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ABSTRACT

Neutron stars are dense stellar remnants formed out of the core collapse of giant stars in a
supernovae. Due to the inferred extreme densities the neutron star interior is assumed to consist
of dense nuclear matter, thus provide a laboratory to study matter at high densities. In this
work relativistic mean field (RMF) theory is applied to a relativistic description of nuclear matter
known as Quantum Hadrodynamics (QHD), or the o —w model, where the strong nuclear force is
described by the exchange of mesons. Parameters sets in QHD are defined by the meson-baryon
coupling constants: QHD-I is an introductory parameter set whilst NL3 is a more advanced
version including more mesons and additional interactions. These QHD parameter sets were
then expanded to include the neutral lambda hyperon, as a first approximation of hyperonic
matter. RMF is applied as an approximation to calculate the bulk properties of the nuclear
matter and to study the neutron star equation of state (EoS). The EoS for pure neutron matter
model as well as beta-equilibrated, charge neutral matter model were compared to the EoS
of beta-equilibrated, charge neutral matter with lambda hyperons. These were then used to
compare and contrast the influence on the neutron star mass-radius relationship. Comparing the
calculated results to observational data, the presence of the lambda hyperon in the neutron star
cannot be ruled out. However, a more complete model would be to include the full baryon octet

in the model for dense nuclear matter.
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1. Introduction

This chapter gives a brief overview of neutron stars and the study thereof. The scientific impli-
cations of these objects for Botswana as well as the notation and other fundamental concepts

used in this work will also be shortly discussed.

1.1 Literature Review: neutron stars and nuclear physics

One of the areas of interest in the study of nuclear matter is the nature of its ground state.
In particular whether the lowest energy of an equilibrated system can consist of particles other
than that found in the nucleus. In nuclear matter the ground state of matter at the core of most
massive stars due to the short range of the nuclear forces is that of °°Fe [1]. However, there has
been suggestions that this might not be the ultimate ground state of nuclear matter since it has
been found that some stars blow up in type II supernovae to form neutron stars by releasing
massive amounts of energy [1]. Currently various experiments studying hot dense matter are
being conducted[2]. However, there are also other systems outside the experimental laboratory

that can provide a unique insight.

Neutron stars are formed from the remnants of the gravitational collapse of the core of gi-
ant stars (> 8Mg) [3]. Neutron stars have a mass in the range of 1.0 - 2.0 My, [3], a radius of
around 12km and a very high central density (5 — 10 times the nuclear equilibrium density) [4].
This means that neutron stars are some of the densest forms of matter in the observable universe
[5]. Comparatively, the binding energy of the neutron star is 10% of its mass while *Fe has a
nuclear binding energy of 9 MeV /nucleon which is 1% of its mass. Thus the binding energy of a
neutron star is ten times the nuclear binding energy of "Fe meaning that the star is in a state
other than that of *Fe [1]. Hence neutron stars provide ideal laboratories for studying physical
laws as the neutron star conditions cannot be replicated in terrestrial laboratories. These could
include conditions such as extreme densities, hyperon dominated matter, quark deconfinement

and also superconductivity and superfluidity with excess temperatures.

For a general star gravity pushes inwards on the star. Inside thermal pressure released by
nuclear fusion stabilizes the star. In contrast to normal stars as well as nuclei, neutron stars
are bound by gravity and stabilised by the nuclear degeneracy pressure (from Pauli’s Exclusion

Principle suggesting that two or more Fermions cannot occupy the same quantum state) inside

1
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Figure 1.1: A theoretical description of the ideas of the neutron star interior with
this project focusing on the hyperon star model [@]

the star. If the nuclear degeneracy pressure is overcome, the neutron star will collapse into a

black hole.

Since neutron stars cannot be directly probed, not a lot is known about the interior of neutron
stars. However, it is assumed they are composed of nuclear matter (protons and neutrons)[1].
As mentioned these nuclear systems are bound by gravity whilst nuclei are bound by the strong
nuclear force. At supra-nuclear densities exotic particles such as hyperons and deconfined quarks
could also be present . Fig illustrates some of the models that are assumed for the neu-
tron star interior. Strange quark matter stars are hypothesised to be self bound as they do not
require gravity to bind them. These stars are of interest since quark matter with up, down and
strange quarks is said to have a greater binding energy per nucleon at zero pressure than matter

composed of nucleons [4].
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1.2 Aims and Objectives

The aim is to study exotic neutron star equations of state by calculating the physical attributes
such as the relationship between the mass and radius of the star and compared to observed and
published results or textbooks and at the end contribute in finding a suitable description for cold
dense nuclear matter. Due to the extreme densities of neutron stars the principles of general
relativity and special relativity will be used in this work as gravity plays a deep underlying role in
neutron stars|l]. The models are hard to solve due to many hadronic degrees of freedom so can-
not be solved exactly and have to be approximated|[7]. A summary of neutron star observations
have been made in published literature like |3], [8] and the implied meaning on the neutron star
equation of state, observations of neutron star mass and radius as well as nuclear constraints on
the pressure and energy densities for the neutron star as well as discussing how the constraints
affects nuclear properties such as the binding energy|3]. The references therein [3] could also

provide more details on neutron star observations.

The Tolman-Oppenheimer-Volkoff (TOV) equations are a set of hydrostatic equilibrium equa-
tions that provide general relativity solutions (structure of static, spherical objects) for stars|9|.
In Chapter [2| the TOV equations will be discussed as well as the conditions for hydrostatic
equilibrium in order to properly describe the mass radius relation for the neutron star. The
equation of state is an equation that describes the relationship between the pressure and energy
density for matter. If an equation of state for nuclear matter at high densities is found treating
the neutron star as a laboratory this would help provide a window into the properties of dense

nuclear matter[4].

In order to calculate different neutron star properties, an assumption has to be made about
the constituent matter of the interior, as well as the imposed equilibrium conditions. Different
assumptions result in different equations of state (relationship between energy density and the
pressure of the matter inside the star) for a neutron star. The equation of state used in this
project is a beta equilibrated matter with the lambda hyperons included as a first approximation

for dealing with hyperonic matter.

This project will aim to derive an equation of state for three different nuclear matter models by



applying the relativistic mean field theory to a nuclear model called Quantum Hadrodynamics
(QHD) with the aim to try to reproduce the data from already published results from sources
such as [1}, |10, 11, 7). QHD is a nuclear field theory (effective theory) that describes mesons and
provides a structure for us to describe the nuclear many body problem as a relativistic system of
mesons and baryons (hadrons) [10]. The use of QHD as a general model for discussing the many
body problem has been chosen because ealier models such as the Brueckner-Bethe-Goldstone
approach were well suited for low densities |12]. The properties of nuclear matter at satura-
tion determines the coupling constants and calculations in QHD describe the bulk properties
of nuclear matter [12]. Also as the density increases the Fermi momenta of the baryons also
increases meaning strong effects of relativity making QHD a great model for describing neutron
star calculations [1]. The RMF is an approximation used to describe the ground state properties

of nuclear matter [10].

The objectives of this project will be to;

e Use Quantum Hadrodynamics (QHD) to formulate nuclear matter equations of state that

will be used to solve the TOV equations,

e (Calculate physical attributes such as the mass radius relationship of a neutron star,

e Compare results from this project to various published neutron star observations such as

in [8] and [3].

The TOV equations has to be coupled with the equation of state for nuclear matter. To get
the equation of state for nuclear matter we will begin in Appendix [A] by discussing relativistic
quantum mechanical concepts. This will provide an introduction into nuclear matter which will
show that a multi-particle description (field theory) for nuclear matter is needed in our discus-
sion. Appendix [B] will discuss classical field theory with the aim of introducing quantum field
theory concepts which are described in Appendix [C] In Chapter [ a nuclear field theory called
the 0 — w model/Quantum Hadrodynamics is discussed in order to get an equation of state for
nuclear matter which is then coupled to the TOV equation to give the mass-radius relation for
neutron stars. The project will then go further into discussing several advanced parameters and
equations of state in order to improve on the ¢ — w model. This offers insight into the high

density behaviour of the matter inside neutron stars.
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Chapter |5| provides a description of nuclear matter by including hyperons (the lambda hyperon
in this thesis) and observing the behaviour of the equation of state. This chapter introduces the
concept that at high densities the hyperon states are populated and this will affect the equation
of state and the behaviour of the neutron star. The expectation is that the equation of state
should soften when hyperons are included in the discussion. The equilibrium conditions inside
the neutron star can make it so that nucleons form hyperons contrary to what is observed in
terrestial conditions where hyperons are considered unstable and always decay to nucleons. At
high densities the nucleon chemical potential will be large enough to make the conversion of
nucleons to hyperons favourable. This convertion of nucleons to hyperons will relive the Fermi
pressure exerted by the baryons which softens the equation of state[13]. The results calculated

in this project will be compared to already published results such as [14] and [15].

Three different nuclear matter models will be developed giving three different equations of state
for nuclear matter and the results calculated from this project will be compared with observed
results with the aim of contributing in finding a suitable model for describing nuclear matter at

high densities.

1.3 Botswana Perspective

Botswana has been chosen to be a part of the Square Kilometer Array project (SKA) which
aims to build the world’s largest radio-telescope. This telescope will observe our Universe with
the highest resolution ever and will give more data when studying stars such as pulsars (neutron
stars) leading to more theories about dense nuclear matter being developed and solving one of

the big nuclear physics questions out there currently

Botswana will host a subset of radio telescope dishes as part of 3000 dishes that stretches across
Southern Africa and East Africa. This project will bring in a lot of scientific, economic and
infrastructure developments as well as enhancing international research cooperation between sci-
entists involved in the project. More skilled personnel will be needed to man these substations
meaning that employment opportunities will be created in the region and as such will undergo

training in science and engineering.

1.4 Units and Scales

Here the basic concepts fundamental in our discussion in this project such as units and

the scales used will be discussed. In nature there are three natural fundamental dimensional



constants. The speed of light ¢, Planck’s constant (divided by 27) h, and Newton’s universal

constant G. Throughout this work natural units will be used defined by:
c=h=1 (1.1)

This convention simplifies most of the equations they carry the factors of A and c¢ since carrying
such factors along is cumbersome. The natural units also allow for all dimensional quantities to
be expressed in terms of a single scale which is chosen to be mass or equivalently energy. The

choice for the units is the electron volt, in particular MeV.

1.5 Conventions and Notations

Throughout the thesis two length scales will be employed. The nuclear scale which deals with
lengths of fm and masses in MeV (microscopic scale) whilst the other scale is the size of the star

which is given in km and masses in M, solar masses (macroscopic scale).

1.5.1 Vectors

Vectors in three dimensions will be indicated in bold v = v°,v!,v2. Vectors in four dimen-

sions will be indicated using covariant indices like x,, = x¢, 1, T2, r3 or contravariant indices like
o# = 2% 2!, 22, 23 and when summing over the indices the Einstein summation convention will

be employed [16].
The d’Alembert operator is

0= 8,0", (1.2)
where 0, is a four dimensional gradient given by

o 0 0 0 0
aH/ - w - <at7aa:7ay,a2,) - (at7v> . (1.3)

There is also the Minkowski metric tensor n*” for flat space-time which is

1 0 0 0
0 -1 0 0

= 0 0 -1 0 14
00 0 -1

Table gives the values used for various constants.
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’ Name of Constant Symbol Value
Solar Mass M, 1.98892 x 10°0 kg or 1.10086 x 109 MeV
Gravitational Constant G 6.67 x 1071 m3 kg=! s72 or 1.325 x 107*? fm/ MeV
Length 1 fm 1 x107® m
Energy 1 MeV
Energy density 1 MeV/ fm? 1.7827 x 10'? g/cm?
Pressure 1 MeV/ fm? 1.6022 x 103 dyne/cm?

Table 1.1: Values of constants used in the project



2. TOV EQUATION

The simplest model for a neutron star is a fluid in hydrostatic equilibrium, where the star is
bound by the gravitational pressure, but supported from gravitational collapse by the neutron
degeneracy pressure due to the Pauli exclusion principle [1]. In this chapter the description of
the neutron star structure is derived, by way of introduction, from a non-relativistic Newtonian
point of view. The need to general relativistic description is discussed, which leads to the full

Tolman-Oppenheimer-Volkoff equations.

2.1 Newtonian hydrostatic equilibrium

In order to describe the neutron star structure three basic concepts are used to approximate

the structure of the neutron star:
1. condition of hydrostatic equilibrium,
2. conservation of mass, and

3. the relationship between the energy density and the pressure of the matter in the interior,

the equation of state (EoS).

In this section the first two conditions will be described in detail before getting to the latter one.

2.1.1 Pressure
The first step is to get the equation for hydrostatic equilibrium, see Fig [2.I] adapted from
[17]. The conditions above are used to derive the equations for the neutron star structure from

Newtonian mechanics.

The first step is look at a small spherical section of the star that is at a distance r away

from the center of the star with a smaller mass, Am (see Fig ) given by
Am(r) = p(r)dV (r) (2.1)

where p(r) is the matter density as a function of the radius r. The volume of the enclosed matter
is given by

dV = dAdr. (2.2)
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Figure 2.1: The radial force acting on a small mass element a distance r from the
center of the star[17]

The mass will then be given by
Am(r) = p(r)dAdr (2.3)

The force of gravity, Fg, by Newton’s universal law of gravitation pushes inwards on the star

with [17] CMOA
Fo=— (2 m(r) (2.4)

where
e ( is the universal gravitation constant
e M(r) is the mass enclosed in radius r in the star.

Substituting Eq. (2.3]) into Eq. (2.4) into yields

~ —GM(r)p(r)dAdr
- p .

Fa (2.5)

For a system in hydrostatic equilibrium the gravitational force is balanced by the pressure P of

the enclosed matter. Hence, the next step is to calculate the pressure acting on the spherical
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section. The section feels a pressure P(r + Ar) due to the gravitational weight of the matter
above the spherical section. While the pressure, P(r), is due to the compressibility of the matter
below the spherical section, which in the case of a neutron star is a pressure due to the neutron
degeneracy pressure which stems from Pauli’s Exclusion Principle. The net pressure dP, on the

elemental mass will then be given by
dP = P(r + Ar) — P(r). (2.6)

Force due to the difference in the neutron degeneracy pressure and the pressure P(r + Ar) due
to the matter above it relative to the center of the star is given by Fp = PA, thus the force due
to pressure will be given by

dFp = (P(r+ Ar) — P(r))dA

(2.7)
= dPdA.

The forces Fp and Fg must balance since the system is assumed to be in equilibrium therefore

the force from the degeneracy pressure must equal the force of gravity so that Fp = Fz and thus

GM (r)p(r)dAdr

dPdA = — - (2.8)
Then re-arranging the terms yields the equation for hydrostatic equilibrium as
P -GM
dP _ —GM(r)p(r) (2.9)

dr r?
2.1.2 Enclosed mass
The total mass enclosed by radius r in the star is M (r). For a change in r of step size dr, the

change in M(r) is
dM(r) = p(r)dV. (2.10)

The star is spherically symmetric; therefore the volume is given by
dV (r) = 4rridr, (2.11)

Substituting Eq. (2.11)) into Eq. (2.10|) gives

dM (1) = p(r)dmrdr (2.12)
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Then simplifying the terms and re-arranging yields

dM (r)

= p(r)dmr?. (2.13)

Thus Eq. (2.9) and Eq. (2.13]) can be expressed as

dP  —GM(r)p(r)

—_— 2.14
dr r2 ’ ( )

dM (r)

= p(r)dmr? (2.15)

A non-relativistic description (which only uses classical newtonian mechanics) of nuclear matter

has been given and it yielded two equations.

2.1.3 Newtonian stars
The mass density p(r) can be written in terms of its relation to the energy density, €(r) (in

natural units) which is[l]

(r) = p(r), (2.16)

This is done to get a relation where the energy density can be substituted in Eq. (2.14]) and
(2.15). A relation P(€) between the energy density and pressure is called the equation of state.
Once the equation of state is found then it is used along with the hydrostatic equilibrium equa-

tions to calculate the mass-radius relationship of a neutron star.

To solve equations (2.14) and (2.15) for P(r) and M(r) an integral is taken from the centre

(centre of the star) going outwards until the point where the pressure is zero[9]. The point where

the pressure is zero defines r = R, the radius of the star|18]. The two equations (2.14)) and (2.15)

indicate how the pressure decreases from the origin (r = 0) until at » = R where it is zero[9]. A
set of initial values for the initial pressure (FPy) where r = 0 are needed, the radius of the star R

and the mass of the star M = M (R) will depend on the central pressure of the star[18].

2.2 General Relativity Corrections

Equations (2.14)) and (2.15)) are useful only for stars where general relativity effects can be

ignored, where the stars experience less significant gravity and thus its effects can be neglected.

It is the value 2GM (r)/c*r that tells us if it is important to consider general relativity effects. Tt
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can be neglected if it is small. This value 2GM (r)/c? is essentially the the Schwarzschild radius
of the enclosed mass M(r). If the a star or any mass for that matter is compressed to a value
below the Schwarzschild radius it will collapse into a black hole|l]. Estimated for a typical neu-
tron star of 1.5 M to be 4.38 km, therefore of the order of the neutron stars’ expected radius.
For neutron stars general relativity effects cannot be ignored since 2GM (r)/c*r is close to 1.
Neutron stars experience a high gravity effects and therefore gravity impacts the star structure
therefore corrections due to these effects have to be included to the equations derived above [17].
This is done to properly describe the neutron star structure. From relativity a set of correction
terms are added to this equations to correct the equations and this yields what is called the
Tolman-Oppenheimer-Volkoff, (TOV) equations [19]. These correction terms reduce to 1 if we

go to the non-relativistic limit.

Adding general relativity corrections to Eq. (2.14) and Eq. (2.15) will give the TOV equa-

tions as

dP(r Ge(r)M(r P(r 4rr3 P(r 2GM(r)]
= o i e ] e
where
dM(r) _ 4me(r)r? (2.18)
2 ’

dr c

The equations in Eq. (2.17) and Eq. (2.18)) for the pressure P(r) and mass M(r) are in-
tegrated from r = 0 for the initial condition for the pressure til the point where P(r) = 0.
P(r) = 0 = P(R) defines the point where » = R and R will be the radius of the star and M (R)

the mass of the star.

A bigger star will have a larger pressure at the centre and if the central pressure increases
the smaller the radius R of the star becomes. This is because the force of gravity is always
pushing inwards and the central pressure has to increase in order to balance the gravity until a
point where the force of gravity overcomes degeneracy pressure. The equations imply there exists

a maximum mass that a star can have beyond which the star collapses due to its own gravity [19].

To solve the TOV equations boundary conditions are imposed. The first boundary condition
is that the pressure at the centre is not zero; the pressure at the centre of the star has to be

some value Py as discussed in the previous section, whilst the mass at the centre of the star is
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zero |17]

P(r=0)= P, (2.19)
M(r =0) =0. (2.20)

The starting point is the centre of the star and as the radius increases the mass increases. The
pressure decreases gradually until it is zero at the surface(r = R) of the star where the boundary

conditions do not hold.

The TOV equations describes the pressure as it varies from the centre towards the surface

of the star.

2.3 The Equation of State

The TOV equations provide two differential equations Eq. (2.17) and (2.18]) for the mass

and pressure in a star. Both equations depend on the energy density €. A relation between the

energy density and pressure P(e) is needed. This is called the equation of state.

There are different equations of state depending on the composition of what the neutron star is
made up of and the interaction of the neutron star constituents. The TOV equations along with
the equation of state are used to derive the mass radius relationship for a neutron star however
before getting to solve the TOV equations there is need to rescale some of the terms used and

all this is explained in the next step.

2.4 Rescaling the TOV equations

When dealing with the TOV equations the order of some terms like the radius of a nucleon
(order of fm) are very small and some terms like the mass of the neutron star (the order of km)

are very large and this will create problems in terms of coding the equation.

A way to solve this problem is called rescaling where the terms are made dimensionless by
absorbing out some of the powers that are involved. The mass is simplified by recording it in
terms of the solar masses (mass of the sun Mg) and the distance in kilometres, thus

M(r) = ]‘ﬁ;’)

(2.21)
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The energy density and the pressure also carry dimensions. To make them dimensionless they

are written in the following way

P(r) = e P(r), (2.22)

e(r) = eo€(r). (2.23)

The re-scaled quantities are the fitted back into the equation of state and TOV equations and

then an integral is taken from r = 0 to » = R where the pressure is zero.

The rescaled TOV Eq. (2.17 and [2.18) will be given by

]
dr r2 e(r) Mo M(r) ] ’ (2.24)

r

dP(r) Ge(r)MgM(r) [1 N P(r)} [1 N 4m~3P(r)] [1 _ 2G MM (r

where

dM(r)  Ame(r)r?
s VA (2.25)

2.5 Solving the TOV equations

A python code is written which solves the TOV equation. The Runge-Kuta method is used to
solve the TOV equations by numerically approximating the coupled differential equations [20].
It involves the use of weighted average values a function at four different points of the interval

T <7 < 7Tpp [20].

For Eq. (2.24) and Eq. (2.25) let

dP
E = F(T', P, M) (226&)
dM

The weighted averages for the pressure and the mass are defined by single integration steps of

size h and are given by

1 1 1 1
P, =P — — — — 2.2
n+1 n T 6]<71 + 3k2+ 3k3+ 6k4 ( 7a)

1 1 1 1
M1 = M, + = - - ~dy. 2.2
+1 +oditgda+ody + ods (2.27b)



2. TOV EQUATION 15

The sum of the k-terms gives the change in pressure with the radius. The k; term is the pressure
gradient at the left end of the radius interval, ks is the midpoint between r,, and 7, + % , ks is
the pressure gradient at the midpoint on the right side of the interval r, + % and r, + h and
finally k4 is the pressure gradient at the point 7, + h. The d-terms also follow the same concept.
The sum of the d-terms gives the change in the mass with the radius. The terms follow the same
concept as the k-terms but for the mass gradient in this case. All this can be expressed in the

following way:

k1 = hF(ry, Pp, M,)

ko = hF(Tn+ﬁan+ ﬁwiwnJr@)
}QL k2 d2 (2.28)
ks = hE(r + 5 Put 5 My + )

ky = hF(’I"n + h,Pn =+ ]fg,Mn + d3),

d1 = hG(’I"n, Pn, Mn)

h k d
do = hG(ro+ =, P+, Mo + =)

}QL k2 d2 (2.29)
dy = hG(ra + 5, Pu+ 5 Ma + )

dy = hG(rp + h, Py + ks, M, + d3)

As already indicated the results of the TOV equations depends on the chosen EoS. In the next
chapter we discuss relativistic quantum mechanics as a build up to studying several nuclear

equation of states that will be used to solve the TOV equations in this work.



3. Quantum Hadrodynamics

The framework for describing quantum field theory and a multi-particle description for nuclear
matter is needed in the description of relativistic particles. Appendix [A] to [C] chapters provides
a short summary of the concepts that lay this framework. In this chapter the application of
quantum field theory to nuclear matter will be described in order to give a nuclear field theory
that provides a description of the many-body states for nuclear matter. The nuclear field theory
that will be used is called Quantum Hadrodynamics (QHD)|1]. This nuclear field theory is
modelled around the properties of saturated nuclear matter. The behaviour of the strong nuclear
force is that it is a long range attractive force and short range repulsive force mediated by a one
pion (7 meson) exchange (OPE)[21]. The point where the two forces balance is the point where
there is a saturation in nuclear matter|21]. The strong nuclear force can also be described by
the exchange of mesons|21]. QHD uses the exchange of mesons to describe the behaviour of the
observed strong nuclear force and the properties of nuclear matter[10]. The first step is to discuss

the properties of nuclear matter which are given in the following section.

3.1 Properties Of Nuclear Matter

The basic property of nuclear matter is that there is a short range repulsive force and a long
range attractive force. Thus they are saturated systems because of this balance. The saturated
system is due to the short range nuclear force and the Pauli exclusion principle which states that
no two similar particles can occupy the same quantum state. The saturation density is defined
by the density where, even if more nucleons are added to the nucleus, the density of the central
region of the nucleus will remain constant. The value of the saturation density, psq, for nuclear
matter is taken as [1]

psat = 0.153 fm 3. (3.1)

The binding energy per nucleon (B/A) is the energy that is needed to keep the nucleons bound
together inside the nucleus. At saturation density the system is in its most stable configuration
and therefore the binding energy will be at its lowest value. For nuclear matter the binding

energy per nucleon (B/A) is assumed to be B/A = —16.3 MeV and to be calculated as [1]
B/A=°-M (3.2)
p

where

16



3. Quantum Hadrodynamics 17

e ¢ is the energy density,
e p is the baryon density, and,

e M is the nucleon mass.

3.2 The 0 — w model

The effective nuclear field theory discussed in this section is called Quantum Hadrodynamics
(QHD)[10], also known as the 0 —w model. This model of nuclear field theory describes the
nuclear force based on the exchange of mesons between the baryons that mediate the strong
nuclear force. The scalar meson fields from the ¢ meson give rise to a strong attractive central
force whilst the vector meson gives rise to a strong repulsive central force and thus the interac-
tion of the nucleons is described by the fields of the baryons, scalar meson and the omega vector
meson. The baryons repel each other at short distances because of the repulsion from the w vec-
tor meson and attract each other at long distances because of the attraction from the o meson

which is why this model is a good one to describe nuclear matter as it also behaves in this way [1].

The o - w model takes the mass M of protons and neutrons to be equal to
M =939 MeV. (3.3)

As the intention is to describe neutron star matter consisting of many relativistic particles the
model has to be Lorentz covariant with quantum field theory governing the dynamics of the
system. All interactions are to be included in the Lagrangian which must be a Lorentz scalar.
To make the Lagrangian a scalar the scalar meson is coupled to the baryon scalar current 1)
and the vector meson is coupled to the baryon four current tv*1. Including these interactions

to the free nucleon Lagrangian, the total Lagrangian is |1, |10]

L = (x) ['y“ (2'8“ —gUV“($)> - (M - gs(b(x))}w(x)

5 (006(2)0" () — 26 @) — TV VI + S V)V ()

N = S

where
e V#(z) denotes the vector meson field operator,
e ¢(x) denotes the scalar meson field operator,

e m,, and my the different meson masses and M denotes the nucleon mass,
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e g, and g, are the vector and scalar coupling constants and are not fixed, they are larger
than 1 [10] and
o Vi =0,Vu(x) — 0, Vyu(z).
0,1 .2 3)

o x =zt = (2,2, 2%

The next step is to calculate the Euler-Lagrange equations of motion for the given

Lagrangian. The equations of motion are given by

00" p(x) + mid(z) = gs(x)i(w) (3.4a)
OV +mV¥ () = gu(x)y () (3.4D)
[7# (io" — g, VH(z)) — (M — gsgb(x))}vﬁ(m) = 0. (3.4¢)

Eq. (3.4a]) is the equation of motion for a free scalar field which is the Klein-Gordon equation
(C.9) with an extra terms for the baryon scalar density) with ()¢ () being the source term.

Eq. (3.4b) is analogous to the equation of motion for massive QED also known as the Proca

equation with an added conserved baryon four current as the source term.

Lastly Eq. (3.4¢) is the equation of motion for baryons (which is the Dirac Equation (C.22])
with the scalar and vector fields introduced). As it is assumed the proton and nucleon have

equal mass, 1(z) this gives an eight component spinor as in Eq. (C.39)).

The three equations of motion are coupled and non-linear differential equations which are dif-
ficult to solve. To solve this equations is by an approximation method called the relativistic

mean-field approximation method which is described in the next section [10].

3.3 Relativistic mean-field theory (RMF)

RMF is an approximation method that has become increasingly valid for models that have
increase in densities. Unlike in Quantum Electrodynamics (QED) where a pertubative approach
can be applied and all the terms can solved exactly, in QHD the higher order terms diverge and
thus pertubation theory cannot be applied [10]. The equations in Eq. are coupled,
non-linear differential equations and the coupling constants are large and therefore perturbation

theory cannot be applied to this theory [1].
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The coupling constants in QHD cannot be solved exactly[l]. It has been observed that at high
baryon density the scalar and vector meson field operators can be replaced by their expectation
values|10]. The expectation values can be solved exactly and they provide a good description
of the high density limit of the nuclear equation of state[10]. The source terms are and
, the meson fields are replaced by their ground state expectation values which are classical
fields [10]

¢ — (2] @) = (¢) = ¢o (3.5a)
Vi — (@ |V, ®) = (V) = 6,0Vh. (3.5b)

The vector meson V), = (Vp, Vi, Vo, V3) is a four-vector but the spatial components vanish since
now we are in the rest frame of the mean-field so there is no preferred direction [1]. The integral

taken is over all occupied momentum states.

The meson field operators have been replaced by their ground state expectation values to give us
exact solutions but the nucleon field operators remain operators. Only the ground state expec-
tation values of the meson field operators are considered in the mean-field approximation which
is why the baryon four-current and the baryon scalar current are evaluated by operating on the
ground state and hence in the equation of motion for the meson fields they will be replaced by

their normal ordered ground state expectation values given by [10]

(@)(@) — (@[(@)():] @) = (dv) (3.6a)
d(a)(z) — (@ |wh(@)y ()] @) = (¥77). (3.6b)

The equations of motion for the meson fields (3.4a)) and (3.4b|) then reduce to simpler forms as

a result of taking the expectations to give

m2po = gs (Yb) (3.7a)
maVo = g ($0v). (3.7b)
(3.7¢)

When these expectation values are substituted into the Dirac field Equation ((3.4c|)

[17.0" — gvy0Vo — (M — gsdo)] b = 0. (3.8)
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This equation is linear and can be solved directly. The solutions that are of interest should be
written in a way that there is no xz-dependence (thus looking for stationary-state solutions for

the uniform system). Therefore the Dirac fields in (C.26)) are written in the following way [1]
() = 1k, s)e krick)t (3.9)
k

where
e (k,s) is a four component Dirac spinor,

e c(k) is the energy associated with the momentum state k.

Substituting Eq. (3.9) into Eq. (3.8)) leads to
(vik" + 20e(k) = 97" Vo — (M — gs¢0)) (K, s) = 0. (3.10)

Then multiplying by 7° and reverting back to the e and 3 matrices notation in Sec. yields

(v is an eight component spinor)
(B(e(k) — Vo)) ¥ (k, s) = (v k + fm*) (K, 5) (3.11)
where m* is the effective mass and is given by
m* = M — gsopo. (3.12)

Thus the scalar meson shifts the mass of the baryons and the vector meson shifts the energy of
the solutions. When Eq. (3.11)) is squared and also keeping the properties of the Dirac equation

this will give the eigenvalue equation
eF (k) = g,Vo £ VK2 +m*2. (3.13)

This yields both positive and negative energy solutions which are a characteristic of the Dirac

equation. From this result the baryon field operator can then be written as
P(x) = Z/W (b(k:, s) u(k, s) gilkm)—ieCH (kt) | d'(k,s) v(k,s) e_’(k"”)_w<+)(kt)) (3.14)

where

e ¢ is the time coordinate of z*
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e x is the spatial components of z*

The creating and annihilation operators for the particle and antiparticles are the same as the

ones used in the Dirac fields section of the previous chapter.

In the mean-field theory approximation the Lagrangian Lgrpsp is given by [10]

, 1 1
Lryr =1 [W;ﬁ“ - 97 Vo — (M — gs¢0)]¢ - §m§¢3 + gmiVOQ .

The energy density and the pressure are

- 1 1
= (i000) + 5 midG — 5 mIVY s (3.152)

1/ 1 1
= —(iy' 0+ (— s mig + 5 mVy)
3 2 2
S DL SN NRNRS S UL S S R,
= 3 (i 0) 2m5q§0+ 2me0 : (3.15b)

€= <T00> is the energy density expression and P = % <T“> is the pressure expression given in

[10]. The expressions are derived from the energy momentum tensor given in [10].

The Dirac momentum eigenvalues have been given in terms of the meson field operators ¢ and
V' but their expectation values of (¢) and (V)[1] are yet to be found. To find the expectation
values there is no need to create the spinors as this method is more rigorous but rather a trick is
used by defining what is meant by the expectation value of an operator (I') in the ground state

of the many nucleon system. This expectation value is written in the following way [1]
_ dk . _
wrvy = > | s T, O[n = (k)] (3.16)
k

where
e 1 is the chemical potential /Fermi energy level
e [ is the sum over all the spin-isospin states

e O is the step function that has unity for > 0 and 0 for negative values.
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The ground state is defined by the Fermi wavenumber, kr which denotes the filled positive en-

ergy states and the result is that the energy levels of the states can be filled up to the Fermi level.

To find the single particle expectation states of the mean-field approximation in Eq. (3.7a))

and Eq. (3.7b]) using Eq. (3.16).
The Dirac Hamiltonian is given by [1]
Hp = [’y-k+gwuV“+m*]. (3.17)

Then taking the single particle expectation yields

<¢THD1/J>k = (k). (3.18)
Taking the derivative of the above equation of the single particle expectation with respect to any
variable (
0 0 0
— (v'H = (v =H k)— (¢ : 3.19
o (0v), = (vigeton) et (viv), (3.19)

The last term on the right vanishes as 1 is an eigenfunction of the Dirac Hamiltonian.

Using this result any expectation value can be derived using this method by first taking the

derivative of the Dirac Hamiltonian with respect to V. This method yields the normalization

Ply) =1 (3.20)
k,s

This method is used to determine the expectation values for the baryon density

W) = [ Gzl —e)] = gkt = (321)

where 7 is the degeneracy of the nucleon spin state [1].

The energy density and the pressure can also be evaluated using this method. The expecta-

tion value in the expression for the energy density in Eq. (3.15a) when using Eq. (3.12]) and Eq.
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(3:14) will be

[
I
S

PT(—id@-V + pm* +gva)1/1>

o (o)

= (ple(k)y). (3.22)

Simplifying by using the value for the single particle expectation of the Dirac Hamiltonian Eq.

(3.18) the expectation value for the energy density yields

<w*(—ia-V+ﬁm*+gv%)w> = Z/(;T'f)ge(k)@[u—e(k)}
= Z/ dk (VE? +m*2 + g, V) O [ — e(k)]

(2m)?

v [
guVop + (27r)3/ dk\/ k% + m*2. (3.23)
0

The expectation value in the equation for the pressure is given by

(vf(—ia-V)o) = @@ K)v)
= (B(v-R)V). (3.24)

To find the single particle expectation value take the derivative of the Dirac Hamiltonian Eq.

(3.17) with respect to k

S S (3.25)

The general expression is then given by

k2 + m*2
k2

2
(W(=ia- Vi) = 3 [ Gra sl c(k) (3.26)
vy [kr
(277)3/0 T

(3.27)

The scalar density (1)) is also needed. Taking the derivative with respect to the nucleon mass
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M the single particle expectation value is given by

(00)e, = (v1%), (3.28)
— (waHD >k (3.29)
- 651(\4) (3.30)
oo™ (3.31)

Vk? + m*?

This gives the general expression for the expectation value as

Wi = X [ G k2+m*2@[u—e(k¢)] (3.32)

F k2
dki. 3.33
(27T)2/0 NEwre (3:33)

This method is very powerful as it allows for evaluation of the expectation values of any operator
appearing in the Dirac Hamiltonian without constructing Dirac spinors. These expectation values

are then substituted into the equations of motion for simplicity in the next section.

3.4 The Nuclear Matter Equation of State

In the previous section the expectation values of the operators appearing in the Dirac Hamil-
tonian were evaluated. This section will look to describe the nuclear matter equation of state
which is given in parametric form by the pressure and energy density equations [10]. When sub-
stituting the expectation values the equations for the meson fields will be given by (the integrals

are over all occupied nucleon momentum states)|1]

s _ < kr kQ *
% o= <w* v) = ﬂ“‘i 20! (3.34)

where p is the baryon density given in Eq. (3.21]).

The above equations can be rearranged to yield expressions needed to calculate the energy
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density and the pressure given by

Lo 1 500 Y /kF 3
€= omsd + 5muVo + @ |, dk \/k2 + (M — gs¢0)2, (3.35a)
1 1 1( ~ kF k2
P=——m2¢3 + -m2V§@ + = / (3.35b)
2 0 T w0 T g (27)3 VK2 + (M — goi)?

The two expressions in Eq.(3.35a) and Eq. (3.35b)) can be simplified further when taking into
account spherical symmetry (the integral is over all occupied nucleon momentum states and its
a sphere since e(kp) depends only on krp = |kF|) to give the energy density and the pressure as

(1]

1 1 ke
¢ = 2m§¢3+2mivo2+272/ dl K2\ k2 + m*2 (3.36a)
™ Jo
1 1 1/~ [k k4
P o— 2624 tp2v2a s (O ) .
G+ gmEVE g (5 | dh s (3.36b)

The equation of state for nuclear matter is given by these two expressions. The effective mass is

determined by minimizing the energy density.

2 kp 2 %
. gs k*m
m*=M- =5 — dk ——. 3.37
m? 272 J, k2 + m*? (337)
Solving this equation as in [10] yields the reduced mass as a self consistency equation:
2 *
. gs Ym . [ krt+p
m* =M — m—sg 2 [kpp —m*In < o ) |, (3.38)

1
where p = e(kp) = (k:% + m*z) 2 + g, Vp is the chemical potential at zero temperature.

The equation of state is in the parametric form e = 6( ) and P = P( ) However, p is eliminated
to yield the equation of state as P = P(e). Eq. and are solved numerically in
order to evaluate the pressure and energy densfcy as functions of the nucleon density [1]. So far
the o — w model has been used for describing nuclear matter but it can also be used in neutron
stars. If in the case of neutron matter we will be dealing with (degeneracy = 2) instead of nuclear

matter (degeneracy = 4). The equations still remain the same except for the degeneracy.

The model has two parameters( A ) and (i—“;) The saturation density and the binding en-

ergy per nucleon can be fitted exactly using these parameter sets. The ¢ — w model provides a
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much simpler introduction into the description of nuclear matter. However other nuclear matter
properties such as the symmetry energy, compression modulus and the effective mass give values
are not in agreement with the theoretical values|[l] which means the model yields wrong values
for these nuclear parameters|l]. Nonetheless the 0 — w model is a good first approximation for
introducing techniques used to describe nuclear matter. In the next chapter more advanced
parameter sets of QHD will be discussed in order to improve on the framework layed so far with

the o — w model.



4. Advanced QHD parameters

In Chapter 3] the o — w provided an introduction into the tools used to describe the properties
of nuclear matter as in Sec. [3.1] The 0 — w model had two free parameters managed to fix two
nuclear matter properties being the binding energy and the saturation density. However, in or-
der to give a more complete description of nuclear matter additional mesons as well as couplings
between the various fields are introduced to improve on the ¢ — w. In this chapter a extended
parameter set called NL3 where self-interactions of the o field as well as the isospin symmetry

force will be introduced.

The advanced form of the Lagrangian density that describes both the QHD-I, NL3 parame-
ter sets in QHD, is,
_ . g
L= $@) |10 — 9uVi(@) = Ly (@) = (M = g,6(2) | ()
1 1 K 3 A 4
+50u00"¢(x) = 5mid*(2) = 51 (9:0(2))" = 5 (9:6()
1. 1
=V Vi + V@) V0)

1., 1
=0 b + 5mgbﬂ(gc) - b, () (4.1)

where the field tensors are defined as

Viw = 0uVu(x) — 0, Vyu(x) (4.2)
b

with
e ¢(x) is the baryon field spinor
e ¢(x) is the sigma field scalar meson
e VH(zx) is the omega vector meson field.

e b (z) is the Lorentz vector field for the three isospin components of the rho meson fields,
b= (W05 ). (4.4)

The charged rho meson field p* can be constructed in terms of the first two components
27
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of b* as[1]

Bo= (b £ 8) (45)

e 7 = (11,72, 73) is the isospin operator. The isospin operator is described in terms of the

Pauli 2 x 2 spin matrices Eq. as

o
T = (4.6)
0 o
The nucleon field v is an isodoublet thus
o= | (4.7)
(i

where

e 1, is the proton field

e 1), is the neutron field and each field consists of 4 x 1 Dirac spinors making ¢ an 8 x 1

component spinor.

Next we explain the physical meaning behind the terms introduced in the Lagrangian.

4.1 Self-interactions

The self-interactions extend the Lagrangian of the scalar field by adding self-interactions
to the sigma meson field and in doing this it helps in improving the ¢ — w model by giving
two more nuclear matter properties being the compression modulus and the reduced mass at
saturation[l]. The self-interactions of the scalar meson field are included so they improve the
long range attraction in the nuclear force produced by the model [22]. The self-interaction terms

are given by

U(s) = o (gs(a))’ +  (9s6(2) (18)

where

e s and A are the coupling strengths.
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4.2 Introducing the isospin force

In this section the isospin interaction is included to distinguish between neutrons and pro-
tons;the isospin interaction will serve the purpose of improving on the o —w model which assigned
the same mass (939 MeV) to them. The project is dealing with a neutron star and thus isospin
will have an effect on its equation of state|l] . The 0 — w model can be improved by adding
self-interactions to the 0 — w model. The addition of the charged isospin vector rho meson helps
to distinguish between protons and neutrons since they have different isospin projections. The

charged vector rho meson is a three component isovector given by|[1]
b = (b b, 08 (4.9)

The charged rho meson is a vector meson and is similar to the w vector meson in that only
the three component of the b* field has an exact mean value and the Lorentz three current will
vanish in the ground state similar. It will also obey the Klein-Gordon Equation (C.9)[1]. The rho

meson are described as a triplet of mesons that form an isospin triplet with the isospin current|1].

The equations of motion can be given by applying the Euler-Lagrange Equation to the

Lagrangian to give

0,0 0(w) + m2o(e) + m gl (@) + St = gd@)e@)  (410a)
BV £ mAV(2) = gub(a)y"(x)  (4.10b)

b +mib’ = Laj(x)y rib(x) (4100)

(10 = g Vulw) = Zr - by = (M = geo(a)) [ (@) = o. (4.10d)

4.3 Relativistic mean-field theory

A continuation of the mean-field theory from Sec. [3.3is given in this model. The meson fields

are replaced be their expectation values again as in Sec. [10].

¢ — (o(x)) = do (4.11a)
Vi — (Vi) = 0V0. (4.11D)
by — (bu) = g"*3asbo. (4.11c)

In the ground state the expectation value of the raising and lowering operators would be zero [1].

The first two components of b* can be written is terms of the raising and lowering operators of
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the charged rho meson fields described in Eq. (4.5).Thus in the uniform static ground state only
the b4 term in b will be non vanishing|23]. The Lorentz three current part (spatial components)
also vanishes which gives by because we are in the rest frame of the mean-field so there is no

preferred direction.

In addition, just as in Sec. the baryon sources are treated to the same normal order operation
so they are replaced by the expectation values since when we are dealing with the mean-field it

means we take the average of the ensemble that is prepared in the system

D(@)p(z) — (@ [ah(x)p(z):| @) = (Yib) (4.12a)
Y@ Pa) — (@ [ap(2)y ()| @) = (¥7"), (4.12b)
@ ra(e) — (@) ap(a):] @) = (97 9) . (4.12c)

In the RMF approximation the Lagrangian ({5.14)) simplifies to

Lryr = &(I‘) [’7“ (Zau - gqu(I')) - %7—370()0 - (M - gyﬁo)}@b(@

1 A 1
— 5midd — 5 (9:00)” = 5 (9:00) " + SmEVE

2 2
1
+ §m§bg : (4.13)

which in turn simplifies the equations of motion (4.10) to

win = 25 [(50) - Sla.tn? - Slo.tn)| (4.140)
Vo = 9—”[@%}} (4.14b)
gobo = B <wa3¢>] (4.14c)

0 = [mﬂ@u — g7 "Vp — %mobo (M — g,0)| . (4.14d)

The expectation value of the Lagrangian (£) is calculated, the energy density and pressure and

it is given by

1 K 3 A 4 1 1
(L) = —§m§¢3 - g(gs(ﬁO) — a(gsfﬁo) + gmiVoQ + 5”"‘253- (4.15)

The energy density and the pressure is given by the general expression in Eq. (3.15a]) and (3.15b))
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e = —(L) + (¥roko) (4.16a)

P = (£) + S (Friket). (4.16b)

The equations for the mean values of the rho meson and Dirac equations will be given by

1 2 24
gob3 = 3 (5;) (7 rs1) = (5:,) 3 (Pp — pn) (4.17a)
| 2
gpbs = 3 (5;;) (Yy'7310) = 0 and, (4.17b)
{’y” (i0u — guVo(z)) — %Tg’yobo — (M- gsd)o)}w(az) = 0. (4.17¢)

The p, and p,, terms are the isospin baryon densities of the proton and neutron with p,,, as the

baryon density|l] given as

1 3
1 3

The Dirac eigenvalues are obtained by rationalizing the Dirac operator as in Sec. to give
1 2 2
c(k) = 9uVo + 573gpb0 + VK2 4 m*2. (4.19)

where

e 73 here and from this point onwards represent the eigenvalues of the 73 matrix Eq. (4.6

and have values of +1 for protons and —1 for neutrons.

From the above the expression (1)T1)) will be different. The Fermi momenta of the protons will

be different from those of the neutrons. Hence the particle density will be

ko dke ko dke
W) = 2 [ Gt 2|

= pp+pu (4.20)
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The same will apply to the values for the expectation value in the pressure and the expression
(¢1p). There will be an integral for the protons and another for the neutrons. The expression in

the energy density expression will vary slightly and will be given by

(iratne) = Y [ s etk L = elh)
= 3 [ s (0¥ + 502t + VAT 40 ] - k)]
= gv‘fop+%9pbo(pp—pn) +Z/ kT m O — e(k)]

(2m)?

1
= g,Vop+ igp bo (pp - pn)

k)p 1 kn
— dk / k2 *2 / dk \/ k2 2, 4.21
+4772 ; +m* + 2 +m (4.21)

4.4 Parameter Sets

The parameter sets considered in the thesis will be QHD-I which are taken from [10] and the

NL3 parameter set which are taken from [24]. This work follows the notation given in[10].

To best describe the bulk properties of nuclear matter the coupling constants of the parame-
ter sets are used. This is done by fitting the coupling constants of the different parameter sets to
these properties. The parameter sets differ in their coupling constants. There are many different
parameter sets that are fitted to best describe dense nuclear matter. For this project the QHD-I
and NL3 parameter sets will be used. The NL3 parameter set is more advanced and improves
on the QHD-I lagrangian as it accounts for contributions of the rho vector meson and self inter-
actions of the scalar field. It has been found to better describe the bulk properties of nuclear
matter.

The table gives the various coupling constants while table gives the masses used in the

two parameter sets.

Model g: g- glz, K A
QHD-I || 109.6000 190.4000 0.00 0.00 0.00
NL3 104.3871 165.5854 79.6000 3.8599 -0.01591

Table 4.1: Coupling constants for QHD-I and NL3 with all of them being dimen-
sionless except for x which has units of MeV (Walecka Convention )
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Model || M, M, Mg My My
QHD-I || 939 939 520 783 763
NL3 939 939 508.1940 782.5 763

Table 4.2: Particle masses for QHD-I and NL3 in MeV for the Walecka Convention

4.5 Equation of state
Using the equations of motion for the different meson fields in Eq. (4.14)), since now the

expectation values have been evaluated the equations of motion simplify to

2 1 kp 2 % 1 kn 2 %
gsdo = 92(2/ dk]””+2/ dk:kim)
mi\T 0 1/kj2+m*2 T 0 1/k;2+7n>s<2
F 2 (500 — 2 (g.60)) (4.222)
mg 2 s®P0 6 s®P0 .
2
9y
gVo = mfo%(pp-i-pn) (4.22b)
2
_ ol
gpbO = m%<2(;0p Pn)) (4.22C)

The equation of state can now be constructed to give the pressure and energy density as

1 K A 1
€ = §m§¢(2] + g(gsgbo)?’ + 5(98¢0)4 - §m02uV02

1 1
—5mpb + 90Volon + pp) + 59500(pp — pn)

1 [F 1 [
+2/ dk k* k2+m*2+2/ dk k*\/k? + m*? (4.23a)
s 0 ™

0

1 K A 1 1
Po= —omigf — 5i(9s00) = J(gsb0)" + SmLVE + Smiht
1 kp k4 1 kn kA
Py dk ————=+ 5 dk ——. 4.23b
+37T2/o \/k‘2—|—m*2+3772/0 V2 +m*? (4.23b)

In the next chapter all that has been learnt from this chapter is applied to the interior of the

star as the different particles that make up the neutron star are discussed.



5. Exotic neutron star matter

In this chapter assumptions of equilibrium conditions and constraints for the different models of

the neutron star interior that are considered in this work will be introduced and discussed.

5.1 Beta-equilibrium

This section will further extend my model of neutron star matter by discussing beta-equilibrium
and charge neutrality. Free neutrons are unstable and have a short half life of 14 minutes com-
pared to a neutron star which has a longer lifespan. Free neutrons beta-decay to protons,
electrons and antineutrinos |5]. Neutron stars have much longer lifespans that are greater which
is why inside the star a significant number of neutrons will beta-decay to give protons, electrons
and antineutrinos. However the neutron star is considered an equilibrated system. Therefore the
protons and electrons (that attain relativistic energies due to high densities) can also combine
to give neutrons and neutrinos. The decay process for a neutron and electron capture process

can be represented in the following way

n—p+te + (5.1a)

pt+e —n+ve. (5.1b)

where the first process (Eq. (b.1a])) describes the beta-decay of a neutron to give a proton,
electron and an antineutrino. Eq. (5.1b)) describes the inverse process.

The two processes will go on inside the star driven by high energies and excess neutrons on
inside the star until a state is reached where as many neutrons decay into protons and electrons
there is an equal number of electron captures from protons, resulting in new neutrons. This state
is called the beta-equilibrated state and it is a state where the energy density of the system will

be a minimum. The chemical potential p, for a system is given by

_ Oe
He = dp

(5.2)

In the beta-equilibrium state the effect of neutrinos will be ignored because their contribution

to the equation of state is negligible when considering uniform nuclear matter which means the

34
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state can be mathematically written as

Hn = fp + fe- (5.3)

The chemical potentials Eq. (4.19)) for the different species can be written in terms of the energy

eigenvalues as

1
o = VE2+m*2+g,Vo— igpbo (5.4)

1
by = \/kg + m*2 + QUVO + igpb() (55)

pe = kZ2+m2. (5.6)

5.2 Muons

In ultra-dense matter it is energetically favourable for electrons to populate muon states if
they attain ultra-relativistic energies. Muons and electrons have the same charge but muons
have a larger mass (m,, = 105.658389 MeV whilst the electron mass in m. = 0.5109989461 MeV)
[25]. The muon states can only be populated once electrons reach energies comparable to the
muon mass. Muons are very unstable particles and decay to electrons for low densities. The
decay process can be written as

P — e 4 U+, (5.7)
The above process in Eq. (5.7)) implies that
He = Hy (5.8)
where the energy eigenvalues for the muons can be given by

p =\ k2 +m2. (5.9)

5.3 Charge neutrality

Another equilibrium condition is charge neutrality. To enforce charge neutrality the number

of protons must be equal to the number of electrons.

From Eq. (3.21]) the number density of a particle p, can be expressed in terms of the parti-
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cle’s Fermi momenta

kp, = (372pg)3. (5.10)

and in terms of the Fermi momenta of the different particles it can be written as

kpe = kpp. (5.11)

If the muon states are populated, to enforce charge neutrality the number of protons must
be equal to the combined number of the electrons and muons. This statement can be written

mathematically as

Wl

krp = (Kpe + k) (5.12)

5.4 General neutron star equilibrium

When the condition stipulated by Eq. (5.3) for beta-equilibrium, (5.8) for including muons
and (5.12) for charge neutrality are satisfied then a neutron star can be said to be in general

equilibrium.

The corresponding neutron star equation of state can be derived from the one in Chapter
by adding the leptons as well as the equilibrium conditions Eq. for beta equilibrium,
for the inclusion of muons if the chemical potential of the electrons exceeds the rest mass of the
muons and for charge neutrality to ensure that the neutron star is charge neutral else it
will be ripped apart by the Coulombs force which is stronger than the gravity that binds the
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star to give the energy density and the pressure of the system as

1 K A 1
¢ = Gmidd+ gi(ash)’ + gs00)t — SmIVe

1 1
_§mib% + gvVO(Pn + pp) + igpb[)(pp - Pn)

1 kp 1 kpn
+2/ " dk R k2+m*2+2/ dk k*\/ k2 + m*?
™ Jo ™ Jo
1 kri
+ > 2/ dk K /k2 4+ my? (5.13a)
™ Jo

l=e,p

1 K A 1
Po= —omid) = 5i(9:00)° = §i(9500)" + 5mi VY

1

1 [hre kA I K
= / dk — e + / " —
3% Jo VEZ+m? 3712 ) Vi +m*?
> o [N b (5150
+> = S — 5.13
312 Jo V k2 4+ my?

l=e,u

where | = e, i stands for the leptons being the electrons and muons.

5.5 The inclusion of lambda hyperons in the neutron star EoS

In Sec. the properties for nuclear matter were described to extend our description of
relativistic nuclear matter. The 0 — w model was then used as an introduction into relativistic
nuclear matter. Chapter 4] then modified the ¢ — w model by describing a theory so as to align
with the properties of nuclear matter at saturation and thus ensuring that the equation of state

is normalised and assures extrapolation to higher densities is reasonable.

Neutron stars are modelled as nuclear matter systems that are in general equilibrium (beta
equilibrated and charge neutral with muons). Due to the large densities in the star there is
allowance for new hadronic degrees of freedom and a possible hadronic degree of freedom is the
inclusion of hyperons (strange baryons) |1}, |7]. Generally hyperons have an effect of softening the

neutron star equation of state and thus reducing the maximum mass of the star|8].

The system is at high densities and the other particles will attain relativistic energies/quantum
states. When the baryon density exceeds a certain point (threshold) in the system it will be

energetically favourable for the nucleons to populate the low energy hyperon states which relieve
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the fermi pressure exerted by the baryons on the system[13]. This has the effect of softening the

neutron star equation of state and thus the maximum mass too.

As a first approximation for such a dense matter system only the lambda (A°) hyperon will
be considered in this work. A more complete approach will be to include all hyperons [1, |7],
but the goal here is to simply establish some of the qualitative properties and expand to include
other hyperons at a later stage. Therefore the model discussed here will be for an interacting
system with the AY hyperon included in the model as a first approximation for hyperons in the
neutron star interior. Next an extension of the models discussed in of Chapter [ is expanded
by including the lambda hyperons. After which the general equilibrium EoS including lambda
hyperons will be described.

5.5.1 Appearance of lambda hyperons in the system

The Fermi momentum and the Fermi energy are dependant on the baryon density so as it
increases the two quantities also increase. As the Fermi energy of each baryon species (kpr) in-
creases it will surpass the bare mass of the hyperons (for interacting systems chemical potential
at kpp = 0) of the heavier baryons and this will decrease the energy and pressure (equation of
state) of the system due to the conversion of some of the occupied baryons to other species[7].
The equation of state depends on the baryon density through the Fermi momenta. The baryons
considered in this project is the lambda hyperon A° (its bare mass is 1115 MeV so this project
will be considering energies upwards of 1000 MeV) [1].

Hyperons are essentially highly energetic heavy nucleons (protons and neutrons) in the sense
that they are fermions with rest mass energies over 1000 MeV|[7]. They are relativistic and move
at speeds near to the speed of light and are also produced in the timeframe it takes a particle
travelling at the speed of light to cross the diameter of a subatomic particle[l]. The hyperon
states can only be populated if the energies of the nucleons exceed the chemical potential of
the hyperons at kgr = 0. The lightest hyperon is the A? hyperon and it is populated when
highly energetic nucleons (via the reaction N+ N — N + A+ K) exceed it’s chemical potential
at k,r = 0. The bare masses are mentioned in Table It is important to note that the

timescale for the reactions is very small (10719 s) [1].

Therefore the more energetic the nucleons are the more hyperon states can be populated. Highly

energetic nucleons mean that the Fermi momenta and baryon density of each baryon species is
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Baryon ‘ m (MeV) ‘ charge, ¢ | Isospin projection, I35 | strangeness, s

p 939 1 3 0
n 939 0 -3 0
AO 1115 0 0 -1

Table 5.1: List of baryons used in this project the particle masses (in MeV), charge,
isospin projection and strangeness.

also high. These states therefore bring about our discussion of dense nuclear matter whose best
laboratory is the neutron star. Hyperons form inside the core of neutron star and therefore there

is a need to include them in the discussion of relativistic nuclear matter.

To give one an idea of how relativistic these particles are one can use the saturation density

(psqt) mentioned in Sec.

5.6 The lambda hyperon Lagrangian

The Lagrangian discussed in Chapter 4| for matter in general equilibrium is modified further

to give a Lagrangian for the model which includes the lambda hyperon in this project and this

is given by
L= @[ (0, - 9.Vu(@) = L7 bule) = (M = g,6(2) | ()

+ Pa@) [1 (8 — 9oViu@)) — (Ma — go(2)) ] 6 (2)

L 70— | n(a)

b 20u60"9(a) — Tm2g() — 5 (9s6(2)" ~ 2 (9:6(2))’

- ivw/v,w + %miV“(m)Vu(aj)

- ib’“’b,w + %mf,b’“‘(m) by () (5.14)
where

e 1) is the Dirac spinor for the protons and neutrons,
e 15 is the Dirac spinor for the lambda hyperon, and,

e ¢ is the spinor for the leptons.



40

Applying the Euler-Lagrange equations to the Lagrangian gives the Dirac equations for the

baryons as

00" (x) + mid(x) = gs (Y(x)y(x) + Pa(r)pa()) (5.15a)
VM +m2V(x) = gy (b(x)y"Y(@) + Yalx)y Yal(z)) (5.15b)
0 = [’V“ (i0u — guVo(z)) — 92—"731)0 — (M- gsqbg)}w(x), (5.15¢)

0 = [’7“ (10, — guVo(x)) — (Mp — 95@50)} (). (5.15d)

While it has the same charge as the neutron, the difference is in its isospin. Therefore the lambda
hyperon will not couple to the isospin meson by, but couples to the Vy and ¢y mesons in the
same way the neutron couples to these mesons. Its chemical potential will also be similar to the

neutron chemical potential in Eq. (5.4) given as

in = KR+ miE + V. (5.16)

The energy density and pressure for our interacting model including the lambda hyperon will
then be given by
1 K A 1
€= §m§¢(2) + g(gsﬁbo)g + E(gs¢0)4 - imiVOZ
1 1
= 58 + 9oVolon + pp + pa) + 59pb0(pp = pn)

1 [kr 1 [krn
+2/ " dk k2 k2+m*2+2/ dk k*\/k? + m*?
™ Jo ™ Jo

1 kra
+ = dk k*\/ k2 + m*?
™

0

1 kri
+Y = dk K2/ k2 + m? (5.17a)
1 ™ Jo

1 K A 1
P = — §m§¢% - 5(954)0)3 - I(gs(z)())4 + 57’713)%2

1 212
+ §mpbo
1 krp ]64 1 krn ]64
+ 2/ dk — e+ 2/ R
3= Jo VkZ+m*2  31% Jo Vk? +m*
1 kFl k4
NI N L —
2 3#2/0 VR Em?

1 kpa k4
+ — dk —. 5.17b
37T2 /0 1/k2 +m*2 ( )
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where A stands for the lambda hyperon.

To describe the model for hyperons in a neutron star, the equation of state above will not be
enough alone. A set of equilibrium conditions are added as constraints to help describe the
model. The next section will introduce the equilibrium conditions for the model described in

this thesis.

5.7 General equilibrium with lambda hyperons

In this section since hyperons are now considered the charge neutrality and beta-equilibrium
conditions in Sec. [5.1] will have to be modified to give a careful method for arriving at equilibrium
for hyperons is given. The baryons considered in this project are the proton, neutron and the

lambda hyperon for energies upwards of 1000 MeV.

The equilibrium conditions in Sec. were achieved by considering the beta-equilibrium of
neutrons, protons and electrons along with the charge neutrality condition p, = pe, as the elec-
tron density increased muons were added (only when p. = p,) and this altered the charge
neutrality condition to p, = p, + pe [1]. In a similar way for nucleons, hyperons are essen-
tially heavier energetic nucleons because they can only form when the chemical potential of the
nucleons is higher than the individual hyperon masses [7]. The total baryon conservation and
charge neutrality conditions determine the appearance and proportions of these particles inside

a neutron star [26]:

> asps+ Y ap =0 (5.18)
B

I=e,u
The equilibrium conditions are enforced by considering several coupling constraints such as the
baryon density since the lambda hyperon density adds to the total baryon density. The baryon
density is conserved. The other constraints are beta-equilibrium and charge neutrality. In an
equilibrium state these constraints come in the form of chemical potentials because they are
conserved attributes. The equilibrium conditions (chemical potential of the lambda hyperon)

depends on the electric charge ga (the lambda hyperon charge is zero) and is given by |[7]

A =0 pr=pin (5.19)

Next three different nuclear matter systems will be modelled giving us three different equations
of state for a neutron star and a python script will be written in order to compute observable

results such as the mass radius relationship for a neutron star.



6. Results and Discussion

The results in this chapter were generated by writing a computer code in the python programming
language. The results will be discussed in the context of this work as well as comparing them to

the available literature sources.

6.1 Nuclear Properties

In this project two properties of nuclear matter (discussed in Sec. , the binding energy and
saturation density are described using two parameter sets; QHD-I and NL3. The calculations for
the binding energy were done using Eq. . The values shown in table are in agreement with
what is observed in published results at the saturation density psqt Eq. . It is an important
check for my code to reproduce these values as they are fundamental and hence anyone doing the

calculation should get exactly the same results for all the nuclear matter properties at saturation.

The published QHD-I parameter sets were from Ref. [1] whilst the NL3 parameter sets were
from Ref. |24]. Fig. is a binding energy per nucleon of symmetric nuclear matter plot for the
QHD-I and NL3 parameter sets. Symmetric nuclear matter is a hypothetical matter composed
of equal fractions of protons and neutrons. The binding energy is a minimum at the saturation
density which is at a nuclear fermi momentum of (1.30 fm~!). The binding energy values for
both parameter sets are almost the same at saturation and they differ beyond the saturation
density showing the high density behaviour of the two parameter sets behave differently. This
differences in the binding energy at high densities shows that more information is required to
further study nuclear matter at high densities. The NL3 parameter set is more advanced in that
it has more coupling constants compared to QHD-I. The NL3 parameter set uses the QHD-I
lagrangian density and improves on it by adding the rho mesons and self interactions of the

scalar field in order to better describe nuclei with a large isospin asymmetry|23].

Parameter | Published psat | Calculated psat | Published B/A | Calculated B/A
(fm=3) (fm~=3) (MeV) (MeV)

QHD-I[1] 0.148 0.148 -15.75 -15.75

NL3|24] 0.148 0.148 -16.25 -16.25

Table 6.1: Comparing the published and calculated saturation density pgq: and

binding energy per nucleon B/A for the two parameter sets.
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Figure 6.1: Binding energy per nucleon of symmetric nuclear matter of QHD-I and
NL3 parameter sets. The binding energy is at a minimum at the saturation density.

6.2 Reduced Mass

Fig and are QHD-I and NL3 parameter sets plots of the effective reduced mass m™* as
a function of the baryon density with the baryon density ranging from (0.1 — 8.0) psq for three
different nuclear matter systems being a pure neutron matter system, general equilibrated matter
system and finally a general equilibrated matter system with the lambda hyperon included. The
plots follow Eq. and the self consistency equation Eq. which when solved yields
the reduced mass (m*). Plots given in Fig and gives the reduced mass of each system
as a fraction of the nucleon mass, here taken as M = 939 MeV as per Eq. which is mﬁ In

both plots the effective reduced mass of each model is less than one (unity) and this is due to

the scalar meson field contribution in the reduced mass calculation in Eq. (3.12)).

Comparing (effective reduced mass plots in Fig and a pure neutron matter model to
a general equilibrated matter system there is a decrease in the gradient when the same systems
are compared for QHD-I and NL3 parameter sets.

When comparing the general equilibrated matter plots and the general equilibrated with the

lambda hyperon included plots the decrease in the gradient for the reduced mass is more in
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Figure 6.2: The Reduced Mass as a function of the baryon density for general equi-
librated matter and general equilibrated matter with the lambda hyperon included.
The baryon density ranges from (0.1 — 8.0) psqt for QHD-I parameter set.
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Figure 6.3: The Reduced Mass as a function of the baryon density for general equi-
librated matter and general equilibrated matter with the lambda hyperon included.
The baryon density ranges from (0.1 — 8.0) psq: for NL3 parameter set.
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Figure 6.4: the threshold chemical potentials vs baryon density(ranging from (1.60—
1.75)psat) for the lambda hyperon (in red dashed) and the neutrons (in blue) for the
QHD-I parameter set. Where the lines two join up is where the hyperons come into
the system at a baryon density of 1.69p,,:. The aqua line represents the bare mass
for the lambda hyperon = 1115 MeV and the yellow line represents the chemical
potential of the lambda hyperon at kxr = 0 serving as the threshold energy to be
exceeded in order to populate the lambda hyperon states.

QHD-I than in NL3 meaning the model including the lambda hyperon decreases more due to

the hyperon states being populated. The reduced mass will influence when the lambda hyperon

states begin to be populated.

In the next section a discussion of the chemical potential and how the lambda hyperon states
are populated will be discussed to show at what density the lambda hyperon states begin to be
populated for each parameter set. In the equation of state discussion later on in Sec. it will

be shown that the reduced mass has an effect on the behaviour of the equation of state.

6.3 Chemical potentials

In order for hyperon states to be populated, the chemical potentials of the hyperons should
exceed a certain threshold energy. For non-interacting system it will be the bare hyperon mass
and the hyperon states will be populated once pup > My. For interacting system the chemical
potential is modified and thus the lowest energy state of the hyperons will be when kxr = 0; thus

from Eq. (5.16) implies that the lambda hyperons will populate the system when the chemical
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Figure 6.5: the threshold chemical potentials vs baryon density (ranging from (2.10—
2.40)psqt) for the lambda hyperon (in red dashed) and the neutrons (in blue) for the
NL3 parameter set. Where the lines two join up is where the hyperons come into
the system at a baryon density of 2.31p.4:. The aqua line represents the bare mass
for the lambda hyperon = 1115 MeV and the yellow line represents the chemical

potential of the lambda hyperon at kxr = 0 serving as the threshold energy to be
exceeded in order to populate the lambda hyperon states.

potential is

KA (kFA = 0) = m}k\z + g.Vo (6.1)

Fig and are plots of the threshold chemical potentials for neutrons (blue line) and the
lambda hyperon (in red dashed) for baryon density ranges from (1 — 3) psq¢ for QHD-I and NL3
respectively. The area of interest (because in the reduced plot in Fig and this density
range is the density where the plots for the three models begin to diverge) in this plot is at a
baryon density between (1 — 3) psq: 80 as to see when the lambda hyperon chemical potential
joins up with the neutron chemical potential. The expected behaviour given in [7] is that as

the baryon density increases the lambda hyperon states should be populated following Eq.

where the chemical potential of the neutrons should exceed the chemical potential of the lambda
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hyperon at kxp = 0 (which happens at Eq. (6.1)). The lambda hyperon states begin to be
populated when the chemical potential of the neutrons (Eq. (5.4) exceeds the chemical potential
of the lambda hyperon at karp =0 (Eq. (6.1)).

In Fig and where the line representing the chemical potential of the lambda hyperon
ua joins up with the chemical potential of the neutrons pu, represents the density where the
hyperons states start being populated in the system as discussed in Chapter |5| and Eq. .
Else if the hyperon states were not being populated the chemical potential of the lambda hyperon
would not exceed the yellow line representing the chemical potential of the lambda hyperon at
kar = 0. The lambda hyperon states begin to be populated at a baryon density of 1.69 pgus
for QHD-I and 2.31 pg: for NL3 parameter set. The differences in the density at which the
lambda hyperon states begin to be populated for the two parameter sets is expected looking at
the reduced plot in Fig and The plots representing the three systems began to diverge
at different densities for both QHD-I and NL3 parameter sets. Looking at the differences in the
high density behaviour of the binding energies for the two parameter sets in Fig [6.1] and also
the differences in the reduced masses in Fig and shows the difference in the high density
behaviour of the two parameter sets. The reduced mass and the vector meson which contributes
to Eq. will influence when the lambda hyperon states begin to be filled as it contributes in
Eq. and the behaviour of the reduced mass plot showed that the lambda hyperon states
are populated earlier in QHD-I compared to NL3. From the chemical potential plots Fig[6.4 and
the lambda hyperon states are indeed populated earlier in QHD-I (1.69 psq¢) compared to
NL3 (2.31 psat)-

The chemical potentials plots in Fig[6.4] and showed the baryon density at which the lambda
hyperon states began to be populated in both parameter sets. The densities at which the lambda
hyperon states were filled are different for the two parameter sets. This will imply that the frac-
tions of the particles for each parameter sets will also be different. Next we look at the fractions
of particles in the model to look at the fractions the different particles occupy for each parameter

set.

6.4 Particle Fractions

Fig [6.6] and [6.7] are particle fractions plots for the general equilibrium with the inclusion of
the lambda hyperon nuclear matter system for a density range of (0.1 — 8.0) psq+ for QHD-I and
NL3 respectively. The particles in this model are discussed in Sec. and they are protons,



48

1.0
n
-==p
0.8 - --- ¢
- === muons
_§ === [lambda
S 0.6
&
X
.8
g 044 e mmmmmmme
2
S e
0.2 - Rl
Ve
/
/7
B ekt
ae= —=—-CCSCSCCE==z==z==z=========
0.0 Fmm=2zEp oo m m T T : : . :
1 2 3 4 5 6 7 8
Pr
Psat

Figure 6.6:
density) for neutrons (n), electrons (e), protons (p), muons, and the lambda hyperon.
The lambda hyperon appears at a density above the psqa: of 1.69psq: for QHD-I
parameter set for a system in general equilibrium with the lambda hyperon included.

neutrons, electrons, muons, and the lambda hyperon. The particle fractions plots show that as
the baryon density increases the fractions of neutrons decrease and the other particle fractions
gradually increase due to beta-equilibrium and charge neutrality conditions constraining the sys-
tem (Eq. , , ) The lambda hyperon states (represented by the green line) begin
to be populated at a baryon density of 1.69 pgq: for QHD-I and 2.31 pgo: for NL3 parameter set.
The lambda hyperon states begin to be populated at a low density for QHD-I thus allowing more
lambda hyperon states to be filled compared to NL3 where they begin to be populated at 2.31
psat- This is in agreement with the plots in Fig [6.2] and [6.3] showing that the lambda hyperon
states decrease the gradient of the reduced mass more in QHD-I than in NL3.

Fig and takes a closer look at the particle fractions in Fig and respectively but
focusing only on the leptons and the protons and this is compared to a model where the lambda
hyperon states are present in the system. The plots in Fig and shows that the fractions of
particles (leptons and proton) reduce when comparing a general equilibrated system to a general
equilibrium system with the lambda hyperon populated. The decrease in other praticle fractions
is due to the equilibrium conditions (Eq. , , ) constraining the system. The line

representing the hyperons is steeper in QHD-I compared to NL3 showing more hyperon states
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are populated in QHD-I than in NL3 since the QHD-I lambda hyperon fractions are larger. The
difference in QHD-I and NL3 is due to factors such as the contribution to from the vector meson
contribution in Eq. , the contribution to Eq. due to the reduced mass as it influences
when hyperons appear in the system. The QHD-I plot (Fig is steeper and larger because
the QHD-I reduced mass decreases more when going from a general equilibrated matter system
to a general equilibrated matter with the lambda hyperon included system compared to the NL3
parameter set. This means that more lambda hyperon states are being filled in QHD-I than
in NL3 due to this difference in the reduced mass and this is why the fractions of the lambda
hyperon particles are more in QHD-I than in NL3.

In the next section a discussion of the different equations of state for the neutron star is given

as the difference in the particle fractions due to the reduced mass will affect the neutron star

equation of state.
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Figure 6.7: Particle fractions vs % (expressed as a multiple of the saturation
density) for neutrons (n), electrons (e), protons (p), muons, and the lambda hy-
peron. The lambda hyperon appears at a density above the pgq: of 2.31ps,: for

NL3 parameter set for a system in general equilibrium with the lambda hyperon
included.
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6.5 Neutron star equation of state

The equation of state for a neutron star is important to note as it gives us information on
whether an equation of state is stiff (energy density increases rapidly when pressure is increased
and such a material is harder to compress as it offers more support against gravity) or soft (grad-
ual increase in the energy density as the pressure increases and is easily compressed by gravity).
A stiff equation of state represents a star of large radius and mass as it is harder to compress. A
soft equation of state represents a star of smaller radius. For a neutron star there are different
equations of states and data from these different equations of states can be compared by plotting

a mass radius relationship.

For this project three nuclear matter systems were considered meaning three different equations
of state for a neutron star, to derive results such as the mass radius relationship for a neutron
star. The first nuclear matter model is assuming the star is composed entirely of neutrons (pure
neutron matter system) which obey the equilibrium conditions. Another model to be used is a

general equilibrated matter system (constrained by Eq. for the chemical potentials), for
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Figure 6.8: A close look at Fig with the area of interest showing only the particle
fractions for protons, electrons and muons before hyperons appear in the system
and after adding hyperons for QHD-I. The solid lines represent general equilibrated
matter and the dashed lines represents general equilibrated matter with the lambda
(A) hyperon included.
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the muons), for charge neutrality)). Finally the last system will be a general equilibrium
with the lambda hyperon included in the system in order to observe the effect the inclusion of
the lambda hyperon have on the equation of state.

In Fig[6.10] and [6.11] we have plots of the pressure as a function of the energy density for three nu-
clear matter systems for a baryon density range of (0.1 —8.0) psq¢ for QHD-I and NL3 parameter

sets respectively.

6.5.1 Pure neutron matter

The first case is to assume the star is made up entirely of pure neutrons. The equation of state
for pure neutron matter is given by the dashed red lines in Fig [6.10] and The behaviour
of the equation of state for pure neutron matter is in agreement with published results in [3]

showing a gradual increase in the energy density as the pressure increases.

As noted in Chapter [5] neutron stars should obey the conditions of beta~equilibrium and charge

neutrality. For a pure neutron matter EoS, charge neutrality is observed in this case (overall
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Figure 6.9: A close look at Fig with the area of interest showing only the particle
fractions for protons, electrons and muons before hyperons appear in the system
and after adding hyperons for NL3. The solid lines represent general equilibrated
matter and the dashed lines represent general equilibrated matter with the lambda
(A) hyperon included.
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Figure 6.10: Pressure as function of energy density (EoS) for nuclear matter systems
with the indicated equilibrium conditions in the QHD-I parameter set. The range
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Figure 6.11: Pressure as function of energy density (EoS) for nuclear matter systems
with the indicated equilibrium conditions in the NL3 parameter set. The range of
energy density roughly spans the baryon density range of (0.1 — 8.0)psqt
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charge is zero since neutrons have zero charge). However beta equilibrium is not observed since
this model considers the star to be made up of only neutrons and there are no protons or elec-
trons in the system which is why a second model that accounts for both charge neutrality and

beta equilibrium (Chapter |5 is discussed next.

6.5.2 General equilibrated matter

A general equilibrated state (Chapter [5)) is a state that accounts for the fact that neutrons
have short life cycles compared to the neutron star and thus neutrons inside the star will beta
decay (Eq. ) to give protons, electrons and anti-neutrinos. The reverse process (Eq. )
where protons and electrons combine to give neutrons occurs (if electrons attain relativistic en-
ergies) until a state in the system is reached where the proton densities and neutron densities
are such that the energy density of the system is at its lowest point (called the beta-equilibrated
system constrained by Eq. for the chemical potentials), for the muons), for charge
neutrality)).

The plot representing the equation of state for general equilibrated matter is given in Fig [6.10]
and The general equilibrated matter plot gets less steep compared to the pure neutron
matter plot in both Fig and The equation of state softens for both the QHD-I and
NL3 parameter sets. The softening is due to factors such as including different particles as it be-
comes energetically favoured to populate the lowest energy muons states rather than the electron
states and this has the effect of reducing the energy density as the pressure increases. The
softening of the equation of state when a pure neutron matter model is compared to a general
equilibrated matter model is more in NL3 than in QHD-I. The reduced mass plot for general
equilibrated matter for NL3 in Fig [6.3| also shows that the decrease due to the reduced mass
when compared to pure neutron matter is more in NL3 than in QHD-I. This means that the
NL3 paramater set equation of state will soften more than when compared to QHD-I since it
is advanced. The NL3 parameter set is more advanced and includes contributions from the rho
vector meson and self interactions of the scalar meson field. The NL3 parameter set has more

coupling constants meaning it can be fitted to best describe the bulk properties of nuclear matter.

When comparing a pure neutron matter system to a general equilibrated matter system the
behaviour of the EoS looking at the reduced mass plots in Fig and is that the equation
of state of the star softens when general equilibrated matter is considered in the system (due

to the scalar field contribution in the reduced mass and other particles). The reduced mass
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decreases because of the contribution of the scalar field, contribution from the self interactions
of the scalar meson field. These contributions (contribution of the scalar field, contribution from
the self interactions of the scalar meson field) also have the effect of softening the equation of
state. The inner core of the star is at a high baryon density and as it increases (due to factors
such as gravity continuously pushing inwards on the star) the nucleons will populate the massive
hyperon states [1]. In the next section the inclusion of the lambda hyperon in the EoS will be

discussed.

6.5.3 Hyperon Matter

In Chapter [5] the conditions that might lead to hyperon states being populated were discussed.
The hyperon states are more massive energy states and can only be populated (the lambda hy-
peron in this project) if the chemical potential of the nucleons exceeds a certain threshold energy

being the chemical potential of the lambda hyperon when kxr = 0 Eq. (6.1]).

For a system that is at higher densities the nucleons will populate the hyperon states. The
expected behaviour is that the addition of hyperons should soften the equation of state of the

system[7], [8].

Here a model that includes the lambda hyperon was studied as a first approximation to ex-
plore the effects hyperons have on the equation of state for a neutron star. In Fig and
the expected softening of the neutron star EoS is clearly observed when the lambda hyperon is
included. Due to the different densities at which the lambda hyperon will populate the system
in the different parameters, as discussed in section the amount of softening of the EoS is
more pronounced for the QHD-1 parameter set, since the lambda hyperon appears at much lower

densities.

In this project and the plot representing equation of state for the inclusion of the
lambda hyperon becomes less steep compared to the general equilibrated matter line meaning
that the equation of state further softens which is the effect the inclusion of the lambda hyperon
has on the equation of state. The softening is also due factors such as the inclusion of different
particles as it will become energetically favourable to populate the hyperon states and muon
states. The muon states are also populated due to the equilibrium conditions (Eq. , ,
(5.12])) constraining the system. This has the effect of reducing the energy density as the pressure

increases. It is also due to the reduced mass, contribution from the vector meson such as in Eq.
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(6.1) which contributes to the equation of state. The reduced mass and the vector meson in Eq.
influences when the lambda hyperon states appear in the system and in QHD-I the scalar
field contribution was more in QHD-I than in NL3 in Fig and

Next a discussion of the properties of the neutron star for the three nuclear matter systems is

given in the following section.

6.6 Neutron Star Properties

In this section the equations of state previously discussed are used to calculate neutron star

mass radius plots. The equations of state are used to solve Eq. (2.24) and (2.25)) which are the

rescaled TOV equations and Sec. is used in solving the TOV equation using the Runge-Kuta
step method.

Solutions of Eq. and gives a point of a possible mass and radius for a certain
central pressure of the neutron star. The initial conditions are M = 0 and P = Fy at r = 0.
The initial conditions discussed in Sec. are needed to solve the TOV equation. The initial
conditions for M, r and P at an increased pressure P(r’ = r 4 dr) are calculated using Eq.
and the corresponding energy density is calculated e(r’)[23]. To get M(r') Eq. is used.
This cycle continues until the point at which ' = R where P(r’ = 0) is the stars boundary at
the radius R and M(R) is the mass of the star[23]. This will give a sequence of points (mass
and radius for each central pressure) that fall in the possible range (based on the boundary

conditions) of mass and radius relations possible for a neutron star.

The TOV equation describes how the pressure decreases from the center of the star to the
edge in terms of the energy density and pressure[23]. The energy density and pressure are re-
lated in terms of the equation of state of the matter inside the neutron star. If the star is large,
the pressure inside the star will be large too because the star would be hard to compress. Thus
the more massive a star is the smaller the value of r (Schwarzschild radius) at P = 0 meaning
there exists a value (called the maximum mass) for the mass of the star above which the stars
gravity will collapse the star. The maximum mass represents the maximum possible mass a
neutron star can have before the star collapses under its own gravity. It is the maximum mass
of an observable neutron star. The average mass (in solar masses) of a neutron star has been
found to be around 1.5M[1]. The highest discovered maximum mass is for the recently discov-
ered pulsar J0740 + 6620 with a maximum mass of around 2.2My[3]. Next maximum masses

of the different equation of states discussed in this project (pure neutron matter model, general
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Figure 6.12: The mass-radius relationship for pure neutrons, general equilibrated
matter and general equilibrated with the lambda hyperon included Plot for QHD-I.

equilibrated matter model and general equilibrated matter with the lambda hyperon included)

will be discussed for NL3 and QHD-I parameter sets.

6.6.1 Pure neutron natter

The maximum masses calculated by applying the equation of state to the TOV equations for
the pure neutron matter equation of state are given in Table[6.2] The maximum mass for QHD-I
is (The QHD-I mass radius sequence is given in Fig is 3.007M¢ and for NL3 its 2.901 M.
The NL3 mass radius plot is given in Fig|6.13} The NL3 maximum mass is lower, the vector
meson and the reduced mass also in plots (Fig and showed NL3 softens the equation of
state more compared to QHD-I.

6.6.2 General equilibrated matter

The maximum mass for general equilibrated matter is given in Table The QHD-I maxi-
mum mass is 2.977 Mg and 2.761 Mg for NL3. The maximum mass values when compared to
the pure neutron matter model decrease because of factors mentioned in Sec. [6.5] The maximum
mass values decrease compared to what was observed in the pure neutron matter plot meaning
that the equation of state has softened or there is a gradual increase in the energy density as
the pressure increases and the star can be bound by gravity. The softening of the equation of

state is expected when general equilibrated matter is discussed due to the equilibrium conditions
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Figure 6.13: The mass-radius relationship for pure neutrons, general equilibrated
matter and general equilibrated with the lambda hyperon included Plot for NL3.

for general equilibrium (Eq. for the chemical potentials), for the muons), for
charge neutrality)). General equilibrated matter includes more particles which has the effect of

softening the neutron star equation of state.

6.6.3 Hyperon Matter

The maximum masses for the general equilibrated matter with the lambda hyperon included
is given in Table [6.2] The maximum mass is 2.897M for QHD-I and 2.760M, for NL3. The
maximum masses are lower compared to the general equilibrated matter model because the equa-
tion of state for general equilibrated matter with the lambda hyperon included softened when
the two equation of states (general equilibrated matter and general equilibrated matter with the
lambda hyperon included) were compared in Sec. The decrease in the values for the max-
imum masses do show that indeed the equation of state does soften when the lambda hyperon

states begin to be populated when the two equation of states are compared.
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Maximun Mass (M)

Parameter | Pure Neutron Matter | general equilibrated matter | matter with lambda hyperon

QHD-I 3.007 2977 2.897
NL3 2.900 2.761 2.760

Table 6.2: The Behaviour of the maximum mass for pure neutrons only, general
equilibrated and general equilibrated matter with the lambda hyperon included.

Radius (km)

Parameter | Pure Neutron Matter | general equilibrated matter | matter with lambda hyperon

QHD-I 13.895 13.790 13.475
NL3 13.370 12.675 12.674

Table 6.3: The Behaviour of the radii for pure neutrons only, general equilibrated
and general equilibrated matter with the lambda hyperon included.

6.7 Discussion

From this project the behaviour of the equations of states for the three different nuclear mat-
ter models shows that different equation of states are there for a neutron star. The discrepancies
in the models shows a need for more observations on high density behaviour of nuclear matter so
that the best possible model which best describes high density nuclear matter can be found. The
construction of radiotelescopes like the Square Kilometer Array project will offer more observa-
tions which can be compared to the theory. Research and neutron star observations have been
found in literature such as [11] and [3] about the neutron star EoS and the effect of hyperons
on the nuclear equation of state. The mass radius relationships for each model gives maximum
masses that are realistic and represent possible neutron star masses. Observed results such as
[11] and [3] place the average neutron star mass at 1.5M and this mass was well within the
mass radius sequences for each equation of state discussed. Thus in the mass radius sequences
in the mass radius plots should have this value and indeed from our maximum mass values it

does show the mass radius sequence does pass through the average 1.5M¢ value.

This project showed that as the baryon density increases the inclusion of the lambda hyperon
would have the effect of softening the equation of state of the system. Thus a reduction in the
maximum mass of the star as discussed in Sec. and In research papers such as [8] also
showed the same behaviour that the inclusion of hyperons does soften the equation of state of a
neutron star. A further study would be to include the other hyperons and observing their effect
on the equation of state. This would give a full behaviour of the mass radius relationship of a

neutron star if the star includes other hyperons. This work provides a first approximation to
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studying the effect hyperons have on the neutron star equation of state. The expectation is that
the addition of more hyperons should further soften the equation of state|7]. Hyperons relieve
the Fermi pressure exerted by the baryons and will thus lead to the softening of the equation of

state and the maximum mass.



7. Conclusions

In this project the equation of state was described by applying the relativistic mean-field theory
approximation to a description of nuclear matter called Quantum Hadrodynamics [10]. The
relativistic mean field approximation was used for the QHD-I and NL3 parameter sets in QHD.
A mass-radius relationship for the two parameter sets was calculated for three versions of the
equation of state of a neutron star. The expected behaviour is that the neutron star equation
of state should soften when hyperons are included. In this project when the lambda hyperon
is included in the equation of state it does soften and the maximum mass of the neutron star
decrease when the lambda hyperon is included. The results for the pure neutron matter model
and matter in general equilibrium (beta-equilibrated matter including muons) model showed
agreement with other calculations as in |1] and [7]. The inclusion of the lambda hyperon to the
equation of state of a neutron star produced results that are in agreement with other results [7].
While the sole inclusion of the lambda hyperon to the description of dense nuclear matter found
in neutron star is not unrealistic, a more complete approach would be to include the full baryon

octet in the description of nuclear matter inside a neutron star.
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APPENDIX A

Relativistic quantum mechanics

In Chapter [2] the calculations of the mass-radius relationship of a neutron star were found by
solving the TOV equations in conjunction with the EoS. Due to the neutron star densities, a
relativistic description of dense nuclear matter EoS has to be adopted. The aim of this chapter
is to describe the attempts to merge the principles of relativity and quantum mechanics. Whilst
most of the work in this chapter is already known all of it was self studied as it was not covered

in the undergraduate program.

A.1 Non-relativistic quantum mechanics

In the next section several concepts from quantum mechanics such as the Schrodinger equa-

tion will be discussed.

The aim of quantum mechanics is to predict the probabilities for measurements on a particle,
often on short length scales. Dynamics in Quantum mechanics is done by solving the Schrodinger
equation to get the particle’s wave function W(x,t). A classical particle is localized at a point
whilst the wave function ¥(x,t) is a function that is spread out in space which shows the wave-
particle duality of quantum mechanics. To study this duality a statistical interpretation of the
position z and momentum p is made. To give the statistical interpretation the wave function ¥
is needed along with the particles equation of motion. The wave function ¥ represents the state
of the particle. The equation of motion is derived from the statistical interpretation using the

position  and momentum p as all dynamical variables can be explained in terms of the two.[27]

The non-relativistic Schrodinger equation is given by [27]

ov h2 920
nl 0 vy Al
h ot 2m Oz2 +VY, (A1)

where
o U(x,t) is the wave function,
e 1/ is the potential energy,

e m is the mass of the particle, and,
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e h is the Planck’s constant divided by 2.

The wave function represents the state of the particle and according to Born’s statistical in-
terpretation the mod square of the wave function |¥|? also gives the probability of finding the

particle at the point x in one dimension at time ¢ [27].

The statistical interpretation only holds for physically realisable states which are square in-

tegrable solutions to the Schrédinger equation [27).

Still following the statistical interpretation the momentum and energy operators are given by

E — mgt, (A.2a)
p — —ihV, (A.2b)

where V = 8%' This physical quantities £ and p are replaced by operators that are an instruc-

tion to act on the function that follows it [27].

The Schrodinger equation can be connected to classical mechanics in the following way by using

the classical relationship between kinetic energy, momentum relation [27] given by
p=2, (A.3)

when substituting the operators for energy and momentum from Eq. (A.2al) and Eq. (A.2b))
Which gives the Schrodinger equation as

/] h2 02w
A

0 = om o (A4)

A.2 Relativistic quantum mechanics

Relativistic formulation of quantum mechanics requires the wave function to be Lorentz in-

variant [28]. An equation is Lorentz covariant under a Lorentz transformation [29]
ot s (') = Ala”. (A.5)

Lorentz invariance is one of the core principles for relativistic particles. The Schrédinger equation

however is not Lorentz invariant due to the fact that it does not represent a relativistic particle.
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In the next section the Klein-Gordon equation is introduced and it will be shown that it is
Lorentz invariant and can therefore be a possible candidate for describing relativistic quantum

mechanics.

A.3 The Klein-Gordon Equation

The Klein-Gordon equation is motivated in this section from the relativistic energy momentum
relationship (in natural units) [28],
E? =m? + p°. (A.6)
Substituting Eq. (A.2a]) and (A.2b) into Eq. (A.6)) the result is
0%¢

52 = V2 — m2o, (A7)

where ¢(xH) is the wave function.

Eq. (A.7) is the Klein-Gordon equation [28]. The Klein-Gordon equation in its form is not
evident that it is Lorentz covariant and to write it manifestly in a Lorentz covariant manner,

four-vector notation is employed to give
(0,0" +m?)¢ = 0, (A.8)
where,
00 = 5 —55—55— - (A.9)

gives the Lorentz invariant scalar product of two vectors.

For Eq. (A.8) to be a covariant equation, ¢ has to describe a scalar particle. The Klein-Gordon

equation has plane wave solutions [28] and its solution in four-vector notation is
P(zH) oc e~ Pue” (A.10)

where p* = (E,p) and p,a = Et —p - x.
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Substituting Eq. (A.10]) into the expression in Eq. (A.8) the solution is
E? = p? +m? (A.11)
where p - p = p,p". Then the possible energies are

E = +\/p? + m2. (A.12)

Hence the Klein-Gordon equation gives solutions that are both positive and negative energy solu-
tions. The negative energy solutions posed a problem since there was no physical interpretation
for them at the time it was written down[l]. It was not clear at the time what the negative
energy solutions represented and they cannot be discarded because in quantum mechanics all so-
lutions are required to give a complete set of states[28]. Another problem was that when it came

to calculating the probability densities of the negative solutions, they are not positive definite|28].

The Klein-Gordon equation was deemed as incomplete because of its inability to explain the
meaning of the negative energy solutions and also because the probability densities of the neg-
ative solutions are not positive definite, The Klein-Gordon equation was redeemed when the
physical interpretation of these negative energy solutions was given[28]. An interpretation of the

negative energy solutions is provided in the next section.

A.4 The Dirac Equation

P. A. M. Dirac came up with a description of relativistic quantum mechanics which could ac-
count for the negative energy solutions that were encountered in Eq. (A.12) and clearly explain
their physical interpretation|28].

The Klein-Gordon is of second order; Dirac instead looked for an equation that is of first order
in space and time derivatives and could also satisfy the relativistic energy-momentum relation
by Einstein (for the solutions to represent relativistic particles they need to satisfy the relation).

Dirac then postulated that

Hy = (—ia-V%—ﬂm)Q/):E@ZJ:i%—Qf (A.13)
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where H is the Hamiltonian and o and 3 are the matrices [28]

0 o
a; = y (A.14a)
o, 0
I 0
8= (A.14b)
0 —I

where I is the 2 x 2 matrix and o; are the Pauli 2 x 2 matrices

0 1

g1 = s (A15a)
10
0

o = ", (A.15b)
-1 0
1 0

o3 = . (A.15¢)
0 —1

This means o and ( are 4 x 4 matrices as such 1(z), the Dirac spinor, in Eq. (A.13) has to

(3

Y= v ; (A.16)
V3

Py

but due the form of v and 8 ¥ (x) is written as
Y(z) = we PE (A.17)

where w is a column vector (four-vector) with

w= . (A.18)

Correspondingly ¢ and yx are two component spinors and w should satisfy Eq. (A.13)) as

Ew= (a-p+ fm)w. (A.19)
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Writing Eq. (A.19)) in component form we have

E 0\ (o m o-p\ (¢
0 F X —o-p —-m X
Then the result is
B¢\ [ mé+o-px
Ex —0 - pY —mx

Which has yielded two equations which are

E¢o=mo+o-px
Ex =—0o-pod+my.
From Eq. (A.22bf) making x subject

_ 0P
E+m

X

Substituting Eq. (A.23]) into Eq. (A.22al)
E¢:m¢—|—a'-p(7gfi).
Re-arranging the terms and eliminating the denominator yields
(E—m)(E+m)p—0-plo-p)o=0.

Note that
2

(0-p)(o-p)=p-p+io-(pxp)=p"
Using Eq. (A.26]), Eq. (A.25)) becomes

(E* —m® —p*)¢ = 0.

Equation (A.27)) implies that

E—m?—p?=
Therefore solving for E we get
E = +£v/m? + p2.

(A.20)

(A.21)

(A.22a)
(A.22b)

(A.23)

(A.24)

(A.25)

(A.26)

(A.27)

(A.28)

(A.29)
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Clearly the Dirac equation satisfies the relativistic energy-momentum relationship, but Eq.
(A.29) has yielded solutions that are both positive and negative. The meaning of these two

eigenvalues will now be interpreted first starting with positive solutions.

A.4.1 Positive Eigenvalues

It’s easier to postulate that

1 0
o= or o= : (A.30a)
0 1
Then Eq. (A.26) becomes
1 0
— o-p — o-p
X (Eer) 0 or X (Eer) . (A.31)

Pz Pz — ipy

o-p= ' . (A.32)
Pz + 1Py —Pz
Therefore
Epz pg—ipy
_ +m _ +m
X= | poting or X = o (A.33)
E+m E+m

which implies that the solution for w is

1 0
0 1
w= or w= . . (A.34)
Pz Px 1Py
E+m E+m
Pz+ipy —Pz
E+m E+m

When p = 0 the last two terms of the matrix disappear and the energy will just be E = mc? and

the time dependant wave function becomes

imt

etmt, (A.35)

o o o
o O = O
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These corresponds to particle solutions moving forward in time [28]. Further interpretation of

this will be provided after dealing with the second case.

A.4.2 Negative Eigenvalues

This time the starting equation is

1
X = (A.36a)
0
or
0
X = , (A.36b)
1
then substituting
o=(22) ! or o= (gz) ’ (A.37)
— \E-m — \E-m ’ :
0 1
Therefore the solution for w are
Pz Pz*ipy
E—m E—m
pz“l’ipy —Pz
w=|[ Fm™ or w=| ™ |. (A.38)
1 0
0 1

The first two terms of the matrix disappear and the energy will just be E = mc? and the time

dependant wave function becomes

emt, (A.39)

o = O O
= o O O

The meaning is that the negative energy solutions describe particles moving backwards in time.
These particles are called antiparticles and what the results of the two solutions in Eq.
and Eq. mean is that the Dirac equation gives information on a particle and its anti-
particle pair and the spin too. The two positive energy solutions correspond to spin up and spin
down positive energy solutions of the Dirac equation whilst the two negative energy solutions

correspond to spin and spin down negative energy solutions of the Dirac equation [28].
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The Dirac equation can be written in covariant form by introducing what is called v matri-

ces which are defined by [28]:

=5 (A.40a)
7= Bat =~ (A.40Db)

The v matrices have properties that are derived from the properties of a and (3 [28].

Multiplying Eq. (A.13) on the left by 40 gives the Dirac equation in covariant form as
(iv" 0y — m)y(z) = 0. (A.41)

A.5 Interpreting the Klein-Gordon and Dirac equation

The negative energy solutions having been accounted for by the Dirac equation, an interpre-

tation of the particles described by the two equations needs to be given.

A.5.1 Klein-Gordon equation

The Klein-Gordon equation had difficulty in explaining the meaning of the negative energy
solutions and the positive definiteness of the probability densities. The Klein-Gordon equation
was then redeemed and it was interpreted as an equation that describes spin-0 particles (bosons)
and they do not obey the Pauli Exclusion Principle. Feynman interpreted the negative energy
state as an antiparticle propagating forward in time or a positive energy particle propagating

backwards in time [28].

A.5.2 Dirac Equation

The Dirac equation solved the two difficulties of first interpreting the meaning of the negative
energy solutions and second the positive definiteness of the probability densities that were in the
Klein-Gordon equation. The probability density of the Dirac equation is positively definite. The
Dirac equation also accounts for the negative energy solutions. Dirac postulated that there is
a sea of infinite negative particles called a Dirac Sea in which the holes are the positrons. The

Dirac equation describes spin-3 particles (Fermions)[28].

The first two solutions Eq. (A.35]) represents spin up and spin down positive solutions whilst the
solutions by Eq. ([A.39) represent spin up and spin down negative energy solutions to the Dirac
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equation [28].

Dirac further postulated about the existence of the Dirac Sea in which the vacuum is a state in
which all the negative energy states have been filled and in the Dirac Sea the Pauli exclusion
principle prevents positive energy electrons from occupying the already filled negative energy
states and also an electron from the negative energy state can be excited by a particle with
energy FE > 2m, leaving behind a hole which has a positive charge relative to its surroundings.
The hole is interpreted as the positive energy anti-particle with an opposite charge to the par-
ticle states [28]. The Dirac equation has provided four possible solutions for one energy [28].
The result means that a linear combination of these states is also a possible solution (and there
are infinite solutions), this is called a field which is why the next chapter gives a description of

classical field theory.



APPENDIX B
Classical Mechanics and Field Theory

This chapter will serve as an introduction to the multi-particle description of nuclear matter
by introducing concepts from classical mechanics in order to formally introduce classical field
theory. The previous chapter showed that the interpretation from the Dirac equation meant that

a multi-particle description (Quantum Field Theory) is needed to describe relativistic particles.

In order to properly give a description of field theory first a description of classical mechan-

ics is given as a build up to classical field theory.

B.1 Principle of least action

The principle of least action is an extrimization function in non-relativistic mechanics on
the difference of the kinetic energy T and the potential energy V added continuously on all
the points in a given trajectory over a time interval [t1,t3] [30]. This principle means that the
trajectory that has the least energy (minimized kinetic energy, T coupled with a maximized
potential energy, V') is the one with the least action. Everything in nature and all equations in
physics can be explained through the principle of least action [16]. Writing this statement in

terms of a mathematical expression gives the action as
t2

S= | (T-V)dt (B.1)

t1

where S is the action. The expression in brackets in Eq. (B.1)) is called the Lagrangian (L) and

it is discussed in detail in the next section.

B.2 Lagrangian Mechanics

Lagrangian mechanics is the description of a system in terms of the degrees of freedom of
the system [31]. It is equivalent to using the Newton’s second law to determine the motion of
a particle/mass. It is more useful since it can be applied even in relativistic systems and all

the information about the system is in a function called the Lagrangian making it an extremely

71
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convenient tool for changing coordinates and its formula in simple terms is given by
L=T-V (B.2)

where,
e T'is the kinetic knergy
e V is the potential energy of the system.

To properly depict the various degrees of freedom each degree of freedom is described by a gen-
eralised coordinate given by ¢;(i = 1,2,...n) for n degrees of freedom. Note that a Lagrangian

can be written for each degree of freedom.

The Lagrangian is derived from the action in Eq. . Then the general definition of the
action is given by [30] )
s= | " L(gi, di, £)dt. (B.3)
1
The general rule (Hamilton’s principle) is that the action (5) is stationery which implies that
the variation of the action (S) between the time interval [t1,t2] will be zero. The variation of
the action is given by .
0S5 =96 L(q;, ¢, t)dt. (B.4)

t1

This result can be used to derive the Euler-Lagrange equation

doL oL

G5 (B.5)

which gives the equation of motion for a certain degree of freedom ¢; |[16]. For given a L, the

Euler-Lagrange equation has to be solved in order to determine the equations of motion.

B.3 Hamiltonian Formulation

The Hamiltonian is an alternative to the Lagrangian. It is also based on the principle of least
action and uses the concept of the conjugate momentum, p;, corresponding to the generalised
coordinate ¢;

0L

= B.

Di
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instead of a generalised velocity, ¢;. Using p; instead of ¢; is especially important in quantum

mechanics and relativity where momentum plays a big role. The Hamiltonian is defined by |16]

H = Zpidi — L. (B.7)

According to [16] the Hamiltonian gives the expression for the total energy which, unlike the
Lagrangian, it is a conserved quantity only if the system doesn’t explicitly depend on time. The

Lagrangian and the Hamiltonian however are connected by a Legendre transformation.

B.4 Field Theory
B.4.1 The Dynamics of Fields

To begin this discussion a clear definition of what a field is and how it differs from the
generalized coordinates of classical mechanics is needed. A field is a quantity that is defined
at every space and time (z,t). It differs from generalized coordinates of classical mechanics in
the sense that field theory deals with the dynamics of fields ¢(x,t) and also deals with infinite

number of degrees of freedom [29].

B.4.2 Lagrangian Mechanics

Lagrangian mechanics is the description of a physical system in terms of the degrees of freedom
of the system [31]. Therefore to understand the dynamics of a system with infinite degrees of
freedom Lagrangian mechanics is used. In field theory the Lagrangian is called the Lagrangian

density £ and it is of the form [29]

L(t) = /ﬁ(@,@,V(l)z’)dw- (B.8)

The Lagrangian governs the dynamics of fields. To derive the equations of motion we use the
principle of least action as in [29]. The principle of least action gives the Euler-Lagrange equations

from the Lagrangian density as

o <8<g£¢>> ) g(f =0 (B.9)

The conjugate momentum for the field ¢; is

sz 95 (B.10)
0¢;
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The Hamiltonian density H, is derived in the following way [16]

H = /Hdm
(-
- /(wiq‘si—ﬁ) da. (B.11)

E.q gives the Hamiltonian density #, as [16]
MW= (ﬂiéi - .c) . (B.12)

B.4.3 Noether’s Theorem

In this section an introduction into one of the most useful theorems in physics is given due to

its use in the various fields in physics.

Noether’s theorem states that for each symmetry of the Lagrangian there is a conserved quantity
[30]. The proof of Noether’s theorem is given in |30]. The Lagrangian be invariant to small, first
order changes in coordinates

¢ — qi + €Ki(q); (B.13)

where Kj; is a function of all the ¢;. If L does not change in the first order in €, then

oL OqZ oL ¢;
= B.14
0 Z dq; Oe aqz Oe ( )
oL oL .
Z 9q; " 9gi (B.15)

Using the Euler-Lagrange equations
d (0L oL .
0 Zl: (dt <3qi> " 94 ) (B.16)
d oL
= — —K;|. B.1

Define the quantity
Plg,q) =) - K (B.18)
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P(q,q) is called the conserved momentum and P(q, ¢) is conserved as it does not change with
time. This chapter was aimed at laying down tools such as (the Euler-Lagrange Equation in
, and the conjugate momentum Equation in (B.10])) that will be used in the next chapter
which elaborates more on Quantum Field Theory which is a an application of field theory to

quantum mechanics.



APPENDIX C
Quantum Field Theory

The Dirac equation interpretation in Appendix [A] showed that there is a need to discuss multi-
particle states descriptions for describing relativistic particles and also a proper formalism for
classical field theory was given in Appendix[B] Appendix[B]also laid down the tools that would be
used to discuss multi-particle states, and this laid the framework for discussing what will follow
in this chapter. This chapter will extend the description of multi-particle states by discussing

what is called quantum field theory.

C.1 Introduction

Quantum field theory is the application of quantum mechanics to fields [29]. In the first

section canonical quantization will be discussed.

C.2 Canonical Quantization

Canonical quantization is a procedure that takes generalised coordinates ¢° and their conjugate
momenta 7! and promotes them to operators. In field theory the quantum fields ¢, () and their

conjugate momenta m,(x) are taken and promoted to operators [29]

ha(x) — dalz) =0 (C.1a)
Ta(T) — Ta(T). (C.1b)

A quantum field ¢, (%) is an operator valued function of space. The following equal-time com-

mutation relations are imposed [29]

[ba(@), dy(y)] = [7%(x), 7 (y)] (C.2a)
[ba(@), 7"(y)] = i6°(x — y)J;. (C.2b)

§3(x — y) is the Dirac delta function and 6% is the Kronecker delta function.

The time component is separated from the space component meaning that the dynamics of
the fields will be determined using the Schrodinger picture as our operators do not depend on

time, ¢ (only depend on space x). In the Schrédinger picture all the time dependence sits on the
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states which evolve as [29]

i10) = H|0), (C.3)

where the Hamiltonian H is given by,
H = / Hdzx. (C.4)

The Hamiltonian H; is a function of ¢ and 7w and will therefore become an operator. In a
quantum theory finding the spectrum of the Hamiltonian H will be the next task since because
of the infinite degrees of freedom it is very hard to get the spectrum of H. There is what is
called free theories in which the dynamics are written in a way such that each degree of freedom
evolves independently from all the others. The Lagrangian for free field theories are quadratic

so that the equations of motion are linear.

C.3 Free Scalar Field
The simplest example of a relativistic free scalar field is the Klein-Gordon equation (A.8)

which describes spin-0 particles (bosons) whose Lagrangian is [29)

106(a") 06(a*) _ 1

_ T2 V)2
L= 2 Oz, Ozt 2" ¢(z") (C5)
= 000" — (et (o)

where ¢(x¥) is a real scalar field operator of particles that have mass m.

The equation of motion is given by applying the Euler-Lagrange equations to Eq. (C.6)). The
equation of motion is given by

00" +m?*¢p = 0. (C.7)

To solve Eq. take the Fourier transform of the above equation to give the Klein-Gordon field
as [29)].

dsp (ip-x)
o) = [ e ol.1) (€8)
The Klein-Gordon equation then becomes

32
[81&2 +(p* + mQ)] o(p,t) = 0. (C.9)
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This expression is the equation of motion for a simple harmonic oscillator with frequency

wp = v/ (p? +m?). (C.10)

The solution to the Klein-Gordon equation is the superposition of harmonic oscillators. Thus to
quantize a field ¢(a,t) one only needs to use the harmonic oscillator as an analogy. The general
spectrum of the Hamiltonian for the harmonic oscillator is well understood and it is provided
in [29]. Hence ¢(x) and 7(x) are written as a linear sum of an infinite number of creation and

annihilation operators ai, and ap indexed by the 3-momentum p [29)

3 ) )

#e) = t/n<§;§3\/%u,[ape“Tm+aLe“’m], (C11)
3 % ‘ ,

) = [ st Rl ). e

Using Eq. (C.11)) and (C.12) the commutation relation for the creation a;; and annihilation

operators ay will be given by [29]
[ap, af] = (27)°8°(p — @), (C.13)
[ap, ag] = [a},, af] = 0. (C.14)

The next task will then be calculating the Hamiltonian H in terms of the creation and annihilation

operators. The Hamiltonian as a function of ¢ and 7 is given by [29]

H= ;/d%(w? + (V)2 +m24?). (C.15)

Then substituting Eq. (C.11) and (C.12) into (C.15)will give

1 [ dBzd®pd® N oo . . . .

1= 5 [ St L e + e ) age ™ + alet)
1

_|_ -

2\ /Wplig

m2
+ -
2\ /Wplig

1 d3p
= 2/ (277)3%) [agap + apa;f,]. (C.16)

(ipape®™ + ipal,e™™) - (iqaqe’?™ + igale'd™)

(apeipa: + a;[)eip-m) . (aqeiq-m + ageiqm)

(C.17)
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Following that will give the Hamiltonian as

3
H= % / (;l;)’g wplalap + %(2@353(0)]. (C.18)

The result from this last term is in two parts, first the result yields an infinite energy and
second a delta function which when evaluated at zero gives an infinite spike. This is one of the
manifestations of what is called the vacuum energy [29]. This is attributed to filled negative

energy states. The result is that the Klein-Gordon field describes spin-0 particles (bosons).

C.4 The Dirac Fields

The Klein-Gordon field deals only with spin-0 particles; however, most particles in nature have
an intrinsic spin—% which arises naturally when considering fields which transform non-trivially
under the Lorentz group|29]. This section uses the Dirac field to describe the spectrum of the

Hamiltonian H for spin-3 particles (fermions).

To quantize the Dirac field the first step is to define the Lagrangian density which is given
by [29]
L = () [i’y“@u — m]lb(:c) (C.19)

where

e 1 is the Dirac adjoint,

1) is the Dirac spinor,

o = (7 944%73),
o 1’ =35,

vi = Ba; are gamma matrices ((A.40b)).

Eq. (C.19)) explicitly shows the Lorentz covariant manner of the Dirac equation and the gamma

matrices satisfy the following fundamental rule

A+t =2 (C.20)
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where " is the Minkowski metric tensor for flat space-time

1 0 0 0

w0 -1 0 o0

7l 0 Z1 o (C-21)
00 0 -1

From the Dirac Lagrangian the equation of motion is derived by using the Euler-Lagrange Equa-

tion to give
[iy"0,, — m] ¢ (z) = 0. (C.22)
The next step is to determine the conjugate momentum for the field

= it (C.23)

This is needed as the same method that was applied in the Sec. is applied here. In this case

the Dirac spinor ¢ and its conjugate momentum are promoted to field operators.

P(z) — Y(2) (C.24a)
i(z) — i (a). (C.24D)

The field operators satisfy the following equal-time anticommutation relation |29

al@), ¥3(w)] = [ (@), 6} ()] = 0 (C.25)
[Ya(@), ¥ (y)] = 03 (@ — y)das - (C.25D)

« and B denote the spinor components of .

As in the previous section the quantum operators are expressed in terms of the creation and

annihilation operators which are

~ 3 ~ . .
0.0 = 3 [ G () up. o) 2 1) i) ), (©20)

~

~ 3 . .
Oi(t,x) = ;/(;33\/21?1) (bT(p, s) u(p,s) eT' P 4 é(p,s) o(p, s) e_’(p'w)> . (C.27)
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Such that I;(p) destroyes particles associated the @(p) spinors and éf(p) creates particles associ-
ated to v(p) spinors.
Using Eq. (C.26) and (C.27) the equal-time anti-commutation relations for the creation and

annihilation operators is given by

[bp, 31 = (27m)36™8%(p — q) (C.284)
(ep, e5T] = (2m)20756% (p — q). (C.28b)

In contrast the anti-commutation relations of the Dirac field operators are designed such that
Fermi-Dirac statistics is obeyed. All that remains is to construct the spectrum of the Hamilto-

nian in terms of the creation and annihilation operators.

The Hamiltonian density H Eq. (B.11) is given by [29]

H = mp—L (C.29)
= ) (=i7'0; + m) 1. (C.30)

The Hamiltonian H = [ d3zH is a function of the operators Y(z) and ¥(x) and will therefore
be an operator. Substitute Eq. (C.30) into (C.4) to get

1= [0 (~iv'0i-4 m) v

_ Bpd3qd3z E,

(BT(p’ s) u(p,s) e"'P®) 4 ¢(p,s) o(p, s) efi(p'm))

(2m)6 4E,
(b(p.5) ulp.s) @) 4 &l (p.s) v(p,s) *P*)
d®p A .
- WEP[ pr - CPCH
d’p bib —afe 353

The BI,ZAJP term is familiar and positive energy states given by
[H.,b},] = Epbl,. (C.32)

The negative sign in front of the éi,ép term makes its interpretation different. The éi, creates
positive energy states given by

[H,él] = Epél,. (C.33)
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Due to the commutation relation in Eq. the ¢ is interpreted as a creation operator but
this would mean the Hamiltonian is unbounded and this violates the Pauli exclusion principle,
spin—% particles (fermions) obey Fermi-Dirac statistics and the spinor fields anti-commute in order
to preserve causality[29], postulating anti-commutation relations (for Dirac fields) will solve the
negative energy problem in Eq. . The equal-time anti-commutation relations are
given by

{Yal@), vs(y)} = (¥} (), v} (¥)} =0 (C.34a)
{Ya(@), V}(y)} = 0°(x — y)dag (C.34b)

where in this instance a and § denote the spinor components of .

Expanding to the creation and annihilation operators the equal-time anti-commutation re-

lation is given by:

[br, b5 = (2m)36% (p — q)o™ (C.35a)
(e, e5l] = —(2m)35° (p — q)8™™. (C.35b)

The Hamiltonian H in Eq. (C.31)) will be

e L0 gt el C
~ ()3 pbpbp — Cply] (C.36)
Pp oot ot 353
= (2ﬂ)3Ep [bhbp + hép — (2m)°6°(0)] (C.37)

This will mean that the Hamiltonian is bounded. The second term of Eq. [C.37]is the Dirac Sea
that was discussed in Sec. The Dirac fields describes spin—% particles (fermions).

C.4.1 Neutron and proton
The neutron and the proton are also taken to be Dirac particles of the same mass m. This

means that we can construct a Lagrangian of the sum of the two particles given by|[1]
L =1y (170" — m) thp + n (70" —m) Pn (C.38)

Where 1/_Jp is the adjoint spinor for the protons and 1, is the spinor for the protons. 1y, is the

adjoint spinor for the neutrons and 1, is the spinor for the neutrons.
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The spinors can be combined into one to give an eight component Dirac spinor [1]

)= v (C.39)
Un
The Lagrangian can then be given by |[1]
Lo = P (i7,0" —m) . (C.40)

This chapter described how the application of classical field theory is important to quantum
mechanics in order to properly describe relativistic multi-particle systems. Quantum field theory
has proven to be a very useful tool. Next, an example of quantum field theory will be given for
nuclear matter in order to build up to getting a nuclear equation of state that we can use to

solve the TOV equations.



APPENDIX D

Evaluation of Integrals

In this chapter an evaluation of the integrals used is given.

D.1 Energy Density

The energy density described in this work has an integral of the form

1 [k ——
2/ dk‘ k2+m2
™ Jo

where

e kp is the Fermi momentum of the particle and

e m is the mass of the particle.
The integral can be solved by making the following assumption

k
— =,
m

Substituting into Eq. (D.1) gives

dk\V k2 +m2 = / duu®/u2 + 1

= 0 0

TR
/ duu®Vu2 + 1.
0

Applying intergration by parts the solution will be

4

LAY 3y e S P 1+22)" — sinh~!
2, uuVut+1 = 8—2[( zp+ap) (14 2%) —sinh™H(zp)].

us
84

(D.1)

(D.2)

(D.6)
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D.2 Pressure

The pressure described in this work has an integral of the form

1 kp k4
3 /0 Vk? +m?

Applying the same assumption from Eq. (D.2]) and (D.3)) we get

3

w
)
[}

1 kp k4 4 kp/m
2/ L — / du
3 0 \/l€2—|-77’n2 0

TR
= / du
0

Sﬂk

w
)
no

The solution to the integral is given by

mt  [TF ut 1m

3z ) s 83
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D.3 The MFT scalar meson field
Eq. (3.34b)) for the scalar meson field has the integral

1 [k k2m*
il de— "
us /0 V2 +m*?

The solution to the integral is given by|10]

V2 +m*?

T2

Vuz+1
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u4
N (D-8)
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= o [20h = 3er) (L4 23) ' + 3sinh M (@p)]. (D10)

(D.11)
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