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Abstract

The purpose of this thesis is to look at how the Leray-Serre spectral sequence is constructed
and explore some of their applications. For the purpose of this thesis, our spectral sequences
will be based on filtered complexes, however one can use exact couples. Spectral sequences have
been one of the greatest achievements of Algebraic Topology since their invention by Leray in
the late 1940’s, hence the name Leray-Serre spectral sequences. Ever since, they have become a
very useful tool in many disciplines like Geometry, Topology and Algebra. For example, for a
fibration, spectral sequences play an important role in identifying how the cohomology rings of
the total space F, the base space B and the fibre I’ are related. We discuss the construction in
brief and give its applications in computing the cohomology algebra of unitary groups, Stiefel

and infinite dimensional complex Grassmannian manifolds, over Q.
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1. Introduction

1.1 Brief Literature Review

The fundamental objects that will be used here are vector spaces over a field F, e.g. R, Q or C.
In particular, the computation of various (co)homology theories leads to the natural emergence

of (co)chain complexes in algebraic topology. A series of vector spaces and linear maps

o, ) o, On_ )
T Cpl S G S O S O (1.1)

makes up a chain complex C, if Oy, 0 Op41 = 0 for all n € N. Hence Im(0p41) C Ker(d,). As a
result, the n*’-homology is the quotient vector space H,(C,) := Ker(0,)/Im(dp1).

Dualizing sequence 1.1 yields a sequence

51 6n—1

1 gt
... =t e

1 5n+2

y O™t

where C" = Hom(C,;F) and " is the dual of 9, : C, — C,_1. Clearly 6" o " = 0,
hence Im(6") C Ker(6"*1). The sequence is called a cochain complex and its cohomology is

H™(C*) := Ker(6"t)/Im(5™).

In algebraic topology, topological spaces are investigated using algebraic invariants like groups:
for instance, the homotopy groups m, (X, z¢) of a pointed topological space (X, zy) or homology
groups. For a good pair (X, A) of topological spaces, a sequence A — X — X /A yields a long

exact sequence of homology groups

oo — Hy(A) — Hy(X) — Hy(X/A) — Hy 1 (A) — - -

In relation to space X, a map p : & — B is said to have the homotopy lifting property
if, for any two maps f : X — FE and G : X x I — B such that po f = G o4, where
i: X — X x I,z (2,0), then there exists a continuous map G : X x I —s E lifting G. A
map p : K — B with the homotopy lifting property with regard to all spaces is thus referred

to as a fibration. For a fibration E — B with fibre I, there is an exact sequence
oo T (F) —> mn(E) — 10(B) S 1 (F) — -+,

relating the homotopy groups of F, E and B. The relationship between the (co)homology rings
of the total space E, the base space B, and the fibre F' of a fibration is dealt with through the

notion of Leray-Serre spectral sequence.

Algebraic topology and algebraic geometry both make extensive use of spectral sequences, a

key tool in homological algebra. They were initially developed by Jean Leary while he was a
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prisoner of war during World War II in the 1940’s to calculate the (co)homology of a fibration
(165 19; 5).

The Leray-Serre spectral sequence is used, among other things, to compute the cohomology of
infinite complex Grassmannians. The complex Grassmannian, denoted Gr(C"), is a general-
ization of complex projective spaces, and is defined as the set of all k-planes in C™. Using the
auxiliary space Vi (C"™), also known as the Steifel manifold, which consists of k-orthonormal
n-tuples of vectors in C™, one can give it a natural topology. There is an obvious inclusion
Gr(C") — G1(C™1). And G (C™>) is the direct limit of

s G(EY) > GU(E)
that is,

Gr(C®) = ] Gp(C").

n>k

1.2 Objectives of the Study

The objective of the study is to familiarise ourselves with spheres and projective spaces (real
and complex), and compute their simplicial (co)homology over Z and Q. We also familiarise
ourselves with manifolds, Stiefel and Grassmannian manifolds, from which we get fibre bundles
that are used in computing (co)homology algebra of unitary groups and complex Grassmannian

manifolds over Q.

1.3 Outline of the Study

This study is organised in 7 chapters. In Chapter 2 we give basic definitions about homotopy
and fundamental groups which lead to the notion of higher homotopy groups. In Chapter 3 we
focus on simplicial, singular and cellular homology, and cohomology. We compute the simplicial
homology groups of the circle, disk and sphere. And also the simplicial cohomology of the real

projective space, RP?, is computed.

In Chapter 4 we look at fibrations, but first, we look at group actions on topological spaces
and fibre bundles. And also we give examples in which fibrations were used to compute the
homotopy groups of some topological groups. In Chapter 5 we look at the Leray-Serre spectral

sequence and how it is constructed.

And in Chapter 6 we look at some applications of Leray-Serre spectral sequence in computing
the cohomology algebra over Q of unitary groups (Theorem 6.1.1), complex Stiefel manifolds
(Theorem 6.2.1) and infinite dimensional complex Grassmannians where we just compute the
cohomology of G (C>) using the Leray-Serre spectral sequence (Section 6.3). We also give some
information on the cohomology algebra of the Grassmannian G5(C?*) (Example 6.4.3). Chapter
5 and Chapter 6 are the main chapters of this study. The conclusion is given in Chapter 7.



2. Homotopy Groups

In this chapter we deal with continuous deformations of topological spaces. We recall that the
n-disk D" := {x € R" | ||z|]| < 1} and the n-sphere S™ := {x € R"*! | ||z|| = 1} are examples of

spaces. They are subspaces of R” and R™*! respectively.

2.1 Homotopy

We first give basic definitions:

Definition 2.1.1. Let X be a topological space. A pointed space is defined by a space X and a
point xg € X, written as (X, xg). We call xg a basepoint.

Definition 2.1.2. Let X and Y be topological spaces and f,g : X — Y be continuous maps.
A homotopy between f and g is a continuous map H : X x[0,1] — Y such that H(x,0) = f(z)
and H(xz,1) = g(z) for all x € X. We write f ~ g and say H is a homotopy between f and g.

Example 2.1.3. Let Y be a convex subset of X. Let f,g: X — Y be continuous maps. Then
the mapping

H(z,t) = tg(x) + (1 - ) f(2),

s a homotopy from f to g.

Example 2.1.4. Let S' = {z € C | ||z|| = 1} and the antipodal map A : St — S* be defined
by A(z) = —z. Then there is a homotopy H : S* x [0,1] — S* from the identity mapping to
the antipodal map defined by

H(ei",t) _ ei(0+t7r)‘

All maps which are homotopic to a constant map ¢y, : X — Y with ¢y, (z) = yo for all z € X

are called nullhomotopic and can then be deformed into a single point.

Homotopy defines an equivalence relation. Thus,

Theorem 2.1.5. Let X and Y be topological spaces. On the set of continuous mappings from

X toY, define that f and g are related if f ~ g. This relation is an equivalence relation.

Proof. Let X and Y be topological spaces and let f,g,h: X — Y be continuous maps. Then
(i) f ~ f by the homotopy H(z,t) = f(x).

(ii) Suppose f ~ g, that is, there is a homotopy H : X x [0,1] — Y such that
H(z,0) = f(z) and H(z,1) = g(x). Define the map G : X x [0,1] — Y by
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G(z,t) = H(z,1 —t), that is, G(x,0) = H(z,1) = g(z) and G(z,1) = H(z,0) = f(x).
Therefore, g ~ f.

(iii) Suppose f ~ g and g ~ h, that is, there are homotopies H : X x [0,1] — Y and
G : X x[0,1] — Y such that H(x,0) = f(z) and H(z,1) = g(z), and G(z,0) = g(x) and
G(z,1) = h(x). Define the map F : X x [0,1] — Y by

Let (X, A) be a topological pair consisting of a topological space X together with a subspace
ACX. Amap f:(X,A) — (Y, B) is just a continuous map f : X — Y such that f(A) C B.

Definition 2.1.6. Let f,g : (X, A) — (Y, B) be maps such that fia = gja. Such maps are
called homotopic relative to A, denoted f ~ g rel A, if there is a homotopy H : X x [0,1] — Y
such that f ~ g and H(a,t) = f(a) = g(a), for alla € A and t € [0, 1].

Definition 2.1.7. (Deformation Retraction) Let A C X, where X is a topological space. If
there is a continuous map v : X — A such that roi = 14, where i : A — X is the inclusion,
then we say that A is a retract of X. Additionally, if ior ~ Ix rel A, then A is a deformation
retract of X.

The proposition that follows provides a useful deformation retract.

Proposition 2.1.8. For n > 0, S" = {z € R"" | ||z|| = 1} is a deformation retract of
R"\{0} (or D"T1\{0}).

Proof. Let i : ™ — R"™1\{0} be the inclusion. Consider r : R**1\{0} — S™ defined by

T

r(x) = m

Clearly r is continuous. For y € S™, it follows that ||y|| = 1, and we have that roi = Ign. Hence
r is a retract. Now we show that 7 o r is homotopic to the identity, relative to S™. Consider the
homotopy H : (R*T1\{0}) x [0,1] — R**1\{0} defined by

That is,
H(z,0) = — = (ior)(x) and H(z,1) ==.

Now if x € S", then H(z,t) = tz+ (1 —t)x = z. So S" is a deformation retract of R**1\{0}. O
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From Definition 2.1.7 we get the following definition of homotopy equivalence.

Definition 2.1.9. (11, Page 3) Let X andY be topological spaces. A continuous map f : X —

Y s called a homotopy equivalence if there is a map g : Y — X such that f o g ~ Iy and
gof~Ix. Wewrite X ~Y.

Definition 2.1.10. (Contractible Spaces) A topological space X is said to be contractible if
X ~ {pt}.
Example 2.1.11. For all n > 0, the space R™ and the disk D" are contractible.

The definition of a C'W complex is as follows:

Definition 2.1.12. (11, Page 5) A CW complex is a space X = |, X™ constructed inductively

in the following way:
(i) Let X© (the 0-skeleton of X ) be a discrete set of points which are regarded as 0-cells.

(i) Given the set X"~ !, we construct X™ by attaching a set of n-cells {e'}icr, where el is an
open n-disk, to X" 1 via maps D" = ¢; : S*1 — X" This means we can define
X™ as the quotient space of the disjoint union X™ = (X"~ tu{el |i € I})/ ~, such that
ifv € X"t andy € Oel, x ~ y if ¢i(y) = x. It is noted that no two points of X" ! are

collapsed together in their inclusion in X".
The above definition works only for finite dimensional CW complexes.

Definition 2.1.13. (71, Page 7) Given a CW complex X, a subcomplex of X is a subspace
A C X that is a CW complezx itself and its cells are some of the cells of X.

Remark 2.1.14. For any CW complex X and any n € N, X™ is a subcomplex of X, called the

n-skeleton.

Example 2.1.15. The sphere S™ has a structure of a CW complex or just one cell complex with
e? and €™ as the only two cells, the n-cell being attached by the constant map S™~' — €Y. The

sphere S™ here is equivalently considered as the quotient space D™ /0D™.

Definition 2.1.16. Let X and Y be CW complezes and, let X™ and Y™ denote the n-skeletons
of X and Y respectively. A continuous map f: X — Y is called cellular if f(X™) CY™ for all

non-negative integers n.

Every continuous map between CW complexes is homotopic to a cellular map, according to the

following theorem. We will not give the proof here, but it can be found in (11, Page 349).

Theorem 2.1.17. (Cellular Approximation Theorem) Given that X andY are CW complexes,

let f: X —Y be a continuous map. Then f is homotopic to a cellular map.

2.2 The Fundamental Group

The fundamental group is a topological invariant, which is an algebraic object that can be
attached to a geometric space. The fundamental group is an important tool for distinguishing

between spaces. The fundamental group of a circle, for example, is Z, while the fundamental
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group of a point or a line is trivial. This will be explained in greater detail in the following
sections. The fundamental group will simply be defined as the collection of all homotopy classes

of loops. With that being said, we start with loops:

Definition 2.2.1. A continuous map f : [0,1] — X such that f(0) = xo and f(1) = x;1 is
called a path in X from zg to x1. A loop in a pointed space (X, xo) is a path f:[0,1] — X
such that f(0) = f(1) = xo.

Remark 2.2.2. Definition 2.2.1 simply tells us that a loop in X based at xg is a path in X that

begins and ends at the same point xq.

Example 2.2.3. Consider the pointed space (S, (1,0)). Then the map f : [0,1] — S* which
takes t to (cos(2mt),sin(27t)) is a loop.

Definition 2.2.4. (1, Page 48) Two paths f, g : [0,1] — X which share the same initial and

final points, xo and x1 respectively, are said to be homotopic if there exists a homotopy
H:[0,1] x[0,1] — X

such that H(s,0) = f(s),H(s,1) = g(s) and, H(0,t) = xo and H(1,t) = x1 for all s,t € [0,1].

Here we call H a path homotopy between f and g, and we write f ~ g. According to Definition
2.2.4, the path’s end points stay fixed during the deformation. From Definition 2.1.6, H is
simply a homotopy relative to {0, 1}.

Definition 2.2.5. A homotopy of loops on (X, xg) is a continuous map H : [0,1] x [0,1] — X
with H(0,t) = H(1,t) = x9. We say a loop is nullhomotopic if it is homotopic to the constant
loop.

Remark 2.2.6. The equivalence relation of homotopy partitions loops in (X, xq) into equivalence

classes called homotopy classes.
We now define an operation on path homotopy equivalence classes.

Definition 2.2.7. (20, Page 39) Let f,g:[0,1] — X be two paths with f(1) = g(0). Then we
define the composition of f and g, denoted (f xg) :[0,1] — X, by

f(2t); telo,3],

(F>a)e) = g2t —1); telf,1].

Remark 2.2.8.
(i) If f and g are loops, then f g is a loop.

(i) The set of all path homotopy equivalence classes of paths in a space is not a group under
the operation x defined above since the operation is only defined between two paths for

which the endpoint of the first path is the starting point of the second path.

Proposition 2.2.9. Consider two paths fo ~ f1 rel {0,1} and go ~ g1 el {0,1}. If fo(1) = go(0)
and fi1(1) = g1(0), then fo*go ~ fixg1 rel {0,1}.
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Proof. See (7, Proposition 8.1) for a detailed proof. O

Corollary 2.2.10. Let [f] be the homotopy class of a loop f such that f(0) = f(1) = zo.
Suppose g is another loop based at xo. Then the operation [f] * [g] = [f * g] is well defined.

Lemma 2.2.11. Let ¢, be a constant loop at xq, that is, ¢z, (t) = xo, where t € [0,1]. Let f be
a loop based at xo. Then fxcgy, ~ f rel {0,1} and cyy * f ~ f rel {0,1}.

Proof. See (7, Proposition 8.2) for a detailed proof. O

Definition 2.2.12. Let f be a loop. Then the inverse loop f is defined by f(t) = f(1—t), where
t € [0,1]. This is simply the same physical loop as f but going in the opposite direction.

Lemma 2.2.13. Given a loop f, then f x f ~ ¢y el {0,1} and f % f ~ ¢z 7el {0,1}.
Proof. See (7, Proposition 8.3) for detailed proof. O

We can now define the fundamental group.

Definition 2.2.14. The fundamental group of (X, x¢), denoted m (X, o), is the group whose
underlying set is homotopy classes of loops. On the homotopy classes of loops based at xq, define
[f]1*[g] = [f x9g]. This operation is associative, i.e., (f xg) xh ~ f* (g*h) rel {0,1} and with
identity element id = [cy,], and [f]™' = [f]. This gives a group structure on m1(X,z).

Definition 2.2.15. A space X is path-connected if there is a path joining any two points, that
is, for all z,y € X there is some path f :[0,1] — X with f(0) = x and f(1) =y. A space X
is simply connected if it is path-connected and (X, x) = {0}, x € X.

Theorem 2.2.16. (1, Theorem 3.1.18) Let X be path-connected and xg,z1 € X be two points.
Then 7r1(X,a:0) = 7T1(X,.CC1).

Proof. See (1, Theorem 3.1.18) for proof. O

In the above theorem we note that the fundamental group of a path-connected space does not
depend on the choice of basepoint. We can simply write 71 (X) ignoring the basepoint if X is

path-connected.

We mentioned that the fundamental group is a tool for distinguishing between spaces and that it
is topologically invariant. To demonstrate that it is, consider a continuous map h : (X, xg) —
(Y, yo) that maps xp € X to yo € Y. Take any loop f in X that starts at z, then ho f is a loop
in Y that starts at yg. We can then define a homomorphism between the fundamental groups
of X and Y induced by the continuous map h because of this relationship between loops in X

and loops in Y.

Proposition 2.2.17. Let h: (X, z9) — (Y, 40) be a continuous map. Then the map

h* : 7T1(X,330) — WI(Yv y0>7
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defined by

18 a group homomorphism.

Proof. To prove this, we follow (20, Theorem 3.4). Here we want to show that h.([f] x [g]) =
hy([f]) * h«([g]). So by definition

ha([f1 % [9]) = hu([f * g]) = [h o (F x g)],

and
ha([f1) % ha([g]) = [ho flx [hog] = [(ho f) x (hog)].
By Definition 2.2.7, we get;

(ho(fxg))t)=h(f*g)()

h(f(2t)); te [0, 3],
h(g(2t —1)); te31].

And
(ho f£)(2t) = h(f(21)); te 03],
hof)x(ho =
e Do D= o get—1) = hge— 1) te [b1].
Therefore, indeed h.([f] * [g]) = h«([f]) * h«([g])- O

Moreover, if iy : (X, z0) — (Y, y0) and ho : (Y,y0) — (Z, 20), then (hg o hq)« = (h2)s 0 (h1)x.

Theorem 2.2.18. (20, Theorem 3.10) If f : X — Y is a homotopy equivalence and, X and
Y are path-connected, then f, : m (X, x0) — m1(Y, f(x0)) is an isomorphism.

Corollary 2.2.19. If X is contractible, then 7 (X) = {0}.

Example 2.2.20. The space R™ is simply connected with trivial fundamental group since we
can get a straight line homotopy H : [0,1] x [0,1] — R"™ between any two loops f,g € R™ based
at xg defined by

H(z,t)=tg(x)+ (1 —1t)f(x).

Since S! is path-connected, the fundamental group of S' does not depend on the choice of

basepoint, from Theorem 2.2.16. Hence

Theorem 2.2.21. Consider the pointed space (S, o). Then w1 (S, 0) = Z and m(S™) = {0}
forn > 2.
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Proof. See (11, Page 29) for the proof. O

We will look at higher homotopy groups in the following section.

2.3 Higher Homotopy Groups

Higher homotopy groups are generalizations of the fundamental groups 71 (X, z¢) to homotopy
groups 7, (X, x¢), defined for each positive integer n. They are easier to define but more difficult
to compute than lower homotopy groups. We will not go into great detail. The homotopy classes
of maps from fixed spaces into the supplied space make up the higher homotopy groups of a
space. FEduard Cech was the first to define the concept of higher homotopy groups (6, Section
6.1).

Definition 2.3.1. Let (X, xzq) be a pointed space. Then m,(X,xg) is defined to be
(X, xo) ={[f] | f: U™, 0I") — (X, x0), and f is continuous},

where homotopies f; satisfy fi(OI'™) = xo for all t. The sum operation in mp(X,xo) with n > 2,
1s defined by

fQ2xy, 29,23, ..., xy); z1 € [0,
(f+g)(x11x27'--7xn) == n [ 12]
9(2x1 — 1,29, 23,...,2p); T1 € [5,1] i

It generalizes the composition of loops.

Definition 2.3.2. Let (X, ) be a pointed space. Then the homotopy groups mp(X,xo) are
called the higher homotopy groups, defined for each positive integer n.

Remark 2.3.3.
(i) For n =1, one recovers the fundamental group defined earlier.

(ii) m(X,x0) forn > 1 are abelian. This is a very nice property of the higher homotopy groups
(7, Page 140).

The concept of relative homotopy groups is the generalization of homotopy groups of a space
to a pair (X, A). They are useful in homotopy group computations because they fit into a long
exact sequence of homotopy groups. The homotopy groups of a pair of spaces are referred to as

relative homotopy groups.

Definition 2.3.4. The n'"-relative homotopy group m,(X, A, xo) of a pair (X, A) with basepoint

xg € A is the set of homotopy classes of maps
f : (Dnasn_lva) — (X7A7f($0))
where the homotopies are relative to the basepoint xg. In other words;

(X, A, z0) = {[f] | f: (D", 8" x0) — (X, A, f(x0)), where f is continuous}.



Homotopy Groups

One defines a morphism
871 : 7Tn(X, A, .CC()) — 7Tn_1(A,:130)
for each n > 0 defined as the restriction O([f]) = [f |gn-1]

f : (Dn,Sn_l7$0) — (Xa A,f(l'o))

Definition 2.3.5. (11, Page 113) A sequence of the form:
8n+1 Bn
e — Apy1 — Ay S Ay — -

where A;’s are R-modules and 0;’s are R-homomorphisms is called an exact sequence if for all
n, Ker(0,) = Im(On41).

Remark 2.3.6. We note two things:
(i) Im(Op+1) C Ker(9,) if and only if 0,0n+1 = 0, so an exact sequence is a chain complex.
(i) Ker(0n) C Im(On41) implies that the homology groups of an exact sequence are trivial.

Definition 2.3.7. (11, Page 114) An ezact sequence of the form:
/ g
0>A=>B=>C—0,

is called a short exact sequence.

Proposition 2.3.8. The short exact sequence
f g
0>A=B=>C—0,

is exact if and only if f is injective and g is surjective, and Ker(g) = Im(f). Note that the

sequence
0545 B0

1s exact if and only if f is an isomorphism.

Proof. Immediate. O

The following theorem is presented without proof.
Theorem 2.3.9. The sequence

. a—”> (A, z0) N (X, z0) ELN (X, A, x0) 8—"> Tn—1(4, x0) NN (X, x0)

10
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1 exact where iy and j. are induced by the inclusions
i:(Az0) = (X,20) and  j: (X, x0) = (X, A, 20),

This exact sequence is called the long exact sequence of homotopy groups of the pair (X, A).

Now we will look at the results required for computing the n*~homotopy group of the n-sphere,
S™. We begin by defining the concept of n-connected spaces, which are critical in the formulation

of Hurewicz’s theorem. The theorem will not be proved.

Definition 2.3.10. (11, Page 346) A pointed space (X, o) is called n-connected if (X, xo) =
{0} for alli < mn. Similarly for pairs.

For n = 1, we recover the definition of a simply connected space (see Definition 2.2.15).
Definition 2.3.11.

(i) A map f: X — Y is called an n-equivalence or n-connected map if
f* : 7ri(X7 xO) — 7T7,(Y7f(x0))

is an isomorphism for all i < n and epimorphism for i = n.

(ii) A map f: X — Y is called a weak (homotopy) equivalence if
fe 1 mi(X, w0) — mi(Y, f(20))

is an isomorphism for all 1.
The following theorem is very useful when showing that a map is a homotopy equivalence.
Theorem 2.3.12. (Whitehead’s first theorem) (2, Theorem 2.4.7) Let f : X — Y be a map of
CW complexes. Then f is a weak equivalence if and only if f is a homotopy equivalence.

Proof. See (2, Theorem 2.4.7) for the proof. O

Theorem 2.3.13. Let X = S1. Then m,(S') = {0} for allp > 2.

We will not go over the proof here, but one makes use of the Homotopy Lifting, see (7, Proposition

6.28). All the homotopy groups of S* are known since 7 (S!) ~ Z.

Theorem 2.3.14.

{0}; 1<p<n,

wp(S", xo) = {

Z; p=n.

The higher homotopy groups m,(S™, zg), for p > n, are very complicated to compute. The

following is an example that clarifies Theorem 2.3.14 above:

Example 2.3.15. Here we want to show that mp(S™, zo) = {0} when p < n. Given SP and S™

with their canonical CW structures, with one 0-cell each and one p-cell for SP and one n-cell for

11
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S™ af f: SP — 8™ is a continuous, base-point preserving map, then by Theorem 2.1.17, it is
homotopic to a cellular map g. This map g must map the p-skeleton of SP into the p-skeleton of
S™. But the p-skeleton of SP is SP itself, whereas the p-skeleton of S™ is the 0-cell, i.e. a point,

due to the assumption that p < n. Thus, map g is a constant map, hence m,(S™, xo) = {0}.

12



3. Simplicial, Singular and Cellular

Homology, and Cohomology

3.1 Homology

Homology is a computable and combinatorial functor that gives us a finite description of the
topology of a space. Homology groups can be thought of as an algebraization of the first layer of
geometry in cell structures, i.e. how n-dimensional cells attach to (n — 1)-dimensional cells. The
Fundamental group is not necessarily abelian, whereas homology groups are. The first homology

group is the abelianization of the fundamental group.

For a topological space X, H,(X) is the n*’-homology group (for n € N) which measures number

of n-dimensional holes in X.

We first look at the notion of complexes.

3.1.1 Chain Complexes
Definition 3.1.1.1. A chain complex C, is a sequence

On, On, On 1o) o 1o/
S Ol 5 C B0 B G0 (3.1)

of R-modules Cy, and R-homomorphisms Oy, called boundary operators, such that 0,0,+1 = 0
for alln € N.

From the definition, dy = 0. The boundary operator allows us to define submodules of C,,, the

submodule of cycles and the submodule of boundaries.

Definition 3.1.1.2. An element ¢ € C,, is called an n-chain. An n-chain c is called a cycle if
On(c) =0, and a boundary if ¢ € Im(Op41).

The submodule of n-cycles is denoted by Z, = Ker(d,) and the submodule of n-boundaries
B,, = Im(0p+1). The condition 9,0,,+1 = 0 means that B, C Z,.

We can therefore have the following definition:

Definition 3.1.1.3. The n'*-homology module of C, is the quotient
Hn — Zn/Bn7

for allm € N. For z1,29 € Z,, then [z1] = [22] if and only if z1 — 2z € Im(Op+1)-

Definition 3.1.1.4. (71, Page 111) Let A, and By be chain complezes. A chain map f : A, —

13
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B, is a collection { f, : A, — Bp}nen of R-homomorphisms such that

Onfn = fn—10n, (3.2)

for all n € N. This is equivalent to saying that the following diagram commutes:

6n+1 8n
A An+l Ap Apg —— -
lfnJrl Jrfn fnfl
anJrl Bn
T Bn+1 By, By —— -

Remark 3.1.1.5. The composition go f : A, — Cy of two chain maps Ay i> B, EN C, is
defined by (go f)n = gn o fn. It is again a chain map.

Definition 3.1.1.6. (19, Page 331) Let A, and B, be chain complexes and f : A, — By a
chain map. We call H,(f) : Hy(Ayx) — Hp(By) the induced map defined by

Hy (F)([2]) = [fu(2)].

From Definition 3.1.1.4, the relation 0, f, = f._10, implies that f takes cycles to cycles and
boundaries to boundaries since d(«) = 0 implies 9(f(a)) = f(O(a)) =0 and f(9(«)) = I(f(v))
respectively. This shows that H,,(f) induces a well-defined homomorphism between the homolo-
gies of A, and B,.

Remark 3.1.1.7. We will frequently omit indices when there is no risk of confusion, for exam-
ple, instead of On(x) and fn(x), we will write d(x) and f(x).

We will now look at the concept of homotopies between chain maps.

Definition 3.1.1.8. (71, Page 113) Let A, and By be chain complexes, and f,g: Ax — By be
chain maps. A chain homotopy h between f and g is a collection of homomorphisms h : A,, —>
By 4+1 such that

Oh+hd=f—g. (3.3)
This is depicted below:
O3 Ay 2 A3 25 4, 25 4y 0
lelo ALl Al lo 2l Lo
s B —25 B —25 B, -2 B 0

If such a homotopy exists, we say f and g are homotopic and write f ~ g.
Remark 3.1.1.9. We say that f is null-homotopic if f ~ 0.

Theorem 3.1.1.10. Let A, and B, be chain complexes. If f,g : Ay, —> By are homotopic,
then Hy,(f) = Hp(g) for all n € N.

14
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Proof. From Equation 3.3, if x € Z,, then f,(z) — gn(x) is a boundary which, by definition,
vanishes in homology. Let x be an arbitrary cycle in A, and let h be a homotopy that gives
f ~ g. Then by Definitions 3.1.1.6 and 3.1.1.8,

Hy(f)([2]) = [fn(2)],
= [gn(2) + On+1(hn(2)) + hn—1(0n(2))],
- [gn(x) + an-i—l(hn(‘r))] ; as an(x) =0,
= Hn(g)([z])-
Therefore, H,(f) = H,(g) for all n € N. O

The basic construction that follows is critical because it establishes a link between homologies

of chain complexes connected by some ”special” chain maps.

3.1.2 Connecting Homomorphism and Exact Homology Sequence

Definition 3.1.2.1. An exact sequence of the form:
O—>A*i>B*i>C*—>O,

1s called a short exact sequence of chain complexes.

Lemma 3.1.2.2. Let 0 — A, i> B, i> Cyx — 0 be a short exact sequence of chain complexes.

Then for all n, there exists a canonical homomorphism
d: Hy(Cy) — Hp—1(Ay)

called connecting homomorphism such that the sequence

o Ho(A) 9 gy 9 g S Hy Ay Y g (B

1s exact. Moreover if

0 A, —— B, —15 C, 50
O
0 A4, p 1. 0

1s a commutative diagram of chain complexes in which the rows are exact, then

Hy_1(a)od =080 Hy(y), i.e. the following diagram commutes,

lHn(w le(a)

!

HR(C*) L) Hn—l(A*)

Proof. See (8, Proposition 2.9) for proof. O

15
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We will now talk about simplicial homology, or spaces made up of simplices.

3.2 Simplicial Homology

3.2.1 Simplicial Complexes

The term simplicial complex refers to geometric simplicial complex, which is a geometric object in
Euclidean space made up of glued simplicies of various dimensions. When it comes to simplices,

the following definition is essential.

Definition 3.2.1.1. The standard n-simplex A™ in R™t1 is the convex hull of the standard basis

vectors, that is,

A" = {<A07A17'.. 7An> GRn+1 ’ )\z < [0,1] and ZAZ = 1}
=0

1=0 1=0

where ey = (1,0,0,---,0),e; = (0,1,0,---,0),--- ,e, = (0,0,0,--- ,1). The points {eg,e1, - ,en}

are the vertices of A™.
It is obvious that A™ is closed and bounded, so it is compact.

Example 3.2.1.2. The (n + 1) vertices of the standard n-simplex are the points e; € R
where ey = (1,0,0,---,0),e; = (0,1,0,---,0),--- ;e, = (0,0,0,--- ,1). The following diagram
depicts the standard 2-simplex:

€2

€1

€0

T

Figure 3.1: Standard 2-simplex.

Definition 3.2.1.3. Let {vg,v1,--- ,v,} be points (or vectors) in R, This set is said to be

geometrically independent if the vectors {vy — vg,va — vy, -+ , vy, — vo} are linearly independent.
Remark 3.2.1.4. We will consider singletons to be geometrically independent.

Definition 3.2.1.5. An n-simplex in R™! is the convex hull of any (n+1) points {vy,v1,- - ,vn}
in R*TL. We call {vo,v1,--- ,vn} € R the vertices set of the simplex. We denote the n-

16
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simplex spanned by these points as
n n
0':<’U(),1)1,-",Un>:{2)\ivi‘2)\i:1}. (34)
=0 =0

Definition 3.2.1.6. If we delete one of the (n+1) points of an n simplex o, then the remaining

n vertices span an (n — 1) simplex called a face of o.

Definition 3.2.1.7. (7, Page 119) A simplicial complex K is a subspace of R™, together with a
finite list of simplices such that:

(i) The union of the simplices is the set K and each point in K lies in the interior of only

one simplez.
(i) Every face of every simplex in the list is also in the list.

A simplicial complex K is simply a pair, K = (V,5), consisting of a (finite, otherwise it might
not be compact) non-empty set V' of vertices and a family S of simplices, which are finite subsets
of V. Any two simplices are either disjoint or meet at a common face if they do meet. A face is

a simplex P C S with vertices that are also vertices of S.

Remark 3.2.1.8.
(i) The largest dimension of the simplices a complex can contain is its dimension.
(ii) A vertex is a face of every simplex it belongs to and is the smallest face.

Example 3.2.1.9. Below is an example of a complex which is simplicial and which is not

simplicial:

iy

(a) Simplicial complexes. (b) Not a simplicial complexes.

Given a simplicial complex K, we write |K| to denote the geometric realization of K, i.e. the
topological space which is the union of all the simplices in K. Geometric realization of K, |K],

is compact.

Definition 3.2.1.10. Let X be a topological space. A triangulation of X is a simplicial complex
K together with a homeomorphism from |K| to X.

Remark 3.2.1.11. A topological space X is triangulable if it has some triangulation.

The notion of triangulation will be used in computing simplicial homology of the circle, disk

and sphere (Examples 3.2.2).

17
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The boundary of A™, represented by JA™, is the union of all its faces. The open simplex A" is
A™ — QA" the interior of A".

Definition 3.2.1.12. (71, Page 103) A A-complex structure on a space X is a collection of
maps oo : A" — X, with n depending on «, such that

(i) Then restriction 04|z, is injective, and each point of X is in the image of exactly one

such restriction oq|xn -

/i cti o " A" .
(ii) Each restriction of oo to a face of A™ is one of the maps o5 : A" — X. Here we
are identifying the face of A™ with A"~ by the canonical linear homeomorphism between

them that preserves the ordering of the vertices.
(iii) A set A C X is open if and only if o, *(A) is open in A" for each o.

Definition 3.2.1.13. An oriented simplex o is simply a simplex together with a choice of ori-
entation. If {vo,v1, -+ ,vn} spans o, then we shall use [vg,v1,--- ,v,] to denote the oriented
simplex. An orientation of a simplex is an equivalence class of choices of orderings of v;’s,
where [V, Viy, -+, Vi) = Wig, Vjps -+ 505, ] if and only if (vig, viy, -+, vi,) = p(Vjos Vs o0 5 Vj,)
for an even permutation p. Orderings of v;’s that differ from this by an odd permutation are

then designated as reversed.
Remark 3.2.1.14. Clearly 0-simplices have only one orientation.

Definition 3.2.1.15. (17, Page 28) Let K be a simplicial complex and R a ring with unity. An

n-chain x is a formal sum

k
T = E ;0
i=1

where 0;’s are n-simplices and a; € R. The set of n-chains is an R-module denoted by A, (K; R).
We omit the ring in case R = Z, then A, (K,Z) is just written A, (K).

Definition 3.2.1.16. We now define a homomorphism O, : Ap(K; R) — An_1(K; R) called
the boundary operator. Let n > 0 and o = [vg,v1,- -+ ,v,] be an oriented simplex. Then the

union of all faces of o is the boundary of o, defined by

n

an(a) :Z(_l)i[UOavly"' 7@2'5"'7)71]; (35)

i=0
where v; indicates that the vertex v; is ommited.

Example 3.2.1.17. Let o be an n-simplexr with n > 0. Consider the following figure as shown
in (11, Page 105).

18
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Yb—""—1 vy, vl = [vy] - [vg)
v,
A vy, vy, va] = [V, vs] - [, Vo] + [V, 7]
, v,
Vy
v, v, vy, v, U] = [V, Vs, U] — [0, 15, 15 ]
Vs v + [y, vy vy ] — [vg, vy, 1]

Figure 3.2: Oriented n-simplices.

From Definition 3.2.1.16 we get the following lemma:

Lemma 3.2.1.18. For alln >0, 0,,_1 00, = 0.

Proof. From Equation 3.5, we have 9,(c) = Y1 (—1)"[vo, v1, -+, Dj, - - - vp). So

On—10n(0) = Z(—l)”j[vo,”' Dy Dy e e Uy +Z(_1)i+j—1[v07... yDiy ey Dy vy

j<i J>i
=0.

The two summations cancel out due to switching ¢ and j in the second sum, it becomes the

negative of the first sum. O

We illustrate this fact in the following example:

Example 3.2.1.19. Take an oriented simplex o = [vg,v1,v2,v3]. Then from Equation 3.5,
d(0) = [v1,v2,v3] — [vo, v2, v3] + [vo, v1,v3] — [vo, V1, V2]
So

8(8(0')) = 8[2}1, Vg, Ug] — 8[1}0,2}2,1}3] + 8[1)0,1)1,1}3] — 8[1}0,1)1,1)2]
= ([v2,v3] — [v1,v3] + [v1,0v2]) — ([v2,v3] — [v0, v3] + [vo, v2])
+ ([v1,v3] — [vo, v3] + [vo, v1]) — ([v1, v2] — [vo, v2] + [v0, v1])

0.

Definition 3.2.1.20. The n'"-simplicial homology module of a simplicial complex K is defined

by
HS(K;R) = Z5/B~, (3.6)

where Z5 = Ker(0,) and BS = Im(0p41).

We will denote the ”simplicial homology” as in Equation 3.6 in order to distinguish it from the

singular homology H, (to be discussed in the next section (Section 3.3)).

19
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3.2.2 Examples

In the following examples, coefficients are taken in Z. Let (A, (K),0) be the simplicial chain

complex of a simplicial complex K (see Definition 3.2.1.15).
We first compute the simplicial homology of the circle.

Example 3.2.2.1. The following diagram depicts a triangulation of the circle.

f(2)
A . ) a=[/(x), /(v)]
. ) f b=1[f(y), f(2)]
f(x) fy) =R @)
x Y

Figure 3.3: Triangulation of the circle: The simplicial complex contains the O-simplices x, y and
z, and the 1-simplices a, b and ¢. The homeomorphism from the complex to the circle is denoted

by f.

The chain groups have the following bases:
AO(K) = (x,y,z), AI(K) = <[xay]7[ya Z],[Z,ZE]) and AZ(K) = {0}

Boundaries:

Note that Ao(K) = {0} because there are no 2-simplices. In order to compute homology we need
to compute, at every point/stage, the space of cycles and space of boundary and then we take the

quotient. So

75 = Ker(d) = (x,y, 2),
BOA =Im(01) =(y—x,z—y,xz — 2).

Since x —z=—(y—x) — (2 —y), then Im(01) =y —x,z —y) 2 Z B Z. Hence
HMNSY=(Z20ZoL)|2®Z=1.
To compute H(SY), let l,n,m € Z. So l[z,y] + mly, 2] + n[z,z] is a cycle if and only if

o[z, y] +mly, z] + nlz,z]) = 0.

20
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That is,

Oz, yl + mly, 2] + nlz, z]) = 10([x, y]) + mO([y, 2]) + nd(([z, x])
=lly—x)+m(z—y)+n(x—2)
=m—-Dx+(l—m)y+ (m—n)z.

We see that (n — l)x + (I —m)y + (m —n)z = 0 if and only if l=m =n. So

7 = Ker(d1) = ([z,y] + [y, 2] + [2,2]) = Z,
Bt = Im(82) = {0}.

Thus,
HA(SY) = Z.

As Ay(K) = {0} fori > 2, we then have that Z> = B = {0} for i > 2. Therefore,

HA(Sl): Z; if n=0,1,
. 0} if n>2

Here we compute the simplicial homology of a disk.

Example 3.2.2.2. The disk is homeomorphic to a solid triangle. Consider the following dia-

gram:
V4

a = [z,y]

= ¢ b b= [y, 7]

x a Yy c =z 1]

Figure 3.4: Triangulated disk.

The chain groups have the following bases:
AO(K) - <$7yvz>7 Al(K) = <[x,y],[y,z},[z,m]> and A2(K) - <A: [IIZ,y,ZD.
Boundaries:

8([m,y,z]) = [y7 Z] - [l‘, Z] + [l’,y],
M, y) =y—x, Oy, 2])=z—y and O(z2]) =2—=
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So

78 = Ker(d)) = (a+b+c) =27,
B2 =1Im(8) =(a+b+c)=7Z; since O(A)=a+b+ec.

Thus,
H{(D) = 7)7 = {0}.
Note that ZQA is trivial. Therefore,

7 if n=0,
{0}; if n>1.

H (D) =

Now we compute the simplicial homology of a sphere.

Example 3.2.2.3. The sphere is homeomorphic to the boundary of a tetrahedron. Consider the

following diagram:

Figure 3.5: Triangulated sphere.

The chain groups have the following bases:

Ao(K) = (w,2,y,2),

A(K) = ([2,9], ly, 2], [z, 2], [z, w], [w, 2], [w, y]),
Ao(K) = ([2,y, 2], [z, 2, 0], [y, w, 2], [, w, 4]),
Az(K) = {0}.
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Boundaries:

[z, 2]) = [y, 2] — [, 2] + [z, 9],
[z, z,w]) = [z,w] — [x,w] + [z, 2],
Ay, w, 2]) = [w, 2] = [y, 2] + [y, w]
[z, w,y]) = [w,y] = [z, y] + [z, w],

Nz,y)) =y — =,

Ny, z2]) =z —v,

I([z,z]) =z — 2,

[z, w]) =w — =z,

N[w,z]) =z —w,

N[w,y]) =y —w.

Note that A3(K) = {0} since there are no 3-simplices. Also note that H5*(A3(K)) is spanned
by [w] = [2] = [y] = [2]. Hence

HP(S?) = Z.

To compute H{(S?), let o, B,7,6,e,m € Z. So afz,y]+ Bly, 2] +7[z, 2] + [z, w] +ew, 2] +nw, y]
s a cycle if and only if

A(alz,y] + Bly, 2] + [z, ] + 8]z, w] + e[w, 2] + n[w,y]) = 0.
That s,

dalz,y] + Bly, 2] + [z, 2] + 6]z, w] + e[w, 2] + n[w, y]) = ad([z,y])] + BO([y, z]) + vO([z, z])
+00([z, w]) + €d([w, 2]) + nd([w, y])
=a(y—z)+B(z—y) +y(x—2)
+o(w—z) +e(z —w) +n(y —w)
=0.

This is true only if

—a+v7—6=0,
a—B+n=0,
f—v+e=0,
0—e—n=0.
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And we get the matriz to be

0 0 0 1 -1 -1

Writing the the matriz into a row reduced echelon form we get

1 0 -1 0 1

01 -1 0 1 O
0 0 1 -1 -1
0 0 0 0 O

And we get infinite solutions since we have a zero row. Let v = r,e = s andn = t. Then
a=r—s—t,f=r—sand d=s+t. Thus

o] 1] 1] [ 1]
s 1 -1 0
7 =r ! + s 0 +1 0 = ruy + sug + tug,
) 0 1 1
£ 0 1 0
| 7] _O_ _0_ _1_
where u; = [1,1,1,0,0,0]7,uy = [-1,-1,0,1,1,0]" and uz = [-1,0,0,1,0,1]7 form a basis of

the subspace of cycles. Note that,

Uy = [xay] + [y,z] + [z7x]’
ug = [z, w] + [w, 2] — [z, 2],

uz = [z, w] + [w, y] + [y, z].
So Z2 = Ker(01) = (u1,uz,u3). One can check that each cycle is a closed path. However,
up = ofx,y, 2], ug=0sxr,w,z] and uz= dofr,w,yl.
Hence, Z{ = Bf. Therefore,
Hi($%) = {0}.
For H5(S?):

[z,y, 2 + [z, 2, 0] + [y, w, 2] + [z, w,y]) = 0.
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That is,
Zp = Ker(9y) = ([e,y, 2] + [z, 2,0] + [y, w, 2] + [z, w,y]) = Z,
B = I'm(8s) = {0}.
Thus,
HP(S?) = 7.
In conclusion,
Z; if n=20,2

HR(S?%) = ,
{0}; if neN\{2}.

Now we look at singular homology which is a theoretical tool.

3.3 Singular Homology

3.3.1 The Singular Complex
Here we construct a functor, called singular complex, from topological spaces to complexes.

Definition 3.3.1.1. (11, Page 108) Let X be a topological space. A singular n-simplex in X is

a continuous map o : A" — X, where A™ denotes the standard n-simplex.

Definition 3.3.1.2. (11, Page 108) Let S,(X) be the free abelian group with basis {o; : A" —
X}. Elements of S,,(X) are called singular n-chains. An n-chain x is defined by,

T = iniai, (3.7)
=1

where n; € Z and o; : A" — X

Define 0y, : Sp(X) — Sp—1(X) by

Definition 3.3.1.3. (8, Page 31) The sequence
8n+1 8n
= S (X)) /= Sp(X) = Spo1(X) — -+,

is a complex, i.e. OpOnt+1 = 0. It is called the singular complex of X, and is denoted by S.(X).
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Definition 3.3.1.4. (11, Page 108) For alln > 0, the n'*-singular homology of X is defined to
be the homology of the chain complex (S, (X),0y). That is,
Hn(X) = Zy(X)/Bp(X)
= Ker(0pn)/Im(0n+1).

One could take coefficients in a commutative ring R with unity and define in the same way
H, (X, R), the homology of X with coefficients in R.

Proposition 3.3.1.5. If X is a point, then H,(X) = {0} forn >0 and Hy(X) = Z.
Proof. See (11, Page 110) for proof. O

Definition 3.3.1.6. (11, Page 110) Let X,Y be topological spaces. For a map f : X —Y, an

mnduced homomorphism
f# 2 Sn(X) — Sp(Y)
1s defined by composing each singular n-simplex o : A™ — X with f to get a singular n-simplex
f(o)=foo: A" — Y, and extending fy linearly.
Proposition 3.3.1.7. The map fy : Sn(X) — Sp(Y) satisfy fx0 = Ofy. Equivalently, fu is

a chain map.

Proof. We have, from Equation 3.5, 9,(c) = 31 (—=1)*[vg, v1, -+ , ¥+ - Up). So

That is, f40 = 0fx. Thus, the following diagram commutes:

e S (X) 2 S (X) O S, (X)) —— -

|1 |1 |1

8n+1

e S (V) 2 S (V) s S, (YY) ——

O]

From Proposition 3.3.1.7 above, we see that fy is a map of chain complexes, hence it induces a
homomorphism f, : H,(X) — H,(Y).

Definition 3.3.1.8. The homomorphism f, : H,(X) — Hy,(Y') is called the induced homo-
morphism by f in homology.
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Proposition 3.3.1.9. Let f: X — Y and g: Y — Z be maps. Then;

(i) (go f)s=gso0 fi,
(i) (Ix)« = Ip,(x), where Ix denotes the identity map.

Theorem 3.3.1.10. (11, Page 111) Two maps f,g: X — Y will produce the same homomor-
phism fi = g« : Hy(X) — H,(Y) if they are homotopic.

Proof. See (11, Page 111 — 113). The proof consists of establishing a chain homotopy between
f# and gu. O

Theorem 3.3.1.10 implies that the homology functor factors to the homotopy category of topo-

logical spaces with homotopy classes of maps. And it leads us to the following corollary:

Corollary 3.3.1.11. The maps fi : Hy(X) — H,(Y') are isomorphisms for alln if f: X —

Y is a homotopy equivalence.

Proof. Suppose that f : X — Y is a homotopy equivalence and ¢g : ¥ — X is a homotopy

inverse. Then from Proposition 3.3.1.9, we have:
(go flx=gso fi = (Ix)e = I, (x)-
And
(fog)s = feoge=(Iy)s =1,y
Therefore f, is an isomorphism with an inverse g,. O

Consider a pair of spaces (X, A) where X is a topological space and A C X. Let the map i :
A — X be an inclusion. Then the induced map of singular chain complexes i, : S(4) — S(X)
is injective. We can then consider the quotient S(X, A) = S(X)/S(A).

Definition 3.3.1.12. The relative singular chain complex S(X, A) of a pair of spaces (X, A) is

the quotient complex
S(X,A)=S(X)/S(A).
The homology of S(X, A) is the relative singular homology of pair (X, A), and it is denoted by
H,(X,A) = H,(S(X,A)),

for allm > 0.

For a pair of spaces (X, A), we have, by definition, a short exact sequence of chain complexes
0— S(A) = S(X) B S(X,A) — 0,
where p is the canonical projection. Lemma 3.1.2.2 then yields the following corollary.
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Corollary 3.3.1.13. Let (X, A) be a pair of spaces. Then there exists a connecting homomor-

phisms
On : Ho(X,A) — Hp—1(A),

for n > 1 such that the sequence

Hn (i)

O g x, Ay S, (A) Eet,

- — H,(A) H, 1(X)—>---

18 exact.
This is the long exact homology sequence associated to the pair of spaces (X, A).

Example 3.3.1.14. Let (X,0) be a pair of spaces where X is a topological space. Then the
homology of an empty space is trivial in all dimensions. Thus, the inclusion j : ) — X induces

an isomorphism
Hy(X) S Ho(X,0),

for allm € N.

The following theorem is about the equivalence of simplicial and singular homology and it applies

to a wider category of topological spaces called A-complezes (see Definition 3.2.1.12).
Theorem 3.3.1.15. (11, Theorem 2.27) If X is a A-complex, then there are isomorphisms
H2(X) — Hy(X) for all n.

Proof. See (11, Page 128) for proof. O

3.3.2 Reduced Homology

A modified homology that assumes a point has trivial homology groups in all dimensions, in-
cluding zero, is frequently very helpful. This is possible when we define the reduced homology
groups Hy(X).

Definition 3.3.2.1. (11, Page 110) Let X be a topological space, X # (). The reduced homology
fIn(X) s the homology of the augmented chain complex:

o S(X) B 5(X) 2 So(X) S Z -0,

where the homomorphism € : So(X) — Z is defined by €(>_, nio;) =Y, n;, withn € Z.

Remark 3.3.2.2. Since €01 = 0, € vanishes on Im(01) and hence induces a surjective map
Ho(X) — Z with kernel Ho(X), so Ho(X) = Ho(X) & Z and H,(X) = H,(X) for all n > 0.

The following corollary comes from the above remark and Proposition 3.3.1.5.

Corollary 3.3.2.3. If X is a non-empty contractible space, then ﬁn(X) = {0} for alln > 0.
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Corollary 3.3.2.4. Let X be a topological space and ) # A C X. Let xg € X be a basepoint.

Then we have the following results:
(i) Hy({zo}) = {0} for all n,
(ii) Hy(X) = Hp(X,{zo}) for all n,
(iii) Hn(X,A) = H,(X,A) forn>1.

Short exact sequences are vital in relating the homology groups of a space, a subspace and the

resulting quotient space.

Theorem 3.3.2.5. (11, Page 114) Let X be a space and A be a nonempty closed subspace that

1s a deformation retract of some neighbourhood in X. Then there is an exact sequence

oo Ho(A) &5 Hy(X) 25 Ho(X/A) S Hy 1 (A) = - 25 Ho(X/A) >0,

where i is the inclusion A — X and j is the quotient map X — X/A.

Good pairs are pairs of spaces (X, A) that satisfy the hypothesis of Theorem 3.3.2.5. If (X, A) is
a good pair, then H, (X, A) = H,(X/A). The pair (D", $"1) is a good pair and D"/S"1 = g

Using the long exact sequence of a pair, one gets
Hy(D", S" 1) = Hy(S™) = H;_1(S™Y).
Then an induction argument shows that

- 7, if ©=n,
H;(S") =
{0}; otherwise.

Definition 3.3.2.6. If f : S™ — S™, then f.: H"(S™) — H™(S™) is a group homomorphism
Z — 7 such that f(1) = k. The integer k is called the degree of f, denoted deg(f).

Now we will look at how homotopy and homology groups are related. But first, let’s establish

what Hurewicz homomorphism is.

Definition 3.3.2.7. (Hurewicz homomorphism) Let X be a path-connected space and n be a
positive integer. The Hurewicz homomorphism is a morphism from the n**-homotopy group to

the nt"-homology group, with integer coefficients, and it exists as a group homomorphism
hy : o (X) — Hp(X).

It is given in the following way:

Let [f] € mn(X),n > 1. The map f : S™ — X induces a homomorphism f. : H,(S") —
H,(X). Choose a generator ~, € H,(S™) and define hy by hi([f]) = fe(1m) € Ho(X). We can
see that hy is well-defined (by Theorem 3.3.1.10). Clearly, if f : X — Y is a map, then the
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following diagram commutes:

i . .
where hy and h, are Hurewicz homomorphisms.

If X is path-connected with abelian fundamental group, then 71 (X, z¢) is isomorphic to Hy(X).
If X is (n — 1)-connected, then h, : m,(X) — H,(X) is an isomorphism (23, Chapter 4).

3.4 Cellular Homology
Now we look at cellular homology and introduce the cellular boundary formula, which we will
use to calculate the homology groups of some CW complexes.

A topological space X’s homology groups, H,(X), are crucial for understanding the space’s
properties and structure in relation to other spaces. We will define a kind of homologies of CW

complexes, called cellular homology. CW complexes were defined in Definition 2.1.12.

The following theorem gives us a few properties about the singular homology groups of a CW

complex X’s n-skeletons. As a result, we will be able to construct cellular homology more easily.
Theorem 3.4.1. If X is a CW complex, then

(i) Hp(X", X" 1) = {0}, for k # n, and a free abelian for k = n with one to one correspon-

dence between its basis and the n-cells of X,

(ii) Hp(X™) = {0} for k > n. Hence, if X is finite dimensional, then Hp(X) = {0}, for
k> dim(X).

(iii) The map Hp(X"™) — Hy(X) induced by the inclusion X" — X is an isomorphism for

k < n and an epimorphism for k = n.
Proof. See (11, Lemma 2.34) for a detailed proof. O

We can interpret H,(X™, X"~ 1) as a linear combination of n-cells of the CW complex X, as we
did with singular chain groups, using Theorem 3.4.1. The sequence of these groups can then be
used to construct a homology theory. Consider pairs (X"~ !, X"~2) (X", X"~ 1) and (X"+ X™)

with boundary homomorphisms ¢ and, i, and j, are induced by inclusions
i X" — Xt and 7 (XM ¢) — (X7, X",

For the sake of clarity, we will not include dimensions here. All of this is depicted in the diagram

below:
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/O

WX — = H,(X)

N

H,(X™)

re

n+1

¢ ——Hp o (XM X)) ———— H, (X", X" _ b, Hy (X" X2 ——

Thus all the sequences in the above diagram are exact and the two triangles commute as
dn o dpy1 = 0. We see that the middle row forms a chain complex which we call the cellular
chain complex with boundary homomorphism d,, = j, o 4, so triangles commute in the above

diagram. We can now formulate the following definition:

Definition 3.4.2. Let X be a CW complex with the cellular chain complex as above in the
diagram. Then we define the n'"-cellular homology group H,(X) as

H,(X) = Ker(d,)/Im(dp4+1)-

Remark 3.4.3. Since cellular and singular homology groups are isomorphic for everyn > 0, we
use the same notation, H,(X), for both (11, Theorem 2.35). For this reason, unless otherwise

specified, we will refer to cellular homology groups in this section.

We state the following theorem, without proof, known as the cellular boundary theorem which

simplifies the computations of the homology groups of a CW complex:

Theorem 3.4.4. (Cellular Boundary Formula) (11, Page 140) The cellular boundary homo-

morphism
dp: Hy (X", X" — H, ((X"!, X"?)

can be calculated on the basis elements €} by the formula
Zdw €

where for fized (i,7), dij := deg(wij) and w;j = Sffl — Xl S;L*l. That is the composi-
tion of the attaching map of the cells e} with the quotient map collapsing (n — 2)-skeleton to a
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point.

Remark 3.4.5. Theorem 3.4.4 may be extended to n = 0 using the idea of reduced homology

groups

To compute the cellular homology groups of some C'W complexes X, we use Theorem 3.4.4. See

the following example:

Example 3.4.6. We use Theorem 3.4.4 to compute cellular homology group of S™. We can
see that S™ is a CW complex with one n-cell (the interior of D™) attached to a point. Let S},
denote the m skeleton of S™. Then from the Theorem 3.4.1 H,, (S}, Sy _1) = {0} form # 0,n

m

while Hy,(S7,S"_1) 2 Z and Ho(S)) = Z. So, the cellular chain complex reduces to obtain the

n

chain complex:
dn, dy
0—-Z-—=>0—---—0—2Z—0,
with homology groups

HO(STL) = Za
H,,(S™) = {0}, when m # 0,n,
H,(S™) = Ker(dp—1)/Im(d,) = Z/{0} = Z.

3.5 Cohomology

Cohomology is simply the dualization of homology. Homology groups are obtained where one
. 8n 8n—1 811—2 . . . .
first forms a chain complex -+ — C;, = Cp_1 —— C,,_o — -+ of singular, simplicial
or cellular chains, then takes the homology groups of this chain complex, that is, H,(C\) =
Ker(9,)/Im(0y+1). To obtain the cohomology groups, we replace the chain complex C; by the
dual groups C" = Hom(C,, R), where R is a commutative ring with unity, and the boundary
maps 0, by their dual maps 6", then the cohomology groups H"(C*) = Ker(6"1)/Im(5"™).

Definition 3.5.1. The dual map 6" : C"~' — C™, defined by (6" f)(c) = (=1)"(f(d0)), for

o€ Cy, and f € C"1, defines a cochain complex for which the cohomology is

H"(C*) = Ker(6"™) /Im(5™).

Consider the following example where we compare the simplicial homology and cohomology

groups of the real projective plane using A-complexes.

Example 3.5.2. We compute the A-cohomology of the projective space, RP?, taking coefficients
in Z. The real projective space is the A-complex obtained as the quotient of a rectangle by iden-
tifying opposite edges as in the figure below. It has two vertices v and w, three edges a,b and c,

and also two 2-simplices U and L. The A-complex structure is depicted bellow
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b
) w
U
amcLa
N
w )
b

The chain groups have the following bases:
Ao(K) = (v,w), A1(K)=/{a,b,c) and AsK)=(U,L).
Boundaries:
O(a) =v—w, 0i1(b)=w—v and 0Oi(c)=w—w=0.
Then, By = (v —w) and Zy = (v,w). Therefore, Zy/By = Z. And
hU)=a+b—c and 0(L)=a+b+c.
One deduces that

Z1={(a+b+cc),
By =(a+b+c,a+b—c)={a+b+c2c).

Hence Z1/By = Zy and Z3/Bs = {0} since Zs = {0}. Therefore,

Z; i n=0,
H}RP*Z) = Zy; if n=1,
{0}; f n>2

We dualize this chain complex to get the following cochain complex:
50 5t 52 53
0 — (v, w*)y — (a*,b", ") — (U*,L*) — 0.
And the coboundaries for §' becomes:
(1) (a) = v*(d1(a)) = v*(v —w) = 1.

In the same way, (6'v*)(b) = —1 and (6'v*)(c) = 0. Therefore, 6'v* = a* — b*. Similar
computations yield 'w* = —a* + b* and, §%a* = 6°b* = U* + L* and §°c* = —U* + L*.

So forn =0:

Ker(8Y) = (v* +w" =2 Z and Im(3°) = {0}.
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Therefore, HS (RP%Z) = Z/{0} & Z.
Forn =1:
Ker(6?) = {(a* = b)Y =Z and Im(6") = (a* —b*, —a* +b*) = Z.

Therefore, H (RP?;Z) = {0}.

Forn =2:

Ker(63) = (U* L") 27 & 7,
Im(6%) = (U* + L*, ~U* + L*) = (U* + L*,2L*) 2 7. & 27.

Therefore,
H3 (RP?,7Z) = Zs.

In summary,

Z; if n=0
HXRP%Z)={Zy; if n=2
{0}; if n#0,2.

We conclude that HR (RP?;Z) # Hom(HA (RP?);Z) as Hom(HP (RP?,Z); Z) = Hom(Za; Z)
Zs while HX (RP?;7Z) = {0}.

This example lead us to discuss the relationship between a chain complex’s cohomology groups

and homology groups. These relation is given by the following evaluation homomorphism.

Definition 3.5.3. Let (Si,0x) be a chain complex and R be a commutative ring with unity.

Then the evaluation homomorphism is given by the map

ev: H"(Sy; R) — Hom(H,(Sy), R)
[a: S (X) = R]— Hp(S:) — R

[c] = a(c).

From the fact that H?(RP?; R) = Zy and H3(RP? R) = {0} we say that the evaluation ho-
momorphism is in general not a monomorphism. Through evaluation homomorphism and Ext-
groups Ext(H, R), set of isomorphism classes of extensions of R by H, that is, a short exact

sequence
00— R—J—H—0,

with a natural definition of isomorphism between such exact sequences.

The following theorem connects homology groups and cohomology groups (11, Page 200).
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Theorem 3.5.4. Let (Si,0x) be a chain complex of free abelian groups and let R be a commu-

tative ring with unity. Then for each n € N\{0} there exists a short exact sequence
0 — Ext(H,_1(S4),R) — H"(Sy;R) <5 Hom(H,(S,),R) — 0

which is natural in the chain complex and in the commutative ring R. This short exact sequence

splits and there exists an isomorphism

H™(S4; R) = Bxt(Hy_1(S,), R) @ Hom(Ho(S.), R).

We won'’t be give the proof here but this is further explained in (11, Page 198). The correspond-
ing cohomology is determined by homology groups, but the opposite is true only if the homology
groups are finitely generated.

3.5.1 Singular Cohomology

In this section we look at singular cohomology.

Definition 3.5.1.1. (1, Page 375) Let X be a topological space and R be a commutative ring
with unity. The singular n-cochain group S™(X; R) with coefficients in R is defined to be the
dual group given by

S"(X; R) = Homz(Sn(X;Z), R).
We define S" 1 (X, R) LEN S™(X,R) by (0"f)(o) = (=1)"(f(90)), and obtain a sequence
0 ! 62
0— S°(X,R) — S (X,R) —---,

where 6"t o 6™ =0, called a cochain complex.

Definition 3.5.1.2. Consider the singular cohomology with coefficients in a commutative ring
R (e.g in 7). For cochains o € S*(X; R) and B € S'(X; R), the cup product aUB € S*T(X; R)

is the cochain whose value on a singular simplex o : AF — X is given by
(@UB)(0) = a0y, ,ox])B(Olfug, o 1])-

The cup product of cochains is bilinear and associative. A cup product of cohomology classes is

generated by the cup product of cochains and is as follows:

U: H¥X;R) x H(X;R) — H*(X;R).

This product is bilinear, associative and distributive since the product possesses these charac-
teristics at the level of cochains. If R has an identity element, then there is an identity element
1 € H°(X; R) for the cup product.

Remark 3.5.1.3. The cup product is commutative in the "graded sense” (see Section 5.3 and
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(16)). If « € H*(X; R) and B € H'(X; R), then we have

BUa=(—1)"auUp.

Definition 3.5.1.4. Define the cohomology ring H*(X; R) as the graded ring

H*(X;R):= (P H"(X; R).

n>0

If R is a field F, then H*(X;F) is a graded algebra.
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4. Fibrations

4.1 Topological Groups and Group Action

We start by looking at topological groups as they play a central role in bundle theory. Simply put,
a topological group is a combination of the terms ”group” and ”topological space”. Algebraically
speaking, topological groups are groups together with continuous group operations. In other

words, the underlying topological space should be compatible with the group structure.
Definition 4.1.1. A topological group G is a set G together with a group structure and a topology
on G such that the map

p:GxG— G,(91,92) — 9192,

and the inverse map

i:G— G, g g1,

are continuous.
One can combine the two conditions above into one.

Proposition 4.1.2. A group G is a topological group if and only if G x G — G defined by

(91,92) = 9195 - is continuous.

Proof. Suppose G is a topological group, that is, the multiplication p : G x G — G and the
i
inverse 7 : G — G are continuous. Then the composition G x G M) GxG % @G is continuous,

that is, (g1, g2) — (gl,ggl) — glggl is continuous.

Conversely, assume that the map i : G x G — G defined by fi(g1, 92) = 9195 ' is continuous.
1 ~1
=g

Hence the inverse is continuous. As the inverse map is continuous, then (id,i) : G X G — G xG

Then the composition G — G x G £ @G, defined by g = (1,9) — 1-g~ is continuous.

is continuous. Composing with f yields that p is continuous. O

Example 4.1.3. Consider R" (under the usual addition) and S* = {z € C | ||z|| = 1} (under

the usual multiplication of complex numbers). They are examples of topological groups.

The following examples are of some classical topological groups. Let M (n,F) be the set of n xn

matrices with entries in F (R or C).

Definition 4.1.4. The set GL(n,R) of all n x n nonsingular matrices with entries in R, is
a group under usual multiplication of matrices. It is called the General Linear Group over R,
and it is a topological group. The topology is the subset topology from the inclusion GL(n,R) C
M(n,R) = R,
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Definition 4.1.5. The set SL(n,R) defined by
SL(n,R) ={A € GL(n,R) | det(A) =1}

is a toplological subgroup of GL(n,R), called the Special Linear Group.

Definition 4.1.6. The set O(n,R) defined by
O(n,R) = {A € GL(n,R) | AAT = I,.;}

is a topological subgroup of GL(n,R), called the Orthogonal Group.

Definition 4.1.7. The set SO(n,R) defined by
SO(n,R) ={A € O(n,R) | det(A) =1}

is a topological subgroup of O(n,R), called the Special Orthogonal Group.

Definition 4.1.8. A topological space X is Hausdorff if for any x,y € X there exist U,V C X,
U and V open sets, such thatx € U,y € V and UNV = (). When each open cover in a topological

space X has a finite subcover, the space is said to be compact, that is, if
X =Ju
i€l
then we also have
x=u
iel’
for some finite subset I' of I.

Remark 4.1.9. A subset X C R™ (with its usual topology) is compact if and only if X is closed
and bounded (4, Corollary 8.7).

Example 4.1.10. We show that O(n,R) is compact. To show that O(n,R) is closed, from
Definition 4.1.6, A € O(n,R) if and only if AAT = I,. That is, the entries of A satisfy n?

polynomial equations, one for each entry of I,. Take, for instance, n = 2, let

ai alQ]

a1 Q22

A=

So AAT = I, implies that

2 2

aiy + aiy ariag +azaz| |10

2 2 - :
az1a11 + a22a12 ay + a9 0 1

And so, the entries of A satisfy 22 = 4 polynomial equations. So we can view O(n,R) as a subset

of R™ which is the intersection of the set of solutions of these n? polynomial equations. Thus,
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O(n,R) is a closed subset of R™.

To show that O(n,R) is bounded, let A € O(n,R). Let ¥ = [v1,va,--- ,v,]T be a column vector
of A. Then we have ||7]|? = 31, v? = 1. That is, each entry a;; of A satisfy |a;;| < 1. Hence,

O(n,R) is a bounded subset of R™ . Therefore, O(n,R) is compact.

Remark 4.1.11. Since SO(n,R) is a closed subgroup of the compact group O(n,R), it is itself

compact.

Theorem 4.1.12. (1, Appendiz A, Theorem A.1.8) The topological space GL(n,R) is neither

connected nor compact.

Proof. (1, Appendix A, Theorem A.1.8) The determinant function, Det : M(n,R) — R is
continuous. Moreover, GL(n,R) = Det~*(R\{0}), hence open. Therefore GL(n,R) is an open

subspace of M (n,R), it is not compact. Moreover GL(n,R) has 2 components namely,
GL"(n,R) = {4 € GL(n,R) | Det(A) > 0}
and
GL™ (n,R) = {A € GL(n,R) | Det(A) < 0}.
0

Definition 4.1.13. The set GL(n,C) is the set of all n X n nonsingular matrices with complex
entries. It is a group under the usual multiplication of matrices, called the Complex Linear

Group.

Theorem 4.1.14. The toplogical group GL(n,C) is not compact.
Proof. As in Theorem 4.1.12, GL(n,C) is open in M(n,C). O

Proposition 4.1.15. The set U(n,C) = {A € GL(n,C) | AAT = I} is a compact subgroup of
GL(n,C), and it is called the unitary group.

Proof. Similar to Example 4.1.10. O
Definition 4.1.16. Let G and H be topological groups. An isomorphism of topological groups

18 a homeomorphism f : G — H which is also a group homomorphism.

Example 4.1.17. SO(2,R) and S are isomorphic topological groups under the isomorphism f
defined by

f:80(2,R) — S*

[cos(@) —sin(6)
sin(f)  cos(6)

62'9 .
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The idea of actions for topological groups is introduced in the following definition.
Definition 4.1.18. A right G-space, for a topological space G, is a topological space X together

with a continuous map

p: X xGE—X
(z,9) — zg
satisfying the following basic conditions
(i) xze =x for allx € X,
(ii) x(g192) = (xg1)g2 for all z € X and g1,92 € G.
Remark 4.1.19.
(i) Suppose we have a right G-space u : X x G — X. Then for every g € G, we have a

function pg : X — X, defined by

pg(x) = xg,
for all z € X. Note that ug has the inverse function as jig—1 since

pg—1 (1g(2)) = pg-1(zg) = 299~ " = x.

Similarly, pig o pig—1 = id. Hence g is bijective, consequently pg is a homeomorphism.

(ii) The group action p defines a map i : G — Homeo(X), where Homeo(X) denotes the
group of homeomorphisms of X, defined by

f(g)(x) = zg.

Condition (i7) in Definition 4.1.18 is equivalent to the requirement that i : G — Homeo(X)

be a group homomorphism.
A left G-space is defined in a similar way.

Example 4.1.20. The space R" is a left GL(n,R)-space or a left O(n)-space, where the G-space

action is given by matriz multiplication.

Definition 4.1.21. (14, Page 42) A G-space X is called free if it has the property that xg = x,
for all x € X, implies that g = 1. In particular, i : G — Homeo(X) is injective.

Definition 4.1.22. A group G acts transitively on X if for any x1,x9 € X there exists an
element g € G such that xo = x19. Fizx an element xg € X and let x € X. Then there exists
g € G such that xgg = x. Hence the map G — X, g — x0g is surjective.

Definition 4.1.23. Let X be a left G-space and x € X. Then the isotropy subgroup G, is the
set {g € G| g = z}.
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Proposition 4.1.24. (15, Page 6) If G acts transitively on X and G is the isotropy subgroup
of v € X, then G/G, and X are homeomorphic.

Example 4.1.25. The space GL(2,R) acts on R*\{0} transitively. To see this, let ¥ = [Z] , U

1 0
non-zero. We want A € GL(2,R) such that A ol = [Z] . Ifa#0, then let A= . .
If b #£ 0, then let A = . These matrices are invertible and they send to U= Z] .
. 9 , 1 1
Now given v,w € R?, there exists A, B € GL(2,R) such that A 0 =v and B 0 = w, then

BA v = w. Hence the action is transitive.
In general, GL(n,R) (respectively GL(n,C)) acts transitively on R™\{0} (C™\{0} respectively).

We now look at manifolds. Manifolds are merely extensions of curves and surfaces to objects of

any arbitrary dimension.

Definition 4.1.26. (1, Page 38) A Hausdorff topological space with a countable open covering

{U;} is known as a n-dimensional smooth manifold M, such that
(i) for each U;, there is a homeomorphism 1; : U; — V;, where V; is an open set in R™,

(ii) if Uy N U; # 0, then the homeomorphisms 1j; : 1 o 1/;;1 (U N Uy) — (U N U;) are
C™ differentiable.

The pair (U;,1;) is called a chart of M and {(U;,¢;)} is the set of charts of M known as an

atlas.

A complex manifold is defined in a similar way, the only difference being that V; is an open set
of C™.

Example 4.1.27. Consider the complex projective space, CP™, the set of all complex lines

inside C"1. It is a smooth manifold with coordinate charts ¢; : Uj — C™ where

Uj =A{lz1,22, .-, 2n41] | 25 # 0}

and

21 29 Zi—1 Zj+1 Zn41
¢j([21,22,...,2n+1]):(,,..., J N J yoeey n >
cj g zj Zj Zj

Example 4.1.28. The space R™ and S™ are examples of n-dimensional differentiable manifolds.
We now look at Stiefel and Grassmannian manifolds.

Definition 4.1.29. The real Stiefel manifold, denoted Vi.(R™), is the set of all orthonormal
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k-frames in R", i.e.
Vk(Rn) = {(331,1’2, e ,:Zik) S (Rn)k | Ti-Xj; = 51]} .
In a similar way, the complex Stiefel manifold, denoted Vi,(C™), is

Vi(€") = {(zr,m2, . my) € (€ |-y = 5}

One can show that V(R"™) and Vj(C") are indeed smooth manifolds (24, Section 3.2).
Remark 4.1.30. Consider the Stiefel manifold Vi.(F™), where F =R or C. Then:

(1) Vo(R") =2 0O(n) and V,(C") = U(n).

(ii) For k =1:

Vi(R") = S" 1 and  Vi(C) = S

(iii) For k=mn—1:

Voci(R") =2 SO(n)  and V-1 (C") = SU(n).

(iv) Formn > k: The orthogonal group O(n) acts on Vi,(R™) by left multiplication. Let (eq, ..., ey)
be the canonical basis in R™ and take zo = (e1,...,ex) € Vi(R™), we compute the isotropy

subgroup of zg. Then Azg = 2y is equivalent to saying that the matrix A has the form

I, O
0 B

)

where I, is the identity matriz in O(k) and B € O(n — k). From Proposition 4.1.24,
Vi(R") =2 O(n)/O(n — k) = S0O(n)/SO(n — k),
In a similar manner,

Vi(C™) = U(n)/U(n — k) = SU(n)/SU(n — k).

Definition 4.1.31. The real Grassmannian manifold Gi(R"™) is the set whose points are k-
dimensional subspaces of R™. In the same way, the complex Grassmannian manifold Gy (C") is

the set whose points are k-dimensional subspaces of C*. In particular, G1(C") = CP"!,

According to (16, Page 211), there is a mapping f : V;(R") — G(R"™) which sends each set of
k-linear independent orthonormal vectors in R™ to the k-dimensional linear subspace it spans.
Let A € G(R™). Then f~1(A) is the set of ordered orthonormal bases for A, any two differing
by an element of O(k). Indeed the group O(k) is isomorphic to the subgroup H of O(k) of
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elements of the form

Al o

0| -1
where A € O(k). This provides an action of O(k) on Gi(R™) by left multiplication. Hence

Gr(R™) = Vi (R™)/O(k); by Proposition 4.1.24,
= O(n)/(O(K) x O(n — k),

Similarly,

Gr(C") = U(n)/(U(k) x U(n — k))
We now look at fibre bundles.

4.2 Fibre Bundles

Definition 4.2.1. Let B be a pointed, path-connected space and p : E — B be a continuous
mapping. Then the map p is said to be a fibre bundle with fibre F if

(i) p~1(b) = F, where b is the basepoint of B,
(ii) p is surjective,
(iii) there exists an open covering {U;} of B and homeomorphisms v; : p~Y(U;) — U; x F

such that the following diagram commutes:

pIU) — U,

o 2

UZ'XF

where p1 s the projection on the first factor.

Definition 4.2.2. A section of a fibre bundle p : E — B is a continuous map s : B — FE
such that pos = 1Ip.

Definition 4.2.3. A fibre bundle p : E — B has local sections if it has an open cover {U;,i € I}
such the restriction p : p~*(U;) — U; has a section.

Example 4.2.4. The projection map p1 : X X F — X is a fibre bundle over X with fibre F'.
It is called the trivial bundle.

Example 4.2.5. Let exp : R — S be the map defined by exp(t) = 2™ € S'. Then exp is a
fibre bundle with fibre Z.

Example 4.2.6. The canonical projection S™ — RP" is a fibre bundle with fibre Zs.
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Example 4.2.7. Consider S* ' = {(21,22, -+, 2nt1) € C™ such that S0 2> = 1}.
Then p : S*"t1 — CP" defined by p(21,22, -+ ,2n41) = [21,22," + ,2n+1) 08 a fibre bundle
with fibre S*.

Example 4.2.8. Let E = {(z,v) € S" ! xR" | (x,v) = 0}. Then the map p : E — S"!
defined by p(z,v) = x is a fibre bundle with fibre FF = R™.

Remark 4.2.9. Let p : E — B be a fibre bundle and, (U;,v;) and (Uj, ;) be trivialization
maps. If v € U; N Uj, then consider mappings

—1

4 ¥
U;NUj) x F 2 p"Y(U; x F) 2 (U;NU;) x F

defined by (w;l o)z, f) = (z,gij(x)(f)), where gij(x) is a homeomorphism of F'. Then there
is a map gi; : Uy NU; — Homeo(F).

Definition 4.2.10. Let G be a group. A fibre bundle F — E 2y B has a structure group G if
G acts on F and g;j(x) : F — F is the multiplication by an element of G. We say that p is a
G-bundle.

Definition 4.2.11. (16, Page 209) A morphism between G-bundles i = (F' — E' — B’) and
p=(F < E — B), is given by maps f: B — B and f : E' — E such that

(i) the following diagram commutes

E -1, E
.
B -1, B

(ii) the restriction of f : F' —s F is G-equivariant, that is, if x € F' and g € G, then

flgz) = gf ().

Remark 4.2.12. If B=B', f = Ig and f is a homeomorphism, then we say that the G-bundles

w' and p are isomorphic.

Example 4.2.13. Let F — E 2y B be a bundle and A be a subspace of B. Then the restriction
of E to A, written p|a : E|a := p 1(A) — A is a bundle over A and the inclusion E|y — E
nduces a bundle morphism

E‘A — F

[T

A— B

Definition 4.2.14. Letn = (F — E — B) be a fibre bundle and f : B’ — B be a continuous
map. Then the induced bundle or pullback bundle of n by f is the bundle f*(n) = (F' — E' —
B') consisting of total space E' = {(b,e) € B’ x E'| p(e) = f(b)} and the projection p'(b,e) = b.

Proposition 4.2.15. If f and g are homotopic, then f*(n) and g*(n) are isomorphic.
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Proof. See (18, Theorem 2.0.2) for proof. O

We now define principal bundles which are basically parameterized families of topological groups.

Definition 4.2.16. (16, Page 209) A G-bundle is called principal if it has structure group G
and fibre G with G acting on itself by left multiplication.

Example 4.2.17. Take S?"*t' c C™*! as defined in Example 4.2.7. We show that fibre bundle
St s §2ntl s CP™ is principal. Recall the trivialization map U; = {[21, 22, . . ., znt1] € CP™ | 2; # 0}
and the chart maps defined in Example 4.2.7. By definition we have

W_I(Uj) = {Z = (21,22, .-+, 2n41) € SR | 2 # 0}
and the local trivialization map can be taken as

1/)]' : 7'['71(Uj) — Uj X Sl
Py
Z <[21,22,. A ]> )
EA
It is an homeomorphism with inverse map

ez

T (21722, .. .,Zn+1) .
& Zj:l |2

¢j_1 ([21722, .. .,Zn+1] 762'0) =

For j # k, we have

— ; 0 Zk| %4
1/%7/1] t= ([217227 B 7z7l+1] 7619> = ([z17z27 .. '7Z'rl+1} 7619M> .

zj| 2|

2|2

. Therefore,
Zjlzk|

So the transition map gi; : Uy N U; — Homeo(S') is the multiplication by

St s indeed a principal S*-bundle over CP™. It is called the Hopf bundle.

Example 4.2.18. One also get principal fibre bundles

O(k) = Vx(R") — Gr(R"™) and U(k) — Vi(C") — Gr(C").
For k =1, one retrieves principal fibre bundles

7)27 «— S — RP" = Gy(R")  and S' < §?"~! — cpr?

respectively.

Example 4.2.19. If a group G acts freely on X and the projection p : X — X/G has local
sections, then p is a principal G-bundle. If G is a group and H is a closed subgroup, then the
projection G — G/H is a principal H-bundle (see (5, Section 1)).

Definition 4.2.20. (16, Page 210) A principal G-bundle G — E — B is called n-universal if
mi(E) = {0}, for i <n.

45



Fibrations

Definition 4.2.21. (16, Page 210) If G is a topological group, then there exists a principal
G-bundle N = (G — EG — BGQG), such that EG is contractible (Definition 2.1.10). The
condition that EG is contractible determines BG up to homotopy. In particular, m;( EG) = {0},
for alli. The G-bundle no is called the universal G-bundle of G.

The space BG is unique up to homotopy equivalence and is called the classifying space for
G. Moreover, if G and B have the homotopy type of a CW complex, each principal G-bundle
n = (G — E — B) is classified by a continuous map f : B — BG such that f*(ns) is

isomorphic to n.
Example 4.2.22. (16, Page 212) Let G be a topological group and let H be a closed subgroup
of G. If p: EG — BG s the universal principal bundle for G, then

EG — EG/H

is the universal bundle for H since EG is contractible by assumption. Hence BH = EG/H.

Example 4.2.23. Take G = Zo. Then for each n, we have the bundle Zo — S™ — RP" is

(n — 1)-universal. Taking inclusions

S gt b g0
RP?" —— RP"HL Yoo RP>

yields the universal Za-bundle Zg — S° — RP*°. Here RP* is the classifying space for Zs.

4.3 Fibrations

Definition 4.3.1. (Homotopy Lifting Property) Given two topological spaces E and B along
with a continuous map p : E — B, we say that p has the homotopy lifting property with respect
to X if, for any two maps f : X — FE and G : X x I — B such that po f = G o i, where
i: X — X x I,z (2,0), there is a continuous map G : X x I —» E such that the following

diagram commutes:

l\

N —
\\Qz

\\

v
ovireanlics]

P

X xI

Definition 4.3.2. We say that p : E — B is a Hurewicz fibration if it has the homotopy lifting
property with respect to all spaces X. We say that p : E — B is a Serre fibration if it has
homotopy lifting property with respect to CW-complexes.

We will only consider Serre fibrations. The following theorem is about when a fibre bundle is a

fibration.

Theorem 4.3.3. (21, Page 96) If p: E — B is a fibre bundle with paracompact base B, then

it is also a fibration.
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Proof. See (16, Proposition 6.32) for sketch of proof. O
Theorem 4.3.4. Let F 5 E 2 B be a fibration, then we have a long exact sequence
Y (F) 5 mn(BE) 25 ma(B) D a1 (F) 255 -

This is called the long exact sequence of a fibration or homotopy exact sequence of a fibration.

Proof can be found in (4, Chapter VII, Section 6). Using Theorem 4.3.4 above, the long exact

sequence of homotopy groups formed by the Hopf fibration, we can now compute m3(S5?).

Proposition 4.3.5. m3(5?) = Z.

Proof. Recall that S1 < §?"+1 — CP" is a principal G-bundle, hence it is a fibration. For
n = 1, we get the Hopf fibration S' < §3 — CP! = $2 and thus induces the following long

exact sequence of homotopy groups (basepoint omitted plus n-spheres are path-connected)
D (S 5 (8% B 1 (S%) S w1 (SY) B

From the long exact sequence, we get (from Theorem 2.3.13):
{0} = m3(St) — m3(S3) — m3(S?) — mo(Sh) = {0}.

Thus, 73(5?%) = Z. O

In the following example we use fibrations to compute the homotopy groups of some unitary

group U(n).

Example 4.3.6. Recall that
Vi(C") = U(n)/U(n — k).
Taoking k=1,
Sl — yyCcmthY 2 U(n +1)/U(n).
The projection
p:Un+1)—U(n+1)/U(n)
is a fibre bundle with fibre U(n). So the long exact sequence of homotopy groups of the fibration
U(n) <= U(n+ 1) — 52+
1s of the form

e — 7Ti+1(52n+1) — TI'Z(U(H)) — m(U(n + 1)) — 7Ti(S2n+1) — e
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Therefore by Theorem 2.3.14, m;(S?"*1) = {0} fori < 2n. That is,
{0} — micon(U(n)) — micon(U(n + 1)) — {0}.
Thus, there is an isomorphism between mi<2,(U(n)) and micon(U(n +1)). Thus,
mon(U(n)) — w2, (U(n + 1))

18 surjective.

Taking n = 1 yields the fibration U(1) ~ S' < U(2) — S3, and one deduces that

m(U(2) =Z
m(U(2)) = {0}
m3(U(2)) = Z.

We now compute homotopy groups of Stiefel manifolds.

Theorem 4.3.7. For k # n, mj(Vi,(R")) = {0} fori<n—Fk— 1.

Proof. We prove by induction on k. Let k = 1. Then V;(R") = S"~! is a sphere and the
theorem holds true. The projection p : Vi41(R™) — Vi(R™) is a locally trivial fibration with
fibre V3 (R™*) = §7~*=1 We then get its long exact sequence of homotopy groups to be

cee— m(S”_k_l) — i (Ver1(R™")) — m(VR(R™)) — -+ .

By Theorem 2.3.14, 7;(S"*~1) = {0} for i < n — k — 1. By assumption, 7;(V;(R")) = {0} for
i <n—Fk—1. Thus, m(Vix(R")) = {0} for k #n and i <n—(k+1) =n—k—1 From the
homotopy exact sequence m;(Vi4+1(R")) ={0} forn—k—-2=n—(k+1) - 1. O

Theorem 4.3.8. 7;(Vi(C")) = {0} for k #n andi < 2(n — k).
Proof. Proved in a simillar manner as Theorem 4.3.7. O

Corollary 4.3.9.
(i) The principal O(k)-bundle O(k) — Vi(R") — Gr(R"™) is (n — k — 1)-universal.
(ii) In the same way, the bundle U(k) — Vi(C") — Gr(C") is 2(n — k)-universal.

Example 4.3.10. From Definition 4.1.31 and Theorem 4.3.7 we get that Gx(R™) is an (n —
k — 1)-classifying space for O(k). Taking inclusions

Vi(R") —— Vi(R™) » Vi (R)
Gk(Rn) —_— Gk(Rn+1) s Gk(Roo)
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yields the universal O(k)-bundle O(k) — Vi(R*®) — G(R*). Hence Gi(R™) is the classifying
space BO(k). In the same way, G (C>), is the classifying space BU (k) of U(k).

Our aim is to compute the cohomology algebra of BU (k) = G(C>) using the Serre spectral

sequences.
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5. Leray-Serre Spectral Sequence

Let FF — E — B be a fibration. The purpose of this section is to discuss the relationship
between the cohomology rings of the total space E, the base space B, and the fibre F'. To deal
with this relationship we need a computational tool called spectral sequence. Spectral sequences
have been one of the greatest achievements of Algebraic Topology since their invention by Leray
in the late 1940’s. Since then, they have become a very useful tool in many disciplines, including

Geometry, Topology and Algebra.

In this chapter we present the notion of spectral sequence and some of its application. Our
main references for this chapter are (19; 16). The first application of spectral sequences was to

calculate the homology of fibrations by Serre (5, Page 152).

5.1 Bicomplexes

Spectral sequences are algebraic tools for working with (co)homology, in that they consist of
an array of long exact sequences that are arranged in a systematic pattern and applied in a
simillar way (5). We first introduce some concepts of homological algebra which are very useful
in understanding how spectral sequences work. All vector spaces will be over a fixed field F,

although there is a general version on modules.

Definition 5.1.1. A graded vector space M over F is an indexed family of vector spaces MP
with p > 0. We write M = EBPZO MP. An element x € MP is said to be homogeneous of
degree p. A differential graded vector space M is a graded vector space together with linear maps
d: MP —s MPT! such that d> = 0. The cohomology is then

H*(M)=EP HP(M), where, HP(M)=Z"/B".
p>0

Example 5.1.2. Consider a cochain complex of vector spaces C° oot d 2 doos 4
Then C = @nzo C" is a differential graded vector space.

Definition 5.1.3. A graded map f: N — M, where N and M are graded vector spaces, is a
family of linear maps f = {fP: NP — MPT}, ~o. We say that the degree of f is q.

Let M, N and P be graded vector spaces and M i> N % P be graded maps of degree a and b
respectively. Then g o f is a graded map of degree a + b.

Definition 5.1.4. A bigraded vector space is a doubly indexed family of vector spaces MP4 with
p,q > 0.

Similarly to Definition 5.1.3, we can define a bigraded map as follows:

Definition 5.1.5. A bigraded map f : N — M, where N and M are bigraded vector spaces,

20
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is a family of homomorphisms f = {fP4: NP4 — Mp+a’q“’}p,q20. The bidegree of f is then
(a,b).

We noticed that for graded vector spaces, degrees add with composition maps, so is bidegrees

when composing bigraded maps.

In conjunction with differentials, a bigraded vector space becomes a double cochain complex, as
defined below.

Definition 5.1.6. (16, Page 47) A double cochain complex is a bigraded vector space

c= & cr,

,q>0

with differentials dj, : CP1 —s CP*14 and d, : CP1 — CPIHY such that di = d% = 0 and
dy o dy+dyod, = 0.

Definition 5.1.7. (16, Page 47) Let (C, d) be a double complex. Then its total complex T ((C,d))

s a complex satisfying

T((C.d)" = P o,

n=p+q

and the coboundary map d : T((C,d))" — T((C,d))"** is defined by
d(cP?) = dp () + dy(cP9), (5.1)

for all 71 € CPA.

Remark 5.1.8. Note that due to the relations demanded of dy, and d,,

d? = (dp, + dy)(dp, + dy)
= d% + d% + dhdv + dvdh
= 0.

The following figure depicts a total complex:
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n+l=p+gq

n=p+gq

Figure 5.1: Total complex.

Example 5.1.9. If (A,da), with A = @D;>q Al and (B,dp), with B = D,>o B, are cochain
complezxes, then AQ) B, where

(A®B)"= P A'® B

n=1+j
with d(a®b) = dAa®b+(—1)‘“|a®de, 18 a double complex, where dj, = dy®1 and d, = 1Qdp.

Our introduction of spectral sequences will be based on filtered complexes, however one can also

use exact couples. See for instance (22, Section 5.9).

5.2 Spectral Sequence

We now give a formal definition of a cohomological spectral sequence:

Definition 5.2.1. A first quadrant cohomological spectral sequence is a sequence of bigraded

vector spaces (E;, d;), fori >0, where

(i) Bi = @y g0 B
(i) d; - EP? —s E§;+i,q—i+1 are maps of bidegree (i,—i + 1) such that d? = 0,
(iii) H*(E;,d;) = Eiqq.

EP1 d;

(p+i,q—i+1)
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A spectral sequence is like an ”infinite” book and it is described by objects E; called pages (or
sheets), while endomorphisms d; determine how FE; have their structure of a cochain complex.
The cohomology vector spaces of these cochain complexes are just the vector spaces which appear

on the next page.

We will consider only spectral sequences EY'?, where p,q > 0. They are called first quadrant

spectral sequences.

Example 5.2.2. The following diagram depicts EY*-term, so the bidegree (4,—3):

p+q:5 i~

ptq=4

=y

h
=

5.2.1 Filtration

Definition 5.2.1.1. Let M = @nzo M™ be a differential graded vector space together with a
differential d : M™ — M"H1. A differential subspace N C M is a graded subspace of M such
that AN C N. Then a filtration F* of M is a family of differential subspaces {FPM },>o with

. CFMMCEF'MC..-CF'MCF'M =M.

Remark 5.2.1.2.

(i) A filtration F* on M means a filtration on each M™, that is, there is a filtration given by
FPM =@, 5o FPM™.

(i) The inclusion i : FPM — M induces H*(iP) : H*(FPM) — H*(M). This yields a
filtration FPH*(M) = Im(H*(i?)) on H*(M).

Definition 5.2.1.3. Let M be a differential graded vector space with a filtration F*. Then the
associated graded vector space GrM is defined by

GrM = @ GrP M,
p>0
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where GrPM = EF(M) = FPM/FPHIM . If M™ is finite dimensional for each n, then
0

M =P FPM/FPM.
p=>0

Consider a filtered differential graded vector space M and the corresponding filtration F*H*(M)

on H*(M), for which the associated graded vector space is
GrpHp+q(M) = FpHp—irq(M)/Fp—HHp—i-q(M)'
If M™ is finite dimensional, then

H*(M) = €D Gr’HP™9(M).

pq

5.2.2 Convergence

When we recursively take the cohomology of successive complexes, under certain conditions,
we eventually end up having each vector space stabilizing to the E., term, from which we
interpolate our desired cohomology (under certain conditions). Since we are considering cases
where p, g > 0, it follows that if we continue turning successive pages ¢ >> 1, for a fixed p and
¢, while focusing on the point (p, ¢), in this case, the differentials d; are eventually equal to zero,
that is, have trivial codomain, and they become the zero maps in which (p, g) is not traversed.

So for larger i we get the following definition:

Definition 5.2.2.1. We say a spectral sequence (E™,d;) of differential graded vector spaces
converges to a limit page, denoted ES!, if for some sufficiently large positive integer N, all

differentials leaving and entering E? are zero for i > N. That is,

which we denote by EX!. We write BV = EL. The spectral sequence (E,d;) converges to
H*, and we write B! = HPT1_ if there is a filtration F* on H* such that

EPd = FpHp+q/Fp+1Hp+q.

If p and ¢ are fixed, then dgy2 : Egizl’q — EPTaT Tl o {0} is the zero map. The differential

q+2
dpt1 Ep__:’lﬁp — B}, is also zero. Hence, for s = max(p +1,q +2)

which we denote EZ?. In particular, a first quadrant spectral sequence converges.

Definition 5.2.2.2. A spectral sequence (EP, d;) is said to degenerate (or collapse) at the Nt
term if d; =0 for all i > N and hence En = FE.

We state the following theorem without providing the proof.
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Theorem 5.2.2.3. (9, Page 440) Given a non-negative filtered differential graded vector space

C*, there exists a spectral sequence (EP,d;) with

ER9 = FPCPta/priortd = GrP(C),
EPT = HPT(GrP(C)),
EPI = GrP(HPYI(CY)).

Example 5.2.2.4. From Theorem 5.2.2.3, we have a convergent spectral sequence
EPY = HPTI(GrP(C*)) = HPTI(C*).
If C™ s finite dimensional, one retrieves

H(C*) = P ERS.

n=p+q
The following examples illustrate how two different filtrations on a double complex (C, d) result
in two spectral sequences linked with the cohomology of T'((C, d)).

Example 5.2.2.5. Assume that there is a filtration on (A,d) such that the resulting spectral
sequence satisfies E51 = VP@W1 where V* is concentrated in odd degree and W* is concentrated
in even degree. Then Ey = E, (See (16, Page 8)).

Example 5.2.2.6. (Filtration by columns) Let (C,d) be a double complex. Then the total
complex T'((C,d)) can be filtered by the columns of C' and it is given by

'FPT((C,d)" = @ T((C.d))"", hence, 'FPC =P Cr.

n=p’'+q p'>p
p'>p

By Theorem 5.2.2.3, the filtration ' FPT((C, d))" determines a spectral sequence ('E?). Observe
that

/E(I)%q — (Cp,q fa Cp-l—l,q—l D Cp+2,q—2 D )/(Cp-i-l,q—l D Cp+2,q—2 D ) o~ CP»Q’
and the differential maps do are just the vertical differentials d, : CP1 —s CP9H1. Hence
'EPY = HI(CP*,d,) = H*(CP*, d,),
which is the ¢"-cohomology of the complex
dy

d —1d d
L Loy opg—1 Sy opg Soy opigtl Suy

The differentials dy : H1(CP*,d,) — HI(CPTY* d,) are induced by the horizontal differential
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dp of C. Hence,
'EP? = H*('EY1, dy) &2 HP(HY(C**, dy), dp),

where HP(HY(C**,d,),dy) is the cohomology of

H*(dp,) H*(dy) H*(dp) H*(dp)

HI(CP~1* d,) HI(CP*,d,) HI(CPYE* d,)

The above sequence has a meaning since dp o dy + dy o dp, = 0, ice. dj, : CP9 — CPTLY 5 g

cochain morphism of degree 1. We then have the convergent spectral sequence
'EYY = HP(HY(CP*,dy), dy) = HPT4(T(C, d))

since it is a first quadrant spectral sequence.

Example 5.2.2.7. (Filtration by rows) Let (C,d) be a double complex. Then the total complex
T((C,d)) can be filtered by the rows of C, and it is given by

”FqT((C, )" = @ T((C, d))Paq//‘
n=p+q"
q"2q

In a similar manner one gets a spectral sequence such that
"Byt = HP(HY(C™P, dy), dy),

which converges to HPT1(T(C,d)).

5.3 The Leray-Serre Spectral Sequence

We can now look at a cohomological spectral sequence known as the Serre (or Leray- Serre)
spectral sequence. Here we want to understand the relationship between the cohomology of the
three spaces (total space, base space and fibre) of a given fibration F' — E — B. Every Serre

fibration gives rise to a spectral sequence called Serre (or Leray-Serre) spectral sequence.
We start by looking at graded (bigraded) algebras:

Definition 5.3.1. (16, Page 10) Suppose A is a graded vector space over a field F. We call A
a graded algebra if there is a map ¢ : A® A — A, that is, a linear map 1 : AP @ A9 — APT4
for all p and q, which is associative and has the identity 1 € A°. The associativity is equivalent

to the commutativity of the following diagram:
A Ao A L2 Ae A

lid®1/1 lﬂ)

AA—Y A

Example 5.3.2. (S*(X;F),d) is a graded algebra, with the usual cup product (see Section 3.5.1).
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Definition 5.3.3. A graded algebra is called commutative if xy = (—1)Plyz, for x € AP and

y € A%, In other words, the following daigram commute:

A A Y5 A

P

AR A

where 7: AQ A — A® A is defined by 7(zr Q@ y) = (—1)Ply @ .
Example 5.3.4. The cohomology H*(X;TF) of a space X is a graded commutative algebra.

Definition 5.3.5. (5, Page 30) Let V' be a vector space. The tensor algebra on 'V is the graded

algebra
T(V) =P T(V)
i=0

where each T'(V) consists of the tensors of rank i, that is,

T'"V)=VeVe---oV

i factors

and T°(V) = F. By convention x € T*(V') has degree i. The multiplication
(V)@ T™V) — T"™(V)
1s defined by concatenation:
(MR QuUp) (W R QW) =V R QU QWL R+ @ Wy

Hence T(V) is a graded algebra.

Example 5.3.6. If V is generated by a single element xz, then T(V) is isomorphic to the
polynomial algebra F|x].

Remark 5.3.7. If V is a graded vector space, then T(V') is defined in the same fashion as a

graded algebra. However, if u,v € V' are of respective degree m and n, then

deg(u®@v) = |u| + |[v| =m +n.

Definition 5.3.8. Assume char(F) # 2. If V is a graded algebra and I is the ideal of T'(V)
generated by elements u@v — (—1)Plv@u, withu € TP(V) andv € TYV). Then AV =T(V)/I

1s called the free commutative graded algebra generated by V.

Definition 5.3.9. (16, Page 10) Let E** be a bigraded vector space. Let E** & E** be the
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bigraded vector space defined by

(E*,* ® E*,*)p,q — @ EmT @ Fs.
p=m-+n
q=r+s
We call E** a bigraded algebra if there is a map 1 : E™" @ E™ — E™T0FS gych that

(i) The product ¢ has a unit 1 € E®C, that is, for all a € E;”",

Y1l®a)=a=9Ya®1l).

(ii) The product is associative, that is, the following diagram commutes:

E*,* ® E*,* ® E*,* ’l[)@’td E*,* ® E*,*

Jes Jo

E*7* ® E*,* ,¢ E*,*

Definition 5.3.10. A bigraded algebra (E**,1) is called commutative if the following diagram

commutes:
E*,* ® E*,* d} E*,*

>~
T
E*’* ® E*’*

where
m(a® B) = (—1)PrIr+)5 g o

P,q 7.8
forac E" and B € E;".

We now give the definition of the differential graded (bigraded) algebra. Let us denote ¥ (x,y)
by zy.

Definition 5.3.11. (16, Page 11) A differential graded algebra (A,d) is a graded algebra with
a degree 1 linear map d : A — A" such that

d(zy) = d(z)y + (-1)%@zd(y)  and d*> = 0. (5.2)

Remark 5.3.12. Condition 5.2 assures that H*(A) is a graded algebra.

Definition 5.3.13. A differential bigraded algebra (E**,d) is a bigraded algebra with a total

degree 1 linear map

d: @ 71— P E

n=p-+q r4+s=n+1
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such that for o € EP? and § € E™®,

d(af) = d(a)B + (=1)PTad(B) and d*=0.

With the above definitions, we can now give the definition of spectral sequence of algebras.

Definition 5.3.14. (16, Page 12) We say {(E;,d;)} is a spectral sequence of algebras if, for
each i, (E;”*,d;) is a differential bigraded algebra and the map ; : E;k’* ® E;k’* — E;’* induces

7

*, %k .
Yiy1 on B, that is,

k% *,% ~ *,% *,% H (s *,%
Vi1 H(Ez ,di) © H(E;” , di) :H(Ei ® B , di) MH(EZ , di).

Definition 5.3.15. Let (A,d) be a graded differential algebra with a filtration
.CF'AC...CFlACF'A=4

such that
(i) FPA-FI1A C FPTiA,
(ii) dFP C A.
Then (A,d) is called a filtered differential graded algebra.

Consider the filtration F*H"(A) := Im(H"(FPA) — H"(A)) on H*(A). Then there is a
spectral sequence (E;,d;) of algebras which converges to H*(A), i.e. Eo and Gr(H*(A)) are
isomorphic as graded vector spaces. However, Es and H*(A,d) may not be isomorphic as

algebras. The next result provides sufficient conditions to get an isomorphism of algebras.

Theorem 5.3.16. Let (A, d) be a differential graded algebra and
..CF'AC...CF'ACF’A

be a filtration. If the resulting sequence converges to a free graded commutative algebra E5! =

AV, where V is a graded vector space and A is the symmetric graded algebra over V, then
H*(A,d) = EP1.

Proof. See (16, Section 2.2). m

5.4 Construction of the Leray-Serre Spectral Sequence

We work on a field F so that H*(A® B) = H*(A) ® H*(B) for differential graded algebras A
and B. Here we follow (16, Section 5.1). Let F < E = B be a fibration with B path-connected
finite CW complex (refer to Definition 2.1.12 for definition of a CW complex). Let S*(E) be
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the singular cochain complex of E, with coefficients in a field F. Filter B by skeleta
B°cB'c...cB"'cB"Cc---CB.
Let J" := 7~ 1(B™). Then we get a filtration
JocJtc...cJvlcgrc.--cJ,
on E. The canonical inclusions i, : J" < F induce maps
S*(in) : S*(E;F) — S*(J™; F).
And so we get a filtration

S*(in—1)
BRI

F"S*(E;F) := Ker(S*(E;F) S*(J" ).

We denote by i,,_1, the inclusion J n=l <y Jn. Thus, the following diagram commutes:

S*(in—1) .
S*(E;F) ——— 8*(J" 4, F)

TS*(in—l,n)
S*(J"F)

5% (in)

Therefore, one gets a filtration
. C F"MLSY(E;F) C F"S*(E;F) C --- C F1S*(E;F) C F'S*(E,F) = S*(E;F).

It is clear that
(i) d(F"S*(B5F)) C FrS*(E;F),
(i) F"S*(E;F)- F™S*(E;F) C F*t™S*(E;TF).
Hence F*S*(E;F) is a filtration of graded differential algebras. This is a decreasing filtration,

so there is a spectral sequence with Fj-term given by

EPY = HPTY(FPS*(E;F)/FPHS*(E;F)).

We therefore get the following theorem, where the proof can be found in (12, Theorem 5.15).
But first we explain how 71 (B) acts on H*(F). Let F < E = B be a Serre fibration where B
is path-connected. Let by € B be point with fibre F':= 77 1(bg). Let v be a loop in B based at
bo, i.e. ¥(0) = (1) = by. Let € F = m1(by). Lift v into 7 : [0,1] — E such that (0) = =
and denote y = 5(1) € E.
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1

—— me—T

0,1] — 5 (B, by)

This defines a map L, : F' — F such that if v ~ 4/, then L, ~ L, and we get a well-defined
map H*(L,) : H*(F) — H*(F). Hence, m(B,bg) acts on H*(F).

Remark 5.4.1. If m(B) = {0}, then the action of m1(B) = {0} on H*(F) is trivial.

Theorem 5.4.2. (12, Page 542) Given a fibration F — E = B, with connected fibre F', B path-
connected CW complex and w1 (B) acting trivially on H*(F; ), there exists a spectral sequence

of algebras such that

EYY = HP(B;F) @ HY(F;F)) and converges to HPT9(E;F).

The cohomological spectral sequence has an internal product induced by the cup product on

singular cohomology, hence more powerful.
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6. Some Applications of the Serre Spectral

Sequence

We now use the Leray-Serre spectral sequence to compute the cohomology algebra over Q of
unitary groups, Stiefel and complex Grassmannian manifolds. In all examples, the base space
of the fibration F — E 5 B is simply connected and hence hypotheses of Theorem 5.4.2 are
satisfied.

6.1 Cohomology Ring of Unitary Groups

Theorem 6.1.1. H*(U(n); Q) = A(xy1, 23, - ,xon—1) with deg(z;) = 1.

Proof. Consider the Leray-Serre cohomology spectral sequence for the fibration

U(n) = U(n+ 1) — 82"

For n = 1, we have U(1) = S — U(2) — S3. The cohomology of the fibre and the base space
are H*(U(1)) = A(x1) with deg(z1) = 1 and H*(S?) = A(x3) with deg(x3) = 3 respectively.
From Theorem 5.4.2 we get
B = HP(B) ® HY(F)
= H?(S°) @ H(S")
=S A(l’l,l'g),

where the subscripts indicate the degree. We then have

Q; if (pv Q) = (0’0)’(07 1)’(370)’(3a1)7

Equ:
{0}; if  Otherwise.
Thus,
10— = \dz@
0 Qd2 Y
o 1 2 3

Examining ds on the figure above, one concludes that do = 0. Hence the spectral sequence
collapses at EY"? = A(z1,23). Thus, by Theorem 5.3.16,

H*(U(2)) = EP9 = Ax1, x3).
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We now look at the general case. By induction, suppose that H*(U(n); Q) = A(z1, 23, -, T2n-1)
for some n. Then we consider the fibration U(n) < U(n + 1) — S?7*1. Thus,

Ezza,q _ Eg,O ® Eg,q
= HP(S*" ) @ HI(U(n)).

But HP(S?"F1) = A(x2n41). So we get EYY = A(z9p41) @ A(z1,- ,2on—1) = A(x1,++ , Tant1)-
Now we have that the total degree of a class « € E5? is p+¢q. Let 1 € Eg’l. Then da(z1) =0
since Eg’o = {0}. Same for x3 € ES’S, we have that da(x3) = 0. In a similar way, for x9,41 €
E9?™ 1 dy(29,41) = 0. Hence dy = 0. Thus, E2? = EPY = A(xy,--- ,29,41). Therefore,

H*(U(TL + 1)7 Q) = A(xla T3, ,33'2n+1),
which concludes the induction. O

In a similar way, using the fibration SU(n — 1) < SU(n) — $*"~! and starting with n = 2,
ie., SU(2) = S3, one shows that H*(SU(n);Q) = A(x3,...,72, 1) (see (16, Page 150) for
details).

6.2 Cohomology Ring of Complex Stiefel Manifolds
Theorem 6.2.1. H*(Vi(C"); Q) = A(Tan—p)41,"** » T2n-1)-
Proof. Consider the Serre spectral sequence for the fibration

S2RT o Vi1 (C1) — Vi(C).

For k = 1, we have H*(V1(C"));Q) = H*(S?*"1);Q) = A(x2,-1). Suppose the statement is
true for k, i.e., H*(Vi(C")); Q) = A(Za(n—k)+1>" " > Tan—1). As Vi(C") is simply connected, from
Theorem 4.3.7, then the Serre spectral sequence of the fibration yields

ES? = Maam—ty+15 - s Tan—1) @ MEo(n_g)—1)-

We then have the differential da(wan—gy41) = -+ = da(w2,-1) = da(To(n—g)—1) = 0 for degree
reasons. Similarly, ds = d4 = --- = 0 for degree reasons. Therefore the spectral sequence

collapses at EY"? and

ERT = AMZo(n—k)+1> T2(n—k)+3, " > T2n—1)-

Therefore, we get H*(Vi41(C"); Q) = Awan—p)—1,*+ » T2n—1)- O
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6.3 Cohomology of Infinite Dimensional Complex Grassmanni-

ans

In this section we just compute the cohomology of infinite dimensional complex Grassmannian

G (C) using the Leray-Serre spectral sequence.

Taking coefficients in Q, we show that H*(BU (k); Q) = A(ya, Y4, . . ., Yor), where yo, € H?**(BU (k))
with k& being positive integer. Consider the universal fibre bundle U(k) — EU (k) — BU (k).

Since FU (k) is contractible, one get a spectral sequence such that
EY? = H*(BU(k)) ® H* (U(k))

converges to EL where EZ? = {0} for p,q # 0 and ES = Q. We proceed by induction. Setting
k =1, we have the universal fibre bundle as U(1) — EU(1) — BU(1). From Theorem 6.1.1,
H*(U(1)) = A(x1). Then the E¥?-term is depicted by the following diagram:

q
1 Y2 @ 1
do do
T~ [ »
Y2 Y3

Observe that da(1 ® x1) # 0, otherwise the class [1 ® x1] € Eg’l — E%', for degree reasons.
This will contradict that EU(k) is contractible. So there exists y2 € H?(BU(1)) such that
day(1®x1) =y2 ® 1. And da(71 ® y2) = y5 ® 1. Hence, H*(BU(1)) = A(y2).

In a similar way, setting k = 2, there exists y4 € H*(BU(2)) such that dy(1 ® x3) = y4 ® 1. And
dy(z3 @ Y1) = yf ® 1.

q
3 T3 & Yq
dy da
NNy »
Ya yi

Therefore, H*(BU(2)) = A(y2,y4). For the general case, one applies a result of Borel to con-
clude that H*(BU (k); Q) is generated by powers of ya,y4, . .., y2x. Therefore, H*(BU (k); Q) =
A(y2,y4, - - -, Yo ), where subscripts indicate degree (3).
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6.4 Cohomology Algebra of Complex Grassmannians

We compute the cohomology algebra of G1(C"*1) =2 CP™ and attempt to compute H*(G2(C*); Q).

Example 6.4.1. Consider the Hopf fibration S' — S?"+1 — CP™ which we are going to use
to compute H*(CP™; Q). But H*(S') = A(x1). From Theorem 5.4.2 we get

E}Y = H?(B) ® H(F)
= HP(CP") ® H(SY),

which converges to A(yan+1). Let x1 be a generator of Eg’l ~ HY(SY. As H*(SH;Q) = A(x1),
so EY® = {0}, for ¢ > 1. Hence, d3 =dy =--- =0 and B3 2 By = --- & E,. In particular,
ER8 = EPT = {0} unless p+q = 0,2n+ 1 (See (10, Section 5.5)). As Exy = {0}, there exists
yo € H?*(CP™) such that do(1 ® x1) = y2 ® 1. And

do(yo @ 1) =da(ye @ 1) - (1@ x1) +do(1®@21) - (y2 @ 1)
= y% ® 1.

Similarly, dg(yb®x1) = yé“@l, fori=1,2,--- n—1. Anddz(y3"®z1) = 0, as Eoo = A(z2n41)-
Therefore, H*(CP™; Q) = Q[ya]/(y5™).

Example 6.4.2. (Gysin Sequence) Consider a fibration F — E s B where B is simply
connected. Suppose that H*(F;Q) = H*(S™; Q). We show that there exists a long exact sequence

.- = HP(B;Q) L HPY™(B; Q) =5 HP (B Q) I HPYY(B;Q) — - - (6.1)

Since B is simply connected, there is a spectral sequence EY'? such that EY? = HP(B;Q) ®
HY(S™; Q) which converges to H*(F;Q). Recall that H*(F;Q) = H*(S™ Q) = Q[n]/(h?),
where h has degree n. Then Fy = E3 = --- = Epyq and Ep40 = Eoo = H(Ep41,dp41). Let
z € H"Y(B; Q) such that d,11(1 ® h) = 2® 1. Note that for x € H"*(B;Q), dpi1(r®1) =0

for degree reasons. Then

dny1(z®@h) = (-1)"(z ®1) - dny1(1 @ h))
(-D)"z®1)-(2®1)
(=D)™"(zz®1).

We define v : H?(B; Q) — HP*"1(B; Q) by v(x) = (—1)"zz. We have an exact sequence
0 — EPn —y ppn Dtl, ppintl0 Ly print10 (6.2)
If n is even, then
0=dp1(1®h%) =2z h).
Hence z = 0. Therefore v is the zero map.
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Moreover, as E? converges to H*(E;Q), then
HPY™(E;Q) = FPHP™(B;Q) 2 FTHPT™(E;Q) D --- D FP"HPY™(E;Q) D {0},  (6.3)
and
EES = FP(HP(B;Q)/FPH (HP(E; Q).
From the layout of the spectral sequence, Equation 6.3 yields

Hp—i-n(E; Q) — FOHIH'"(E; Q) _ Fal+n(E; Q) — .= F"Hp+n(E;(@)
D Fn+1Hp+n(E; Q) —_ F"+2Hp+n(E;Q) .= Fp+an+n(E;@) ) {0}

This yields short exact sequences
0 — EEI0 — P P (. (6.4)

Putting Equation 6.3 and Sequence 6.4 together yields

HP(E; Q) {0}
) B
{0} I E&" Eg,n n+1 g+n+1,0 E.gg—n-i-l,o , {O}
\\\s
p+n+1
{0} HPP (B Q)

which yields the Gysin sequence
<= HPPY(E Q) = HP(B;Q) 5 HPF"WY(B;Q) T HPF Y (B Q) — -+ .

In particular, one recovers results of Example 6.4.1, where we deduce from the corresponding
Cysin sequence that H*(CP™ Q) = Q[za]/(z5™).

Next we attempt to compute the cohomology of finite dimensional Grassmannian G (C").

Example 6.4.3. Here we attempt to compute the cohomology of the Grassmannian Go(CH*).
Consider the Serre spectral sequence for the fibration U(k) < Vi(C") — Gr(C™). Set n = 4
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and k = 2. Then we obtain the fibration U(2) < V5(C*) — G2(C*). From Theorems 6.1.1 and
6.2.1,

H*(U(2)) = Az1,23)  and H*(Va(Ch) = A(zs, z7).
The Serre spectral sequence of the fibration yields

E3? = HP(G(C) @ HY(U(2))
= HP(Go(Ch) @ A(x1,x3),

which converges to A(xs,x7). We work backwards to determine H*(G2(C*)). Let z1 € Eg’l, As
Eo = A(x5,37), there exists ya € H?(G2(C*)) such that do(1 ® 1) = y2 ® 1. Hence

da(y2 @ x1) = d2(y2® 1) - (1@ 1) + (Y2 ® 1) - do(1 ®@ 71)
=(12®1) (12 1)

= y% ® 1.
q
2
1 Y @x1 Y3 D1
do do
I S .
Y2 y%

In the same way, there exists yy € H*(G2(C*)) such that dy(1 ® x3) = y4 @ 1. From these
computations we conclude that H*(G2(C*)) has at least two generators, y2 and ys. We are unable
to determine the relation between generators in H*(G2(C*)) using spectral sequences. However
H*(G2(C*);Q) = A(y2,v4)/I, where I is the ideal generated by {y3 — 2yays,y? + 3y3ys + Y5}
(See (13)).
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7. Conclusion

The aim of this thesis was to discuss the construction of the Leray-Serre spectral sequence
and its applications in computing the cohomology algebra over Q of unitary groups, Stiefel
and infinite dimensional complex Grassmannian manifolds. We showed how the Leray-Serre
spectral sequence is constructed using filtered complexes. We computed the cohomology ring
of unitary groups, complex Stiefel and infinite dimensional complex Grassmannian manifolds.
We attempted to compute the cohomology of finite dimensional Grassmannian G5(C*) and we

failed to determine the relation in H*(G2(C*)) using the spectral sequences.

In the future work, we will attempt to use (13) to determine H*(G(C"™); Q) for k > 2.
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