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Abstract

Cancer remains one of the leading causes of death around the globe, whereas cancer
therapy continues to be a major challenge for contemporary medicine due to tumor mi-
croenvironments which include growth factors (cytokines and hormones), immune cells,
extracellular matrix, fibroblasts, signalling molecules (cytokines and chemokines), and
other connective tissue cells. As a consequence, many interstitial barriers are lifted,
interfering with both convective and diffusive mechanisms of therapeutic drug pene-
tration. Recently, with the advancement of molecular and tumor biology, treatment
options such as immunotherapy and magnetic drug targeting (MDT) have significantly
changed the paradigm of cancer treatment. Innovative treatment strategies have both
been developed to maximize efficacy while minimizing side effects. This research aims
to use theoretical analysis and numerical tools to examine the mechanism of tumor-
immune dynamics, as well as how to effectively disperse therapeutical drugs to tumor
sites during magnetically targeted drug delivery. In this study, we focused on the
role of immunotherapy in cancer treatment studied using a fractional-order model for
tumor-immune interaction incorporating the treatment of cytokine interleukin-2 (IL-2)
aimed at boosting the immune system’s ability to fight cancer. Our results indicate
that in some cases, adoptive cellular immunotherapy alone or a combination of the
adaptive cellular immunotherapy and cytokine interleukin-2 can achieve satisfactory
stable tumor control in such a way that; with little adoptive cellular immunotherapy
alone to the system, the situation remains the same as without any treatment. In ad-
dition to that, a model magnetic drug targeting to determine the capture conditions
on the efficient dispersion of drug-coated nanoparticles in a tumor environment was
presented. Thus, drug-coated magnetic nanoparticles are taking longer times to reach
the tumor as a result of higher volumes fractions of magnetic particles, the magnetiza-
tion of the magnetic field, drug elimination, and source term. Furthermore, increases
in tumor-magnet distance, permeability of the microvessels, Peclet number, and ra-
dius of the nanoparticles slow the ability of the drug-coated nanoparticles to reach the
tumor. As a result of these observations, researchers are able to formulate essential
considerations to be used in implementing potential therapeutic intervention aimed at

reversing cancer therapy.

Keywords:
Tumor-immune interaction, Magnetic drug targeting, Sensitivity analysis,
Drug-coated nanoparticles, Caputo derivative, Cardiovascular,

Immunogenicity.
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1. Introduction

1.1 Background

Cancer is a collection of over a hundred different diseases in which body cells grow
uncontrollably and spread to other parts of the body [I, 2]. Cancer remains one of
the leading causes of death worldwide, with an estimate of 19.3 million new cases
and almost 10.0 million cancer-related deaths in 2020 [2, 3]. Globally, almost 1 in 6
deaths is due to a malignant tumor, with approximately 70% of these deaths occur-
ring in low- and middle-income countries [1]. The World Health Organization (WHO)
predicted that new cancer cases will increase by 70% over the next two decades [1].
Consequently, both cancer incidence and cancer mortality continue to rise worldwide,
and by 2050 the global cancer mortality rate is predicted to double [1]. In general,
the burden of cancer incidence and mortality is rapidly increasing around the world
due to both aging and a growing population as well as changes in the prevalence and
distribution of the main risk factors, some of which are associated with socio-economic
development [3]. As the cancer burden grows globally, it exerts tremendous physical,
emotional, and financial pressure on individuals, families, communities, and health

systems.

Tumor usually arises anywhere in the human body when some of the body’s cells grow
out of control and spread to other parts of the body. A series of genetic and epigenetic
mutations lead to the emergence of cancer cells. Gene mutations can cause cancer by
speeding up cell division or blocking normal system mechanisms like cell cycle arrest
or programmed cell death. Usually, when cells are damaged or die in any way, the
body releases new cells to replace them by cell division. The body’s normal control
mechanisms stop working, resulting in abnormal cells growing, old or damaged cells
surviving when they should die, and new cells forming when they are not needed.
These extra, abnormal cells can accumulate to form a tumor, which is an abnormal
mass of tissue in the body. Some tumors are benign and include cells that are not can-
cerous, such tumors won’t invade nearby tissues or spread to other parts of the body
(metastasize). A benign tumor is less harmful unless it presses on vital structures
such as organs, tissues, nerves, or blood vessels. Benign tumors may be surgically
removed and seldom recur, but if they do, they generally do so in the same location.
On the contrary, a malignant tumor is capable of both invading adjacent parts of the
body and spreading to other organs through the bloodstream or lymphatic system,

forming new tumors (a process called metastasis). Metastasis refers to a growth that

1



Chapter 1. Introduction

forms from fragments of the primary tumor, detached and transported away from it
[1, 5]. Most cancer-associated deaths are largely attributed to metastases, yet this
complex process remains the least understood aspect of cancer biology [6]. Cancerous
tumors may also be described as malignant tumors. Some benign tumors, such as

intestinal polyps, are considered precancerous and should be removed immediately to

avoid turning into malignant tumors [7]. Every second of each minute, a battle of
3. Abnormal cells 4. Tumor cells &
1. Normal cells 2. Abnormal cells multiply Metastasis

{/

T | e —"

———
—

Boundary

Lymphatic

Blood vessel
vessel

Figure 1.1: Illustration to show cancer cells development.

good and evil goes on inside our bodies. The good is the immune system, an army
of cells designed to protect the body from disease and infection. The evil appears in
the form of pathogens, viruses, bacteria, and mutant cells, which are programmed to
cause harm. When it comes to cancer, the good guys don’t always win, because cancer
cells have ways to avoid being destroyed by the immune system. Cancer cells can also
deactivate the immune response so that immune cells do not attack them, resulting in

a weakened immune system, usually in cancer patients.

There are several cancer treatment options available to patients. In recent decades,
chemotherapy, surgery, and radiotherapy have been used to treat different types of
cancer. Tumor surgery is an operation or procedure to remove the tumor and possibly
some surrounding tissue. Using high doses of radiation, radiotherapy kills cancerous
cells and shrinks tumors. Chemotherapy involves the use of drugs or chemicals to
destroy fast-growing cells, which are typical of cancerous cells [3, 9]. However, intra-
venous administration leads to a general systemic distribution of chemotherapy drugs
which can have harmful side effects on healthy cells, resulting in severe unintended and

undesirable side effects, such as nausea and loss of appetite due to their toxicity, and
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extensive spread throughout the body [10]. In reality, the severe side effects caused by
chemotherapy on healthy organs and tissues are at the root of the high mortality rate

of cancer patients [10].

Due to the complexity in genetic and phenotypic expressions during cancer progres-
sion, tumors are highly heterogeneous, resulting in clinical diversity and resistance to
therapy. In the majority of cases, a combination of standard therapies can efficiently
treat the primary tumor, but it is currently ineffective in preventing the metastatic
spread of the disease. Furthermore, in most cases, these therapeutics are reported
to have low efficacy and high toxicity against non-cancerous healthy cells. To design
precise and efficient therapies, a deep understanding of these complex phenomena is
crucial. In recent years, several new treatment options, including but not limited
to immunotherapy and magnetic drug targeting (MDT), have revolutionized cancer
treatment. Considering the aims of our research, we focus on immunotherapy and

nanotechnology in cancer drug delivery.

1.1.1 Immunotherapy

Biological therapy (also known as Immunotherapy) uses our immune system (natural
defense) to fight cancer by improving the ability of the immune system to recognize,
target, and kill cancerous cells in any part of the body. Generally, the main purpose
of immunotherapy is to boost the immune system by regulating the immune microen-
vironment, so that immune cells are capable of attacking and eliminating tumor cells
at several important nodes throughout the body. By stimulating immune cells and
employing the body’s own tumor-specific immune response to overcome tumor escape,
immune cells can play a significant role in tumor monitoring and clearance. Anticancer
immune effector cells such as lymphocytes, macrophages, dendritic cells, natural killer
cells (NK cells), cytotoxic T lymphocytes (CTL), and others collaborate to protect the
body from cancer by recognizing abnormal antigens displayed on tumor cells’ surfaces.
To combat cancer cells, it has become increasingly important to develop strategies

that stimulate an efficient and effective immune response [11, 12, 13].

Immunotherapy refers to the combination of cytokines and adoptive cellular immunother-
apy [11]. Adoptive Cellular Immunotherapy (ACI) is a promising immunotherapy
method that uses cells that have grown extensively in vitro and have natural antitu-
mor reactivity (such as lymphocytes) in a tumor-bearing host [15]. In this approach,
tumor-specific T cells are infused into cancer patients to recognize, target, and de-
stroy cancerous cells. Due to its strength of specificity, ease of preservation, and no

drug resistance, ACI is becoming a key therapy option in tumor treatment. Moreover,
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T cell responses are memory cells that retain their therapeutic effect for a long pe-
riod of time after initial treatment [16]. Cytokines are small glycoproteins that bind
to cell surface receptors and regulate the growth, survival, and function of immune
cells. Therefore, cytokines are largely considered as potential therapeutic agents to
manipulate the immune response of tumor cells. Interleukin 2 (IL-2) act as the main
cytokine responsible for lymphocyte activation, growth and differentiation [11]. This
kind of immunocytes can involve two approaches [17]. The first approach includes
lymphokine-activated killer cells (LAK) therapy: These cells are extracted in vivo
from the peripheral blood leukocytes of patients with high concentrations of IL-2,
later on, LAKSs are injected back into the cancer site. It is believed that these are
mainly natural killer cells[14, 15]. Another approach includes the infiltrating tumor
lymphocytes (ITL); ITLs are removed from a patient’s tumor, then incubated in large
quantities with high concentrations of IL-2 in vitro and comprised of activated NK cells
and CTL cells, and then returned to the patient to help immune cells kill cancer cells
[14]. Our understanding of I1.-2 in lymphocyte regulation has progressed considerably,

providing exciting new directions in cancer immunotherapy.

1.1.2 Magnetic Drug Targeting

In cancer therapy, one of the current challenges include delivering high concentrations
of drug to the tumor tissue while minimizing systemic dosing, thereby limiting the off-
target adverse effects [18]. One of the main goals of researchers these days is to deliver
cancer medicine to the exact areas of disease tissues. As an example, chemotherapy
is a contemporary treatment in which less than 0.1% of the medicine is absorbed by
cancerous cells; while 99.9% is absorbed by healthy cells [19]. Tt is partially due to
the delivery and transport limitations of anticancer drugs in the tumor interstitium.
In early tumor growth and progression, cancer cells interact with normal cells and
the surrounding tissue to create a microenvironment that promotes malignancy and

induces changes that lead to a complex tissue microarchitecture [20)].

Additionally, the extracellular matrix(ECM) density of tumor extravascular space is
higher than normal tissue, creating a further barrier to interstitial drug transport
(21, 22]. As a result of this, a process called desmoplasia, is closely associated with
poor prognosis and resistance to systemic therapy [22, 23, 24]. The delivery of cancer
therapies involves numerous steps and spans a wide variety of time scales and lengths
from the place of injection to the desired cellular and intracellular targets [20, 25].
Thus, to improve treatment effectiveness as well as reduce side effects, new therapeu-
tic and effective approaches need to be developed. Magnetic Drug Targeting (MDT)

approach is one attempt toward targeting drugs to tumor position, and overcoming

4
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(a)

Drug-loaded
nanoparticlesf

Magnet

Magnetic Field Lines

capilla{y
network

Figure 1.2: The schematic geometry shows (a) The drug-coated magnetic nanoparti-
cles injected systemically and then absorbed into the solid tumor due to the external
magnet.(b) The model of magnetically assisted drug-coated magnetic nanoparticles
drug delivery.

these insufficiencies provides a controlled release of a high concentration of drug agents

in a selected region of the body with minimal negative side effects [20].

b}



Chapter 1. Introduction

In the MDT therapy, the carrier particles containing therapeutic drugs are coated with
magnetic nanoparticles and injected systemically into the human body. To improve
the accumulation of drugs in a tumor, an external magnetic field is placed outside the
body surface near the tumor location to capture the loaded carrier particles towards
the tumor site. These careers are activated by pH, temperature, enzymes, or mag-
netic triggers that regulate magnetic particles in the body through magnetic actuators
[19, 27, 28, 29]. Drugs incorporated with nanocarriers can alter both pharmacokinet-
ics and pharmacodynamics. In addition, nanocarriers are designed for targeted drug
delivery, improving the bioavailability of poorly water-soluble drugs, delivering macro-
molecules to the site of action inside the cells, and combining therapeutic agents with
imaging techniques which may help visualize the location of drug delivery [30, 31].
Moreover, nanocarriers prevent early drug degradation, which depends on the route of
administration, the most common being intravenous [30]. Nanoparticles (NPs) possess
unique biological properties due to their small size (diameter within 1-100 nm) and
large surface area to volume ratio, making them capable of binding, absorbing, and
carrying anticancer agents, such as drugs, DNA, RNA, and proteins, as well as imaging
agents [10, 32]. Currently, several nanoparticle-based therapeutics are approved for
clinical use and many more are in different phases of preclinical testing. In cancer ther-
apy, nanocarriers are divided into two categories, depending on their durability and
molecular weight: those that employ organic molecules as a key building block mate-
rial and those that use inorganic components (typically metals) as their core [33, 34].
Organic nanocarriers include liposomes, lipids, dendrimers, carbon nanotubes, emul-
sions, and synthetic polymers [33, 34]. On the other hand, inorganic NPs have also
attracted researchers’ attention in recent years due to their unique material- and size-
dependent physicochemical properties, which are incomparable with materials such as
lipids and polymers, leading to improved therapeutic efficacy, weakened side effects,
and improved compliance by patients [32, 33, 34]. In particular, magnetite (Fe;Oy4) or
its oxidized form maghemite (Fe;O3) are the most commonly employed for biomedical
applications due to their extremely low cytotoxicity profile, magnetic responsiveness,
tunability, and controlled size and surface modification [29, 35]. In delivering ther-
apeutic drugs, nanomaterials have improved not only targeting specificity, but also
circulation time, biodistribution, solubility, intracellular distribution, and ability to
penetrate biological membranes. Thus, magnetic drug targeting can increase the drug
dose in the cancerous site, as well as reduce side effects from other methodology to

process anti-cancer drugs.
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1.2 Statement of the problem

Microenvironments surrounding tumors include growth factors (such as cytokines and
hormones), immune cells, extracellular matrix, fibroblasts, signalling molecules (cy-
tokines and chemokines), as well as other connective tissue cells. All of these lift
numerous interstitial barriers, which interfere with both convective and diffusive mech-
anisms of therapeutic drug penetration. As a result, cancer therapy continues to be
one of contemporary medicine’s most problematic challenges. With the advancement
of knowledge in molecular and tumor biology, treatment options, including but not lim-
ited to immunotherapy and magnetic drug targeting, have significantly changed the
paradigms of cancer treatment in recent years. Both of these novel treatment strategies
have been developed to increase the efficacy of therapy while minimizing side effects.
Therefore, it is critical to offer a complete picture of tumor-immune interactions and

MDT using mathematical modelling tools to enhance the cancer treatment.

1.3 Aims and objectives

This research work aims to use theoretical analysis and numerical mathematical tools
to determine the mechanism of tumor-immune dynamics, as well as to examine how
to effectively disperse therapeutical drugs to the tumor site during magnetic drug

targeting. To accomplish this aim, the following objectives are set;

1. To determine whether adaptive cellular immunotherapy (ACI) alone or in com-

bination with cytokine interleukin-2 (IL-2) can be sufficient in tumor control.

2. To identify key biological parameters for effective dispersion of drug-coated

nanoparticles in the tumor position during magnetic drug targeting.

3. To determine the impact of memory effect on shear augmented dispersion during

magnetic drug targeting in a microvessel.

1.4 Structure of the thesis

Here is a summary of how the rest of this thesis is organized, following this introduc-
tion, Chapter 1.

In Chapter 2, we give a brief review of the modelling work done on tumor-immune
interaction and Magnetic Drug Targeting, which has either directly influenced or in-

directly influenced the development of the novel models presented in this thesis.
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In Chapter 3, relevant mathematical concepts, definitions, and theories are presented.
These are used throughout the thesis to aid the numerical and analytical implemen-

tation of the models developed.

Chapter 4, focuses on the role of immunotherapy in cancer treatment, studied using
a fractional-order model for tumor-immune interaction incorporating the treatment
of cytokine interleukin-2 (IL-2). The basic properties of the model such as positivity
of the solutions and local stability analysis of the tumor-free equilibrium are studied
and the conditions for tumor removal are highlighted. Furthermore, the existence
and uniqueness of the solution of the model are proved using the fixed point theory.
Given the uncertainty in the selection of model parameters, sensitivity analysis was
performed using the Latin Hypercube Sampling scheme to determine model parame-
ters that describe the processes that significantly influence the changes in the model
state variables. The model was numerically solved for different orders of the fractional
derivative using the Adams-Bashforth-Moulton Method.

In Chapter 5, a model on Magnetic Drug Targeting used to determine the capture con-
ditions on the efficient dispersion of drug-coated nanoparticles in a tumor environment
is presented. In this chapter, we investigate the capture conditions of carrier particles
and the effective longitudinal dispersion of drug carriers in microvessels. The study
focuses on particles injected into the microvascular system upstream of the cancerous
tissue and captured in the tumor using an external applied magnetic field. The fluid
velocity and the particle velocity due to the magnetic field are calculated analytically,
while the solute transport equation is solved numerically by using the finite difference
method. The influence of the model biological parameters in the dispersion of drug-

coated nanoparticles in microvessels is also discussed

In Chapter 6, a Caputo fractional time derivative-based dispersion model is formulated,
to predict the effective dispersion and saturated concentration of the drug carriers. The
impact of the memory effect dependence of solutions on previous instances on the shear
augmented dispersion is analyzed during the MDT in the microvessel. The nature of
the blood flow into the vessel is considered as Casson fluid. The velocity of the drug
carrier is solved analytically, while the fractional-order dispersion equation is solved
numerically by using the finite difference method. The influence of fractional-order
parameter and model biological parameters such as rheological, permeability parame-
ter related to hydraulic conductivity, magnetization, volume fraction of nanoparticles,
tumor-magnet distance, nanoparticle radius, drug elimination, and source term on the

relative effective dispersion are discussed
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Lastly, Chapter 7 summarizes the important contributions of our work, the overall

overview of our study and suggested future work that can be considered.



2. Literature review

An overview of mathematical models describing the interactions between a malignant
tumor and the immune system and nanotechnology in cancer drug delivery is presented

in this chapter.

2.1 Mathematical modelling of tumor-immunology

Mathematical modelling has broadly been used in support of the preclinical and clin-
ical investigation, as well as in decision-making in many fields, including oncology.
Through mathematical models of tumor-immune interactions, we provide an analyt-
ical framework for discussing the immunological components that play a critical role
in cancer therapy. Over the years, various researchers have developed several math-
ematical models of tumor-immune interactions. Many early mathematical models of
tumor-immune interactions used the predator-prey approach, where immune cells serve
as the predators and tumor cells as the prey. In 1979, Stepanova proposed a model for
cancer growth with immune interaction that is symbolically representative [36]. Her
formulation is based on two differential equations, which include the most important
components of T-cell-mediated immune reactions towards cancerous cells:
L — px — yry

‘ (2.1)
L =r(x—pa*)y—dy+r

where x represents tumor volume and y represents T-cell densities. In this model, p is
the proliferation rate of tumors, v is the rate of elimination of cancer cells by activity
of T cells, r models the production of T-cells product of the stimulation of cancer cells,
71 is the saturation density up from which the immunological system is suppressed,
J is the natural death rate of T lymphocytes, and & is the natural (constant) rate of
influx of T cells from the primary organs. A very similar model was developed by
Kuznetsov et al. [37], in 1994, to explain the cytotoxic T lymphocyte response to
the growth of an immunogenetic tumor. Instead of an exponential growth rate, their
model explained cancer cell growth using a logistic growth rate. According to their
model, immune effector cells and cancer cells interact employing the kinetic scheme
shown in Figure 2.1. Activated concentrations of effector cells are denoted by E, tumor
cells are denoted by T, and E* and T* denote dead or inactivated effector and tumor
cells, respectively. The immune effector cells, E and tumor cells, T form complexes at

a kinetic rate of k;. These complexes can be split apart into effector and tumor cells

10
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$ (T

Figure 2.1: The kinetic scheme of tumor-immune interactions suggested by Kuznetsov
et al. in [37].

at a negative kinetic rate of k_;. Furthermore, they can cause tumor cell death while
leaving the effector immune cells intact, which occurs at a rate of ks, or they can cause
effector immune cell death while leaving cancer cells intact, which occurs at a rate of
ks. The tumor-effector interaction Kuznetsov model is given as:

L =prT(1—bT) — o TE,

% =0+ SiTTE — ET — 1 E.

(2.2)

From their analysis, the model exhibits oscillatory growth patterns in tumors as well as
several phenomena that can be observed in vivo, such as immunostimulation of tumor

growth, ”"sneaking through” of the tumor, and the state of tumor dormancy [37].

Kirschner and Panetta (1998) were among the first theoretical studies to investigate
the role of cytokines (IL-2) on tumor regression [14]. According to their model, im-
munotherapy using interleukin-2 might boost the immune system to fight tumors.
To construct the model, Kirschner and Panetta describe the interaction between the

populations of effector cells, tumor cells, and the cytokine IL-2 using the following

model.
% :cT—ugE—i—gi_Fﬁ + 51,
L =T (1 —0T) — ;;FT‘?, (2.3)
&= zz% — p3l + 2,

where s; and s, represent external sources of effector cells such as LAK or TIL cells,

11
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and external sources of IL-2 into the system, respectively. The model examines the
effects of two types of continuous treatment: (a) the adoptive cell transfer (from one
individual to another, or by in vitro amplification of harvested immune cells from one
individual and reinjection) (if s; > 0) and (b) the injection of cytokines (if sy > 0).
In recent decades, many mathematical models of tumor-immune interactions have
been developed by researchers focusing on immunotherapy alone or immunotherapy
in combination with other forms of therapy. To review these models comprehensively,

the reader should refer to [38, 39, 40, 41].

2.2 Modelling drug delivery to solid tumors

Drug transport to solid tumors involves multiple physiological, pharmacological, and
biophysical mechanisms. Through mathematical modelling and computational simula-
tions, researchers are able to study the individual and combined effects of a wide range
of parameters on drug delivery and therapeutic efficacy, which would not be possible or
cost-effective if we used experimental methods. Moreover, computational modelling is
increases significantly for understanding drug transport in solid tumors for a variety of
reasons. Among them are: it allows for comprehensive parametric sensitivity analyses
to pinpoint the most significant factors; it allows for individual and integrated exami-
nation of the complex steps in drug delivery; and, finally, clinically controllable factors
such as drug dose and administration schedule can be incorporated into the model
for in silico simulations, potentially reducing the number of laboratory and animal
experiments [20]. A wide variety of mathematical models have been developed and
extensively discussed in the literature. Historically, Senyei and Widder, (1978) [12, 13]
are pioneers in employing a computational model to understand the drug delivery and
control mechanism of carrier particles within the body using external magnetic fields.
According to their first model [12], one particle flows in the presence of an externally
applied magnetic field gradient and is subjected to Stokes drag. They considered flow
rates that occur throughout the human cardiovascular system, ranging from 0.05 <*
to 10 <. In vitro and later in vivo experiments were guided by the results from this
study. Baxter and Jain used a mathematical model to conduct research studies series
[44, 45, 16, 17] on drug delivery to study the impact of various properties of the tumor
on drug delivery using the principles of fluid mechanics to investigate elevated inter-
stitial fluid pressure, significant interstitial fluid flow, and concentration. As of the
late 1990s, various computational studies have been published about drug delivery to
solid tumors. Through an analytical solution and ex-vivo experiments, Netti et al. [18]
(1995) proved the dependence of elevated interstitial fluid pressure (IFP) on variations
of microvascular pressure and tumor blood flow. To suit magnetically targeted drug

delivery on the near sites of the body’s edge, Grief and Richardson [19] develop a two-
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dimensional model on the magnetic drug targeting. Furlani and Furlani [50] studied
a theoretical model of magnetic drug targeting in microvessels. Shaw et al. [51] and
Shaw and Murthy [52] carried this work forward by taking the Herschel-Bulkley fluid
model for blood in both impermeable and permeable microvessels, respectively. Shamsi
et al. [53] considered simple homogeneous circle geometry to simulate the magnetic
nano-drug distribution on the intraperitoneal solid tumor. They studied the effect of
magnetic field intensity, tumor-magnet distance, and particle size on the penetration of
MNP in the tumor site. To understand and optimize the control of magnetic particles,
Cherry and Eaton [54] studied the magnetic drug targeting in a microvessel considering
all forces expected to significantly affect the particles, including the interparticle mag-
netic force, dispersion due to collisions between particles and blood cells, and complex
viscous force accounting for the shear-thinning nature of blood. Bose and Banerjee
[55] have performed a numerical simulation to study the transport of magnetic carrier
particles in a biomagnetic fluid flow in a stenosed bifurcated artery, taking into account
both the magnetization and the electrical conductivity of the blood. Soltan et al. [50]
studied the effect of tumor size and shape on interstitial fluid flow, where the capillary
network is replaced by the uniform distribution of the mass source. Recently, Sho-
jaee et al. [57] investigate the role of the capillary network in magnetic nanoparticle
targeting, where the effect of nanoparticle size, magnetic intensity, and distance from
the tumor in a heterogeneous tumor microenvironment were analyzed. To show that
the high interstitial fluid pressure in the tumor is among the most important barriers
to drug delivery, the effect of the magnetic field on the pressure and the preservation
of the magnetized interstitial fluid is analyzed by Hosseinikhah et al. [58], where the
geometry includes the space porous of healthy tissue and tumor, as well as the parent
vessel as a source and the lymphatic system as a sink modelled on the biology of the
body. The performance of the nanoparticle will be affected by its physiological prop-
erties such as size, shape, stiffness, and surface functionality. The study by Ye et al.
[59], details the impact of nanoparticles’ size and shape in their “passive” or “active
(subjected to magnetic forces for instance)” transport in the bloodstream, in the area
of drug delivery. Other forces induced by external magnetic fields (such as magnetic
fields) are essential to guide the movement of the particles [60]. The study by Shah
et al. [61] examined the flow of blood with magnetic particles through a cylindrical
tube using the time fractional-order derivative of Caputo type. To demonstrate the
difference between fractional-order time derivatives and integer-order derivatives, the
authors in [02] used a Casson fluid model. As they used blood as a Casson fluid, their
model result showed that fractional-order derivatives resulted in a remarkably differ-
ent result than the ordinary derivative. To study the capture effectiveness of magnetic
nanoparticles adhered to therapeutic compounds injected into the bloodstream, which

are controlled by an external magnetic field, Maiti et al. [63] used a thermo-solutal
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transport model with Caputo-Fabrizio fractional-order derivative. In summary, the
above-mentioned studies, among others, aim to explain various key issues related to
magnetic drug targeting, such as increased interstitial fluid pressure or uniform distri-
bution of drug concentrations in tumors and healthy tissues, as well as determine the

most effective parameters through sensitivity analysis.
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3. Mathematical preliminaries and

definitions

In this chapter, we briefly review some key definitions and concepts related to this

thesis

3.1 Basic definitions

Definition 1. For s > 0, the Gamma function, I'(s) is defined as [0/]
[(s) :/ e 't571dt,  Re(s) > 0. (3.1)
0

Remark 1. The function I'(z) obeys the following properties:

1. T(z+1) = 2I'(2)

Proof. From the definition
I(z+1) :/ e Mtrdt
0
Using integration by parts, we obtain

L(z+1)=(—tre 3+ z/ e 't7dt,
0

[(z+41) =zI'(2). (3.2)

2.T(z+1)=n!
3. T (%) = /x.
Definition 2. For s,z > 0, the Beta function, B(s, z) is defined as [0/]

B(s,z) = /01 511 —t)*'dt, (Re(s) >0, Re(z)>0). (3.3)

Remark 2. By the Laplace transform in [05], the beta function can be written in terms

of gamma function as

B(s,z) = ———=. (3.4)
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Definition 3 (Two parameter Mittag-Leffler function). For two parameters a and 3,

the two-parameter Mittag-Leffler function is defined as
(3.5)

TL

Zfan+ﬁ

n=0

When B = 1, Equation (3.5) becomes the one-parameter Mittag-Leffler function given

Re(a) >0, peC.

by
(o)
E, E a e C. 3.6
1) F (an+1 34)
n=0
Remark 3. For a particular value of « = 1, Equation (3.6) becomes
o xn
E1 1(1’) = E — = Gx, (37)
’ n!
n=0
5 T T T T T T i
a=1, g=1 H
----------- a=2 f=1 ;
4l|===a=2 g=2 il
----- a=1, f=2 i
i
I : i
3r ." ::
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Figure 3.1: Graphical display of Mittag-Leffler functions for varying parameters o and
S.

3.2 Laplace Transform

The Laplace transform is a very useful tool for deriving formulas and solving fractional

differential equations.
Definition 4. The Laplace transform of a function f(t), denoted by L{f(t)}, is defined
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as [0/]
F(s) = L{f(B)} = / e f(t)dt (3.8)

Definition 5. If L{f(t)} = F(s), then we define the Inverse Laplace transform as

LHF(s)} = f(1) (3.9)

f(t) = L7HF(s)} F(s) = L{f(@)} [0]

1 1
S
6at 1
S—a
n _ n!
t,n-1,2,3,... w
3 a
sin at T
S
cos at N

Table 3.1: Laplace Transform, £{f(t)} of different functions f(¢)

3.2.1 Some important properties of Laplace transform

1. Linearity [64]: For any constant a and b and any integrable function f and g
then

L{af(t) +bg(t)} = al{f(t)} + bL{g(t)}. (3.10)

2. Convolution property (Multiplication Theorem) [64]: If the function f(¢) and

g(t) have well-defined Laplace transform £{f(¢)} and £{g(¢)}, then

LU0} = [ it - = CHOIELLE)N G
3. Derivative property [64]:

L {d—nf(t)} =s"F(s) — Y s"*f1(0) (3.12)

4. Integral property [64]:

/:{ Otf(T)dT} _r (3.13)
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3.3 Fractional calculus

Differential equation models (of discrete and continuous type) have been predomi-
nantly used in various disciplines of science to describe the dynamic features of systems.
Most dynamical systems are not regularly perfect and can be perturbed, and then the
integer-order derivatives may not be enough to explain the dynamics of the state vari-
ables [0, 67]. As a consequence, fractional operators are used to model real-world phe-
nomena in various areas of science and engineering such as biomathematics, biophysics,
bio-rheology, travelling wave solutions, astrophysics, electromagnetic, thermodynam-
ics, plasma physics, and optics, among others [68, 69]. Furthermore, fractional-order
derivative describes slow relaxation processes characterized by stretched power-law re-
sponse function [70]. The idea of Fractional Calculus was introduced after the French
mathematician L'Hospital asked for the notation of differentiation of non integer or-
der % to Leibniz, in 1695 [71]. A lot of contributions to theory and its applications
have come up from different mathematicians since then [72]. For example, Caputo
and Fabrizio in [73], introduced a new derivative with the fractional order based on
exponential kernel. Furthermore, Atangana and Beleanu in [71] suggested a new op-
erator with fractional order based upon the Mittag-Leffler function. All these, among
other Fractional derivative models, have been used successfully in modelling various
real phenomena. The expression of fractional calculus is an extension of ordinary cal-
culus. It can define the order of the derivative and integral for any real value. The
use of Fractional Calculus in modelling real world phenomena gives a reliable mecha-
nism to account for the memory exhibited by processes, which ensures the validity of
predictions from the dynamical system [67]. In addition, by employing the fractional
calculus models, we have a wide selection of orders of the fractional derivatives that

we can consider that better describes the dynamics of the system [67].

3.3.1 Physical and Geometric meaning of Fractional Calculus

As is the case, classical integer derivatives and integrals have clear geometric and
physical interpretations and are accepted to describe different concepts in real-world
phenomena. For example, if f(t) represents the position of the object that moves in
time ¢, f'(t) represents the velocity of the object and f”(t) represents the acceler-
ation in classical physics. Fractional derivatives and integrals are generalizations of
integer derivatives and integrals, and include n'* derivatives and n-fold integrals as
special cases. Therefore, we expect this physical and geometric interpretation of frac-
tional order operators to provide links to the classical interpretation of known integer
derivatives and integrals. Different authors presented the physical and geometric inter-

pretations of fractional order derivatives and integrals based on different approaches.
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For example, Moshrefi-Torbati, M and Hammond, J. K [75] considered the fractional
operators as linear filters and gives the geometrical interpretation as fractal geome-
try; In [76], Podhebny provides a physical and geometric interpretation of fractional
integral in terms of inhomogeneous equably flowing scale and homogenous timescale;
Tavassoli et al. [77] presented the geometric interpretation based on the tangent line
angle of a polynomial with coefficients of fractional derivative. However, there is still
a lack of geometric and physical interpretation of fractional integral and derivative
in literature until now, which is comparable with the simple interpretations of their

integer-order counterparts.

3.3.2 Basic Fractional Calculus

In this section, we will introduce some fundamental definitions of fractional integrals
and derivatives. The definitions of fractional integrals and derivatives are not unique,
there exist many definitions including Griinwald-Letnikov [78], Weyl [79], Marchaud
[80, 81], Hadamard [$1, 82], Riesz [33], Riemann-Liouville [$1, 81], and Caputo [$1, 8],
among others. In this article, we will focus on the definitions of Riemann-Liouville
and Caputo, since they are the most commonly used definitions. We will also discuss

some theorems, facts, and basic properties related to fractional calculus.

3.3.3 Fractional Integral and its properties

Starting with the Cauchy’s formula [85, 86], for n'*—repeated (n'"—fold) integral I™
of the function f(x),

" f(z) :/// Fn)dan . dzadz; — ﬁ/at(x—t)”lf(t)dt.
(3.14)

Bernhard Riemann and Joseph Liouville established the formulas for fractional integral
by extending the integral formula (3.14) from positive integer value n to any arbitrary

positive real number « and replacing (o — 1)! with T'(«)

Definition 6. For every a > 0 and a local integrable function f(t) with finite interval
—00o < a<b<t<ooofR, the Left and Right Riemann fractional integral of order
a [0]] is defined as:

JOF () = ﬁ / (t— ) flu)du, t>a (3.15)
and ,
S F (1) = ﬁ /t (t— ) f(u)du, ¢ < b, (3.16)
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Remark 4. From Definition (6) above, for a = 0, we set 10 = I is the identity

operator [65].
Thus, J0F(1) = £(0).

Proof. Consider

i 120) = iy L (=0 @)+ [ - ).
- i (f@+ [ ).
_ ).

]

Other important properties of Riemann-Liouville (RL) fractional integral are as fol-

lows:

Theorem 1. The exponential property [87]: Let f(t) be continuous on [0,00), and

a,B > 0. Then for all t

TP F() = I f (1),

Proof. Let
F) =07 1) = 755 [0
then

oIfaI] f(1) ) (x)de,

i ]
_ (L / w5 | @m0 e

From the Dirichlet’s formula [(4]

[ [ st = [ / ' F(y)dady,

(3.17)
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then
I IEF () = / / (t— 2)* (& — )P f(y)dady

By letting . =y + s(t — y) = dx = (t — y)ds

« _ 1 1 ' a+pB-1 ! a—1_B8-1
IO = T T / (t— 9" () / (1— )2 1P dsdy

But

! R N I P I'(a)I(8)
/0 h= “ = Ta+p)

by considering Equation (3.3), then

. L D@r@) [ s
JrIP T () = T o7 / (t =)™ F(y)dy

— a B— 1

Therefore

TP F () =L F ().

Theorem 2. The Commutative property: Let f(t) be continuous on [0,00), and o, >

0. Then for all t

a[taa[tﬁf(t) :a[fajtaf(t)'

Proof. The proof of the Commutativity property can be directly achieved by referring

from the Theorem 1 above.

Theorem 3. The Linearity property [0/]: Let f(t) and g(t) be continuous on [0, 00),

and o > 0. Then for the constants Cy and Cy;

ajta[clf<t) + CQQ(t)] = Cla]?f(t) + CQa]?g(t)'
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Proof.

TS0+ Caglt)] = s [ (6= [170) + )]

1 ¢ a-1
:Clm/a(t—y) f(y)dy + Co
= Cral¥f(t) + CoalSg(t).

F(la) /a (t—y)* 'g(y)dy,

Example 1. Let f(t) =t", where n > 0. Then

agn 1 ! a—1, n
aItt —m/a(t—lb) IUdU

By letting
y:%’ =u=yt and du=tdy,
then, we have

ta+n

o) /a (1 — ) Yy du.

Pt =

Applying beta function in Equation (3.3), yields

I(n+1)
Fn+a+1)

a+n

1

Remark 5. From FExample 1 above, in particular when n = 0, the fractional integral

of a constant K of order o [5/]] is given as

K
odf K = ———t°.
¢ ['a+1)

22



Chapter 8. Mathematical preliminaries and definitions

Example 2. Let f(t) = (t — a)", where n >0 [0/]. Then

1 t
J(t—a)" = () /a (t —u)* (u — a)"du.
By considering the change of variables such that
v-a =&, =du=(t—a)de,
t—a
yield
IMt—a)" = —(t — o) /1 e"(1 —e)* de
o - T(a) 0 '

Then, by employing the beta function in Equation (3.3), we have

(t—a)*™T(n+ 1) («)

I7t—a)" = I'(a) T(n+a+1)’
_M — a)¥t
_I‘(n+a—|—1)<t A

Theorem 4 (Laplace transform of Riemann-Liouville integral). The Laplace transform

of Riemann-Liouville integral of order o > 0 [65] is

F(s)

s

L{oIf()} =

3.3.4 Fractional derivatives and its properties

After the introduction of the fractional integral operator, the fractional derivatives can

be introduced as the inverse operators of the corresponding integral.

Definition 7. Forn —1 < a < n, a > 0 and n = [«a|, the Riemann-Liouville
fractional deriwative of order o can be given as :

dr 1 d

D) = G (I 00) = s () [ =t o)

Due to the fact that the Riemann-Liouville derivative requires the initial conditions
for the differential equations in terms of non-integer derivatives which is difficult to
physically interpreted, then the Italian Mathematician Caputo in 1967 introduced the

Caputo derivative, that uses the integer-order as initial conditions [35].
Definition 8. Forn—1 < a <n, a > 0 andn = [«], the Caputo fractional derivative
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operator of order v can be given as:

C DR F(t) =g 170 (% f(t)) _ ﬁ / (= et (%)n Fw)du.  (3.21)

n—uo

Example 3. The % derivative of a constant function f(t) = C. Using the Riemann-

Liouville derivative and Caputo fractional derivative operator.

Case 1. By using the Riemann-Liouville derivative Operator;

DO =t (%) [e-wica,

- Fé) %)I/Ot(t—u)idu,

1 1 t 1 d
Cp:z — / —u)r—
1 ¢ .
= t—u) 2 x0 du,
ri-1) [
=0.

Properties of fractional derivatives

Property 1. If C is a constant, then [0/]:

Case 1. the Riemann-Liouville derivative of C is |

ct
D = —
0 ril—a)’
Case 2. while the Caputo derivative of C'is
§D*C = 0.

Property 2 (Interpolation between integer derivatives). Let 0 <n —1 < a <n, and

that the function f(t) has n—1 continuous bounded derivative in [a,T| for every T > a
[65]. Then

lim $Def(t) = fM(t), forn=1,2,..

a—n
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Similarly, for the Riemann-Liouville derivative interpolation property leads to
lim ,D2f(t) = f™(t), forn=1,2,...
a—n

Property 3 (Composition property [65]). Suppose m = 1,2,...; n—1<a <n
then

D (ED) =8 Dyt £S DS DY), for Caputo derivative
oD (oDY) =, D™ £,D¥ (DY), for Riemann-Leouville derivative

Remark 6. The derivative operators in the Property 3 commute under different con-

ditions, as

Dy (D) =5 D (DY) =D, if f90)=0, fors=nn—1,...,m
oD, DY) =4 DX (D) =, D™ if  f90) =0, fors=1,2,...,m.

It is observed that contrary to the Riemman-Liouville derivative and there are no re-
strictions on the values of f*)(0) (s = 0,1,...) for the Caputo derivative. This

difference has important applications [07].

Property 4 (Relation with fractional integral operator [65]). For p > 0 and ¢ > 0,

we have

oDi (oI f (1)) =a D" f(E) =aI{ P f(2). (3.22)

Remark 7. From Property 4, if p = q then, we have

D7 (L7 f (1) = [ (D). (3.23)
Stmilarly, for the Caputo derivative we have

c DY (IPf(1) = f(2), (3.24)

which mean that both Riemann-Liouville and Caputo derivatives are the Left inverse

of the Riemann-Liouville integral operator of the same order p.

Remark 8. The fractional derivative of the integral (3.23) and (3.24) do not commute,
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such that we have

n

e Pa)

oI DY f(
D) Fla—j—+1)

t— a)*?,  for RL derivative and

[y

]:

n—1 (
JCDOf(t) = f(t) — () (t —a)*, for Caputo derivative.

Property 5 (Linearity property). Both Riemann-Liouville and Caputo fractional

derivatives of order o are linear operators [05], such that

oDy (Af(t) + By(t)) = AuD{ f(t) + BoDg(t)  for RL derivative and,
“De(Af(t) + Bg(t)) = ASDf(t) + BSD&g(t)  for Caputo derivative,

where A and B are constants.

Property 6 (Laplace of fractional derivatives’ operator). The Laplace transform of

Riemann-Liouville and Caputo derivatives respectively given as [05];

n—1

L{.Dyf(t)} = Zsk D)o for n—1<a<n,
k=0
n—1

L{EDeF(t) = s“F(s) =) s 1B0O) for n—1<a<n.
k=0

Remark 9. We note that the Laplace transform of the Riemann-Liouville derivative
results that have initial conditions that include the limit values of the RL derivative at
t =0, can cause problems in physical interpretation. In contrast, the Laplace transform
of the Caputo derivative results with any initial values of the classical integer derivative
have a known physical interpretation (for example, f(0) is the initial position, f'(0) is

the initial velocity and f"(0) is the initial acceleration).

Property 7 (Leibniz rule). Let both f(t) and g(t) and its derivatives be continuous
in [a,t] and o € R, such that n — 1 < o < n € N. Then, the Leibniz rule [05, 59] is
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given by

Dy (f(t)g(t)) = ( Z ) (D Ff(1)) g®(t)  for RL derivative and

CDF(f(Dg(1) =) ( ) ) (DF*f(2) -

=AW > o (V000 0).

for Caputo derivative.

Property 8. Let « € R, n—1 < a < n € N. The relation between Riemann-

Liowville and Caputo derivatives [59] is given by

—_

3

6 Df(t) =0 D*f(t) — O mf(k)(o)-

i

Example 4. Fora >0, n—1<a<mn,

B >mn—1, let us calculate the fractional
derivatives of the function f(t) = t°.

Case 1. For Riemann-Leouville derivative, we have:

1 dn t
el B t— n—a—ld '
F(n—a)dt”/o wi(t =) "

Let u =vt, — du = tdv, then

0D’ =

1 t dr
Datﬂ - - 1 — p)—— 1 B Bl a—l—ﬁd
0 I'(n—«a) /0 (1=v) dtn v

By applying .
d_tx T+ PAn

-\ 2
dtm F'(A—n+1) ’ (3.25)
we have
1 Tn—a+B8+1) 4, [ Cae
Do’ = e 1 — )" WP,
: R r Bt Gl UROB

From the definition of beta function (3.3), gives

ayfB F(ﬁ_'_l)
A Y
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Case 2. For Caputo derivative, we have:
Cpogp L / et (s (3.26)
0 L(n—a) dtm ‘ ‘

Using Equation (3.25), equation (3.26) yields

1 tT(B+1) _ )Ly Be gy,
)/0 I (t —u) du.

C oy _
D%t” =
0 I'(n—« f—a+1)

— du = tdv, then

C nayf 1 F(6+1) B—a ! o n—a—1, f—n
o Dt _F(n—a)f‘(ﬁ—a—l—l)t /0(1 v) v” " dw.

Let u = vt,

Applying the definition of beta function in equation (3.3) gives

C oy _ F(B+1) B—a
o D% 7F(ﬁ—a—|—1)t '

D(t)

Figure 3.2: Caputo fractional derivatives of f(t) = ¢ for different values of order «.

Definition 9. For f € H'(a,b), with b > a,a € [0,1], then the Caputo-Fabrizo

fractional order derivative is defined as
(3.27)

pi(s0) = 74 [ py e[ - af=2]a
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where M(«) is a normalization function such that M(1) = M(0) =1 [73]. Moreover,

it can be reformulated as

aM(«a)

11—«

Dy (f(t) =

/t(f(t)—f(y))exp[—ozf:ﬂdy for f ¢ H'a,b). (3.28)

a

Remark 10. If 0 = =2 € [0,00),a = € [0, 1], subsequently, Equation (3.28)

+
reduces to:
D (f( / iy }dy, (3.29)
with M(1) = M(oo ) = 1.
Furthermore,
lim % exp [ . t?Ty} — 3y — ). (3.30)

Definition 10. For 0 < a < 1, the integral of fractional order o of a function f is

guven as

/f ds, for t>0. (3.31)

Remark 11. From Equation (3.31), we have

2(1 — «) N 2
2—-—a)M(a) (2—a)M(a)

= 1. (3.32)

That yields M(a) = 52 for 0 < o < 1. In [00], the new Caputo derivative of order
a € 10,1] is given by

D (f( /f eXp t_y}dy (3.33)

1—a

3.3.5 Solution to the special Cauchy problem of Caputo type

In this subsection, we give the solutions of special Cauchy problem that will be useful
in our analytical solutions. We give the details of the Cauchy problem based on work
in [91] for convenience of the reader and easy reference when checking biological sig-

nificance of the model in Chapter 4.

The solution to the Cauchy problem [91]

“Dly(x) — My(z) = g(x), yla)=b, beER (3.34)



Chapter 3. Mathematical preliminaries and definitions

with 0 < a <1 and A € R in terms of a Mittag-leffler function, takes the form,
o) = BEMNE — )]+ [0 = 0" Enalhe = 0 lg(0)
while the solution to the homogeneous problem
“Dyiy(r) — My(x) =0, yla)=b, beR
is given by
y(x) = bE [Nz — a)?], (3.35)

where a is the lower limit and « is the order of fractional derivative. Thus, for a
special case corresponding to the integer order derivative when o = 1, Equation (3.35)

becomes
y(z) = heME=a)®
In particular, the Cauchy problem
°Diyy(x) = My(a) = glx), yla) =b, bER
has the solution given in terms of a Mittag-leffler function as
A —)2]g(t)dr.

y(z) = bEL Az — a)?] + /gg(a; — )2 E

N

1 1
2 27
Similarly, for the homogeneous case when a = %, the solution to the Cauchy problem

°Diy(e) ~ My(x) =0, yla)=b (beR)

is given by
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4. Role of immunotherapy in
tumor-immune interaction:
Perspectives from
fractional-order modelling and

sensitivity analysis

4.1 Introduction

Cancer is a collection of diseases that affect abnormal cell growth and can invade or
spread to other parts of the body. Usually, when cells are damaged or die in any way,
the body releases new cells to replace them by cell division. As this body’s normal
control mechanism stops operating, cells become more and more abnormal, old or
damaged cells survive when they should die, and new cells form when they are not
needed. These extra and abnormal cells may accumulate to form a mass of tissues
called a tumor. Then the tumor grows and spreads to other parts of the body such as
bones, liver, and lungs through the blood or lymph system and form new tumors. This
process is referred to as metastasis. Metastasis of cancer is one of the primary causes
of death from cancer [92]. Cancer is ranked as the second-deadliest disease globally,
with an estimate of 9.6 million deaths in 2018, and most of these deaths occurred in

the low and middle-income countries [1].

The body’s immune system protects the body from diseases and infections caused
by bacteria, viruses, fungi, or any other parasite. Therefore, it is sometimes called
an immune response or effector cells, and some of these, such as Natural killer (NK)
cells and Cytotoxic T lymphocytes (CTL) cells can recognize and kill abnormal cells.
Unfortunately, this may not be enough to effectively fight upon the tumor. Thus,
different researchers are trying to find the therapy that will improve cancer treatment.
Available literature indicates that traditional therapies used to fight cancer are surgery,
radiation, chemotherapy, and immunotherapy. Recently, the immunotherapy has been

successfully used to treat malignant tumors.

Immunotherapy refers to the use of cytokines in combination with adoptive cellular
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Chapter 4. Role of immunotherapy in tumor-immune interaction

immunotherapy (ACI) [14]. ACI refers to the promising method of immunotherapy,
harnesses the cells that largely expanded in vitro and have natural antitumor reactivity
(such as lymphocytes) into tumor-bearing host [15]. Cytokines are small glycoproteins
that bind to cell surface receptors and regulate immune cell development, survival, and
function. Therefore, cytokines have been extensively considered as potential therapeu-

tic agents to manipulate immune responses upon tumor cells.

Interleukin 2 (IL-2) act as the main cytokine responsible for lymphocyte activation,
growth and differentiation [11]. This kind of immunocytes can involve two approaches
[17]. The first approach includes lymphokine-activated killer cells (LAK) therapy:
These cells are extracted in vivo from the peripheral blood leukocytes of patients with
high concentrations of IL-2, later on, LAKSs are injected back into the cancer site. It is
believed that these are mainly natural killer cells[14, 15]. Another approach includes
the infiltrating tumor lymphocytes (ITL); ITLs are removed from a patient’s tumor,
then incubated in large quantities with high concentrations of IL-2 in vitro and com-
prised of activated NK cells and CTL cells, and then returned to the patient to help
immune cells kill cancer cells [14]. Our understanding of IL-2 in lymphocyte regulation

has progressed considerably, providing exciting new directions in cancer immunother-

apy.

Transmission dynamics of epidemics can be modelled mathematically to investigate
disease behavior, severity and stopping mechanism. Differential equation models (of
discrete and continuous type) have been predominantly used in various disciplines of
science to describe the dynamic features of systems. Classical integer-order differential
equation form is helpful for a local dynamic system in which the model cannot replicate
the complexity of the dynamics of the epidemic, as the model seldom has crossover
behavior that cannot be verified by a classical differential operator [06]. Tragically,
most dynamic systems like tumor-immune interaction are not regular perfect and can
be perturbed. So, integer derivatives may not be sufficient to explain the dynamics
of state variables [67]. The representation of Fractional calculus model is an exten-
sion of the ordinary calculus models in such a way that the order of derivatives and
integrals are defined for arbitrary real values. The theory of the Fractional calculus
has been employed to investigate the dynamics of real-world problems in various areas
such as physics, fluid mechanics, finance, and mathematical biology, see for instances
(69, 93, 94, 95, 96]. Caputo and Fabrizio [73], introduced a new derivative with the
fractional-order based on exponential kernel. Furthermore, Atangana and Beleanu in
[71], suggested a new operator with fractional order based upon the Mittag-Leffler
function. All these among other Fractional derivative models have been used success-

ful in modelling various real phenomena.
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The use of fractional calculus in mathematical biology gives a reliable mechanism to
account for memory exhibited by biological and epidemic processes, which ensures bi-
ological meaningfulness in the dynamical system or epidemic modelled. The Caputo
derivative has an advantage of flexibility in handling initial value problems. It is there-
fore reasonable to model the epidemic dynamics using the fractional-order differential
equations of the Caputo-Fabrizio (CF) type [97]. By employing the CF fractional
derivative to epidemic models such as Cancer models, we have wide selection of or-
ders of the fractional derivatives that we can consider, while examining the best order
to describe the dynamics of the system. Consequently, the numerical optimization
method based on the least-squares approaches Adams-Bashforth and Adams-Moulton
methods is applied to examine the order of the fractional operator of the dynamic
system that better explains real data as well as associated parameters. The remaining
sections of this paper are structured as follows: The mathematical model formulation
and analysis including the positivity of the solutions, stability analysis, and existence
and uniqueness of a system of the model solutions using the fractional-order calculus
are presented in Section 2. Then, the numerical methods and simulations are given in

Section 3. Finally, the conclusion is given in Section 4.

4.2 Mathematical Model Formulation and Analysis

Clear understanding of the tumor-immune interaction models is very helpful in inves-
tigating the tumor immunogenicity. The mathematical modelling of the interaction
between tumor and immunity provides an analytical framework to address the compo-
nents of the immune system to play an important role in cancer treatment. Literature
shows that lot of work related to the development of various mathematical descriptions
of the tumor and immune responses. Kuznetson in 1994 [37], introduced a mathemat-
ical model for tumor-immune interactions with the effect of CTL cells response. The

interaction between effector cells E, tumor cells T population presented as follows:

' — y7(1 —bT) — & TE,
ar ( )—a (4.1)

4 — 5+ L5E — ET — i E.

In addition Kirschner and Panetta in [11], introduced immunotherapy with cytokine
interleukin 2 (IL-2) in (4.1) model above to explain short-term tumor oscillations
and long-term tumor recurrence in terms of tumor size. The authors, in [98], used a
fractional-order model to study the cytotoxic T lymphocyte response with long-term
tumor growth behavior and tumor elimination effect. Also, a simple fractional-order

model to describe the dynamics of tumor-immune interactions has been investigated
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in [99]. All these, among other tumor-immune interaction models, have been used

successfully in cancer modelling.

Based on much existing scientific literature about the tumor-immune interaction and
the development of immunotherapy (see: [100, , , , , , 1), herein, we
propose a fractional-order model that describes the tumor-immune dynamics together
with the treatment of Interleukin-2 (IL-2) based on CF derivative type. The model
includes the interactions of the tumor cells, T(t); the effector cells, E(t); and the con-
centration of the IL-2 in the single tumor site compartment, I(t). Then, the following

fractional-order model system governs the interactions of these three populations.

DT =+rT(1 —bT) — e, TE,
DYE =01+ £5FE — oET — i E + £LE, (4.2)

DY = o9+ 25 E — psol,
with initial conditions given as
T(0)=1Ty,>0, E0)=FEy>0 and I(0)=1,>0, (4.3)

where Df' represents the Caputo fractional derivative of order 0 < o < 1, defined as

DEf = e [ =9 s

The new coefficients r, b, ¢y, o1, p, 2, 41, B, 02, 0, us are the generalized parameters whose
dimension units are chosen in such way to keep the dimensional homogeneity of the
model’s equation. For o« = 1 these parameters are the classical ones. The first equa-
tion of the model system (4.2) describes the rate of change of the tumor cells which
follow the logistic growth in the absence of the immune response with the intrinsic
growth rate, » and, the carrying capacity of the biological environment for tumor,
b=!. The final term of the first equation represents the elimination of the tumor cells

due to interaction with tumor-specific effector cells, which obey the law of mass action.

The second equation describes the rate of change in the effector cells, where the first
term represents the source of the immune effector cells, o1, since the effector immune
cells are present in the human body even in the absence of a particular threat[L04].
The presence of tumor cells stimulates the production of new immune cells, and these
immune cells are recruited to the tumor’s location. However, the rate at which the
human body produces these cells is limited. We then have a positive rate-limiting

recruitment rate in the effector cells equation that is modelled by Michaelis-Menten
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factor to specify the saturated effect of the immune response, as shown in the second
term of the equation[93]. The effector cells can kill tumor cells in one of two ways: by
using a protein called perforin to destroy the tumor cell membrane, or by triggering
apoptosis (programmed cell death) through another protein called Fas and Fas Ligand
(FasL). Due to the limited amount of protein produced by causal cells, each interac-
tion reduces their ability to kill[104]. Therefore, we introduce a negative inactivation
term into the effector cells, as represented in the third term of the final equation. In
contrast, the fourth term, py £, models the natural decay of the effector cells. The
last term shows that the effector cells are also stimulated by IL-2 in an autocrine and

paracrine manner.

The third equation gives the rate of change in IL-2 concentration. Its source is effector
cells, stimulated by interaction with tumor, and has Michaelis-Menten dynamics to
explain the self-limiting production of IL-2. pus/ models the natural decay of IL-2
concentration, and o is a treatment term representing the external input of IL-2 into
the system. All the parameters of the system (4.2) are considered positive, and their

details are summarized in Table 5.1.

Parameter Description

r tumor intrinsic growth rate

b Reciprocal carrying capacity of the tumor cells

c1 Fractional tumor cells killed by effector cells

o1 Constant external source of effector cells

P Maximum rate of effector cell proliferation by tumor cells

s Half saturation constant of the effector cells recruitment

Co Effector cells inactivation rate by tumor cells

41 Death rate of effector cells

15} Maximum effector cells recruitment rate by IL-2

h Steepness coefficient of the effector cells proliferation by IL-2

09 Constant external source of I1L-2

) Production rate of IL-2 due to tumor-immune interaction
Half saturation constant of the IL-2 due to tumor-immune cells competition

[Lo Decay rate of the IL-2

Table 4.1: Description of the Cancer fractional-order model parameters.

4.2.1 Non-negative Solutions and Boundedness

In this section, we prove the non-negativity of the solutions in such a way that the
system of fractional order differential equations (4.2) is mathematically well-defined

and biologically meaningful.
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Lemma 1 (Generalized Mean Value Theorem [107]). Suppose that f(t) € Cla,b] and
Dgf(t) € Cla,b] fora < a <1, then

) = @)+ 5o DO —a)"
where 0 < ¢ < t,Vt € (a,b].

Remark 12. [107] Let the function f(t) be a—differentiable on (a,b), then it follows
that:

o if DYf(t) <0,Vt € (a,b) then f(t) is decreasing on (a,b),
o if DYf(t) > 0,Vt € (a,b) then f(t) is increasing on (a,b),
o and, if DY f(t) = 0,Vt € (a,b) then f(t) is constant on (a,b).

Theorem 5. For allt € (0,00), the solutions of the state variables of model systems

(4.2) whose initial conditions are non-negative are positive.
Proof. To prove the Theorem 5, we ought to show that the domain

Q={(T,E,I)eR*:T(t) >0,E(t) >0,I(t) > 0} is positive invariant region. Then,

on the hyperplanes of region €2 we have

DOT(t)]r—o = 0,
DtaE(t)‘E:o = 01 Z 0,

oT
DY ()| 7—g = ——F >0
2 I(t)|r=0 02+9+T >0,

If {T°(0), £(0),1(0)} € Q, according to Lemma 1 and Remark 12, the solution (T(t),
E(t), I(t)) can not escape from the hyperplanes 2.

Thus, the solutions of the fractional-order model (4.2) are non-negative if the initial

conditions are non-negative for all t > 0. O

Theorem 6. All the solutions of fractional order systems (4.2), which start in, R3

are uniformly bounded.
Proof. From the first equation of the model (4.2), we have
D{T + ¢ TE =T — rbT?. (4.4)
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Let m = min E(t), and f(T) = rT — rbT?, from Equation (4.4) we form the Cauchy

>0
problem as

DT + meT < f(T). (4.5)

Since, the maximum value of f(7') = ;7. Then, the inequality above can be written as

r

DT 4 meT < 4b

(4.6)

Let us consider the initial condition T'(0) = Tp, then the solution to (4.6), in terms of

Mittag-Leffler function (see Lemma 3.2 [108]) is [91]

T(t) < ToEL[—meit] + éf_b/o (t — 8)* ' Eyo[—mei(t — 5)*]ds (4.7)
Since, [109]

t
/ (t = 8)* B o [—mer (t — )%)ds = £ En o1 [—mest®] (4.8)
0

Then, the solution (4.7) can be written as

r

T(t) < TyEal-mart®] + -

taEa7a+1 [—mclta] (49)

Ast — oo, Ea[_mCﬂfa] —0 and Ea,a+1[_mclta] — v [ ]

mcy

,
=T(t) < .
()_4bmcg

Similarly, for the second equations of the model system (4.2),

up =p, up T T = M
tefo,oc] \S + T te[0,00] h+1

then, we have a Cauchy problem given by

DYE <oy — (can+p —p— P)E, (4.10)

where n = 1}1>1£1 T(t). Let k = (can + p1 — p — B), then, the solution of (4.10) can be
given as

E(t) < EOEOc[_K’ta] + Ultanz,a—l—l[_ta] (411)
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01
= FB(t) < —.
() <~

Employing similar techniques, the Cauchy problem for the last equation of the model

system (4.2), is given as

DT < 09+ 0F — ol (4.12)

09K + 01

= I(t) <
(t) on

Therefore, for the positive initial condition, the corresponding solutions of the model

system (4.2) are bounded in their maximal interval for all ¢ € (0, 00). O

4.2.2 Equilibria and Stability Analysis.

To understand the dynamics of the model system (4.2), firstly, we obtain the equi-
librium points of the system. The steady states of the model system (4.2), are the
intersections of the nullclines such that DT = 0, D ' = 0 and D*I = 0. Then from

rT(1—-0T)—cTE=0, =T=0andr(1—-bT)—cE=0

Tumor free equilibrium point

By considering T" = 0, and substitute to the rest of the zeros of the equations in the

model system (4.2), yields the tumor free equilibrium point given as

huooy + 0109 02
50 = O, y
pa(peh + 09) — Boy’ iy

In which the tumor free equilibrium point & exist if (ush + o2)p1 > foo

Theorem 7. The tumor free equilibrium point, & of the model system (4.2) exist and
15 locally asymptotically stable if the following conditions hold:

Cl(ILLQ(Tlh + 0'10'2)
i (p2h + o2) — Boy

pa(ph + 09) > o, and r <

Proof. To study the stability of the equilibrium point &), we consider the Jacobian

matrix of the model system (4.2) at & as follows

B . C1(;L20’1h+a'10'2) 0 O
p1(p2htoz)—Bo2

J(f/’ ) _ | (hugoito102)(p—c2s)  _ pa(hpetoz)—Bos Bhu3o
0 s(hpipe—(B—p1)o2) huz+o2 (hpztoz)(hpipa—o2(B—p1))
d(hpzo1+0102) 0 — 4o

L g(hpipe—o2(B—p1))
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This yield to the eigenvectors

h h —
A =7 — c1(peo1h + o109) 7 )\QI—MI( o + 09) 5027 and M\ = —p
p1(p2h + 03) — Boy hpiy + o2
Since, \3 = —p < 0, then directly we can show that, the equilibrium point & is

asymptotically stable if

Cl(,LLQO'lh -+ 0'10'2>
p1(p2h + 02) — Boy

p(ph + 09) > Boy, and r <

Theorem 8. The coezisting equilibrium of model system (4.2), exists under the con-

dition that:

E* < L, (c109 — 61)% + 4dcydoyr(1 + bg) < 0,
C1

tion (4.15) above is satisfied.

Proof. On the other hand, if T' # 0, the steady states are obtained by solving the

value of T" from
r(1—0T)—cE=0

and the rest of the equations in the model (4.2). Then, yield to the coexistence

equilibrium point given as

£ = (T* E* I
such that
T" =k — ks where ky = % and ky = %, (4.13)
I — o9ks + 0rE* — cio2E* — ¢;0E* where ks — (1 + b) (4.14)

po (ks — c1 E*)

By substituting equations (4.13) and (4.14) into the second equation of model (4.2)

and simplify we obtain the following polynomial in E*.

CL5E*5 + 6L4E*4 + CL3E*3 —f- CLQE*2 + alE* —f- ag = O (415)
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where

ag = — hk\kspzoy — hkspasoy — kiksooy — kzsoioo
ay = — Bkiksoy — Bkasoy + cihkyjipoy + cihjiasoy + cikio109 + 150109 + cahkTkspis
+ cohkikspos + CQk%kgO'Q + cokrkssog — Okiroy — drsoy + hkikspq o — hkikspsp
+ hkgkspiooy + hksgpipios + kikspiog — kikspoy + kaksoiog + kspuisoa
ay =Pc1ki09 + feisoy — Bokyr — Bors + Bkokzos — clcghk%,ug — c1cohkypios — 0102]{3%0'2
+ c10k101 — c1eak1803 + 10801 — crhkypipin + cihkypiop — cihkapiooy — cihpiypias
+ czékfr — c1kipos + c1k1pog + codkirs — 2cohkykoksps — cohkokspas — 2cok 1 kokso
+ 0k — cokokssog — ¢y sog — dkirp + Okoroy + dugrs — hkokspiypo + hkokspiop
— kokspnog + kokspoy — cikyo0
az =fc10k + Beirds — Berkooy + Bokar — 01025145% — 1090k s + 2c1cohk ke + creahkopins
+ 2c100k 1 kooy + c1eokosoy — 10k + c10k1p — c10kooy — 1018 + crhkapiyjio — crhkapiop
+ crkopy09 — crkopos — 2¢00kikor — codkors + Cghkf%kﬁgﬂg + CQk’%k’gO‘g — Okopyr + Okorp
ay = — Bc10ky + 2¢1¢00k1 kg + c1c90kos — c1c2hk§u2 — 0102/{%02 + c10kopy — c10kop + czdk%r

as = — 0102515%.

We observe that as and a( are always negative (i.e a5 < 0,49 < 0). By applying the
Descartes’ rule of signs, we obtain the following conditions on ay, as, as and a4 for the

polynomial Equation (4.15) to have non-trivial positive roots.

1. If a1 < 0,as < 0,a3 < 0,a4 < 0 then there is no change of sign, so there exist no

positive roots.

2. If a; > 0,a9 < 0,a3 > 0,a4 < 0ora; >0,as <0,a3 <0,as >0o0ra; >0,ay >
0,a3 <0,a4 >0o0ra; >0,as <0,a3 >0,a4 >00ra; <0,as >0,a3 <0,a4 >0

then there is four changes of sign, so there exist four or two or no positive roots.

3. Ifa; > 0,a9 > 0,a3 > 0,a4 > 0o0r a; <0,as >0,a3 >0,as >0o0r a; <0,ay <
0,a3 >0,a4 >0o0ra; <0,as <0,a3 <0,a4 >00ra; >0,as >0,a3 >0,a, <0
ora; < 0,a9 >0,a3 >0,a4 <0ora; <0,a0 <0,a3 >0,a4 <0ora; >0,ay >
0,a3 <0,a4 <0ora; <0,as >0,a3 <0,a4 <0ora; >0,as <0,a3 <0,a4 <0

then there are two changes of sign, so there exist two no positive roots.
From Equation (4.13), we have

T =k — ko™ > 0,

=< —==— 4.16
o (4.16)
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Also, from Equation (4.14), we have

615E*2 — orE* + CIO'QE* — 0'21{33
,LLQ(ClE* — kg)

I = >0 where k3 = r(1+ bg) (4.17)

By considering Equations (4.16) and (5.21a), we get

[LQ(ClE* — k?g) < 0,

=F < 1(1 +bg) and ;0 E* — rE* + c109E* — oor(1 + bg) > 0 (4.18)
C1

Then for all values of E*, we have

16 B2 + (c109 — 07)E* — 09r(1 +bg) > 0 if (cro0 — 67)* + 4c18097(1 + bg) < 0
(4.19)

]

4.2.3 Existence and Uniqueness of a System of Solutions of
Model

Here, we examine the existence and uniqueness of the model system solution. The
Fixed Point Theory is applied to study the existence of the solutions of the model
system (4.2). Using the fractional integral operator proposed by Losada and Nieto

[90], we have

T(t) —T(0) =5 I*{rT(1 —bT) — ,TE},

pT BI
E(t) — E(0) =¢ 1~ = B —ET — W E+-—"-F 4.2
(t) (0) 0 t{0—1+5+T 62 IU“]- +h+[ }7 ( 0)
oT
I(t) — I1(0) =¢ I —FE — uyl}.
() ()Ot{02+g+T pod }
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Follow the notation used in [90], yields
T(t) ~ T(0) =55 O [T (1 - BT(0) — T E (D)}
(2 — ) M(a)

2a t
+ Gt [, AT@0 =T @) - aT @) ds

E(t) — E(0) :% {01 + SZT%)E@) — BE()T(t) — pE(t) + %E(zﬁ)}

2a t —pT(SL') xr)—=¢C X X
+m/o {01+S+T(:L’)E( ) 2E( )T( ) (4.21)

BI(x)
h+ I(x)E(x)} d

10~ 10) =g o { v+ S B0 — il ()}

ooy {7 g P — )} e

—uE(z) +

For simplicity, (4.21) can be written as

K8, T) =rT(t)(1 — bT(t)) — e, T()E(t),

pI(t)

K (t, E) =01 + - ") - BT - wE® + N0

(t)

)

E(t), (4.22)

+T
Kalt, ) =02 + T

Lemma 2. The kernels Ky, Ko and K3 satisfy the Lipschitz conditions and contrac-
tion, if the inequalities

0 S ¥1, Y2, P3 < 17

holds, where

pT pL
01 =(r+rbm+cin), oo (S+T+cl7'+,u+h+ >, and 3 = iy

Proof. First, we start with kernel K;. Let consider T'(t) and T*(t) are two functions,

we have

Ki(t,T) — Ki(t, T%) =rT(t) — rbT2(t) — e T(H) E(t) — <rT*(t) T () — e T (t)E(t))
1K (8, T) — K (¢, T)[| = || (T(¢) = T7(¢)) — rb(T'(t) + 17(2)) (T'(t) — T™(¢))
—aE@) (T() —T7())|
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By using the triangular inequality, we get

13 (8, T) = K (@ T <[l (T @) =T @)+ Irb(T() + ) (T(@) = T()) |
HlaE@T ) =T(1)

= [[K1 (8, T) = Ky (8, T < (r 4 rbm + ean)|[(T(8) = T (1)) |

Considering that ¢y = (r + rbm + ¢in), where n = max |E(t)] and m = max | T(t) +

T*(t)|| are bounded functions, then
= [[K1 (8, T) = Ko (8, T <eu||(T(1) = ()]

Hence, the kernel K satisfies the Lipschitz condition and the contraction with 0 <
(r+b+can+ ¢ +m) < 1. Similarly, the remaining kernels meet the criteria for

Lipschitz condition, and can be expressed as follows:

|Kalt, B) — Ko(t, V)| <ol {E(t) — E*(1)}]
1Kt 1) — Kot )| <gall {I() — I ()}

where
T L
Y2 = (—sir +aT 4+ p+ —h/ii-b) and 3 = 2
such that 7 = max ||T'(¢)|| and ¢« = max ||1(t)|| O
>0 >0

Taking into account the kernels in (4.22), the system of equations (4.21) becomes

)
T(t) =1T(0) (2_Q)M(Q>K1(t,T)+ 2_& /K1 (x,T)d
2(1 — «)
E(t) E(O)+(2_Q)M(Q>K2(t,E)+ 2_a /K2 z, E)d (4.23)
2(1 — )
I(t) I(O>+(2_Q)M(Q)K3(t=l>+ o) /Kgxl

Then, we define the following recursive formulas

2(1 —a)
Tn(t> mKl<taTn—l) 2 _ O[ / Kl l’ Tn 1
__2(-aqa)
_ 2i-a) "
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with initial conditions as
To(t) =T(0), Eo(t)=FE(0), and Iy(0)=1I(0).
In these cases, we present the differences between the successive terms as follows:

bin =T (t) = T (1)

21 -a) B
(2 a)M(a) )
2c0 t
b g [t 1)~ Kt T,
w2n :En(t) - Enfl(t)
21 -a)
@) [Ks(t, Boet) — Ka(t, Enss))]
2x t
b s [t B — Kot B
an :[n(t) - n—l(t)
21 -a) B
- ) ) "
2x t
+ W/{) [Ks(w, I 1) — Ks(z, I 2)|dz.

It is essential to note that

)= vu, Bt szl, and  I,( Zw& (4.26)
=0

By applying a step-by-step approach, we get

[l =T () = Toa (D)

_ —q)
_ Hm[m (£, Tor) — Ko(t, o))
2a t
+m/o [Ky(z, Th-1) — Ki(2,T,,—2)]dx ' (4.27)
Applying Triangular inequality, Equation (4.27) reduced to:
2(1 — «)
%1l Sm [[E (8, Thr) — K (t, T2
2cv t
+ m /0 [Kl(l‘,Tn_l) — KI(JI,Tn_Q)]dZL'
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Accepting the fact that the kernels satisfy the Lipschitz condition, we obtain:

2(1 — O./) B 20 t B .

[l < 2= a)M(a) a)M(a)¢1 [Tn-1 = Tha|| + 2= a)M(a) /0 1| Ty — Toal| d
2(1 — Oz) 2a ¢ . .

Wl € Gt I (0] + r—asies [ 61 (@)l d

(4.29)

Similarly, we obtain:

2(1 — ) 20 t

= [[Yan ]| < m% [¢han—1 ()] + 2= o) M(a) /0 92 |2n-1(2)[| dz (4.30)
2(1 — «) 20 ¢ M da

> Wl € st a0 + s [ dall@lde (430

Theorem 9. The fractional-order model has a solution if we can determine ty in the

manner that

2l—a) 2
2-aM@” T 2w

(bit[) < 17 i€ {17273}

Proof. In this regard, we consider that the state variables T(t), E(t), and I(t) are
bounded, and the kernel fulfills the Lipschitz condition. From the results of Equations
(4.29), (4.30) and (4.31) we utilize the recursive techniques we have the following

relation as follows:

[ 21 —a) 2 1"
b < IO [ 0y + =gy e]
megmmn@f;ﬁ@> (—3&mﬁm_’ (4.32)
[ 2(1 —«) 20 1"
ol < 110)) [ 2t 4 2 o]

Now, we ought to show that the functions in (4.32) are the system of solutions asso-

ciated with the model system (4.2), we suppose that

T(t) — T(0) = Tp(t) — U,
E(t) — E(0) = Eo(t) -V,
I(t) — I(0) = L(t) — W,

3 3
—~
~ <+
~— ~—

(4.33)

3

—~
<~
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Therefore, we have

201 =) B
001 = | G K0, T) — K (6T
2c t
e ey /O K (2, Tp) — K (x, Ty_y)]de
2(1-a)
m I[K (¢, Tn) — K(¢t, Ton)]|
b [T - K T de
2(1 — «) 2
< W¢l | Tn — Tl + m@ 1T — Tl t
By employing the recursive technique, it results in
— (6% ntl
00 < (G ity * ) AT 6

Taking the limit on Equation (4.34) as n tends to infinity, yields

[Un(®)]| — 0
Similarly, we get
Va(®)[] — 0
Wa(@)]| — 0
Hence, existence is satisfied. O

Theorem 10. The model system of equations (4.2) has a unique system of solutions

if the condition

) 200
(1 : " M(a)aslt) >0, (4.35)

satisfied.

Proof. We assume that there exists another system of solutions of the model system

(4.2), such that Ti(t), E1(t), and I;(t), then.

T(t) — Th(t) %[Kl(taT) — Ky (t,T1)]
2a t
+ e /0 Ky (2, T) — Ky (z, T))]de (4.36)
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Applying the norm on Equation (4.36), yield

2(1 — «)
1T(t) — Ta ()| SWH[KN,T) — Ki(t, )|l
2a t
i (2—a)M () /o [[K1(2, T) — Ky(x,T1)]||dz (4.37)

By using the Lipschitz condition of the kernels, we have

70 = B0l < 5 gl = T + oot 76 = T o)
(4.38)
Thus, it becomes
B _ 2(1 — «) 2a
7)o (1- o+ ) <0 (439)

If the condition (4.35) holds, the equality of equation (4.39) only holds when
IT°(t) = T1(t)]| = O

In which case
T(t) =1Ti(t).

Similarly, for the rest of the state variables, we obtain,

which indicates that the solutions of model system (4.2) are unique. ]

4.3 Numerical Method and Simulations

There are several numerical techniques have been proposed to solve the fractional-
order differential equations such as Adomian Decomposition Method, Homotopy De-
composition Method, Adams-Bashforth-Moulton Method, among others. Here we
use the Adams-Bashforth-Moulton (ABM) Method to give the approximate solutions
of the model system (1) based on the predictor-corrector algorithm. Firstly, we set
h = %, tp, =nhandn=0,1,2,...N € Z* [110, 111]. Then model system (4.2) can

be discretized as follows.
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The corrector values

«

Thi1 =T + m (TT7€+1(1 bT5+1> Tn+1En+1>
h® i
+ a7 & Bt (11 =) — a3 E).
j=0

h* PTnH I£+1
Eny1 =FEy + m (U + +—T£’+1E’€+1 el (T — pEL,  + h—]gHEiﬂ

R oT; BI;
e —— in E; — BT — pk; E;
+F(a+2)§%, +1(U+5+T’ — C2 H +h 7

J

he oT?
I, =1 _ oIP __ndl pp
! °+rm+a>0“ w1 T +ﬂﬁ1"“>

h* oT;
+mzx3n+l (02 NQI + —i—TE)
where

1 n
Ton=To+ m Zyj,nﬂ (rT;(1 = 0T;) — o1 T} Ej)

rT; BI;
Ep=Eo+ o) ;%n+1(0+ +%Ej—02Ej73—MEj+h IE)

1 0T}
P _
I =1+ E Yjin+1 (02 pod; + Gy E; )

are the predictor values, such that

n*tt —(n—a)(n+1), ifj=0,
Tinp1 = (n—j+2)*T + (n—7)* =2(n—j+ 1), if1<j<n,
1, ifj=n+1

and
«

yj,n+1:E((”—j+1)a—(”—j)a)a 0<j7<n.

where p is the order of accuracy such that p = min(2,1+ «) [I11].

4.3.1 Simulation Results and Discussion

In this section, we present the numerical simulations for model (4.2) to demonstrate
the long term dynamics of our results. Our numerical simulations have been executed
using the Adams-Bashforth-Moulton (ABM) method, based on the Predictor-corrector

PECE scheme to the initial value problem [110]. The computational cost of our simu-
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Parameter Range Value Source
r [0.05 - 0.5] 0.18 [37]
b [1x 10° — 5 x 107 2x107° [37]
c1 [1x1072 —=5x 1077 1.101 x 10" [37]
p [0 —2.5] 0.1245 [37]
s 2.02x7 [37]
Co [1x10712-5x 1077 3.42x 10719  [37]
{1 [0.01 — 0.1] 0.06
o] [0.0 — 0.5] 0.1245 [14]
h 2 x 107 [14]
) [0 — 10] 5 [14]

1 x 103 [14]
H2 10 [11]

Table 4.2: Parameter values used

lation (given the 700 points over which the solution is computed) is kept proportional
to, 700l0g(700)? instead of, what would have been 700? in the classical implementation.
Interested readers may refer to [112] for more details about the stability properties of
the computational procedure used, [111] concerning convergence and accuracy, and
[93] for a guide to discretizing the FDE system. We fix the initial conditions as
T(0) = 250 x 10%, £(0) = 3.0 x 10° and 1(0) = 1500 together with the values of the

parameters used in Table 4.2.

Thus, compared to immune cell populations, we can study systems with large tumor
cells. Before examining the therapeutic effect of both ACI and I1-2 on tumor-immune
interaction, we obtain the numerical simulation of the tumor growth together with
ACT or IL-2 response alone, to determine whether ACI or IL-2 responses are strong

enough to fight cancer cells alone as shown in Figure 4.1.

In understanding the treatment effect of ACI alone, we consider the case when oy = 0,
when the model system (4.2) has a non-tumor realistic equilibrium point (0, /%, 0),
which indicates that the existence of effector cells alone can clear the tumor if this

steady state is stable. By examining the eigenvalues, we have a locally stable steady

TH1

£+ in which the case, for the parameter values given in Table 4.2,

state if o7 >
op > 9.8093x* and tumor remains and unstable otherwise as shown in Figure 4.1.
Therefore, as ACI treatment increase, the tumor can be cleared. Furthermore, in the
absence of ACI treatment (o7 = 0), we always have an unstable steady state <0, 0, %)
This implies that administering IL-2 treatment alone may not clear the tumor cells.
However, large amounts of IL-2 treatment administered can lead to tumor clearance
and uncontrolled growth of effector cells, as explained by [14]. This unlimited develop-

ment of the immune system can lead to the harmful side effects seen in cancer patients

49



Chapter 4. Role of immunotherapy in tumor-immune interaction

(a) . o, = 8000
x10
25 T
—r=1
---7=209
Gl [ 7=0.8] |
)
T’ E
(3
]
£
3
|—
0
0 100 200 300 400 500 600 700
Time (days)
(c) \ o, = 40000
%10
25
—r=1
---7=209
o N 7=08|]
[}
15 1
O
6
£
3 1 q
|—
300 400 500 600 700
Time (days)
(e) \ o, = 88066
%10
25 T
—r=1
---r=09
G T 7=0.8]]

Tumor cells

300 400 500 600 700
Time (days)

(b)

—7=0.99, 5, = 8000

x108
4
35
2 3
]
o 25
)
£ 2
5
Fs
1
3
) 2
x108
1 %108
Effector cells) 0o IL-2
—_—=0.99, o, = 40000
%108
4
35
°
3 8
0
= 25
g
£ 2
'_
15
y
3
2 25
x10 15
1 %108
Effector cells) 0 0 L2
—_—=0.99, 7, = 88066
%108
5
wi
]
0
= 3
o
£
22
1

2
%108

1

Effector cells) 0 0 T L2

Figure 4.1: Numerical simulation and phase diagram of fractional-order model (4.2),
without IL-2 treatment (o9 = 0) for different values of ACI treatment term (o) with
order a = 1,0.9,0.99, 0.8, to show time series plot of the tumor cells
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Figure 4.2: Numerical simulation and phase diagram of fractional-order model (4.2),
where both ACI (0; = 8040) and IL-2 (0 = 1000) treatment involved for a =
1,0.9,0.99,0.8.

receiving immunotherapy [14].

Figure 4.2 shows that when both ACI and IL-2 treatments are involved, the tumor-free
equilibrium is locally stable as stated in Theorem 7, such that oy < 1.8605 x 10® using
the parameters values in Table 4.2. The combination of ACI and IL-2 treatment can

provide the combined effect of monotherapy derived.

4.3.2 Sensitivity analysis

In order to check how changes in all parameters affect the model results, we perform
sensitivity analysis by calculating partial rank correlation coefficients (PRCC), and
each Latin Hypercube Sample (LHS) performs a total of 1000 simulations on the

parameters [113].
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Chapter 4. Role of immunotherapy in tumor-immune interaction

A uniform distribution was chosen for each of the parameters when performing pa-
rameters sampling. If the absolute value of the PRCC is larger, the influence of the
parameter in the model variable is greater. The sign of PRCC indicates how the model
variable of interest is qualitatively related to each model parameter. It is assumed that
if the p-value is greater than 0.01 (p — value > 0.01), then the parameter in a given
model variable not significant. Figure 4.3, shows the sensitivity analysis of parame-
ters in tumor cells, effector cells, and IL-2 over the continuous-time period, where the
Partial Rank Correlation Coefficients (PRCCs) calculated between each of the varied

input parameters are presented in Tables 4.3, 4.5, and 4.4.

It can be seen from plot Figure 4.3a and Table 4.3, that the parameters r, b, c1, p, ¢2, h, 6
and oy are sensitive to the growth of tumor cells at continuously time. In such a way
that, the parameters b, ¢;, and h have a negative PRCC, while ¢, d, and o5 have a pos-
itive correlation and r and d have both positive and negative associations with tumor
cells. This means that increasing inactivation rates of effector cells (¢q), production
rate of IL-2 due to tumor-immune interaction (¢), and constant external source of IL-2
(02) leads to an increase in tumor cells (and vice versa). In addition, increasing b, c1,
and h leads to a decrease in tumor cells (and vice versa). The effect of the tumor
intrinsic growth rate, r and the maximum rate of effector cell proliferation by tumor
cells, p varies with respect to the tumor cell population over time, in such a way that
it is strongly negatively correlated in the early stages and then becomes positively
correlated to its steady state as clear observed in Table 4.3. This shows that at the
initial stage of tumor-immune interaction, the increase of r or p leads to a decrease in
the tumor cells population due to the limited resources such as space and nutrients.
On the other hand, the constant external source of effector cells (o1) seems to be not
significant at the initial stage of the interaction then becomes positively significant to
its steady-state. Finally, the parameters uq, g, p2, and oy appear to be both sensitive
and insensitive to tumor cells continuously over time. Consequently, o7 is insensitive
at the starting point and then becomes sensitive as time goes by, while p; is sensitive
then becomes insensitive, and parameters g and p, are sensitive at time t= 10 days
and t=700 days, also insensitive at t=400 days as shown in Table 4.3. From Figure
4.3b and Table 4.5, we observe that the parameters r, b, cq,co, 3,9 and o; are more
sensitive to the effector cells over continuous time, such that gradual increase of b and
o1 leads to the increases of effector cells population while increasing ¢, 5 and g results
in the decrease of the effector cells (and vice versa). Eventually, the parameters p, s, h,
and ps look to be both sensitive and insensitive to effector cells continuously over time,
whereby parameters s and h are insensitive at the starting point and then becomes
sensitive as time goes by, while p and puy are sensitive at t=10 days, then becomes

insensitive as time progress. Moreover, the parameters p, h,d and oy observed to be
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Figure 4.3: Sensitivity analysis of parameters to tumor cells (T), Effector cells (E) and
cytokines interleukin 2 (IL-2).
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more sensitive in such that § and o5 have a positive correlation while p and h are both

positively and negatively correlated with IL-2 as shown in Figure 6.11 and Table 4.4.

4.4 Conclusion

In this paper, we examined the fractional-order model for tumor-immune interaction,
together with the treatment of cytokines interleukin 2 (IL-2). Essential properties of
the model such as non-negativing and boundedness of the solutions are proved, to
ensure that the model is well-posed. The existence and uniqueness of the solution for
tumor-immune interaction fractional-order model were proved in detail using the fixed
point theory. The equilibrium points of the model system were obtained, their exis-
tence and the stability of tumor-free steady-state point investigated. We also used an
iterative method through the Adams-Bashforth-Moulton method based on the PECE
scheme to the initial value problem, to obtain the numerical results of the fractional-
order model system (4.2). Furthermore, we carried out a PRCC sensitivity analysis
on tumor cells to determine which parameters become more significant as the number
of tumor cells changes. Identifying these parameters can improve treatment design
strategies for specific factors that can prevent immune surveillance of tumors. Results
show that the parameters r,b, ¢y, p, 2, h, 0 and o, are sensitive to the growth of tumor
cells at continuously time. Also, parameters r,b, ¢, co, 3,9 and o, are more sensitive
to the effector cells over continuous time. Additionally, some parameters are both

sensitive and insensitive to the tumor-immune interactions.

The results indicate that in some cases, adoptive cellular immunotherapy alone or a
combination of the adoptive cellular immunotherapy and cytokines interleukin-2 can
achieve satisfactory stable tumor control in such a way that; with little adoptive cel-
lular immunotherapy alone to the system, the situation remains the same as without
any treatment. However, including moderate to high immunotherapy, the tumor can
be cleared. Also, a large amount of IL-2 alone may boost the immune system, which
is powerful enough to kill tumors, but this can lead to pathologic side effects such as
capillary leak syndrome [1 14]. Therefore, it may be a better option to use adoptive cel-
lular immunotherapy as mono therapy or in combination with cytokines interleukin-2
to treat tumors. The model also captures clinically observed but not yet fully under-

stood phenomena of tumor dormancy and sneaking through effect.

Furthermore, the fractional derivatives of Caputo type have a sufficiently large order
of magnitude stabilizing effect and can help in understanding control the effects of
tumor elimination in tumor-immune interactions together with response to IL-2. The

study can be further expanded in the future work to include the effect of normal cells
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on tumor-immune interaction, as well as the effect of immunotherapy combined with

chemotherapy for a better understanding of tumor dynamics and cancer treatment.
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5. Solute dispersion of drug carrier
during magnetic drug targeting
for blood flow through a

microvessel

5.1 Introduction

Cardiovascular disorder is ranked as the second-deadliest disease globally, with an es-
timate of 9.6 million deaths in 2018, and most of these fatalities occurred in the low
and middle-income countries [1]. According to recent statistics, solid tumors account
for 85% of human cancers [115]. The tumor microenvironment comprises physical
parameters that reduce microvascular density, blood, and lymphatic microvessel com-
pression, inadequately structured microvascular architecture, irregular blood flow, and
creates an abnormal structure of the extracellular matrix at the region with elevated
interstitial fluid pressure. All these provide lift to a number of interstitial barriers that

prevent both the convective and diffusive mechanism of drug penetration [25].

Chemotherapy is one of the ways widely used to reduce the size and treating solid
tumors. However, the therapeutic drugs administered intravenously lead to a gen-
eral systemic distribution of chemotherapy drugs, resulting in harmful side effects on
the healthy cells in the body owing to their toxicity and holistic spread throughout
the body organs. In recent decades, various targeting methods have been introduced,
such as polymers, liposomes, hydrogels, and other vehicles to overcome this problem.
However, these vehicles lack an adequate mechanism to deliver high concentrations of

drugs [20].

Magnetic drug delivery method is one of the major processes to target the drug to-
wards the tumor position, and overcoming these insufficiencies provides a controlled
release of a high concentration of drug agents in a selected region of the body with
minimal negative side effects [20]. In this therapy, the carrier particles are loaded with
therapeutic drugs and coated with magnetic nanoparticles, and injected systemically
into the human body. A local magnetic field is placed, outside the body surface near
the tumor position, to capture the loaded carrier particles towards the tumor site. It

is believed that drug-coated magnetic nanoparticles (MNPs) may be more effective
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and fruitful than other traditional drug targeting methods [116]. The growing interest
in magnetic drug targeting is due to current progress in the advancement of carrier
particles that are designed to target a specific region of malignant tissue and affect
local therapy at the tumor site [117, |. One of the challenges of effective magnetic
drug targeting is to use an external magnetic field from an electromagnet to guide
the accumulation of magnetic nanoparticles in the human body and target deeper
tissues. No such experiments have been performed in human patients, but in vitro
tests and simulations have demonstrated the potential of dynamic control to achieve
this goal [119]. Computational fluid dynamics can model and clarify the entire pro-
cess of drug administration and drug delivery from the injection site to absorption
by solid tumors. Mathematical models and numerical simulations are now used in
conjunction with clinical research to clarify our understanding of drug delivery mech-
anisms, improve treatment efficacy, and examine how physiological parameters affect
tumor behavior. Through mathematical modelling, Baxter and Jain [14, 45, 46, 47]
conducted fundamental pioneering researches on drug delivery to study the impact
of various properties of the tumor on drug delivery using the principles of fluid me-
chanics to investigate elevated interstitial fluid pressure, significant interstitial fluid
flow, and concentration. Following the late 1990s, various computational researches
on drug delivery to solid tumors have been presented (see [120), , , , 124]).
All of these, among others, try to explain different key issues related to drug delivery,
such as elevated interstitial fluid pressure in the tumor area, uniform distribution of
drug concentration in tumors and healthy tissues, and drug penetration, as well as

determine the most effective parameters through sensitivity analysis.

Continuing this path, by considering an experimental setup, Ritter et al.[125] devel-
oped a 2D mathematical model for magnetic carrier particles in which they applied
a high gradient magnetic separation (HGMS) principle using FEMLAB simulation on
the magnetic drug targeting. To suit magnetically targeted drug delivery on the near
sites of the body’s edge, Grief and Richardson [19] develop a two-dimensional model
on the magnetic drug targeting. Furlani and Furlani [50] studied a theoretical model
of magnetic drug targeting in microvessels. Shaw et al. [51] and Shaw and Murthy [52]
carried this work forward by taking the Herschel-Bulkley fluid model for blood in both
impermeable and permeable microvessels, respectively. Shamsi et al. [53] considered
simple homogeneous circle geometry to simulate the magnetic nano-drug distribution
on the intraperitoneal solid tumor. They studied the effect of magnetic field intensity,

tumor-magnet distance, and particle size on the penetration of MNP in the tumor site.

To understand and optimize the control of magnetic particles, Cherry and Eaton [5]

studied the magnetic drug targeting in a microvessel considering all forces expected
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to significantly affect the particles, including the interparticle magnetic force, disper-
sion due to collisions between particles and blood cells, and complex viscous force
accounting for the shear-thinning nature of blood. Bose and Banerjee [55] have per-
formed a numerical simulation to study the transport of magnetic carrier particles in
a biomagnetic fluid flow in a stenosed bifurcated artery, taking into account both the
magnetization and the electrical conductivity of the blood. Soltan et al. [56]. studied
the effect of tumor size and shape on interstitial fluid flow, where the capillary network
is replaced by the uniform distribution of the mass source. Recently, Shojaee et al.
[57] investigate the role of the capillary network in magnetic nanoparticle targeting,
where the effect of nanoparticle size, magnetic intensity, and distance from the tumor
in a heterogeneous tumor microenvironment were analyzed. To show that the high
interstitial fluid pressure in the tumor is among the most important barriers to drug
delivery, the effect of the magnetic field on the pressure and the preservation of the
magnetized interstitial fluid is analyzed by Hosseinikhah et al. [58], where the ge-
ometry includes the space porous of healthy tissue and tumor, as well as the parent
vessel as a source and the lymphatic system as a sink modelled on the biology of
the body. The performance of the nanoparticle will be affected by its physiological
properties such as size, shape, stiffness, and surface functionality. The study by Ye,
et al. [59], details the impact of nanoparticles’ size and shape in their “passive” or
“active (subjected to magnetic forces for instance)” transport in the bloodstream, in
the area of drug delivery. Other forces induced by external magnetic fields (such as
magnetic fields) are essential to guide the movement of the particles [60]. In this study,
we investigate the capture conditions of carrier particles and the effective longitudinal
dispersion of drug carrier in microvessel. We have considered a magnetic drug carrier
in line with blood, incorporating the effects of magnetic particles on fluid properties.
We also assume that the blood vessel is porous, and therefore the velocity at the wall
is the slip velocity. Solving fluid flow and solute transport equations simultaneously,
the influence of the model biological parameters such as volume fraction of nanopar-
ticles, magnetization, tumor-magnetic distance, the permeability of capillary, Peclet
number, drug elimination, source term and radius of nanoparticle on the dispersion of
drug-coated nanoparticles in microvessel are also discussed. The simulations from this
study are interesting and meaningful to provide a way to deepen our understanding of

the physics behind the characteristics of blood flow from a microscopic perspective.

5.2 Governing equations

In this study, we investigate the distribution of spherical carrier particle transport
in the process of magnetic drug targeting in the microvascular system to the tumor

site. The carrier particle consists of several spherical magnetic nanoparticles with non-
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magnetic cores made up of therapeutic agents. The equations governing intravascular
blood flow, interstitial flow, the magnetic force created velocity, and solute transport

are proposed. Figs. 1.2 and Fig. 5.1 shows the general overview of the problem.

&
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» <
o ° ([ ]
° o
[ ]

Figure 5.1: The schematic geometry shows Physical model of magnetic targeting and
reference frame.

5.2.1 Fluid velocity

We assume that the blood along with the drug carrier flow is axially symmetric, lam-
inar, steady, incompressible through a porous medium within a cylindrical vessel of
radius R under the influence of a transverse magnetic field perpendicular to flow direc-
tion. Furthermore, the induced magnetic field is assumed to be negligible compared to
the applied magnetic field, and hence the blood flow is affected by its electric conduc-
tivity only [120, |. The flow in the artery is governed by a cylindrical coordinate
system (r, 0, z) whose origin is located on the vessel axis, such that the z—axis is taken
along the axis of the artery while r is taken along the radial direction. Since the
flow is considered to be axisymmetric, the effect of angle, 6 is ignored. Holding these

assumptions, the momentum equations governing the flow is given by [127]:

5 (52) - osta (5.1

Q
]
S =

77

where u; is the axial velocity of the flow, i is the viscosity of the fluid, o is the electric
conductivity, By is the strength of applied magnetic field and p is the pressure of the

fluid. Due to the mathematical properties of blood, a plasma layer or a low hematocrit
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region forms near the wall of the cylindrical vessel, and a high concentration layer of red
blood cells develops near the central axis of the cylindrical vessel. The presence of the
cell-depleted wall significantly reduces the apparent viscosity. The apparent viscosity
of the blood depends on the diameter of the vessel and the hematocrit, experimentally

validated by the following theoretical formula [128, , , .

1+ (po4s — 1) ((11__;{11)5);__11 <D ?1.1)2] 8 (D ?1-1)27

K =Uplasma

where

Lo.45 = 66 00D 1 3.9 2 4470060 " anq

C = (08472977 <—1 + !

1+ 10—11.D12) Ty

such that p is the apparent blood viscosity, fipiasma 1S the blood plasma viscosity, f1.45
is the relative apparent viscosity of the blood for fixed discharge hematocrit of 45%,

D is the vessel diameter in micrometers and Hp is the discharge hematocrit of 39%.

Using dimensionless variables

_r _ D U _ Huo 2, OBR?
T—E, p—;@, Ui—u—o, Z—WZ, and m —T,
The governing flow equation (5.1), becomes:
— = —— — . 5.2
0z T@T(Tar) e (5:2)

The above-formulated model equation corresponds to the following boundary condi-
tions:

u; = us (slip velocity constant ) at » = 1, and

(5.3)
u; = finite at r = 0.

Solving Equation (5.2) using the boundary condition (5.3), we obtain the axial velocity
of the fluid flow as

1 0p
=41 - = 4
u; = Crlo(mr) ol (5.4)
with Lo
s + _2_p
Cl — u m az’
Io(m)
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where [ is the modified Bessel function of the first kind.

The corresponding instant flow rate, () is calculated as

1
Q= 27r/ w;(r, 2)rdr,
0

implies
_ 2rnCiIi(m) 7w Op (5.5)

m  m?dz
where [; is the modified Bessel function of the first kind.

In the present analysis, the microvessel wall is permeable but non-absorbent for solutes
so that nanoparticles easily pass through the permeable wall [131]. On account of the
permeability of the wall, the flows laterally across the vessel fenestration [132]. The
lateral flux across the permeable wall affects the mean velocity of the flow, which de-
creases along the channel [1106, |. By considering the aforementioned assumptions,
the mass continuity equation can be written as

oQ

5 + VoA, =0, (5.6)

where @) is the flow rate, and V,\, denotes the volume flow rate along the permeable
wall per unit length, such that A\, = 27 R is the perimeter of the permeable microvessel.

Using the Darcy’s law the perfusing velocity, V,, can be given as
Vo =—Ly(mi—p); Lp=— (5.7)

with L, is the vascular hydraulic conductivity that is given in terms of thickness 0,
permeability of the microvessel wall k, and the effective viscosity of the fluid u, the
interstitial fluid pressure m;, and the local mean value of the vascular pressure p.
Substituting Equation (5.7) in (5.6) and expressing the flow rate Q as the function of

pressure p, yields
TR2 0%p

Cum? 022

— Ly(m — p)A, = 0. (5.8)

We apply the following non-dimensional parameters

D Ly
L and let I'=m M,
T s

p:

to the Equation (5.8) and written the equation to a non-dimensional form

82
a—ZZJrF?(l —p)=o0. (5.9)
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where I' is the permeability parameter of the capillary wall. The pressure distribution
equation along the channel obtained by solving Equation (5.9), under the boundary
conditions of p(0) = py (inlet pressure) and p(1) = p; (outlet pressure) as
1—e2l)+ (po—1)—( 71)eF el'z
p(z) _ ( ) (p1_82r P1 )

+((p1=1)e" —(po—1)e eI
1—e2l )

The mean velocity of the fluid, u,, is given by

1
Uq, 9 _ 2/ wi(r, z)rdr =
0

COTR?

m m20z

(5.10)

5.2.2 Magnetic force created velocity

Therapeutic drugs are associated with magnetic nanoparticles, which provide an op-
tion for their control by an external magnetic force. The present physical configuration
is similar to that described in [53, 57], where magnetic nanoparticles and carrier par-
ticles are assumed to be spherical. We assumed that, the N, identical magnetic
nanoparticles embedded in the carrier particle will experience a total of the magnetic
force on the carrier particle that depends on the magnetic field and the field gradient

around it given by [133]

X
Fm = UONmanman—&<Ha-v>Ha>
3

where Vi, = %WCLS is the magnetic nanoparticle volume with radius of the magnetic
nanoparticle a, H, is the applied magnetic field intensity at the center of a carrier
particle, X' is the magnetic susceptibility of magnetic nanoparticles, and pg is the
permeability of the magnetic particles. We also assume that the susceptibility of the
magnetic particles is much higher than that of the blood, which ensures that the
particles start far enough upstream where the influence of the magnetic field and the
force are negligible, and the distance of the magnet is very large relative to the radius of
the microvessel [133]. Applying the above assumptions, the magnetic force components

in 7 — z plane are given by

d
— 2 4
Fmr = SMONmanmans Rmagm, (511)
Frnz = 3410 Nynp Visup M2 R - (5.12)

where Mg, Ryq4,d, and z are the magnetization of the magnet, the radius of the mag-

net, the tumor-magnetic distance, and the distance of the particle at the z-axis, re-
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spectively. From Equations (5.11) and (5.12), we get the resulting magnetic force

as

1

Fry = 3110 Npnp Vi M2 RS o ———s
oy Frnnp 20 + 223

mag (5.13)
Now, using the magnetic force to the stokes drag force F,,, = (6wan)u., we derive the

magnetic force created velocity u,. as:

. 3,uO]\[mnp‘/;7171117]\432RZ}L 1

mag

12man [d% + 22]%

Ue , (5.14)
where 7 is the dynamic viscosity of the interstitial fluid and a is the radius of the
magnetic nanoparticles. Now, as the carrier particle contains the 3, volume fraction
of magnetic nanoparticles, the total amount of nanoparticles present in the carrier
particle is Nyypp Vinnp 1S Tepresented in terms of a volume fraction, 3,¢V,, of the carrier

particle[133, 116], then the magnetic force created velocity is given as

mag

12man [d? + 22]% '

31080y Vip M2 R 1
_ 3o Vep M, (5.15)

€

5.2.3 Solute Transport

The transport of solutes within the concentric suspension of particles may be aug-
mented by the effects of shear-induced diffuse particle migration[l34]. Since the shear-
induced diffusivity of the fluid elements within the suspension should be similar to
that of the particles, the motion of blood enhance the transport of solutes within the
blood[134]. The solute (drug) transport in porous media governed by convection and
diffusion mechanisms, where the convection term is downing to the product of veloc-
ity and concentration, and the diffusion term derived from the first Fick’s law [57].
Further, assume that both solid particles and fluid phases flow with the same velocity.
The governing advection-diffusion equation is given by
_ _ _ )~
%—?Jrag—f = g% <F%—f) +D687€—X10+X2 (5.16)
where C(Z, 7, z) is the solute concentration, i = u,, +u, is the velocity of the magnetic
nanoparticles which is the sum of interstitial fluid mean velocity w,, and the mag-
netic force created velocity u., and D is the effective diffusion coefficient of magnetic
nanoparticles in the tissues. The term ); in Equation (5.16) describe the drug elimina-
tion from the tissue, and ), is the source term that summing the vascular, lymphatic,

and cellular contributions [53].
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The initial and boundary conditions for solving equation (5.16) are :

C(0,72)=0 at t=0 (5.17a)
C= % =0 for z==4oc0 (5.17b)
oC
r 0 at r=R (5.17¢)
oC
o 0 at r=0 (5.17d)

where the Equation (5.17a) describes the initial condition where it considered that at
time ¢ = 0, there is an absence of the drug-coated magnetic nanoparticles in the do-
main. Open boundary condition is applied to establish mass transport across bound-
aries where both convection flow and outflow can occur and is defined by equation
(5.17b). Furthermore, the impermeability of the salute at the capillary wall together
with the axial symmetry condition is shown by Equations (5.17¢) and (5.17d) respec-
tively [135, 134].

5.3 Solution Procedure

By introducing the following dimensionless variables :

C u tD upR o
Co » Ug ’ R2 ’ ¢ D ’ i ’
M R? Ao R
)\1 = D s and, )\2 = COD .

The governing solute concentration transport Equation (5.16) with conditions (5.17a)-

(5.17d) can be expressed as

together with boundary conditions
C(0,r,z) =0 at t=0, (5.19a)
C = g—f =0 for z=4o0, (5.19b)
%—f =0 at r=1, (5.19¢)
%—S =0 at r=0, (5.19d)
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where Pe is the Peclet number, \; is the drug elimination parameter, and A, is source
term parameter. In this study, we assume that the concentration distribution of solute
transport is uniform along the radial direction (r-axis) and is the function of z and ¢
only, the concentration gradient along the r direction is removed. Therefore, the final

modified mass transport equation is

oC oC 1 9°C

— — =——=a— A A .20
ot T 0z Pe* 022 1Ot e, (5:20)
together with initial and boundary conditions
C=0 for t=0, (5.21a)
C= % =0 for z=4oo, (5.21b)

Finite difference scheme is the most suitable technique for solving nonlinear problems
related to regular geometry [136]. Therefore, the governing solute transport equation
model (5.20) is solved using a finite difference method, adopting a standard implicit
backward time centered space (BTCS) scheme. We implemented a MATLAB code to
obtain the numerical results for the fluid pressure (p), mean fluid velocity (u,,), and
the magnetic force created velocity (u.) from the analytical solutions (5.10), (5.10),
and (5.15) respectively. The results, for the fluid pressure p and total fluid velocity
u, were used for the transient convection-diffusion equation of drug transport. The
numerical solution is shown in Fig 5.2. As a result, the transient equation of drug
transport (5.16) is discretized with time-space At and grid spacing of Az, where the

discretization concentration, C'(z,t) is written as C(z;,t,) = C".

zi =1z, tp,=nAt, 1=1,23...,n,;; n=1,23,...,n (5.22)
where
L, T
NAz=— and At=—, 0<z<L,and0<t<T. (5.23)
n, ng

The time derivative is approximated by a Backward difference as

oCc  Crtt— oo

rTn N , (5.24)

and the first spatial partial derivative is approximated by a centered difference

oc _ ot - ot

5 5As (5.25)
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The second derivative is approximated by

e _ ot -2t 4 o

52 = (B2)? . (5.26)
Parameter Description Value Unit Ref
Do Inlet pressure 2 - [131]
2 Outlet pressure 0.5 - [131]
Rinag Radius of the magnet 0.03 m [133]
Lo Magnetic permeability 4t x 1077 NA2 [57,
n Dynamic viscosity of the interstitial fluid 1.12 x 1073 Pa's [53]

Table 5.1: Description of parameters used for the dispersion of drug-coated magnetic
nanoparticles’ simulation.

5.4 Results and Discussion

In this section, we want to examine the rate of penetration of drug-coated nanoparticles
concentration into tumor tissue. In that respect, the numerical simulation results are
presented in Fig.5.3-5.13, where the drug-coated magnetic drug carrier concentrations
are displayed through graphs, and saturated concentration and time to reach the sat-
uration concentration displayed through tables. The effect governing parameters such
as volume fraction of nanoparticle (53,r), magnetization (M), tumor-magnet distance
(d), permeability of capillary (I"), Peclet number (Pe), drug elimination (A\;), and
source term (Ay), on the relative effective delivery of drug-coated magnetic nanopar-
ticle concentrations are addressed. For the whole computations, the relevant physical
parameters considered for the present study are summarized in Table 5.1. To achieve
targeted delivery, nanoparticles are generally coated with ligands that specifically bind
to specific types of receptors on the cell surface [137]. Nanoparticles targeted deliv-
ery to the vascular system includes transport, hydrodynamic force, and multilevel
interactions with specific biosurfaces [134]. As nanoparticles are injected into the
bloodstream, they are dispersed into the vessel under the combined effects of diffusion
and fluid flow. From both Fig.5.3 and Fig.5.4, we observe that the concentration
of drug-coated magnetic nanoparticles increases over time and then slowly converges
to steady values after a time, as clearly presented in Fig. 5.4. The concentration
of drug-coated nanoparticles is maximum when the particle is near the center point
along the microvessel axis and then slowly decreases to steady values after reach its
peak value as shown in Fig. 5.3. This implies that initially, the drug goes all over the
body via blood circulation and accumulates to a certain extent in the target location

to accomplish its therapeutic effect [59].
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Figure 5.2: Schematic diagram of the numerical solution for the model governing
equations

5.4.1 The effect of volume fraction of nanoparticles

The volume fraction of magnetic nanoparticles represents the percentage of the volume
of magnetic nanoparticles relative to the volume of the carrier particles. Fig. 5.5, and
Table 5.2 show the effect of volume fraction parameter on the dispersion of drug-coated
magnetic nanoparticles in tumor tissues after intravenous bolus injection. In this case,
d=0.055m, T =5 M, =1x10° Pe = 3.0,\; = 0.10, A, = 0.8, and a = 200 nm.

From both Fig. 5.5, and Table 5.2, we observe that the concentration of drug-coated
magnetic nanoparticles increases linearly with the increase in volume fraction of the
magnetic particle, and then saturated to steady values after a certain time. This

phenomenon is due to the gradual increase in magnetic forces on drug carrier between
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Figure 5.3: Dispersion of drug-coated magnetic nanoparticles’ concentration at time,
t=0.5,t=1.0, and t = 2.0.
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Figure 5.4: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5.

Bvs Saturation Concentration value, Cs  Time to reach C;

0.4 0.8880 1.82
0.6 0.8886 1.79
0.8 0.8892 1.75

Table 5.2: Saturated concentration and time to reach the saturated concentration with
different values of 3,¢
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Figure 5.5: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5 for
different volume fraction parameter, ;.

the magnet and the drug carrier, and hence having a higher velocity, which then
induces drug-coated magnetic nanoparticles concentrations. Also, the time to reach
the saturation concentration of drug-coated magnetic nanoparticles in the microvessel
along the channel decreases with an increase in the volume fraction, as clear shown
in Table 5.2. With an increase in the volume fraction parameter, the magnetic force
created velocity (refer, Equation (5.15)) boost up, and therefore the drug-coated carrier
particles quickly reach the tumor position. It then suggests that much larger forces
are required to cause fluid flow as with increase in the nanoparticles’ volume fraction.
Table 5.2 shows the value of the saturation concentration and the time to reach the
saturation point. It is observed that the saturated concentration value increases with
increase in the volume fraction. This is because, the higher volume fraction supported
the velocity due to magnetic field and the resultant velocity of the drug carrier as a
results more drug carrier. A similar phenomenon was observed in [138], where the

greater nanoparticle volume fraction shows a greater attraction by the wire.

5.4.2 The effect of magnetization

The effect of magnetization is shown in Fig. 5.6, and Table 5.2, where 3,y = 0.6,d =
0.055 m, I' = 3.0, Pe = 3.0, A\ = 0.10, Ay = 0.8, and a = 200 nm. It is well-known
that increasing magnetization increases magnetic force. Hence, the peak of drug-
coated magnetic nanoparticle concentrations increases as the magnetization parameter

increases from 1 x 10% to 3 x 10%, as shown in Fig 5.6. Also, the time to reach
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the saturation concentration of drug-coated magnetic nanoparticles in the microvessel
along the channel decreases with an increase in the magnetization, as shown in Table

5.3. Additionally, we observe that the drug-coated magnetic nanoparticles benefit
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Figure 5.6: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5 for
different magnetization parameters, M.

from the imposition of magnetic forces that help them overcome interstitial transport
barriers by increasing their velocity. The increased magnetic force, by magnetization
effect, causes the particles to move faster towards the walls of the capillaries and
experiences an attraction towards the tumor as shown in Table 5.3. Therefore, as
magnetization increases, particles are easily trapped near the location of the tumor.
Through the experimental study by Avile et al. [138], it was observed that magnetic
field strength increases the CE (capture efficiency) and hence the concentration of drug
carriers. Similar results obtained from clinical studies have shown that increasing
magnetization improve the accumulation and penetration of nanoparticles near the

location of the tumor [139, 140].

M, Saturation Concentration value, C'; Time to reach C|
1 x 10° 0.8886 1.79
2 x 108 0.8942 1.70
3 x 109 0.9042 1.69

Table 5.3: Saturated concentration and time to reach the saturated concentration for
different values of magnetization parameters, M,
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5.4.3 The effect of tumor-magnet distance

The tumor-magnet distances can vary depending on the location of the tumor. Herein,
we consider the tumor-magnet distance parameter in the range of 0.045 m to 0.065 m,
while 8,y = 0.6,' = 3.0,Pe = 3.0,\; = 0.10, A2 = 0.8, and @ = 200 nm. The

magnetic force is inversely proportional to the tumor-magnetic distance. Fig. 5.7
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Figure 5.7: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5 for
different tumor-magnet distance parameters, d

d Saturation Concentration value, 'y Time to reach C|
0.045 0.8902 1.70
0.055 0.8886 1.79
0.065 0.8878 1.81

Table 5.4: Saturated concentration and time to reach the saturated concentration for
different values of tumor-magnet distance parameters,d.

shows the effect of tumor-magnet distance on drug-coated magnetic carrier particle
concentrations. With increase in the tumor-magnet distance reduces the drug carrier
concentrations. Therefore, when the magnet is placed away from the body, the carrier
particles are not easily captured at the tumor location. Table 5.4 shows saturation
concentration values and the time to reach the saturation concentration of carrier
particles. It shows that the time to react the saturated concentration in the microvessel
along the channel decreases with an increase in the tumor-magnet distance, as it weaker
the strength of the magnetic field between the drug carrier and magnet. For the same
reason, it takes more time to reach the saturation point. Therefore, this suggests that

it is better to keep the magnet near to the tumor position for better results.
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5.4.4 The effect of permeability of capillary

The permeability of the capillaries varies significantly with the location of the capil-
laries from organ to organ and is written in ascending order as Brain, Skin, Skeletal
muscle, Lung, Heart, and Glomerulus in kidney [131, |. In this study, we consider
a range of permeability of the microvessel, where the effect of permeability of the cap-
illary on the dispersion of drug-coated magnetic nanoparticle concentrations along the
microvessels axis is graphically shown in Fig 5.8 and 5.9. The value of the parameters
considered as (3,7 = 0.6,d = 0.055, M, = 1 x 10° Pe = 3.0, \; = 0.10, Ay = 0.8, and
a = 200 nm. Fig.5.8 shows the distribution of fluid pressure along the microvessel axis.
It’s evident that at a flexural point when p = 1, a zero pressure gradient is predicted.
The pressure gradient has a direct effect on the magnitude of the interstitial fluid flow.
Nearby the pressure flexural point, the longitudinal average fluid velocity is minimum.
The minimum decreases significantly with the permeability of the capillary wall and
may lead to zero, to prevent flow, as also observed in [131, ]. Further, observed that
as the permeability of capillary increases, the nanoparticle concentrations increase (see
Fig 5.9). The drug carrier concentration increases with increase in the permeability
parameters and this phenomena more supportive in the tumor region as the perme-
ability of the tumor region is higher than the normal healthy region. Moreover, the
time to reach the saturation concentration of drug-coated magnetic nanoparticles in
the microvessel along the channel increases with an increase in the permeability of the
capillary, as clearly shown in Table 5.5. This because with an increase in the perme-
ability, the perfusing fluid velocity through the inner wall of the microvessel increases.
It is noted that the blood flows towards the capillary wall, supported the movement
of carrier particles towards the blood wall, mainly where the tumor is located. The
higher permeability has been correlated with higher tumor grade and shown to de-
crease in response to antiangiogenic therapy with decreased tumor growth predicting
tumor response. This is an indication that the probability of the carrier particle be-
ing captured at the tumor location increases with the increase in permeability of the

capillary.

I' Saturation Concentration value, C; Time to reach C
3 0.8581 1.77
5 0.8886 1.79
7 0.9022 1.84

Table 5.5: Saturated concentration and time to reach the saturated concentration for
different permeability parameters, I'.
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Figure 5.8: Pressure distribution along the microvessel for different permeability pa-
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Figure 5.9: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5 for
different permeability parameters, I'.

5.4.5 The effect of Peclet number

The effect of the Peclet number is shown in Fig 5.10, and Table 5.6. The Peclet number

measures the relative importance of convective flow to diffusive flow, where a small

Peclet number (Pe < 1) indicates diffusion effects dominate convective transport,

while the reverse is generally true for a large number Peclet number (Pe > 1). Herein,
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we set B,y = 0.6,d = 0.055, My = 1 x 10°, Pe = 3.0,A\; = 0.10, Ay = 0.8, and
a = 200 nm. Peclet number defines a ratio between the advective transport rate
with the diffusion transport rate. From Fig 5.10, we observe that with an increase in
the Peclet number, the solute transport rate boosts up. Furthermore, the saturated
concentration and time to reach the saturated concentration in the microvessel along

the channel increases with an increase in the Peclet number, as shown in Table 5.6.
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Figure 5.10: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5
for different Peclet number, Pe.

Pe Saturation Concentration value, Cs Time to reach C,

2.8 0.7761 1.58
2.9 0.8315 1.71
3.0 0.8886 1.79

Table 5.6: Saturated concentration and time to reach the saturated concentration for
different Peclet number, Pe.

5.4.6 The effect of drug elimination parameter

Drug elimination refers to the irreversible removal of a drug or its metabolites from
the body. The chief organ involved is the liver, although the gastrointestinal tract,
kidney, lung, and skin may also contain drug-metabolizing enzymes and may contribute
to regional concentrations of the drug and the metabolites. Drug intake into and
distribution within the body must be balanced with elimination so that adequate

concentrations can be achieved at receptor sites. Fig 5.11 shows the effect of the drug
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elimination parameter for 3,; = 0.6,d = 0.055, M, = 1 x 10°, Pe = 3.0, A\ = 0.8,
and a = 200 nm. It observes that decreasing the drug elimination parameter increases
drug carrier concentrations. Drug metabolites enzyme boost up the drug release from
the drug carrier at the tumor region. Hence, naturally, it took less time to reach
the saturation concentration. Hence, the concentration of the solute enhanced with
increase in the drug elimination parameters. Further, it takes less time to reach the

concentration point with increase the drug elimination parameters as observed in Table
5.7.
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Figure 5.11: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5
for different drug elimination parameter, ;.

A1 Saturation Concentration value, 'y Time to reach C,

0.10 0.8886 1.79
0.15 0.8498 1.73
0.20 0.8141 1.56

Table 5.7: Saturated concentration and time to reach the saturated concentration for
different drug elimination parameter \;.

5.4.7 The effect of source term parameter

The source term required an addition of vascular, lymphatic, and cellular contributions.
The effect of the source term parameter is shown by Fig 5.12, with 3, = 0.6, d = 0.055
m, [' = 3.0, Pe = 3.0, and Ay = 0.10. It observed that the drug carrier concentration

is higher for larger value of the source term.
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Figure 5.12: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5
for different source term parameter, A,

Ao Saturation Concentration value, 'y Time to reach C|

0.80 0.8886 1.79
0.85 0.9441 1.69
0.90 0.9996 1.62

Table 5.8: Saturated concentration and time to reach the saturated concentration for
different source term parameter, .

The drug carrier concentration boost up with increase in the source term parameter
and manage to reach the higher saturation concentration. It helps to reach drug carrier

quickly at the saturation position and took less time to reach the saturation point as
depicted in Table 5.8.

5.4.8 The effect of radius of nanoparticle

The effect of the nanoparticle radius on the dispersion of drug-coated magnetic nanopar-
ticle concentrations along the microvessels is shown in Figure 5.13 and Table 5.9, where
Boy = 0.6, My =1 x10°d = 0.055 m, I' = 3.0, Pe = 3.0,\; = 0.10, and Xy = 0.8.
Figure 5.13 shows that a smaller radius of the nanoparticle may increase the drug car-
rier concentrations. In addition, Table 5.9 clearly shows that the drug carriers quickly
reach the saturation point as we decrease the radius of the nanoparticle. Several
experimental studies [112, , | validate that the smaller the nanoparticle size,
the higher the likelihood of penetrating the tumor. This indicates that the smaller

particles improve the distribution and tumor accumulation of cancer drugs.
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Figure 5.13: Concentration profile of drug-coated magnetic nanoparticles at z = 0.5
for different radius of nanoparticle, a

a  Saturation Concentration value, 'y Time to reach C

250 0.8882 1.82
150 0.8892 1.79
90 0.8942 1.67

Table 5.9: Saturated concentration and time to reach the saturated concentration for
different radius of nanoparticle, a.

5.5 Conclusion

In the present study, a mathematical model on magnetic drug targeting is developed,
to predict the capture conditions on the effective dispersion of drug-coated nanopar-
ticles concentration in the tumor position. Notable, the effects of different governing
parameters such as volume fraction of nanoparticle, magnetization, tumor-magnet
distance, permeability of capillary, Peclet number, drug elimination, source term, and
radius of nanoparticle on the dispersion of drug carrier concentration are discussed. To
verify the accuracy of the numerical model, several related experimental observations
that have been done are in accordance with our current model results. The following

general concluding remarks can be drawn from the present study:

e With increase in the volume fraction of the magnetic particles, the magnetization
of the external magnet, the permeability of the microvessel, Peclet number, and
the source term increases the concentration of drug-nanoparticles in the solid

tumor position.
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e Decrease in the tumor-magnetic distance, the drug elimination, and the radius

of nanoparticle leads to an increase in drug-coated nanoparticle concentration.

e The higher volume fraction of the magnetic particles, the magnetization of the
magnet, the drug elimination, and the source term leading to fast drug-coated

magnetic nanoparticles reach the tumor position

e Increasing the tumor-magnetic distance, the permeability of the microvessel, the
Peclet number, and the radius of nanoparticle slower the drug-coated magnetic

nanoparticles to the tumor position.

Thus, the present study can be of particular consequence on understanding the quali-
tative aspects of magnetic drug targeting in a microvessel, especially on the effective
dispersion of drug-coated nanoparticles towards the tumor position. Different design
maps can be drawn by considering the effects of governing parameters offering a tool
for tailoring the capture conditions of carrier particles and the effective longitudinal
dispersion of drug carriers, which can be considered as a potential approach for clinical

application during magnetic drug targets.
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6. Shear induced fractionalized
dispersion during Magnetic Drug
Targeting in a permeable

microvessel

6.1 Introduction

Cancer is one of the world’s top public health concerns, accounting for 10 million
fatalities each year as of 2020 [1]. The majority of these deaths and cases observed
in non-developed countries |1, ]. Recent statistics show that solid tumors account
for 85% of human cancer. The environment around a tumor includes environmental
parameters leading to reduced microvascular density, compression of blood and lym-
phatic microvessels, an irregular flow phenomena and an unstructured microvascular
network results in an unusual extracellular matrix structure in the region with up-
raised interstitial fluid pressure. These give a significant impact to several interstitial
barriers and preventing the mechanisms of drug delivery. Currently, chemotherapy,
targeted therapy, radiation therapy, surgery, or immunotherapy are the common tra-
ditional tumor treatments. Although chemotherapy is effective for some tumors, it
is limited by poor specificity and often cannot cross the blood-spinal barrier. Due
to their toxicity and widespread distribution throughout the body, therapeutic drugs
administered intravenously can also have harmful side effects on healthy cells due to

the general systemic distribution of chemo drugs.

The magnetic drug delivery method is one of the promising methods for targeting
drugs to the tumor site. It is essential in overcoming deficiencies and providing control
to release the high concentrations of drugs to selected areas of the body while mini-
mizing side effects [26]. So far, the US Food and Drug Administration has approved
five nano-carriers, international agencies have approved four, and several are in clinical
investigation and development [116]. The therapy involves the carrier particles that
are coated with magnetic nanoparticles (MNPs) along with the therapeutic drugs and
then systemically administered into the human body. To capture charge-carrying par-
ticles at the tumor location, a magnetic field is positioned near the tumor site outside
the body surface. Due to recent advancements in carrier particles designed to target

particular regions of malignant tissue and local tumor healing, magnetic drug targeting
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is gaining prominence [1 17, 118]. The theoretical results [117, 148 149] on this new
magnetic drug targeting method have been very positive so far. Targeting cytotoxic
agents at tumor cells allows the delivery of higher localized drug doses while reducing
the dose in non-target areas [119]. The goal of magnetic drug targeting is to maximize
the effectiveness of the magnetic nanoparticles by guiding them to reach the larger
vessels of the human body at deeper tissues with an external magnetic field [117]. The
process of administering macromolecules and the transportation of nanoparticles in
biomedical applications systematically varies depending on vessels’ properties, sizes,

and shapes.

Unlike other tissues, blood is a multi-phase solution consisting of corpuscles compo-
nents (such as red blood cells, white blood cells, and platelets) suspended in a fluid
plasma consisting of organic molecules, proteins, and minerals [150]. Due to the high
volume fraction of rheological properties of blood such as RBCs aggregation, haemat-
ocrit, and deformability lead to cell-free layer formation at the wall, which depends on
the diameter of the vessel and flow rate [151, 152, 153, 154]. The authors in [155] con-
ducted a study on the rheology of blood under varying concentrations of haematocrit,
plasma proteins, and low shear rates. The authors observed decay in the viscosity
with the shear rate as a result of cell-protein interactions. Apostolidis et al. [150],
undertook a systematic investigation on the blood rheology in steady-state shear flow
and found that yield stress occurs only when the haematocrit exceeds a critical value,
which is determined by fibrinogen concentration. Using seven different animal species,
the authors in [157] present detailed measurements of the rheology of blood under
uniform conditions to those used previously to investigate human blood, including

steady-state and various shear transients.

Through computational fluid dynamics, the whole process of drug delivery and ab-
sorption can be modelled and illustrated. In conjunction with clinical research, math-
ematical models and numerical simulations help develop a deeper understanding of
drug delivery processes, enhance treatment efficacy, and identify how physiological
factors influence solid tumor behaviour. Baxter and Jain [14, 15, 16, 47, | pio-
neered the investigation of the effect of various tumor characteristics on medication
delivery using mathematical models, employing fluid mechanics concepts to explore el-
evated interstitial fluid pressure, substantial interstitial fluid flow, and concentration.
Sheikholeslami and Ellahi [159] used Lattice Boltzmann Method (LBM) to investi-
gate the influence of a spatially varying magnetic field on Fe3O, - plasma nanofluid
flow in a vessel as a targeted drug delivery system. According to their study, the
skin friction coefficient is a decreasing function of the Reynolds number and magnetic

number. In another study, Sohail et al. [160] used a computational approach to anal-
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yse the flow of ferroliquid during magnetic drug targeting. Over the past couple of
decades, several computational studies have been conducted on drug targeting (see
[161, , , , , , , , , ]). The authors of all these studies,
among others, attempted to explain numerous vital aspects of effective drug adminis-
tration, including elevated interstitial fluid pressure in the tumor region, distribution
of drug concentration in healthy and tumor tissues, drug penetration, and identifica-

tion of the useful parameters.

Due to the high heterogeneity and the very long spatial autocorrelation, solute trans-
port in microvessels have a high level of transitions between flow-limited and diffusion-
limited transport [1066]. In cases where transition probabilities follow a power law,
it is better to model solute transport in microvessels by using fractional advection-
dispersion equation [167]. Time nonlocal modelling, which includes time-fractional
advection-dispersion equations, can effectively model the transport process and dis-
tinct particle status [168]. Furthermore, fractional-order derivative describes slow re-
laxation processes characterized by stretched power-law response function [70]. In
recent years, the theory of fractional calculus has proved to be a useful tool in describ-
ing many real-world phenomena in various areas of science and engineering, where
nonlocality is essential (see for instance [169, , 93, , 01, 62, 63]). Tradition-
ally, the fractional-order operator has been defined as an extension of an ordinary
order operator, in which the order is defined for an arbitrary real number. In addi-
tion, the fractional-order approach provides a reliable mechanism that accounts for
the memory exhibited by the processes. As a consequence, fractional operators are
used to model biophysics, bio-rheology, travelling wave solutions, astrophysics, elec-
tromagnetism, thermodynamics, plasma physics, and optics [068]. The study by Shah
et al. [61] examined the flow of blood with magnetic particles through a cylindrical
tube using the time fractional-order derivative of Caputo type. To demonstrate the
difference between fractional-order time derivatives and integer-order derivatives, the
authors in [62] used a Casson fluid model. As they used blood as a Casson fluid, their
model results showed that fractional-order derivatives resulted in a remarkably differ-
ent result than the ordinary derivative. To study the capture effectiveness of magnetic
nanoparticles adhered to therapeutic compounds injected into the bloodstream which
are controlled by an external magnetic field, Maiti et al. [63] used a thermo-solutal

transport model with Caputo-Fabrizio fractional-order derivative.

In this work, we look at the capture conditions and efficient dispersion of spherical
carrier particles during magnetic drugs delivery to tumor locations in the microvascular
system using Caputo fractional derivative. We suppose that a magnetic drug carrier

that incorporates magnetic particle impacts on fluid characteristics is comparable to
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blood. Furthermore, we assumed that in nanoparticle transport, the effective diffusion
coefficient depends on the permeability of the capillaries and the rheology of the blood.
Casson flow velocity, magnetic force-created velocity, and solute transport equations
are simultaneously solved to examine the impact of model biological factors on drug-

coated nanoparticle dispersion in microvessels.

6.2 The Governing Equation

Our study examines how spherical carrier particles disperse in the microvascular system
during magnetic targeting of drugs to tumor sites. In this section, we propose the
equations that govern Casson flow velocity, magnetic force-created velocity, and solute
transportation. The schematic diagram of the problem is shown in Fig. 6.1. The
blood vessel is assumed to be cylindrical. The z-axis is considered as the axis of the

blood vessel and r-axis in radial direction.

Drug Carrier Particle

Figure 6.1: Nanoparticle trajectories in a capillary with Carson velocity profile.

6.2.1 Velocity profile for Casson fluid

Assuming that the lateral flow of the fluid across the permeable wall only affects the
flow rate, due to the conservation of mass, it is expected that the average velocity U
decreasing along the vessel wall. In Casson fluid, the mean velocity profile is described

by the piecewise relation [135]
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where { = %=, is the rheological parameters which represent a ratio between the plug

radius 7. and the radius of the vessel R.. The corresponding flow rate () is calculated

as [172]
B ﬂRéd]ﬁA 6.9
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From Eq. (6.2), the mean fluid velocity is given by

O _ Lpay). (6.3)

Vi=Tm = syt

We further note that the term A(&) tends to 1 as £ approaches zero, which physically
represents the classic Poiseuille relations for u(r) and . Similarly, for £ = 1, the
average velocity of the fluid U decreases to zero. In this case, no deformation of the
flow occurs, as the yield stress of the fluid is not overcome by the pressure drop along
the capillary. As a result of the mathematical properties of blood, near the wall of
the cylindrical vessel a layer of plasma or low haematocrit region develops, and a high
concentration layer of red blood cells generates near the central axis. Viscosity appears
to be significantly reduced when the cells are depleted. The apparent viscosity of blood
depends on the diameter of the vessel and the haematocrit, as validated experimentally

by the following theoretical formula [116, , , , 164].

e ((11:5;))(;:11 (D f)1_1)2] " (D f)1_1)2,

7 =TNplasma

where

Noas = 66700850 4 30 9 44070060 " opq

C = (0.8 +¢7007P) (—1 + !

1
1+ 10—11.D12) TTronpe

such that 7 is the apparent blood viscosity, 7piasmae 15 the blood plasma viscosity, 19.45
is the relative apparent viscosity of the blood for fixed discharge haematocrit of 45%,

D is the vessel diameter in micrometers and Hp is the discharge haematocrit of 39%.
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The mass continuity equation can be written as

0Q

% + V;,/\p = 0; (64)
where () is the flow rate, and VA, denotes the volume flow rate along the permeable
wall per unit length, such that A\, = 27 R is the perimeter of the permeable microvessel.

Employing Darcy’s law [131, 135], the perfusing velocity, V,, is given as

L, is the vascular hydraulic conductivity that is given in terms of thickness o, perme-

ability of the microvessel wall k£, and the effective viscosity of the fluid 7, the interstitial

fluid pressure 7;, and the local mean value of the vascular pressure p, can be written
in the non-dimensional form as

TR} d*p

B 8n dz?

— L,(m —p)A, =0, (6.5)

where p the vascular pressure, and with non-dimensional parameters are defined as

z Do — T —1
z=—-, and szio i_ I ,
l p—m pr—1
such that -
p
pP=—
T
po and p; are inlet and outlet pressure respectively. The vascular dimensionless pres-

sure distribution along the channel is derived as

(p1 = D1 = Qcosh(T'(£)))

p(ET,2,0Q) = (p — 1)Qcosh (I(€)2) + sinh(T'(€))

x sinh(I'(€)z) + 1,
(6.6)
together with the permeability parameter I'(£) given by

Combining Equations (6.3) and (6.6), the mean Casson flow velocity in a permeable

capillary can be obtained as

B Qcosh(I'(€) — 2I'(€))
1 — Qcosh(T'(€))

Ui(&,T,Q, z) = cosh(zT'(€)) Uiy, (6.7)
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where

g L= 1) = (Qpy — 1)) cosh(I'(§))] cosh(I'(E))m R
‘0 8nl

[(§)A(S), (6.8)

is the mean velocity at the capillary inlet z = 0.

6.2.2 Magnetic force influenced velocity

Therapeutic drugs adhere to magnetic nanoparticles, offering an alternative to con-
trolling them externally with magnetic forces. Additionally, a magnetic nanoparticle
and a carrier particle are considered spherical [53, 57, |. According to our model,
the N, magnetic nanoparticles ingrained in the carrier particles are subjected to
total magnetic forces, which depend directly on the magnetic field and the gradient of

the surrounding field [133, ]. The magnetic force is thus given by

X
fm - MONmanmnpﬂ<Ha-v>Ha>

4
3

netic nanoparticle a, H, is the applied magnetic field intensity at the centre of a

where V,,n, = 3ma® is the volume of magnetic nanoparticle with a radius of the mag-
carrier particle, X is the magnetic susceptibility of magnetic nanoparticles, and g is
the permeability of the magnetic particles. Moreover, the susceptibility of the blood
much lower than magnetic susceptibility of the magnetized particles and these phenom-
ena allows the magnetic nanoparticle embedded drug carriers to travel with upstream
where the impact of the magnetic field and force are not significant, and the distance
between the magnet and the microvessel is very large [164, |. Employing all the

above assumptions, the resulting magnetic force f,, is given by

1

fm =3 Nmn an MSQR4 T
oy Frnnp 2 + 223

mag , (6.9)
such that M, is the magnetization of the magnet, R,,,, is the radius of the magnet, d is
the magnetic-tumor distance, and z is the position of the particle at the z-axis. We note
that the carrier particle contains the 3, volume fraction of magnetic nanoparticles, the
total amount of nanoparticles present in the carrier particle is Ny Vinnp is represented
in terms of a volume fraction, f,7V,, of the carrier particle [110, , |. Now,
applying the magnetic force to the stokes drag force f,, = (6man)U,, we derive the

magnetic force created velocity U, given as [164]

o 3/~L0ﬁvf‘/cpMs2R4 1

mag

12man [d? 4 22] 3

7 (6.10)

e
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where 7 is the dynamic viscosity of the interstitial fluid and a is the radius of the

magnetic nanoparticles.

6.2.3 Solute transport

Following [164], solute dispersion in a cylindrical capillary is described by the gener-
alized advection-diffusion equation
oC oC Do [ oC 0*C - . -
— 4t U= —— | T D— —\NC+ )\ 6.11
of "'z r@r(r8r>+ PR (6.11)
where C'(%, 7, Z) is the solute concentration,  is the velocity of the magnetic nanoparti-
cles which is the sum of interstitial fluid mean velocity and the magnetic force created
velocity, and D is the effective diffusion coefficient of magnetic nanoparticles in the
tissues. The term \; in Eq. (6.11) describe the drug elimination from the tissue, and
Ay is the source term that summing the vascular, lymphatic, and cellular contributions
[53]. Using the dimensionless variables
é U ED . UQR . Nug >\1R2 XQRQ

C=— = t=—, Pe= D A= d, A=——
C(), U U()’ R27 € D ) 7TZ" 1 D ) and, 2 C()D’

then Eq. (6.11) can be written in dimensionless form as

2
e 80_13(00) LOC o 6.12)

2t T " rar Uar ) T

where u = U; + U, is the velocity of the magnetic nanoparticles which is the sum
of mean Casson flow velocity U;, and the magnetic force created velocity U,. The
non-dimensional parameter Pe is the Peclet number, \; is the drug elimination, and
A is the source term. The corresponding transformed model from the ordinary time

derivative to Caputo fractional time derivative of the equation (6.12), gives

o°C ocC 10 ([ oC 1 9°C
— =——(r— ———— A A 1
ot T 0z ror (T or ) Pe? 022 1O+ A, (6.13)
where the time derivative operator of Caputo fractional derivative given by [65, 81, 173]

1 t 9C(v,rz)  du
Il—a) fO o (t—1)@? I<a< 1,

0°C(t,r,z)

o (6.14)

oC(t,r,z)

T a=1,

with « being the fractional-order parameter. In our study, we assume that the radius of

blood vessel is very smaller than the length of blood vessel. Hence, we have considered
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an average velocity at the radial direction and the dispersion of drug particle is uniform
along radial axis (r) and is a function of z and ¢. As a result, the modified mass

transport equation is

oC  9C 1 9C

— =——=———-MC+ ) 6.15
ot "o T pros T (6.15)
together with initial and boundary conditions
C=0 for t=0, (6.16a)
C= g—f =0 for z==o0. (6.16b)

where equation (6.16a) describes the initial condition at time ¢ = 0, such that there is
an absence of the drug-coated magnetic nanoparticles in the domain, and Eq. (6.16b)
describes the open boundary condition that applied to establish mass transport across

boundaries where both convection flow and outflow occur.

6.3 Numerical scheme

The governing solute transport equation (6.15) is solved using the finite difference
method adapting a standard explicit forward-time centred-space (FTCS) scheme [174,

, |, we applied MATLAB to solve the computational problem. The analyti-
cal results, for total fluid velocity u, were used for the transient advection-diffusion
equation of drug transport. As a result, the transient equation of drug transport
(6.15) is discretized with time-space 7 and grid spacing of h, where the discretization

concentration, C(t, z) is written as C(t,, z;) = CI".

zi=1th, t,=n71, 1=1,2,3...,n; n=123...,n (6.17)
where
L, T
h=—,, and7=—, 0<z<L,and0<t<T. (6.18)
n, ¢

An explicit finite difference representation of the transient advection-diffusion equation

of drug transport can be obtained by a FTCS difference scheme as

T - o [ m—j+l n—j 2Ol — Gy 1 Oy =207+ 0 n
['2—a) ij (G =G+ h T Pe2 12 — M0+ A
j=0

(6.19)

where
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Then Eq. (6.19) gives

n—1
O = 0, C2 + 3 (b = by) O — and? (Clhy — Oy + aa (Clhy — 207+ C1y) = sC +
i=0
J (6.20)
where
7°T'(2 — ) 7T'(2 — )
WSy T pap

a3 =71T(2— )\ and a4 =7T(2 — a)s.

In terms of the approximate values C7 |, C?', and C}" ; at time level n, the Eq. (6.20)
expresses the approximate value C"*! at time level (n + 1) explicitly. To compute the
concentration of drug-coated nanoparticles, the mesh grid size for the axial direction
was h = 0.01 as the step size, and the time step chosen to be 7 = 0.001. The results
were observed to converge with the accuracy of order 107, with the stability criteria
being max (#) <0.5.

6.4 Numerical Results and Discussion

In this section, the rate of penetration of drug-coated nanoparticles concentration at

the tumor tissue site is evaluated numerically. For all the computations of this study,

we assumed that the inlet pressure, py = 2 [131]; outlet pressure, p; = 0.5 [131]; radius
of the magnet, R,,., = 0.03m [131, 133]; magnetic permeability, po = 47 x 107" NA™2
[53, 57]; dynamic viscosity, n = 1.12 x 1073 Pa s [53]; Peclet number, Pe = 3 [131]. In

this regard, Figs. 6.2 - 6.10 show numerical results, where the effect of fractional-order
parameter and different governing parameters on concentration of the drug-coated
magnetic carrier are graphically shown, and the saturation concentration and time to

reach saturation concentration are shown in Table 6.1.

In Fig. 6.2, the impact of the memory effect on the concentration of the drug-coated
carrier is explored. The time-memory is incorporated in the mathematical model to
using the fractional-order derivatives. It describes the history of the movement of the
drug carriers (dispersion) in the system towards the diseased region. Lower depen-
dency of the flow of particles in previous states is associated with faster movement
of the drug particles in the blood stream, hence reaching the diseased region in a
shorter time. Furthermore, it observed that the drug concentration is an increasing
function of time. Initially the concentration smoothly increasing with tine and then

gradually converges to a saturation value after some time. After reaching the satu-
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Figure 6.2: The variation of drug carriers concentration with different values of the
fractional-order parameter, o, when £ = 0.45,11 = 2.0, My = 1 x 10%,8,; = 0.6,d =
0.05m,a = 100nm, A; = 0.008, and Ay = 0.10.

ration point, a higher decay of the drug is observed, resulting in a reduction in the
concentration. Furthermore, it is clearly shown in Table 6.1, that the variation of
fractional-order parameter, o affects the solute concentration significantly, such as the

memory effect that accelerates drug-coated magnetic nanoparticles in the capillaries
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Parameter Value Saturation concentration, C'; Time to reach Cj

0.8 0.2023 2.370

o 0.9 0.2181 2.255
1.0 0.2334 1.075

0.450 0.2334 1.075

13 0.475 0.2412 1.015
0.500 0.2510 0.910

0.4 0.2151 1.360

Buf 0.6 0.2334 1.075
0.8 0.2433 0.920

0.045 0.2474 0.680

d 0.050 0.2334 1.075
0.055 0.2118 1.420

0.8 x 10° 0.2236 1.220

M, 1 x 106 0.2334 1.075
1.2 x 10° 0.2402 1.000

100 0.2334 1.075

a 125 0.2236 1.220
150 0.2151 1.360

2.00 0.2334 1.075

IT 2.15 0.2392 1.030
2.20 0.2402 0.975

0.008 0.2334 1.075

A 0.009 0.2251 1.060
0.010 0.2173 1.480

0.08 0.1868 1.130

A2 0.09 0.2101 1.095
0.10 0.2334 1.075

Table 6.1: Saturated concentration and time to reach drug carrier saturated concen-
tration for different parameter values.

along the channel. The case for the value of a equal to 1 is related to the aspect
dynamics with no memory effect and is based on the usual integer-order differential
equation. A balance of the memory effect is observed for o € (0,1). In Fig. 6.3,
the effect of rheological parameter, £ on the dispersion of drug-coated nanoparticles
concentration in the tumor tissues is shown. The value of the rheological parameter
depends on the accumulation of the red blood cells at the centre of the blood vessel.
Robertson et al. [176] demonstrated the microscopic behaviour and properties of the
blood in vitro and in vivo through their rheometric experiment. It is revealed that
with the increase in the value of £, the drug carriers are concentrated in a large amount
at the tumor region and concentration rate gear up faster before being saturated to
a constant for a continuous-time, as also observed in [177]. Moreover, we note that
the concentration saturation rate of drug-coated nanoparticles is significantly affected

by rheological parameter, £ [178] as clearly detailed in Table 6.1. This explains the
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Figure 6.3: Concentration profile of drug-coated magnetic nanoparticles for different
values of &, when IT = 2.0, M, = 1 x 10°, 8,y = 0.6,d = 0.05 m,a = 100 nm, \; =
0.008, A2 = 0.10 and a = 1.0.
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Figure 6.4: Concentration profile of drug-coated magnetic nanoparticles for different
values of II, when £ = 0.45, M, = 1 x 10% 3,; = 0.6,d = 0.05 m,a = 100 nm, \; =
0.008, Ao = 0.10, and a = 1.0.

observation that as £ increases, the central region of the capillary with a flat velocity
distribution increases as the thickness of the lateral cells free layer decreases, which

push the particles close to the wall and enhanced the concentration. It is important to
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Figure 6.5: Concentration profile of drug-coated magnetic nanoparticles for different
values of M, when § = 0.45,I1 = 2.0,8,y = 0.6,d = 0.05 m,a = 100 nm, \; =
0.008, Ay = 0.10, and a = 1.0.
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Figure 6.6: Concentration profile of drug-coated magnetic nanoparticles for different
values of (3,7, when & = 0.45,11 = 2.0, M, = 1 x 10°,d = 0.05 m,a = 100 nm, \; =
0.008, A2 = 0.10, and a = 1.0.

note that the enhancement in the rheological parameter increases the non-Newtonian

rheology of the blood [179]. This due to the fact that red blood cells in microvessels en-

countered lateral movement in the channel and blunted velocity profile that is affected
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by haematocrit and membrane deformability. Further, the particles are designed to
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Figure 6.7: Concentration profile of drug-coated magnetic nanoparticles for different
values of d (m), when & = 0.45, 11 = 2.0, M, = 1 x 105, 8,; = 0.6,a = 100 nm, \; =
0.008, Ay = 0.10, and a = 1.0.
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Figure 6.8: Concentration profile of drug-coated magnetic nanoparticles for different
values of a (nm), when £ = 0.45,11 = 2.0, M, = 1 x 10% 8,y = 0.6,d = 0.05 m, \; =
0.008, A2 = 0.10, and a = 1.0.

accumulate within the cell-free layer and therefore slow down its motion. It is also
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linked to the thickness of the plug region with the relation { = 7. The mean haema-
tocrit of 46.8 + 3.2% was observed for the healthy controls, while 49.1 + 2.4% for the
chronic coronary disease controls [180]. The influence of the permeability parameter,
related to hydraulic conductivity, II on the dispersion of drug-coated nanoparticles
is shown in Fig. 6.4. It has been found that the delivery outcomes of drug carriers
are more sensitive to changes in hydraulic conductivity-related permeability parame-
ters. Usually, the hydraulic conductivity value of the capillaries, L,, changes in a good
manner with the position of the capillaries from one organ to another [131, 135]. The
drug-embedded carrier concentration increases with an increase in permeability pa-
rameter related to hydraulic conductivity, II. This is due to the fact that in the tumor
region a higher permeability is expected compared to the normal healthy tissues [120].
It makes it easy for the drugs to be delivered to a proper target. In addition, with
increasing II, the time to reach the saturation concentration of the drug-embedded
nanoparticles in the capillaries along the channel increases (see Table 6.1). As noted
that when magnetization increases, the magnetic force also increases. In Fig. 6.5, we
observe that magnetic drug carriers concentration increases with the increase of the
strength of the magnetization. Moreover, Table 6.1 displays that the time to reach
saturation concentration point in the microvessel along the channel reduces as the
magnetization increases. Due to the application of magnetic force, drug-embedded
nanoparticles are able to overcome the limitations of interstitial transport by increas-
ing their resultant velocity. Hence, particle trapping near the tumor site is easier with
increasing magnetization. Aviles et al., (2008) [138] showed a similar phenomenon in
which the magnetic field strength increases the efficiency of drug capture and, and
consequently, the concentration of drug carriers in the microvasculature. Similarly,
clinical studies [139, | results indicate that increased magnetization can improve
nanoparticle accumulation and penetration near the tumor site. After intravenous
bolus injection of magnets coated with drug, Fig. 6.6 illustrates the effects of vol-
ume fraction of magnetic nanoparticles on the dispersion of these particles in tumor
tissues. Volume fraction of the magnetic nanoparticle represents the volume of the
nanoparticle with respect to the total volume of the drug carrier particle. As the
volume fraction of magnetic particles increases, the amount of the magnetic particles
is enhanced, which controls and boost the magnetic force created velocity of the drug
carriers. Due to this phenomenon, the magnetic force between the magnet and the
drug carrier increases regularly. Consequently, it amplifies the velocity of the drug
particles and the concentration of the drug-coated magnetic nanoparticles. Due to the
enhanced velocity, the drug particles reach the diseased region much faster and reach
the saturated concentration within a short time span. This phenomenon is highlighted
in Table 6.1, with indication that; with an increase in the volume fraction, the time

it takes for the drug carriers to reach saturation concentration in the capillaries along
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the channel decreases.

025 r
02 |
0.15 |
o
A, =0.008
0.1 F A, =0.009
- = =2, =0,
A1 =0.010
0.05
0 L 1 1 1 1 ]
0 05 1.0 15 20 25

Time

Figure 6.9: Concentration profile of drug-coated magnetic nanoparticles for different
values of A\, when & = 0.45,11 = 2.0,M, = 1 x 10% 3, = 0.6,d = 0.05 m,a =
100 nm, A\ = 0.10, and o = 1.0.
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Figure 6.10: Concentration profile of drug-coated magnetic nanoparticles for different
values of \g, when & = 0.45,11 = 2.0,M, = 1 x 10% 8, = 0.6,d = 0.05 m,a =
100 nm, Ay = 0.008, and a = 1.0.

Therefore, the higher volume fraction of nanoparticles shows a higher attraction of
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nanoparticles near the tumor position. The distance between the tumor and the mag-
net, depending on the tumor position. Increasing the distance between the tumor
and the magnet will decrease the concentration of the drug carrier, as shown in Fig.
6.7. Hence, the velocity due to magnetic field decreases. As a result, a reduction is
observed in the saturation concentration in the microvessels along the channel with
increase in the distance between the tumor-magnet distance. This indicates that it is
best to place the magnet close to the tumor site for the most reliable outcomes. Fig.
6.8 demonstrates how the radius of the nanoparticle affects the concentration of drug-
coated magnetic nanoparticles along the microvessels, in which a smaller nanoparticle
radius can result in higher concentrations of drug carriers. This is because the velocity
is higher for the smaller particles [181]. We observe the results in Table 6.1, the radius
of the nanoparticle decreases, the drug carrier rapidly reaches saturation. This indi-
cates that small particles enhance drug delivery and the accumulation of anticancer
drugs, as supported in [141, , ]. Further, the small radius drug particles can

easily reach to cellular and subcellular regions.

Drug elimination is one of the important parameters which relate with the contribution
of the local drug and metabolic concentration. This phenomenon is mainly linked
with the organs like liver, gastrointestinal tract, kidney, lungs, and skin and highly
influenced by the self-contained drug-metabolizing enzymes. From Fig. 6.9, we observe
that a reduction in the drug elimination increases drug carrier concentrations. In
addition, less time is needed to reach the saturation point of concentration with an
increase in the drug elimination parameters, as seen in Table 6.1. Further, in this
study, we have considered the source term in form of vascular, cellular or lymphatic
contribution. The importance of this involvement is observed in Fig. 6.10, and it
shows a higher concentration of drug-embedded nanoparticles accumulating at the
tumor region due to the enhancement of the source term. The involvement of the drug
carrier boosted by increasing the source term parameters and achieves the highest drug
carrier saturation concentrations. Moreover, with increased source term, it took less

time to reach the drug carrier saturation point, as shown in Table 6.1.

6.5 Conclusion

In this study, a fractionalized magnetic drug targeting model was developed and anal-
ysed to examine the effective dispersion and capture efficiency of drug-carriers concen-
tration close to a tumor site. The significant impact of different controlling biological
parameters, such as non-Newtonian rheology, permeability related to hydraulic con-
ductivity, volume fraction of nanoparticles, magnetization, tumor-magnet distance,

nanoparticle radius, drug elimination, and source term, on the relative effective dis-
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persion of drug carrier concentration is presented concentration was presented. Both
rheological parameters and volume fraction increase the concentration of drug carrier
particles as they increase, and it takes longer to reach the saturation point. A re-
duction in tumor-magnet distance and drug elimination leads to an increase in the
concentration of drug-coated nanoparticles in the tumor position, but slows its motion
to peak saturation concentration. It is beneficial to increase the magnetization param-
eter, the permeability parameter related to the hydraulic conductivity, and the source
term to improve the concentration of drug-coated carriers at the tumor site. A low
memory effect is observed with the change in the fractional-order parameter values,
that is associated with high concentration of drug carriers, which accelerates the drug
carrier particles to the tumor position. Therefore, the outcomes of this study will
give a better understanding on the dispersion phenomena of drug carriers during the
magnetic drug targeting used for the treatment of cardiovascular disorders. Further,
these results will inspire the development of medical procedures that can be used to
control the drug carriers under certain circumstances, which can be considered as a

potential approach for clinical application during magnetic drug targeting
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7. Conclusions and Implications

In this thesis, we used theoretical analysis and numerical mathematical tools to deter-
mine the mechanism of tumor-immune interaction dynamics, as well as to examine the
capture conditions on the effective dispersion of drug-coated nanoparticles in a tumor

position during magnetic drug targeting in microvessels.

In the first part, we focused on the role of immunotherapy in cancer treatment. Im-
munotherapy plays a vital role in strengthening the immune system and enhancing
its ability to fight cancer during the tumor-immune interaction. This interaction is
a complex process, and biological studies are still ongoing to explore the tumor mi-
croenvironment with the action of the immune system. The limitations associated
with ethical consideration and the costs associated with the biological experiments on
human samples, motivate researchers to use other available means, including mathe-
matical modelling, to find possible solutions to the problems. We used a fractional-
order model for tumor-immune interaction incorporating the treatment of cytokine
interleukin-2 (IL-2) aimed at boosting the immune system’s ability to fight cancer.
The basic properties of the model such as positivity of the solutions and local stability
analysis of the tumor-free equilibrium are studied and the conditions for tumor removal
are highlighted. Furthermore, the existence and uniqueness of the solution of the model
is proved using the fixed point theory. Given the uncertainty in the selection of model
parameters, sensitivity analysis was performed using the Latin Hypercube Sampling
scheme to determine model parameters that describe the processes that significantly
influence the changes in the model state variables. The model was numerically solved
for different orders of the fractional derivative using the Adams-Bashforth-Moulton
Method. Our results suggest that satisfactory stable tumor control can be achieved
by adoptive cellular immunotherapy (ACI) alone, or through a combination of ACI
and IL-2. We further observed that the processes affecting the tumor-immune system

interaction influence the dynamics variably at different stages of the disease.

In the second part, a model on magnetic drug targeting is developed to determine the
capture conditions for the efficient dispersion of drug-coated nanoparticles in a tumor
environment. These particles consist of a non-magnetic core material containing em-
bedded magnetic nanoparticles and a therapeutic agent (such as a photodynamic sen-
sitizer). In the present problem, we have studied the solute dispersion during magnetic
drug targeting through a microvessel. The particles are injected into the microvascular

system upstream of the cancerous tissue and captured in the tumor using an applied
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magnetic field. The fluid velocity and the particle velocity due to the magnetic field
are calculated analytically, while the solute transport equation is solved numerically
by using the finite difference method. The fluid force is assumed on the capillary and
the carrier undergoing magnetic force due to an external magnetic field. Solving the
equations of fluid flow and solute transport simultaneously, the influence of the model
biological parameters, such as volume fraction of the nanoparticles, magnetization,
magnet—tumor distance, the permeability of the capillaries, Peclet number, drug elim-
ination, source term, and radius of the nanoparticle in the dispersion of drug-coated
nanoparticles in microvessels, is also discussed. The results show that higher values
of volume fraction of the magnetic particles, the magnetization of the magnet, drug
elimination, and source term associated with longer times are taken by drug-coated
magnetic nanoparticles to reach the tumor position. Moreover, an increase in the tu-
mor—magnet distance, permeability of the microvessel, Peclet number, and radius of
the nanoparticle slows the rate at which the drug-coated magnetic nanoparticles reach

the tumor position.

Then this work was extended to predict the effective dispersion of the drug carriers and
the impact of the memory effect dependence of solutions on previous instances of the
shear augmented dispersion during the magnetic drug targeting in the microvessel by
using the Caputo fractional time derivative-based dispersion model. The nature of the
blood flow into the vessel is considered Casson fluid. The velocity of the drug carrier is
solved analytically, while the fractional-order dispersion equation is solved numerically
by using the finite difference method. The influence of fractional-order parameters and
model biological parameters such as rheological parameter, permeability parameter re-
lated to hydraulic conductivity, magnetization, the volume fraction of nanoparticles,
tumor-magnet distance, nanoparticle radius, drug elimination, and source term on the
relative effective dispersion are discussed. The outcomes showed that both rheological
parameters and volume fractions increase drug carrier particle concentration, and that
saturating occurs at a later time as they increase. In addition, the memory effect on
drug delivery is observed with the change in the value of fractional parameters, and
it leads to the increase in drug-embedded magnetic nanoparticles’ concentration that

results in fastening these drug-carriers particles to the tumor position.
Therefore, these observations are vital in informing researchers about the essential

processes of emphasis when implementing therapeutic intervention measures aimed at

curtailing the progression of cancer.

102



1]

2]

3]

[10]

[11]

[12]

Bibliography

World Health Organization. Cancer, accessed March 17, 2020. https://www.
who.int/.

Global Cancer Observatory: Cancer Today. Lyon: International agency for re-

search on cancer; 2020. https://gco.iarc.fr/today/home.

H. Sung, J. Ferlay, R. L. Siegel, M. Laversanne, 1. Soerjomataram, A. Jemal,
and F. Bray. Global cancer statistics 2020: Globocan estimates of incidence and

mortality worldwide for 36 cancers in 185 countries. CA: a cancer journal for

clinicians, 71(3):209-249, 2021.
R. A. Willis. The spread of tumors in the human body. Butterworth, 1952.

J. H. Morgan-Parkes. Metastases: mechanisms, pathways, and cascades. AJR.
American journal of roentgenology, 164(5):1075-1082, 1995.

A. W. Lambert, D. R. Pattabiraman, and R. A. Weinberg. Emerging biological
principles of metastasis. Cell, 168(4):670-691, 2017.

T. Sinha et al. Tumors: benign and malignant. Cancer Therapy € Oncology
International Journal, 10(3):52-54, 2018.

B. A. Chabner and T. G. Roberts. Chemotherapy and the war on cancer. Nature
Reviews Cancer, 5(1):65-72, 2005.

E. Dickens and S. Ahmed. Principles of cancer treatment by chemotherapy.
Surgery (Oxford), 36(3):134-138, 2018.

S. Senapati, A. K. Mahanta, S. Kumar, and P. Maiti. Controlled drug delivery
vehicles for cancer treatment and their performance. Signal transduction and
targeted therapy, 3(1):1-19, 2018.

C. R. Parish. Cancer immunotherapy: the past, the present and the future.
Immunology and cell biology, 81(2):106-113, 2003.

S. Kim-Schulze, B. Taback, and H. L. Kaufman. Cytokine therapy for cancer.
Surgical Oncology Clinics of North America, 16(4):793-818, 2007.

F. Pappalardo, A. Palladini, M. Pennisi, F. Castiglione, and S. Motta. Math-
ematical and computational models in tumor immunology. Mathematical Mod-
elling of Natural Phenomena, 7(3):186-203, 2012.

103


https://www.who.int/
https://www.who.int/
https://gco.iarc.fr/today/home

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[22]

[23]

[24]

D. Kirschner and J. C. Panetta. Modeling immunotherapy of the tumor-immune
interaction. Journal of mathematical biology, 37(3):235-252, 1998.

X. Tang, T. Liu, X. Zang, H. Liu, D. Wang, H. Chen, and B. Zhang. Adoptive
cellular immunotherapy in metastatic renal cell carcinoma: a systematic review
and meta-analysis. PLoS One, 8(5):¢62847, 2013.

K. Perica, J. C. Varela, M. Oelke, and J. Schneck. Adoptive t cell immunotherapy

for cancer. Rambam Maimonides medical journal, 6(1), 2015.

X. Qian, X. Wang, and H. Jin. Cell transfer therapy for cancer: past, present,

and future. Journal of immunology research, 2014, 2014.

M. Mohseni, J. J. Connell, C. Payne, P. S. Patrick, R. Baker, Y. Yu, B. Siow,
M. Zaw-Thin, T. L. Kalber, Q. A. Pankhurst, et al. Scalable magnet geome-
tries enhance tumour targeting of magnetic nano-carriers. Materials € Design,
191:108610, 2020.

B. Heidarshenas, H. Wei, Z. Moghimi, G. Hussain, F. Baniasadi, and G. Naghieh.
Nanowires in magnetic drug targeting. Mater. Sci. Eng. Int. J, 3:3-9, 2019.

W. Zhan, M. Alamer, and X. Y. Xu. Computational modelling of drug deliv-
ery to solid tumour: understanding the interplay between chemotherapeutics

and biological system for optimised delivery systems. Advanced Drug Delivery
Reviews, 132:81-103, 2018.

T. Stylianopoulos, L. L. Munn, and R. K. Jain. Reengineering the physical
microenvironment of tumors to improve drug delivery and efficacy: from math-
ematical modeling to bench to bedside. Trends in cancer, 4(4):292-319, 2018.

E. Henke, R. Nandigama, and S. Ergiin. Extracellular matrix in the tumor
microenvironment and its impact on cancer therapy. Frontiers in molecular

biosciences, page 160, 2020.

M. Schober, R. Jesenofsky, R. Faissner, C. Weidenauer, W. Hagmann, P. Michl,
R. L. Heuchel, S. L. Haas, J. Lohr, et al. Desmoplasia and chemoresistance in
pancreatic cancer. Cancers, 6(4):2137-2154, 2014.

J. A. Conti, T. J. Kendall, A. Bateman, T. A. Armstrong, A. Papa-Adams,
Q. Xu, G. Packham, J. N. Primrose, R. C. Benyon, and J. P. Iredale. The desmo-
plastic reaction surrounding hepatic colorectal adenocarcinoma metastases aids

tumor growth and survival via av integrin ligation. Clinical Cancer Research,
14(20):6405-6413, 2008.

104



Bibliography

[25]

28]

[31]

J. L. S. Au, B. Z. Yeung, M. G. Wientjes, Z. Lu, and M. G. Wientjes. Delivery
of cancer therapeutics to extracellular and intracellular targets: Determinants,

barriers, challenges and opportunities. Advanced drug delivery reviews, 97:280—
301, 2016.

Z. G. Forbes, B. B. Yellen, D. S. Halverson, G. Fridman, K. A. Barbee, and
G. Friedman. Validation of high gradient magnetic field based drug delivery to
magnetizable implants under flow. IEEFE Transactions on Biomedical Engineer-
ing, 55(2):643-649, 2008.

E. Cherry and J. Eaton. Simulation of magnetic particles in the bloodstream
for magnetic drug targeting applications. In APS Division of Fluid Dynamics
Meeting Abstracts, pages L.11-001, 2012.

F. Mirab, M. Eslamian, and R. Bagheri. Fabrication and characterization of
a starch-based nanocomposite scaffold with highly porous and gradient struc-
ture for bone tissue engineering. Biomedical Physics & Engineering Fxpress,
4(5):055021, 2018.

A. Nacev, A. Komaee, A. Sarwar, R. Probst, S. H. Kim, M. Emmert-Buck, and
B. Shapiro. Towards control of magnetic fluids in patients: directing therapeutic
nanoparticles to disease locations. IEEE Control Systems Magazine, 32(3):32-74,
2012.

H. Khan, H. Ullah, M. Martorell, S. E. Valdes, T. Belwal, S. Tejada, A. Sureda,
and M. A. Kamal. Flavonoids nanoparticles in cancer: Treatment, prevention
and clinical prospects. In Seminars in cancer biology, volume 69, pages 200-211.
Elsevier, 2021.

Z. Edis, J. Wang, M. K. Waqas, M. Ijaz, and M. Ijaz. Nanocarriers-mediated
drug delivery systems for anticancer agents: An overview and perspectives. In-
ternational Journal of Nanomedicine, 16:1313, 2021.

J. K. Patra, G. Das, L. F. Fraceto, E. V. R. Campos, M. P. Rodriguez-Torres,
L. S. Acosta-Torres, L. A. Diaz-Torres, R. Grillo, M. K. Swamy, S. Sharma, et al.
Nano based drug delivery systems: recent developments and future prospects.
Journal of nanobiotechnology, 16(1):1-33, 2018.

B. Bukhari, M. Naveed, S. I. Makhdoom, K. Jabeen, M. Farrukh A, H. Batool,
N. Ahmed, and C. Yean Yean. A comparison between organic and inorganic
nanoparticles: Prime nanoparticles for tumor curation. Nano, page 2130011,
2021.

105



[34]

[35]

[36]

[37]

[39]

[40]

[42]

[43]

[44]

[45]

[46]

K. Khalid, X. Tan, Mohd Zaid. H. F., Y. Tao, C. Lye Chew, D. T. Chu, M. K.
Lam, Y. Ho, J. W. Lim, and L. Chin Wei. Advanced in developmental organic

and inorganic nanomaterial: A review. Bioengineered, 11(1):328-355, 2020.

[. Khan, K. Saeed, and I. Khan. Nanoparticles: Properties, applications and
toxicities. Arabian journal of chemistry, 12(7):908-931, 2019.

N. V. Stepanova. Course of the immune reaction during the development of a
malignant tumour. Biophysics, 24(5):917-923, 1979.

V. A. Kuznetsov, I. A. Makalkin, M. A. Taylor, and A. S. Perelson. Nonlinear
dynamics of immunogenic tumors: parameter estimation and global bifurcation
analysis. Bulletin of mathematical biology, 56(2):295-321, 1994.

J. A. Adam and N. Bellomo. A survey of models for tumor-immune system

dynamics. Springer Science & Business Media, 2012.

P. M. Altrock, L. L. Liu, and F. Michor. The mathematics of cancer: integrating
quantitative models. Nature Reviews Cancer, 15(12):730-745, 2015.

R. Eftimie, J. L. Bramson, and D. J. D. Earn. Interactions between the immune
system and cancer: a brief review of non-spatial mathematical models. Bulletin
of mathematical biology, 73(1):2-32, 2011.

G. E. Mahlbacher, K. C. Reihmer, and H. B. Frieboes. Mathematical modeling
of tumor-immune cell interactions. Journal of Theoretical Biology, 469:47—60,
2019.

A. Senyei, K. Widder, and G. Czerlinski. Magnetic guidance of drug-carrying
microspheres. Journal of Applied Physics, 49(6):3578-3583, 1978.

K. J. Widder, A. E. Senyei, and D. G. Scarpelli. Magnetic microspheres: a
model system for site specific drug delivery in vivo. Proceedings of the Society
for Ezperimental Biology and Medicine, 158(2):141-146, 1978.

L. T. Baxter and R. K. Jain. Transport of fluid and macromolecules in tumors. i.
role of interstitial pressure and convection. Microvascular research, 37(1):77-104,

1989.

L. T. Baxter and R. K. Jain. Transport of fluid and macromolecules in tu-

mors. ii. role of heterogeneous perfusion and lymphatics. Microvascular research,

40(2):246-263, 1990.

L. T. Baxter and R. K. Jain. Transport of fluid and macromolecules in tumors:

Lii. role of binding and metabolism. Microvascular research, 41(1):5-23, 1991.

106



Bibliography

[47]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

L. T. Baxter and R. K. Jain. Transport of fluid and macromolecules in tumors.

iv. a microscopic model of the perivascular distribution. Microvascular research,
41(2):252-272, 1991.

P. A. Netti, L. T. Baxter, Y. Boucher, R. Skalak, and R. K. Jain. Time-dependent
behavior of interstitial fluid pressure in solid tumors: implications for drug de-
livery. Cancer research, 55(22):5451-5458, 1995.

A. D. Grief and G. Richardson. Mathematical modelling of magnetically targeted
drug delivery. Journal of magnetism and magnetic materials, 293(1):455-463,
2005.

E. J. Furlani and E. P. Furlani. A model for predicting magnetic targeting of
multifunctional particles in the microvasculature. Journal of Magnetism and
Magnetic Materials, 312(1):187-193, 2007.

S. Shaw, P. V. S. N. Murthy, and S. C. Pradhan. Effect of non-newtonian
characteristics of blood on magnetic targeting in the impermeable micro-vessel.
Journal of magnetism and magnetic materials, 322(8):1037-1043, 2010.

S. Shaw and P. V. S. N. Murthy. Magnetic targeting in the impermeable mi-
crovessel with two-phase fluid model—non-newtonian characteristics of blood.
Microvascular research, 80(2):209-220, 2010.

M. Shamsi, A. Sedaghatkish, M. Dejam, M. Saghafian, M. Mohammadi, and
A. Sanati-Nezhad. Magnetically assisted intraperitoneal drug delivery for cancer
chemotherapy. Drug delivery, 25(1):846-861, 2018.

E. M. Cherry and J. K. Eaton. A comprehensive model of magnetic particle
motion during magnetic drug targeting. International Journal of Multiphase
Flow, 59:173-185, 2014.

S. Bose and M. Banerjee. Magnetic particle capture for biomagnetic fluid flow
in stenosed aortic bifurcation considering particle-fluid coupling. Journal of
Magnetism and Magnetic Materials, 385:32—-46, 2015.

M. Soltani and P. Chen. Effect of tumor shape and size on drug delivery to solid
tumors. Journal of biological engineering, 6(1):1-15, 2012.

P. Shojaee, H. Niroomand-Oscuii, M. Sefidgar, and L. Alinezhad. Effect of
nanoparticle size, magnetic intensity, and tumor distance on the distribution of
the magnetic nanoparticles in a heterogeneous tumor microenvironment. Journal
of Magnetism and Magnetic Materials, 498:166089, 2020.

107



[58]

[60]

[61]

S. M. Hosseinikhah, B. Beigzadeh, M. Siavashi, and M. Halabian. A numerical
study on the effect of static magnetic field on the hemodynamics of magnetic

fluid in biological porous media. Journal of Thermal Analysis and Calorimetry,
141(5):1543-1558, 2020.

H. Ye, Z. Shen, L. Yu, M. Wei, and Y. Li. Manipulating nanoparticle trans-
port within blood flow through external forces: An exemplar of mechanics in

nanomedicine. Proceedings of the Royal Society A: Mathematical, Physical and
Engineering Sciences, 474(2211):20170845, 2018.

H. Ye, Z. Shen, and Y. Li. Computational modeling of magnetic particle margina-
tion within blood flow through lammps. Computational Mechanics, 62(3):457—
476, 2018.

N. A. Shah, D. Vieru, and C. Fetecau. Effects of the fractional order and mag-
netic field on the blood flow in cylindrical domains. Journal of Magnetism and
Magnetic Materials, 409:10-19, 2016.

F. Ali, N. A. Sheikh, I. Khan, and M. Saqib. Magnetic field effect on blood flow
of casson fluid in axisymmetric cylindrical tube: A fractional model. Journal of
Magnetism and Magnetic Materials, 423:327-336, 2017.

S. Maiti, S. Shaw, and G. C. Shit. Fractional order model of thermo-solutal and
magnetic nanoparticles transport for drug delivery applications. Colloids and
Surfaces B: Biointerfaces, 203:111754, 2021.

C. Milici, G. Draganescu, and J. T. Machado. Introduction to fractional differ-

ential equations, volume 25. Springer, 2018.

I. Podlubny. Fractional differential equations: an introduction to fractional
deriwatives, fractional differential equations, to methods of their solution and

some of their applications. Elsevier, 1998.

F. A. Rihan. Numerical modeling of fractional-order biological systems. Abstract
and Applied Analysis, 2013, 2013.

R. Almeida, N. R. O. Bastos, and M. T. T. Monteiro. Modeling some real
phenomena by fractional differential equations. Mathematical Methods in the
Applied Sciences, 39(16):4846-4855, 2016.

K. M. Owolabi and A. Atangana. On the formulation of adams-bashforth scheme
with atangana-baleanu-caputo fractional derivative to model chaotic problems.
Chaos: An Interdisciplinary Journal of Nonlinear Science, 29(2):023111, 2019.

108



Bibliography

[69]

[70]

[71]

[76]

[77]

78]

M. A. Khan, S. Ullah, K. O. Okosun, and K. Shah. A fractional order pine wilt
disease model with caputo—fabrizio derivative. Advances in Difference Equations,
2018(1):410, 2018.

I. M. Sokolov, J. Klafter, and A. Blumen. Fractional kinetics. Physics Today,
55(11):48-54, 2002.

M. Ishteva, L. Boyadjiev, and R. Scherer. On the caputo operator of frac-
tional calculus and c-laguerre functions. Mathematical Sciences Research Jour-
nal, 9(6):161, 2005.

R. Gorenflo and F. Mainardi. Essentials of fractional calculus. 2000.

M. Caputo and M. Fabrizio. A new definition of fractional derivative without
singular kernel. Progr. Fract. Differ. Appl, 1(2):1-13, 2015.

A. Atangana and D. Baleanu. New fractional derivatives with nonlocal and non-
singular kernel: theory and application to heat transfer model. arXiv preprint
arXiw:1602.03408, 2016.

M. Moshrefi-Torbati and J. K. Hammond. Physical and geometrical interpreta-
tion of fractional operators. Journal of the Franklin Institute, 335(6):1077-1086,
1998.

I[. Podlubny. Geometric and physical interpretation of fractional integration and
fractional differentiation. arXiv preprint math/0110241, 2001.

M. H. Tavassoli, A. Tavassoli, and M. R. O. Rahimi. The geometric and physical
interpretation of fractional order derivatives of polynomial functions. Differ.
Geom. Dyn. Syst, 15:93-104, 2013.

R. Scherer, S. L. Kalla, Y. Tang, and J. Huang. The griinwald-letnikov method
for fractional differential equations. Computers € Mathematics with Applica-
tions, 62(3):902-917, 2011.

K. S. Miller. The weyl fractional calculus. In Fractional calculus and its appli-

cations, pages 80-89. Springer, 1975.

A Marchaud. On Derivatives and Differences of Functions of Real Variables.
PhD thesis, Print. Gauthier-Villars, 1927.

S. G. Samko, A. A. Kilbas, O. I. Marichev, et al. Fractional integrals and deriva-
tives, volume 1. Gordon and breach science publishers, Yverdon Yverdon-les-
Bains, Switzerland, 1993.

109



[82]

[83]

[84]

[91]

[92]

[93]

[94]

[95]

J. Hadamard. The cauchy problem and the equations with partial linear hyper-
bolic derivatives. 11:243-264, 1932.

M. Riesz. The riemann-liouville integral and the cauchy problem. 81:1-222
1949.

K. S. Miller and B. Ross. An introduction to the fractional calculus and fractional
differential equations. Wiley, 1993.

G. B. Folland. Advanced calculus. Recording for the Blind & Dyslexic, 2003.

W. A. Al-Salam. g-analogues of cauchy’s formulas. Proceedings of the American
Mathematical Society, 17(3):616-621, 1966.

K. Diethelm and N. J. Ford. Analysis of fractional differential equations. Journal
of Mathematical Analysis and Applications, 265(2):229-248, 2002.

M. P. Lazarevi¢, M. R. Rapai¢, T. B. Sekara, V. Mladenov, and N. Mastorakis.
Introduction to fractional calculus with brief historical background. In Advanced

Topics on Applications of Fractional Calculus on Control Problems, System Sta-
bility and Modeling, page 3. WSEAS Press, 2014.

M. Ishteva. Properties and applications of the caputo fractional operator. De-

partment of Mathematics, University of Karlsruhe, Karlsruhe, 5, 2005.

J. Losada and J. J. Nieto. Properties of a new fractional derivative without
singular kernel. Progr. Fract. Differ. Appl, 1(2):87-92, 2015.

A. A. Kilbas, H. M. Srivastava, and J. J Trujillo. Theory and applications of

fractional differential equations, volume 204. elsevier, 2006.

T. N. Seyfried and L. C. Huysentruyt. On the origin of cancer metastasis. Critical

reviews in oncogenesis, 18(1-2):43, 2013.

J. B. H. Njagarah and C. B. Tabi. Spatial synchrony in fractional order metapop-
ulation cholera transmission. Chaos Solit. Fract., 117:37-49, 2018.

S. Qureshi and A. Yusuf. Modeling chickenpox disease with fractional derivatives:
From Caputo to Atangana-Baleanu. Chaos, Solitons and Fractals, 122:111-118,
2019.

S. Qureshi and A. Yusuf. Fractional derivatives applied to MSEIR problems:
Comparative study with real world data. Fur. Phys. J. Plus, 134:171, 2019.

110



Bibliography

[96]

[98]

[99]

[100]

[101]

[102]

103]

[104]

[105]

[106]

Sania Qureshi, Kashif Ali Abro, and JF Goémez-Aguilar. On the numerical
study of fractional and non-fractional model of nonlinear duffing oscillator: a
comparison of integer and non-integer order approaches. International Journal
of Modelling and Sitmulation, pages 1-14, 2022.

S. M. Salman and A. M. Yousef. On a fractional-order model for hbv infec-
tion with cure of infected cells. Journal of the Eqgyptian Mathematical Society,
25(4):445-451, 2017.

S. Arshad, D. Baleanu, J. Huang, Y. Tang, and M. M. Al Qurashi. Dynamical
analysis of fractional order model of immunogenic tumors. Advances in Mechan-

ical Engineering, 8(7):1687814016656704, 2016.

F. A. Rihan, A. Hashish, F. Al-Maskari, M. S. Hussein, E. Ahmed, M. B. Riaz,
and R. Yafia. Dynamics of tumor-immune system with fractional-order. Journal

of Tumor Research, 2(1):109-115, 2016.

S. Sharma and G. P. Samanta. Analysis of the dynamics of a tumor-immune
system with chemotherapy and immunotherapy and quadratic optimal control.
Differential Equations and Dynamical Systems, 24(2):149-171, 2016.

E. Balei, I Oztiirk, and S. Kartal. Dynamical behaviour of fractional order
tumor model with caputo and conformable fractional derivative. Chaos, Solitons
& Fractals, 123:43-51, 2019.

B. Dasbasi. Stability analysis of mathematical model including pathogen-specific
immune system response with fractional-order differential equations. Computa-

tional and mathematical methods in medicine, 2018, 2018.

L. G. De Pillis and A. Radunskaya. A mathematical tumor model with immune
resistance and drug therapy: an optimal control approach. Computational and
Mathematical Methods in Medicine, 3(2):79-100, 2001.

A. Eladdadi, P. Kim, and D. Mallet, editors. Mathematical models of tumor-
immune system dynamics. Springer, Springer New York, Heidelberg, Dordrecht,
London, 2014. ISBN 978-1-4939-1793-8.

P. K. Gupta and B. Dhar. Dynamical behaviour of fractional order tumor-
immune model with targeted chemotherapy treatment. Int. J. Eng. Tech, 7:6-9,
2018.

F. A. Rihan and G. Velmurugan. Dynamics of fractional-order delay differential
model for tumor-immune system. Chaos, Solitons € Fractals, 132:109592, 2020.

111



107]

108

[109]

[110]

[111]

[112]

[113]

[114]

[115]

[116]

[117]

[118]

Z. M. Odibat and N. T. Shawagfeh. Generalized taylor’s formula. Applied Math-
ematics and Computation, 186(1):286-293, 2007.

S. K. Choi, B. Kang, and N. Koo. Stability for fractional differential equations.
In Proceedings of the Jangjeon Mathematical Society, volume 16, pages 165174,
2013.

R. Gorenflo, A. A. Kilbas, F. Mainardi, S. V. Rogosin, et al. Mittag-Leffier

functions, related topics and applications, volume 2. Springer, 2014.

K. Diethelm, N. J. Ford, and A. D. Freed. A predictor-corrector approach for
the numerical solution of fractional differential equations. Nonlinear Dynamics,
29(1-4):3-22, 2002.

K. Diethelm, N. J. Ford, and A. D. Freed. Detailed error analysis for a fractional
adams method. Numerical algorithms, 36(1):31-52, 2004.

R. Garrappa. On linear stability of predictor—corrector algorithms for frac-
tional differential equations. International Journal of Computer Mathematics,
87(10):2281-2290, 2010.

S. Marino, I. B. Hogue, C. J. Ray, and D. E. Kirschner. A methodology for
performing global uncertainty and sensitivity analysis in systems biology. Journal
of theoretical biology, 254(1):178-196, 2008.

S. A. Rosenberg, M. T. Lotze, J. C. Yang, P. M. Aebersold, W. M. Linehan, C. A.
Seipp, and D. E. White. Experience with the use of high-dose interleukin-2 in
the treatment of 652 cancer patients. Annals of surgery, 210(4):474, 1989.

M. Sefidgar, M. Soltani, K. Raahemifar, H. Bazmara, S. M. M. Nayinian, and
M. Bazargan. Effect of tumor shape, size, and tissue transport properties on

drug delivery to solid tumors. Journal of biological engineering, 8(1):1-13, 2014.

S. Shaw, P. Sibanda, and P. V. S. N. Murthy. Mathematical model on magnetic
drug targeting in a permeable microvessel. In ASME International Mechani-
cal Engineering Congress and Ezxposition, volume 56222, page VO3BT03A044.

American Society of Mechanical Engineers, 2013.

C. Alexiou, A. Schmidt, R. Klein, P. Hulin, C. Bergemann, and W. Arnold. Mag-
netic drug targeting: biodistribution and dependency on magnetic field strength.
Journal of Magnetism and Magnetic Materials, 252:363-366, 2002.

M. O. Avilés, A. D. Ebner, H. Chen, A. J. Rosengart, M. D. Kaminski, and

J. A. Ritter. Theoretical analysis of a transdermal ferromagnetic implant for

112



Bibliography

[119]

[120]

[121]

[122]

[123]

[124]

[125]

[126]

[127]

[128]

[129]

retention of magnetic drug carrier particles. Journal of Magnetism and Magnetic

Materials, 293(1):605-615, 2005.

R. Van Durme, G. Crevecoeur, L. Dupré, and A. Coene. Model-based optimized
steering and focusing of local magnetic particle concentrations for targeted drug
delivery. Drug Delivery, 28(1):63-76, 2021.

R. K. Jain. Delivery of molecular and cellular medicine to solid tumors. Micro-
circulation, 4(1):1-23, 1997.

C. H. Wang and J. Li. Three-dimensional simulation of igg delivery to tumors.
Chemical Engineering Science, 53(20):3579-3600, 1998.

M. Soltani. Numerical modeling of drug delivery to solid tumor microvasculature.
2013.

W. Zhan and C. H. Wang. Convection enhanced delivery of chemotherapeutic
drugs into brain tumour. Journal of Controlled Release, 271:74-87, 2018.

S. Majee and G. Shit. Modeling and simulation of blood flow with magnetic
nanoparticles as carrier for targeted drug delivery in the stenosed artery. Euro-
pean Journal of Mechanics-B/Fluids, 83:42-57, 2020.

J. A. Ritter, A. D. Ebner, K. D. Daniel, and K. L. Stewart. Application of high
gradient magnetic separation principles to magnetic drug targeting. Journal of
Magnetism and Magnetic Materials, 280(2-3):184-201, 2004.

S. Maiti, S. Shaw, and G. C. Shit. Caputo—fabrizio fractional order model on mhd
blood flow with heat and mass transfer through a porous vessel in the presence

of thermal radiation. Physica A: Statistical Mechanics and its Applications,
540:123149, 2020.

B. D. Sharma and P. K. Yadav. A mathematical model of blood flow in narrow
blood vessels in presence of magnetic field. National Academy Science Letters,
42(3):239-243, 2019.

A. R. Pries, T. W. Secomb, and P. Gaehtgens. Biophysical aspects of blood flow

in the microvasculature. Cardiovascular research, 32(4):654-667, 1996.

M. Sefidgar, M. Soltani, K. Raahemifar, M. Sadeghi, H. Bazmara, M. Bazargan,
and M. M. Naeenian. Numerical modeling of drug delivery in a dynamic solid

tumor microvasculature. Microvascular research, 99:43-56, 2015.

113



[130]

[131]

132]

[133]

[134]

[135]

[136]

[137]

138

[139]

140

A. R. Pries and T. W. Secomb. Microvascular blood viscosity in vivo and the

endothelial surface layer. American Journal of Physiology-Heart and Clirculatory
Physiology, 289(6):H2657-H2664, 2005.

P. Decuzzi, F. Causa, M. Ferrari, and P. A. Netti. The effective dispersion of
nanovectors within the tumor microvasculature. Annals of biomedical engineer-
ing, 34(4):633-641, 2006.

S. Shaw, A. Sutradhar, and P. V. S. N. Murthy. Permeability and stress-jump
effects on magnetic drug targeting in a permeable microvessel using darcy model.
Journal of Magnetism and Magnetic Materials, 429:227-235, 2017.

A. Sutradhar, P. V. S. N. Murthy, and S. Shaw. Influence of the inertia on
magnetic drug targeting in microvessel-casson model. Journal of Nanofluids,
5(6):928-934, 2016.

S. Shaw, S. Ganguly, P. Sibanda, and S. Chakraborty. Dispersion characteristics
of blood during nanoparticle assisted drug delivery process through a permeable

microvessel. Microvascular Research, 92:25-33, 2014.

F. Gentile, M. Ferrari, and P. Decuzzi. The transport of nanoparticles in blood
vessels: the effect of vessel permeability and blood rheology. Annals of biomedical

engineering, 36(2):254-261, 2008.

G. D. Smith, G. D. Smith, and G. D. S. Smith. Numerical solution of partial

differential equations: finite difference methods. Oxford university press, 1985.

B. C. Lutters, M. A. Leeuwenburgh, C. C. Appeldoorn, T. J. Molenaar, T. J.
Van Berkel, and E. A. Biessen. Blocking endothelial adhesion molecules: a poten-

tial therapeutic strategy to combat atherogenesis. Current opinion in lipidology,
15(5):545-552, 2004.

M. O. Aviles, A. D. Ebner, and J. A. Ritter. Implant assisted-magnetic drug
targeting: Comparison of in vitro experiments with theory. Journal of Magnetism
and Magnetic Materials, 320(21):2704-2713, 2008.

J. F. Liu, B. Jang, D. Issadore, and A. Tsourkas. Use of magnetic fields and
nanoparticles to trigger drug release and improve tumor targeting. Wiley Inter-

disciplinary Reviews: Nanomedicine and Nanobiotechnology, 11(6):e1571, 2019.

N. W. Bolden, V. K. Rangari, S. Jeelani, S. Boyoglu, and S. R. Singh. Synthesis
and evaluation of magnetic nanoparticles for biomedical applications. Journal
of Nanoparticles, 2013, 2013.

114



Bibliography

141]

[142]

[143)]

[144]

[145]

[146]

[147]

[148]

[149]

[150]

[151]

S. Shaw, P. V. S. N. Murthy, and P. Sibanda. Magnetic drug targeting in a

permeable microvessel. Microvascular research, 85:77-85, 2013.

R. Zein, W. Sharrouf, and K. Selting. Physical properties of nanoparticles that
result in improved cancer targeting. Journal of Oncology, 2020, 2020.

H. Cabral, Y. Matsumoto, K. Mizuno, Q. Chen, M. Murakami, M. Kimura,
Y. Terada, M. R. Kano, K. Miyazono, M. J. N. N. Uesaka, et al. Accumulation
of sub-100 nm polymeric micelles in poorly permeable tumours depends on size.
Nature nanotechnology, 6(12):815-823, 2011.

G. S. Terentyuk, G. N. Maslyakova, L. V. Suleymanova, B. N. Khlebtsov, B. Y.
Kogan, G. G. Akchurin, A. V. Shantrocha, I. L. Maksimova, N. G. Khlebtsov,
and V. V. Tuchin. Circulation and distribution of gold nanoparticles and induced

alterations of tissue morphology at intravenous particle delivery. Journal of
biophotonics, 2(5):292-302, 2009.

B. G. Sullivan, A. Qazi, and M. Senthil. Cancer screening programs in low-and
middle-income countries: Strategies for success. Annals of Surgical Oncology,
pages 1-2, 2021.

J. Shi, P. W. Kantoff, R. Wooster, and O. C. Farokhzad. Cancer nanomedicine:

progress, challenges and opportunities. Nature reviews cancer, 17(1):20-37, 2017.

H. Kempe, S. A. Kates, and M. Kempe. Nanomedicine’s promising therapy:
magnetic drug targeting. Ezpert review of medical devices, 8(3):291-294, 2011.

A. Kraféik, M. Babincova, P. Babinec, et al. Theoretical analysis of magnetic
particle trajectory in high-current pulsed quadrupole: implications for magnetic
cell separation, drug targeting, and gene therapy. Optoelectronics and Advanced

Materials-Rapid Communications, 3(March 2009):226-230, 2009.

P. S. Williams, F. Carpino, and M. Zborowski. Magnetic nanoparticle drug car-
riers and their study by quadrupole magnetic field-flow fractionation. Molecular
pharmaceutics, 6(5):1290-1306, 2009.

D Basu and R Kulkarni. Overview of blood components and their preparation.
Indian journal of anaesthesia, 58(5):529, 2014.

D Bento, C S Fernandes, J Miranda, and R Lima. In vitro blood flow vi-
sualizations and cell-free layer (cfl) measurements in a microchannel network.
Ezxperimental Thermal and Fluid Science, 109:109847, 2019.

115



[152]

[153]

[154]

[155]

[156]

[157]

158

[159]

[160]

[161]

[162]

[163]

S Kim, P K Ong, O Yalcin, M Intaglietta, and P C Johnson. The cell-free layer
in microvascular blood flow. Biorheology, 46(3):181-189, 2009.

S Kim, R L Kong, A S Popel, M Intaglietta, and P C Johnson. Temporal
and spatial variations of cell-free layer width in arterioles. American Journal of
Physiology-Heart and Circulatory Physiology, 293(3):H1526-H1535, 2007.

D A Fedosov, B Caswell, A S Popel, and G E Karniadakis. Blood flow and
cell-free layer in microvessels. Microcirculation, 17(8):615-628, 2010.

S Chien, S Usami, H M Taylor, J L Lundberg, and M I Gregersen. Effects of
hematocrit and plasma proteins on human blood rheology at low shear rates.
Journal of applied physiology, 21(1):81-87, 1966.

A J Apostolidis and A N Beris. Modeling of the blood rheology in steady-state
shear flows. Journal of Rheology, 58(3):607-633, 2014.

J S Horner, N J Wagner, and A N Beris. A comparative study of blood rheology
across species. Soft Matter, 17(18):4766-4774, 2021.

D S Sankar et al. Effects of porosity in four-layered non-linear blood rheology
in constricted narrow arteries with clinical applications. Computer Methods and
Programs in Biomedicine, 199:105907, 2021.

M S Kandelousi and R Ellahi. Simulation of ferrofluid flow for magnetic drug
targeting using the lattice boltzmann method. Zeitschrift fiir Naturforschung A,
70(2):115-124, 2015.

A Sohail, M Fatima, R Ellahi, and K B Akram. A videographic assessment of
ferrofluid during magnetic drug targeting: an application of artificial intelligence
in nanomedicine. Journal of Molecular Liquids, 285:47-57, 2019.

H Song, C Wang, H Zhang, L. Yao, J Zhang, R Gao, X Tang, T Chong, W Liu,
and Y Tang. A high-loading drug delivery system based on magnetic nanomateri-
als modified by hyperbranched phenylboronic acid for tumor-targeting treatment
with ph response. Colloids and Surfaces B: Biointerfaces, 182:110375, 2019.

M Xie, F Zhang, H Peng, Y Zhang, Y Li, Y Xu, and J Xie. Layer-by-layer
modification of magnetic graphene oxide by chitosan and sodium alginate with
enhanced dispersibility for targeted drug delivery and photothermal therapy.
Colloids and Surfaces B: Biointerfaces, 176:462-470, 2019.

D Tripathi, J Prakash, A K Tiwari, and R Ellahi. Thermal, microrotation,
electromagnetic field and nanoparticle shape effects on cu-cuo/blood flow in

microvascular vessels. Microvascular Research, 132:104065, 2020.

116



Bibliography

164]

[165]

[166]

167]

[168]

[169)]

[170]

[171]

[172]

[173]

[174]

[175]

J. P. Ndenda, S. Shaw, and J. B. H. Njagarah. Solute dispersion of drug carrier
during magnetic drug targeting for a blood flow through a microvessel. Journal
of Applied Physics, 130(2):024701, 2021.

R K Dutta and S Sahu. Development of diclofenac sodium loaded magnetic
nanocarriers of pectin interacted with chitosan for targeted and sustained drug
delivery. Colloids and Surfaces B: Biointerfaces, 97:19-26, 2012.

Y. Yuan. Spatial heterogeneity in the tumor microenvironment. Cold Spring
Harbor perspectives in medicine, 6(8):a026583, 2016.

D. A. Benson, S. W. Wheatcraft, and M. M. Meerschaert. Application of a
fractional advection-dispersion equation. Water resources research, 36(6):1403—
1412, 2000.

A. Atangana and A. Kilicman. Analytical solutions of the space-time fractional
derivative of advection dispersion equation. Mathematical Problems in Engineer-
ing, 2013, 2013.

R Ullah, R Ellahi, S M Sait, and S T Mohyud-Din. On the fractional-order
model of HIV-1 infection of CD4+ T-cells under the influence of antiviral drug
treatment. Journal of Taibah University for Science, 14(1):50-59, 2020.

J P Ndenda, J B H Njagarah, and S Shaw. Role of immunotherapy in tumor-
immune interaction: Perspectives from fractional-order modelling and sensitivity
analysis. Chaos, Solitons € Fractals, 148:111036, 2021.

J P Ndenda, J B H Njagarah, and S Shaw. Influence of environmental viral load,
interpersonal contact and infected rodents on lassa fever transmission dynam-

ics: Perspectives from fractional-order dynamic modelling. AIMS Mathematics,

7(5):8975-9002, 2022.

Yuan-cheng Fung.  Biomechanics: mechanical properties of living tissues.

Springer Science & Business Media, 2013.

B. Guo, X. Pu, and F. Huang. Fractional partial differential equations and their

numerical solutions. World Scientific, 2015.

B. J. Noye and A. von Trojan. An explicit finite-difference method for vari-
able velocity advection. In Computational Techniques and Applications: CTAC,
volume 97, pages 513-520, 1998.

J. D. Anderson and J. Wendt. Computational fluid dynamics, volume 206.
Springer, 1995.

117



[176]

[177]

[178]

179]

[180]

[181]

A M Robertson, A Sequeira, and R G Owens. Rheological models for blood. In
Cardiovascular mathematics, pages 211-241. Springer, 2009.

Pujith RS Vijayaratnam, Caroline C O’Brien, J A Reizes, T J Barber, and E R
Edelman. The impact of blood rheology on drug transport in stented arteries:
steady simulations. PloS one, 10(6):¢0128178, 2015.

S V Kumar, D Sasmal, and S C Pal. Rheological characterization and drug
release studies of gum exudates of terminalia catappa linn. Aaps Pharmscitech,
9(3):885-890, 2008.

S M Hosseini, E Ghasemi, A Fazlali, and D E Henneke. The effect of nanoparticle
concentration on the rheological properties of paraffin-based co3o4 ferrofluids.
Journal of Nanoparticle Research, 14(7):1-7, 2012.

G. A. Mayer. Hematocrit and coronary heart disease. Canadian Medical Asso-
ciation Journal, 93(22):1151, 1965.

F. Gentile, A. Curcio, C. Indolfi, M. Ferrari, and P. Decuzzi. The margination
propensity of spherical particles for vascular targeting in the microcirculation.
Journal of nanobiotechnology, 6(1):1-9, 2008.

118



	Declaration Regarding the Work and Copyright
	Abstract
	Dedications
	Acknowledgements
	List of Publications
	Contents
	List of Figures
	List of Tables
	Introduction
	Background
	Immunotherapy
	Magnetic Drug Targeting

	Statement of the problem
	Aims and objectives
	Structure of the thesis

	Literature review
	Mathematical modelling of tumor-immunology
	Modelling drug delivery to solid tumors

	Mathematical preliminaries and definitions
	Basic definitions
	Laplace Transform
	Some important properties of Laplace transform

	Fractional calculus
	Physical and Geometric meaning of Fractional Calculus
	Basic Fractional Calculus
	Fractional Integral and its properties
	Fractional derivatives and its properties
	Solution to the special Cauchy problem of Caputo type


	Role of immunotherapy in tumor-immune interaction: Perspectives from fractional-order modelling and sensitivity analysis
	Introduction
	Mathematical Model Formulation and Analysis
	Non-negative Solutions and Boundedness
	Equilibria and Stability Analysis.
	Existence and Uniqueness of a System of Solutions of Model

	Numerical Method and Simulations
	Simulation Results and Discussion
	Sensitivity analysis

	Conclusion

	Solute dispersion of drug carrier during magnetic drug targeting for blood flow through a microvessel
	Introduction
	Governing equations
	Fluid velocity
	Magnetic force created velocity
	Solute Transport

	Solution Procedure
	Results and Discussion
	The effect of volume fraction of nanoparticles
	The effect of magnetization
	The effect of tumor-magnet distance
	The effect of permeability of capillary
	The effect of Peclet number
	The effect of drug elimination parameter
	The effect of source term parameter
	The effect of radius of nanoparticle

	Conclusion

	Shear induced fractionalized dispersion during Magnetic Drug Targeting in a permeable microvessel
	Introduction
	The Governing Equation
	Velocity profile for Casson fluid
	Magnetic force influenced velocity
	Solute transport

	Numerical scheme
	Numerical Results and Discussion
	Conclusion

	Conclusions and Implications
	Bibliography

