Cn,€n — pn>' (3'21)
Substituting (3.21) into (3.20), we obtain
¢ (i‘;pn) = qS(i” Cn) — ¢(pn7 en) — gb(en, Cn) + 2<€n — Cp,y €Ep — pn> (322)

+ 2<en — CnyPn — :%> + 2>\n<(Il - Tl)en - (Il Tl)cna pn>
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From (3.9), (3.5) and (3.6), we have

¢ (£7 Cn) =¢ (j7 Po (an - ’YnBT(Blan - Ban)))
< ¢ (&, an — Y Bi (Bia, — Baby)) (3.23)
< @ (&,an) — 2{yBi (Bran, — Baby), sy, — &),

where s, = a, — ¥ B} (Bi1a, — Baby,). Combining (3.22) and (3.23), we obtain

¢ (i’,p ) < ¢ (i' ) (b(pna en) - (b(en; Cn) + 2<€n — Cn, En _pn>
+ < — CnyPn — ii‘> + 2)\71((]1 — Tl)en — (Il Tl)cn, pn> (324)
2( (Blan — ngn), Sn — .Cf;‘>

From (3.8) and (3.2), we obtain

¢ (L, an) = ¢ (&, Pe [zn + On(zn — 20-1)))
< @ (L, T + On(Tn — Tn-1))
= |12]* = 2(zp + On(2n — Tn-1), &) + [lan]?
= |12* — 2(&, xn) — 2(&, On(zn — Tn-1)) + [lan]|?
= |12]* = 2(2, 2n) + l|lzall* = l2al® = 2(2, On (25 — 2-1)) + [lan]?
= ¢(&,n) = l|lznl|* — 22, On(2n — Tn-1)) + |lan?
= ¢(&,2n) = l|zall* — 202, On(2n — Tn-1)) — llan?
+ 2l|an||* = 2(xn, an) + 2(zp, an)
= (2, 2n) — Plan, 2n) — 2(2, Op(2n — 2n-1))
+ 2||an||* = 2(xn, an)
= (&, 2n) — ¢an, zpn) = 2(Z, On(2n — n-1))
+ 2(an, an) — 2(xp, an)
= (T, xp) — Plan, xn) — 2(T, Op(Tn — Tp—1)) — 2{xy, — an, an)
= O(&, xn) = ¢(an, Tn) — 22, 0n (20 — n-1))
+2(0p(zn, — Tn—1), an)
= ¢(T, ) — Plan, Tn) — 2(On (T, — Tp_1), & — an).

(3.25)

Now, substitution of (3.25) into (3.24) gives

¢ (Z,pn) < A&, 20) — P(an, Tn) — ¢(Pn; €n) — dlen, cn)
+2(en, — cnyn — Pn) + 2(en, — CpyPp — )
+ 2 ((I1 —Th)en, — (I1 = T1)Cn, & — pp)
2(yn By (Byay, — Baby), sy, — &) — 2(0n (2, — Tp—1), % — an),
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which implies that

¢ (%, pn)

< A2, 2n) — ¢(an, Tn) — ¢(Pn: €n) — Plen, cn) + 2(en — cn,en — &)
+ 20 ((I1 —Th)en, — (I1 = T1)cn, & — ey)
+ 20, ((I1 —Th)en — (I1 — Th)Cn, €n — Pn)
— 2(y, By (Bran, — Baby), sp — ) — 2(0n (T — Tp—1), & — an)
= (&, n) — ¢(an, Tn) — G(pn, en) — ¢(en, cn)
+20 (1 —Th)en — (L1 = T1)en — (en — Cn), & — €y)
+ 20 (([1 —Th)en — (I1 — T )Cny €n — Pn)
— 2(y, By (Brayn — Baby), sp — ) — 2(0, (2, — Tp—1), & — ap).

Let 7, = (I1 — T1)ey,. Then we have from the definition of e, that

en + )\nTn =cp+ )\n [(Il - Tl)en - (Il - Tl)cn] s

which implies that

Since (I — Th)z

Ao (I = T1)en — (11 — Th)en) — (€n — cn)] -

Tn

_
=5
= 0 and I; — T} is monotone, we have that

(Tn,en — &) > 0.

Thus, substituting (3.27) into (3.28), we obtain

(M (I = T1)en, — (11 — Th)en) — (en — ¢n),en — &) > 0.

From (3.29) and (3.26), we get

¢ (2,pn) < (2, 2n) — ¢(an, Tn) — ¢(pn,en) — Dlen, cn)

+ 2>\n<(ll - Tl)en - (Il - Tl)cna €n — pn>
— 2(yn By (Bia, — Baby), sp — &) — 2(0p(xy, — Tp—1), T — ayp).

Moreover, we obtain from the Cauchy—Schwarz Inequality and Lemma 3.1.16 that

—(On(Zn—Tn-1), 2 — an) < Opllzn — 2p ||| — anll = Onllzn — 2o ||[[(Z — an) x 1]
< %2 — ][I~ aall* +1]
< % = el (2 = 2l + 2l — aal* +1]
< % o = o] 403, 70) + 40{ans 20) + 1

R 0
2 n”xn - l’n—1||<f>(l’,36n) + 2071”3771 - xn—lH(b(anaxn) + ?nnxn - xn—lH'
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From (3.31), (3.30), (3.27) and using the fact that 0,| 1z, — xn—1|| < (n, we obtain

¢ (&, n) < O(&,2n) = Pan, Tn) = (Pn, en) = ¢len, cn)

+ 40n |zn — zp-1|6(Z, 2n) + 400 |20 — n-1]P(an, 27)
+ 20 (I = Th)en — (I = T )cn, en — pn) + Opllzn — 2n—1|
— 2(v,Bi (Bray, — Baby), sp — &)

< ¢(&, xn) = Plan, Tn) — G(Pn, €n) — P(en, cn) (3.32)
+ 46 @(Z, 2n) + 4G (an, Tn) + 2pllen — cnllllpn — enll + Cn
— 2(yBi (Bray, — Baby), sp — &)

< (L446n) (&, 2n) — (1 = 4Cn) d(an, xn) — (1 = 21) ¢(pn, €n)
— (1 =2p) ¢len, cn) + Cn = 2{1n By (Bran — Baby), sp — &).

1 1
Since ¢, € (O, 4> and p € (O, 2>, we obtain from (3.32) that

¢ (Z,pn) < (14 4C0) d(2, 2n) + G — 2{ym BT (Bian — Baby), sp — 2). (3.33)
Substituting (3.32) into (3.17), we obtain

G2, zny1) < and(Z,u) + (1 = an) (14 46) (2, 2n) — (1 — an) (1 = 46n) ¢(an, zn)
— (1= an) (1 =2p) ¢(pn, en) — (1 — o) (1 — 21) ¢(en, cn) (3.34)
+ (1= an)Cn —2(1 — an) (v Bi (Bray, — Baby), sp, — ).

Similarly, we obtain

(s Ynt1) < and(§,0) + (1 — o) (L4 4Ga) 6(9, yn) — (1 — an) (1 — 4¢a) d(bn; yn)
— (1 —=an) (1 =20)d(gn, hn) — (1 — ) (1 = 20) ¢(hp, dy) (3.35)
+ (1 - O‘TZ)Cn - 2(1 - an)(’YnB;(Ban - Blan)ﬂ”n - :0>7

where r,, = b, — v, B5(B2b, — Biay).
¢

1
Since 2% — 0 as n — oo, for any € € (0, 4> there exits ng € N such that (, < ea,, for all n >
o

n
ng. This together with the properties of ay,, p and o implies that

G2, Znp1) < (@, u) + (1 — o) (1 + dean) (2, 2n)

(3.36)
+ eay, — 2(1 — ) (v By (Bray, — Baby), sp — ), and

(J, Yn+1) < and(9,v) + (1 — ap) (1 + dean) ¢(3, yn)

(3.37)
+ean — 2(1 — an) (YB3 (B2by, — Biay),rn — ), for all m > ng.

Denote IT,, = ¢(Z, ) + ¢(9, yn) and ¥ = (2, u) + ¢(9,v). Then the combination of (3.36) and
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(3.37) gives

I <X+ (1 —ap) (14 4ea,) I, + 2e0,,

(3.38)
—2(1 — ay) [yn(B1an — Baby, B1s, — Bary)],

for all n > ng. Furthermore, we obtain by the Cauchy—Schwarz Inequality that

—(B1ay, — Baby,, B1s,, — Bary) = —(Bya, — Baby,, Bra, — Baby)
— (Byay, — Baby, B1s, — Biay)
— (Byay — Baby, Bab, — Bary,)
= —||Bian — Baby||* — (Bj(Bian — Baby), sn — an)  (3.39)
— (B3 (Bian — Baby), by — 1)
< —[1Bian — Bobnll* + ||sn — an ||| B} (Bian — Baby)||
+ [|bn = 7nll[| B3 (Bian — Babn)|-

Moreover,
Hsn —ap|| = Han — By (B1ay, — Baby,) — an” = Yul| By (B1an — Baby)|- (3.40)

Similarly, we obtain
[7n = bull = Yal| B3 (B2bn — Bian)||. (3.41)

Combining (3.39), (3.40), (3.41) and (3.10), we obtain

—2yn(B1an — Bab,, B15, — Boryp) < =27,/ Bian — Baby||? + 22| Bf (Bia, — Baby)||?
+ 277 || B3 (Babn — Bian) |
< —pl|Bran — Babu > = vul| Biay — Baby||?
+ 7 {29 [[| Bi (Bian — Baby)||* + || B3 (Baby — Bian)|]}
< —pl|Bran — Baby|*.

(3.42)
Substituting (3.42) into (3.38), we obtain
o1 < anX + (1= ap) (14 4ea, ) I, + 2e0, — (1 — o) pl| Bran, — Baby||?
<X+ (1 —ay) (1 +4ea,) I, + 2ea,
< [1_an(1_45)]nn+an[2+25]
Y42 (3.43)
=[1—-a,(1—4¢)]II, + a, (1 — 4e) [1—4&}
Y42
< max {Hn, H} for all n > ng,
1—4e
N . o . . Y+ 2
which implies by the Principle of Mathematical Induction that II,, < max < IL,,, K, T
—4de

where K = max {Ilo, Iy, ...,II,,—1}. Thus, we conclude that {II,} is bounded and hence the

45



Chapter 3. Approximating Solutions of Split Equality Fixed Point Problems

sequences {¢(Z, z,)} and {¢(9, y,)} are bounded, which implies by Lemma 3.1.17 that {z,} and

{yn} are bounded sequences. O

Theorem 3.2.2. Assume that conditions (C1) — (C6) hold. Then the sequence {(xn,yn)} gen-
erated by Algorithm 3.1 converges strongly to (z*,y*), where (z*,y*) = Pa(u,v).

Proof. Let (z*,y*) = Pq(u,v). Then we have by Lemma 3.1.4 that
((u,v) = (2%, y"), (s,t) — (z*,y")) <0, for all (s,t) € . (3.44)
From (3.15), (3.5) and Lemma 3.1.15 we get

P(a”, ant1) = ¢(@", anu + (1 — an)pn)

o™, anu~+ (1 — apn)pn — an (U — %)) + 200 (u — 2%, Tptq — ¥)

= d(z", (1 — an)pn + anx™) + 20 (u — 2, 2y 1 — °) (3.45)
and(x*,x) + (1 — apn)d(x", pn) + 20 (u — &, Xy 1 — z*)

= (1 —an)p(x*,pn) + 2an(u — 2", xpy1 — ).

Combining (3.45) and (3.33) with & = x*, we obtain
A(x*, pg1) < (1 —an) [(1+4Ca) (2", 2n) + Go — 2(vn BT (Bran — Baby), s — )]
+ 20 (u — 2%, Tpy1 — TF)

< (1= an)d(x™, 2p) +4Cud (2", 20) + (1 — an)Cp
—2(1 — ap) (W B (Biay, — Baby,), 8p — x*) + 20, (u — 2%, 21 — °).

(3.46)

1
Since S — 0 as n — oo, for every € € <0, 4), there exists N; € N such that (, <
7%

gay, for all m > Nj. Thus, we obtain from (3.46) and the Cauchy—Schwarz Inequality that

O(x*, nt1) < (1 — an)d(z™, zp) + deand(a™, x,) — 2(1 — o) (Bl (Bian — Baby), sp, — ™)
+ 20 ||u — || ||Tnt1 — Tnl| + 200 (u — 2, 20 — ) +
=[1—a,(1—4e)] (", xn) — 2(1 — an) (v Bi (Bia, — Baby,), sp, — x*)

anCp
Qp

+2an]u = 2| |2nt1 — 2l + 2a0(u — 2%, 20 — 27) +

=[1—a,(1—4e)] (", xn) — 2(1 — an) (v Bi (Biay, — Baby,), sp, — x*)
2[[lu = 2" |[lzn1 — znll + (u — 2% 20 — 27)] LG
1—4e (1—4e)ay, |’

(3.47)

+ ap, (1 — 4e)
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for all n > N;. Similarly,

A Yns1) < [1 —ap (1 — 45)] A", yn) — 2(1 — o) (Y B5(Baby — Bian),mn — y™)

2(llv — ¥ [lllynt1 — ynll + (v = y*, yn — y*)] Cn
1-4
+an 2 1—4e +(1—4€)an ’
(3.48)
for all n > Ni. Now, denote II5, = ¢(a*, zp,) + ¢(y*, yn) and X* = ¢(a*, u) + ¢(y*, v).
Combining (3.47) and (3.48) and using the relation (3.42), we obtain
I < [1—op (1 —4e)]IT + oy (1 — 4e) (A +T0) (3.49)
e 2 [Ju— o I+ N, ¢
u— ||| ne1 — xpnll + (u — 2*, 2z, — 2 n
A, = nt ) ‘
" 1—4e * (1—4e)ay,’ (3:50)
e 200~y Wl ~ 3l + 0 =9~ G
V=Y llllYn+1 — Yn V=Y Y Y n
I, = . 3.51
" 1—4e +(1—45)an (3:51)

Combining (3.34) and (3.35) and using the relation (3.42) gives

(1 —an) (1 —4G) dlan, zn) + (1 — an) (1 = 20) @(Pn, en) + (1 — an) (1 — 21) ¢en, cn)
+ (1 = an) (1 = 4¢) ¢(bn, yn) + (1 — an) (1 = 20) ¢(gn, hn) + (1 — an) (1 = 20) ¢(hy, dn)

2
+ (1= an)pll Bran — Babn|? < I — I, + oy |5 + (e — 1) I, + ai
n

(3.52)

Now, we show that the sequence of non-negative real numbers {II } converges to zero by con-
sidering two cases:
Case I. If there exists a natural number Nz such that IIy,, < IIy for all n > N3, then {II}}

converges and hence lim (IT) —1II% ;) = 0. So, taking limit of (3.52) as n — oo, we obtain
n—oo
lim ||Bian — Babyl| = 0, (3.53)
n—oQ
and

lim ¢(an, xn) = HILH;O ¢(pna en) = HILH;O d)(em Cn) =0,

nee (3.54)
lim ¢(bnayn) = lim ¢(Qna hn) = lim ¢(hn7dn) =0,
n— oo n—oo n—oo
which implies by Lemma 3.1.18 that
lim |ap, — x| = lim [|p, —en|| = lim |le, —cn|| =0,
lim ||b, — yu|| = lim ||gn — hnl| = lim ||h, —d,|| = 0.
n—o00 n—o00 n—00
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From (3.11), the nonexpansive property of the metric projection and (3.53), we obtain

lan = ¢nll = llan — Pc [an — yn B (Bian — Baby)] ||
< llan = [an — v BY (Bran — Baby)] ||
= Yl By (Bian — Baby) | (3.56)
< (p+ DIIB; (Bran — Babn) ||
< (p+ 1)||BillIBian, — Ba2by|| — 0, as n — 0.

From (3.15) and the condition on {ay,} we obtain

nlggo [Znt1 — pull = nlglgo lanu + (1 — an)pn — pall ( )
3.57
= lim ay|lu —pyp| = 0.
n—oo
Thus, we obtain from (3.55), (3.56) and (3.57) that
[Zn+1 = 2nll < llZnt1 = Pall + Ipn — enll + llen — call (3.58)
+ |len — anl| + |lan — 2] — 0, asn — oo.
Similarly, we have
lim ||Yyn+1 — ynl = 0. (3.59)
n—oo

Since the sequence {(xy,yn)} is bounded in Hy x Hy, there exists a subsequence {(zp,,yn, )} of

{(xn,yn)} and an element (z,y) of Hy x Hy such that (z,,,yn,) — (Z,7) and

lim sup((u, v) = (2%, y"), (2, yn) = (2", y")) = lim {(u, v) = (@7, y7), (@n, yn,) = (27, 97)), (3.60)

n—00 k—o0

Moreover, we have by (3.1) that z,, — z and y,, — y. From (3.55) and (3.56), we obtain

Cpy, — .

Now, we show that (z,y) € Q. Put z,, = Pc [an — A (I - Tl)cnk]. By Lemma 3.1.2 and
(3.55), we have

lem, — zme ]| < %chk —en || = 0, as k> o (3.61)
Therefore, z,, — &. Thus, {z,, } is bounded. Since I} — T} is uniformly continuous, we have
|(I1 = Th)en, — (11 — T1)2n, || — 0, as n — oo. (3.62)
By the Armijo line search rule (3.12), we have
(11 = Ta) (e, = Al (I = Th)en,) = (I = Ta)eny | > il (I = Ta)en,) s
which implies
L0 = T e = Ml 0 = Ti)en,) = (= T | > (B = Toen) - (363
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Thus, we have from (3.62) and (3.63) that klim (I1 — T1)ep,, = 0 which implies from the fact
— 00

¢n,, — T and demiclosedness of 77 that (I; —T1)Z = 0 and hence € F/(T1). One can show in a

similar fashion that y € F(T%).

Next we show that B1Z = Bay. Indeed, we have by (1.4) that

|B1Z — Bagl||* = || Bian, — Babn, + B1% — Biay, + Bab,, — Bajl?

(3.64)
< ||Bian, — Babp,||* + 2(B1% — Bajj, B1Z — Biay, + Bab,, — Baj).

Thus, we obtain from (3.64), (3.53) and the facts Bja,, — B1Z and Bab,, — Bay as k — oo
that B1z = Boy and hence (z,7y) € . Consequently, we obtain using Lemma 3.1.4, (3.44) and
(3.60) that

hmsup«u?U) - (x*vy*)7 (xnayn) - (ZL‘*,y*» = klirf)lQ«u,U) - ('T*ay*>7 (xnmynk) - (ZL‘*,y*»

= ((u,v) = (z",y"), (Z,9) — (=", y")) < 0.
(3.65)

Combining (3.50), (3.51) and (3.65), we obtain

limsup(A, +T',) <0. (3.66)

n—o0

From (3.49), (3.66) and Lemma 3.1.6, we conclude that 11m II;, = 0, which implies that

hm o(x*,xy) = hm é(y*,yn) = 0, which in turn implies by Lemma 3.1.18 that hm |z —
—r 00

x H—Oand hm ||yn y*|l = 0.

Case II. Suppose now that there exists a subsequence {H;ku} of {II};} such that IT}, <II; .4,
for all # > 0. Then by Lemma 3.1.7, there exists a nondecreasing sequence {my} of positive

integers such that my — oo as kK — oo and
Iy, <IL,, . and I <TI;, .4, (3.67)
for all k € N. We have from (3.52) that

(1 - amk) (1 - 4ka) ¢(amk’$mk) + (1 - amk) (1 - 2#) qb(pmk’ emk)

+ (1 - amk) (1 - 2:”) ¢(6mk’ ka) + (1 - amk) (1 - 4ka) ¢(bmk?ymk)

+ (1= ) (1= 20) Glgmgs oy + (1= ) (1= 200) $(lomy ) (3.68)
2Cmy,

Oy,

+ (1 - amk)pHBla’mk - BQbmk”2 < H;knk - H;knk—i-l + amy, I+ (46 - 1) H:;zk +

Making use of (3.67) and the conditions on a,,, and (,,, and taking limit as k — oo of (3.68)
we obtain that

lim HBlamk - ngmkH =0.
k—o0

Following similar steps as in Case I, we obtain that
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Im ||Zmy 41 — Ty || = M || Ymp+1 — Ym,. || = 0 and limsup(A,,, +T'y,) < 0.
k—o0 k—o0 k—00

From (3.49) and (3.67), we have that

Qmy, (1 - 46) H:nk < H:nk - H:nk-i-l + Qmy, (1 - 46) (Amk + ka)
< oy, (1 - 46) (Amk + ka) )
and thus we have IT}, < Ay, +T,, . Since limsup (A, + Ty, ) < 0, we have that klim Iy, =0,
—00

k—o0

which together with (3.49) implies that klim Iy, 41 = 0. Since I} < TI; 4, it follows that
— 00

lim II; = 0. Thus, we have lim ¢(z*,x;) = lim ¢(y*,yr) = 0, which implies by Lemma 3.1.18
k—oo k—o0 k—o0
that lim ||z —2%|| = lim |lyx —y*|| = 0.

k—o0 k—o0

Thus, we conclude from Cases I and II, that the sequence {(z,,y,)} generated by Algorithm
3.1 converges strongly to (z*,y*) = Pq(u,v), and this completes the proof. O

Corollary 3.2.1. Assume that conditions (C1),(C3) — (C6) hold. If Ty: C — C and Ts:
D — D are Lipschitz pseudocontractive mappings, then the sequence {(zn,yn)} generated by
Algorithm 3.1 converges strongly to (x*,y*), where (z*,y*) = Po(u,v).

Proof. As every Lipschitz continuous mapping is uniformly continuous, the result follows from
Theorem 3.2.2. O

If u =0 = v, then Algorithm 3.1 can be used to locate an element of the solution with the
minimum norm.

Corollary 3.2.2. Assume that conditions (C1)—(C6) are satisfied. Then the sequence {(xy, yn)}
generated by Algorithm 3.1, with w = v = 0, converges strongly to the minimum norm point
(x*,y*) € Q, that is, (z*,y*) = Pa(0,0).

3.2.2 Some Theoretical Applications

In this section, we present some theoretical applications of the main result.

Split Equality Null Point Problem

If in Theorem 3.2.2, we take C = H; and D = H,, then the SEFPP reduces to split equality
null point problem which is defined as finding a point (z*,y*) € H; x Hy such that (z*,y*) €
N(Ay) x N(Ay) such that Byz* = Boy*, where A; = I; — T;, for i = 1,2. Denote

® = {(z*,y*) € N(A1) X N(A2) : Biz* = Bay*}.

Corollary 3.2.3. Given the real Hilbert spaces Hi, Ho and Hs. Let Ai: Hi — Hyp and As:
Hy — Hy be uniformly continuous monotone mappings. Assume that the set ® # (). If the
conditions (C3), (C5) and (C6) hold, then the sequence {(xn,yn)} generated by Algorithm 3.1,
with T; = I;—A;, fori = 1,2, converges strongly to an element (x*,y*), where (x*,y*) = Pg(u,v).
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Corollary 3.2.4. Given the real Hilbert spaces Hi, Hy and Hs. Let Ai: Hy — Hy and As:
Hy — H, be Lipschitz continuous monotone mappings. Assume that the set ® # 0. If the
conditions (C3), (C5) and (C6) hold, then the sequence {(zn,yn)} generated by Algorithm 3.1,

with T; = I; — A;, converges strongly to an element (x*,y*), where (z*,y*) = Py (u,v).

Split fixed Point Problems

If in Theorem 3.2.2, we consider Hy = H3 and By = Iy,, then the SEFPP reduces to split fized
point problem which is finding a point (z*,y*) € F(11) x F(T3) such that Biz* = y*. Denote

6 = {(x*,y*) € F(Tl) X F(TQ) s Bix* = y*}

Corollary 3.2.5. Assume that conditions (C1), (C2), (C5) and (C6), with Hy = Hs and
By = I, hold. If © # 0, then the sequence {(xn,yn)} generated by Algorithm 3.1 converges
strongly to (z*,y*), where (x*,y*) = Po(u,v).

Corollary 3.2.6. Assume that conditions (C1), (C5) and (C6), with Hy = Hz and By = I,
hold. Let Ty: C — C and Ty: D — D be Lipschitz pseudocontractive mappings. If © # 0,
then the sequence {(xn,yn)} generated by Algorithm 3.1 converges strongly to (x*,y*), where

(x*>y*) = P@(ua U)'

Common Fixed Point Problems

If in Theorem 3.2.2, we consider Hy = Hy = H3 = H and By = By = Iy, then SEFPP
reduces to common fixed point problem, which is defined as finding two points z*,y* € H with
(x*,y*) € F(T1) x F(T») such that x* = y*.

Denote
0* = {(.’L'*,y*) S F(Tl) X F(TQ) st = y*}

Corollary 3.2.7. Assume that conditions (C1), (C2), (C5) and (C6), with Hy = Hy = H3 = H
hold. If ©* # (), then the sequence {(xy,yn)} generated by Algorithm 3.1, with By = By = I,

converges strongly to (x*,y*), where (z*,y*) = Po~(u,v).

Corollary 3.2.8. Assume that conditions (C1), (C5) and (C6), with Hy = Hy = Hs = H hold.
Let Ty: C — C and Ty: D — D be Lipschitz pseudocontractive mappings. If ©* # 0, then
the sequence {(xyn,yn)} generated by Algorithm 3.1, with By = By = I, converges strongly to
(x*,y*), where (x*,y*) = Po~(u,v).

3.2.3 Numerical Examples

Examples of mappings which exhibit the conditions of Theorem 3.2.2 are provided hereunder.

Besides, a numerical experiment is provided to demonstrate the efficiency of the method.

Example 3.2.1. Let Hy = R with C = [0,00) and let Hy = H3 =R =D. Let T\: C — C and
T5: D — D, be defined by

1
Tl(w):x—ﬁ+§, and Tr(y) =y — Jy — 2.
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The mapping 11 is uniformly continuous pseudocontractive on C which is not Lipschitz con-

1 1
tinuous. In fact, let K > 0 be given and choose y = 0 and 0 < x < — so that K < —.

K? NE
Now,

Ti(z) —Ti(y)| _|Jzr—vVax |1 _
e i ’\/:E 1‘>K 1.

Since K is arbitrary, one concludes that Ty is not Lipschitz continuous. Similarly, it can be

shown that Ty is uniformly continuous pseudocontractive on D which is not Lipschitz continuous.

1
Clearly, x* = 1 € F(T1) and y* = —8 € F(Tz). Now, define By: Hy — Hs and By: Hy — Hs

1
by Bi(z) = 8z and Ba(y) = s Then By and Bs are bounded linear mappings with adjoints

1 1
Bj(z) = 8z and Bj(y) = 1 Moreover, we have that B (4) = By(—8) = 2. Thus,
1 1 1
(x*, y*) = <4,—8) € Q. For the control sequences ¢, = o an = 100 and the

parameters o = 0.4, v =0.5, [ = 0.5, u = 0.4, § = 0.4, the conditions (C1) — (C6) are satisfied.
A numerical experiment was carried out by taking the points (u,v) = (—1,0), (xo,y0) = (0,0)
and (x1,y1) = (0.5,0) and the results are depicted in Figure 3.1 and Table 3.1.

(x,.¥,)=(05.0)
(X ;.Y ,)=(0.25,-4)
(x,.¥,)=(0256)

N

|

)

5

g

I

£

€3}

0 L L L .
0 5 10 15 20 25

Elapsed time(sec.)

Parameters: y=1=0.5, p=0=04, § =0.4.

Figure 3.1: Convergence of the sequence {(z,,y,)} for different initial points (x1,y1).

Non inertial version (6, = 0) Inertial version (6,, # 0)
Error (E) Time(sec.) Time(sec.)
4.9 03568 0.3113
4.4 0.4279 0.3877
3.9 0.5432 0.4912
1.8 1.5955 1.4970
1.5 1.9915 1.9111
1.0 3.8809 3.6960

Table 3.1: Comparison of rates of convergence for the inertial and non inertial algorithms.
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Remark 3.2.2. Figure 3.1 shows the sequence {(xn,yn)} generated by Algorithm 3.1 converges

T —8 | for different initial points and the convergence gets relatively

faster as the initial point gets closer to the solution of the given problem. Table 3.1 shows the

to the solution (x*,y*) =

comparison of rates of convergence for the inertial and non inertial versions of the algorithm.
The time taken for the inertial version to reach the error value E = 1.0 is 3.6960s, whereas the
time taken by the non inertial version to reach the same error value is about 3.8809s. Thus, we

conclude that the inertial version of the algorithm is faster than that of the non inertial version.

Example 3.2.2. Let H = Hy = Hy = Hz = L3[0,1] with inner product (x(t),y(t)) =
1

fol x(t)y(t)dt and norm ||z||L, = (fol ]a;(t)\2dt>§.

Let Ty: C — C and Ts: D — D be the mappings defined by

(Thz)(t) = (t) — max {0, z(t)}, and (Tay)(t) = min{0,y(1)},
where C = D = {x € H : ||z||r, <1}. It is proved in Tian and Xu [107] that the mapping
(Az)(t) = max {0, z(t)} is a monotone mapping.

Thus, we have that the mapping (T1x)(t) = z(t) — (Ax)(t) = z(t) — max {0, x(t)} is a pseudo-

contractive mapping. It is also shown in [162] that Ty is a uniformly continuous mapping.
Similarly, one can show that Ts is a uniformly continuous pseudocontractive mapping.
Clearly,

x*(t) =0¢€ F(Th) and y*(t) = 0 € F(T3).
Let By, By: H — H be mappings defined by

(Biz)(t) = 3x(t) and (Bay)(t) = dy(t).

It can be shown that By and Ba are bounded linear mappings with adjoints (Bjz)(t) = 3z(t) and
(B3y)(t) = 5y(t)-

Moreover, we have By (0) = B2 (0) = 0. Therefore, (z*(t),y*(t)) = (0,0) € Q.

1 1
N hoosing th t = — = — =04 =05, 1 =
ow, upon choosing the parameters (, pUR Qan 100" o 0.4, v = 0.5,
0.5, u=0.4,0=0.4 and
min #—i—l 1 [3an — 50, ifne®
Yo = 100000 "\ 2/ |9ay, — 15b,|2 + |25b,, — 15a,|? ’
=
1
‘ T
tooo00 U " E T

the, conditions (C1) — (C6) are satisfied.

Let us denote Ey, = (zy, ypn). For the points (u,v) = (0,0), (zo,y0) = (0,0) and (z1,y1) = (0.5,0)
and for different choices of the inertial parameter 0,, and different values of the parameter [, the

figures below reveal that the error term sequence {E, — (x*,y*)} converges to zero.
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Qn =0, Non-inertial

0 =0
n~ “n

0 =0 I3
n~ %
0,=0,/5
0 =0 I7
n~ %

Error term, ||E, — (z*,y")||

. . .
15 2 25 3 35 4
Elapsed time(sec.)

Parameters: y=1=0.5, pu=0=04.

Figure 3.2: Convergence of the sequence {(z,,y,)} for different values of the inertial parameter
0.

Error term | ||E, — (2%, y")||

0 2 4 6 8 10
Elapsed time(sec.)

Parameters: v =0.5, 0 =04 p=0=0.4.

Figure 3.3: Convergence of the sequence {(xy,y,)} with different values of the parameter [.

Remark 3.2.3. From Figure 3.2, we observe that the method with nonzero inertial parameter
has a faster rate of convergence than that of the non-inertial (6,, = 0) version. Figure 3.3 reveals
that the rate of convergence of the method is different for different choices of the parameter [.
In fact, it can be observed that the bigger the value of | results in a relatively faster rate of

convergence of the sequence.
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3.3 An Inertial Method for Split Equality Common f, g—fixed
Point Problems of f, g—Pseudocontractive Mappings in Re-
flexive Real Banach Spaces

In this section, we propose an iterative method which approximates a solution of the split equal-

ity common f, g—fixed point problem involving uniformly continuous f, g—pseudocontractive

mappings in reflexive real Banach spaces. We discuss its convergence analysis and finally pro-

vide a numerical example to verify the implementation of our algorithm.

3.3.1 Main Results
We begin by proving the following lemma before introducing our algorithm.

Lemma 3.3.1. Let C be a nonempty subset of a reflexive real Banach space E and A: C — E*
be any mapping. Let f: E — R be a strongly convex function with constant n and has Lipschitz
continuous gradient with constant . If v < n, then for any x € E and a > 3 > 0, the following
inequality holds:

le = PEVf*(Vi(@) - ada)| _ |lz = PLV*(V(2) - BAw)|
o B g

Proof. Let xq = PéVf*(Vf(:p) —aAzx) and g = Pgi*(Vf(w) — BAz). From (1.18) it follows

that (Vf(z) —aAx—V f(za),y—2q) < 0and (Vf(z)—LBAz—V f(zp),y—2x5) <0, for ally € C,

which implies that
<Vf(xo<) — Vf(l')

(07

Vi(zs) = Vf(x)
B

+A3:,x5—xa> >0 and < +Ax,xa—x5> >0. (3.69)
Adding both inequalities of (3.69) and using the Cauchy—Schwarz inequality and strong con-
vexity of f and Lipschitz continuity of V f, we get

o< ()= T Slan) V)= Vilas)
< o 3 » Lo B
_ <Vf($) —avf(ﬂﬁa) ~ Vf(z) _vi(m),(w —2)— (a— xa)>
_ _<Vf(1‘) —an(xOJ’x _$a> + <Vf(x) _avf(wa),l‘—x/j>
B <Vf(93) —vi(afﬁ)7x_$ﬁ> I <Vf(ff) _ﬁvf(xﬁ),$—$a>

<~ (Vf@) - Vf(za)yz - 20) — (VI (@) = V(a0 - 5)

(3.70)
1

B
1 1
+ oIV (@) = VE(@a)ll |2 — 2] + B\Ivf(:v) = V)l [l = zal

n 7
B B

ol = zall® = Zlle = 2] + Sl — wall o = w5l + Zllw = 2] o = zall

IN

n v
=l = zall® = Zllz = 2l* + ~llo = wall o = zsll + lle =z = = zal

IN
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Thus, we obtain from (3.70) that

0 2 (o=l = o —agl) (1277 Sl (3.71)

Now, suppose on the contrary that we have

Iz = zall _ Jlz =z

o 3 (3.72)
which implies that
[ = zall > ||z = zg]]. (3.73)
Combining (3.72) and (3.73), we obtain
0 < (o=l = o =gl (122l Sl
o B
which is a contradiction to (3.71) hence the proof is complete. O

Before stating our algorithm, we put the following conditions that are useful in establishing the

convergence analysis of the method.
(D1) Let Eq, E5 and Ej3 be reflexive real Banach spaces with duals Ef, E3 and E%, respectively;

(D2) Let f: E1 — (—o00,+00] and g: Ey — (—00,400] be strongly coercive, lower semi-
continuous, strongly convex, bounded and uniformly Fréchet differentiable Legendre func-
tions on bounded subsets with strongly convex conjugates f* and g*, respectively. Let the

strong convexity constants of f and g be 51 and o, respectively, and let § = min {31, f2};

(D3) Let Ty, To: By — EY be uniformly continuous f—pseudocontractive and S1, Sa: Ey — E3

be uniformly continuous g—pseudocontractive mappings;

(D4) Let A: Ey — E3 and B: Ey — E3 be bounded linear mappings with adjoints A* and B*,

respectively;

(D5) Let Q= {(z",y") € (Fy(T1) N Fy(T2)) x (Fg(S1) N Fy(S2)) : Az* = By*} # 0;

o0
(D6) Let {ay,} C (0,1) be such that lim «, =0 and Z ay, = 00;
n—o0 ne1

(D7) Let {(,} be a sequence of positive numbers such that ¢, € ((), g) for all n > 1 and
Cn

— — 0 as n — oo.
On
The following notation will also be used in the subsequent algorithm:
On = [IVfrn = Viznall + [IVgyn — Vgynl,

for all integers n > 1.
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Algorithm 3.2.

Initialization: Let xo,x1 € E1, yo,y1 € E2, \,o,7,7m € (0,5), I,v,€ (0,1) and § € [0,1). For
arbitrary points x € E1 and y € Ea, calculate {x,} and {y,} as follows:

Step 1: Given xp_1,xn, € B1 and yp—1,Yyn € Ea, choose 0, such that 0 < 0,, < 0, where

. Cn } ,
T 07 ~ ) ®n 07
0, = mm{ 6,f o7 (3.74)
0, otherwise.
Step 2: Compute
an =V Vfx,+0,(Vfr, —Vfr,_1)], (3.75)
bn = V9" [Vgyn + 0n (Vgyn — Vgyn-1)] .
Step 3: Compute
cn =V [Vfa, — mA g, (Aay, — Bby,)], (3.76)
zn, = Vg* [Vgby, — vB*Jg, (Bb, — Aay)],
where 0 < p < vy, < pp, with
. Bl Aan — Bby|? }
n =min< p+ 1, ) 3.77
oo = i e B T T (370
forne Y ={m e N: Aa,, — Bb,, # 0}, otherwise v, = p.
Step 4: Compute
en =VI((1=M)Vfen + MTicn), (3.78)
hy =V (1 =0n)Vfen + onTacn),
pn = Vg (1 = 1,)Vgz, + TnS12n), (3.79)

an = Vg (1 = m,)Vgz, + m52n),

where A\, = v" and o, = Y™ for j, and m, being the smallest non-negative integers j and

m, respectively, satisfying the relations

WV =T) (VL =)V fen +10Tiey)) — (Vf = Ti)eal|

. , (3.80)
S /\va*((l - VZJ)vfcn + ’Ylelcn) - CnH7

WV =Ta) (V (1 =A™V fen + 1" Tocn)) — (Vf = Ta)en|

(3.81)
<ol V(L =A™V fen + 711 Tocn) — enll,

and 1, = Ik, m, = ~lt», where k, and t, are the smallest non-negative integers k and t,
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respectively, satisfying the relations

Y¥|[(Vg — S1)(Vg* (1 — 1% V gz + 115 S120)) — (Vg — S1)z |

. . (3.82)
< 7||Vg* (1 = ~A1")Vgzn + y1%S12n) — 20|,
and
YN (Vg = S2) (Vg (1 = 1) Vgz +71'Sa2,)) — (Vg — S2)2n]| (3.83)
< wl|[Vg (1 = 11" Vgzn + 71" S22n) — 2.
Step 5: Compute
= V(1 =M)Vfen+ Ve, + A\ (Tien, — Ticn)), (3.84)
S$n =V (1 =0,V hy+ o,V fen + on(Toh, — Tacy)),
Up = Vg*((l - Tn)VQPn + 1 Vgz, + Tn(Slpn - S1Zn)),
Un = v.g*(<1 - Wn)VQQn + angzn + 7Tn(SZQn - SZZn))~
Step 6: Compute
wyp, = VBV fan + 0nV fron + oV fsn), (3.85)
Wy, = v.q*(ﬁnv.qyn STy 5nv.qun + ¢anvn)a
where By + 0p + ¢ = 1.
Step 7: Compute
Tnt1 = Vf (a Vx4 (1 —an)Vfwy), (3.86)

Yn+1 = Vg (anVgy + (1 — ay)Vguy,).

Setn=n+1 and go to Step 1.

Remark 3.3.1. Some of the novelties of our method over the existing ones are:

e As far as our knowledge is concerned, our method is the first method of its kind proposed

in the setting of reflexive Banach spaces.

e [t extends the nature of the underlying mappings from Lipschitz continuous to the more

class of uniformly continuous mappings in reflexive Banach spaces.

Lemma 3.3.2. Assume that conditions (D1) — (D7) hold. Then the Armijo line search rules
(3.80) — (3.83) in Algorithm 3.2 are well defined.

Proof. We consider two cases concerning ¢, and z:

Case I. Assume that ¢, is an f—fixed point of T7. That is, (Vf — T1)¢, = 0. Then (3.80)
is satisfied for j = 0. Similarly, if we assume that ¢, is an f—fixed point of T, then (3.81) is
satisfied for m = 0. If we assume that z, is a g—fixed point of S; and Ss, then (3.82) and (3.83)

are satisfied for £k = 0 and ¢t = 0, respectively.
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Case II. Assume that ¢, is not an f— fixed point of T} and suppose on the contrary that for

all natural numbers j we have
A
[(Vf =Tk — (Vf—Ti)en| > %Hkm — call,

where k,, = V f* ((1 — )V fe, + ylelcn).

From the continuity of V f*, we get
lim Hknj - CnH = lim va* ((1 - ’ylj)Van + 'YlelCn) - Cn” = 0.
j—oo Jj—o0

Since V f — T is uniformly continuous, we obtain from (3.88) that

lim (V= T1)kn, — (Vf = Ti)en|| = 0.

Jj—00

Combining (3.87) and (3.89), we obtain

A
jlggo W”knj — | =0.

The Lipschitz continuity of V f together with (3.90) gives

lim (ka—vf> W 4

Jj—o0 ")/l]

(3.87)

(3.88)

(3.89)

(3.90)

(3.91)

Since kn, € Ep, one can write kp; = P£1Vf* ((1 —le)Vfcn —I—'ylelcn). Thus, we have by

(1.18) that
(1 =~V fen + YU Tie, — Vfkn;,s —kn;) <0, for all s € B,

which implies that

<Vfcn L

T ,s—knj>—((Vf—Tl)cn,s—kn].> <0, for all s € Ej.

Taking limit as 7 — oo in (3.92) and using (3.91), we obtain

— lim (Vf —Th)en, s — kny) <0, for all s € By.

Jj—00
Putting s = —J ' [(Vf — T1)cn] + kn, into (3.93), we obtain

— Mm ((Vf = T1)en, = (V= Th)en] + kn, — kn,) = [|(Vf = T1)en|* <0,

Jj—00

which implies that
(vf - T]_)Cn - Oa

(3.92)

(3.93)

(3.94)

(3.95)

that is, ¢, is an f— fixed point of Tj, which is a contradiction. Thus, (3.80) is well defined.

Following similar steps, we can easily show that (3.81) is
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well defined. Considering similar case on z,, it can be shown that (3.82) and (3.83) are well

defined and hence the proof is complete. O

Theorem 3.3.1. Assume that conditions (D1) — (D7) hold. Then the sequences {x,} and {yn}
generated by Algorithm 3.2 are bounded.

Proof. Let (z*,y*) € Q. We have from (3.86) and Lemma 3.1.9 that

Df(x*vanrl) = Df(l‘*,Vf* (1 = an)Vfwn +a,Vfz))

(3.96)
< anDy(z*,x) + (1 — an)Dy(x™, wp).
Similarly, we have from (3.85) and Lemma 3.1.9 that
Dy¢(x*,wy) < BnDy(x*,xp) + 0nDy(x*, 1) + GnDp(x*, 5p). (3.97)

From Definition 1.2.17 and (3.84), we obtain

D¢ (x*,rn) = Dy (:U*, Vf*((l —M)Vfen + N\ Ve, + A (Then, — Ticy) ))

2*) = (1 = M)V fen + MV fen + Mn(Tren — Ticn), ° —1n) — f(rp)
.T*) — <Vf€n,l'* - Tn>

i
= f(
— (M(Then, — Thepn), 2" —rn) — (A (Vfen — Vifen), 2" —rp) — frn)
= f(z*) = (Vfen, 2" —en) — flen) + (Vfen,x* —epn) + flen) — (Vfen, & —1ry)

— (M(Then — Thcp), 2" —rn) — (A (Vfen — Vifen), 2" —rp) — frn)
= Dy(a%,en) + (Vfen,rn —en) + flen) = f(rn)

— (M((Vf =Th)en = (Vf = Th)en), 2" — 1)
= Dy(x",en) = Dy(rn,en) = (Aa((Vf = Th)en — (Vf = T1)en), 2" — o).

(3.98)
From (1.16), we have
D¢(2*,en) — D¢(rn, en) = De(x™, cn) — Df(rn,cn) + (Vfen — Vfen, ™ —ry). (3.99)
Combining (3.98) and (3.99), we obtain
Dy (z*,m) = Df(2*,¢cn) — D¢(rn,cn) + (Vfen — Ven,a* —ry) (3.100)
— MV =T)en = (V = Th)en), 2" — ).
From (1.15), we obtain
D¢ (rn,cn) = Dy (rn,en) + Dy (en,cn) — (Vfen — Vfen, en — ). (3.101)
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Combining (3.100) and (3.101), we get

D¢ (z*,1,) = Df(x", ) — Dy (rnsen) — Dy (en, cn) + (Vfen — Vfen, en — )
+ (Vfen, —Vfen,x* —ry) — (M(Vf=T1)cn — (Vf —Ti)en), 2" —1y)
= Dy(a”,¢cn) — Dy (rnyen) — Dy (en,cn) + (Vfen — Vien, 2 —ep)
— (A((Vf =T)en = (V = Th)en), 2" = en) = Anl((Vf = T1)en
= (Vf =Ti)en), en —mn),

that is,
Dy(x*,rp) = Dy(x™,cn) — Dy (tn,en) — Dy (e, cn)

+ (M ((Vf = Th)en — (V= Ti)en),mn — €n) (3.102)
— (M((Vf=Th)en — (Vf = Th)en) — (Vien — Vicn), en — 2%).

Since e, = Vf*((1 = X\,)V fen + AThic,) we have that Ve, = (1 — \,)Vfe, + A\Tic,. Let
U = (Vf—=T1)e,. Then we get Vfe,+ A, (Vf —Th)en, — (Vf —T1)en) = V fen+ Apthy, which

implies that
1

Yo = 5 [Pe (VF = T)en = (VS = Tr)en) = (Vfen = Vfen)]. (3.103)

Since (Vf —Ty1)z* =0 and Vf — T is monotone, we obtain that
(Yn, en — ) > 0. (3.104)
Thus, substituting (3.103) into (3.104), we obtain
M (Vf=T)en — (Vf =Th)en) — (Vfen, — Vifen),en —a*) > 0. (3.105)
From (3.102) and (3.105), we get

Dy (z*,1,) < Dy(x*,¢n) — Dy (rnsen) — Dy (en, cn)

(3.106)
+ (An((Vf - Tl)cn - (Vf - Tl)en)arn - en)-
From (3.76), (1.21) and (1.22), we have
D¢ (x*,cn) = Dy (x*, Vf* (Vfan — YA g, (Aay, — an)))
= Vi(2*, Vfan — mA* Jg,(Aa, — Bby)) (3.107)

< Vi (2", Vfan) — (mA*Jg,(Aa, — Bby), cp — 2¥)
=Dy (2%, an) — (MmA*Jgy,(Aa, — Bby), cp — 2¥).

Combining (3.106) and (3.107), we obtain

D¢ (x*,rn) < Dy(a*,an) — Dy (rn,en) — Dy (en, cn)
+ (V= T)en — (V= Ti)en), mn — en) (3.108)
- <’Y"A*JE3(AQTL - an)a Cn — $*>
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From (3.75) and Definition 1.2.17, we have

Dy (2%, an) = Dy (2", Vf* (Vfan + 0n(V fzn =V frn-1)))

f@®) = (Vfon + 0n(Vfon = Vfep1),2" —an) — f(an)

f@®) = (Vfan, 2" —an) = (0n(Vfrn — Vfrn_1),2" —an) — f(an)

f(@) = (Vfan, 2" —xn) = f(xn) + (Van,2° —2n) + f(2n)

— (Vfzn, " —an) = (On(Vfrn — Vfrn_1),2" —an) — f(an)

= Dy(a, xn) + (Vfn, an — zn) + f(zn) = flan) = On(Vfon = Vfrn 1), 2" —an)
= Dy¢(z",xn) — Df(an, xn) — (0n(Vfr, — Vir,_1), 2" —ap).

(3.109)
Combining (3.108) and (3.109), we obtain

Df (l‘*,Tn) < Df(l‘*,l‘n) - Df (Tnaen) - Df (emcn) - Df(amxn)
+ M((Vf=Ti)en — (Vf = Th)en), mn — €n) (3.110)
— (VA" Jg,(Aan, — Bby,),cp — %) — (0n (Vfrn — Viz,_1),2" —ay).

Moreover, we obtain from the Cauchy—Schwarz Inequality and Lemma 3.1.10 that

—On(Vfrn = Vfrna),2" = an) < Ou||Vfrn =V frnallli(z” —an) x 1]

O, N
< SNV Fan = Vizaa| ll2" = an]* +1]

0, .
- ?Hfon — Vfzn_1| [H:U — Ty + Ty — anH2 + 1}
0, 4
< ?HVfa:n = Vfﬂfn—lH [QHx - xn”Q + QHxn - an”Z + 1]

0, 4 4
<n — = * =
<5 IV fxn — V fr,—1|| ﬁDf(;U ,Tp) + 5

D¢(an,xn) +1
20, "
= FHVfwn - Vf$n—1‘|Df(x , Tn)
20,
+ 7||fon — Vizn_1||Ds(an, zn)

0,
+ EHVfa:n — Vx|
(3.111)

From (3.110) and (3.111), we obtain that

Dy (z*,1) < Dy(a*,2y) — Dy (rn,en) — Dy (en, cn) — Dy(an, ©n)

20, . 20,
+ FHfon — Vfrn1||Ds(z*, zn) + ?HVf:En — Vfzn_1l|Df(an, zn)

On
+ M(Vf=Ti)en — (Vf =Ti)en),mn — en) + ?vaxn =V, 1]
— (WA  Jgs(Aay, — Bby,), cp — z*),
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which implies by the relation 0, ||V fz, — V fx,_1]| < (, that

* * 2 *
Dy (x*,rn) < D(x™,2) — Dy (rn,en) — Dy (en, cn) — Dy(an, zp) + &Df(:n , )

B
2Cp, n
+ 25Dt 20) + Oal(VF = T)en = (VF = Ten)ra =) + g (112
— (WA g (Aay, — Bby,), ¢, — ).
From (3.112), Lemma 3.1.10 and the Cauchy—Schwarz Inequality, we obtain
Dy (x*,rn) < Dy(x™,2n) — Dy (rn,en) — Dy (en, cn) — Df(an, x,) + FDf(x , Tn)
2Cn, Cn
+ FDf(ana%L) +Mll(Vf =Th)en — (Vf = Th)en)lllrn — enll + o
— (WmA* Jg,(Aay, — Bby,), ¢, — ¥)
2C, N
< Df(CC*,iL‘n) - Df (Tnaen) - Df (emcn) - Df(anaxn) + ng(x axn)
2C, n
+ 20Dy a) + Al = enlllra = eall + 2
B 2
— (mA*Jgs(Aay, — Bby), cp — *)
2C, N
< Df(SC*,iL‘n) - Df (Tnaen) - Df (enacn) ~ Df(anvxn) + ng(x axn)
2 A 3.113
+ 23Dy on,3) + 5 [lew = el + 1 = enlf] (3.113)
+ % — (VA" Jg,(Aay, — Bby,), cp — )
2C, N
< Df(zl?*,l‘n) - Df (Tnaen) - Df (enacn) - Df(anyxn) + ng(x ,.Tn)
2¢n A A
+ —D¢(an,zn) + =Dr(en,cn) + =Dr(rn, en
5 £( ) 3 £ ) 5 #( )
+ % — (YmA*Jg, (Aay, — Bby), cp — x).
) prtate - (1-53) (+3)
=(1+—=)D¢(z",2p) — |1— —=— | Dsr(an,xn) — (1 — = | Ds(rn,en
(1+%) st - (1= %) Dy ) = (1-5) D1 (rmven)
)‘ C’fl * *
(1= E D¢(en,cn) + 5 (WmA*Jg,(Aay, — Bby), ¢, — 7).
Since ¢, € (0, g) and A < 8, we obtain from (3.113) that
2 n n * *
Dy(x*,ry) < (1 + é) Dy(x™, xpn) + % — (WA Jgs (Aay, — Bby,), cp — 7). (3.114)
Similarly,
2 2
Dy(a"sn) = (1425 Dytatsn) = (1= %54) Dy ) = (1= 5 ) Dy )
(3.115)

- (1 o ;> Df(hnycn) + % o <’ynA*JE3(Aan - an)7cn - ‘/E*>’
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which together with the conditions on {(,} and o implies that

Dy(x™,sp) < (1 + 22”) Dy(x™, xpn) + % — (WmA g, (Aay, — Bby,), ¢, — ). (3.116)

From (3.96), (3.97), (3.113) and (3.115), we get

2Cp, .
D¢(z*, xps1) < anDyp(z",2) + (1 — an) BnDys(z", ) + (1 — ap) <1 + <> nDys(x*, xp)

) B

<1 - 22”> 3D (an, 7n) — (1 — a) (1 - 2) SuDy(rn, en)
— (1 - an) (1 - 2) SnDf(ens cn) + (1 — o) (1 + 22") b Dz, 7)

(

(

g

) 60D (o) = (=) (1= 5) 6.0 (500

+(1—ap)

_ 2%

B
— (1 — Oén) 1-— ;) QSan(hn»Cn) + (1 - O‘n)¢n2<n

— (1 — an)¥n(0n + ¢n) (A" Jgs (Aay, — Bby,), cp — x7).

671 Cn
2

(3.117)

From (3.117) and the conditions on a,, 5,6, and ¢,, we obtain

Dy(x*, xns1) < anDy(a™,x) + (1 — an) B Dyp(z", 2n) + (1 — o) (1 + 2<n> OnDy(x™, xn)

5
# =) (1425 ) 0uDy 0 ) + (1= ) 2582 4 (1= )5

— (1 — an)Vn(0n + ¢n) (A" Jgs (Aay, — Bby,), ¢ — x7).

=apDs(z",x) + (1 — an)Dy(z", zp) + (1 — an)%éan(x*,xn)

5
(1= ) 20Dy (0", 0) (1= ) 25 (1= ) 5

2
- (1 - an)’yn(én + ¢n)<A*JE3 (Aan - an)a Cn — CC*>
2Cn

< 0uDy (") + (1= n) Dyl ) + (1= o) Dy (a"0) + G

+(1- O‘n)Qéan(w*mn) — (1 = an)(0n + én) [y (A" gy (Aan — Bby), cn — 27)]
4¢

=a,Dys(z",x) + (1 — an)Dy(z", zp) + (1 — an)?an(:U*,acn) + ¢n

- (1 - an)(5n + (z)n) [fYn<A*JE3 (Aan - an)’ Cn — $*>] s

which implies that

Dy(z*, 2p11) < an Dy, 2) + (1 — ap) <1 + 42”) Dy, an) + G (3.118)

— (1= an)(0n + ¢n) [ (A" Jpy (Aan — Bbp), cn — 27)] -
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Cn

Since =— — 0 as n — oo, for every ¢ € <O, i) there exists IV € N such that (, < ea,, for all
7%

n > N. Thus, we obtain from (3.118) that

dea,

B
— (1 = an)(0n + &n) [ (A" By (Aan, — Bby), cn — 7)),

Dy(x*, xnq1) < anDy(a”,x) + (1 — ap) (1 + ) Dy(x*, xn) + oy

(3.119)

for all n > N. Similarly, we have

Doy ) < 0nDy(y" ) + (1 — ) 8Dy (y" ) + (1 — i >(1+ = )5 D4y )

—(1-an) (1 22”) 8Dy (b, yn) — <1 ;) o (tins )
—(1-ay) (1 - ;) 6Dy (s 2n) + (1 — ) ( 22) buDy(y" )
— =) (1= %) 0uDyn ) — (1= a0) (1= 5 ) 0uDy0m,0)
~ () (175 ) 0uDyfmsn) + (1= a) 252 4 (1= )5
— (1= @) ya(Gn + S)(B* Ty (B — Atn), 20 — ),
(3.120)

which implies that

dea .
B") Dy(5" ) + €0

- (1 - an)(dn + QZ)n) [7n<B*JE3(an 4 Aan)y Zn — y*>] .

Dy yns1) < anDy(y* ) + (1 = ) (1 n
(3.121)

Denote Q, = Ds(z*,2,) + Dy(y*,yn) and ¥ = Dy(z*,x) + Dy(y*,y). Then combination of
(3.119) and (3.121) gives

decy

B
— (1 = an)(0n + ¢n) [7n(JEs (Aay, — Bby), Acy, — Bzy)] .

Qn—l—l < apX+ (1 - Oén) (1 + n) Qn + 2eay,

(3.122)

Furthermore, we have

—(Jgs(Aay, — Bby,), Acy, — Bz,) = —(Jg,(Aa, — Bby,), Aay, — Bby,)
— (Jg,(Aa, — Bby,), Acy, — Aay)
— (Jg,(Aa, — Bby,), Bb, — Bzy,)
= —||Aa, — Bb,|* — (A*Jg,(Aa, — Bb,),cn —a,)  (3.123)
— (B*Jgy(Aayn, — Bby), by, — 2zp)
< — | Aay — Bbul? + llen — anllI AT, (Aan — Bby)|
+ llbn = 2all| B* T, (Aay — Bby)|.
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The Lipschitz continuity of V f* gives that

len = anll = [V f* (V(an) = m A Jgs(Aan — Bby)) = Vf*(Vf(an)) |

Tne (3.124)
< ﬁHA Jiy(Aay, — Bby)||.
Similarly, we obtain from the Lipschitz continuity of Vg¢* that
ldn = bnl| = [Vg* (Vgbn — 1 B*Jp, (Bbn — Aan)) — Vg" (V fbn)||
. (3.125)
< ?HB Jgy (Bb, — Aay)||.
Combining (3.123), (3.124) and (3.125) and using (3.77), we obtain
—n(JEs (Aan—Bby,), Acy, — Bzy)
2
< =l A = B[P+ 14" T, (Aan — Bbo) P
A2
+ F"HB*JE?,(an — Aay)|?
(3.126)

< —£llAa, = Bb,|]* = 2| Aay — Bb, |

2
+ I {g" (14" Tz, (Aay, — Bby)|| + || B* Tz, (Bby — Aan)||?] }

< —gHAan — Bby|%
Since (1 — ay,)(0p, + ¢n) > 0, we conclude from (3.126) that

— (1= an)(0n+ én) [vn(JEs (Aay, — Bby,), Acy, — Bzy)] < —(1— an)(5n+¢>n)g||Aan —Bb,|? <0.
(3.127)
Thus, we obtain from (3.127) and (3.122) that

dear,

B
— (1= an) (6 + 6n) 51| Aan — Bb, |

Qn—‘,—l < anZ + (1 - an) <1 + > Qn + 2£an

decr,,

<apX+(1—ay) <1+ )Qn—i—Qean

<o s

(- B (-5 222

Y42
W} for all n >
1, where K = max{Q,Q2,...,Qny_1}. Thus, the sequence {£2,} is bounded and hence the

sequences {Ds(x*,xy,)} and {Dy(y*,yn)} are bounded. Thus, it follows by Lemma 3.1.11 that

for all n > N. Thus, we have by induction that €, < max {Q N, K,
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the sequences {z,} and {y,} are bounded. O

Theorem 3.3.2. Assume that conditions (D1) — (D7) hold. Then the sequence {(xn,yn)}
generated by Algorithm 3.2 converges strongly to (z*,y*), where (z*,y*) = Pl(x,y) and h =

(f,9)-

Proof. Let (z*,y*) = P&(x,y). Then we have by (1.18) that
<(Vf$, v.gy) - (Vfl'*, v.gy*)v (U,’U) - (x*vy*» <0, for all (U,U) € (3]‘28)
From Definition 1.2.17, (1.21), (1.22) and Lemma 3.1.9, we get

Dy(x*, xpnq1) = Df(2", VI (anVfz+ (1 — an)V fwy))
= Vi(@*, anVfr + (1 — a,)Vfw,)
<V (x*,aana: + (1 —an)Viw, —a, (Vfr— me*))
+{om (Vo = Vfa"), znp —a7)
=Vi(@*, an V" + (1 — ap)Vfwy) + (o (Vfx — V"), zpp —2*)  (3.129)
=Dy¢(a", V" (anVfr* + (1 — an)Vfwy,))
+{on (Vfz = V"), anpr —a¥)
< apDy(z*,2") + (1 — an)Dy(z*, wy) + (o (Vfr =V fa™), xpp — %)
= (L= an)Dyp(z",wn) + {an (Vfz = Vf27), znp — 7).

From (3.85), Lemma 3.1.9, (3.114) and (3.116), we get

Df(l'*a wn) = Df ($*> Vf*(ﬁnvfxn + 0,V fry, + ¢nvf5n))
< BnDy(x*, xn) + 6nDyp(x*,70) + dnDy(x™, s5)

< BnDyg(x*, xpn) + <1 + 2;”) OnDy(x™, ) + 5n% (3.130)
— On (W A* g, (Aay, — Bby)c, — x*) + ¢n%l
+ <1 + 2;”) dnDs(x*, 2n) — dn( A JE, (Aan — Bby), ¢y — 2¥).
From (3.130) and the conditions on 3,, d, and ¢,, we obtain
Dy(z*,wp) < Dy(z*, xpn) + 5n2gan(x*,xn) + ¢n2gan(£L‘*,l‘n) + 5n% + ¢n%

— O (A" Jg,(Aay, — Bby), ¢, — &%) — ¢ (A" gy (Aay, — Bby), ¢,y — x¥)
2Cn N 2Cp, .
< Dy(a" ma) + 2Dy ) + D (0" ) + G
- (671 + (z)n)'Yn [<A*JE5 (Aan - an)7 Cn — $*>]

= Dy(z*, ) + Zlgan(x*,:L"n) + G — (0n + On)yn [(A"JEy(Aay, — Bby), ¢, — 7))
(3.131)
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Substituting (3.131) into (3.129) and using Cauchy—Schwarz Inequality, we obtain

Dy(x™, xpng1) < (1 —an) [Df(:r*,xn) + 4gan(:z:*,a:n) + Co| + (o (Vfr =V "), zppq — %)
— (1= an)(6n + én)m [(A" T s (Aan — Bby), cn — 27)]

< (1 - an) (1 + Zlén) Df($*,xn) + (1 - O‘n)(n

+ OénHVfﬂ? - vfw*HHanrl - xn” + Oén<VfJ} - Vf$*,$n - $*>

— (1 = an)(0n + ¢n)yn [(A" Ty (Aay, — Bby), e — 27)] .
(3.132)

Since ¢, < eay, we obtain from (3.132) that

Cn

dece
n> Df(x*vxn) + an—

B
+ an||Vfx = V||| zns1 — xnll + an(V fo — Vfa* z, — 2¥)
— (1 = an)(0n + én)m [(A"JE; (Aarn — Bbn), cn — 27)]

L e

+ ap, [Cn + |Vfz = Via*||[|ons1 — znll + (Vfz = V2" zp — 2%

Dy(x*, xpng1) < (1 — ) (1 +
Qn

7%

— (1 — an)(6n + ¢n)¥n [(A* Iy (Aay, — Bby), ¢, — z¥)]

[

() S 9o =V fa onss = onll + (V= Vi n = 2%)

+on (11— — L

: =
B

— (1 = o) (0n + &n)vn [(A" B3 (Aan — Bby), cn — 27)]

e (1) o (1 )

— (I = an)(6n + dn)mn [<A*JE3 (Aan — Bby), cn — x7)],

(3.133)

where ¢
> 4|V fa = Vfa|ans - 2all + (Ve = Va¥ 20 - o)

( >
46

x B _ 4 - _ 4
Dg(y 7yn+1)§ |:1 (679 <1 /8):| Dg(y 7yn)+an <1 ,B)Mn (3134)
— (1= an)(0n + ¢n) (B T, (Bbn — Aan), 20 — y*),

Similarly,
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where

Cn

+1Vay — Vay*llyn+1 — yull + (Vay — Vgy*, yn — v*)
M, = | n

%)

Denote ), = Dy(z*, x,) + Dy(y*,yn) and ¥* = Dy(z*,x) + Dy(y*,y). Then combining (3.133)
and (3.134) and using the relation (3.126), we obtain

4e

Oy < [1 — o (1 - ﬁ)] O+ anp (1 - 4;) (Kn + My) — (1 — an)(6 + qsn)guAan — Bb,|)?

i (12 ) o (1) s .

(3.135)
Combining (3.117) and (3.120), we obtain
(1— an) (1 - 22") 50D (an, 20) + (1 — an) <1 _ 2) 5uD 5 (Fmy )
+(1— an) (1 _ g) 50D (en, n) + (1 = ) <1 22") 6D 5 ()
# =) (1= 5) 6uDp(on ) + (1= an) (1= 5 ) 6uDy )
#a) (1= 2 ) 0Dy bur) 4 1= ) (1 5 ) 8Dy, -
# =) (1= 5 ) 0Dyt + (1) (1- 24") Dy (b )
R A N A T

+ (1 = an)(0n + ¢n

~—

gHAan — Bb,|?

* * * 45 * CTL

For the rest of the proof, we consider two cases on €27 .

Case I. Suppose that the sequence {2} } is nonincreasing. It then follows from the Monotone
Convergence Theorem that {QF} is convergent. Taking limit on both sides of (3.136) as n — oo,

we obtain

lim | Aay, — Bbyl|| = 0. (3.137)

Taking limit on both sides of (3.136) as n — oo and making use of Lemma 3.1.13, we obtain

lim ||a, — x| = lm ||r, —ey|| = lim |le, — c,|| =0, (3.138)
n—oo n—oo n—oo
lim ||, — hy|| = lim ||hy, — ¢l = lim ||by, — yn]| =0, and (3.139)
n—o00 n—o0 n—o0
lim ||up, —pp| = lim ||p, — 2] = lim |Jv, — qn]| = lim ||g, — 25| = 0. (3.140)
n—o0 n—o0 n—o0 n—00
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From (3.76) and (3.137), we obtain

IVfen = Vfanl = ’YnHA*JEs(Aan — Bby,) ||
< (p+1|A"Jg,(Aay — Bby)||
< (p+ D||A"||JEs (Aa, — Bby)|| = 0asn — oo,

and this implies by the uniform continuity of V f* that
lim |¢, — ay| = 0.
— 00

From (3.86) and the condition on «a,, we have

Jim [V fzpin = Viw| = lim [la,Vf+ (1 =)V fw, =V fu|

= lim a,[|Vfz — Vfw,| =0.
n—oo
Since V f* is uniformly continuous, we obtain from (3.142) that
nh_ggo [#n41 — wnl| = 0.

From (3.138) and (3.141), we obtain

Irn — 2|l < It — enll + llen — cull + llen — anll + |lan — zn|| = 0 as n — oo.

Similarly,

lim ||s, — z,| = 0.
n—0o0

From (3.85) and Lemma 3.1.9 we obtain

Df(xna wn) = Df(xna vf* (ﬁnvfmn + 5nvf'r'n + d)nvfsn))
< ﬁan(xTLa l‘n) + 5an(33na Tn) + ¢an($n7 Sn)-

Combining (3.144), (3.145), (3.146) and using Lemma 3.1.13 we obtain
lim ||z, —wy| = 0.
n—oo

Consequently, we obtain from (3.143) and (3.147)that

nhlelO [@n41 — anl| = 7}320 [@n41 — wnl + nlgglo [wn — @n|| = 0.

Similarly,

Jim lynts —yall = 0.

(3.141)

(3.142)

(3.143)

(3.144)

(3.145)

(3.146)

(3.147)

(3.148)

(3.149)

Since the sequence {(zy,yn)} is bounded in E; x Ey, where Fj X Ej is reflexive (Lemma 3.1.5),

there exists a subsequence {(xn, ,Yn,)} of {(zn,yn)} and an element (Z,7) of £y x Ey such that

(Tng» Yny,) — (T,7) and
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limsup((V fz, Vgy) — (Vfz*,Vay*), (zn, yn) — (2%, "))

= lim ((Vfz,Vgy) — (V2" Vgy*), (Tn, yn,) — (@5%))-

k—o0

Moreover, we have x,, — Z and y,, — §. Now, we show that (Z,7) € Q. From the definition of

en and the projection property we have

1

3 (Vfen, —Vfen,x—en,) <((Vf—T)cp,,x —ep,) for all z € Ey,
Nk

or equivalently,

1
T<Vfcnk - vfenka T — enk> + <(Vf - Tl)cnka €n; — an>
o (3.150)

<{((Vf—Ti)en,,x — cp,) for all x € Ey.

Now, we show that liminf((Vf — T1)cp,,x — ¢,,) > 0. To show this, we consider two possible
— 00

k
cases. Suppose first that lign inf A\,, > 0. Since Vf is uniformly continuous, we have from
— 00

(3.138) that V fc,, —V fen, — 0as k — oco. Since V f — T is uniformly continuous and {c,, } is

bounded, we have that the sequence {(V f —T1)cy, } is bounded. Thus, taking limit of (3.150)

as k — oo and taking (3.138) into account, we obtain lign inf((Vf —Ti)en,,x — cpn,) > 0. We
—00

now assume the case lign inf A, = 0. Put wy, = Vf* [Vfen, — A7V — T1)cy, ] Note that
—00
Anl™! > Ap,. Thus, we obtain by Lemma 3.3.1 and (3.138) that

1
llen, — wn,ll < j”cnk —en, || = O0ask — oo. (3.151)
This implies by the uniform continuity of Vf — T} that,

lim [[(Vf = T)eq, — (Vf = Town, || = 0. (3.152)

By the Armijo line-search rule (3.80), we have

A TV = Th)en, = (Vf = TO)(V (Y fen, = Al (V= Th)en, )|
> :U’”an - vf*(vfcnk - )‘nklil(vf - Tl)cnk)H‘

That is,

chk — wnk”

(VF = Tr)em, = (Vf = TiJoon, | > 12—
ng

1
3.153

Combining (3.152) and (3.153), we obtain that lim 1< = ¢l

k—o0 )\nklfl

= 0, which implies by the
Lipschitz continuity of V f that

lim vacnk - vfwnkH _
k—o0 )\nklfl

0. (3.154)
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Furthermore, we have
(Vfen, = Al H(Vf = T1)en, — Vfwn,, o —wp,) <0, for allz € By,

which together with the monotonicity of V f — T} implies that

N -1 (Vfen, =V fwp, @ — wp,) + (Vf = Ti)en,, wny — Cny)
ni, (3.155)

<{((Vf—T)en,,x —cn) < (Vf—=Th)x,x — cp,), for all z € Ey.

Taking limit inferior of (3.155) as k — oo and using (3.154) and (3.151), we get lilclgg;f((Vf -
T1)cp,, —cp,,) > 0. Consequently, we obtain from the monotonicity of V f —T} that likn_l)icgf«Vf—
T))x,x—cp,) = (Vf=T1)z,2—2) > 0, for all x € Ey, or equivalently ((Vf—T1)Z,x—Z) > 0, for
all z € Ey (by the pseudomonotonicity of V. f —T}). Thus, we obtain that & € (Vf—T3)~1(0) and
hence & € Fy(T1). By the same token, we can show that € Fy(T). Thus, & € Fy(T1)NFy(13).
Similarly, we have that § € F,(S1) N F,(S2).

Moreover, Lemma 3.1 gives

|Az — By||* = |Aan, — Bby, + AZ — Aay, + Bb,, — Bj|*

) (3.156)
< ||Aayn, — Bby, ||* + 2(Jg,(AZ — Bjj), A% — Aay, + Bb,, — Bj).

From (3.138) and (3.139), we have that a,, — Z and b,, — . Thus, from the sequentially
weakly continuity of A and B, we have Aa,, — AZ and Bb,, — By. Thus, from (3.137) and
(3.156), we obtain that AZ = Bg. Therefore, (Z,7) € . By (1.14), we have

ligfzp((vfx, Vay) — (Vfz*,Vy*), (@n,yn) — (2", y"))
= lim ((Vfz, Vgy) = (Vfz", Vgy"), (@ne: yn) = (@7, 97) (3.157)

= ((Vfz,Vgy) = (Vfa",Vgy"), (Z,9) — (27, y7)) < 0.

From (3.148), (3.149) and (3.157), we obtain

lim sup(K,, + My,) < 0. (3.158)

n—oo

Consequently, we obtain from (3.135), (3.158) and Lemma 3.1.6 that

lim Q) =0,

n—oo

which implies that lim Dy(z*,z,) = lim Dy(y*,y,) = 0 which in turn implies by Lemma
n—oo n—oo

3.1.13 that lim |z, —2*|| =0 and lim ||y, —y*|| = 0 and hence
n—oo n—oo

lim z, = z* and lim y, = y*.

Case II. Suppose now that there exists a subsequence {Q’flz} of {2} such that Q, < Qy 4,

for all # > 0. Then by Lemma 3.1.7, there exists a nondecreasing sequence {my} of positive
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integers such that m; — oo as k — oo and

Qf, < Q4 and QF < QF L. (3.159)

m

Thus, we have from (3.136) that

™

B) D Do (0 )+ (1 — ) (

p
+ (1 - amk)(émk + ¢mk)§||Aamk - Bbmk H2

* * * 45 * Cm
< ka - ka+1 + Qmy, |:E + <,8 - 1> ka +2ami:| :

LT

Jr(l—amk) ﬁ

(1 - amk) (1 - 2€lng> 5mkDf(amk7$mk) + (1 - amk) (1 - g) 6mkDf(rmkaemk)
+ (1 — am,) <1 - ;) Omy Dy (emy emy) + (1 — amy,) <1 - 2C5mk> Gy Dy (amy, Tmy,)
0 am) (12 F) S Do) + (1= ) (1= ) Dy i)
(1= ) <1 B 2ka) O Dg (b, Ymy) + (1 — ) (1 — T> Omy Dg(Umy, s Dy )
8 & (3.160)
2Gn
+ (1 - amk) <1 - ;) 5mkDg(pmk7zmk) + (1 - amk) (1 - é) (Z)mkDg(bmk?ymk)

> Gmi Dg (G 2my,)

Taking limit as k — oo of (3.160) and making use of (3.159) and the conditions on the sequences
{am, }s {om, } and {¢y,, }, we obtain that

lim ||Aam, — Bbm, || = 0. (3.161)
k—o00
Following similar steps as in Case I, we obtain that

Hm ||Zpm, 41 — Tmy || = 0= 1m ||ym,+1 — Ym, || and limsup(K,,, + M,,,) < 0.
k—o0 k—o0 k—00

From (3.135) and (3.159), we obtain that

4e . 4e
Qmy, (1 - 5) Q:nk < Q;kﬂk - ka+1 + Qmy, <1 - E
4e

< Oy, (1 - 6) (Kmk + Mmk)a

) (K, + My,,)

and thus we have that 0, < Ky, + Mp, . Since limsup(Kp,, + My,) < 0, it follows that
k—ro0

lim €, =0, which together with (3.135) implies that lim €, ., = 0. This in turn implies by

k—ro0 k k—ro00 k

(3.159) that lim Qf = 0 and thus lim Df(z*,z,) =0 and lim Dgy(y*,y,) = 0. Thus, we have
k—o00 k—00 k—o00
by Lemma 3.1.13 that z; — «* and yx — y* as k — oo and hence the proof is complete. O

If we assume, in Theorem 3.3.2, that 17 and 75 are Lipschitz continuous f—pseudocontractive
and S; and Sy are Lipschitz continuous g—pseudocontractive mappings, then we obtain the

following corollary.
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Corollary 3.3.1. Assume that the conditions (D1),(D2),(D4)— (D7) hold. If T\, T» : By — E}
are Lipschitz continuous f—pseudocontractive and Si,S2 : Eo — E3 are Lipschitz continuous
g—pseudocontractive mappings, then the sequence {(zn,yn)} generated by Algorithm 3.2 con-
verges strongly to (z*,y*), where (z*,y*) = P&(x,y).

Proof. As every Lipschitz continuous mapping is uniformly continuous, the result follows from
Theorem 3.3.2. O

If we assume f(-) = %H |2 and g(-) = %H -|I?, in Theorem 3.3.2, then Vf = Jg,, Vg = Jg,,
Vf*= Jgi} and Vg* = Jégl Thus, we get the following corollary.

Corollary 3.3.2. Assume that the conditions (D1), (D3)— (D7) are satisfied. Then the sequence
{(xn,yn)} generated by Algorithm 3.2, with Vf = Jg,, Vg = Jg,, Vf* = ngl and Vg* =
JE;, converges strongly to (x*,y*), where (z*,y*) = lg(z,y), where Ilg(z,y) is the generalized
projection mapping of (z,y) onto .

1
If we assume, in Theorem 3.3.2, that Ey, F; and Es3 are real Hilbert spaces, f(-) = 5” -||? and

1 _ _ N _ _
9() =5l I*, then Vf = Jp, = Ip,, Vg = Jp, = In,, V[* = Jgpi = I and Vg* = Jp! = I
and hence we obtain the following corollary.
Corollary 3.3.3. Let Ei, Eo and E3 be real Hilbert spaces and assume that the conditions
(D3) — (D7) are satisfied. Then the sequence {(xn,yn)} generated by Algorithm 3.2, with V f =
Jg, = Ig,, Vg = Jg, = Ig,, Vf* = ngl = IETI and Vg* = JE;I = 521, converges strongly to
(x*,y*), where (x*,y*) = Pa(z,y).

3.3.2 Some Theoretical Applications

In this section, we present some theoretical applications of the main result.

The Split Common f, g—fixed Point Problem

If we consider Ey = F3 and B = I, in Algorithm 3.2, then the SECFPP reduces to split
common f, g— fixed point problem which is finding a point (z*,y*) € Ey x Es such that (z*,y*) €
(Fr(T1) N Fp(T2)) x (Fg(S1) N Fy(S2)) such that Az* = y*. Denote

I = {(a",y") € (Fy(T1) N Fy(T2)) x (Fy(S1) N Fy(S2)) - Ax™ =y}

Corollary 3.3.4. Assume that conditions (D1)—(D4), (D6), (D7), with E; = E3 and B = I,
hold. If T* # (), then the sequence {(xn,yn)} generated by Algorithm 3.2 converges strongly to
(m*,y*), where (‘T*a y*) = PI}‘L* (.ZE, y)

Corollary 3.3.5. Assume that conditions (D1), (D2), (D4), (D6), (D7), with E3 = E3 B =
Ig, hold. Let Th, To: Ey — ET be Lipschitz f—pseudocontractive and Si, S2: Eo — E5 be
g—pseudocontractive mappings. If T* # (), then the sequence {(xn,yn)} generated by Algorithm
5.2 converges strongly to (z*,y*), where (z*,y*) = Pk (z,y).
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Common Solutions of Common f, g—Fixed Point Problems

If we take By = F» = B3 = E and A = B = Ig in Algorithm 3.2, then SECFPP reduces to
common solutions of common f, g—fixed point problem, which is defined as finding two points
¥, y* € E with (z*,y*) € (Fr(Th) N Fy(T2)) % (Fy(S1) N Fy(S2)) such that * = y*.

Denote
Q= {(z%,y") € (Fr(Th) N Fy(T2)) x (Fy(S1) N Fy(S2)) : 2" =y*}.

Corollary 3.3.6. Assume that conditions (D1) — (D3) and (D6) and (D7), with By = Ey =
Es = E hold. If Q* # 0, then the sequence {(xn,yn)} generated by Algorithm 3.2, with A = B =
I, converges strongly to (x*,y*), where (z*,y*) = Pk (z,y).

Corollary 3.3.7. Assume that conditions (D1), (D2),(D6) and (D7), with E; = Ey = E3 =
E hold. Let Ty, T5: E — FE* be Lipschitz f—pseudocontractive and S1, S3: E — E* be
g—pseudocontractive mappings. If Q* # 0, then the sequence {(xy,yn)} generated by Algorithm
8.2, with A = B = I, converges strongly to (z*,y*), where (z*,y*) = Ph.(z,y).

Split equality f,g— Fixed Point Problems

If we take Tox = V fx for all x € F1 and Sey = Vgy for all y € Fy in Algorithm 3.2, then the
SECFPP reduces to split equality f, g—fized point problem which seeks to find a point (z*,y*) €
F¢(T1) x F4(S1) such that Az* = By*. Denote

¥ ={(a*,y*) € Fp(T1) x Fy(S1) : Ax* = By*}.

Corollary 3.3.8. Assume that conditions (D1)—(D4), (D6) and (D7), with Tox = V fx, for allx €
Ey and Syy = Vgy, for ally € Ey hold. If ¥* # (), then the sequence {(xn,yn)} generated by
Algorithm 3.2 converges strongly to (x*,y*), where (z*,y*) = P (z,y).

3.3.3 Numerical Examples
Example 3.3.1. Let E = E1 = Fy = E3 = L;If([O, 1]), where 1 < p < oo, with the norm
1
1
lz|z, = (fo | (¢ |pdt)p and f,g: E — (—o0,+0o0] be defined by f(x) = g(x) = —||z||P. Then
p

1 1
E* =FEf = E5 = E5 = L]}}([O, 1]), where ) +§ = 1. Define the mappings Ty, To, S1, So:

oS =

1 2 5
—ngy(t) + 6 and (S2y)(t) = §ng(t) + 3 Clearly, Ty and Ty are uniformly continuous
f—pseudocontractive and S1 and Sa are uniformly continuous g—pseudocontractive mappings.
1
If we take p = 2 for simplicity, then E = E1 = By = F3 = LY([0,1]), f(z) = g(x) = §|]:UH2,

LE(0.1)) = LE(0,1)) by (Ti)(0) = 59 fa(0) = 2, (Ta)(t) = —5 9 ful) -

Vf = Vg = Ig and the mappings T1, To, S1, So will be reduced to (Thz)(t) = %x(t) -2,
2 44 1 2 5
(To)(1) = —2(t) — o (Sw)(1) = ~5y(t) +6 and (Sa)(1) = Sy(1) + .

In this case, one can easily show that x*(t) = —4 € Fr(T1) N Fy(Ts) and y*(t) =5 € F¢(S1) N
2
Fy(S2). Now, define A, B: E — E by (Ax)(t) = §$(t) and (By)(t) = —%y(t). Clearly,
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2 -8
A and B are bounded linear mappings with adjoints (A*x)(t) = gzv(t) and (B*y)(t) = 1—5y(t).

— 1
Moreml)er, A(—4) = B(5) = ?8 Therefore, (—4,5) € Q. If we take ¢, = WOOOOO{ ay =
n + 10000000’ 04,0=01,7=01 m=0.1, v=04, 0.001, 32 ¢ 3 an
( 2 + i b i
Zan + —by,
B 3 15 ,
P 3 3 if neT,
Yn = 2 %CL +Eb + ﬁb _i_Ea
9" 457" 295 " T y5
1
| 700000000 /" T

then the conditions (D1) — (D7) are satisfied and the numerical MATLAB experiment shows
that the sequence {d,} = {(zn(t),yn(t))} generated by Algorithm 3.2 converges strongly to the
solution (x*(t),y*(t)) = (—4,5) of the SECFPP for (z(t),y(t)) = (1,1), (zo,y0) = (0,0) and

different values of the parameter | and strong convexity constant, 5, of f.

3=0.1

. . . T =
0 10 20 30 40 50
Elapsed time(sec)

Figure 3.4: Different values of the strong convexity constant .

1=0.02
— — —1=0.005
1=0.0001

0 10 20 30 40 50
Elapsed time(sec)

Figure 3.5: Different values of the parameter I.
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lterates, ||d n-(x', Ol

Elapsed time(sec)

Figure 3.6: Different values of the initial point (zg, yo).

Remark 3.3.2. We can observe from Figure 3.4 that the convergence of the method gets faster as
the strong convexity constant B gets closer to 1 keeping the initial points and all other parameters
fized. Figure 3.5 depicts that the convergence gets faster as the parameter! gets closer to zero. On
the other hand, Figure 3.6 reveals that the sequence {d,} has almost the same rate of convergence

for different choices of initial points.
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4. Approximating Solutions of Split
Equality Quasimonotone Minty

Variational Inequality Problems

In this chapter, we construct an algorithm for approximating solutions of the split equality
quasimonotone Minty variational inequality problem in reflexive real Banach spaces and discuss

its convergence analysis and provide numerical examples.

4.1 Main Results

The following conditions that are useful in the convergence analysis of the algorithm will be

employed throughout the section.

et £y an 2 be reflexive real Banach spaces with duals an , respectively, and let
1) Let Ey and E» be reflexi 1B h ith duals E] and E3 ivel dl

C and D be nonempty, closed and convex subsets of F1 and F», respectively;

(Q2) Let f: E1 — (—o0,+00] and g: Ey — (—o0,+00] be strongly coercive, strongly convex,
bounded and uniformly Fréchet differentiable Legendre functions which are bounded on
bounded subsets of Fq and F», respectively, with conjugates f* and g*. Let the strong
convexity constants of f and g be 51 and fa, respectively, and let f = min {31, 82}.

(Q3) Let F: Ey — EY and G: E3 — E; be Lipschitz continuous and quasimonotone mappings

with Lipschitz constants Ly and Lo, respectively, and satisfying the conditions
|Fz*|| <liminf ||Fz,| and ||Gy*| < liminf|Gyyl, (4.1)
n—oo n—oo

whenever {z, } and {y,} are sequences in E; and Ejs, respectively, such that =, — z* and
Yn — Y
(Q4) Let A: Ey — E5 and B: E3 — E3 be bounded linear mappings with adjoints A* and B*,

respectively, where Fj3 is another reflexive real Banach space;

(Q5) Let the set Q = {(z*,y*) € MVI(C,F) x MVI(D,G) : Ax* = By*} be nonempty;

o
(Q6) Let {a,} C (0,1) be such that lim «, =0 and Zan = o0;
n—oo

n=1

(Q7) Let {(,} be a sequence of positive numbers such that (, € (O, g) for all n > 0 and
n

-— — 0asn— oo.
(077}

The notation ©,, = ||V fz, =V fr,_1| +||Vgyn — Vgyn—1| for all integers n > 1 will be used in
the proofs the of the subsequent results of this chapter.
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Algorithm 4.1.

Initialization: Let xg,x1 € E1, yo,y1 € Ea, 0 € [0,1). Let u,d € (0,8), A1 >0, y1 > 0. Let
{dn} C [0,00) and {pn} C [0,00) be such that Zqﬁn < 00 and ngn < o0o. Setn:=1. For

n=1 n=1
arbitrary points & € E1 and § € Es, calculate {xzn} and {y,} as follows:

Step 1. Given the iterates xp_1,T, € F1 and yn—1,yn € Es, choose 0,, such that 0 < 0, < oy,

where ¢
in<{6, " if O # 0,
On = mm{ ’@n}’ if On 7 (4.2)
0, otherwise.
Step 2. Compute
an =V (Vix,+ 0, (Vfr,—Vir,_1)), (4.3)
bn = Vg (Vgyn + 0n (Vgyn — Vgyn-1)).
Step 3. Compute
pn = Vf*(Vfan, — mA*Jg, (Aay, — Bby)), (4.4)
qn = Vg* (Vgb, — v B*Jg, (Bb, — Aa,)),
where 0 < p < vy < pp with
. BllAan — Bb, | }
n =minq p+ 1, , 4.5
g {” 2[4z, (Aan — Bbo)[? + 1B* T, (Bba — Aay) ] 42
form e Y ={m e N: Aa,, — Bby,, # 0}, otherwise vy, = p.
Step 4. Compute
un =PIV [ (Vfpu = MaFpn), (4.6)
Up = P%Vg*<VQQn - %an)-
Step 5. Compute
wy, = VIV u, — A\(Fuy, — Fpyp)), (4.7)
Zn = Vg*<v.qvn - 77n<G'Un - GQn>)
Step 6. Compute
Tnt1 = VI (VT 4+ (1 — an)V fwy), (4.8)
Ynt1 = Vg (anVgy + (1 — apn)Vgzy).
Update Ay, and n, as follows
: filltn — pal } :
min s Ap + ¢ny 7o ————— s if Fuy # Fpp,
Ant1 = { [ F'un — Fpn| (4.9)
An + On, otherwise,
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and

. Sllvn — gl ,
n ny o~ ~_ 1l bl G n G 3]
min {7] + [Gon — Gl if Gup, # Gq

Mn + ©n, otherwise.

Ml = (4.10)

and then go to Step 1.

Remark 4.1.1. Some of the advantages of our method over the existing ones are:

o The method we introduced is a newly proposed inertial single projection method in the

setting of reflexive Banach spaces.

e [t is a more general problem which encompasses all the Minty variational inequality prob-

lems in the literature
e [t does not require prior knowledge of the Lipschitz constants of the underlying mappings.

Remark 4.1.2. Condition (4.1) is weaker condition than the weak sequential continuity con-
dition imposed on F (see, [101, , /). The mapping F(x) = ||z||z is an example which

satisfies condition (4.1) but is not sequentially weakly continuous (see, [101]).

Lemma 4.1.1. Let {\,} and {n,} be as in (4.9) and (4.10), respectively. Then

(i) nan;oAn =Xand XA € [min{llfl,)\l},)\l —|—K}, where K = Zd)n;

n=1

. . 0 4
(i1) nh_>ngo77n =1 andn € [mln{LQ,m},mjLM}, whereM:ngn_

n=1

Proof. The proof follows the same method as in ([101], Lemma 3.1). O

Theorem 4.1.1. Assume that conditions (Q1) — (Q7) hold. Then the sequences {x,} and {yn}
generated by Algorithm 4.1 are bounded.

Proof. Let (z,y) € Q. Then, z € C' and y € D. From (4.8) and Lemma 3.1.9, we obtain that

Dy(Z, 2n41) = Dy(3, VI (Vi + (1 — )V fwy))

(4.11)
< oy Dy(z,2) + (1 — an)Dy(Z, wp).
From (4.7) and (1.2.17), we obtain that
Dy (z,wy :Df( ,VI* Vfun—/\n(Fun—Fpn)))
= f(&) = (Vfun — A(Fup — Fpn), T — wp) — f(wn)
= f(Z) + (Vfup, wy — T) + M(Fup — Fpp, T — wy) — f(wy)
= f(®) = (Vfun, T —un) — f(un) + (Vfun, T — un) + f(un) (4.12)

+ (V fup, wy, — T) + A\ (Fup, — Fpn, T — wy) — f(wy,)
Df(j>un) + (Vfumwn - un> + f(un) - f(wn) + )\n<FUn — Fpp, o — wn)
D¢(Z,upn) — Dg(wn,un) + A (Fun — Fpp, T — wy).
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From (1.15) we obtain that

Df(i'7un) = Df('i'vpn) - Df(umpn) + <vfpn -V fup, T — Un) (4-13)

Substituting (4.13) into (4.12), we obtain

Df (jawn) = Df(japn) - Df(umpn) - Df(wnaun)

(4.14)
+ M (Fup — Fpp, @ — wp) + (Vfon — Vfup, T — up).
We also obtain from (4.4), (1.21) and (1.22) that
Df (japn) = Df (jv vf* [vfan - 'YnA*JEg (Aan - an)] )
=V (i“, Vfan — A" Jg, (Aay, — an)) (4.15)
< Vf (:’Eu vfan) - 'Yn<A*JE3(Aan - an)7pn - i‘> ‘
= D¢ (z,an) — (A" Jg,(Aay, — Bby),pn — T).
Substituting (4.15) into (4.14), we obtain
Df (i‘)wn) < Df (jyan) - Df(Un,Pn) - Df(wnvun) = )\n<Fun — Fpp, T — wn> (4 16)
+ (VfPn = Vfun, T — un) — Yn{A* Jp, (Aan — Bby), pn — 7). '
Since uy, = PLV f*(V fpn — AnFp,) and T € C, we have by (1.18) that
<vfpn . /\ann = vfumj - Un> <0,
which implies that
(Vpn — Vfun, T —up) < A(EFpp, T — Up). (4.17)

From (4.16) and (4.17) we obtain that

Dy (Z,wn) < Dy (Z,an) — Df(tun,pn) — D(wn, un) + A (Fup — Fpn, T — wy)
+ M (Fpn, T — up) — (A" Jg,(Aay, — Bby), pn — T)
=Dy (Z,an) — Df(tun,pn) — D(wn, un) + A (Ftn, T — wp) — Ay (Fpn, T — wy)
+ M (Fpn, T — up) — (A" Jg,(Aa, — Bby), pn — T)
=Dy (Z,an) — Df(tun,pn) — Df(wn, un) + A (Ftin, T — wp) + Ay (FDn, Wp — Up)
— (A" Jg, (Aa, — Bby,),pn — T)
=Dy (Z,an) — Df(tun,pn) — Dy(wn, un) — Ap(Ftin, up — T)
+ A (Ftp, upn — Wr) + Ay (F'pp, Wy, — Up) — (A" Jg,(Aay, — Bby),prn, — T)
=Dy (Z,an) — Df(tun,pn) — Dy(wn, un) — Ap(Ftin, up — T)
+ M (Fpp — Fuy, wy, — up) — Yo (A" Jg, (Aay, — Bby,), pp — T).
(4.18)

Since z € MVI(C,F) and u, € C, we have by the Minty VIP that (Fu,,u, —Z) > 0, which
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together with (4.18) gives that

Df(jﬂun) < Df (jaan) - Df(umpn) - Df(wnaun)

(4.19)
+ )\n<Fpn — Fuy, w, — un) - 'Yn<A*JE3(Aan - an)vpn - j>

From (4.19) and the Cauchy—Schwarz Inequality, we obtain

Df(jvwn) < Dy (T, an) — Df(unapn) - Df(wmun) + Al Fpn — Fug||||wn, — ||
- 7n<A*JE3 (Aan - an)7pn - j>a

which implies by (4.9) and Lemma 3.1.10 that

_ _ An
Df(xawn) SDf (x;an)_Df(un7pn) Df(wnyun)+u)\ unHHwn_unH
- 7n<A*JE5(Aan - an);pn - -f>
= K
< Dy (Z,an) — Dy(un,pn) — Dy(wn, un) + 2, [Hpn - Un”2 + [Jwn — un || ]
— Y (A*Jg, (Aay, — Bby,),pp, — T)
_ B An B A
< D¢ (Z,a,) — D¢(un, — D¢(wp, up D¢ (uy, D¢(wp,u
= f( ) f( ns Pn) f( n )+ B At f( Pn) + B Anst f< n)

— (A" Jg, (Aa, — Bby,),pn — T)

An An
= Dy (z,an) — (1 — g)\nH) Df(un,pn) 4 (1 — /B)\n—i—l) D¢ (wn, un)

- 7n<A*JE3(Aan . an)apn = i'>

(4.20)

From (4.3) and (1.2.17) we obtain that

Dy (Z,an) = D (2, Vf*(V fan + 0n(V fon — Vfrn_1)))
f@) = (Vfan + 0n(Ven = Vrn1),Z = an) — f(an)
f(@) = (Vfan, @ —xn) = f(zn) +(Vf2n, T —2n) + f(2n)
—(Vfrp,z—an) —0(Vfr, —Vfr,_1,Z —an) — f(an)
= Dy(Z,xp) + (Vfxn, an — xn) + f(zn) — flan) — 0(Vfay, — Viz,_1,Z —ap)

= Dy(Z,xp) — Dy(an, xn) — 00 (Vfxy — Vir,_1,T — ay).
(4.21)

Substituting (4.21) into (4.20) we obtain

An An
Df(jawn)ng(jyxn)_Df(anaxn)_<1_M )Df(unapn)_<1_u )Df(wnaun)
B A1 B Ant1

- 7n<A*JE3(Aan - an)apn - l‘> - n<vfxn - vfxn—lyj - an>~
(4.22)
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Moreover, we have from the property of (, and Lemma 3.1.10 that

O _
—0,(Vfry—Vfrp_1,T —a,) < ?wan — Vfzn| [|Z — anl® + 1]
0n _
< 5\|fon — Va1l 217 — zal® + 2/|z0 — an]® + 1]

On 4 4
< 5 IV fan =V fanl BDf($7xn) + BDf(anvxn) +1 (4.23)

20, _ 20,
= g IVfzn = VizaalDs(@ o) + =57 IV fon =V fon-a[Dy(an, zn)

Combining (4.22) and (4.23), we obtain

2, ) a \
o2 () = (1~ - (55

_ <1 -£ 5 ) Df(wnyun) - 7n<A*JE3(Aan - an)> Pn — j> +
6)\n+1

) D (tn,pn)

From (4.11) and (4.24), we obtain

D¢(Z,2p41) < anDp(Z,2) + (1 — o) (1 + 2;") D¢(Z,2n) — (1 — o) <1 —

~ (=) (1= 5525 ) Dytunn) (1= an) (1-

= (1 = o)1 (A" Iy (Aan — Bby), pn — ) + (1 — an)

2§L> Df(am {L’n)

1 An
B Ant1
Gn
R

> D (wn, un)

(4.25)

A ) 1)
Since lim (1_,u z >:1—N>Oand lim (1— T >:1—>0,thereexistsN0€N

n—>00 /8)\)‘71-1-1 B 5 n—00 B Mt B
such that 1 — 22" > 0and 1 — 27" > 0 for all n > Np. Thus, we have from (4.25) and
B Ant1 Mn+1
the conditions on u, 8 and (, that
_ L 2Gn _
Dy(Z,xpt1) < anDyp(2,8) + (1 — o) ( 1+ G Dy(z,2n)
(4.26)
— (1 — an)n(JEs(Aay, — Bby,), Apn, — AZ) + (1 — an)%n, for all n > Np.
Similarly, we have
_ . 2(n _ 2Cn
Dg(y7yn+1) < aan(yvy) +(1—an) 1+ 7 Dg(yayn) —(I—an)(1- 7 Dg(bn»yn)
0 1 > ( 5 1n >
—(1—-ap)(1—= Do(Up,qn) — (1 —ap) [ 1— = D,(zn,vn
( ) ( B Mn+1 2 )~ ) B Mn+1 o )
- (1 - an)7n<B*JE3 (an - Aan), dn — g> + (1 - an)%»
(4.27)
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and this implies that

_ _ 2Gn _
Dy(9: yn+1) < anDyg(y,9) + (1 — an) (1 + ﬁ) Dy(7, yn)
(4.28)
— (1 — an)¥n(JEs (Bby, — Aay,), Bg, — By) + (1 — an)%, for all n > Njy.
Denote 2, = D¢(Z,2,) + Dy(9,yn) and ¥ = Df(Z, %) + Dy(y,y). Since Sn — 0 as n — oo, for
Qnp

every € € (0, g), there exists a natural number N1 > Ny such that (, < a,ée, for all n > Nj.
Now, combining (4.26) and (4.28) and using the fact that Az = By, we obtain

2ea,

B
— (1 — an)Vn(JEs(Aan, — Bby), Apn, — Bgy), for all n > Nj.

Q1 < apX+ (1 — ay) (1 + > Qp + ean

(4.29)

Furthermore, we have

—(JBy(Aan—Bby), App — Bqn)
= —(Jg,(Aa, — Bby,), Aa, — Bby,) — (Jg,(Aa, — Bby,), Ap, — Aay)
— (Jg,(Aa, — Bb,), Bb, — Bqy,)
= —||Aa, — Bb,|* — (A* Jg,(Aa, — Bby), pn — an) (4.30)
— (B*Jgy(Aayn, — Bby), by, — qn)
< —|[Aan — Bby|* + |pn — anll||A* i, (Aan, — Bby)|
+ [[bn = @ull| B* T (Aan — Bby)||.

The Lipschitz continuity of V f* gives that

[pn = anll = V" (V fan = mA" g, (Aay — Bby)) = V[ (V fan) |

< %HA Ty (Aan — Bby)||.
Similarly, we obtain from the Lipschitz continuity of Vg* that
lan = ball < 5 11B" T, (Bbn — Aan)]| (4.32)

Combining (4.30), (4.31) and (4.32) and making use of (4.5), we obtain
— (S (Aan—Bby), App — Ban)
<l dan  BoalP + 21 4%, (Aan — B
+ §L||B*JE3(an — Aa,)|?
< —gHAan — Bb,|* - %HA% — Bb,|?

n 2 n * *
+ B (140 o — B + 1B (B0, — Aa)IP) |
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which implies that
— Yl JE, (Aay — Bby), Apy — Bay) < —g||Aan — Bb,||%. (4.33)
Since 1 — i, > 0 for all n > 1, it follows from (4.33) that
— (1= an) [ (s (Aan = Bba), Apn = Ban)] < —(1— )| Ay — Bb | (4.34)

Thus, we obtain from (4.29) and (4.34) that

2
Qi1 < anX + (1 —ay) <1+ m”)Qn+ean—(1—an)guAan—an||2
2€an
<apX+(1—ap) 1+ Q, +eay,
Qn + an (X + €]

which in implies by induction that

B(E+e¢)
B — 2¢

where M = max{Q;,Q9,---,Qn,—1}. Thus, the sequence {€,} is bounded, and hence the
sequences {Df(Z,xy,)} and {Dgy(y, yn)} are bounded. Therefore, by Lemma 3.1.11, we have that

QngmaX{M,QNl, }, for alln > 1,

{z,} and {y,} are bounded sequences. O

Lemma 4.1.2. Assume that conditions (Q1) — (Q7) hold and let {un},{pn},{qn} and {v,} be
as defined in Algorithm 4.1. Assume that Fx # 0, for all x € C and Gy # 0, for all y € D.

(a) If there exist subsequences {pn,} and {un,} of {pn} and {uy}, respectively, with p,, — p
and ||pp, — un,|| = 0 as k — oo, then p € MVI(C, F).

(b) If there exist subsequences {qn, } and {vn,} of {qn} and {v,}, respectively, with q,, — q
and ||gn,, — vn, || = 0 as k — oo, then ¢ € MVI(D,G).

Proof. (a) Let {pp,} and {unk} be subsequences of {p,} and {u,}, respectively, with p,, — p

and hm |pn, — tn, || = 0 . It immediately follows that u,, — p. Since {u,, } C C and C is
k—o0

weakly closed, we have that p € C.

Now, if hm sup | E'pr, || = 0, then hm | E'pn, || = hm 1nf || F'pn, || = 0. Thus, we have by condition
(4.1) that 0 < | Ep|| < hm mf HFpn,C || = 0, which 1mphes that F'p = 0, which is a contradiction
to the hypothesis that Fx 7& 0 for all z € C. Thus, this case that limsup | Fpy,| = 0 does not

k—o0
hold.
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Thus, limsup || Fpy, || > 0.

k—o0

From the definition of u,, and (1.18), we obtain that
<vfpnk - Ankank - Vfunk,?/ - unk> S 07 fOI‘ all Yy € Ca

or equivalently

1

y <prnk — Vifup,,y— unk> + (Fpnys ung — Pnp) < (E'Dny, Y — Dny), forally € C. (4.35)
ng

Taking limit inferior on both sides of (4.35) as k — oo and using our assumption, uniform
continuity of F, uniform continuity of Vf and the boundedness of the sequences {py,} and

{un,, }, we obtain

0< likm inf(Fpp,,y — pn,) < lmsup(Fpy,,y — pn,), forally € C. (4.36)
— 00

k—o0

We now consider two possible cases on imsup(Fpy, ,y — Pn,)-
k—o0

Case A. Suppose limsup(Fp,, ,y — pn,) > 0. Then we can find a subsequence {pnkj } of {pn, }
k—o0

with lim <Fpnk,,y — pnk,> > 0. So, there exists a positive integer N such that <Fpnk‘,y —
J—00 7 J J
Pnk].> > 0 for all j > No.

Since F' is quasimonotone, it follows that
(Fy,y —pnkj> > 0, for all j > No. (4.37)

Taking limit in (4.37) as j — oo, we obtain that (Fy,y — p) > 0 and hence p € MVI(C, F).

Case B. Suppose limsup(Fp,, ,y — ppn,) = 0. Then, we obtain from (4.36) that

k—o0

lim
k—o0

1
Let us now choose 7, = [(F'pn,,y — Pny)| + T k=1,2,3,---. Then, we have from (4.38) that

(E'pnpyy — Dny) + 71 >0, forall k =1,2,3,--- . (4.39)

Since lim sup || F'py,, || > 0, there exists a subsequence of { F'p,,, }, which is still denoted by {F'p,,, },
k—o0
such that klim |F'pn, |l > 0. Thus, there exists a positive integer N3 such that ||Fpy,,| > 0 for
—00

Jot Fpn,
all k > N3. Let us now set h,, = W Thus, we have <Fpnk,hnk> = 1. It follows from
Pn,y,
(4.39) that
<Fpnk,2/ _pnk> + Tk<Fpnk7h’rLk> > 07
that is,

<Fpnk7y + Tk‘hnk _pnk> > 07
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which implies by the quasimonotonicity of F' that
<F(y + Tkhnk)a Y+ Tkhnk - pnk> > 0,
and thus we obtain from the Lipschitz continuity of F' that

(Fy,y — pny,) = —(F(y + mehn,) — Fy,y — Dny) — (F(y + Tihny ) Thny,)
—[|1F'(y + Trhny) — Fyllly — ooyl = [1F'(y + 7l ) | 70y | (4.40)
> —Li|mihn, Yy — P |l = 1F(y + T ) 176 Ry, |-

Vv

We now show that klim (Tihn,,) = 0. Since F'p # 0, we have by condition (4.1) that 0 < ||[Fp|| <
—00

liminf || F'p,, ||. Hence, we have
k—o0

lim sup 7%

. . Tk k—o0 0
0 < limsup ||7%hn, || = limsup <> < — < =0.
e =50 1) = ok [P = T

Thus, limsup || 74y, || = 0 and hence lim ||7%hy,, || = 0. So, taking limit on both sides of (4.40)
k—o00 k—o00

as k — oo, we get (Fy,y —p) > 0, for all y € C and hence p € MV I(C, F).

Part (b) of the lemma can be proved in a similar way as that of part (a) and hence the proof is

complete. n

Theorem 4.1.2. Assume that conditions (Q1) — (Q7) hold. Then the sequence {(xn,yn)} gen-
erated by Algorithm 4.1, with F(x) # 0 for all x € C and G(y) # 0 for all y € D, converges
strongly to (x*,y*), where (z*,y*) = PL(2,9) and h = (f,9).

Proof. Let (x*,y*) = P&(#,9). Then, we have by (1.14) that

for all (s,t) € Q. From (4.8), (1.21), (1.22) and Lemma 3.1.9, we get

D¢(2*, xpy1) = Dy (2", VI (an VT + (1 — o)V fwy))
= Vi@, an Vi + (1 — an)V fwy)
<Vi(@*,an VT + (1 — an)Vfwy — o (VT =V fa"))
+an(Vfi —Vfx* zpp1 — ")
= Vi(a", anVfa" + (1 — an)Vfwn) + an(V L = V™, zpp — %) (4.42)
= Dy(", V" (anVfa" + (1 = an)V fwn))
+an (Ve —Vfz*, zp — ")
< anDy(z*, ")+ (1 — an)Dyp(z™, wp) + o (VfE — Vfr*, zpp — )
= (1 — an)Ds(x*, wn) + an (Vi — Vfr*, xpp —a").

Substituting (4.24) into (4.42) with z = 2* and taking the conditions on p and ¢, into account,

87



Chapter 4. Approximating Solutions of Split Equality Quasimonotone Minty Variational
Inequality Problems

we obtain

Dy(x*, 2ps1) < (1 — o) (1 + 22”) Dy(x*,20) — (1 — o) (1 - 22”> Dy (an, )

An An
— (1 —ap) <1 — g/\n+1> D¢ (un,pn) — (1 — ) <1 - g/\n+1) D¢ (wp, up)

— (1= @) { A" iy (A — Bbp), p )+ (1 - )

+an(Vft —Vfo* xper —*)

2 n * S * *
<(1-—ap) (1 + é) Dy(x*,xn) + an(VfT = Vfa* xpi1 — %)
— (1 — an) (A" Jg,(Aay, — Bby,), ppn — ™) 4+ (1 — an)%n
2C’ﬂ * A * CTL
<(l—ap) 1+ 5 Dy(x*, xn) + an||VfT = V fa*||||zns1 — x|l + 5}
+an(Vft —Vfz* xy — ") — (1 — an) (A" T, (Aay, — Bby), pp — ™)
2 n * * *
= (1- an) (1 + g) Dy(a*,20) — (1 — an)yn{A*Jg, (Aay — Bby), pn — z*)
+ an[HVfi‘ — Vi ||xnt1 — xnl| + (VfE = Vfa* x, — z") + QCTn .
(4.43)
Since li_}m C—n =0, for every € € (0, g) there exists ng € N such that i—n < g, that is, (, < eay,
n—00 Uy, n
for all n > ng. Thus, it follows from (4.43) that
* 2e * * *
Dy(x*, xpq1) < [1 —ap (1 — ﬂ)} Dy(x*,xn) — (1 — an)ym(A*JE, (Aay, — Bby,),pn — 27)
b an [ 22 952 =V a e =l + (V12 = V" =)

= [1 — oy, <1 - 2;)} Dy(x*,zn) — (1 = an)vn [(A" T (Aarn — Bby), pp — 7))

S V£ = Ve angn — @l - (VFE - Vfa*, 20 — o)

2¢e 2au,
Fon(1-5) (-2)

B
[1 — o <1 — 2;” Dy(x*, xn) + an (1 - 2;) A,

- (1- Oén)’yn<JE3(Aan — Bby,), Ap, — Ax*>, where

(4.44)

S VS = Ve ansn — @l + (V& -V fa*, 2n — o)

200,
(-5)
B

, for all n > ng.
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Similarly,
2e 2e
D (y*ﬂyn-‘rl) < |:1 — Qp (1 - >:| D (y*ayn) + ap (1 — > |
! B B (4.45)
— (1 = o)y (JEs (Bby — Aay), Bgn — By*),
where
<n ~ * ~ * *
on T 1Vgg = Vay*llyns1 — ynll + (V99 — Vgy*, yn — y*)
Ap
Iy = , for all n > ng.

=

Denote QF = Dy(z*, ) + Dg(y*, yn) and X* = Dy(x*,Z) + Dy(y*,9). Then combining (4.44)
and (4.45) and using the relation (4.33), we obtain

Q< [1 . (1 _ 25)] QO+ an <1 _ 2;) (A +To) — (1= )2 Aa, — By
25 ) (4.46)
< [1 — an (1 - ;)] O+ an <1 — ;) (A, +T0).
Combining (4.25) and (4.27) with & = z* and rearranging terms, we obtain
2(n An
(1—an) (1 = g) Dj(an, @) + (1 — ) (1 — gAnH) Dy (ttn, pn)
+ (1 - an) <1 Sy An > Df(wnaun) + (1 - an) (1 B 2C”> Dg(bnayn)
/3 /\n+1 6 (4 47)
5 3 1 '
+(1—ayp) <1 - Bn:+1> Dy(vn,qn) + (1 — o) <1 - 577:+1> Dgy(zp,vp)

+(1— an)§\|Aan — Bb | < Q5 — QL+ [Z + (5 - 1> Q) + OZ] .
We now consider two cases on the sequence {€2}.
Case I. If there exists a natural number N such that €2}, ; <7 for all n > N, then we have by
the Monotone Convergence Theorem that the sequence {2} converges. Taking limit as n — oo
in (4.47), we obtain

lim ||Aa, — Bb,|| =0, (4.48)
n—oo
nlg]go Dy¢(an,zn) = nlg)go Dy (upn,pn) = nh_)n(r)lo D¢ (wp,un) =0,

and

nll_{go Dg(bna yn) = nh—>rgo Dg(Um Qn) = nh_>IEO Dg(znavn) =0,

from which we obtain by Lemma 3.1.13 that

lim |ja, —z,|| = lim ||p, — uy| = lim ||w, —uy| =0, (4.49)
and

lim ||by, — yn|l = lm |vy, —qnl| = lim ||z, —v,|| = 0. (4.50)

n—oo n—oo n—oo
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We also obtain from the property of 7, (4.48) and Lipschitz continuity of V f* that

1P = anll = [IVf* [V fan = m A" g, (Aan — Bbp)] = Vf*(V fan)||

1 . 1 x
< Wl A ey (Aan = Bba)l| < 5(p+ DI A" Ty (Aan = Bby )| (4.51)

—_

< = (p+ DA™ 7, (Aan — Bby)|| — 0, asn — oc.

™

From (4.8), uniform continuity of V f and the condition on a;,, we have

lim [V fain = Vfwnl = Tim [lanV @+ (1= an)V fu, =V fu|

(4.52)
= lim o,||Vfz —V fw,| =0.
n—oo
Since V f* is uniformly continuous, we obtain from (4.52) that
lim ||xp41 — wy| = 0. (4.53)
n—oo
Consequently, we obtain from (4.49), (4.51) and (4.53) that
Tim 1 — @l =0 (4.54)
Similarly, we obtain
lim ||yn+1 — ynl = 0. (4.55)
n—oo

Since the sequence {(zy,yn)} is bounded in the reflexive Banach space E; x FEs, there exists a

subsequence {(zn,,Yn, )} of {(zn,yn)} such that (zn,,yn,) — (Z,9) € E1 x E and

limsup((V [, Vgg) — (Vfz*,Vgy*), (xn,yn) — (&, "))
nso0 (4.56)
= lim ((Vf2,Vgy) — (Vfz*,Vay*), (Tngs Yni) — (25,97))-

k—o0
Moreover, we have z,, — Z and y,, — y. Now, we show that (Z,7) € Q.

Since ||zp, — un,|| — 0 and z,, — Z, we have that u,, — Z. Since C' is weakly closed, we have
that £ € C, and thus we have by assumption that F'Z # 0. This implies by Lemma 4.1.2 and
(4.49) that z € MVI(C,F). One can similarly show that § € MV I(D,G). Now, it remains to
show that Az = By.

From Lemma 3.1, one obtains that

|Az — By||* = ||Aayn, — Bby, + A% — Aay, + Bb,, — Bj|?

(4.57)
< ||Aan, — Bby, ||* + 2(Jg, (A% — Bj), Ai — Aay,, + Bby, — BY).

From (4.49) and (4.50) we obtain a,, — & and b,, — @, respectively. Thus, we obtain from the
sequential weakly continuity of A and B that Aa,, — Az and Bb,, — By, as k — oo. Thus,
from (4.48) and (4.57), we obtain that Az = By. Therefore, (Z,7) € Q. Thus, we obtain by
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(4.41) and (4.56) that

limsup((V f2,Vgy) — (Vfz*,Vgy"), (Tn, yn) — (2", y7))

= lim <(Vf§3, Vgg) - (Vf.f*, ng*)v (:L'nk, y’l’lk) - (33*, y*)> (4'58)

k—o0

= ((Vf2,Vgy) — (Vfz",Vgy*), (Z,9) — (z",y7)) < 0.

From (4.54), (4.55) and (4.58), we obtain

limsup(A, +T',) <0. (4.59)
n—oo
Consequently, we obtain from (4.46), (4.59) and Lemma 3.1.6 that ILm 0y = 0, which im-
n—oo
plies that lim D(z*,x,) = lim Dy(y*,yn) = 0 which in turn implies by Lemma 3.1.13 that

lim ||z, —2*|| =0 and lim |y, —y*|| =0, that is, lim z, = 2" and lim y, =y
n—oo n—oo n—oo n—oo

Case II. Suppose there exists a subsequence {2, } of {Q} with QF < O, 41 forall i > 0.
Then, by Lemma 3.1.7, there exists a non-decreasing sequence {my} of positive integers such

that lim mj = oo and
k—o0

O, <y and Qp <O, 4y, (4.60)

for all positive integers k. Thus, we have that Q;, —Q, ., < 0. With this {my}, (4.47) becomes

2 A
(1_amk) 1—- ka Df(amk7xmk)+(1_amk) 1_H o Df(umwpmk)
p B Amy+1
A 2
+ (1 — amy) _ B S D (Wi, tmy,) + (1 — ) (1= Sy Dy(bmys Yy, )
1) ) ’
() (1= 525 ) Doy ) + (1= ) (1= 5 ) D oy i)
B Nmy+1 B Nimg+1
+ (1= am) 2 Aam, — By, 2 < Q5 —QF o+ T+ z _Na +ka
Qmy, 2 Amy, my — “%my, my+1 Qmy, ,8 my a .
my
Taking limit as k — oo of (4.61) and taking (4.60) and the property of a,,, into account, we
obtain that klim | Aay,, — Bbp, || = 0. Moreover, we have that
—00
klggo Ha‘mk - «'L'mkH - klggo ”pmk - umk” = klggo mek - umk” =0,
k:hanolo ||:L‘mk - amk” = klggo ||pmk - amk” =0,
and
klggo Hbmk - ymk” = klggo vak - qu” = klglc}o ||ka - vmkH =0,
klin;o Hymk - bmkH - klingo ”qu - bmkH =0.

Following similar methods used in Case I, we obtain

Hm |2, 4+1 — Tmy || = M ||[Ymy+1 — Ym,. || =0 and limsup(A,,, +IT',) <0. (4.62)
k—o0 k—o0 k—o00
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We obtain from (4.46) and (4.60) that

2e\ ., N N 2e 2e
Qmy, (1 - /3> ka < ka _ka+1+an <1 - 6) (Amk +ka) < Qmy, (1 - ,3) (Amk +ka)7
which implies that
O < Ay + Dy (4.63)

Taking limit as k — oo on both sides of (4.63) and using (4.62), we obtain that klim Q. = 0.
— 00
This together with (4.46) implies that klim Q. +1 = 0, which implies by (4.60) that klim Q. =0.
—00 —00
Thus, we have lim Df(z*,2;) = lim Dg(y*,yr) = 0 and hence we obtain by Lemma 3.1.13
k—o0 k—o0
that lim z, = z* and lim y, = 3.
k—o0 k—o0

Thus, we conclude from Cases I and II that the sequence (zy,y,) generated by Algorithm 4.1
converges strongly to (z*,y*), where (z*,y*) = P2(2,9) and hence the proof is complete. O

We notice here that if the mappings F' and G in Theorem 4.1.2 are assumed to be Lipschitz

continuous and pseudomonotone, then we deduce the following corollary.

Corollary 4.1.1. Assume that conditions (Q1) — (Q2) and (Q4) — (Q7) hold. If F: Ey — E}
and G: Ey — E5 are Lipschitz continuous and pseudomonotone mappings satisfying property
(4.1). Then, the sequence {(xn,yn)} generated by Algorithm 4.1 converges strongly to (x*,y*),
where (x*,y*) = PA(%,9).

Proof. As every pseudomonotone mapping is quasimonotone, the result follows from Theorem
4.1.2. O

If we assume that Fq and E5 are smooth and 2—uniformly convex Banach spaces and if we take
1 1

O =5l |2 and g(-) = o1k |2, in Theorem 4.1.2, then Vf = Jg,, Vg = Jg,, Vf* = J,;T1 and

Vg* = Jgsl Thus, we get the following corollary.

Corollary 4.1.2. Let C' and D be nonempty, closed and convex subsets of smooth and 2—uniformly
convex Banach spaces Ey and Eo and assume that the conditions (Q3) — (Q7) are satisfied. As-
sume that Fx # 0 for all x € C and Gy # 0 for all y € D. Then, the sequence {(zy,yn)}
generated by Algorithm 4.1, with Vf = Jg,, Vg = Jg,, Vf* = Efl and Vg* = Jggl, converges
strongly to (z*,y*), where (x*,y*) = llq(%,7), where q(Z,y) is the generalized projection map-
ping of (&,7) onto 2.

1
If we assume, in Theorem 4.1.2, that F, Fs and E3 are real Hilbert spaces, f(-) = 5” -||? and

1
g() = §|| -||?, then Vf = Ig,, Vg = Ip,, Vf* = gfl and Vg* = 1521 and hence we obtain the

following corollaries.

Corollary 4.1.3. Assume that Eq, Es and E3 are real Hilbert spaces and let C and D be
nonempty, conver and closed subsets of Ey and Es, respectively. Assume that the conditions
(Q3) — (Q7) are satisfied. Assume that Fx # 0, for all x € C and Gy # 0, for ally € D. Then,
the sequence {(xn,yn)} generated by Algorithm 4.1, with Vf = Ig,, Vg = Ig,, Vf* = Igfl
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and Vg* = 15317 converges strongly to (z*,y*), where (z*,y*) = Po(Z,y), where Po(&,q) is the

metric projection of (&,7) onto ).

Corollary 4.1.4. Assume that E1, Es and FEs are real Hilbert spaces and let C' and D be
nonempty, convex and closed subsets of Ey and Ea, respectively. Let F': By — EY and G: Ey —
E3 be Lipschitz continuous and pseudomonotone mappings with the property (4.1). Assume that
the conditions (Q4) — (Q7) are satisfied. Then, the sequence {(xn,yn)} generated by Algorithm
4.1, withVf=1g ,Vg=1Ig, Vf*= Igrl and Vg* = IE;, converges strongly to (x*,y*), where
(@, y") = Pa(Z,9).

4.2 Some Theoretical Applications

In this section, we apply our main result to solve some specific problems.

Common Solutions of Minty Variational Inequality Problems

If we take 1 = Fy = F3 = E, C = D and A = B = Ig in Algorithm 4.1, then our main
result reduces to common solution of Minty variational inequality problems, which is defined as
finding a point z* € C with (z*,2*) € MVI(C,F) x MVI(C,G).

Denote Q* = {(z*,2*) € MVI(C,F) x MVI(C,G)}. We now deduce the following corollaries.

Corollary 4.2.1. Assume that conditions (Q1) — (Q3), (Q6), (Q7), with Ey = EFs = E3 = F
and C = D hold. Assume that Fx # 0 for all x € C and Gy # 0 for ally € C. If Q* # ),
then the sequence {(xn,yn)} generated by Algorithm 4.1, with A = B = I, converges strongly
to (z*,2*), where (z*,2*) = PL.(%,79).

Corollary 4.2.2. Assume that conditions (Q1), (Q2),(Q6), (Q7), with Ey = Ey = E3 = E and
C =D hold. Let F: C — E* and G: C — E* be Lipschitz continuous pseudomonotone map-
pings satisfying condition (4.1). If Q* # 0, then the sequence {(xn,yn)} generated by Algorithm
4.1, with A = B = Ig, converges strongly to (x*,x*), where (z*,x*) = P{{* (Z,7)-

Split Minty Variational Inequality Problems

If we consider Fy = E3 and B = [g, in Algorithm 4.1, then our main result reduces to split
Minty variational inequality problem which is to find a point (z*,y*) € C'x D such that (z*,y*) €
MVI(C,F)x MVI(D,G) : Az* = y*.

Denote I'* = {(z*,y*) € MVI(C,F) x MVI(D,G) : Az* = y*}. Then we have the following

corollaries.

Corollary 4.2.3. Assume that conditions (Q1) — (Q4), (Q6), (QT7), with Ey = E3 and B = I,
hold. Assume that Fx # 0 for allz € C and Gy # 0 for ally € D. If T* # (), then the sequence
{(zn,yn)} generated by Algorithm 4.1 converges strongly to (z*,y*), where (z*,y*) = P (%,7).

Corollary 4.2.4. Assume that conditions (Q1), (Q2), (Q4), (Q6), (Q7), with E2 = Es hold.
Let F: C — ET and G: D — E3 be Lipschitz continuous and pseudomonotone mappings
satisfying condition (4.1). If T* # (), then the sequence {(xy,yn)} generated by Algorithm 4.1,
with B = Ig,, converges strongly to (x*,y*), where (z*,y*) = PI@* (Z,7).
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4.3 Numerical Examples

Example 4.3.1. Let E = E| = Ey = E5 = R? with the standard norm.
Let C = {(z,y) € E: (x—2)*+y* <1} and D = {(z,y) € E: 2>+ (y — 2)? < 1}. Clearly, C
and D are closed and convex subsets of E. Define the mappings F,G: E — E by F(x,y) =

2 2
<1;E_:E2, 0) and G(z,y) = (0, 1 j/_y2> Clearly, the mappings F' and G are Lipschitz contin-

wous on E. It remains to show that the mappings F and G are quasimonotone on E. Indeed,

suppose we have for all (x1,2), (y1,42) € E that (F(z1,2), (y1,42) — (x1,22)) > 0, that is,

2

((55,0) ) - o1,22)) = 2y — 1) > 0
— —(z1,22)) = ——((p — =
1+JJ%’ y (Y1, Y2 1,42 1+3§'% A 1 )

which implies that y; — x1 > 0. Now,

2

2
(F(y1,92): (u1,92) — (21,2)) = ( <1+yyo) ) = ee2)) = sl =) 2 0,

-1
showing that F is quasimonotone. If we take (x1,z2) = (0,0) and (y1,y2) = (2,0>, then

(F(x1,22), (y1,y2) — (z1,22)) = 0, but (F(y1,y2), (y1,92) — (x1,22)) < 0, that is, F is not
pseudomonotone. Similarly, one can show that G is quasimonotone but is not pseudomono-
tone. Clearly, F(z,y) # 0 for all (z,y) € C and G(z,y) # 0, for all (x,y) € D. More-
over, MVI(C,F) = {(1,0)} and MVI(D,G) = {(0,1)}. Let A: E — E and B: E — E

be defined by A(z1,x2) = (0,§> and B(x1,z2) = (321,0). Clearly, A and B are bounded

2
linear mappings with adjoints A*(x1,z2) = <0, %) and B*(x1,z2) = (321,0). Moreover,
A(1,0) = (0,0) = B(0,1). Therefore, we have that

(z*,y*) = ((1,0),(0,1)) € Q= {(z,y) € MVI(C,F) x MVI(D,G) : Az = By}.

1 1
Define f: E — (—00,400] and g: E — (—o0,+00] by f(z) = §||33H2 and g(y) = §||y||2 Then,
Vfr=Vf'r=Igr=x and Vgy = Vg*y = Igy = y.

1 1
If we take ¢, = L an = m,ﬁ =1, un =04, and § =0.3, then the conditions (Q1) —

(Q7) are satisfied. The figures below reveal convergence of the sequence {(zn,yn)} generated by
Algorithm 4.1 for different values of the inertial parameter 0,, and different initial values (x1,y1)
for the points (z,9) = ((1.5,0), (0,1.5)) and (zo,y0) = ((2,0),(0,2)). Figure 4.1 indicates the
convergence of the sequence with the aforementioned parameters for different values of 0, and
initial value (z1,1y1) = ((2,0),(0,2)). Figure 4.2 shows the convergence of the sequence for
the inertial parameter 6, = 0—7” and different initial values (x1,y1) = ((2,0),(0,2)), (z1,y1) =
((1.5,0.3), (0.3,1.5)) and (z1,y1) = ((1.9, —0.1), (~0.1,1.9)).

94



Chapter 4. Approximating Solutions of Split Equality Quasimonotone Minty Variational
Inequality Problems

6 =0, Non-inertial
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Figure 4.1: Rate of convergence for different values of the inertial term 6,, and initial point
($1, yl) = ((Qa 0) ) (Oa 2))

1Y 4)=((2,0),(0,2))
— (XY 1)=((1.5,0.3),(0.3,1.5))
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Figure 4.2: Rate of convergence for different choices of initial points (z1,y1).

Number of Iterations E, = || (zn,yn) — (*,y*)|| Elapsed time in seconds
100 0.3323 0.0216
200 0.3305 0.0291
300 0.3296 0.0447
500 0.3288 0.0621
700 0.3283 0.0775
900 0.3280 0.0886

Table 4.1: Approximate rates of convergence of (z,,, yn ).

Remark 4.3.1. The result of the numerical experiment shows that the absolute error term
sequence En = || (zn,yn) — (2%, y*)|| converges strongly to zero, that is, the sequence {(xn,yn)}
converges strongly to the point (z*,y*) = ((1,0),(0,1)) of Q (See , Figure 4.1 and Figure 4.2).
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Figure 4.1 shows that the convergence rate of the method with inertial extrapolation (0,, # 0) is
faster than that of the non-inertial version (0, = 0). It can be observed from Figure 4.2 that the
convergence of the method is independent of our choice of the initial points, that is, the sequence
(Tn,yn) generated by Algorithm 4.1 converges strongly to the solution ((1,0),(0,1)) of the given
problem for any initial point (x1,y1). Table 4.1 also illustrates {(xn,yn)} converges strongly to
the point (z*,y*) = ((1,0),(0,1)) of Q.
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5. Solutions of Problems Involving

Variational Inequalities and Fixed Points

This chapter is divided into three sections. The first section deals with some preliminary concepts
that are important to prove the main results. In section two, we introduce an algorithm for
approximating solutions of the bilevel variational inequality problems with fixed point constraints
in Hilbert space settings. We also discuss the strong convergence analysis of the proposed method
and provide illustrative examples. The third section deals with a method of approximation of a
solution of split equality common solution of variational inequality and f, g—fixed point problems
involving uniformly continuous pseudomonotone mappings in the variational inequality problems
and Bregman relatively f, g—nonexpansive mappings in the fixed point problems in the setting
of reflexive real Banach space. We prove strong convergence theorem under some mild conditions
on the control sequences and provide numerical examples to demonstrate the effectiveness of our
method.

5.1 Preliminaries

Lemma 5.1.1. [58] Let C be a nonempty, closed and convexr subset of E. If F: C — E* is
a continuous and pseudomonotone mapping, then VI(C,F) is closed and convex. Moreover,
p € VI(C,F) if and only if p € MVI(C, F).

Lemma 5.1.2. [175] Let G: H — H be an l— Lipschitz continuous and k—strongly monotone
2
mapping. Let 8 € (0, l;) and define the mapping F by F(z) = x — afG(x) for any o € (0,1).
Then
[1F(z) = F(y)ll < (1 —a7)|z—yl,

holds for all x,y € H, where 7 =1 — /1 — B(2x — BI2) € (0,1).

Lemma 5.1.3. [102] Let G: H — H be an |—Lipschitz continuous and k—strongly monotone
2K

mapping. Assume that 8 € (0, l2> Then I — BG is a contraction mapping with contraction

constant 1 — w, where w = g (2,% - Blz) and I is the identity mapping on H.

5.2 Inertial Methods for Solving Bilevel Variational Inequality
Problems with Fixed Point Constraints

This section is devoted to introducing an iterative algorithm for solving bilevel variational in-

equality problems involving fixed point constraints in their lower level problems. Then strong

convergence analysis will be discussed, and finally some numerical examples will be provided to

support the theoretical findings.
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5.2.1 Main Results

Before introducing our algorithm, we put the following conditions that are useful in the conver-

gence analysis of the method.

(P1) Let C be a nonempty, closed and convex subset of a real Hilbert space Hy and let Hy be

another real Hilbert space;

(P2) Let F: Hy — H;p be a uniformly continuous, pseudomonotone mapping on C' that satisfies

the condition: ||Fx*|| < linnigf | Fxy| for every sequence {z,} C C' with x,, = x*;
(P3) Let G: Hy — H; be a k—strongly monotone and L—Lipschitz continuous mapping and
let 5 € <0, ig),
(P4) Let A: Hy — Hs be a nonzero bounded linear mapping with adjoint A*;
(P5) Let T: Hy — Hs be a v—demimetric with Iy — T being demiclosed at 0;
(P6) Let Q= {a* € VI(C,F) : Az* € F(T)} # 0;
(P7) Let {6,} C (0,1) be such that nlg]go 0, = 0 and idn = 00;
n—=

(P8) Let {(,} be a positive sequence such that g—n — 0 as n — oo.

We now state our proposed algorithm.

Algorithm 5.1.

Initialization: Let xo, x1 € Hy, a €[0,1), n >0, p,7v,l € (0,1). Set n = 1. Then compute the

sequence {xy} as follows:

Step 1: Given x,_1,x, € Hy, choose oy, such that 0 < a,, < oy, where

mln{ Cn} 5 Zf Hxn - xn—l” 7& Oa
op =

a?
[#n — 1] (5.1)
a, otherwise.

Step 2: Compute
w, = Po (:Un + oy (T — Tp—1) ) (5.2)

Step 3: Compute
zn = Po (wn — A Iy — T)Awn); (5.3)

where 1, is chosen to be a bounded sequence with the property
1 —v)|Aw, — T Aw,||?

0<e<sn, < (1= vl Awn Wn| — ¢, if Awy # T Aw,, (5.4)

|| A* (Aw, — T Awy,)||?

otherunise set n, =n > 0.
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Step 4: Compute
yn = Po (Zn - )\nFZn)’ (55)

where Ay, = Y™ and j,, is the smallest non-negative integer j satisfying
leHF(PC(zn - vlszn)) — Fzp| < pl|Po(zn — lean) — Zn. (5.6)

Step 5: Compute
Sn = Yn — M (Fyn — Fzy). (5.7)

Step 6: Compute
Tnt1 = Po(spn — BonGsy). (5.8)

Remark 5.2.1. Some of the advantages of our method over the existing ones are:

o The mapping considered in the lower level VIP is a uniformly continuous not just Lipschitz

continuous.

e [t generalizes some results since the mappings of the lower level problem is the more general

class of pseudomonotone mappings.

e [t is novel in the sense that the mapping for the fized point constraint is a demimetric

mapping which is more general than demicontractive mappings.

Remark 5.2.2. We deduce from (5.1) and condition (P8) that
. Qp u
nll_g)lo a”l‘n — Tn-1l| =0, (5.9)

and this together with the condition on 9, gives that

lim ayl||zn — zp—1|| = 0. (5.10)
n—oo

Lemma 5.2.1. Assume that the conditions (P1) — (P8) are satisfied. Then the line search rule
(5.6) is well defined.

Proof. Denote h; = Pc (zn —'ylszn). If we consider the case when z, € VI(C,F), then
zn = Po(zn — Yl Fz,). Thus, we have 2, = hj and hence (5.6) is satisfied for j = 0. Now,

assume the case when z, ¢ VI(C, F) and assume on the contrary that
yleF (Pc(zn — ylszn)) — Fz,| > p||Pc(zn — ylszn) — zn|l, (5.11)
for all 7 > 0. That is,

1 ‘ 1 ,
;HFPC(zn — YV Fz,) — Fzy|| > WHP@(zn — YV Fz,) — 2|, for all j > 0. (5.12)
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Since the mapping Po is continuous, we have
lim |Po(zn — YV Fz,) — 2| = 0, (5.13)
J—00

which implies by the uniform continuity of F' on C that

lim |FPo(zy — YV Fz,) — Fzy,|| = 0. (5.14)

Jj—oo
Thus, we have from (5.12) and (5.14) that

1

lim T | Pc(zn — Y Fzy) — 2| = 0. (5.15)

Jj—o0 7y
From the definition of h; and (1.18) we have that
(20 =YV Fz, —hj, 2 — h;) <0, forall z€C,

which implies that

n_h'
<Z T ],z—hj> + (Fzn, hj — zn) < (Fzp,2 — 2p), forall z € C. (5.16)

Taking limit as j — oo of (5.16) and making use of (5.15) and (5.13), we obtain that (Fz,, z —
zn) > 0, for all z € C, which is a contradiction to our assumption that z, ¢ VI(C, F). Thus,
there exists a non-negative integer j that satisfies (5.6). Thus, (5.6) is well defined and hence

the proof is complete. O

We now show that the sequence {z,} is bounded.

Theorem 5.2.1. Assume that conditions (P1) — (P8) hold. Then the sequence {x,} generated
by Algorithm 5.1 is bounded.

Proof. Let p € Q. Now, we have from (1.6), (5.6) and the Cauchy—Schwarz Inequality that

150 =PI = llyn — P = An (Fyn — Fz) ||
= [lyn = plI* = 22 (Fyn — F2n,yn — p) + Aol Fyn — F2|?
= lyn = 20+ 20 = PI> = 220 (Fyn — F2n, yn — p) + A2|| Fy — Fn|?
= llyn — 2zall* + 120 — PI* + 2(yn — 20, 20 — D)
—2)\n(Fyn—an,yn—p>—i—)\%HFyn—anH? (5.17)
< lzn — 2> = 20 = Ynll* + 2(Un — 20, yn — )
— 2\ (Fyn — Fzn, Y — D) + 0*lyn — 2n?
= llzn = plI> = @ = )20 — yall® + 20 — 20,y — )
— 20\ (Fyn — Fzp,yn — D).

Since y, = Po (2, — M Fz,) and p € C, we have by (1.18) that (z, — A\ Fz — Yn,» — yn) < 0,
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that is
(Yn — 2nsYn — D) < =M F2p,Yn — D). (5.18)

Combining (5.17) and (5.18), we obtain

5 —2lI* < Nz — 21> — (1 = )12 — ynll* = 200 (F 20, yn — D) — 22Xl Fyn, — F2p, Y — p)
= ||Zn _pH2 - (1 - p2)”zn - ynH2 - 2>\n<Fynayn _p>'
(5.19)

Since p € VI(C, F) and y,, € C, we have by Lemma 5.1.1 that A\, (F'yn, yn —p) > 0. Thus, (5.19)

becomes
llsn = plI* < llzn = plI> = (1 = p)llzn — wnll?, (5.20)

which implies by the condition on p that
I8 = pll < 2 = plI- (5.21)
From (1.6), (5.3) and demimetric property of 7', we have

lzn — plI* = || Po(wn — nnA*(I2 — T) Aw,,) — p|?
< |lwn — p — mnA*(I2 — T) Awy,|?
= |lwn — plI* + Al A*(I2 — T) Awy||* — 21, (A* (L2 — T) Awy, wy, — p) (5.22)
< lwn — plI?> + ma | A* (I — T) Awn||* = (1 — v)mnl| (T2 — T) Aw,||*
= |lwn = plI* + na [0l A* (T2 = T) Aw,||* — (1 = v)|[ (I — T) Awa|?].

But, we have from (5.4) that

(1 —v)||Aw, — T Aw,|?
| A*(Aw,, — T Awy,)||?

€+ np <
which implies that
M [ | A* (T2 = T) Awy ||* = (1 = v)[|[(I2 — T) Aw, ||?] < —en || A*(Awy, — TAw,)|?. (5.23)
Since 0 < € < 1, we have that —e? > —en,, and hence we obtain
— E||A*(Iy — T)Aw,||? > —enu||A* (I — T) Aw, |2 (5.24)
Combining (5.22), (5.23) and (5.24), we obtain
20 = plI? < llwn — plI* = €[|A* (L2 — T) Awy |, (5.25)

which implies that
[2n = pll < |lwn —pll. (5.26)
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From (1.4), (5.2) and non expansiveness of the metric projection, we have

”wn - p||2 < wn —p+ an(zn — xn—l)HQ
< lzn = plI* + 20 (@n — Tn1, T — P + ATy — Tn_1)) (5.27)

< |lzn = plI* + 203 |25 — 2n-1]1? + 20|25 — 21| ll2n — pll-
From (5.2) and non expansiveness of Pg, we obtain
lwn — pll < ||zn — 2l + anllzn — 2n—1]. (5.28)
From (5.21), (5.26) and (5.28), we obtain that
[sn = pll < llan —pll + nllzn — 2. (5.29)
From (5.20), (5.25), (5.27) and the conditions on € and p, we obtain
Isn = plI* < llzn = plI* + 20n[lzn — zn-1lllzn = pll + 205120 — 20, (5.30)

From (5.8), nonexpansive property of Po, Lemma 5.1.2 and (5.29), one obtains

[€n1 = pll < |(In = B6nG)sn — p
= H(Il — B6nG) sy — (It — BonG)p — BénGpH
< (11 = B6nG)sn — (I1 — BonG)pl| + [|83,GD|| (5.31)
< (1 =73)lIsn — pll + Bén[IGp|
(79
< (1 - T(Sn)”xn _pH + 5n67”$n — $n—1H + 0n M,
where 7 =1 — /1 — B(2k — BL2) and M; = 3||Gp||.
Since le %Hxn — Zp—1|| = 0, there exists N € N and a constant My > 0 such that %Haﬁn —
Tn—1| < Mg,nfor all n > N. Thus, we have from (5.31) that !
[#n41 = pll < (1= 76n)lzn — pll + 700 M
< max {||z, —p||, M}, for all n > N,
My + M-
where M = g Thus, we obtain by induction that
T
|0 — pll < max {K, llz,, — pll, M}, for all n > 1,
where K = max {||zo — pl|,|lz1 — p|l,---,|lzx_, —pll}. Thus, the sequence {z,} is bounded.

Consequently, the sequences {wy}.{zn}, {yn} and {Gs,} are bounded and hence the proof is
complete. n

Lemma 5.2.2. Assume that conditions (P1) — (P8) hold. Let {z,} and {y,} be as defined in
Algorithm 5.1. If there are subsequences {zn, } and {yn,} of {zn} and {yn}, respectively, such
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that zp,, — p* € C and ||zn, — Yn, || = 0 as k — oo, then p* € VI(C, F).

Proof. Let ey, = Pc (an — )\nkl_lenk). Then we have by Lemma 3.1.2 that

1
20, — enil < *‘ — 0, as k — oo. (5.32)

l

an - y’nk

Thus, we get that e,, — p* and hence the sequence {e,, } is bounded. Since F' is uniformly

continuous, we have from (5.32) that

kh—>nolo | Fzp, — Fey, || = 0. (5.33)

We also have by (5.6) that

)‘nkl_IHF@nk - Fan” > p”znk - enk”a

that is,
1 1
;HFenk - ank > )\nkll‘ Zny, — Eng||- (534)
From (5.33) and (5.34), we obtain that
: 1

By the definition of e,, and (1.18), we have
(Zn, — )\nkl_lenk — e, U —ep,) <0, forallu e C,

or equivalently,

1
ﬁ<znk — €, U — enk> <(Fzp,,u — zn, + 2n, — €n, ), for allu e C,
n,
and thus
1
W<z"’“ — €y, U — enk> + (Fzn,, en, — 2n,) < (Fzn,,u— zp,), forall ue C.  (5.36)
ng

Taking limit inferior as k — oo in (5.36) and making use of (5.32), (5.35) and the boundedness

of {en, }, we obtain

liminf(Fzy,,u — z,,) > 0, for all ue C. (5.37)

k—o00

Now, let {1} be a sequence of decreasing non negative numbers such that e, — 0 as k — oo.

For each ¢, we choose N to be the smallest positive integer such that

(Fzp,,u— 2zpn,) +e, >0, forall k> N, (5.38)
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where the existence of Ny, follows from (5.37). Since {e;} is decreasing, {Nj} is increasing.

Now, if there exists N € N such that Fz, =0, forall k> N, then (Fzy ,u—2z,) >0,
forall k> N and all u € C.

Since F' is pseudomonotone on C, we have that
(Fu,u—2zy ) =0, forall k>N andu € C. (5.39)

Taking limit on both sides of (5.39) as k — oo, we obtain (Fu,u —p*) >0, for all u e C. By
Lemma 5.1.1, we conclude that p* € VI(C, F).

If there exists a subsequence { Ny, } of {N}, again denoted by {N}, such that Fz, 0 for all

Fz
k € N, then setting ¢, = ﬁ, we get <Fsz, tNk> = 1 for each k. Thus, we have from
Zy,

(5.38) that
(Fay , utegty, — 2y ) =0

Since F' is pseudomonotone, we have that
(Fu+egty, ), uterty — 2y ) =0. (5.40)
Since z,, — p* as k — oo, we deduce by the condition under (P2) that
0<|Fp*| < liklgiorgf | Fzn, |- (5.41)

The first inequality of (5.41) can be taken without loss of generality since the case when Fp* = 0
also implies that p* € VI(C, F). Since {sz} C {zn,} and e — 0 as k — oo, we have that

lim sup e, 0
. €k k—o0
= lim sup < — < =0.
<nﬁszH> liminf [ F2,, || = [Fy]

0 < limsup 4t |
k—o0 k k—o0

Hence, limsup [[ext,, || = 0. So, taking limit on both sides of (5.40) as k — oo, we get
k—ro0

(Fu,u—p*) >0, for all ueC.
Therefore, by Lemma 5.1.1, we obtain that p* € VI(C, F). O

Theorem 5.2.2. Assume that the conditions (P1)— (P8) are satisfied. Then the sequence {x,}
generated by Algorithm 5.1 converges strongly to the unique solution of (1.30).

Proof. We begin the proof by showing that the mapping P (I — 8G) is a contraction mapping.
Indeed, we have from Lemma 5.1.3 and the nonexpansive property of Pq that for any x,y € H;

[1Pa(ly — BG)z — Po(l = BG)y| < [[(Ih — BG)z — (I — BG)y]|
< (I -w)llz -yl
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1
where w = 5,8(2& — BL?) € (0,1). Thus, the mapping Po(I; — 3G) is a contraction mapping

with constant 1 — w. By the Banach Contraction Principle, Po(Il; — SG) has a unique fixed

point, say ¢ € Hj, that is, ¢ = Pq(l1 — fG)q. By the projection property, this unique fixed

point solves the variational inequality (Gz,s —z) > 0, for all s € Q. We now show that =, — ¢

as n — oo. From (5.8), (1.5) Lemma 3.1.1, (5.20) (5.25), (5.27), we obtain

lzns1 = al® = 1 Pe (11 = B6,G)sn) — Peall* < |1 = B6,G)sn — al®
= 160 (11 = BG)sn — ) + (1 = 6a) (50 — @)?
< Onl|(1r = BG)sn — all® + (1 = 6n) |50 — all®

(
< Onll(11 = BG)sn — all® + [l2n — all* = (1= 62) (1 = p°) |20 — ¥
(

< Oull (I = BG)sn — al® + llwn — qlf* — €[|A* (12 — T) Aw,?
— (1 =02) (L= p*) 20 — ynll?
< Oull(lt = BG)sn — al® + |z — all* + 203 |20 — 2n1]?

+ 20|20 — Tnll|zn — gl = €[|A* (T2 — T) Awy |®

~ (1= 03) (L= )20 — ynll*.

Now, denote ¢, = s, — 36, Gs,. Then we have

”Cn — QH < Hsn 7 QH +/85nHG3n”

I

(5.42)

(5.43)

From (5.8), Lemma 5.1.3, (1.4) (5.42), (5.43) and the Cauchy—Schwarz Inequality, we obtain

|zn41 = all* < [16n (11 = BG)sn — q) + (1 = 8n)(sn — @)|°
< (1= 6n)%lI8n — qll* + 264 ((Iy — BG)sn — g, cn — q)

= (1= 062)%[Isn — all* +26,((1 = BG)sn — (I = BG)g + (I — BG)q

< (1= 60)?Isn — gl + 264 [1(11 — BG)sn — (11 — BG)qllllcn — g
+ 20, (11 — BG)q — q,¢n — q)

< (1= 60)%[lsn = all” +2(1 = w)dnllsn — allllen — gl
+26,((11 — BG)qg — q,cn — q)

< (1= 80)l150 = qll* + 21 = w)ullsn — gl (50 — qll + B.]1Gsall)

+ 26, ((I1 — BG)q — g, ¢ — q)

<(1- 571)2“371 - qH2 +2(1 — w)dnllsn — qH2 + 2&52”571 —q|l|Gsnll

+ 25n<(Il - 6G)q —q,Cn — Q>
< (1= wdn)llsn = all* + G llsn — all? + 2853 | s — all | Gsall
+ 26n<(Il - ﬂG)q - qac’n - Q>7
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where w = g (2 — BL?) € (0,1). From (5.30) and (5.44), one obtains that

a1 = all? < (1 = wba) (llen — all? + 202 l2n = 2n-1]? + 20n]j2n = 20120 — g

+8nllsn — all* + 2807 |50 — alll|Gsnll + 26 {(11 — BG)g — g, cn — q)
< (1= won)llan — Q||2 + 20‘721||$n - ‘TnleZ + 2an||zn — Tn-1lll|zn — 4

+0nllsn — all* + 2807 5w — alll|Gsnll + 26n((I1 — BG)g — g, cn — ).

(5.45)

Moreover, we have by Cauchy—Schwarz Inequality that

(I = BG)q — g, cn — q) = ((I1 — BG)q — ¢, 8n — q — BonGsn)
= ((I1 = BG)g — q,5n — q) — (1 — BG)q — q, B6,Gsn)
<{(I1 = BG)q — g, 50 — @) + BOu||(I1 — BG)g — q|l[|Gsnll  (5.46)
<{(h = BG)q— ¢ zn — q) + (11 — BG)q — ql[l|sn — @a|

+ 88, (I — BG)q — gl Gl
Substituting (5.46) into (5.45), we obtain
@t = al2 < (1 = wn) @ — gl + 203120 = 2n-1]? + 20n 120 = 2n-1l 0 — gl
+ 2llsn — all? + 288250 — all | Gl
+ 26 (I1(11 = 83)a = allllsn = wall + Boull (11 = BG)a — all|Gsall)
+26n((I1 — BG)q — ¢, 0 — q)-

(5.47)

Now, we consider two cases on { ||z, — ¢||*}.
Case 1. Suppose that the sequence {Hxn — qHQ} is decreasing. Then it follows from the Mono-
tone Convergence Theorem that {||z, — ¢||*} is convergent and hence ||z, —q||*— |l zn+1—¢||* = 0,

as n — oo. From (5.42), we have

| A (I = T) Awy | + (1 = 6,)(1 = p*) |20 — ynl?
< lzn = ql? = 1 — ql” + 0nll (I — BG)sn — gl (5.48)
+ 20 |7 — Tp-a |||l — gl + QQELHQ% - $n71||2

Taking limit of both sides of (5.48) and using the fact in (5.10) and the conditions on §,, and p,

we obtain that

lim [[A*(I; = T) Aw,|| = 0, (5.49)
and
Jim lyn — 2] = 0. (5.50)

From (5.3), boundedness of 7, and (5.49), we obtain

Iz — wpl|| < Jwn — A (L2 — T) Awy, — wy|| = mu||A"(I2 — T)Aw,|| — 0, asn — oco.  (5.51)
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We also have from (5.2) and (5.10) that
lim ||w, — 2| < lim ||, — 2p—1]] = 0. (5.52)
From (5.51) and (5.52), we obtain

lim ||zp, — x| < lm ||z, — wy| + lim |Jw, — x| = 0. (5.53)

Moreover, we have from (5.50) and (5.53)

lim ||y, — z,|| < lim ||y, — 20| + lim ||z, — x,] = 0. (5.54)
n—00 n—00 n—o0

Since the sequence {x,} is a bounded sequence in C, we can find a subsequence {zy, } of {z,}

which converges weakly to a point £ € H; and

limsup ( (I = 8G) ¢ = ¢,2n — q) = lim ( (I = BG) ¢ = ¢, &n, —q). (5.55)

n—oo

Since C' is weakly closed, we have that £ € C. We now claim that z € Q. We have from (5.54)
that y,, — , as k — oco. Thus, we conclude from (5.50) and Lemma 5.2.2 that z € VI(C, F').
It remains to show that Az € F(T).

Indeed, we have from the v—demimetricity of 7" and (5.49) that

(1-v)
5 | Awy, — TAwnkH2 < (Awy, — T Awy, , Aw,, — Aq)
< ||A*(I2 — T)Awn, ||||wn, — q|| = 0, as k — oo,

and thus, we have
lim ||(I3 — T)Awy,| = 0. (5.56)
k—o0

From (5.52), we have that w,, — Z, and thus Aw,, — AZ. Thus, it follows from the demi-
closedness of Iy — T that (I — T)Az = 0 and hence Az = T Az. Thus, we conclude that
T el

From the fact ¢ = Pq (I1 — 5G) q, we have by (1.18) that
((I, = BG)q—q,z—q) <0. (5.57)
Thus, we obtain from (5.55) and (5.57) that

limsup { (I = G) g = ¢,0n — q) = lim (I = BG) g = ¢,&n;, —q)

n—00 (5.58)
=((h-BG)q—q.7—q)<0.
From (5.7) and (5.50), we obtain
||3n - yn” = ||yn - An(Fyn - an) - ynH < PHyn — Zn” — 0, as n — oo. (5.59)
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From (5.50), (5.51), (5.52) and (5.59), we obtain

lsn = all = llsn = ¥ + Yn = 2n + 20 — wa + wy — 24| (5.60)

< lsn = wnll + llyn — 2nll + [lwn = 2all + l2n — wall = 0, as n — occ.
Now, we have from (5.47) that

2041 = gl < (1= wdn)llzn — gl + 205 |20 — 2p1|® + 20020 — 2palll2n — 4]
+ 0nllsn — qll* + 286, s — qll | Gsnll
+ 20, (I|(I1 = BG)g — allllsn — zal| + Boull(I1 — BG)g — qll|Gsall) (5.61)
+ 20, (1 — BG)q — q,2n — q)
= (1= wdn)l|zn — ql|* + wdn Kn,

where
Ko = 200y 24 2 i —
n= 0 5721 Tn — Tp-1 w o, In — Tn-1]|||Tn — 4
on 283
+ " lsn = gql* + =nllsn — all|Gsnll
v w (5.62)
+ =(I(1 = G)g = dlllsn — zall + Bonll(I = BG)q — all|Gsnll)
2
+ {1 = fG)g — ¢, &0 — q)-
From (5.9), (5.58), (5.60), (5.62) and the condition on J,, we obtain that
limsup K, < 0. (5.63)

n—oo

From (5.61), (5.63) and Lemma 3.1.6, we obtain that ||z, — ¢|| — 0, as n — oo and hence

Ty —> ¢, @S N — 00.

Case II. Suppose now that there is a subsequence {||z,, — ¢||*} such that ||z, —q||* < [lzn, 41—
q||?, for all i > 0. Then by Lemma 3.1.7, there exists an increasing sequence {my} of positive

integers such that m; — oo as k — oo and
[2m, = all < [lem1 —all and [z — gl < [[2m, 1 = qll; (5.64)
for all £ € N. From (5.42), we have

e A* (T2 = T) Awny, |* + (1 = 8, ) (1 = 0°) |2y, = Y, 1
< Nzmy = all? = lzmer1 = @ll* + 0, [ (1 = BG) sy, — al? (5.65)

+ 2063,1k\|xmk - xmk—1H2 + QO‘mkamk - xmk—lHHQ«"mk - q”

Using the relations (5.10), (5.63) and the condition on d,,,, taking limit of both sides of (5.65)
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as k — oo and following similar argument as in Case I, we obtain
Hm ||ym, — 2m,]| =0, and  lim ||A*(lz — T)Awy,, || = 0.
k—o0 k—o00

Furthermore, following similar steps as in Case I, we obtain

kl;nolo |Sm), — Tm, || =0, and (5.66)
lim sup < (I — BG)q—q,xm, —q) <O. (5.67)
k—o00

We also obtain from (5.47) and (5.64) that

[Zms1 = qll* < (1= womp)[@my 41 — qll? + 205, [@m, — Zm,1l* + 20m, | Tm, = T2 || 2m,, — gl
+ 0 N[5y, — all* + 2867, [I5m,. — alll|Gsm,
+ 200, ((1y = BGYG = qlll[8my, — Ty | + B0y (11 = BG)q — ql| |Gy I)
+ 26, (11 — BG)q — ¢, Tm;, — ),

which, up on rearrangement, gives

2

2 2«
mek-i-l - QHQ < ;5mkﬁ“xmk - xmk—lH2 + w 5:: ”‘ka y $mk—1”mek - QH

1 203

b Zomllom, 4 2, s, — all G .
2

+ ;(H(Il — B8G)q = dllllsmy, — Tmy || + BOm, (I = BG)g — gl |G, |I)
2
E«Il - BG)q — 4, Tm;, — q)-

Taking limit on both sides of (5.68) and making use of (5.66), (5.67) and (5.9), one obtains that

lim ||y, +1 — ¢|| = 0, which implies by (5.64) that lim ||z; — ¢|| = 0 and hence the proof is
k—o0 k—o0
complete. n

If, in Algorithm 5.1, the mapping F' is a Lipschitz continuous, pseudomonotone and ||Fx*|| <

liminf || Fz,| whenever {z,,} C C with x,, — z*, then we get the following corollary:
n— o0

Corollary 5.2.1. Suppose that conditions (P1), (P3)—(P8) are satisfied and let F' be a Lipschitz
continuous, pseudomonotone mapping with |[Fz*|| < liminf ||Fx,| whenever x, — z*. Then
n—oo

the sequence {x,} converges strongly to the unique solution of (1.50).

Proof. As every Lipschitz continuous mapping is uniformly continuous, the result follows from
Theorem 5.2.2. O

Corollary 5.2.2. Suppose that conditions (P1), (P3) — (P8) are satisfied and let F': Hy — H;
be a uniformly continuous, pseudomonotone and weakly sequentially continuous mapping. Then

the sequence {x,} generated by Algorithm 5.1 converges strongly to the unique solution of (1.30).
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If the mapping F' in (P2) is monotone, then the sequential weakly continuity requirement is

dispensed and we get the following corollary:

Corollary 5.2.3. Suppose that conditions (P1), (P3) — (P8) are satisfied and let F': Hy — H;
be a uniformly continuous monotone mapping. Then the sequence {x,} generated by Algorithm

5.1 converges strongly to the unique solution of (1.30).

If the mapping T in (P5) is a demicontractive mapping on Hy with Is — T is demiclosed at 0,

then we have the following corollary:

Corollary 5.2.4. Suppose the conditions (P1) — (P4) and (P6) — (P8) hold. Then the se-
quence {x,} generated by Algorithm 5.1, with T a demicontractive mapping on Hy and Iy — T

is demiclosed at 0, converges strongly to the unique solution of (1.30).

Proof. As every demicontractive mapping is demimetric, the result follows from Theorem 5.2.2.
O

5.2.2 Some Theoretical Applications

Bilevel Variational Inequality Problems

If the mapping T in (P5) is the identity mapping on Hs, then (1.30) reduces to the Bilevel
Variational Inequality Problems (BVIP) of finding

x* € VI(C, F) such that (Gz*, z —z*) >0, for allz € VI(C, F).

Thus, we obtain the following corollary:

Corollary 5.2.5. Suppose the conditions (P1) — (P4) and (P6)— (P8) hold. Then the sequence
{zn} generated generated by Algorithm 5.1, with T = I3, converges strongly to the unique solution

of (1.29).

5.2.3 Numerical Examples

Example 5.2.1. Let us consider the Hilbert space H = Hy = Hy = LX([0,1]), with inner
1

product (z( fo t)dt and norm ||z(t)|| L, = (fo |z (t \th)

k+1<£<T<R,f0’FSOm€kJ>1. Let

Let v and R be positive real numbers such that
C={a(t) e H:[lx()] <r}.

Define the mapping F: H — H by (Fz)(t) = (R — ||z||) x(t), where t € [0,1]. Let G: H — H
be defined by (Gz)(t) = gzx(t) It can be shown that the mapping F is pseudomonotone and

uniformly continuous (see for reference, [15/]) and G is g—strongly monotone and g—Lz’pschitz
continuous.

If we specifically take r = 2 and R = 3, then we have (Fx)(t) = (3 — ||z||) z(¢) . Taking x = 1.250
and y = 1.875, we obtain that (Fx — Fy,x —y) < 0. Thus, F is not monotone. It can be easily
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shown that z*(t) =0 € VI(C, F).
We now define the mapping A: H — H by

(A)(1) = 2a(t)

2
Clearly, A is a bounded linear mapping with adjoint (A*x)(t) = gx(t) LetT: H — H be defined
3
by (Tx)(t) = Z:L’(t) It can be easily shown that T is a demimetric mapping.

Moreover, (TAx*)(t) = (Az*)(t) = 0. Thus, Axz*(t) € F(T) and hence z*(t) = 0 € Q. Let
1 1

= = ———n>1, B=1,7=04 =01, = —' a=08, p=03,

=T a0 "= 7= To00” P

zo(t) =0 and x1(t) = 1.

Then conditions (P1) — (P8) are satisfied. We have conducted the numerical experiments to

demonstrate that the error term sequence E, = {x, — x*}, n > 1, converges strongly to zero for

different values of the inertial parameter o, and different choices of initial points.

o
~

—_—xq, =0, Non-inertial

— =0
n

o
w
a

— =0 [3
n~ “n

a =05

o
w
T

a =07

o o
= I o
o N} o

Error term sequence, E,

4

0.05

1 1.5 2 25 3 35 4
Elapsed time(sec)

a=0.8, 1=01, v=04, p=0.3, =1, zo(t) =0, z1(t) =1.

Figure 5.1: Convergence rate for different values of the inertial parameter «,.

Error term sequence, E,,

Elapsed time(sec)

a=08,1=01, v=04, p=03, =1, a,=—

Figure 5.2: Convergence rate for different choices of the initial point x1(t).
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Remark 5.2.3. One can observe from Figure 5.1 that the inertial version (o, # 0) of the
algorithm has faster rate of convergence than that of the non-inertial version (ay, = 0) and
Figure 5.2 reveals that the rate of convergence gets faster as the degree of t in the initial point

mncreases.

N | —

Example 5.2.2. Let H = H; = Hy = R? with norm ||z||g2: = (22: |xl|2> and inner product
, i=1

(x,y) = inyi, for all x = (x1,x2) and y = (y1,y2) € H.

Let C :Z:{lx = (z1,22) € H : |z;| <1, i =1,2}. Define the mapping F: H — H by F(x) =

<]mH + "TH1+b x, for some b > 0. Now, we show that F is pseudomonotone and uniformly

continuous on C. Indeed, let x,y € C be such that (Fx,y—x) > 0. This implies that (z,y—x) >
0. Now, we have

1
(Fyy=a) = (ol + 7 ) e =)

> (Il + g ) Gy = o)~ oy —a)

L
lyll +o

1
— (1wl + ) ly—zl2 >0,
< llyll + b

which shows that F is pseudomonotone on C. Since C is compact, the mapping F is uniformly
continuous and sequentially weakly continuous on C (see, [157]) and hence condition (P2) is
satisfied.

Let G: H — H be defined by G(x) = 3xz. Then G is 3—strongly monotone and 3— Lipschitz
1
continuous. Let T: H — H be defined by T'(z) = 3% and A: H — H by A(x) = bz. Clearly,

A is a bounded linear mapping with adjoint A*(x) = bx. If we take z* = 0, then we have for
v = 0.5 that

(x =T(x),z —z") = <x— %x,x—0> = %(x,x)

2 2
2 1 2 12 1 12 (1-v)
=52l 25l = 5o = 3o - 3o = e -TE@®
i=1 i=1

Thus, T is 0.5—demimetric. Moreover, x* € VI(C,F) and TA(z*) = A(x*

)
1 1 1
x*=0¢€ Q. Let ¢, = >1, b=3, == a=08, ~v=

S

2 100" 7 100000° "=
04,1=0.1, n= To000000° P = 0.4 and the initial points xo = (0,0) and 1 = (1,1). Then
conditions (P1) — (P8) are satisfied and the numerical experiments reveal that the error term

sequence E,, = {x, —x*}, for each n > 1, converges strongly to zero.
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Figure 5.3: Convergence rate for different values of the inertial parameter «,.
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Figure 5.4: Convergence of the sequence {x,} for different choices of the parameter p.

Remark 5.2.4. Figure 5.3 shows the comparison between inertial and non-inertial version of
the Algorithm 5.1. It reveals that the rate of convergence of the algorithm is relatively faster for
the inertial version (o, # 0) than that of the non-inertial (o, = 0) version. From Figure 5.4,
we observe that the rate of convergence gets faster as the parameter p increases and approaches
1.

5.3 Approximation Methods for Solving Split Equality Varia-
tional Inequality and f, g—Fixed Point Problems in Reflexive

Real Banach Spaces

This section is devoted to approximating solutions of split equality of variational inequal-

ity and f, g—fixed point problems. First, we construct an iterative algorithm involving uni-
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formly continuous pseudomonotone mappings in the variational inequality problem and Breg-
man relatively f, g—nonexpansive mappings in the f, g—fixed point problem part. Then we prove
strong convergence of the algorithm introduced and provide a numerical example to illustrate

the effectiveness of our method.

5.3.1 Main Results
The following conditions will be used in establishing the convergence results of the method.

(A1) Let C and D be nonempty, closed and convex subsets of the smooth, strictly convex and

reflexive real Banach spaces E1 and FEs, respectively.

(A2) Let f: F1 — R and ¢g: EFy — R be proper, lower semi-continuous, strongly coercive,
uniformly Fréchet differentiable, strongly convex Legendre functions which are bounded
on bounded subsets of F; and Es, respectively. Let f and g have Lipschitz continuous
gradients with the strong convexity constant of f (respectively, g) greater than or equal

to the Lipschitz constant of V f (respectively, Vg).

(B1) Let A: C — EY and B: D — E3 be uniformly continuous, pseudomonotone and sequen-

tially weakly continuous mappings;

(B2) Let G: Ey — E} and K: Ey — E; be Bregman relatively f—nonexpansive and Bregman

relatively g—nonexpansive mappings, respectively;

et 1 B — E3and S: By — E3 be bounded linear mappings with adjoints 1™: —
B3) LetT: E Esand S: F E3 be bounded li i ith adjoints T™: E3 — EY
and S*: E3 — E3, respectively, where E3 is another smooth, strictly convex real reflexive

Banach space;
(B4) Let T = {(z,u) € (VI(C,A)NF{(G)) x (VI(D,B)NFy(K)):Tx = Su} #0 .
(R1) Let 8 = min{f, 52}, where 81 and (2 are the strong convexity constants of f and g,

respectively;

oo
(R2) Let {ay} C (0,1) be such that lim «, =0 and Z ay, = 00.
n—oo

n=1

Algorithm 5.2.

Initialization: Choose (x1,u1) € E1 x Eo, u € (0,58), l,v,7 € (0,1). Forxz € C,u € D,

compute the sequences {x,} and {u,} as follows:

Step 1: Given the current iterates x, and u,, compute

20 = PLIN (Y fn — T Jg, (T, — Sun))], (5.69)

wn, = P [Vg* (Voun — 1S" Jg, (Suy — Ty))],
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where 0 < p < v, < pp with

Bl| Ty, — SunH2 }

= min +1,
Pn {” 2T Ty (Tt — Stun) |2 + [1S* Ty (Stn — Ty 2]

forn € Q, otherwise v, = p > 0, where @ = {m € N: Tz, — Su,, # 0} and Jg, is the normal-
ized duality mapping on Es.
Step 2: Compute

Yn = PL(VF* (V2 — AAzn)), (5.70)

Up = Pl% (Vg* (Vgwy, — np,Bwy)),
where A, = Yl , where j,, is the smallest non-negative integer j satisfying
yleA (Pé (Vf* (szn — vlezn))> — Az || < ,u||Pg, (Vf* (szn - ’ylezn)) —zpll, (5.71)

and n, = ~I¥m | where kyy, is the smallest non-negative integer k satisfying

~I¥| B <P% (Vg* (ngn — ’ylkan>>> — Bwy|| < p||Pp <Vg* (ngn — ’ylkan>> — wp |-

(5.72)
Step 3: Compute
an =V (Vfyn — M(Ayn — Azy)) , (5.73)
b, = Vg* (Vgv, — np(Bv, — Bwy)).
Step 4: Compute
Tnt1 = VI (@ Vfr+ (1 —ap) [tV fa, + (1 —7)G(a,)]), (5.74)

Unt1 = Vg (anVgu+ (1 — ay) [TVgb, + (1 — 1)K (b,)]) .

Setn:=n+1 and go to Step 1.

Remark 5.3.1. Some of our contributions to the results in the literature are:

e The proposed scheme extends the existing SEVIP to the more general split equality of VIP
and f, g—fized point problem.

o [t extends the all the results in the literature from Hilbert spaces and uniformly convex

(smooth) spaces to the more general reflexive Banach spaces.

We first prove some results that are fundamental to the convergence analysis of the sequences

generated by Algorithm 5.2. We begin by proving that the proposed algorithm is well-defined.

Lemma 5.3.1. Assume that conditions (Al) — (A2), (B1) — (B4) and (R1) — (R2) hold. Then
the Armijo line-search rules (5.71) and (5.72) are well-defined.

Proof. Denote kj = PLNV f*(Vf(z,) — 7li Az,). 1f z, € VI(C, A), then z, = PLV f*(Vf(z,) —

Y19 Azy,). In this case, we have z, = k; and hence (5.71) holds for j = 0. Let us now consider
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the case when z, ¢ VI(C, A). Assume on the contrary that for all j > 0 we have
WA (P (TF(20) = W Az0)) ) = Azall > pllPL (V£ (V£ (20) = 10 A20)) = 2l
That is,

IAPLY (Y f(2n) — 717 Azn) — Az > %IIPévf*(Vf(zn) ~ YU Az) =z, (5.75)
Since Pé and V f* are continuous, we have that

im ||z, — PLVf*(Vf(z0) — 71 Az,)| = 0. (5.76)
J—00

By the uniform continuity of the mapping A on bounded subsets of C', we obtain
lim [[APLV f*(Vf(z0) — 41 Azy) — Az,|| = 0. (5.77)
j—o0

Thus, we obtain from (5.75) and (5.77) that

oy 1on = PEVI*(VF (2n) = A Azn)|
Jj—o0 ")/lj

=0. (5.78)
Since V f is Lipschitz continuous, there exists a real number R > 0 such that

IV5(zn) = V. (PIVF*(Tf(20) = 119 A20) ) |

0 < lim .
Jj—00 ’)’lj
n Pf * n) jA n
< R 1 N = PEVS (VS () = oW Az
Jj—o0 ")/lj

which implies by (5.78) that

_ Ava & — Ayl
i I/ G0) VfPCV’J;‘N_(VﬂZn) WAz _ (5.79)
Jj—+o0

From the definition of k; and (1.18), we get
(Vf(k;) = Vf(zn) + YV Azp,y — k;) >0, for ally € C,

which implies that

<Vf(kj) — V/(zn))
el

Y — k:j> + (Azp, 2 — kj) + (Azp,y — z) > 0, for ally € C. (5.80)
Taking limit as j — oo in (5.80) and using (5.76) and (5.79), we obtain
(Azp,y — zn) >0, for all y € C,

and this implies that z, € VI(C, A), which is a contradiction. Thus, there exists a non-negative

integer j for which (5.71) holds and hence it is well-defined . Similarly, one can show that there
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exists a non-negative integer k for which (5.72) holds true and hence the proof is complete. [

Theorem 5.3.1. Assume that conditions (A1) —(A2), (B1)—(B4) and (R1)—(R2) hold. Then
the sequences {x,} and {u,} generated by Algorithm 5.2 are bounded.

Proof. Denote g, = Vf*(Vf(xn) — T Jp,(Txy — Suy)) and
tn, = Vg* (Vg(un) — S*Jg, (Suy, — Tzy)). Let (z,a) € Y. Then by (5.74), Lemma 3.1.9 and

Bregman relatively f—nonexpansiveness of G, we have

Dy(z,2n41) = Dy (2, V" (anV f(2) + (1 — an) [TV f(an) + (1 — 7)G(an))))

< anDp(z,2) + (1 — o) Dy (2, Vf* [TV f(an) + (1 — 7)G(an)])
< anD¢(z,z) + (1 — an)TD¢(Z, an) (5.81)
+ (1= an)(1 = 7)Dy(z, V[ (Glan)))
< anD¢(z,2) + (1 — an)TD¢(Z,an) + (1 — an)(1 — 7)D§(Z, an)
=apDf(Z,2) + (1 — an)D§(Z, an).
From (5.73) and Definition 1.2.17, we have
Df (faan) :Df(_,Vf* (Vf( ) (Ayn_Azn)))
= f(&) = (Vf(yn) — M(Ayn — A2p), T — an) — f(an)
= f(Z) + (Vf(n)s an — T) + (M(AYn — A2n), T — an) — f(an)
= f(*f) - <vf(yn)a z— yn> - f( ) + <vf(yn)’j 3 yn> + f(yn) (5.82)

+(V(yn), an — T) + (M (Ayn — A20), T — an) — f(an)
Dy(Z,yn) + (Vf(Yn), an — yn)

+ f(yn) — f(an) + M (Ayn — Azn), T — an)

Dy(%,yn) — Dy(an, yn) + Mn(Ayn — Az,), T — ay).

Using (1.16), we get
Df(i“vyn) - Df(amyn) = Df(jfv Zn) — Df(am 2n) + (Vf(2n) = V(Yn), T — an). (5.83)
Substituting (5.83) into (5.82), we obtain

Df (faan) - Df(j7 Zn) - Df(anv zn) + <Vf(zn) - vf(yn)ﬂz' - an)

(5.84)
+ (M (Ayn — Azy,), T — ap).
Furthermore, from (1.15), we obtain
Df(am Zn) = Df(anayn) + Df(yn: 2n) = (Vf(yn) = Vf(2n), Yn — an>' (5'85)
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Therefore, from (5.84) and (5.85) we obtain

Dy (Z,an) = D§(Z, 2n) — Dylan,yn) = D§(yn, 2n) + (Vf(2n) = Vf(yn), T — an)
+(Vf(yn) = VI(zn), yn — an) + (Ma(Ayn — A2n), 7 — an)
= Dy(Z,2n) — D(an,yn) — Dy(Yn, 2n) + (Vf(20) = Vf(Yn): T — yn)
+ (M (Ayp, — Azp), T — ay)
= D¢(Z,2n) — Dy(an, yn) — Dy (Yn, 2n)
+(Vf(zn) = VI(yn), T = yn) + (Aa(Ayn — A20), T — yn + Yn — an)

(5.86)
= Df(jv Zn) - Df(amyn) - Df(yna Zn) + <vf(zn) - Vf(yn)@" - yn>
+ <)\n(Ayn - Azn), T — yn> + <)\n(Ayn - Azn)a Yn — an>
= Df(ja Zn) - Df(amyn) - Df(ymzn) + <)\n(Ayn - Azn)
+Vf(zn) = VI (Un), T — yn) + An(Ayn — A2p), yn — an)
= Df(ja Zn) - Df(amyn) - Df(ymzn) - <)‘n(Ayn - Azn)_
(Vf(yn) Y Vf(zn)),yn - j;> + <)‘H(Ayn - Azn)7yn - a?’b>'
Since g, = PL[Vf* (Vf(2n) — AnAz,)], by (1.18) we get
(Vf(zn) = AnAzn — Vf(yn),yn — ) > 0. (5.87)

Since y, € C' and T € VI(C, A) , we obtain that (AZ,y, — Z) > 0. Moreover, the pseudomono-
tonicity of A implies that
(Ayn, yn — ) > 0, and thus

(MAYn, yn — ) > 0. (5.88)

Combining (5.87) and (5.88), we get
(A (Ayn — Azn) — (Vf(yn) = V(20)),Yn — ) > 0. (5.89)
Thus, from (5.86) and (5.89), we obtain that

Df(jaan) < Df(jazn) - Df(anayn) - Df(ynazn)

(5.90)
+ <)\n(Ayn - Azn)a Yn — an>'
Furthermore, from (5.90), Cauchy Schwarz Inequality, (5.71) and (3.1.10), we get
Df(«%aan) < Df(j:vzn) - Df(amyn) - Df(y’l’MZn) + )\nHyn - anHHAyn - Aan
< Df(@zn) - Df(amyn) - Df(y’I’MZ’VL) + NHyn - anHHyn - Zn”
_ K 2 2
<D an_D nyn_D nan"i'* n_n+n_n
< D4(0.20) = Do) = Dyl + (= aalP = 5l?)
< Df(ja Zn) - Df(amyn) - Df(ym Zn) + %(Df(amyn) + Df(yna Zn))
- _ 1%
- Df(xazn) - (1 - ﬁ) (Df(amyn) + Df(ynazn))‘

118



Chapter 5. Solutions of Problems Involving Variational Inequalities and Fixed Points

Using (1.19), (1.21) and (1.22), we get

D5, 20) < Dy (&, 91" (V(2) = T T, (T — Sun)) — Dy, an)
< Dy (@, f* (V@) = T iy (T2 — Su,))
=V (:Z“, Vi(xn) — T Jg,(Txy — Sun))
<V} (2, V ()

- <7nT*JE3 (Tan — Sun), (5:92)
VI (T () = 3T Ty (Tan — Sun)) ~ 7)
= D(Z, ) — V(T Jpy (Txn, — Sup), ¢n — T)
= D(Z, ) — Vo (Jpy (Txn — Sup), Tgn — TT).
Substituting (5.92) into (5.91), we obtain
Dy(2.00) < Dy(a,n) = (1= 5} (Dy(ann) + Dyl )
(5.93)
— Y {Jgs (Txn, — Suyp), Tqn — TT).
Thus, from (5.93) and (5.81), we get
Dy(z,2p41) < anDp(T,2) + (1 — an) Dy (7, p)
~ (=0 (1-4) (Drtan,n) + Dylon, ) (5.94)
— (1 = @) (JEy (T2n — Sun), Tgn — TT).
Similarly, we have
Dy (i, ttn11) < anDy(it,u) 4+ (1 — ) Dy (i, )
— (1 - an) (1 - g) (Dg(bn, Vn) + Dy(vn, wn)> (5.95)

— (1 — an) v (JEs (Sup, — Txy,), St,, — Su).

Now, denote Q, = Df(Z,xy) + Dy(t,u,) and ¥ = D¢(Z,x) + Dy(u,u). Since p € (0,3) and

B>0,Wehavethat1>%>0.

Thus, 1 — % > 0. Then, combining (5.94) and (5.95) and using the fact that Tz = Su, we get

Qnt1 < apnX + (1 — ) — (1 — an) ¥ (T'qn — Stn, Jug(Txn — Suy)). (5.96)
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But, we have by the Cauchy—Schwarz Inequality that

—(T'q, — Stn,Jgs (Txy, — Suy,))
= —(Tzp — Sup, Jg,(Txn — Sun)) — (T'qn — T, Jp,(Txn — Sup))
— (Sup, — Sty, Jgy,(Txy, — Suy))
= || Txy — Sun||* — (gn — Tn, T* Ty (Tzn — Sun)) (5.97)
— (Up, — tn, S* T (Txp — Suy))
< | Tzn — Sunl® + llgn — 2l T 5, (T — Sun)|
+ lun = a5 ey (Tn — Sun).

From the strong convexity of f and the definition of ¢,,, we have
lan — znll = IVF* (Vf(@n) = mT" s (Tan — Sun)) = V7 (Vf(2n)) ||
N
< T Ty (T — Sun)|| (5.98)
B
< %”HT*J& (Tp — Sun)|.
Similarly, the strong convexity of g and the definition of ¢,, gives
[t — wnl| < %"HS*JE:,)(Sun — T, (5.99)

Substituting (5.99) and (5.98) into (5.97) and applying the property of ~,, we get

2
—n(Tqn — Stn, Js (T — Sup)) < —Yp||Txpn — SunH2 + ’%"HT*J& (Tzy, — Sun)H2

~2
+ F”HS*JEg(Sun —Tx,)|?

g
< — LT — Sun|? = TT20 — Sual®

) (5.100)

n %HT*JES(T;UH — Suy)|?
,YQ

+ F”HS*JE;;(S% — Tay,)|?

< _gHTmn - SunH27
and substituting (5.100) into (5.96), one obtains
Qi1 € @+ (1= @) — (1= an) SIT20 = Sua? < @+ (1= ),

which implies by the Principle of Mathematical Induction that Q, < max{{,X}, for all n > 1.
Thus, {Df(z,x,) + Dy(u,uy)} is bounded which implies that the sequences {Dy(Z,z,)} and
{Dgy(@,u,)} are bounded. By Lemma 3.1.11, we have that {z,} and {u,} are bounded. O

Lemma 5.3.2. Assume that conditions (Al) — (A2), (B1) — (B4) and (R1) — (R2) hold. Let
{zn}, {yn},{wn} and {v,} be as defined in Algorithm 5.2.
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(a) If there exist subsequences {zpn, } and {yn, } of {zn} and {yn}, respectively, such that z,, —
p € C and ||zn, — yn,|| = 0 as k — oo, then
i. 0 <liminf(Az,,,z — 2z,,) forallzeC;
k—ro0

ii. p e VI(C, A).

(b) If there exist subsequences {wy,} and {vp, } of {wp} and {v,}, respectively, such that
Wy, — ¢ € D and ||wy, — vp, || = 0 as k — oo, then

i. 0 <liminf(Bwy,,w —wy,) for allw € D;

k—o0

it. g€ VI(D,B).
Proof. (a) Let the hypotheses be satisfied.
i. Put s, = PéVf*(sznk — A l"1Azy,,). By Lemma 3.3.1 and (5.76) we have
1
|2n, — Snill < 7||an — Yn, || = 0, as k — oo. (5.101)

Therefore, s,, — p € C and thus we have that {s,,} is bounded. Since A is uniformly

continuous on bounded subsets of Fq, we have
| Az, — Asp,|| = 0, as k — oo. (5.102)

From the Armijo line-search rule (5.71), we have

Ay T APLY (9 f(2n) — Angd " Az,) — Az, |
> ullzn, — PEVF(VF(2ny) = Mgl F Az, )|,

which implies

1 N _
;HAngVf (vf(znk)*)‘nkl IAan) - AznkH
(5.103)

_ e = PEVI*(VF (o) = Angl 7 Az )|
Ay 11 '

From (5.102) and (5.103), we have

lim Hznk B Pévf*(vf(znk) B /\nklilAznk)H

Jlim e = 0. (5.104)
Ny

Since V f is Lipschitz continuous, we have

(o IV = OF (PEVE (T $ ()~ dmid ™ o) |
1m
= —1
< L lim ||an - Pcvf*(vf(znk) B Ankl_ Aznk)H

k—o0 )\nklfl ’
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ii.

for some L > 0. Thus, we obtain from (5.104) and (5.105) that

Iz = VI (VS ) = A ) |

k—o0 )\nklfl

=0. (5.106)

From the definition of s,, and (1.18), we obtain
(Vf(zn,) = Al YAz — Vf(50,),2 — 8n,) <0, forall z € C,

which implies

<Vf (an) — Vf (Snk)
An T

,Z— snk> + (Azn,, Sny, — 2ny,) (5.107)

< (Azp,,z — zp,) for all z € C.

Taking limit infimum on both sides of (5.107) as & — oo and using (5.101), (5.106), uniform

continuity of A and the boundedness of the sequences {z,, } and {s,, }, we obtain

liminf(Azy, ,z — zn,) > 0, for all z € C. (5.108)

k—o0

Let {ex} be a sequence of decreasing non-negative numbers such that e, — 0 as k — oo.

For each e, we choose Ni to be the smallest positive integer such that
(Azn, , 2 — zn,) + €k >0, for all k > N (5.109)

where the existence of Ny, follows from (5.108). Since {e} is decreasing, { N} } is increasing.
If there exists N > 0 such that Azy, =0 for all k > N, then (Azn,,z —2n,) > 0, for
all k> N and z € C.

Since A is pseudomonotone, we have that
(Az,z—2zn,) >0 forallk >N and ze€C. (5.110)

Taking limit on both sides of (5.110) as kK — oo , we obtain (Az,z —p) >0 for allk > N
and all z € C. By Lemma 5.1.1, we conclude that p € VI(C, A).

If there exists a subsequence {Ny,} of {N;}, again denoted by {N}, such that Azy, # 0

. JEllAsz
for all k € N, then setting wy, = ———, we get (Azn,, wn,) = 1 for each k. Therefore,

[ Az, [
from (5.109)

(Azn,, 2+ epwn, — 2n,) > 0,

which implies by the pseudomonotonicity of A that
(A(z + exwn, ), 2+ exwn, — 2n,,) > 0. (5.111)

Since {zp, } converges weakly to p as k — oo and A is sequentially weakly continuous, we
have that {Az,,} converges weakly to Ap. Suppose Ap # 0 (otherwise, p € VI(C, A)).
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Then by the sequential weakly lower semi-continuity of the norm, we get
0 < ||Ap|| < liminf||Az,, |
k—o00

Since {zn, } C {zn,} and e, — 0 as k — oo, we get that

0 < limsup |lepwn, || = hmsup (HA ||>
Zny,

k—o0
lim sup e
k—00 < 0 -0
~ liminf [[Az, [ ~ [|Ap]|
k—o00

Hence, limsup ||exwn, || = 0. So, taking limit on both sides of (5.111) as k — oo, we get
k—o00

(Az,z —p) >0, forall zeC.

Therefore, by Lemma 5.1.1, we have p € VI(C, A).

Part (b) of the lemma can be proved in a similar way. O

Theorem 5.3.2. Suppose that conditions (Al) — (A2), (B1) — (B4) and (R1) — (R2) hold.
Then the sequence {(zn,un)} generated by Algorithm 5.2 converges strongly to (&,4) € Y, where
(2,4) = Pi(x,u), where h = (f,g).

Proof. Let (#,1) = P{(z,u). Denote C,, = 7V f(a,) + (1 — 7)G(ay) and

g(u) = Vg(a),un — @)

Ap =(Vf(z) = V[f(&),zn —2) +(V
) )7Vg(ﬁ))7 (xnyun) - (.@,”LAL»

= ((Vf(2), Vg(u)) = (Vf(@

Then, by the Cauchy—Schwarz Inequality, we have

Apt1 = (Vf(x) =V f(&),z, —2)+ (Vg(u) — Vg(a),u, — )
< (.’L‘) Vf( ) Tn+1 — >
+(Vg(u) = Vg(@), unt1 — un)

<A, A[Hxn—l-l — Zn || + [[unt1 — Un‘”v

_l_

where A = max {[|Vf(z) = Vf(2)[, |Vg(z) = Vf(@)]}-
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From (5.74), (1.21), (1.22) and Lemma 3.1.9, we obtain

Dy (@, @ni1) = Dy (2, V(1 = an)Cr + 0aV f()) )

= Vi (5 (1= an) VS (VF(Co) + 0V (2)
< Vi (#.0u V(@) + (1= ) VS (VF*(Ca)) = an (VS (@) = V(@)
< o ( f(#)),

I (@nVF(@) + (1 = ) VF (VF*(Ca)) — )
=V (x V(@) + (1= an)V S (V]*(C)))
+ an(V () = V@), Tnt1 — )
= Dy(a, VI (anV (@) + (1 = @)V (VF*(Cn)))
+ an(V () = V(E), Tnir — )
<o, Df(2,2) + (1 — an)Ds(2, Vf(Ch))
+ an(V () = V@), Ti1 — ),

that is,

Dy(#, wn1) < (1= an)Dy(3, VI (Cu)) + an(VF(@) = V@), 2 —8).  (5.112)

Furthermore, from (1.20), (1.21), part (éi7) of Lemma 3.1.13 and Bregman relatively f-nonexpan-

siveness of G, we have

Dy (2, Vf*(Crn)) = Dy(2,Vf*(7V f(an) + (1 — 7)G(an)))
= Vi, 7V f(an) + (1 —7)G(an))
=f(@)+ /" (7Vf(an) + (1 = 7)G(an))

— (TVf(an) + (1 = 7)G(an), L)
< f@) + 77 (Vlan)) + (1= 7)f(
—7(L=7)o1 (VS (an) — Glan)ll)
—7(Vf(an), &) — (1 = 7)(G(an), L)
= 7Vi(&, Vf(an)) + (1 = 7)Vy(Z, Gan))
—7(1=7)¢1 (IVf(an) — G(an)l)
=7D¢(Z,a,) + (1 —7)Ds(2,Vf*G(ay))
—7(1=7)o1 ([[Vf(an) = Glan)l)
< 7Df(&,an) + (1 — 7)Ds(&, an)
—7(1=7)¢1 (Vf(an) — G(an)|)
= Dy(2,an) = 7(L = 7)1 ([[Vf(an) — Glan)l),

)
)

G(an))

(5.113)
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where ¢ is the modulus of uniform convexity of f*. Substituting (5.113) into (5.112), we get

Dy(Z, n41) < (1 — an)Dy(2,an) — (1 — o) 7(1 = 7)1 ([Vf(an) — Glan)|)

(5.114)
+ Oén<Vf(33) - Vf(i‘)v Tnt+1 — j>

Again using (5.93), we obtain

Dy(dvt2) < (1= an)Dy (o) = (1= an) (1= 5 ) (Dy(ons 1) + Dyl )

— (I = an)T(1 = 7)1 ([[Vf(an) — Glan)|) (5.115)
— (1 — an) ¥ (Jes (Txy, — Suy), Tqn — T7)
+an(Vf(z) = V(2),zn41 — T).

Similarly, we have

Dyl tn1) < (1 — an) Dy (it un) — (1 — o) <1 — g) (Dg(bn,vn) + Dg(vn,wn))

= (1= an)7(1 = 7)¢2 ([[Vg(bn) = K (bn)l]) (5.116)
— (1 = an) ¥ (JEs (Suy — Txy), Sty — S)
+ an(Vg(u) — Vg(i), unt1 — ).

where ¢9 is the modulus of uniform convexity of g*.

Let ©, = D¢(Z, ) + Dgy(t, up). Then, combining (5.115) and (5.116) and using the relation in
(5.100), we obtain

Ori1 < (1= )00 — (1= an) (1= 4) Dyani) = (1= ) (1) Dston )

—(1-an) (1 - g) Dy(bp,vn) — (1 — o) <1 - g) Dy, wp)

— (L= an)r(1 =711 (IVf(an) — G(an)|)

— (1= an)T(1 = 7)¢2 ([Vg(bn) — K (bn)]])

— (1 — an)V(Jes(Txy, — Suy), Tqn, — T)

— (1 — an) v (JEs (Sup, — Txy,), St,, — SU)

+ an(Vf(x) = V@), 2pi1 — ) + an(Vg(u) — Vg(a), uni1 — ) (5.117)

< (1—0n)On — (1 — an) (1 - g) Dy, yn)

—(1—ap) (1 - g) D (Y, 2n) — (1 — o) (1 - g) Dy(bn,vn)

1
(- a) (1 - 5) Dy(tmswn) — (1~ 7)(1 — ) (¥ f(a) — Glan))
— (1= 7)1~ ) (Vi (b) ~ KB} — (1 ) 2T, — St

+ an(Vf(z) = Vf(2),rn1 — 2) + an(Vg(u) — Vg(@), upt1 — a),

125



Chapter 5. Solutions of Problems Involving Variational Inequalities and Fixed Points

which implies that

(1 - g) [Df(a"’ Yn) + Dy(Yn, 2n) + Dg(bn, vn) + Dg(vn, wn)}
+ 2T = Sunll? +7(1 = 761 IV f(an) — Glan)]) (5.118)

+7(1 - T)¢2(”v9(bn) - K(bn)”) < Op — Opq1 + anM,

for some M > 0, where the existence of such M is guaranteed by the boundedness of {x,} and
{un}. Now, we show that the sequence of real numbers {0, } converges strongly to zero by

considering two cases.

Case I. If there exists a natural number ny such that ©,4; < 0, for all n > ng, then {©,}

converges. Taking limit as n — oo in (5.118), we get
lim | Ty — Su,||> =0, (5.119)
and
Tim 61 (1Y f(an) — Glan) ) = Tim 62 (I9g(be) — K (b)) = 0;
which implies that
Jim [ f(@) = Glan)|| = 0= lim [Vg(6.) = K(bu)]. (5.120)

From (5.69), (1.21), (1.22), property of the Bregman projection, and Cauchy—Schwarz inequal-

ity, we have

Dy (@n, ) < Dy (2, VI (V f(n) = T Ty (T = Sun))
= Vi(zn, Vf(xn) — T Jg, (Txp — Suy))
< Vi(@n, Vf(zn))
— <’ynT*JE3(Txn — Sup), VI (Vf(xn) — T Jgy (Txn — Suy)) — a:n>
= Dy(xn, xn) — (T Jpy (Tx — Sup), gn — Tn)
<Vl T Ty (Tn — Sun)||llgn — 2nll.

(5.121)

Substituting (5.98) into (5.121), then taking limit on both sides and using (5.119), we obtain

n—o0

2
0< lim Dy(wn,20) < lim <TB”HT||2HJE3(T% Sun)||2)

2
= lim <%\T\|2HTxn — SunH?) =0,
n—oo \ 3
and hence lim Dy¢(xy, 2,) = 0 and this implies by Lemma 3.1.13 that
n—o0

lim ||z, — z,|| = 0. (5.122)
n—0o0
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Similarly, one can show that

lim |u, —wy|| = 0. (5.123)
n—o0
Moreover, by taking limit as n — oo on both sides of (5.118), we obtain
Jim Dy(an,yn) =0, lim Dy(yn, ) = 0,
nh_}rrolo Dgy(bp,v,) =0, nh_}ngo Dgy(vy, wy) =0,
which implies that
lim [lap —yn| =0, lim [y, — 2| =0, (5.124)
n—oo n—oo
and
lim ||b, —vy,| =0, lim [jv, —w,| =0. (5.125)
From (5.122) and (5.124), we have
nlgrolo [2n — ynl| < nh_?olo [#n — znl| + nh_{go 20 = ynll = 0, (5.126)
and from (5.123) and (5.125), we obtain
lim |up — vp|| < lim |lu, — wy| + lim |Jw, — v,|| = 0. (5.127)
—00 n—00 n—00
From (5.124) and (5.126), we have
lim |ap, — x| < lim |ja, — yn| + lIm |y, — 25| = 0. (5.128)
n—00 n—00 n—o0
From (5.74) and (5.120), we have
lim [V f(zn41) = VF(an)|| < Tim (an[|Vf(2) =7V f(an)])
+ (1 =7) lim ((1—an)[|Glan) = Vf(an)l]) = 0.
n—oo
From (5.129) and part (iii) of Lemma 3.1.13, we have
lim ||zp+1 — anl = 0. (5.130)
n—oo
Thus, we obtain from (5.128) and (5.130) that
nh_?;o |41 — @al| < nh_)ngo [n41 — an| + nh_fgo l|an — @n|| = 0. (5.131)
Similarly, we obtain
lim ||upy1 — upl| = 0. (5.132)
n—oo

Since {(xn,up)} is bounded and E; X Ej is reflexive (Lemma 3.1.5), there exists a subsequence

{(@n,,un,)} of {(zn,uy,)} which converges weakly to some (z*,u*) € E1 X Ey and

limsup A,, = (5.133)

n—oo

An,.

lim
k—o0
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Consequently, we have z,, — z* and u,, — u*. From (5.122) and (5.123), we have z,, — x*
and wy, — u*, respectively.

So, from (5.124), the fact that z,, — z* and Lemma 5.3.2 , we obtain z* € VI(C, A). Similarly,
one can show that v* € VI(D,B). From (5.128), we have a, — z*. Thus, with the help of
(5.120) and the definition of f—asymptotic fixed points, we conclude that z* € m From the
Bregman relatively f—nonexpansivity of G, we have 2* € F¢(G). So, 2* € VI(C,A) N F¢(G).

Similarly, we can show that u* € VI(D, B) N Fy(K). Moreover, by Lemma 3.1 we have

|Ta* — Su*||? = | T, — Stn, + Tx* — Txy, + Sy, — Su*|?

. (5.134)
< |\ Ty, — Sun,||* + 2(Jg,(Tz* — Su™), Ta* — Txp, + Suy, — Su™).

Since T" and S are sequentially weakly continuous, we have that z,, — x* implies T'z,, — Tx*
and u,, — u* implies Su,, — Su*. Thus, we obtain using (5.119) that Tz* = Su*. Therefore,
(x*,u*) e T.

Furthermore, from the definition of A, 41, (5.131), (5.132), (5.133) and (1.14) we have

limsup Ap41 < limsup A, + A limsup [||zp11 — 2n|| + |Unt1 — un]

= lim Ank + A lim [H‘xnk'i‘l - xnkH — Hunk—i-l - unkm
k—o0 k—oo

= lim (V/ (), Vgu) — (VF(2). Vo(@). (vuytm,) — (&) (5:139)
= ((Vf(2), Vg(u)) = (Vf(2), Vg(a)), (2", u") = (2, 4))
<0.
From (5.117) we have
@n-i-l < (1 — Ozn)@n + OénAn—H- (5.136)

So, (5.135), (5.136), Lemma 3.1.6 and the condition on «,, give that lim ©,, = 0, which implies
n—o0
that lim D¢(Z,2,) = 0and lim Dy(@,u,) = 0. It then follows by Lemma 3.1.13 that lim x,, =
n—oo n—oo n—oo

z and lim u, = 4.
n—o0

Case II. If there exists a subsequence {0©,. } of {0,} with ©,, < 0,,4; for all i« > 0, then
by Lemma 3.1.7, we can find a nondecreasing sequence {my} of positive integers such that

lim mp = oo and
k—o0

Om;, < Opr1 and O < Oy, 41, (5.137)
for all positive integers k. Thus, (5.118) becomes

1
(15 ) [DrCois 1) + Do) + Dofb ) + Do )]

(1= ) [61 (19 (ame) = Glam)) + 62 (I99(m,) — K (b, ) )] (5.138)

+ gHT:rmk — St ||? < Oy — Oumys1 + iy M.
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Taking limit as k — oo to both sides of (5.138), we derive
lim || T @, — Stm, ||> =0,
k—o0
im |V f(am,) = Glam,)|| = lim [[Vg(bm,) — K(bm,)| = 0.
k—ro0 k—ro0

Following the method used in Case I, we get

Im ||, — 2m, || = Im |[tum, —wn, | =0,
k—o00 k—o0
lim ||ymk - ka“ = lim vak - wmk” =0,
k—o0 k—o0
Hm (|2, — Ym, |l = Hm ||upm, —vm, ]| =0.
k—o0 k—o0

Furthermore, following similar steps as in Case I, we obtain

| Umpt1 — Um, || =0 and limsup A, 11 <O0.

|Zmy+1 = Tm, [| =0, lim
k—o0 k—o0

lim
k—o0

Thus, from (5.117) and (5.137), we have
amkemk < @mk - Gmk+1 + amkAmk—l—l < amkAmk—i-ly

which implies that
Omy < Amys1. (5.139)
Taking limit on both sides of (5.139) as kK — oo and using the fact that limsup Ay, 41 < 0,

k—ro0
we get that the sequence ©,, — 0 as k — oo . It follows from (5.136) that ©,,, +1 — 0 as

k — oco. Since ©} < Oy, 41 for all k£ > 0, we have that ©; — 0 as £ — oo. Thus, we have
lim Dy(&, ;) = 0 and lim Dgy(@,ug) = 0, which implies by Lemma 3.1.13 that lim z, = 2
k—oo k—o0 k—o0
and lim u; = u.

k—o00

Thus, we conclude from Cases I and II, that the sequence {(xy,u,)} converges strongly to

(2,1) = P(z,u), and this completes the proof. O

If A and B are uniformly continuous and monotone mappings, then the assumption that A and

B are sequentially weakly continuous is not required and hence the following corollary follows.

Corollary 5.3.1. Assume that A: C — Ef and B: D — E3 are uniformly continuous and
monotone mappings. If conditions (Al) — (A2),(B2) — (B4) and (R1) — (R2) are satisfied,
then the sequence {(xy,un)} generated by Algorithm 5.2 converges strongly to (Z,u) € Y, where
(2,4) = Ph(x,u).

Proof. As every monotone mapping is pseudomonotone, the result follows from Theorem 5.3.2.
O

If x = 0 = u, then Algorithm 5.2 can be used to locate an element of the solution with the

minimum norm and hence the following corollary follows.
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Corollary 5.3.2. Suppose that the conditions (A1) — (A2), (B1) — (B4) and (R1) — (R2) are
satisfied. Then the sequence {(xn,u,)} generated by Algorithm 5.2 with x = 0 and u = 0
converges strongly to (&,4) € Y, where (&,4) = P£(0,0).

5.3.2 Some Theoretical Applications

Hereunder, we present some specific cases of our main problem. The following are the assump-

tions that will be used in these cases.

(A3) Let C and D be nonempty, convex and closed subsets of a smooth, strictly convex, reflexive

real Banach space E with dual E*;

(A4) Let f,g: E — R be proper, lower semi-continuous, uniformly Fréchet differentiable,
strongly convex, strongly coercive, Legendre functions which are bounded on bounded sub-
sets. Let f and g have Lipschitz continuous gradients with the strong convexity constant

of f (respectively, g) greater than or equal to the Lipschitz constant of V f (respectively,
Vyg);

(B5) Let A,B: E — E* be uniformly continuous, pseudomonotone and sequentially weakly

continuous on bounded subsets of F;

(B6) Let G,K: E — E* be Bregman relatively f—nonexpansive and Bregman relatively

g—nonexpansive mappings, respectively.

Common Solutions of Variational Inequality and f, g—Fixed Point Problems

Let E = F1 = Fy = E3, T =S =1 and let f and g be as in (A4). Then the split equality
of variational inequality and f, g—fixed point problems reduces to finding a common solution of

two variational inequality and f, g—fixed point problems. This problem can be expressed as
find z € (VI(C,A)N F¢(G)) and u € (VI(D, B) N Fy(K)) such that & = a.

Denote ¥ = {(z,4) € (VI(C,A)NF¢(G)) x (VI(D,B) N Fy(K)) : & = u}. In this case, we have

the following corollaries:

Corollary 5.3.3. Assume that ¥ # (). If conditions (A3) — (A4), (B5) — (B6), (R1) — (R2) are

satisfied, then the sequence {(zn,un)} generated by Algorithm 5.2, with E = Ey = Ey = E3 and
T =S = I, converges strongly to (2,1) € ©, where (&,0) = PE(z,u).

Corollary 5.3.4. Assume that ¥ # 0 and let A: E — E* and B: E — E* be uniformly
continuous monotone mappings. If conditions (A3) — (A4), (B6), (R1) — (R2) are satisfied, then
the sequence {(xn,un)} generated by Algorithm 5.2, with E = Fy = Ey = E3 and T = S =1,

converges strongly to (£,4) € X, where (2,1) = P(z,u).

Split Equality of Null Point and f, g—Fixed Point Problems

Let f and g be as in (A2). If C = E; and D = E», then the split equality of variational
inequality and f, g—fixed point problem reduces to the split equality of null point and f, g—fixed
point problem which can be described as finding a point (Z,u) with the property
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(Z,4) € (A7H0) N Ff(G)) x (B~1(0) N Fy(K)) such that T2 = S,
where A71(0) = {z € By : 0 € Az} and B~(0) = {u € E : 0 € Bu}. Denote
T = {(&,a) € (A71(0) N F(G)) x (B7H0) N Fy(K)) : T& = Saj}.
In this case, we have the following results:
Corollary 5.3.5. Assume that Y* # 0. If conditions (A1) — (A2),(B1) — (B3), with C' =
Eq\,D = E5, (R1) — (R2) are satisfied, then the sequence {(xn,un)} generated by Algorithm 5.2

converges strongly to (£,4) € T*, where (&,4) = P (z,u).

Corollary 5.3.6. Let A: Ey — EY and B: Ey — E35 be uniformly continuous monotone
mappings and assume that T* # 0. If conditions (Al) — (A2),(B2) — (B3) with C = E; and
D = Ej, (R1) — (R2) are satisfied, then the sequence {(xn,un)} generated by Algorithm 5.2

converges strongly to (£,4) € T*, where (&,4) = Pk (z,u).

Split Equality Variational Inequality Problem

Let f and g be as in (A2). If Gz =V f(z) for allx € C' and Ku = Vg(u) for all u € D, then
the split equality of variational inequality and f, g—fixed point problems reduces to the split

equality variational inequality problem which seeks to
find z € VI(C, A) and 4 € VI(D, B) such that Tz = S4.

Denote I' = {(z,4) € VI(C,A) x VI(D,B) : T# = Su}. One can easily show that Vf and Vg
are Bregman f—relatively nonexpansive and Bregman g—relatively nonexpansive, respectively,

and hence we have the following results.

Corollary 5.3.7. Assume that T' # (). If conditions (A1) — (A2), (B1) — (B3), (R1) — (R2) are
satisfied with Gx = V f(z) for allz € C and Ku = Vg(u) for allu € D, then the sequence
{(zn,un)} generated by Algorithm 5.2 converges strongly to (2,4) € T, where (&,1) = P(z,u).

Corollary 5.3.8. Let A: Ey — Ef and B: Ey — E35 be uniformly continuous monotone
mappings. Assume that T' # 0. If conditions (A1) — (A2), (B2) — (B3), (R1) — (R2) are satisfied
with Gz = V f(x) for allx € C and Ku = Vg(u) for allu € D, then the sequence {(xn,un)}
generated by Algorithm 5.2 converges strongly to (2,4) € I', where (2,1) = P}z, u).

Split Equality f, g—Fixed Point Problem

If we have A = 0 and B = 0, in Algorithm 5.2, then the split equality of variational inequality
and f, g—fixed point problem reduces to the split equality f, g—fixed point problem which seeks

to
find & € F(G) and @ € F,(K) such that T = Si.
Denote I'* = {(&,4) € F§(G) x Fy(K) : Tt = Su}.

Corollary 5.3.9. Assume that T* # 0. If conditions (A1) — (A2), (B2) — (B3), (R1) — (R2) are
satisfied. then the sequence {(zn,un)} generated by Algorithm 5.2, with A = B = 0, converges
strongly to (Z,0) € T*, where (&,4) = Pp+(x,u).
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5.3.3 Numerical Example

Example 5.3.1. Given By = Ey = E3 = R%. Let the norm and inner product on R? be,
respectively, given by ||z|| = v/(z, ) = \/S2_ |22 and (z,u) = 3.7, zyu; for all z,u € R?,
Define the mappings A: R? = R? and B: R? — R? by

5
Az = A(x1,x9) = <2 + /a2 —|—£L‘%) (z1, 29 — 1) and Bu = B(uy,u2) = \/u? + u3 (u1,uz)

and let C and D be given by C = {x € R? : ||z|| < 2} and D = {u € R?: ||u|| < 2}.

Clearly, C and D are nonempty, closed and convex subsets of R%. Clearly, the mappings A and
B are uniformly continuous and sequentially weakly continuous on C' and D, respectively. It
can be easily shown that B is pseudomonotone on subsets of D. We only show here that A is
pseudomonotone on R2. To this end, let

(Az,y —z) > 0 — <<5

5 T i +96‘%> (1,22 — 1), (y1 — 1,92 — x2)> >0

5
e (2 + 9«“%+x%> <(x179?2 — 1), (y1 — 71,92 _$2)> 2 0.

5
Since 3 + /@2 + 23 > 0, we conclude that {(z1,72 — 1), (y1 — x1,y2 — x2)) > 0. Now, for
(y1,92) € R? we have

y1,y2 — 1), (y1 — 1,92 — 902)>

(Ay,y —z) = <2 VY
i+

(¢
> < K (y1,92 — 1), y1—$1,y2—932)>}

< + 4/ +y> (71,22 — 1), (yl—wl,yQ—xg)ﬂ

= (54 Vo 08) (= o = ) = =P 20

Therefore, A is pseudomonotone on R%. Let us define T,S: R?> — R? by Tz = T(z1,72) =
(521,0) and Su = S(ui,us) = (2u1,3uz), where (x1,x2), (u1,u2) € R2. Clearly, T and S are
bounded linear maps on R? with adjoints T*x = (5z1,0) and S*u = (2uy,3uz), respectively.
Now, we have (A(0,1), (z1,22) — (0,1)) > 0, for all (x1,22) € C, (B(0,0), (u1,u2) — (0,0)) >0
for all (ui,u2) € D. So, 2 € VI(C,A) and u € VI(D, B), where & = (0,1) and @ = (0,0). Let
us define G: C — R? and K: D — R? by

%)
%)

2 + 42
1Ty
2
Y3

2

Y1 2

Gz = G(z1,22) = (0,22) and Ku = K(u1,u2) = (u2,u1),

1 1
and f,g: R2 = R by f(z) = EHJJH2 and g(u) = §||u||2 Then, we have V f(x) = x, Vg(u) = u
and Jg = I. One can easily show that G is Bregman relatively f—mnonexpansive and K is

Bregman relatively g—nonexpansive. Moreover,
Gi =G(0,1) = (0,1) = Vf(0,1) and Ku = K(0,0) = (0,0) = Vg(0,0).

From this, we conclude that € F¢(G) and 4 € F4(K). Moreover, T(0,1) = (0,0) = S(0,0).
Thus we have (z,4) € (VI(C,A)N Fr(G)) x (VI(D, B) N Fy(K)) with T# = Su. Now, taking
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1
Q= 7100000 forn>1, (x11,z12) = (0.5,0.5), (u11,u12) = (0.5,0.5) and
2 n - n 2 mn 2
4 (533‘1 2U1 ) + (3U2 ) ’Lf n e Q’
= 5) (2521, — 10u1,)? + (4ur, — 1021,)? + (uay, )?
" 1
— Q.
1000000 ' "¢

then the Conditions (Al) — (A2),(B1) — (B4), and (R1) — (R2) are satisfied. The numerical
experiments were carried out using MATLAB version R2020a and all programs were run on a
64-bit OS PC with Intel(R) Core(TM) i7-8550U CPU@1.80GHz 1.99GHz and 16GB RAM. The
figures below show that the error term sequence {E,} = {(zn,un) — (Z,u)} converges strongly to

zero for different choices of the parameter | and different initial points.

1=0.06
1=0.15
1=0.9999

n

0.8 -

0.6 -

Error term sequence, E

0.4

0.2 -

. . . |
5 10 15 20 25 30
Iterations, n

(19, T2y), (u1y, u2,)) = ((0.5,0.5),(0.5,1.5)), =05, p=04, y=05

Figure 5.5: Illustration of convergence rate of the sequence for different values of the parameter
l.

(x1 0,)(2 0,u1 0,u2 0)=(0.5,0.5,0.5,1.1":)
i (x1 0,)(20,u1 0,u20):(0.3,0.5,0.4,1)
- (x1 ;%2 ul ,u2 )=(0,0.9,05,0.5)

n

Error term sequence, E

. . | T .
5 10 15 20 25 30
Iterations, n

Parameters [ = 0.9, 3 =0.5, u=04, v=0.5

Figure 5.6: Illustration of convergence rate of the sequence for different initial values.
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Remark 5.3.2. Figure 5.5 shows that the convergence rate of the method gets faster as | gets
closer to 1. From Figure 5.6, we observe that for any choice of initial point, the sequence
converges to a solution of the split equality of variational inequality and f, g— fized point problem.

That is, the ultimate convergence of the sequence does not depend on the choice of initial points.

134



6. Approximating solutions of Split Equality

Hammerstein-Type Equation Problems

This chapter consists of three sections. Some preliminary results are presented in the first sec-
tion. In section two, we propose an iterative algorithm for solving split equality Hammerstein
type equation problems which involves uniformly continuous monotone mappings in reflexive
real Banach spaces and discuss its strong convergence analysis along with numerical illustra-
tions. Section three deals with construction of an iterative algorithm for solving split equality
Hammerstein type equation problems involving continuous monotone mappings in reflexive Ba-
nach spaces. A strong convergence theorem is proved under some appropriate conditions and

numerical examples are provided to demonstrate the effectiveness of the proposed method.

6.1 Preliminaries

Lemma 6.1.1. [16/] Let E be a reflexive real Banach space and let g: E — (—o0,+00] be a
strongly coercive and strongly convexr function with strongly convex conjugate g* and let v =
(u,v) € E x E*. Then, the function f: E X E* — (—o0,+00| defined by

f(@) = g(u) + g (v),
1s strongly coercive and strongly convex.

A mapping A from a Banach space E; into another Banach space FE» is said to be hemicontinuous
at xo € Ep if for any sequence {z,} converging to xo along a line implies Az, — Az , i.e.,
Axy, = A(zg + thx) — Axg as t, — 0 for all x € Fy.

Lemma 6.1.2. [/71] Let E be a reflexive real Banach space and let A: E — E* be a hemicon-

tinuous monotone mapping. Then, A is maximal monotone.

Note that for any continuous monotone mapping A, the set N(A) = {z € E : Az = 0} is closed

and convex (see, e.g., [180]).

Lemma 6.1.3. [/11] Let X be a reflexive real Banach space and let E = X x X* with norm
lz]|% = lull% + |v]/%~, where x = (u,v) € E. If F: X — X* and K: X* — X are hemicontin-
uous monotone mappings, then the mapping A: E — E* defined by Az = (Fu — v, Kv +u) is

maximal monotone.

Let g: X — (—o00, +00] be a proper, lower semi-continuous and convex function. If g is strongly
coercive, bounded and Legendre on bounded subsets of X, then its Fénchel conjugate ¢g*: X* —
(—00, +00] is also strongly coercive, bounded and Legendre on bounded subsets of X* [164]. If
we define f: X x X* — (—o0, +o0] by

f(@) =g(u) +g"(v), = = (u,0) € X x X7,
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then it can be easily verified that f is a bounded Legendre function on bounded subsets of
X x X*. Moreover, if g is uniformly convex and uniformly Fréchet differentiable function, then
f is Fréchet differentiable and V fx = (Vgu, Vg*v) [164]. By Lemma 3.1.14 and Lemma 3.1.12,
we have that Vg and Vg* are uniformly continuous on bounded subsets of their domains and
hence V f and V f* are uniformly continuous. Inline with the argument in [133] (Lemma 1 and

Lemma 2, page 130 — 131), we state the following lemma.

Lemma 6.1.4. Let E be a reflexive real Banach space and g: E — (—o0,+00] be a Legendre
function. Let A : C — E* be a continuous monotone mapping, where C is a nonempty, convex
and closed subset of E. Forr >0 and x € E, the following hold:

1. There exists z € C such that
(Az,y — z) + %<ng —Vgz,y — z> >0, forally € C.
2. Define the mapping FA: E — C by
Fiz = {z eC:(Az,y—2)+ %<ng —Vgz,y—2z) >0, forally e C’},
for all x € E. Let F(FA) be the set of fired points of the mapping F2 and VI(C, A) be
the solution set of the variational inequality problem. Then the following hold:
(i) FA is single-valued;
(ii) F(FA) =VI(C,A);
(i1i) VI(C,A) is closed and conver;

(iv) Dy(p, Fz) + Dy(FAz,x) < Dy(p,z), for all p € F(FAz), x € E, provided that
F(FAz) # 0.

6.2 Solutions of Split Equality Hammerstein Type Equation
Problems Involving Uniformly Continuous Monotone Map-
pings in Reflexive Real Banach Spaces

In this section, we introduce an inertial iterative algorithm to approximate solutions of the

split equality Hammerstein type equation problems involving uniformly continuous mappings in

the reflexive real Banach space settings. We discuss its convergence analysis and validate its

appropriateness by providing a numerical example.

6.2.1 Main Results
The following conditions will be used in establishing the convergence results of the method:
(L1) Let X and Y be reflexive real Banach spaces with dual spaces X* and Y™, respectively;

(L2) Let F1: X —» X*, K1: X* = X, Fo: Y - Y* and Ko: Y* — Y be uniformly continuous

monotone mappings;
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(L3) Let Th: X — Z and Si1: Y — Z be bounded linear mappings with adjoints 77" and ST,

respectively, where Z is another reflexive real Banach space;
(L4) Let A ={(u*,p*) € X xY :u* + K1 Fiu* =0, p* + KyFop* = 0 and Thu* = Sip*} # 0;

(L5) Let g X — (—o0,4+00] and h: Y — (—o0,+0o0] be strongly coercive, lower semi-
continuous, strongly convex, bounded and uniformly Fréchet differentiable Legendre func-
tions on bounded subsets with strongly convex conjugates g* and h*. Let the strong

convexity constants of g, ¢*, h and h* be B1, B2, 1 and us, respectively, and let g =
min {p1, p2, B1, B2};

(L6) Let {a,} C (0,1) be such that nl;rglo ayn =0 and Z Q= 00;

n=1

(L7) Let {¢,} be a positive sequence such that ¢, € (0, g) and S — 0 as n — oo.
Qp,

Lemma 6.2.1. Let X be a real normed space with dual X*. Let F: X — X* and K: X* — X be
uniformly continuous mappings. Let E = X x X* be with the norm ||z||% = ||ul% +||v||%~, where
x = (u,v) € E. Then, the mapping A: E — E* defined by Ax = A(u,v) = (Fu—v, Kv+u) is

uniformly continuous.

Proof. Let x, = (tn,vn),Yn = (wn, 2,) € E be such that z, —y, — 0 as n — oo. That is,

Uy — wy, — 0 and v, — 2z, — 0 as n — co. Now,

Az, — Aypl|| = || (Fup — vp, Kvp 4+ uy) — (Fwy — 2, Kz + wy) ||

= || (Fup — Fwp, + 2p, — v, Kvy, — Kz 4 up, — wy) ||
1 (61)
:{||Fun—Fwn+zn—vn||2+||Kvn—Kzn+un—wn||2}2 '
1

< { 1Fun = Puall + 120 = valll® + [1Kvn = Kzll + llun = wall]* } 2.

Since F' and K are uniformly continuous and the norm is a continuous function, taking limit as
n — oo of both sides of (6.1) yields that ||Fu, — Fw,| — 0 and ||Kv, — Kz,|| — 0. Thus, we

have that ||Az, — Ayn|| — 0 as n — oo and hence A is uniformly continuous. O

The following notations will be used in the understated algorithm.

N =

O = {|IVgun — Vgun1[> + Vg0, — Vg v, 1} 2,

N |

@ = {IVhp0 = Thpo | + IV G = VA7 a1 ]2} 2.

Algorithm 6.1.

Initialization: Let up,u1, € X, vo,v1,€ X*, po,p1,€ Y, qo,q1,€ Y*, 0 € [0,1), p € (0,0),
l,v,€ (0,1). Forue X,ve X*, peY and q € Y*, calculate {un}, {vn}, {pn} and {q,} as

follows:
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Step 1: Let the iterates up—1,Up € X, Up—1,Vn € X, Pn_1,0n € Y and gn—1,q, € Y™ be given.
Choose 0,, such that 0 < 6,, < o, where

: Cn ,
0, ———— n+ P,
o — mln{,@n+(1)n , if O+, #0

0 otherwise.

Step 2: Compute
€in = v.g* [VQUn +0n (vgun - Vgun—l)] )

ean = Vg [vy*vn + 60, (VQ*Un - Vg*vn—1)] )
hin = Vh* [Vhp, + 0, (Vhp, — Vhp,_1)],
hon = Vh[Vh*qy, + 0, (Vh*q, — Vh qn-1)] .

Step 3: Compute
Zln = v.g* [v961n - 'VnTl*JZ (Tleln - Slhln)] s

T = VA" [Vhhiy, — 1877z (S1hin — Tie1n)),

where 0 < p < v, < p1 with

Bl Tie1n — S1hin|? }

= min + 1, "
& {p 2 T5 T7(Trern — Sihin)I2 + 157 72(Sihin — Trewn)|?]

forn e Q={m e N:Tiey, — S1him # 0}, otherwise v, = p.
Step 4: Compute
Yin = Vg* [ngln - An(Flzln b e2n)] s (62)

Yon = Vg [VgTean — M (K1ean + 210)] (6.3)
tin = VR* [Vhri, — 0 (Fari, — hop)],
ton, = VR [Vh*hoy, — nn(Kahoy + r12)]

An = Y and 1, = yI™", where j, is the smallest non-negative integer j satisfying

YU (| Fisn; — Fizin + ean — bn, |* + || K1bn, — Kiezn + s, — 210]%]

’ ) (6.4)
<p [Hsnj - Zln” + ||bnj — €2n|| ] )

where Sn; = Vg* [ngln - rYlj(Flzln - eQn)] and bnj = Vg [v9*€2n - 'Ylj(KI(on + Zln)] and
my, s the smallest non-negative integer m satisfying

71m |:||F26n7n - F2T1n + hzn - dnrn ||2 + ||K2dnm - KQhQn + cnm - T1n||2]

S lu Ucnm - TlnHQ + Hdnm - hQnHQ] ’

where ¢, = Vh* [Vhry, — Y™ (Foriy, — hop)] and dy,,, = VR [Vh*hoy — I (Kohoy + 710)]-
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Step 5: Compute
ain = Vg" [Vgyin — M(Fiyin — Fizin + €20 — Yon)) ,

agzn = VQ [VQ*yQH - )\n(Klan — Kieay + Yin — Zln)] 5
kin = VR [Vhtrn, — nn(Fatin — Farig + hon — ton)]
kon, = Vh[Vh*ta, — np(Katon, — Kohoy + tin — m10)] -

Step 6: Compute
Upt+1 = Vg* [aanu +(1— an)v9a1n] )

Unt1 = Vg lanVg v+ (1 — an)Vg ag,],
Prt1 = V™ [, Vhp + (1 — o) Vhkiy],

Gn+1 = Vh[a, VR™ g+ (1 — iy ) VR ko] .

Remark 6.2.1. The proposed problem is a new problem which extends the existing HTEPs to
the more general SEHTEP which encompasses the HTEPs as special cases.

Lemma 6.2.2. Assume that the conditions (L1) — (L7) hold. Then the Armijo line search rules
(6.4) and (6.5) are well defined.
Proof. We consider two cases on z1, and r1,:
Case I. Assume that z1, is a solution of the Hammerstein type equation v+ K1 Fju = 0. That
is, z1p + K1 F1 21, = 0 with eo, = F1z1,. Then, we have
(F1z1n — e2n, K1e2, + 210) = (0,0),

which implies that

Fiz1, — e, =0, (6.6)

and
Kieop + 21, = 0. (6.7)

From (6.6) and (6.7), it follows that (6.4) holds for j = 0.

Case II. Assume that z1, is not a solution of the Hammerstein type equation v + K1 Fiu =0

and assume on the contrary that for all j we have

[HFlsnj — Fz1p + e2n — bnj ”2 + ”Klbnj — Kieopn + Sn; — ZlnH2]
1 (6.8)
> 2 o, = 210l + I, — ezl
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Since Vg* and Vg are continuous, we have

lim Hsn]. — 21p]] = lim ||Vg* [ngln — ylj(Flzln — €2n)] — 21| = 0. (6.9)
]4)00 ]*)OO
Similarly,
lim ||b,, — e2n|| = 0. (6.10)
_]*)OO

Since F; and K are uniformly continuous, we obtain from (6.9) and (6.10) that

lim (|[Fisn, — Fizin + €2n — by, || + | K1bn, — K1ean + sn, — 210]°) = 0. (6.11)

J—00

Combining (6.8) and (6.11), we obtain

. 1% 2 2
]lggo (’W [Hsnj — zin||” + ||bnj — ean| ]) =0,

from which we obtain

n; n bn- - n
lim (2 En ) g (220 g, (6.12)
Jj—00 ’ylj Jj—0o0 ’)/lj
The Lipschitz continuity of Vg together with (6.12) gives
lim < g%n; — V921 )—o. (6.13)
J—00 "}/l]

Since s,,; € X, one can write s,;, = P{Vg* [ngln — Nl (Fr 21 — egn)] and thus we have by
(1.18) that
(Vgzin — 'ylj(Flzln —ean) — Vgsn,,y — sn;) <0, forally € X, (6.14)

which implies that

<ng1n —'Vgsnj

v ,yfsnj>f<F121n762n,yfsnj> <0, forally € X. (6.15)

Taking limit as 7 — oo in (6.15) and using (6.13), we obtain
— lim (Fi21, — €20,y — 55,;) <0, forall y € X. (6.16)
j—o00

Taking y = —J 1(Fi21, — e2n) + sp, in (6.16), we obtain (J7Y(Fiz1n — e2n), F121n — €2) =
| Fiz1n — €2, ||* < 0 which implies that

Fiz1, — eop, = 0. (6.17)

Similarly, we can show that
Kieap + 21, = 0. (6.18)
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Combining (6.17) and (6.18), we get
(F1z1n — €2n, K1e2, + 210) = (0,0), (6.19)

which means that z1, is a solution of the Hammerstein type equation u + K7 Fiu = 0 which is
a contradiction. Thus, (6.4) holds. Considering similar cases on ri,, for each n > 1, it can be

shown that (6.5) holds and hence the proof is complete. O

Theorem 6.2.1. Assume that the conditions (L1) — (L7) hold. Then the sequences {un,} C X,
{on} CX*, {pn} CY and {q,} C Y™ generated by Algorithm 6.1 are bounded.

Proof. We have from Lemma 6.1.2 that F; and K; are maximal monotone mappings. If we
define a norm on E; = X x X* by ||z, = |lull% + [[v]|%-, then we have by Lemma 6.1.3 that
the mapping Ay: Ey — Ej defined by Ajx = (Fiu — v, Kjv + u), where z = (u,v) € Ej, is a
maximal monotone. Similarly, the mapping As: Es — E3 given by Asw = (Fap — q, Kaq + p),
where w = (p,q) € Ey =Y x Y* is a maximal monotone mapping. If we let E3 = Z x Z*
and let T: Ey — FE3, S: Ey — E3 be mappings defined by T' = (71,0) and S = (51,0), then

Algorithm 6.1 can be rewritten as follows:

Initialization: Let xo, 21 € E1, wo, w1 € Es, 0 € [0,1), p € (0,5), l,7,€ (0,1). For z = (u,v) €
Eq and w = (p, q) € Es, calculate (x,,w,) as follows:

Step 1: Given the current iterates x,_1,z, € F1 and w,_1,w, € FEs, choose 0, such that
0 < 6, <86,, where

_ min{@ Gn }, if ©,4+®,#0

9n = ’ G)n + (I)n (620)
0 otherwise,
Step 2: Compute
en =V [V, +0,(Vfr,—Vfr,_1)], (6.21)
hn = Vs* [Vsw, + 0, (Vsw, — Vsw,_1)].
Step 3: Compute
zn =V [Vfen — T Jg, (Ten — Shy)], (6.22)
rn = Vs* [Vshy, — 7S* Jg, (Shy, — Tey)] .
Step 4: Compute
Yn = V[ [V iz — AAr1z,], (6.23)

tn = Vs* [Vsry, —n,Aary],

for A, = vl» and 1, = yI"™, where j, and m,, are the smallest non negative integers j and m
satisfying the relations
V|| Aryn — A1z < )|y — 2n|| and (6.24)

™| Aty — Agryl| < plltn — rall,
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respectively.

Step 5: Compute
an = V|V fyn = An(Arg = Arz)] (6.25)

k, = Vs* [Vstn — nn(Agty, — Agrn)}.

Step 6: Compute
Tni1 = V(1= an)V fan + 0,V fa, (6.26)

Wpy1 = Vs* [(1 — ap)Vsk, + ansz}.

Set n =n + 1 and go to Step 1.

where f: Ey — (—o0,+00] and s: Ey — (—00,+00] are defined by f(u,v) = g(u) + ¢*(v) and
s(p,q) = h(p) + h*(q). The functions f and s are uniformly Fréchet differentiable Legendre
functions which are bounded on bounded subsets of £y and Es. By Lemma 6.1.1, we have that

f and s are strongly coercive and strongly convex with constant (.

Let us denote z,, = (up, v,) and wy, = (pp, gn). Now, let (u*,p*) € A. We recall that 2* = (u*,v*)
solves Ajz = 0 if and only if u* is a solution of the Hammerstein equation v+ K1 Fiu = 0, where

= Fiu*. So, the set of null points of A; is nonempty. Similarly, it can be shown that
the set of null points of A, is nonempty. In addition to this, we have Tyu* = Sip*. Thus,
I = {(z*,w*) € N(A1) x N(Ag) : Tz* = Sw*} is nonempty.

Now, let (Z,w) € II. From Lemma 3.1.9 and (6.26), we obtain that

Df(.i‘, xn+1) = Df (.f}, Vf* (aanas + (1 — an)Vfan) )

(6.27)
< anD¢(2,2) + (1 — on)Ds(2, an).

From (6.25) and Definition 1.2.17, we obtain

Dy (2,an) = Dy (2, V" (Vfyn — A (A1yn — A122)))
= f(&) = (Vfyn = M(A1yn — A120), 2 — an) — f(an)
= f(2) + (Vfyn, an — ) + ((A1yn — A120), & — an) — f(an)
= (@) = (VfYn. @ = yn) — f(Un) + (VfYn: & — yn) + f(n) (6.28)
+{VfYn, an — ) + M (A1yn — A120), % — an) — f(an)
=D& yn) + (VfYns an — yn) + f(yn) — flan) + An(A1yn — A120), 2 — an)
= Dy(Z,yn) — Dy(an, yn) + (An(A1yn — A120), 2 — an).

From (1.16), we have that

D¢(Z,yn) — Dy(an,yn) = D§(Z, 2n) — Df(an, 2n) + (Vfzn = Vfyn, T — an). (6.29)
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Combining (6.28) and (6.29), we obtain

Df (‘%7 an) = Df(‘%a Zn) - Df(aTw ZTL) + <AN<A1yTL - Alzn)a @ - an> + <Vf2’n - vfynai'

From (6.22), (1.21) and (1.22), we have

D¢ (2,2n) = Dy (2, Vf* (Vfen —wT*Jp,(Ten, — Shy)))
<Vi(2,Vfen) — (WmT*Jp,(Ten — Shy), 2n — &)
=Dy (Z,en) — (T Jg,(Ten, — Shy), 2n — ).

Substituting (6.31) into (6.30), we get

D¢ (Z,an) < D¢(2,en) — D¢(an, 2n) + (M(A1yn — A12,),2 — an)
+ (Vfzn = Vfyn, & —an) — (WT Jg,(Ten, — Shy), zn, — T).

From (1.15), we obtain

Df(ana Zn) = Df(ana yn) + Df(yna Zn) - <vfyn —Vfzn, yn — an>-
Combining (6.32) and (6.33), we obtain

Dy (&, an) < Dy (&, en) = Dy(an; yn) = D (yn; 2n)
+ (Vfyn = Vizn, yn — an) + (An(Ar1yn — A125), & — an)
+ (Vfzn = Vfyn, & —an) — (T Jg,(Ten — Shy), zn, — &)
= Dy(2,en) = Dy(an, yn) = Dy(yn, 2n) + (Vfyn = Vf2n, yn — I)
+ M (Aryn — A120), 2 — an) — (W T Ipy(Ten — Shy), 2n — ).

From (6.21) and Definition 1.2.17, we have

Dy (,en) = Dy (2, V" (Vf2n 4 0n(Vfrn = Vfrn_1)))
(Vfzn +0n(V ey — Vizn-1),2 —en) — flen)
(Vfxn, & —en) — (0n(Vfr, —Vfr,_1),& —en) — f(en)
(Vixn, & —an) — flan) + (Vfn, & —xp) + f(zn)
—(Vfan, & —en) = (On(Vfrn — Vfrn_1),& —en) — f(en)

= D¢(Z,zn) + (VfTn,en — zp) + f(x0) — flen)
—(0n(Vfry —Vfr,_1),& —en)

= Dy¢(&,2,) — Dy¢(en,x,) — (On(Vfxy, — Vfr,_1),& —ey).

(@
f@) -
f@) -
f@) -

143

— ap).

(6.30)

(6.31)

(6.32)

(6.33)

(6.34)

(6.35)



Chapter 6. Solutions of Split Equality Hammerstein Type Equation Problems

Substituting (6.35) into (6.34), we obtain

Dy(&,an) < Dg(2,2n) = Dy(an, yn) = Df(Yn, 2n) — Dy (en, zn)

+ (Vfyn = Vfzn,yn — 2) + An(Ar1yn — A120), & — an)

— (0n(Vixy, —Vixn_1),&—en) — (WT Jgs(Ten — Shy), zn — &)
= Dy(2,2n) — Dy(an,yn) = D(yn, 2n) — Dy (en, Tn)

+ (Vfyn = Vzn,yn — &) + (An(A1yn — A120), & — Yn + Yn — an)

—(0n(Vfxy, —Vfrn_1),2 —en) — (T Jp,(Te, — Shy), 2n — )
= Dy(2,2n) = Dy(an,yn) = D (yn, 2n) — Dy(en, Tn)

+ (Vfyn = Vfzn,yn — &) + (An(Ar1yn — A120), & — yn)

+ M (A1yn — A120),Yn — an) — (00 (Vfzy, — Vix,_1),2 —ep)

— (WmT*Jgy(Tey, — Shy,), zn, — &)

(6.36)

= Dy(&,2n) — Dy(an, yn) — Df(Yn, 2n) — Dy(en, zn)
+ M (A1yn — A120),yn — an) — (T Iy (Ten, — Shy), 2, — &)
—(0n(Vfxy, —Vfr,_1),& —en)
— M (A1yn — A120) — (Vfyn — Vzn),yn — ).

Since & € N(A;), we have from (6.23) that
<)\n(A1yn - Alzn) - (nyn - szn) yYn — 'fi'>

= </\nA1yn — (Vfzn = Vifyn) = (Vfyn = V), yn — i)
= (MA1Yn, Yo — 2) >0,

where the last inequality follows by the virtue of monotonicity of A;. Thus, the relation (6.36)

can be simplified to

Df(:i'a an) < Df(i>xn) - Df(ana yn) - Df(yna Zn) - Df(ena$n)
+ <>‘H(A1yn - Alzn)a Yn — an) - <9n(foL‘n - vfxn*1)7 T — €n> (637)
— (WT*Jg,(Ten — Shy), zn, — T).

Moreover, by the Cauchy—Schwarz inequality and Lemma 3.1.10 we have

(On(Vfen =V rn1), & —en) <OV fn = Vrnall|(@ —en) x 1

IN

On, .
"9 fan =V fancal) (15 = eall? +1]

O .
< ?Hmen — Vfx, 1] [2”37 - anQ + 2|z — enH2 + 1]
(6.38)

0y, 4 4
< Evaxn - vfxn—l” BDf(xﬂUn) =+ BDf(emxn) +1

20,, R
= 7“fon = Vfzp1l|Dy(2,2n)
26, On
+ 7val‘n — Vfxn_1||Df(en, xn) + ?Hfon — Vfx, 1]
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Substituting (6.38) into (6.37) and using (6.20) and (6.24) and the Cauchy—Schwarz Inequality,

we obtain
Df(jj? a”) < Df(jja l’n) - Df(anayn) - Df(y'm Zn) - Df(ena wn) + )\n”Alyn - Alan”yn - an”
20, R 20,
+ 7||Vf$n - fon—lan(xa Ty) + FHVfﬂcn - vfxn—l”Df(ena Tn)
0,, . .
+ ?HVf:cn —Vfep_1| — (T Jg,(Ten — Shy,), zn, — )
< Df(j:v Ty) — Df(amyn) - Df(?/m Zn) — Df(ena Tn) 4 pllyn — zallllyn — anl|
20, R 20,
+ FHfon - fon,1||Df(x, Tn) + FHVflin - fon,lﬂDf(en, Tp)
0, . .
+ ?Hfon —Vfep_1| — (mT*Jg,(Ten — Shy,), zn, — &)
< Dy(#,0n) = Dy(ans yn) = Dy(yn: 2n) = Dy(enson) + 5D yns2n) + 5Dy (an, )

20,, . 20,
+ FHfon - fon,1||Df(x, Tn) + FHmen - vflinfl”Df(ena Tp)

0, . .
+ ?Hfon — Vfep_1| = (mT*Jg,(Ten — Shy,), zn, — &)

< Df(ia xn) - Df(amyn) - Df(ym Zn) - Df(ena -Tn) + %Df(yna Zn) + %Df(anayn)
2¢,, N 2C, o " A
+ ng(x,xn) + ng(en, ZTn) + % — (WT*Jgs(Ten — Shy), zn, — T),

that is,

Df(jjvan) < <1+2§n) Df(.f,xn) 5 <1 - 2271) Df(enaxn) r A <1_ g) Df(amyn)

(6.39)
- <1 - g) D (Yn, 2n) + %" — (1T Jg,(Ten — Shy), 2 — &)
Since ¢, € (0, g) and ;i € (0, ) , it follows from (6.39) that
D, an) < <1 + 22”) Dy(#,am) + %” — (T* T, (Ten — Shy), 2n — 2. (6.40)
Substituting (6.39) into (6.27), we obtain that
Dy ms1) < anDy(#,7) + (1 — an) [(1 + 2g"> Dy (i a0) — (1 - 22") Df(en,xn)}
~=an) (1) Dytanen) + (1= 5) Dytomza) - 5] (6.41)

— (1= an)(WT*Jg,(Ten, — Shy), 2z, — T).
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Similarly, we get

Dy(w,wp41) < anDg(w,w) + (1 — o) Kl + 2;”) Dg(w,wy) — (1 - 22") Dg(hn, wn)]

— (1= o) [(1 — g) Dy(kn,ty) + (1 _ g) Dy (b, 1) — C;]
— (1= ) (70 S" gy (Shi — Tey), rn, — ).

(6.42)

Let Q, = D¢(&,2,) + Ds(0,w,) and ¥ = D¢(Z,x) + Ds(w,w). Then, combining (6.41) and
(6.42), we obtain

2;) 0t (1— ),

— (1 — an)Vn(JEs(Ten, — Shy,), Tzp — Sty).

Qi1 < apX+ (1 —ay) <1 +
(6.43)

But,

—(Jgy(Tey, — Shy,), Tzp, — Sty) = —(Jgy(Tey, — Shy,), Ten — Shy)
—(Jgs(Ten, — Shy), Tz, — Tey)
— (Jgy(Tey, — Shy), Shy, — Sty)
= —||Te, — Shy||> = (T*Jg,(Ten — Shy), 2n —e,)  (6.44)
—(S*Jgy(Ten, — Shy), hy, — 0)
< —||Ten — Shall* + [l2n — enll | T* 5, (Ten — Shn) |
+ [|hn = rall1S* T (Ten — Sha)|l.

From the strong convexity of f and the definition of z,, we have

lzn = enll = VT (Vf(en) = T Jgs(Ten — Shn)) = VI (Vf(en)) |

< 21 g, (Tew = Sho)l.
Similarly, the strong convexity of s and the definition of r,, imply that
I — hnl| = [|Vs™ (Vshy, — v0S* gy (Shy — Tey)) — Vs*(Vshy,)|
(6.46)

< %"HS*JE?,(Shn —Tey)].
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Substituting (6.45) and (6.46) into (6.44) and applying the condition on ~,, we get

2
—Yn(JEs(Ten, — Shy), Tzp — Sr) < =y ||Ter, — Shn||2 + %"HT*JES(Ten - Shn)||2

,)/2
+ F”HS*JEB(Shn — Tey,)|?

< —LlTen = Shall* = L[| Ten — Shal?

5 (6.47)
+ 0 {%HT*JEB (Te, — Shn)H2}
B
2
+ 2 IS T, (Shy, — Ten)|?
2B
< _guTen — Sh||.
Let e € (O, g . Since S — 0 as n — oo, there exists a natural number N such that {, < aye
Qp

for all n > N. So, combining (6.47) and (6.43), we obtain

Q1 < apnX+ (1 — ay) <1 + 2C”> Qp+ (1 —an)¢, — (11— an)gHTen — Shy|?

B
<apX+ (1—an)Qn + 26;" Q, +ea,
:|:1_an<1_2‘5>:|9n+an[2+5]
hwfi® V[, g
_[1 an<1 ﬁﬂﬁn—Fan(l 6)[6_2€+/3_2€]
B Be
<max{Qn,5_2€+5_2€}a

for all n > N from which we obtain by the Principle of Mathematical Induction

5
Q, < max{QN, Bﬁ— — Bie}? for all n > N,

which in turn implies that

BY Be
[3—25+,8—25

QngmaX{M,QN, }, for alln > 1,

where M = max {Q1,Q9,...,Qn_1}. Thus, {Q,} is a bounded sequence. This in turn implies
that the sequences {Df(Z,xy)} and {Ds(w,wy)} are bounded. So, by Lemma 3.1.11 we have
that {x,} and {w,} are bounded and hence {u,}, {v,}, {pn} and {g,} are bounded sequences.

O

Theorem 6.2.2. Assume that the conditions (L1) — (L7) hold. Then the sequences {uy}, {vn},
{pn} and {q,} generated by Algorithm 6.1 converge strongly to u, v, p and q, respectively, where
(u,p) € A, v = Fiu and ¢ = Fsp.

Proof. Let II = {(z*,w*) € N(A;) x N(Ag) : Tz* = Sw*}, where Ay, Ag, T and S are defined
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as in the proof of Theorem 6.2.1. Now, let (z,w) = Prjl?(a;,fw), where f = (f,s), r = (u,v),
w=(p,q), = (u,v) and w = (p,q). Then, by (1.18), we have

(Vf, Vsw) — (V i, Vsib), (2,7) — (&) <0, (6.48)
for all (z,7) € II. From (6.26), (1.21), (1.22) and Lemma 3.1.9, we get

Dy(&, xp1) = Dy(&, Vf*(anVfz + (1 — an)V fan))
< Vf(:f:, anVir+(1—ay)Via, —a,(Vfr— Vfa:))
+ap(Vfr —Vf, zp4 — ) (6.49)
=V (:%, a,Vfr+(1- an)Vfan) +an,(Vfx =V, zy41 — )
= Df(i:,Vf* (anVfz+ (1 — an)Vfan)) +an(Vfr —Vfi, vpi1 — ).

We obtain from Lemma 3.1.9, (6.49), (6.40) and the fact Dy(z,2) = 0 that

D¢(2,2n41) < (1 —an) Dy (2,an) + an(Vfr = Vfz, oo — )

<(1—an) [<1 + 22”) Dyl 0) + 2 — (3uT" T (Ten — Sha), 20 — )
+ an(Vz — VfE, oni1 — &)

—(1—ay) <1 + Qg’l) Dy, ) + (1 — an) %" (6.50)
(1= a,) (T Ty (Ten — Shn), 2n — &) + an(V fo — V18, Tyt — &)

< (1= an) Dy(#, ) + 22"1),@(53,%) 4 0

— (1 —a,) (T Jgs(Ten — Shy), 2n — ) + an(Vfr — VI, xpt1 — ).

Since C—n — 0 as n — oo, for every ¢ € (0, g) there exists ng € N such that ¢, < ea,,, for all
On

n > ng. Thus, we obtain from (6.50) for all n > ng that

Cn

2ex .
an(x, Tn) + =

Dy(@,2n41) < (1 — an) Dp(Z, zn) + 9
— (1= apn)(WT*Jpy(Ten — Shy), 2, — ) + an(Vfr — VT, xpy1 — T)

[ 2¢ ] n . .
=|1-ay, <1—;> Df(i,acn)—}—%—i-an(fo—Vfa:, Tpy1 — T)

— (1 =) (T Jgs(Ten, — Shy), 2, — ),

anCn
2au,

IN

_ 5\ T
1—ap, (1 — ;) Dg(z,xn) + an||Vfr — VfZ||[|xns1 — zn|| +

+an(Vfr =V ft, v, —z) — (1 — an) (T Jg,(Ten — Shy), zn — T),

148



Chapter 6. Solutions of Split Equality Hammerstein Type Equation Problems

and thus

Dy(#,ams) < [1 ~an (1 - 2;)] Dy an) — (1 — ) (yT" Ty (Ten — Sha), 2o — &)

2e /Bva$—Vf¢%”H$n+l_an
““”(1_/3)[ B2 }

L 5( f.%'— fi’-’g;n_j» 5@1 (6.51)
+O‘”<1 5)[ 58— 2 +(25—45)a]

= [1 — ap (1 — 2;)] Dy(z,2,) + an <1 - 2;) A,
— (1= a,)(WT" g, (Ten — Shy), 2n — ),

where

= [V 2T s il | UV S Vi) B ),

B — 2 B —2e +(26—4€)a

Similarly, we obtain

Dy (th, wp11) < [1 e (1 - 2;)] Dy (th, wn) + an (1 _ 2;) T,

— (1=, ){(nS*Jgs(Shy — Tep), ry — W),

(6.52)

where

o BHV‘SU} - vSﬁ)“”'wnJrl — wn” ﬁ<sz — Vs, wy, — ’tb) BCn
T"_{ B — 2 g B — 2 +(2545)a}

Denote ¥* = D¢(&,z) + Ds(w, w) and ), = D¢(Z, ) + Ds(w, wy,). Now, combining (6.51) and
(6.52) and using the relation (6.47), we obtain

tn = 1o (1= %) an (12 %) (a1 - (- e T, - St

<[1—an<1—2;>}ﬂ*+an<l—2;)(A 1), (6.53)

Adding the relations (6.41) and (6.42) with & = £ and @ = w and using (6.47), we obtain after

rearranging terms that

2
(1 —aw) <1—Cn> D¢(en, zn) + (1 — ap) <1_,u> D¢ (an,yn)

B
2Cn
+(1—ay) (1 — > D¢ (yn,2n) + (1 — an) <1 5 > s (P, W)
1
(1= an) (1 - ) Dy(kn, tn) + <1 B) s(tns )
+g||Ten — Shp|? < — Qi +ap [E - <,6’ - 1> QF + i”} : (6.54)

For the rest of the proof, we consider two cases on the sequence {Q}}.
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Case I. Suppose that the sequence {Q2}} is nonincreasing. It then follows from the Monotone

Convergence Theorem that {Q}} is convergent and thus lim (€}, — Q5 ;) = 0. Taking limit
n—o0

on both sides of (6.54) we obtain

lim || Ten — Shy|| = 0. (6.55)
n—oo

We also obtain using Lemma 3.1.13 and the condition on «,, that

lim |le, — zn|| = lim |lap —yu|l = lim ||y, — 2. =0, (6.56)
n—o0 n—oo n—oo

and
lim ||h, —wy| = lim ||k, —t,]| = lUm ||t, — r,|| = 0. (6.57)

From (6.22) and (6.55), we obtain

IV f2n = Vel = vl T Jgy,(Ten — Shy)|l
< (p+ DT Jg,(Ten — Shy)||
< (p+ DT JEs(Ten — Shy)|| — 0 as n — oo,

which together with the uniform continuity of V f* implies that

lim ||z, —ey|| = 0. (6.58)

n—oo

From (6.26) and the condition on «ay,, we have

li_}In \Vfxpi1 — Via,| = h_}m lonVfx + (1 —an)Vfa, — Vfa,|

(6.59)
= lim a,||Vfzr—Vfa,| =0.
n—oo
From (6.59) and the uniform continuity of V f*, we obtain
lim [|zp41 — anl = 0. (6.60)
n—oo
Consequently, from (6.56), (6.58) and (6.60), we obtain
201 = Znll < [Jznt1 = anll + llan = ynll + [lyn — 20l (6.61)
+ |lzn —enll + llen — zn|| = 0 as n — .
Similarly,
lim ||wp+1 —wy|| = 0. (6.62)
n—oo

Since {(xy,wy)} is bounded in E; x Ey and E; x E is reflexive, there exists a subsequence

{(xn,,wn,)} of {(xn,wy)} and an element (Z,w) of Ey x Ey such that (zp,,w,,) — (Z,w) and

limsup((V fz, Vsw) — (Vfz,Vsw), (xn, w,) — (,w))
n—oo 6.63
lim ((Vfz,Vsw) — (Vfz, Vsw), (Tn,, wn,) — (T, 0)). ( )

o k—o0
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Moreover, we have z,, — & and w,, — w. Now, we show that (Z,w) € II. From the definition

of y,, we have y,, =V f* (szn,C — )\nkAlznk), and hence

1
)\—(szn,c =V fUnp, @ — Yny) < (A12n,, ¢ — yn,) for all z € Ey,

Nk

which implies that

1
A—(sznk =V Unir @ — Yny) + (A12nps Yny, — 2np) < (A12n,, @ — 2p,,) for all z € Eq. (6.64)

Nk

Now, we show that likm inf(A12p,,x — 2zp,) > 0. To show this, we consider two possible cases.
—00

Suppose first that likm inf A\, > 0. Since A; is uniformly continuous we have that {A4;z,, } is
— 00

bounded. Taking limit of (6.64) as k — oo and since zy,, —yn, — 0 we obtain lign inf(Azp,,x —
—00
Zn,) > 0. Now we assume that ligninf Any, = 0. Take wp, = Vf* [V 2z, — Ap, I A12,,]. Note
—00
that )\nkl_l > Ap,. Thus we obtain by Lemma 3.3.1 that

1
|2n, — Wi, |l < IHan — Yn, || = 0ask — oo. (6.65)
As a result, we obtain w,, — & € E;. This implies by the uniform continuity of A; that
kli)ngo |A12n, — Aiwy, || = 0. (6.66)
By the Armijo line search rule, we have

Al ™M A1z, — A1 (VS (V20 = Ml Avza,)|
> pllzm, = VI (Y F2m, = Med " Arza)l,

that is,

||an — w”k”

1
;HAlznk — Ay, || > Al L

(6.67)

Combining (6.66) and (6.67), we obtain lim lzne = il

] N1 0. Furthermore, we have
—00 n

(Vfzn, — )\nklflAlznk — Vfwp,,x —wp,) <0, forall z € Ey,

and this implies that

1
ﬁ<vf’2nk - Vfwnk,x - wnk> + <Alznk7wnk - an>
ng (6.68)

<(Aizp,,x — zp,) < (A1, — 2y, ), for all x € E;.

Taking limit inferior as k — oo in (6.68) we get lign inf(Ayzp, ,x — zn,) > 0. As a consequence,
—00
we get likI:l’l inf(A1z,z — 2zp,) = (A1x,x — ) > 0, for all z € Ey, or equivalently (42,2 —Z) > 0,
—00

for all x € Ey and thus, we obtain that # € A7'(0). Similarly, we have @ € A5(0).
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Moreover, by Lemma 3.1, we have

| Tz — Sw||? = || Ten, — Shn, + TF — Tep, + Shy, — S|

(6.69)
< ||Ten,, — Shn,||* + 2(Jg,(TE — Sw), T# — Ten, + Shy, — Sw).

From (6.56) and (6.57), we have that e,, — Z and h,, — w. Since T" and S are bounded
linear mappings, they are sequentially weakly continuous and hence we have T'e,, — T'Z and
Shy, — Sw. Thus, we obtain from (6.55) and (6.69) that Tz = Sw. Therefore, (Z,w) € II.

By (1.14), we have

lim Sup((Vf.%’, VSU]) - (Vf'%a vsuo})v ('rn, wn) - (£7 UO))>

n—oo

= kli_}rn (Vfx,Vsw)— (Vf,Vsw), (xp,,wn,) — (&,W)) (6.70)
= ((Vf.l‘, vsw) - (vfi'a VSIZ/), (Zi’,’LT}) - (%aﬁ)» <0.
From (6.53), (6.61), (6.62), (6.63), (6.70) and Lemma 3.1.6, we obtain

Jim, % =0,

which implies that li_>m D¢(z,2,) = li_>m D4(w,wy) = 0 and hence we obtain, by Lemma 3.1.13,
n—oo n—oo
that ||z, — z|| = 0 as n — oo. Therefore, lim x, = lim (u,,v,) = (4,0) = &, where @ is a
n—oo n—oo
solution of the Hammerstein equation v + K1 Fiu = 0 with ¢ = Fju. Similarly, li_>m Wy, =
n—oo

lim (pp,qn) = (p,q) = w, where p is a solution of the Hammerstein equation p + Ko Fop = 0
n—oo

with (j = Fgﬁ

Case II. Suppose now that there exists a subsequence {2}, } of {Q} such that Q} < QF |,
for all ¢ > 0. Then by Lemma 3.1.7, there exists a nondecreasing sequence {my} of positive

integers such that m; — oo as k — oo and

D < Q1 and Qp < QP . (6.71)
We obtain from (6.54) that
2Cm 7
(1= ) (1= 225 ) Dytemstm) + (1 =) (1= ) Dslam i)
+(1—am,) (1- B D¢ (Ymy» 2my,) + (1 — ) (1= 7 Dy(hany, s Winy,)
1- 1-2) Dok 1- 1-2)p
2 m
+gHT€mk — Shom, |I? < D — Qi1 + oy, [E* + (; - 1) O, + i ’“} . (6.72)
mp

Taking limit as k — oo of (6.72), making use of (6.71) and the assumptions on oy, and Gy, ,

we obtain that
lim ||Ten, — Shm,| =0. (6.73)

k—o00
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Following similar steps as in Case I, we obtain that

Hm [T, 41 — Tmy, || = 0= lim ||wp, 41 — Wi, || and limsup(A,,, + Ty, ) < 0. (6.74)
k—ro0 k—ro0 k—00

From (6.53) and (6.71), we obtain that

2e N N N 2e
(1 - B) ka < ka - ka+1 + Qmy, (1 - B) (Amk + ka)

< Qmy, (1 - ?‘5) (Amk + ka)

that is, Q5 < Ap, + Ty, This implies by (6.74) that klim Q;S@k = 0, which in turn implies
— 00
by (6.53) that lim Qy ., = 0. Thus, it follows from (6.71) that lim Qj = 0. Therefore,
k—o00 k k—00
lim T = lim (uk,vk) = (u,v) = Z, where ¢ is a solution of v + K1 Fiu = 0 with v = Fya.
Slmllarly, hm Wy, = khm (pk,qr) = (p,q) = w, where p is a solution of p + KoFyp = 0 with
—
q = Fop. Thus the proof is complete. O

If, in Theorem 6.2.2, we assume that Fy, F», K7 and Ky are Lipschitz continuous monotone

mappings, then we obtain the following corollary.

Corollary 6.2.1. Assume that the conditions (L1),(L3) — (L7) hold. If Fi: X — X*, Kj:
X* = X, F:' Y =5 Y* Ky: Y* =Y are Lipschitz continuous monotone mappings, then the
sequences {un}, {vn}, {pn} and {qn} generated by Algorithm 6.1 converge strongly to u*, v*, p*
and q*, respectively, where (u*,p*) € A with v* = Fiu* and ¢* = Fyp*.

Proof. As every Lipschitz continuous mapping is uniformly continuous, the result follows from
Theorem 6.2.2. ]

1
If we assume g(x) = §||$H2 in Theorem 6.2.2, then Vg = J and Vg* = J~!. Thus, we get the

following corollary.

Corollary 6.2.2. Assume that the conditions (L1) — (L4),(L6), (L7) are satisfied. Then, the
sequences {un}, {vn}, {pn} and {g,} generated by Algorithm 6.1, with Vg = J and Vg* = J 1,
converge strongly to u*, v*, p* and ¢*, respectively, where (u*,p*) € A with v* = Fiu* and
q" = Fyp*.

If we assume that X,Y and Z are real Hilbert spaces and g(x) = %Hx”? and h(y) = %Hy”2 in
Theorem 6.2.2, then Vg = Jx = Ix, Vg* = Jyt = Ix+, Vh = Jy = Iy and Vh* = J;;! = Iy~

and hence we obtain the following corollary.

Corollary 6.2.3. Let X,Y and Z be real Hilbert spaces and assume that the conditions (L2) —
(L4),(L6), (L7) are satisfied. Then the sequences {un}, {vn}, {pn} and {q.} generated by
Algorithm 6.1, with Vg = Ix, Vg* = Ix~, Vh = Iy and Vh* = Iy«, converge strongly to u*,
v*, p* and q*, respectively, where (u*,p*) € A with v* = Fiu* and ¢* = Fap*.
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6.2.2 Some Theoretical Applications

This section deals with applications of the main result to specific cases.

Common Solutions of Hammerstein Type Equation Problems

If we consider X =Y = Z and T3 = S; = Ix in Algorithm 6.1, then SEHTEP reduces to
common solutions of the Hammerstein type equation problem, which is defined as finding two
points u,p € X such that u + K1 Fiu =0, p+ KoFsp =0 and u = p.

Denote I' = {(u,p) € X X X : u+ K1 Fiu=0,p+ KoFop = 0 and u = p}.

Corollary 6.2.4. Assume that conditions (L1), (L2) and (L5)—(L7), with X =Y = Z hold. If
I' # 0, then the sequences {un}, {vn}, {pn} and {q.} generated by Algorithm 6.1 with Ty = Ix
converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) € T' with v* = Fiu* and
q" = Fop*.

Corollary 6.2.5. Assume that conditions (L1) and (L5) — (L7), with X =Y = Z, hold. Let
Fi: X > X Ki: X*—> X, Fo: X —» X*, Ko: X* — X be Lipschitz continuous monotone
mappings. Assume that T' # (. Then the sequences {un}, {vn}, {pn} and {q,} generated by
Algorithm 6.1 with T1 = S1 = Ix converge strongly to u*, v*, p* and q*, respectively, where
(u*,p*) € T" with v* = Fiu* and ¢* = Fap*.

Split Hammerstein Type Equation Problems

If we take Y = Z and S7 = Iy in Algorithm 6.1, then the SEHTEP reduces to split Hammerstein
type equation problem which seeks to find two points u € X and p € Y such that v + Ky Fiu =
0, p+ K2F2p =0 and Thu = p.

Denote T = {(u,p) € X XY :u+ K1Fiu =0, p+ KoFop = 0 and Thu = p}.

Corollary 6.2.6. Assume that conditions (L1)—(L3) and (15)—(L7) hold withY = Z, S; = Iy.
Let T* # (0. Then the sequences {un}, {vn}, {pn} and {q,} generated by Algorithm 6.1 converge
strongly to u*, v*, p* and q¢*, respectively, where (u*,p*) € I'* with v* = Flu* and ¢* = Fap*.
Corollary 6.2.7. Assume that conditions (L1),(L3) and (L5) — (L7) withY = Z and S1 = Iy
hold. Let F1: X — X* Ki: X* - X, Fo:' Y = Y* Ko: Y* = Y be Lipschitz continuous
monotone mappings and I'* # 0. Then, the sequences {un}, {vn}, {pn} and {g.} generated
by Algorithm 6.1 converge strongly to u*, v*, p* and ¢*, respectively, where (u*,p*) € I'* with
v* = Flu* and qF = Fop*.

Hammerstein Type Equation Problems

Ifwetake X =Y =2, F=F, =F, K =Ky = Ky, T =51 = 0 in Algorithm 6.1, then
the SEHTEP reduces to Hammerstein type equation problem which seeks to find a point u € X
such that u + KFu = 0. Denote ¥ ={u € X : u+ KFu = 0}.

Corollary 6.2.8. Let X be a reflexive real Banach space with its dual X*. Let F: X — X*
and K: X* — X be uniformly continuous monotone mappings. Assume that U # (). Let g:

154



Chapter 6. Solutions of Split Equality Hammerstein Type Equation Problems

X — (—o0,400] be a strongly coercive, lower semi-continuous, strongly convex, bounded and
uniformly Fréchet differentiable Legendre function on bounded subsets of X with strongly convez
conjugate g*. Let the strong convexity constants of g and g* be B1 and B2, respectively, and let
B = min{Bi, f2}. If conditions (L6) — (L7), hold, then the sequence {(un,vn)} generated by
Algorithm 6.1, with X =Y =Z, F = F, = F,, K = K1 = Ky and Ty = 51 = 0, converges

strongly to (u*,v*), where uv* € ¥ and v* = Fu*.

6.2.3 Numerical Example

In this section, we give examples of uniformly continuous monotone mappings which satisfy
the conditions of Theorem 6.2.2. A numerical experiment is also provided to illustrate the
applicability of the algorithm.

Example 6.2.1. Let X =Y = Z = L3([0,1]), where 1 < p < oo with the norm |lz||z, =
1

D 1
(fol |x(t)|pdt)p and g,h: X — (—o0,400] be defined by g(x) = h(x) = 5||x\|p Then, X* =
1 1
Y*=27"= LI}}([O, 1]), where ]; + 5 =1.

Let Fy, Fp: X — X* and Ky, Ko: X* — X be defined by (Fiu)(t) = 2Vgu(t) = 2Jyu(t),
(Fop)(t) = 3Vg*p(t) = SJIjlp(t), (Kqv)(t) = Vho(t) — 2 = Jpo(t) — 2 and (Kaq)(t) = Vh*q(t) +
1=J,qt)+1.

One can show that Fi, K1, Fy and Ko are uniformly continuous monotone mappings and the
2 -1
functions u*(t) = 3 and p*(t) = - are solutions of the equations u(t) + KiFiu(t) = 0 and
p(t) + Ko Fop(t) = 0, respectively. Now, define Ty: X — Z and S1: Y — Z by
—4

(T = yu(t) and (S0 = () o)

2 1 -1
Clearly, Ty and Sy are bounded linear mappings with T4 <3> =3= S1 <4> Therefore,

(u (), p* () = (g;) €=

{(u*,p*) € X xY :u* + K1 Fiu* = 0,p* + Ko Fop* = 0 and Tyu* = S1p*}.

1
For simplicity of the computation, we take p = 2 so that g(x) = h(z) = §||a:|]2 and hence
Vgr = Vg*'x = Jx = Iz = x and Vhe = Vh*x = Jxr = Ix = x, where I is the identity
mapping on L5 ([0,1]). Then, the mappings Fy, K1, Fy and Ky reduce to (Fiu)(t) = 2u(t),

(K10)(t) = v(t) — 2, (Fap)(t) = 3p(t) and (Ksq)(t) = q(t) + 1. If we take G, = njmoo an =
1

7 £ 100000° p=0.3,andy=0.7u=1,0v=0.5,p=0.54¢=1, then the conditions (L1) — (LT7)
are satisfied and the numerical MATLAB experiments shown below indicate that the sequence
{dn} = {(un,pn)} generated by Algorithm 6.1 converges strongly to a solution (u*,p*) of SE-
HTEP with fized initial point (ui,v1,p1,q1) = (1,0,1,0), different values of the inertial param-

eter 0, and different choices of the parameters | and B as it is shown in the figures below.
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Figure 6.1: Convergence of the sequence for different values of the parameter I.
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Figure 6.2: Convergence of the sequence for different values of the strong convexity constant 5.
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Figure 6.3: Convergence of the sequence for different values of the inertial parameter 6,
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Remark 6.2.2. Figure 6.1 reveals that the convergence of the method gets faster asl gets closer
to zero while all other parameters and initial points are kept fixed. We also observe, from Figure
6.2, that the convergence of the method gets faster as the strong convexity constant, 3, of f
gets closer to 1 keeping all other parameters and the initial point fixed. From Figure 6.3, we
observe that the rate of convergence of the method with inertial algorithm is faster than that of

the non-inertial version.

6.3 Inertial Method for Solving Split Equality Hammerstein
Type Equation Problems Involving Continuous Monotone

Mappings in Reflexive Real Banach Spaces

In this section, we approximate a solution of the split equality Hammerstein type equation
problem involving continuous monotone mappings in reflexive real Banach spaces. We first
construct an iterative algorithm and discuss its strong convergence analysis. Finally, we provide

numerical examples to demonstrate its efficiency.

6.3.1 Main Results
The following conditions will be assumed to establish the convergence results of our method:

(M1) Let Eq, E> and E3 be reflexive real Banach spaces with dual spaces Ef, E5 and E3,

respectively;

(M2) Let F\: By — EY, Ki: Ef — E1, F5: Ey — Ej and K»: E5 — E3 be continuous monotone
mappings;

(M3) Let Th: Ey — E3 and Si: Ey — E3 be bounded linear mappings with adjoints 77 and S7,

respectively;
(M4) Let II = {(u,p) € E1 X By : u+ K1 Fiu=0,p+ KoFyp = 0 and Thu = Sip} # 0;

(M5) Let g: Ey — (—o0,+0o0] and h: Ey — (—o0,+00] be strongly coercive, lower semi-
continuous, strongly convex, bounded and uniformly Fréchet differentiable Legendre func-
tions on bounded subsets with strongly convex conjugates g* and h*, respectively. Let the

strong convexity constants of g, ¢*, h and h* be ui, uo, 51 and [Bo, respectively, and let
p=min {1, p2, B1, Ba};

oo
(M6) Let {a,} C (0,1) be such that lim «, =0 and Z ay, = 00;
n—oo

n=1

(M7) Let {n,} be a positive sequence such that n, € <0, %) and ™ — 0 as n — .
Qnp

First, we prove the following Lemmas that will be used in the sequel.

Lemma 6.3.1. Let E be a reflexive real Banach space with dual E* and let F: E — E* and K:
E* — E be continuous monotone mappings. Let X = E x E* with norm ||z||% = ||ul% + ||v]|%.,
where x = (u,v) € X. Then the mapping A: X — X* defined by Ax = (Fu— v, Kv+u) is

continuous monotone.
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Proof. The continuity of A readily follows from the continuity of F' and K. It remains to show
that A is monotone. We recall that for z = (z1,22) € X and z* = (27,25) € X*, we have
(z,2%) = (21, 2]) + (22, 23). If we now take z1,z9 € X, with 1 = (u1,v1) and x2 = (ug, v2), then

we obtain from the monotonicity of F' and K that

<AJ)1 — Al‘Q,ZL‘l — 1‘2> Fuy — vl,Kvl + ul) — (F’LLQ — UQ,K’UQ + UQ), (ul,vl) — (UQ,U2)>

=((
= ((Fuy — Fug + vo — v1, Kvy — Kvg + uy — ug), (u1 — ug,v1 — v2))
= (Fu; — Fug — (v1 — v2),u1 — ug) + (Kv; — Kvg + (u1 — u2),v1 — v2)
= (Fuy; — Fug,uy — ug) — (v — v, u1 — ug)

+ (Kv1 — Kvg,v1 — v2) + (u1 — ug,v1 — v2)

>0

)

Thus, A is monotone mapping. O

Lemma 6.3.2. Let E be a reflexive real Banach space with dual E*. Let F: E — E* and K:
E* — E be continuous monotone mappings and let g: E — (—o00,400] be a Legendre function
with Fénchel conjugate g*. Then, for any r > 0 and (z,y) € X = Ex E*, there exists (w,z) € X
such that

1 1
(Fw—z,u —w) + (Kz 4+ w,v — 2) +;<ng—Vgx,u—w)+ ;(Vg*z—Vg*y,v—z) >0,
for all (u,v) € X.

Proof. For a = (a1,a2) € X, define f: X — (—o0,+0o0] by f(a) = g(a1) + ¢*(az2) . Then, X is
a reflexive Banach space and f is a Legendre function with Vf = (Vg,Vg*). Now, define A:
X — X* by A(p,q) = (Fp—q,Kq+ p). Then, we have by Lemma 6.3.1 that A is continuous
monotone. Thus, we have by Lemma 6.1.4, that for any (x,y) € X and r > 0, there exists a
unique (w, z) € X such that
1
(A(w, 2), (u,v) — (w, 2)) + ;<Vf(w,z) - Vi(z,y), (u,v) — (w,z)> >0, for all (u,v) € X
= (Fw -z Kz+w), (u,v) — (w, 2))
1
+ ;<(ng, Vg z) — (Vgz,Vg*y), (u,v) — (w, z)> >0, for all (u,v) € X
= (Fw—z Kz+w), (u—w,v—2))
1
+ ;<(ng — Vgx,Vg*z —Vg*y), (u—w,v — z)> >0, for all (u,v) € X
1
= (Fw—z,u—w)+ (Kz+w,v—2z)+ ;<ng — Vgz,u— w>

1
+ 7<Vg*z —Vg'y,v — z> >0, for all (u,v) € X,
r

and hence the proof is complete. O
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We will use notation
1
FIK(z,y) = {(w,z) €eX:(Fw—zu—w)+ (Kz+w,v—2z)+ 7<ng—Vgac,u—w>
r
1 * *
+*<Vg z—Vyg y,vfz> 20},
r

for all (u,v) € X, in the implementation of the undermentioned algorithm. We notice here that
the existence and uniqueness of FI'¥(x,7) are guaranteed by Lemma 6.3.2 and Lemma 6.1.4,

respectively.

Algorithm 6.2.

Initialization: Let up,u1 € Ei, vo,v1 € EY, po,p1 € Ea, qo,q1 € E5 and 0 € [0,1) be given.
For arbitrary w € E1, v € EY, p € Ey and q € Ej, compute {un}, {vn}, {pn} and {gn} as

follows:

Step 1: Given the iterates up—1,un € E1, vn_1,v, € E}, Dn—1,pn € E2 and qun—1,qn € E3,
choose 6, such that 0 < 0,, < ~y,, where

O, + ¢,
0, otherwise,

min{e,””}, if On+ By £ O;
Tn =

where
1
0, = {HVgun — Vgun_1|* + |Vg*v, — Vg*vn_ll\Q} 2 and
1
o, — {HVhpn — Vhpn_1|? + V¥ g — Vh*qn_1||2} 2.

Step 2: Compute
ain = Vg* [v.qun + 6n, (Vgun - vgun—l)} ’

asn, = Vg [Vg v, + 0, (Vg v, — Vg u,—1)],
bln =Vh* [Vhpn + 9n (Vhpn - Vhpn_l)] 5
ban, = VR [Vh*q, + 0, (VR ¢, — Vh*qn—1)].

Step 3: Compute
cin = V9" [Vgarn — 0,11 Jg; (Tra1n — S1b1n)],

dln = Vh* [Vhbln — JnSTJEg (Slbln — Tlaln)] s

where 0 < p < oy, < p,, with

pl|Tiars, — Sibin|)? }

n, = Min + 1, " -
P {p 2(||T Ty (Trarn — Sibin) |2 + 15 T, (Sibin — Tiarn)|?]

forne M ={m € N:Tiayy, — Sibim # 0}, otherwise o, = p.
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Step 4: Compute

(el’rh 6277,) -l 7 1o (ClTL’ a2n)a
n

(wlnanTL) }7" 2 2(d1n762n)a
n

where Ty, C [h1,00), for some hy > 0, and for alln > 1.
Step 5: Compute
Up+1 = VgG* [aanu + (1 - an)vaeln] )

Unt1 = Vg [anVg v+ (1 — an)VgTea],
Pnt1 = VR* [0, Vhp + (1 — ay,) Vhwiy] ,
Gn+1 = Vh[an, VR *q + (1 — ay,) VR wa,] .

Setn=n+1 and go to Step 1.

Remark 6.3.1. We remark here that the underlying mappings in our algorithm are continuous

monotone mappings which are more general than the mappings considered in the literature.

Theorem 6.3.1. Assume that conditions (M1) — (M7) hold. Then, the sequences {u,} C E1,
{vn} C Ef, {pn} C E2 and {q,} C E3 generated by Algorithm 6.2 are bounded.

Proof. Let X = E; x Ef and © = (u,v) € X. Now, define a norm on X by |z|3% =
||u||2E1 + ||v] %T’ then we have by Lemma 6.1.3 that the mapping A;: X — X* defined by
At = (Fity — to, Kito + t1), where t = (t1,12) € X, is maximal monotone. Similarly, the map-

ping As: Y — Y™ given by Asz = (Fhzy — 22, Kozo + 21), where z = (z1,22) € Y = Ey x EJ,
is maximal monotone. Let Z = E3 x B and T': X — Z, S :Y — Z be mappings defined by
T = (T1,0) and S = (S51,0). Then, T and S are bounded linear mappings and Algorithm 6.2

can be rewritten as follows:

Initialization: Let o = (uo,v0),21 = (u1,v1) € X and yo = (po,q), 11 = (p1,@1) € Y,
and @ € [07 1) For =z = (U,U) S X and Yy = (p7q) c Y'7 Compute {xn} _ {(un,vn)} and
{yn} = {(Pn,qn)} as follows:

Step 1: Given the iterates z,_1,x, € X and y,_1,yn € Y, choose 60, such that 0 < 8, < ~,,

where
. Tin .
07 ~ | = 9 @n (bn O,
Yo = mm{ Oy + <I>n} if o 7 (6.75)
0, otherwise,
where
On = [V fizy — V fizy—1| and @, = ||V fayn — V foyn-1]|-
Step 2: Compute
an = vfik [vflxn + 0, (vflxn - vflxn—l)] 5 (676)
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bn = VI35 [V fayn + 00 (V foyn — V foyn—1)].

Step 3: Compute
cn =V [Vfian — 0, T"Jz (Ta, — Sby)], (6.77)

dn = V f5 [V fobp — 0,5%J 5 (Sby — Tan)] .

where 0 < p < 0y, < pp, With

N”Tan_SanQ }

n — i + 17
P = m {” 2T T7(Tan — Sba)2 + 5% T2 (Sbn — Tay)|?]

forne M ={m e N:Ta,, — Sb,, # 0}, otherwise o,, = p.

Step 4: Compute
en = F;ilcn, (6.78)
wy, = F2d,,

where Féi = Fiji, for i = 1,2, and r, C [h1,00), for some hy > 0 for all n > 1.

Step 5: Compute
Tp+1 = fo [Oéanl.T + (1 - an)vflen]a (679)

Yn+1 = va* [anvfﬂ/ + (1 - an)vaU)n]a

where fi: X — (—o00,400] and fa: ¥ — (—o00, +00] are defined by fi(u,v) = g(u) + ¢*(v) and
f2(p,q) = h(p) + h*(q). Note that x, = (upn,vn), Yn = (Pn,qn), and f; and fo are uniformly
Fréchet differentiable Legendre functions which are bounded on bounded subsets of X and Y,
respectively. By Lemma 6.1.1, we have that f; and fy are strongly coercive and strongly convex

with common constant p.

Since II # (), take any (u*, p*) € II. We have that u* is a solution of the equation u+ Kj Fiu = 0
with v* = Fju* if and only if 2* = (u*, v*) is a solution of the equation Ajx = 0. Thus, the set
of null points of A;, N(A;1), is nonempty. Similarly, it can be shown that the set of null points
of Ay is nonempty. As (z*,y*) € A = {(z,y) € N(41) x N(A2) : Tx = Sy}, A is nonempty.
From (6.79) and Lemma 3.1.9, we have

Dy, (2%, #n1) = Dpy (27, VI (@nV fiz + (1 — an)V fren))

(6.80)
< apDy (2", 2) + (1 — an)Dyg (2%, en).
From (6.78) and part (iv) of Lemma 6.1.4, we obtain
Dy (2%, en) < Dy (2%, cn) — Dy, (€, cn). (6.81)
Substituting (6.81) into (6.80), we obtain
Dfl (x*7$n+1) < aanl ($*,l’) +(1—an) [Dfl (x*7 Cn) — Dfl (emcn)] (6.82)

< anDy (2", 2) + (1 — an) Dy, (27, ¢n).
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From (6.77), (1.21) and (1.22), we obtain

Dy, (2%, ¢en) = Dy, (2", V1 (Vfian — 0T Jz(Tay — Sby)))
= Vfl (.Z'*, vflan - UnT*JZ(Tan - Sbn))

(6.83)
< Vy (2", Vfian) — (0, T* Jz(Tan — Sby), cn — z*)
= Dy, (2%, an) — (onT"Jz(Tan — Sby), cp — x*).
Moreover, we have from (6.76) and Definition 1.2.17 that
Dfl ($*> an) = Df1 (:U*’ fo (Vflxn + en(vfll'n - vfll'nfl)))
= fl(:E*) - <Vf1$n + gn(vflxn - vfll'nfl)a xz* — an> - fl(an)
- fl( ) <vf1$na T — an> - <0n(vf1$n - Vf1$n,1),33* - an> - fl(an)
_fl( ) <Vf1113n,$*—ﬂfn> _fl(xn)+<vfl$n7$*_xn>+f1(xn) (6 84)
<vf1$nu an> - <6n(vflxn - vflxn—l),i* - an> - fl (an) ‘
= Df1(x s Tn) +(V f1xn, an — 20) + f1(zn) — fi(an)
- <9n(vf1xn - vflwn—l)a z* — an>
= Dy (", 2n) — Dg (an, xn) — (On(V frz, — V fizp_1), 2" — an).
Thus, we have from (6.83) and (6.84) that
Dy, (2%, ¢n) < Dy (2%, 2n) — Dy (s Tn) — (On(V iz, — Viizp—1), 2" — ap) (6.85)

— (02T Jz(Tay, — Sby), cp, — ™).
Substituting (6.85) into (6.82), we get

Dfl (x*vxn-i-l) < aanl (x*,w) + (1 - an)Dfl (w*,xn) - (1 - an)Dfl (anvwn)
— (1 = apn)(On(V fizy, — Vfiz,_1),2" — ayp) (6.86)
— (1 = ap){(onT*Jz(Tay, — Sby), cn — z*).

Moreover, by the Cauchy—Schwarz Inequality, (3.1.10) and the property of 7,,, we have

_<9n(vf1xn - Vflxn—l)a xz* — an)
< OullV frzn — V fizp 2™ — aq|
= 0|V frzn — V frzn 1| (2" — an) x 1|

< élHVfl:En - Vfizn—1] [||x* - an” + 1]

_ %”Vflxn Vi [l = @+ 20 — an|® + 1]

< %vaﬂn — Vfizn-1]] [2 z* —:Un||2+2||$n *an||2+1]
SEnHVfll’n—vfla:n 1] inl(:c*,xn)—i-inl(an,mn)—i-l )
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that is,
) 20, .
_<9n(vf1$n - vflmnfl)yx - an> < Tnvfll'n - vfll'nflanl (JT 733n)

20,
+ Tvall‘n - vflvfnleDfl (an> mn)

p (6.87)
+ EnHVfll“n = Vfizp-1||
21 * 21 TIn
< —D¢ (%, 2p) + —Dy (an, Tn) + —.
[ il ) 7 il ) 9
Substituting (6.87) into (6.86), we obtain
Dy (2%, 2n41) < oDy (2%, 2) + (1 — o) Dy, (27, 2) — (1 — ) Dy, (an, n)
27771 * 27771 n
1-— n —D y I —D ny4n o
=) |20 0% ) + 2D, () +
— (1 —ap)(onT*Jz(Tay, — Sby), cp, — x*)
o (6.88)
= an Dy, (%, 2) + (1 — o) (1 + Z) Dy, (", @)
20y, n
—(1—an) (1 = ") Dy, (an, @) + (1 — an) 2
W 2
— (1 = apn)(onT*Jz(Tayn — Sby), cn — z*).
. H .
Since 7, € (0, 5) , we obtain from (6.88) that
Dy, (2", 2p41) < anDp (2%, 2) + (1 —ap) | 1+ — ) Dy, (2%, )
p (6.89)
+(1- an)%” — (1 = an)(onJz(Tan — Sby), Ten — Ta*).
Similarly, we have
* * 27771 *
sz (y 7yn+1)§aan2(y ay)—l_(l_an) 1+ — sz(y 7yn)
K (6.90)

+ (1= an) B — (1= an)(on T (Sby — Tan), Sdy — Sy°).

Denote Q, = Dy, (z*,x,) + Dy, (y*, yn) and ¥ = Dy, (z*,2) + Dy, (y*,y). Combining (6.89) and
(6.90), we obtain
20
Qn—l—l <apX + (1 - an) 1+—)Q, + (1 - Oén)nn
1 (6.91)
— (1= ap)on(Jz(Tay, — Sb,), Tcy, — Sdy,).
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By the Cauchy—Schwarz Inequality, we have

—(Jz(Tay, — Sby), Tcy, — Sdy) = —(Jz(Ta, — Sb,), Ta, — Sby,)
—(Jz(Tay — Sb,), Tcyp, — Tay,)
— (Jz(Tan — Sby), by — Sdy)
= —||Tan — Sb,||? — (T*Jz(Ta, — Sby,), cn — an) (6.92)
(8% J5(Tan — Sby), b — dy)
< [ Tan — Sbu|* + llen — an|||T*Tz(Tan — Sby)|
+ [1bn = dnll[[S* Tz (T an — Sby)|l.

Since f; is strongly convex, we have from (6.77) that

len = anll = IV f1 (V fran — on T Jz(Tan — Sbp)) = Vf1 (V fraa) ||

6.93
< 21 T* 14(Ta, — Sby)|. (6.93)
i
Similarly, we obtain
Hdn - bn” = ||Vf2* (vf2bn —onS"Jz (Sbn B Tan)) - va*(Vben)H
< —|8*Jz(Sb, — Tay)||-
i
Substituting (6.93) and (6.94) into (6.92), we get
—on(Jz(Tay — Sb,),Tc, — Sdy)
2
< —0p||Tan — Sbyl|? + %HT*JZ(Tan — Sby)|2
02 * 2
+ —2||S* Tz (Sb, — Tay)||
K " (6.95)
< -21a, - Sb,|? = T\ Tay, — Sb|?
2 2
On | 20n * *
+ 2 {200 (|71 (T, — S0)IP + 15750, ~ Ton) ]}
< -L\Ta, — Sb,|%
2
Combining (6.91) and (6.95), we get
21,
Q1 <apX+1—an) 1+ — | U+ (1 —an)m
i
— (1= )51 Tan — b,
2 (6.96)
<apX 4+ (1—ay) (1 + Mn) Qn+ (1 — an)nm

2
<X+ (1 —ap), + %Qn + M-

Since I, — 0 as n — oo, for every ¢ € (0, g), there exists a natural number ng such that
7%
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M < ape for all n > ng. Thus, (6.96) becomes

2eq,

Q1 < a4+ (1 — a,)Qy + Q, +cay,

_ [1_% (1—2;)]Qn+an[2+5]

2 2 )y
(1= Qptan (1= ) | 22 8
7 ) Lw—2  p—2e

by
< max< Qy, a He , for all n > ny,
w—2 pu—2e

which implies by the Principle of Mathematical Induction that

by €
H + M
w—2 p—2

Q, SmaX{Qno, }, for all n > ng,

from which we obtain

by €
K i K
w—2 pu—2e

QngmaX{M,QnO, }, for allm > 1,

where M = max {Q1,Q2,Q3, -+, —1}. Thus, we conclude that {Q,} is a bounded sequence
and so are the sequences {Dy, (z*,z,)} and {Dy,(y*,yn)}. By Lemma 3.1.11 we have that {x,}
and {y,} are bounded, and hence the sequences {u,}, {vn}, {pn} and {g,} are bounded. O

Theorem 6.3.2. Assume that conditions (M1) — (M7) hold. Then, the sequences {uy}, {vn},
{pn} and {q,} generated by Algorithm 6.2 converge strongly to G, v, p and §, respectively, where
(4, p) € IT with © = F1a and § = Fap.

Proof. Let A, Ay, A3, T and S be defined as in the proof of Theorem 6.3.1. Let (Z,7) = Pg(x, Y),
where f = (f1, f2) with & = (4,0) and § = (p,§). Then, by (1.18), we have

(V iz, V fay) — (V 12,V f27), (s,t) — (Z,9)) <0, for all(s,t) € A. (6.97)
From (6.79), (1.21), (1.22), (6.81) and Lemma 3.1.9, we have

Dy, (2, 2n41) = Dpy (2, Vi (anV fiz + (1 — an)V fr€n))

=V (2, 0,V iz + (1 — an)V fien)

< Vi (2, 0,V iz + (1 — o)V fien, — an (Vfiz — V f12))
+ an(Vfix =V iz, xn41 — T)

=V (2,0, ViZ + (1 — an)V fien) + an(V fiz — V fi, 21 — &)

=Dy, (2, V[ (anV i + (1 — an)V fien))
+ an(Vfix — V12, xpi1 — )

< (1 —an) Dy (2,en) + an(Vfizx = ViZ, zpp — T)

< (1 —an) Dy, (&,cn) = (1= an) Dy, (en, cn)
Van(V iz — Vid, Tt — ).

(6.98)
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Substituting (6.85) into (6.98) and making use of (6.87), we get

D¢ (2, 2n41) < (1 —ap) Dy, (2,2,) — (1 — o) Dy, (an, zn) — (1 — an) Dy, (en, cn)
+an(Viiz = Vfid,znp — ) — (1 — an)(On(V fizn — V fizn-1), & — an)
— (1= ap)(o,T*Jz(Tay — Sb,), cn, — &)
< (1 —an) Dy, (&, 2n) = (1 = an) Dy, (an, Tn) — (1 — an) Dy, (€n, cn)
+ ozn<Vf1$ —Vhz,znt1 —2) — (1 — ap){(o T Jz(Tay, — Sby), cn — )

2
+(1- an>fo1<x o) (1= n) =Dy (an ) + (1= ) 5

(1 - an) < + 2””) Dy, (&, 2n) — (1 — o) (1 - 277) Dy, (an, )
(1 —an)Dyg (en,cn) + oan(Vix = Viz,zp — 2) + (1 — an)n;

)
— (1 = ap){onT*Jz(Tay, — Sby), cn — ).
(6.99)

Thus, we obtain from (6.99) by the Cauchy—Schwarz Inequality and the condition on «;, that

Dy, (2, 2n11) < (1 —an) (1 +2-= 0 > Dy (&,2n) — (1 — an) (1 - 27:) Dy, (an, zn)
- (1 - an)Dfl (en’ Cﬂ) + an”VflfU - vfli‘HHxn-i-l N xn” (6100)
+04n<Vf1$—Vf1.’f7,l’n— +?
— (1= ap){(o T Jz(Tay — Sby),cn — ).

>77n

Similarly, we have

D) < (1= ) (1422 ) Do) = (1= ) (122 ) Dy

— (1 = an) Dy (wn, dpn) + anl|V fay = V 20l yn+1 — ynll (6.101)
+ an(V foy = Vo yn — 5 +
— (]. — Oén)<O'nS*JZ(Sbn - Tan)v dn - ?j>

Denote (), = D¢ (Z,2n) + Dy, (9, yn). Then combining (6.100) and (6.101), and making use of
(6.95) gives

Qni1 < (1—ap) (1 + 2TZL> Qn — (1— ) (1 - 277"> Dy (an,zn) — (1 — o) Dy, (en, cn)
W

— (1 —ay) <1 - 2#) sz(bm?/n) (1- an)sz(wn7dn) -1~ O‘n)gHT‘ln - San2

+ anl|V fix =V fidl|[|znt1 — zoll + an(V i — V12,2, — ) + 15
+ OénHVny - vaQHHynJrl - ynH + an<vf2y — Vo, yn — ZQ>,
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that is,

ey,

Q< (1— )0 +2°2"0, — (1—an) (1 - 277”> Dy, (an, 2n) — (1 — an) Dy, (s cn)
I I

Tin P
— (=) (1=2%) Dy, g) = (1= ) Dy ) = (1= )5 T = 5B
TIn

n

+ CthVflx — vfli'HHxn-i-l - an + ()én<Vf1.73 - Vfiz,x, — Zi‘> + oy,

+ ||V oy = V 29[ |ynt1 — Ynll + an(V foy = V foi), yn — 3).

(6.102)
From (6.102) and the conditions on «ay, and 7, we obtain
A~ can\ A N
Q1 < (1 —ay) <1 + 2#) Q + an ||V iz — Viz||[|zn+1 — x|
+ an [V 2y =V ailllyn1 = ynll
(Y12, Vfay) = (VA2 fad) (@) = (,9)) + o™
2 .
< [1 —ap (1 — i)] Qp + an||V iz — Viz||||zns1 — x| (6.103)

+ an|V 2y = V £20lll[yn+1 — |
+ an<(Vf1$, vay) - (vf1'®7 vf?:g) ) (xnv yn) _ (i',ﬁ» + annl

Qn
2 ~ 2
= [1—0[” (1—€>] Q, + ap <1—€> R, for all n > ny,
w H

where
Ba= 5 IV e = Vil = 2l + 19 f2y = 9 fdlllgn 1 = wnl]
+ 525 [<(Vf1x,Vf2?/) — (VAZ,V29), (@n, yn) — (£,9)) + Zn] '

Rearranging the terms in (6.102), we get

(1 - an) (1 - 27:) Dy, (an, 2) + (1 — an) Dy, (€n, en) + (1 — a) <1 - 277) Dy, (bn, yn)

+ (1= an) Dy, (wn, dy) + (1 — an)gHTan — Sb||? < O — st + 5an P,
(6.104)

where

26 ~ . A
P = max {;Qn, IV fiz =V fiz|[|znt1 — zull, [V f2y = V29 [ynt1 — ynll,

(Y f12, 9 fo) = (V i, Vo) (m ) = (3,9)), 2 .

9
Qp

The rest of the proof is divided into two cases.

~

Case I. Suppose that the sequence {Qn} is nonincreasing. It then follows from the Monotone
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~

Convergence Theorem that the sequence {Qn} is convergent, and thus lim (Qn — §n+1) = 0.
n—oo

Taking limit on both sides of (6.104) as n — oo, we obtain
lim ||Ta, — Sby| = 0. (6.105)
n—o0
Moreover, we have
nh_)ngo Dy (an,xn) = nh_)rrgo Dy (en,cn) =0, and nh_)ngo Dy, (bn,yn) = nh_)ngo Dy, (wp,d,) =0,

which implies by Lemma 3.1.13 that

lim ||a, — 2| = lim |le, — ¢, =0, (6.106)
n—oo n—o0

and
lim (b, — yn|| = lim ||Jw, —dy| = 0. (6.107)

From (6.77) and (6.105), we obtain

valcn - vflanH - UnHT*JZ(Tan - Sbn)”
< (p+ DT Jz(Tan — Sby)|
< (p+ D|T*|||Jz(Tan, — Sby)|| = 0 as n — oo,

which implies by part (¢i7) of Lemma 3.1.14 that
lim |l¢, —an| = 0. (6.108)
n—oo

From (6.79) and the condition on «ay,, we have

nh_{I;O ”vflmn-&-l - vflenn = Hh_EI;O ”O‘nvflzC + (1 - Oén)Vf1€n - vflenH

= lim a,||Vfiz — V fie,] =0,
n—oo
which implies by Lemma 3.1.14 that
lim |41 —en|| =0. (6.109)
n—oo
Consequently, we obtain from (6.106), (6.108) and (6.109) that

ln41 = 20l < l2ns1 = enll + llen — call + len — an| (6.110)
+ ||lan — zp]| = 0 asn — oo.

Similarly,

Jim [y = ynll = 0. (6.111)

Since X X Y is reflexive and {(xy,y,)} is bounded, there exists a subsequence {(xy,,yn,)} of
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{(xn,yn)} such that (x,,,yn,) — (Z,7y) as k — oo for some (zZ,y) € X x Y and

limsup((V f12,V fay) — (V f12,V f20), (Tn, yn) — (£,7))

Moreover, we have x,, — Z and y,, — ¥ as k — oco. We have by Lemma 3.1.12 that V f; is

uniformly continuous and hence we obtain from (6.106) that
V ficn, — Vifien, =+ 0 as k — oo. (6.112)

Similarly, we obtain
V fady, — V fowy,, — 0 as k — oo.

We now show that (z,y) € A. From the definition of e, , we have

vflenk - vflcnk

Tny

Now, set z; =tz + (1 —t)z for all t € (0,1] and fixed z € X. We obtain using (6.113) that

(Alenk,z—enk)+< z—enk> >0, forall z € X. (6.113)

vflcnk - vflenk 2 — e >
s ng

<Aﬁm2t—em>Z<Aﬁmzt—em>—<Aummzt—em>+< .
ng

- (6.114)
(s — Aren, 2 — em) + <Vf1an Vfwmc’Zt | Bnk>,
T
which implies by the monotonicity of A; and (6.112) that
0 S lim (Alzt, Zt — €nk> = <A12t, Zt — .f),
k—o0
and thus
(A12t,2 —x) >0, for all z € X. (6.115)

Taking limit as ¢ — 1 in (6.115) and using the continuity of A;, we have that (A1z,z — ) >
0, for all z € X, and this implies by the maximality of A; that Z € N(A;). Similarly, we can
show that § € N(As).

Moreover, by Lemma 3.1, we have

Tz — Sy||* = | Tan, — Sbn, +T7 — Tay, + Sb,, — Sy||*

(6.116)
< ||Tan, — Sbn, ||* + 2(Jz(Tx — Sy), TZ — Tay, + Sb,, — SY).

From (6.106), (6.107) and weak sequential continuity of 7" and S, we have Ta,, — TZ and
Sby, — Sy. Thus, we obtain from (6.105) and (6.116) that Tz = Sy. Therefore, (z,y) € A.
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Thus, we obtain by (1.14) that

hﬁsolip«vflx’vf?y) - (vfl'%a Vf2:l)), (xna yn) - (i'a :’J)>
=l (V12 V foy) — (VAZ Vi), (0 v0) — (25)  (6117)
= ((Vfiz,Vfay) — (V12,V fo5), (z,9) — (2,7)) < 0.

From (6.110), (6.111) and (6.117), we obtain

limsup R,, < 0. (6.118)
n—oo
From (6.103), (6.118) and Lemma 3.1.6, we conclude that hm Q, = 0 which implies that
hm Df1 (T, 2p) = hm Df2 (9,yn) = 0 and hence we obtain, by Lemma 3.1. 13, that hm l|xn —
x|| = lim ||y, — yH = 0 Therefore, lim z, = 2 = (4,0) = lim (up,v,) and lim yn =g =
n—00 n—00 n—00 n—00
(p,q) = li_)m (Pn, Gn), where @+ K1 Fia = 0 and p + KoFop = 0 with © = Fya and ¢ = Fayp.
n—oo

Moreover, T14 = S1p.

~

Case II. Suppose now that there exists a subsequence {an} of {(Aln} such that ﬁnz < ﬁni_l,_l,
for all i > 0. By Lemma 3.1.7, there exists an increasing sequence {my,} of positive integers such

that my — oo as k — oo and
Qe < Qi1 and Qe < Qp, 41 (6.119)

With this my, (6.104) becomes

(1 - amk) <1 - 217'umk> Dfl(amkvxmk) + (1 - amk)Dfl(emk7cmk)

Nim
+ (1 - amk) <1 2 ,uk> Df?(bmkv ymk) + (1 - amk)Df2(wmk7dmk) (6'120)

+ (1 - amk)g”Tamk - Sbmk”2 < ﬁmk - ﬁmk"!‘l + 5O‘mkP'

Taking limit as k — oo of both sides of (6.120) and taking the conditions on oy, and 7, in to
account, we obtain that lim [|Tay,, — Sbp,| = 0.
— 00

Following similar steps as in Case I, we obtain that

Hm [T, 41 — Tmy || = 0= 1m ||¢m,+1 — Ym, || and limsup R,,, < 0. (6.121)
k—ro0 k—ro0 k—00

From (6.103) and (6.119), we obtain

2e ~ ~ 2e 2¢e
1— ) Qe < Uy — Doy s1 + <1—>Rm_ <1—>Rm,
< u) g et g 1 g 1 k

which implies with the help of (6.121) that klim ﬁmk = 0. From this and (6.103) we get
— 00

lim ka+1 = 0. Thus, we obtain from (6.119) that lim (Alk = 0. Therefore, lim z, =
k—o0 k—o0 n—o00
lim (up,v,) = (4,0), where @ is a solution of v + KiFiu = 0 with ¢ = Fja. Similarly,

n—oo
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lim y, = hm (pn, qn) = (p, q), where p is a solution of p + Ko Fop = 0 with ¢ = Fyp. Thus, the

n—oo
proof is complete O

If, in Theorem 6.3.2, we assume that Fy, Fb, K; and Ky are uniformly continuous monotone

mappings, then we obtain the following corollary.

Corollary 6.3.1. Let Eq, E2 and Es be reflexive real Banach spaces with dual spaces EY, E3
and E3, respectively and let Fy : By — Ef, K1 : Ef — E1, Fy : By — E5, Ky : E5 — E»
be uniformly continuous monotone mappings. Assume that the conditions (M3) — (MT) hold.

Then, the sequences {un}, {vn}, {pn} and {q,} generated by Algorithm 6.2 converge strongly to

*

u*, v*, p* and q*, respectively, where (u*,p*) € Il with v* = Fiu* and ¢* = Fap*.

Proof. As every uniformly continuous mapping is continuous, the result follows from Theorem
6.3.2. -

If we assume g(-) = %H ||? and h(:) = %H - ||? in Theorem 6.3.2, then Vg = Jg,, Vh = Jg,,
Vg* = ‘]51‘1 and Vh* = Jggl Thus, we get the following corollary.

Corollary 6.3.2. Assume that the conditions (M1)—(M4), (M6) and (M7) are satisfied. Then,
the sequences {un}, {vn}, {pn} and {g,} generated by Algorithm 6.2, with Vg = Jg,, Vh = Jg,,
Vg* = Jg* and Vh* = JE* converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) €
IT with v* = Fiu* and q* = Fyp*.

1 1
If we assume that Ep, B2 and E3 are real Hilbert spaces, and ¢(-) = 5” -|I* and A(-) = 5” 1?
in Theorem 6.3.2, then Vg = Jg, = Ig,, Vh = Jg, = Ip,, Vg* = Jp: = Ip; and VA* = Jp: =

Iz, and hence we obtain the following corollary.

Corollary 6.3.3. Let E1,Ey and E3 be real Hilbert spaces and assume that the conditions
(M2) — (M4),(M6) and (MT7T) are satisfied. Then, the sequences {uyn}, {vn}, {pn} and {q.}
generated by Algorithm 6.2, with Vg = Ig,, Vh = Ig,, Vg* = Igr and Vh* = Igs, converge
strongly to u*, v*, p* and q¢*, respectively, where (u*,p*) € Il with v* = Fiu* and ¢* = Fap*.

6.3.2 Some Theoretical Applications

This section deals with applications of the main result to specific cases.

Common Solutions of Hammerstein Type Equation Problems

If we take £ = By = E5 = E3 and T} = S1 = Ig, in Algorithm 6.2, then the SEHTEP reduces
to common solutions of the Hammerstein type equation problems, which is defined as finding two
points u,p € E such that v + K1 Fiju =0, p+ KoFop = 0 and u = p. Denote

I'={(u,p) e EXE:u+ KiFiu=0,p+ KoFop =0 and u = p}.

Corollary 6.3.4. Assume that conditions (M1), (M2) and (M5)— (MT7), with E = Ey = Ey =
Es hold. IfT" # 0, then the sequences {un}, {vn}, {pn} and {gn} generated by Algorithm 6.2
with Ty = S1 = Ig converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) € T" with
v* = Fiu* and ¢* = Fyp*.
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Corollary 6.3.5. Assume that conditions (M1) and (M5) — (M7), with E = E, = Ey = Ejs,
hold. Let Fy,Fy: E — E* and K1,Ky: E* — E, be uniformly continuous monotone mappings.
Assume that T' # (). Then, the sequences {un}, {vn}, {pn} and {qn} generated by Algorithm 6.2
with Ty = S1 = Ig converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) € T with
v* = v’ and ¢F = Fop*.

Split Hammerstein Type Equation Problems

If we take Ey = E3 and 51 = Ig, in Algorithm 6.2, then the SEHTEP reduces to split Ham-
merstein type equation problem which seeks to find two points v € E; and p € Es such that
u+ K1Fiu =0, p+ KoFop =0 and Tiu = p. Denote

'™ ={(u,p) € 1 Xx By :u+ K1Fiu=0, p+ KoFop = 0 and Tiu = p}.

Corollary 6.3.6. Assume that conditions (M1) — (M3) and (M5) — (M7) with E; = E3 hold.
Let T* #£ (). Then, the sequences {un}, {vn}, {pn} and {q.} generated by Algorithm 6.2, with
S1 = Ig,, converge strongly to u*, v*, p* and q¢*, respectively, where (u*,p*) € I'* with v* = Fiu*

and q¢* = Fyp*.

Corollary 6.3.7. Assume that conditions (M1),(M3) and (M5)—(MT7) with E2 = E3 hold. Let
Fy: By —» E}, Ki: Ef = Eq, Fy: By — E3, Ky: ES — Ey be uniformly continuous monotone
mappings and T* # (. Then, the sequences {un}, {vn}, {pn} and {q,} generated by Algorithm
6.2, with S1 = Ig,, converge strongly to u*, v*, p* and q*, respectively, where (u*,p*) € I'* with

v* = Fiu* and ¢* = Fyp*.

Hammerstein Type Equation Problems

If we take F = Fy = FEs = F3, F = F) = F», K = K1 = Ko, T} = 51 = 0 in Algorithm 6.2,
then the SEHTEP reduces to Hammerstein type equation problem which seeks to find a point
u € E such that v + KFu = 0. Denote ¥ = {u € E: u+ KFu = 0}.

Corollary 6.3.8. Let E be a reflexive real Banach space with its dual E*. Let F: E — E* and
K: E* — E be continuous monotone mappings. Assume that W # (. Let g: E — (—00,+00]
be a strongly coercive, lower semi-continuous, strongly convex, bounded and uniformly Fréchet
differentiable Legendre function on bounded subsets of E with strongly convex conjugate g*. Let
the strong convexity constants of g and g* be p1 and pa, respectively, and let p = min {1, p2}.
If conditions (M6) and (MT) hold, then the sequence {(un,vy,)} generated by Algorithm 6.2,
with B =F1 =Fy,=FE3, F=F =F,, K=Ky =Ky and Ty = 51 =0, converges strongly to

(u*,v*), where u* € ¥ and v* = Fu*.

Corollary 6.3.9. Let E be a reflexive real Banach space with its dual E*. Let F': E — E*
and K: E* — E be uniformly continuous monotone mappings. Assume that ¥ # (0. Let g:
E — (—o00,400] be a strongly coercive, lower semi-continuous, strongly convex, bounded and
uniformly Fréchet differentiable Legendre function on bounded subsets of E with strongly convez
conjugate g*. Let the strong convexity constants of g and g* be p1 and uo, respectively, and let
p = min{p, po}. If conditions (M6) and (MT7) hold, then the sequence {(un,vn)} generated
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by Algorithm 6.2, with E = F1 = Fo = E3, F=F, =F,, K=K, = Ky and Ty = 51 =0,

converges strongly to (u*,v*), where u* € U and v* = Fu*.

6.3.3 Numerical Examples
Example 6.3.1. Let E = Fy = Ey = FE3 = L]}f([(), 1]), where 1 < p < oo with norm ||z||r, =
1

- 11
(fol\x(t)ypdt>p. Then, B* = Bf = Bf = Bj = L}(0,1)), where  + = 1. Let g.h:

1
E — (—o0,+0o0] be defined by g(z) = h(z) = §||z||2 Let Fy: EF - E*, Ky: E* - E,
1
Fy: E — E* and Ky: E* — E be defined by (Fiu)(t) = 5Jyu(t), (Kiv)(t) = gjp’lv(t) +1,

3
(Fyp)(t) = B pp(t) and (Kaq)(t) = 8J, q(t)+3. Clearly, g and h are strongly convex functions
satisfying condition (M5) (see, [150]). Moreover, we note that Fy, K1, F5 and Ks are continuous
monotone mappings. Since Jy(Ax) = X"1Jy(x) for any A >0 and J, = J; 1, we have that

u(t) + K1 Fuu(t) = 0 <= uft) + éJ;l(wpu(t)) +1=0

1
— u(t)+ ng(Squ(t)) +1=0
q—1

-3

— u(t) +
_ -3
~ 3+ 591

Similarly, one obtains that the function p*(t) =

that is, the function u*(t) is the solution of the equation u(t) + K1 Fiu(t) = 0.
—3(2071)
291 4 8(34-1)

p(t)+KaFop(t) =0. Let Ty, S1: E — E be defined by (T1u)(t) = ( 3 ) u(t) and (S1p)(t) =
(2‘1—1 +8(3771)

30201 > p(t). Clearly, (Tyu*)(t) = —1 = (S1p*)(t) and hence the point (u*(t),p*(t)) =

-3 —3(2071)
3+ 517 2¢-1 4 8(39-1)
on the values of p and q. For simplicity of the computation, we take p = 2 so that our space will

be E = L5 ([0,1]) and the mappings Fy, K1, Fy and Ko reduce to (Fyu)(t) = 5u(t), (Kiv)(t) =
%v(t) + 1, (Fyp)(t) = gp(t) and (Ka2q)(t) = 8q(t) + 3. The solutions u*(t) and p*(t) reduce

is the solution of the equation

3+ 5271

is a solution of (1.34). We observe here that the solutions depend

to u*(t) = %3 and p*(t) = I—; Moreover, the mappings Th and S1 reduced to (Thu)(t) =
8 13
gu(t) and (S1p)(t) = gp(t). Clearly, Ty and S1 are bounded linear mappings with adjoints

1 _ _
(Thu)*(t) = gu(t) and (S1p)*(t) = gp(t). Moreover, Ty <83> =-1=5 (1;:)) Therefore,
-3 =3 1
t(ur (), pr (1) = | —= M Letnp, = ——— apn=——— 1=0.9, r, =
we get (uw(2), p" () <8’13 €Il Letnn = 25 600" “» = nx o000’ = 0T
1, (u,v,p,q)=(1,0.5,0.5,1) and (ug, vo, po, qo)=(0,1,0,1). Then, conditions (M1) — (MT) are

satisfied. We have conducted a numerical experiment for these values to validate our theoretical

N————

part. Denote E, = (upn,pn) for each n. Then, the figures below show that the error term
sequence {E, — (u*,p*)} converges strongly to zero for different choices of initial points and

different values of the inertial parameter 0,, where (u*,p*) is the solution of Problem 5.1.
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Figure 6.4: Rate of convergence of the sequence {(uy, p,)} for different initial points and 6 = 0.6.
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Figure 6.5: Rate of convergence of {(uy,py,)} for initial point (u1,v1,p1,q1)=(1,0,1,0).

Remark 6.3.2. Figure 6.4 shows that the rate of convergence of the method is different for
different choices of initial points. We observe that the higher the degree of ¢ in the initial point
results in faster rate of convergence. Figure 6.5 shows the comparison of rate of convergence of
the algorithm with inertia and its non-inertial version. It reveals that the rate of convergence of

the method with inertial algorithm is faster than that of the non-inertial one.

Example 6.3.2. F = E; = Ey = E3 = [0,00) with the absolute value norm . Let g,h: E — E
1

be defined by g(-) = h(-) = 5] - |2. Define the mappings F1, Fo, K1, Ka: E — E by Fy(u) = u?,

Ki(v) = v —6, Fa(p) = p* and K2(q) = 4q — 5. One can easily show that the given mappings

are continuous monotone with Fy and Fy not uniformly continuous. Moreover, u* = 2 solves

the equation
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u+K1F1(u):0 — u+K1(u2):O = u+u?—-6=0.

Thus, u* = 2 is the solution of the Hammerstein type equation u + K1 Fj(u) = 0. Similarly,
we can show that p* = 1 is the only non-negative solution of the equation p + KoF»(p) = 0.

8
Now, let us define the mappings Th,S1: E — E by Th(u) = U and Si(p) = 3P Clearly, Ty

8
and Sy are bounded linear mappings with adjoints T} (u) = §u and S7(p) = Ep. Moreover,

16
T1(2) = 3 = S1(1). Thus, (u*,p*) = (2,1) € II. To compute the numerical experiment, we
1 1
h = = — =0.5,0=0.6 =1 =(1,0.5,0.5,1
chose 77n n2+1000; O, n+1000007 M ) 3 T'n Y (uvvapa q) ( ’ ’ ) )7
(uo,v0,P0,90)=(0,1,0,1) and (u1,v1,p1,q1)=(1,0,1,0). Then, the figure below shows that the

error term sequence { E, — (u*,p*)} converges strongly to zero for different choices of the inertial

parameter 0,,. Here 0, = 0 corresponds to the non inertial version of the algorithm.

\ 6_=0 (noninertial)
09 r "
9n=7n
08 | 0,=(~,)3
— 0 =(~_)/5
=o7f 9”=M")/7
Qo n

n

06

L’

0.5

0.4

lterates, ||E

03

02

0.1

0 0.1 0.2 0.3 0.4 0.5
Elapsed time(sec.)

Figure 6.6: Convergence rate for different choices of the inertial parameter 6,,.

Remark 6.3.3. From Figure 6.6, we observe that the sequence {(un,pn)} converges strongly to
the solution (u*,p*). Moreover, we observe that the rate of convergence of Algorithm 6.2 with

inertial parameter (0, # 0) is relatively faster than that of its non-inertial version (6, = 0).

Now, we compare Algorithm 6.1 and Algorithm 6.2 by taking the same control parameters, the

same mappings and the same initial points (ug, vo, po, go)=(0,1,0,1), (u1,v1,p1,91)=(1,0,1,0).

Algorithm 6.2 Algorithm 6.1
Error Time(sec.) Time(sec.)
0.6093 0.0914 87.0000
0.0660 0.3489 185.4800
0.0260 0.5262 214.3448
0.0067 0.7835 236.1087
0.0028 0.9455 247.3149
0.0005 1.3008 293.3143

Table 6.1: Approximate comparison of rates of convergence.
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Algorithm 6.1
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Figure 6.7: Comparison of Alg. 6.1 and Alg. 6.2 with equal parameters and equal initial points.

Remark 6.3.4. Table 6.1 reveals comparison of the rates of convergence of Algorithm 6.2 against
Algorithm 6.1. It compares the time taken by each algorithm to reach the same error value.
Taking (u,v,p,q) = (1,0.5,0.5,1), (ugp,vo,po,qo) = (0,1,0,1) and (u1,v1,p1,q1) = (1,0,1,0),
the time taken for Algorithm 6.2 to reach the error value E = 0.0005 is 1.3008 seconds, whereas
the time taken by Algorithm 6.1 to reach the same error value E = 0.0005 is about 293.3143
seconds. Thus, our method is faster than that of 6.1. Observing Figure 6.7, one can give a

conclusion which supplements the conclusion drawn in Table 6.1.
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7. Conclusion, Contribution to the Current

Knowledge and Upcoming Research
Works

In this chapter, we put some conclusions, contribution to the existing knowledge and future

research works.

7.1 Conclusion and Contribution to the Existing Knowledge

In this section, we draw some conclusions and contributions of this thesis to the existing knowl-

edge.

e In Chapter 3, we introduced inertial iterative algorithms for approximating solutions of
split equality fixed point problems involving uniformly continuous pseudocontractive and
uniformly continuous f, g—pseudocontractive mappings both in Hilbert and Banach spaces.
In Section 3.2, we constructed an inertial iterative algorithm for solving the split equality
fixed point problem involving uniformly continuous pseudocontractive mappings in real
Hilbert spaces. A convergence analysis was discussed and numerical examples are pro-
vided to demonstrate the effectiveness of the algorithm. In Section 3.3, we introduced a
strongly convergent inertial method for approximating a solution of the split equality com-
mon f, g—fixed point problem in reflexive real Banach spaces. A numerical example was
provided to validate the theoretical part of the method. The results obtained extend the
result of Osilike [124] to a more general problem with uniformly continuous pseudocontrac-
tive mappings which are more general than Lipschitz strict pseudocontractive mappings.
Moreover, the results generalize the works of Moudafi and Al-Shemas [116], Che and Li
[12] and Chang et al. [10] in the sense that the class of mappings is extended to the class of
uniformly continuous pseudocontractive and uniformly continuous f, g-pseudocontractive
mappings. The results obtained in Section 3.2 are accepted for publication by the “Fized
Point Theory Journal” and the outcomes found in Section 3.3 are published in “The
Journal of Analysis”, Volume 31, Number 2, (2023), Pages 963-1000.

e In Chapter 4, we constructed an iterative algorithm for solving split equality quasimono-
tone Minty variational inequality problems. A strong convergence analysis of the method
was discussed along with illustrative numerical examples. The results obtained in this
chapter extend the works in [87, , | from variational inequality problem to a more
general problem; from Hilbert spaces to more general classes of Banach spaces, and from
weak convergence to strong convergence results. The outcomes in this chapter are pub-
lished in the journal “Rendiconti del Circolo Matematico di Palermo Series 27, 2024, 1-31.

e In Chapter 5, we introduced iterative algorithms for solving variational inequality and
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bilevel variational inequality problems involving fixed points of certain mappings. In Sec-
tion 5.2, we have constructed an inertial method for solving the bilevel variational inequal-
ity problem with fixed point constraints involving a demimetric mapping in its lower level
problem. A strong convergence result is obtained under the assumption that the underlying
mappings in the lower level VIP is uniformly continuous pseudomonotone. Finally, a nu-
merical example was provided to demonstrate the effectiveness of the algorithm. Section
5.3 dealt with an algorithm for approximating a solution of the split equality of varia-
tional inequality and f, g-fixed point problems in reflexive real Banach spaces. A strong
convergence result was obtained under the assumption that the underlying mappings are
uniformly continuous pseudomonotone in the variational inequality part and Bregman rel-
atively f, g-nonexpansive in the f,g-fixed point part. Finally, a numerical example was
provided to support the main result. The results obtained in Section 5.2 generalize that
of [10, 37, 79, , | in the sense that the mapping considered in the lower level VIP
is a uniformly continuous not just Lipschitz continuous. It also generalizes [12] since the
mappings of the lower level problem are extended from inverse strongly monotone to a
wider class of pseudomonotone mappings. Moreover, it generalizes the result in [11] as it
involves a fixed point problem as additional constraint in the lower level problem. More-
over, it extends the results in [79] because the mapping T: Hs — Hs considered in this
work is demimetric which is more general than demicontractive mapping employed in [79].
The results obtained in Section 5.3 improve the result obtained by Wega and Zegeye [172]
in the sense that it extends the result from finding solution of variational inequality and
f—fixed point problems to a more general problem of finding a solution of split equality of
variational inequality and f, g— fixed point problems. It also extends the results obtained
by Boikanyo and Zegeye [23] in the sense that it addresses f, g—fixed point problems on
top of the split equality variational inequality problems and the setting in this result is a
more general reflexive Banach space unlike that of Boikanyo and Zegeye [23] which is just
uniformly convex Banach space. The results of Section 5.2 are submitted to the journal of
“Annali dell’Universita di Ferrara” for possible publication. The outcomes found in Sec-
tion 5.3 are published in the journal “Nonlinear Functional Analysis and its Applications”,
Volume 28, Number 1, (2023), Pages 135-173.

e In Chapter 6, we proposed and studied iterative algorithms for approximating solutions
of split equality Hammerstein type equation problems in reflexive real Banach spaces. In
Section 6.2, we constructed an inertial algorithm for solving the split equality Hammerstein
type equation problem in reflexive real Banach spaces. A strong convergence result was
obtained under the assumption that the underlying mappings are uniformly continuous
and monotone. A numerical example was also provided to demonstrate the effectiveness

of the proposed method.

In Section 6.3, a strong convergence result was obtained for the approximation of solutions
of the split equality Hammerstein type equation problems involving continuous monotone
mappings. The results obtained in this chapter generally extend that of Chidume and

Zegeye [50], Uba et al. [166] and Bello et al. [18] as the strong convergence of our results
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do not depend on the existence of a constant g, unlike the later ones. Besides this, the
results in Section 6.2 and Section 6.3 extend the results of Chidume and Zegeye [56], Uba
et al. [166] and Bello et al. [18] from Hilbert space setting to the more general reflexive
Banach space. The outcomes of Section 6.2 are published in the “Carpathian Journal of
Mathematics”, Volume 39, Number 1, Pages 45-72, (2023). The outcomes found in Section
6.3 are published in “Optimization”, Pages 1-34, (2023).

7.2 Future Research Works

As far as our knowledge is concerned, the following are still open problems for further research

works.

e The strong convergence results obtained in Chapter 3 are under the assumption that the
underlying mappings are uniformly continuous. Is it possible to extend these results to a

more general class of mappings in more general settings?

e In Chapter 4, we introduced a strongly convergent inertial algorithm for solving the split
equality quasimonotone Minty variational inequality problems in reflexive Banach spaces,
where the mappings are Lipschitz continuous. Can we extend this result to a more general

class of mappings than the class of Lipschitz continuous mappings?

e In Chapter 5, we introduced a strongly convergent inertial algorithm for solving the bilevel
variational inequality problem with fixed point constraints in real Hilbert spaces, where
the underlying mapping in the lower level variational inequality is uniformly continuous.
Can we extend this result to the Banach space settings with mappings more general than

uniformly continuous?

We have also discussed the strong convergence analysis of split equality of variational
inequality and f, g-fixed point problems in reflexive Banach spaces, where the underlying
mappings are uniformly continuous pseudomonotone mappings for the VIP and Bregman
relatively f, g-nonexpansive mappings for the fixed point part. Is it possible to extend
this result to more general class of mappings than uniformly continuous pseudomonotone

mappings?

e Can we construct iterative algorithms which minimize the conditions of all methods we

introduced?
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