BOTSWANA IN'T

ERNATIONAL UNIVERSITY
OF SCIENCE &

TECHNOLOGY

Faculty of Sciences
Department of Mathematics & Statistical Sciences

An Inertial Method for Solutions of
Split Equality Inclusion Problems

by

Omponye Tlamelo Thobogang
Reg. No: 15001279
MSc (Pure and Applied Mathematics)
Botswana International University of Science and Technology (BIUST), Botswana

A Thesis Submitted to the Faculty of Sciences in Partial Fulfilment of the Requirements
for the Award of the Degree of Master of Science in Pure and Applied Mathematics of
BIUST

Supervisors:

Prof. Habtu Zegeye Hailu
Department of Mathematics & Statistical Sciences,
Faculty of Sciences, BIUST

E-mail: hailuhz@biust.ac.bw

Prof. Oganeditse A. Boikanyo
Department of Mathematics & Statistical Sciences,
Faculty of Sciences, BIUST

E-mail: boikanyoa@biust.ac.bw

February, 2023


hailuhz@biust.ac.bw
boikanyoa@biust.ac.bw

—, POSTGRADUATE SCHOOL
BI<I)ST

R G Declaration Regarding the Work and Copyright

DECLARATION REGARDING THE WORK AND COPYRIGHT

Candidate Omponye T. Thobogang
Student ID: 15001279
Thesis Titled: An Inertial Method for Solutions of Split Equality Inclusion Problems

I Omponye T. Thobogang, certify that the Thesis is all my own original work and that I

have not obtained a degree in this University or elsewhere on the basis of any of this work.

This thesis is copyright material protected under the Berne Convention, the Copyright and
Neighbouring Rights Act, Act. No. 8 of 2000 and other international and national enactments,
in that behalf, on intellectual property. It must not be reproduced by any means, in full or
in part, except for short extracts in fair dealing; for researcher private study, critical scholarly
review or discourse with an acknowledgement, without the written permission of the office of
the Postgraduate School, on behalf of both the author and the BIUST.

Date: June 13, 2023

Primary Supervisors Prof. Habtu Zegeye Hailu and Prof. Oganeditse A. Boikanyo

I Habtu Zegeye Hailu, hereby confirm that I have inspected the above titled thesis and, to

the best of my knowledge, it is based on the original work of the candidate.

il
Signed: ---¥N/- -} L27 E= Date: June 13, 2023

I Oganeditse A. Boikanyo, hereby confirm that I have inspected the above titled thesis and,
to the best of my knowledge, it is based on the original work of the candidate.

Date: June 13, 2023




Abstract

The main objective of this Thesis is to introduce and study the Split FEquality Inclusion Problem
in the framework of real Hilbert spaces. In order to solve this problem, we propose an inertial
method for approximating a solution of the problem. Using the method, we prove a strong
convergence theorem to a solution of the problem. In addition, we provide some applications of
our method and present numerical results to demonstrate the applicability and efficiency of the
proposed method. The result obtained in this Thesis generalizes and improves several results in

the Literature in this direction.
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1. Introduction

1.1 Background of the Study

This Thesis contributes to the general area of Nonlinear Functional Analysis and its Applications,
an area which has been of active research interest in recent years. In particular, we devote our
attention to the inertial method for solutions of the Split Equality Inclusion Problem and its

special cases and applications.

Throughout this Thesis, unless stated otherwise, H will be a real Hilbert space with inner
product (.,.) and the associated norm ||.||. Let C' be a nonempty subset of a real Hilbert space
H. A mapping M : C — H is said to be L-Lipschitz continuous with Lipschitz constant L > 0,
if

Mz — My|| < L||z — yl|, for all z,y e C.

If L =1, then M is said to be nonexpansive and if L < 1, then M is called a contraction. M

is called firmly nonexpansive if
Mz — My||? < (Mz — My, z —1y), for all z,y € C.
The mapping M is called monotone if
(Mx — My, xz —y) >0, forall z,y e C.
M is said to be co-coercive if there exists a constant o > 0 such that
(Mz — My, z —y) > a| Mz — Myl||?, for all z,y € C.

Note that if M is co-coercive, then M is é—Lipschitz continuous and also monotone.

A multi-valued mapping B : C — 2¥ is called monotone if, for all z,y € C, we have
(u—v,z—y) >0, for all u € Bx and v € By.

B is called mazimal monotone if it is monotone and for any (x,u) € H x H such that (u—v,z —
y) > 0 for every (y,v) € Graph(B) (the graph of the mapping B) implies that u € Bx. B is

said to be co-coercive, if there exists a constant k; > 0 such that for all z,y € C,

(u—v,x —y) > ki|lu—wv|? for all u € Bx and v € By.

Examples of monotone mappings

e A function f : R — R defines a monotone mapping if and only if f is a monotone increasing
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function in the usual sense: that is,

<f(:r2) — f(:z:l),xg — x1> > 0, ng,xl S R, iff 1 < T9 — f(a:l) < f(xg)

e Let f: R — 28 be a multivalued mapping defined by

0, if x <0,
flz) =19 1, if >0,
0,1, ifz=0.

Then f is a multivalued monotone mapping.

The resolvent of a mapping B : H — 2 is a mapping JAB : H — C defined by
JP(x) = (I +AB)"(z), V€ H,

for A > 0, where I stands for the identity mapping on H. We note that if B : H — 2H is a
multivalued maximal monotone mapping and A > 0, then the Dom(J f )= H and J /{B is a single-
valued and firmly nonexpansive mapping. Moreover, the set of fixed points of J )]\3 coincides with
the set of zeros of B. That is,

Fiz(JP) = B71(0) = {z € D(B) : 0 € Bx}.

A fundamental and classical problem is to find a zero of a monotone mapping M : H — H in a
real Hilbert space H, that is,

find a point 2* € H such that z* € M~1(0). (1.1.1)

The set of solutions of problem (1.1.1) is denoted by M~1(0) := {z* € H : Mz* = 0}.

This problem is connected with many problems in nonlinear analysis and optimization such as
convex minimization problems, split feasibility problems, variational inequality problems and
equilibrium problems. Due to its diverse applications in economics, medicine, and engineering,
the techniques and methods for solving (1.1.1) have received much attention in the optimization
community, see [17, 21, 54, 59, 77]. For example, consider the classical convex optimization
problem: let h: H — R U {co} be a proper and convex function. The subdifferential of h at
x € H is the mapping 0h : H — 21 defined by

Oh(z) ={z* € H : h(y) — h(x) > (y — z,2™), Yy € H}.

If z* € Oh(z), y* € Oh(y) then (z*,y — ) < h(y) — h(x) and (y*,z —y) < h(x) — h(y). By

adding these two inequalities,

(x*—y*y—x) <0
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Clearly, Oh : H — 29 is a monotone mapping on H, and 0 € dh(xg) if and only if zg is a
minimizer of h. In this case, setting 0h = M, solving the inclusion 0 € Mz is equivalent to

solving for minimizers of h.

One simple, yet common generalization of problem (1.1.1), (see, for example, [26, 91, D,
occurs when the mapping M is written as the sum of two mappings; that is, M = A + B, such
that the resolvent mapping (I +AB)~! (implicit, backward step) and the evaluation of (I — \A)
(explicit, forward step) are much easier to compute than the full resolvent (I + AM)™1. As a
consequence, we consider the following Monotone Inclusion Problem (MIP): find a zero of an

additive structured mapping A + B, acting on the space H, namely,
find 2* € H such that 2* € (A + B)~1(0), (1.1.2)

where A : H — H is a monotone mapping for which we can use direct evaluations, and B : H —
2 is a maximal monotone mapping for which we can compute the resolvent. The set of solutions
of problem (1.1.2) is denoted by (A + B)™1(0) := {z* € H : Az* + Bz* > 0} and is referred to
as the set of zero points of A+ B. If in (1.1.2), we have B = 0, then problem (1.1.2) reduces to
problem (1.1.1). Note that some concrete problems in machine learning, image processing and

linear inverse problems can be modeled mathematically as MIP (1.1.2) [31, 42, 50, 93].

In the year 2011, Moudafi [68] introduced and investigated a generalization of the problem (1.1.2)
known as the Split Quasi-Inclusion Problem (SQIP) in the framework of Hilbert spaces. The
SQIP is given as follows:

find 2* € Hy such that z* € (A + B)~1(0) and Tz* € (G + K)~1(0), (1.1.3)

where Hq; and Ho are two real Hilbert spaces, A : Hy — H; and G : Hy — Hs are nonlinear
mappings, B : H; — 2H1 and K : Hy — 22 are set-valued mappings, and 7' : H; — H»
is a bounded linear mapping. If in (1.1.3), we have H; = Hy, G = K = 0, and T = I (the
identity mapping on Hj), then the problem (1.1.3) reduces to the inclusion problem (1.1.2).
Subsequently, similar problems have been studied by a number of authors in Hilbert spaces (see,

for instance, [20, 28]).

Moreover, in [67], Moudafi proposed and considered the following Split Equality Null-Point
Problem (SENPP): Let Hy, Hy and Hs be real Hilbert spaces. Now, given two set-valued
maximal monotone mappings A : H; — 271 and B : Hy — 22 and two bounded linear
mappings T : H; — Hs and S : Hy — Hjs, the SENPP is defined as follows:

find z* € A71(0) and y* € B~1(0), such that Tz* = Sy*, (1.1.4)

where A71(0) and B~1(0) are nonempty, closed and convex. Note that whenever S = I and
Hs; = Hs, (1.1.4) reduces to the split common null-point problem (SCNP) which was introduced
and studied by Byrne [18]. Let A : H; — 21 and B : Hy — 22 be two set-valued maximal
monotone mappings, T : Hi — Hs be a bounded linear mapping with adjoint 7. Then the
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SCNP is to,

find 2* € A~1(0) such that Tx* € B~1(0). (1.1.5)

The SCNP (1.1.5) has received much attention both theoretically and practically as it includes
variational inequalities and many constrained optimization problems as special cases, (see for

example, [1%, 13, 70]).

In this Thesis, it is our main concern to introduce and study a generalization of the above
problems called the Split Equality Inclusion Problem (SEIP) (see subsection 1.8 below for more

details) and develop iterative methods for approximating solutions of the problem.
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1.2 Motivation

There have been fruitful works on approximating zero points of a monotone mapping M : H —
H in Hilbert spaces for problem (1.1.1), for instance, see [17, 27, 90, 96]. The prozimal point
algorithm (PPA) is the first introduced algorithm for solving problem (1.1.1). This algorithm is
recognized as effective and proficient in finding an arithmetical solution of problem (1.1.1) which
was introduced by Martinet [65] and studied further by Rockafellar [$6] and a swarm of other
authors. They have shown that the sequence {z,} generated by the PPA converges weakly to

a point z* satisfying 0 € Mz*, where M is a maximal monotone mapping (see, other related

papers, [11, 73, 85]).

Rockafellar [36] only obtained the weak convergence of the PPA for problem (1.1.1), conse-
quently he proposed two open questions for obtaining the strong convergence of the proximal
point algorithm: (1) Does the proximal point algorithm always converge weakly? (2) Can the
proximal point algorithm be modified to guarantee strong convergence? In studying the strong
convergence, many authors have modified the proximal point algorithm to guarantee strong con-
vergence under different settings, see e.g., [23, 58, 84, 95] and the references therein. However, a
drawback of the above mentioned algorithms is the need to compute (I +AM)~! at each step of
the iteration process. This means that even if the proximal point algorithm converges strongly,

it is not always convenient to use in some applications.

Inspired by the above mentioned algorithm, Passty [78] introduced the forward-backward splitting
method, which includes, in particular, the proximal point algorithm mentioned above and the
gradient method [59]. This method converges weakly to a solution of problem (1.1.2) provided
that the mapping A : H — H is co-coercive with certain restrictions on the parameters involved.
Co-coercivity of a mapping is a strictly strong property than Lipschitz continuity and hence,

can be difficult to satisfy for general monotone inclusions.

To overcome this obstacle, Tseng [106] introduced a modified forward—backward splitting method,
also known as Tseng’s Splitting Method. Tseng proved that the sequence {z,,} generated by the
Tseng’s splitting method converges weakly to an element of problem (1.1.2) in real Hilbert spaces
provided that A : H — H is a Lipschitz continuous monotone mapping and B : H — 27 is a

maximal monotone mapping.

In recent years, the forward-backward splitting method has received great attention by many
authors, who improved it in various ways, (see [8, 11, 14, 30, 31, 32, 40, 41, 44, 48, 57, 59, 61,

, 76, 83, 99, , , , , , , |, and the references therein). However, the
above methods only obtain weak convergence to a solution of problem (1.1.2). Therefore, one
can ask this question; can the forward-backward splitting method be modified to obtain strong

convergence?

To answer this question, Thong and Cholamjiak [98] proposed the Halpern-type forward-backward
splitting method. This method is a natural modification to the forward-backward splitting
method mentioned above and can be easily implemented to obtain strong convergence theo-
rems for problem (1.1.2). To get strong convergence, they took A : H — H to be L-Lipschitz

continuous monotone mapping and B : H — 27 to be a maximal monotone mapping. In
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addition, this scheme does not require the knowledge of the Lipschitz constant L of the map-
ping A : H — H; thus making the proposed algorithm more practical for computations. Note
that in this algorithm, each step of iterates involves only A : H — H as the forward step and
B: H — 2" as the backward step, but not the sum of the mappings.

In the year 2011, Moudafi [68] proposed an iterative algorithm for solving problem (1.1.3), which
yielded weak convergence theorems of the SQIP in the setting of real Hilbert spaces. Recently,
Petrot et al. [79] proposed two iterative algorithms to solve the SQIP for the set of zero points of
the problem (1.1.3) over the set of fixed points of nonexpansive mappings and also proved weak
convergence theorems through a parallel algorithm. Strong convergence results proved difficult
to obtain in this problem (1.1.3).

Various authors proposed several other problems such as SENPP, however, the proposed al-
gorithm for solving SENPP also proved a weak convergence theorem to a solution of problem

(1.1.4), for example, see [(7].

Recently, convergent methods which are rapidly fast for solving optimization problems have
become of great interest and got a lot of interest from many researchers. Two very important
ways for improving the convergence speed of iterative methods in terms of reduced number of
iterations and central processing unit (CPU) time contributed are the inertial technique and the
relaxation technique. The inertial technique is founded on a discrete analogue of a second order
dissipative dynamical system, which is known for its efficiency in improving the convergence
speed of iterative methods (see, for example [2, 3, 12, 37, 38, 53, 60, 72]). Subsequently, Polyak
[81] introduced an inertial algorithm which is an iterative procedure in which subsequent terms
of the sequence are obtained from the preceding two terms. The relaxation technique is also
known to be an essential ingredient in the solution of optimization problems. This is mainly
due to the improved convergence rate that it contributes to certain iterative schemes (see [7]).

Both techniques arise naturally from an explicit time discretization of a dynamical system (see,

for example, [0, ]). Their influence on the numerical performance of iterative methods was
studied in [19]. Moreover, these two techniques have been incorporated into known methods in
order to achieve high convergence speed of the resulting modified methods (see [7, (]). More

recently, algorithms with inertial extrapolation steps have been of interest to many authors
mainly due to the improved convergence speed in terms of reduced number of iterations and

CPU time contributed by the presence of the inertial step (see, for example, [1, 15, 74, ).

Motivated and inspired by the above works, it is therefore natural to introduce the generalization

of the above problems and propose methods for approximating the solutions in Hilbert spaces.
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1.3 Statement of the Problem

One important generalization of all the above mentioned problems is called the Split Equality In-
clusion Problem (SEIP) which is our area of interest and will be fully studied in this dissertation.
The SEIP is formulated as finding a point (z*,u*) € H; x Hs such that

z* € (A1 + B1)1(0) and u* € (A2 + B2)~1(0) such that Tx* = Su*, (1.3.1)

where A : Hy — H; and Ay : Hy — Hy are Lipschitz continuous monotone mappings, B :
Hy — 21 and By : Hy — 22 are multi-valued maximal monotone mappings, 7' : H; — Hs and

S : Hy — Hj are bounded linear mappings with adjoints T and S*, respectively.

The inclusion problem (1.3.1) involves, as special cases, convex programming, split feasibility
problems, variational inequalities and minimization problems. More precisely, some concrete
problems in machine learning, image processing and linear inverse problems can be modeled

mathematically as problem (1.1.2) (see, for example, [31, 12, 93]).

If in (1.3.1), we assume that Ho = Hs and S = I, the identity mapping on Hj, then the
Split Equality Inclusion Problem (SEIP) reduces to the Split Quasi-Inclusion Problem (SQIP)
given in (1.1.3). If in (1.3.1), we assume that By = 0 = By, then the Split Equality Inclusion
Problem (SEIP) reduces to the Split Equality Null-Point Problem (SENPP) given in (1.1.4). If
we consider H = Hy = Hyo = Hs, Ao = Bo =0 and T = S = I, the identity mapping on H, in
(1.3.1), the Split Equality Inclusion Problem (SEIP) reduces to the Monotone Inclusion Problem
(MIP) given in (1.1.2). Hence SEIP is a generalization of the problems discussed above.

1.4 Research Questions

Based on the statement of the problem above, the following questions arise quite naturally. The
answers to these questions provide affirmative answers to the research gaps mentioned in the

motivation above.

1. Can we establish an inertial iterative algorithm which provides strong convergence the-
orems for approximating solutions of the Split Equality Inclusion Problem for Lipschitz

continuous monotone mappings and maximal monotone mappings?
2. Can we find applications of our algorithm to other problems in Hilbert spaces?

3. Is it possible to present a numerical example to fully illustrate the behaviour of the pro-

posed algorithm?
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1.5 Objectives of the Study

The main objectives of this study are to:
1. review some known and useful results on monotone inclusion problems.
2. introduce a more general problem called the Split Equality Inclusion Problem.

3. introduce an inertial iterative algorithm and establish strong convergence theorems for

approximating solutions of the Split Equality Inclusion Problem.
4. give various applications of our algorithm.

5. come up with numerical examples which demonstrate the performance of the method.

1.6 Organization of the Thesis

This Thesis is organized in the following manner. In Chapter 1, we present the introduction
which consists of the background of the Split Equality Inclusion Problem (SEIP), the motivation
for the study, some research questions and objectives of this Thesis. In Chapter 2, we state
some basic preliminaries on concepts of particular interest accompanied by some proofs for
appreciation. These preliminaries will serve to validate and support our main results. We also
present a well detailed literature review on problems related to the SEIP in this chapter. Then,
in Chapter 3, we provide an iterative algorithm for solving the SEIP in real Hilbert spaces. A
result of strong convergence of the given algorithm is then supplied. Subsequently, in Chapter 4,
we present the applications of our results and provide numerical examples in Chapter 5. Lastly,
in Chapter 6, our contribution to the knowledge is discussed and some areas of future research

are also pointed out.



2. Literature Review

In this chapter, we state some known lemmas and important definitions which are relevant to
the work which is deliberated in this study. The results in this chapter will be used to expound
and fully discuss the upcoming chapters and we will keep on making references where necessary.
Subsequently, we present some useful results and give detailed literature review of concepts that
are relevant to our work. Throughout the entire chapter, we use the symbols — and — for the

strong and weak convergence, respectively.

2.1 Preliminaries

The written proofs of the following Lemmas are put there with the intention to make this Thesis

complete.

Lemma 2.1.1. Let H be a real Hilbert space and C be a nonempty, closed and convex subset of
H. For each x,y,z € H and for all o € [0, 1], the following hold.

Loz +yl® < al® + 20y, 2 + ). (2.1.1)
2 laz + (1= a)yl* = allz[* + (1 = a)|ly[* = a(1 = a)llz — y]*. (2.1.2)
3 2, y) = |2l + yl* = = — l* = =+ yl* = |z - llyll*. (2.1.3)
b o=z = llz =y + lly — 2I° + 2(y — 2,2 — y). (2.1.4)
Proof. 1.
lz+yl* = (z+yz+y)

= (z,z+y) + Y,z +y)

< [z z+yl+yz+y)
< ez +yll + (o + )
1
< (el +lle +yI?) + .z +y)

1 1
= §||93H2 +glle+ yll> + (v, + ),
and hence,

lz + ylI* < Jlll* + 2{y, = + ).
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2. Left hand side (LHS),

loz+ (1 —a)yl* = (az+(1—a)y,az+(1—a)y)
= ozl + 2a(1 — a)(z,y) + (1 — )*[ly]*.

Right hand side (RHS),

allz]* + (1 —a)yll* —al - )z —y|* = allzll*+ 1 - a)|yll* -~ a(l - a){z —y.z —y)
= alzl® + (1 - )yl - a(l - a)]z|* + 20(1 — a){z,y)
—a(l—a)|yl?

= o®l|z]* +2a(1 - a){z,y) + (1 — a)*|lyl>.

Since LHS = RHS, then proven.

O
The proofs for 3. and 4. are trivial.
Lemma 2.1.2. (see, [98]); Let B : H — 2" be a mazimal monotone mapping and A : H — H
be a monotone mapping. Define Ty := (I + A B)~Y(I — MAA), A > 0. Then, it follows that;
Fiz(Ty) = (A4 B)~Y0), for all A >0,
where Fix(Ty\) :={x € H : T\(x) = x}.
Proof. Using the definition of T), we have the following;
z € Fiz(T\) <— z=Thx
— (I+AB)'I-M)z==x
< [+ AB)z> (I - M)z
< x+ABr>z— )z
< ABx+ XAz >0
< MA+B)xz>50, A>0
< (A+B)z>0
— x¢€(A+B)0).
O
The following lemmas will be used in analyzing the convergence.
Lemma 2.1.3. ([16], Lemma 2.4) Let B : H — 28 be a mazimal monotone mapping and

A : H — H be a uniformly continuous monotone mapping. Then, the mapping A+ B is a

mazximal monotone mapping.

10



Chapter 2. Literature review

Lemma 2.1.4. [110] Let {a,} be a sequence of non-negative real numbers such that
ant1 < (1 — ap)an + anby + cp, (2.1.5)

where {an} C (0,1) and {by}, {cn} satisfy the following conditions;

a) Y00 oy =00,
b) limsup,, ,o, bn <0,
c) > icn <00 andcy >0, for all n.

Then, lim,,_, a, = 0.

Proof. Note that {ay,} C (0,1) and > | @, = 00 is equivalent to [[2 (1 — ) = 0. Let € > 0
and choose an integer N such that b, < e for all n > N. By mathematical induction on (2.1.5),
we get that,

an+1§[H lfozk]aN+[ Hlfozk}, for all n > N.
k=N k=N

But from the assumption, [ [~ (1 —ay) = 0 and therefore we get that limsup,,_,.a, < e. Hence

shown. O

Lemma 2.1.5. [63] Let {a,} be a sequence of non-negative real numbers such that there exists
{an,}, a subsequence of {an}, such that a,, < an,+1 for all i € N. Then there exists a non-

decreasing sequence {my} of N such that limy_,, mjy = 0o and
max{am,, ar} < amy+1-
Proof. From the assumption, a,;, < an,+1, for all ¢ € N. Then, consider the set of integers,
Jn={j€N:aj <aju}, forall j<n.

Note that J, # 0, J,, C Ju41 and |J,| = 0o as n — oo, where |J,,| denotes the cardinality of J,.
Now, consider the sequence {my} of N defined by,

my = max.J,, for all k€ N.

Since J, C Jp+1, this implies that my is a non-decreasing sequence such that limy_ oo mr = 0
and a,, < am,+1, for all £ € N. Moreover, for all k£ € N, either mj, = k or my, < k. If my, =k,
then a = am, < am,+1. Again, if my, <k, then

Amp+1 > Amy42 > > Qg1 > Af.

Hence a,,, < am,+1. Therefore, we have shown that a,,, < am,+1, for all k € N.

11
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We then recall certain properties of the projection to be used in this Thesis, see [10] for more
details.

Definition 2.1.6. Let H be a real Hilbert space, © € H and C C H be nonempty, closed and
convex. Then, a projection mapping Po : H — C' is defined by

|Pox — || = inf ||z — y]|. (2.1.6)
yeC

The mapping P¢ is called the metric projection of H onto C.

Lemma 2.1.7. Let H be a real Hilbert space and C' C H be nonempty, closed and convex. Let
x € H. Then, the following are equivalent.

1.y = Pox (ie. ||z — y|| = d(z,C)). (2.1.7)
2 (x — Pox,Pox —2) >0, forallzeC. (2.1.8)

Proof. Firstly, we show that y = Pox implies (x — Pox, Pox — z) > 0, for all z € C. Let x € H
and Pox = y be the projection of x onto C. Then for z € C, A € (0,1) we have,

lz =yl < llz— (1= Ay — Az
and hence,

lz —yl* < llz— (1= Ay —Arz|?
= Iz —y) + Ay - 2)I
= lz —yl* +2Mz —y,y — 2) + A[ly — 2|

So, we have 2(x —y,y — 2) + A|ly — 2|2 > 0. Then, (z —y,y — 2) >0 as A — 0.
Conversely, let (z —y,y — z) > 0 for all z € C. Then

lz—yll* = (@—y,2-y)
- <m—y,x—z>+<x—y,z—y>
< <$—y,.%'—2>
<z —yllllz — =]
This implies that ||z — y|| < ||z — z||, for all z € C. Thus ||z — y| = d(z,C)). O

Lemma 2.1.8. Let H be a real Hilbert space and C be a nonempty, closed and convex subset of
H. Then, the following holds.

|z — Pox|® + ||y — Pex|* < [lz — y||*, forall y€C and z € H. (2.1.9)

12
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Proof. The fact that z = Pox is equivalent to (x — z,y — z) <0 for all y € C implies that

|z — Pez||* = (z— Pox,z — Pox)

<113—PCI',£L'—Z/>+<IL'—PC$,y—PCl'>

IN

(x — Pox,x —y).

Subsequently,
|Pox —ylI* = [[(Pox —z)+ (z —y)|
= |Pox —z|* = 2(z — Pox,z —y) + ||z — y|?
< |[Pex —z|* = 2|z — Pex|* + ||z — y|I?,

which is the required.

The following Lemma is a consequence of Lemma 2.1.7.

Lemma 2.1.9. (see, [13]) Let Hy and Hy be real Hilbert spaces and H = Hy x Hy. If C C H

is nonempty, closed and convex, (u,v) € H and (u*,v*) = Po(u,v), then we get,

((u,v) — (u*,v%), (z,y) — (u*,v")) <0, forall (z,y) € C.
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2.2 Literature Review on Split Equality Inclusion Problems and its Special
Cases

In this section, we discuss the literature review of some past and recent results or findings related

to our study.

2.2.1 Inclusion with One Mapping

Let H be a real Hilbert space and M : H — H be a nonlinear mapping. Recall that the
Inclusion Problem with one Mapping is defined as to find a zero of a monotone mapping M in

a real Hilbert space H, that is,

find a point 2* € H such that z* € M~1(0). (2.2.1)

In 1970, Martinet [65] introduced the following popular iteration method known as the prozimal

point algorithm (PPA) that was used for solving problem (2.2.1): for a given xg € H,

Tp4+1 = JAn:L‘n

where the resolvent of the maximal monotone mapping M is denoted by Jy, = (I + A\, M),
I is the identity mapping, and {\,} C (0,+00) is a regularization sequence. Martinet [(5]
showed that the sequence {z,} generated by the PPA converges weakly to a point z* satisfying
0 € M(x*).

Unfortunately, the evaluation of the resolvent operator in many interesting cases is as chal-
lenging as finding the solution to the original problem, thus limiting the applicability of the
proximal point algorithm in its plain form. To partly overcome this problem, in 1976, Rock-
afellar [36], showed that this algorithm still converges when using inexact evaluations of the

resolvent operator. Rockafellar [$6] presented the following method:
Tp4+1 = J)\nxn + én,

where {e,} is an error sequence, Jy, = (I + A\, M)~! with I as the identity mapping on H and
An > 0. Rockafellar [30] proved that if e, — 0 quickly enough, such that > >, |le,|| < +o0,
liminf,, 00 A > 0 and M~1(0) # 0 , then the sequence {x,,} converges weakly to a solution of
a zero point of M (see also [17, 73] and their references there in). Observe that, the evaluation
errors have to satisfy a summability condition which means that the resolvent operators have
to be computed with increasing accuracy. This somehow is still a limitation in this algorithm,
because in practice, controlling the errors of the resolvent operator in computation has proved
to be difficult.

In 2001, Alvarez and Attouch [5] employed a method which was studied in [$0, 81] for maximal
monotone mappings by the PPA. This algorithm is called the inertial proximal point algorithm
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and it is defined as follows:

{ yn:xn‘i‘)\n(xn_l‘nfl)a (222)

Tnt1 = (I+TnM)_1yna n > 1.

It was proved that if {7,} is non-decreasing and {\,} C [0,1) with

o0
> Aallzn = zpa|® < oo,

n=1

where ), is an extrapolation factor, A, (z, — x,—1) is the inertia term and this condition is true
for A, < 3. Then the algorithm (2.2.2) converges weakly to a zero of M. Note that the inertial
term greatly improves the performance of the algorithm and has a nice convergence properties,
which are improved convergence speed in terms of reduced number of iterations and CPU time

contributed by the presence of the inertial step [36, 39, 72].

Since all the above mentioned authors (see, [5, 65, 86]) only obtained weak convergence of the
PPA for problem (2.2.1), one can ask the following question: Can the PPA be modified to guar-
antee strong convergence or does it always converge weakly? In studying the strong convergence,
many authors have modified the PPA to guarantee strong convergence under different settings,
see for example, [23, 58, 84, 95] and the references therein. However, they all came across a
disadvantage of the fact that with the above mentioned algorithms there is need to compute
(I +AM)~! at each step of the iteration process. This means that even if the PPA converges

strongly, it is not always convenient for use in applications.

2.2.2 Monotone Inclusion Problem (MIP)

Monotone Inclusion Problem (MIP) also known as Quasi-variational Inclusion Problem is a
common generalization of problem (2.2.1) which occurs when the mapping M is written as the
sum of two mappings; that is, M = A + B. Recall that the MIP is to,

find z* € H such that z* € (A+ B)~}(0), (2.2.3)

where A : H — H is a monotone mapping for which we can use direct evaluations, and
B : H — 2" is a maximal monotone mapping for which we can compute the resolvent. Several
authors have studied different iterative algorithms for approximating a solution of this problem
(2.2.3) in the setting of Hilbert spaces (see, e.g., [33, 35, 71, 78, 82, | and the references

therein).

Note that some concrete problems in machine learning, image processing and linear inverse
problems can be modelled mathematically as MIP (2.2.3) (see, e.g., [31, 12, 50, 93]). Some

examples are given below.
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Example 2.2.2.1. Consider the nonlinear multivalued evolution equation:

0
0e % + F(u), u(0) = up,

and the associated stationary equation:
0 € F(au),

where F is a monotone mapping on a Hilbert space H, which is multivalued, that is, for v € H,
F(u) is a (possibly nonempty) subset of H. Thus, the inclusion problem (2.2.3) can be rewrit-
ten as Example 2.2.2.1 when the mapping F is of the form F = A+ B, A and B are maximal

monotone (for more details, see [59] and the references therein.)

Example 2.2.2.2. Let H be a real Hilbert space. Let f : H — R be a proper, convex and
smooth function and g : H — R be a proper, convex and lower semicontinuous function. We

consider the following minimization problem of finding Z € H such that,

f(@) + 9(z) = min{f(z) + g(x)}. (2.2.4)
Many optimization problems from image processing [15], statistical regression, machine learning
(see, e.g., [108] and the references contained therein), can be adapted into the form of (2.2.4). In

view of the Fermat’s rule, the problem (2.2.4) is equivalent to the following problem of finding
T € H such that,

0 e Vf(z)+ dg(z), (2.2.5)

where the subdifferential dg is a maximal monotone mapping and the gradient V f is a Lipschitz
continuous monotone mapping [10, 87]. Then problem (2.2.5) is a special case of the inclusion
problem (2.2.3) with A := V f and B := 0g.

Several authors studied algorithms to solve problem (2.2.3) with co-coerciveness as a property
of one of the mappings involved. The following are the sampled algorithms that included this
property.

In 1979, Passty [78] was the first to present the forward-backward splitting method which incorpo-
rates, the proximal point algorithm which was mentioned in problem (2.2.1) (see, [22, 17, (4, 8(]
and the references therein) and the gradient method [59]. The forward-backward splitting
method is a classical method to solve the Quasi-variational Inclusion Problem (2.2.3) and it

is defined as follows; 1 € H and
Tpp1 = (I +2B) YT = N\A)zp, n > 1, (2.2.6)

where z; is chosen arbitrarily in H, {\,} is a sequence of positive numbers, A and B are max-

imal monotone mappings with Dom(A) C Dom(B). In general, this method converges weakly
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to a solution of problem (2.2.3) provided that A : H — H is %—co—coercive, where L is Lipschitz

constant of A.

In 2003, Moudafi and Oliny [69] proposed the following inertial proximal point algorithm, for

finding zeros of the sum of two monotone mappings in a real Hilbert space H: For any x1 € H,

Yn = Tp + en(xn - xn—l)a
Tn+l = (I + 'YnB)_l(yn - ')’nAxn)a n =1,

where A : H — H is a single valued, co-coercive and monotone mapping while B : H — 2 is a
maximal monotone mapping. They obtained weak convergence theorem with the conditions that
Yn < 2/L where, L is the Lipschitz constant of A and {,} C [0,1) with >-°° | 0, [|zn —xp—1]? <

Q.

Subsequently, in 2015, Lorenz and Pock [61] proposed the following inertial forward-backward
algorithm for monotone mappings which is basically a modification of the above mentioned

forward-backward splitting algorithm in Hilbert spaces: For any 1 € H,

Yn = Tn, + en(wn - wn—l)a
Tn+l1 = (I + 'YnB)_l(yn - 'YnAyn)an > 1,

where {7, } is a positive real sequence, A : H — H and B : H — 2 are co-coercive and maximal
monotone mappings, respectively. They obtained weak convergence of the sequence {z,} to a
point in (A + B)~1(0).

Recently, Dadashi and Postolache [34] studied the following modified forward-backward splitting
algorithm in a Hilbert space setting: For any x; € H,

Wy, = Jf; (Tn, — YmAzy),

T+l = QpTp + 5nwn + Ynen, n > 1,

where in = (I +v,B)"!, with A is a co-coercive monotone and single valued mapping on H,
B is a maximal monotone mapping of H into 2/, e, is an error vector, oy, Bn,vn € (0,1) such
that a, + Bn+7, = 1, for all n > 1. They proved that the sequence {x,} given by the algorithm
converges strongly to a point z* € (A+ B)~!(0) provided that the control sequences {ay,}, {8,}

and {~,} are sequences in [0, 1].

However, co-coercivity of a mapping is a strictly strong property compared to Lipschitz conti-

nuity and, therefore, unlikely to satisfy for general monotone inclusions.

With the intention to overcome this drawback, Tseng [106] introduced a modified forward—backward
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splitting method, also known as Tseng’s splitting method and is defined as follows: Let C C H
be a closed and convex set. Choose an arbitrary initial point zog € C'; given the current iterate

T,, compute the next iterate as follows:
Yo = (I +AB) 11 = Ny A)zy,
where ), is the largest element A of the set {4, 61, 61%,313,...,607,...} satisfying,
MNAzy = Ayp, = yn) < pllzn — yal,

where § > 0,1 € (0,1) and i € (0,1) are constants.
Set

Tnt1 = Po(yn — M (Ayn — Axy)). (2.2.7)

Tseng proved that the sequence {x,} generated by (2.2.7) converges weakly to an element of the
solution set of problem (2.2.3) in real Hilbert spaces provided that A is a Lipschitz continuous

monotone mapping and B is a maximal monotone mapping.

In recent years, the forward—backward splitting method has received great attention by many
authors, who improved it in various ways, (see [3, 11, 14, 30, 31, 32, 40, 41, 44, 48, 57, 59, 61,

, 76, 89, 83, 99, , , , , , , ], and the references therein). However, all
the above authors only obtained weak convergence theorems to a solution of problem (2.2.3).
Therefore, the following question comes naturally; How can we modify the forward—backward

splitting method to obtain strong convergence?

Consequently, in the year 2019, Thong and Cholamjiak [98] came up with a modification of the
forward-backward splitting method in (2.2.7) to obtain the strong convergence to a solution of
the monotone inclusion problem (2.2.3) known as the viscosity or Halpern-type forward-backward
splitting method. They constructed the following algorithm with a Lipschitz continuous mono-
tone mapping, A : H — H, and a maximal monotone mapping, B : H — 2 such that the
solution set is denoted by Q, := (A4 + B)~1(0) # () and a contraction mapping f : H — H with
contraction parameter p € [0, 1). In addition, this scheme does not require the knowledge of the
Lipschitz constant L of the mapping A; thus making the proposed algorithm more practical for

computations.

Algorithm 2.2.1.

Initialization: Let § >0, [ € (0,1),p € (0,1) and v € (0, 2).

Iterative Steps: Choose xg € H arbitrary. Given z,, calculate z,.1 as follows;
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Step 1. Compute

Yn = (I + X B) 1T = A\pA)zy,

where ), is the largest element A of the set {4, 61, 01%,513,...,607,...} satisfying,

/\<A$n - Aynyxn - yn> < :U’Hxn - ynH2'

If x,, = yn, then stop and y, is an element of the solution set €2,. Otherwise go to Step 2.

Step 2. Compute

Zn = Tn — 'Ynndna

where

dp = Ty — Yp — M (Azy, — Ay,) and 1, = (1 — p)

Step 3. Compute

Tn+1 = anf(xn) + (1 - an)zn‘

Step 4. Set n:=n+ 1 and go to Step 1.

Thong and Cholamjiak [98] proved the strong convergence of Algorithm 2.2.1 to the solution of
problem (2.2.3), that is, they approximated and element p € Q,, where p = Py, f(p). Note that
in this algorithm, each step of iterates involves only with A as the forward step and B as the

backward step, but not the sum of the mappings.

Very recently, Cholamjiak et al. [25] proposed the following modified inertial forward-backward
algorithm for monotone mappings: Let H be a real Hilbert space. Let A : H — H and
B : H — 2" be maximal monotone mappings such that (A + B)~1(0) # 0. Let {z,} be a

sequence generated by u, xg,x1 € H and

Yn = Tn + en(xn - xn—l)y

Tpt1 = U+ Bnyn + 'YnJ)j\Bn (Yn — AnAyn), n > 1.

where JZ = (I +X,B)7!, 0 < X, < 2L, {an}, {Bn} and {y,} are sequences in [0, 1], 0, < 1 is
an extrapolation factor and 6,,(x, — x,—1) is the inertia term. They proved that the sequence
{zy} generated by the above algorithm strongly converges to a solution of the inclusion problem
(2.2.3) in Hilbert spaces.
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From the above discussions, it is natural to ask the following general questions. Can we have
strong convergence results for approximating zeros of the sum of two maximal monotone map-
pings without the assumption that one of the mappings is single valued and co-coercive (also
known as inverse-strongly monotone)? We continue to explore more general problems to pursue

answers to the above questions.

2.2.3 Spit Quasi-Inclusion Problem (SQIP)

In 2011, Moudafi [68] was the first author who proposed and explored the Split Quasi-Inclusion
Problem (SQIP) in the setting of Hilbert spaces. Recall that, the SQIP is to;

find 2™ € Hy such that 0 € Az" + Bz™ and 0 € G(T'z") + K(Tz"), (2.2.8)

where A : Hy — Hy and G : Hy — Hs are nonlinear mappings, B : H; — oM and K : Hy — 212
are set-valued mappings, and T : H; — Hs is a bounded linear mapping. If in (2.2.8), we have
Hy = Hy, G=K =0, and T = I (identity mapping on H;), then the problem (2.2.8) reduces

to the Quasi-variational Inclusion Problem (2.2.3).

Moudafi [68] proposed the following iterative algorithm to solve the problem (2.2.8), which is
defined by the following manner: let g € Hi, and

Tni1 = U(xn +YT*(V = DTxy), n > 1, (2.2.9)

where v > 0, V := JE(I = \G), U := JP(I — AA), for some A > 0, B and K are maximal
monotone, and A and G are co-coercive (also known as inverse-strongly monotone). Moudafi
[68] proved that the sequence {z,} generated by the above Algorithm (2.2.9) converges weakly
to a solution of the SQIP, that is problem (2.2.8) provided that the solution set of that problem
is nonempty. Subsequently, other methods for solving this kind of problems in the framework of
Hilbert spaces have been considered, proposed and studied (see, for example, [1, 20, 28, 16, 51,

, 75, 88, 112] and the references there in). Unfortunately, like Moudafi [63], all these authors
use the co-coercive condition for the mappings A and G, and this might prevent or limit the

potential applications of these methods.

In 2021, Izuchukwu et al. [52] combined the inertial and relaxation techniques with the proxi-
mal contraction algorithm, that is, they introduced and analysed new relaxed inertial proximal
contraction-type method given below for solving the SQIP (2.2.8) in real Hilbert spaces. Let the
set of solutions of problem (2.2.8) be denoted by Q = {z € (A+ B)~!(0) : Tz € (G + K)~'(0)}
is nonempty. Let A : Hi — H; and G : Hy — Hy be monotone and Lipschitz continuous
with Lipschitz constants L; and Lo, respectively, and let B : H; — 21 and K : Hy — 292 be
maximal monotone mappings, with T' : H; — Hy as a bounded linear mapping. Let L; and Lq

be known.
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Izuchukwu et al. [52] presented the following Algorithm for solving problem (2.2.8).

Algorithm 2.2.2. Relaxed inertial proximal contraction-type method with fixed stepsize.

Initialization: Let o € (0,2), 0,, € [0,1], p, € (0,1] for allm > 1. Let , > 0,0 < & < @ < 2,
pe0,4), Ae (0, 4)

Iterative Steps: Choose xg,x1 € Hy arbitrarily. Set n :=1,

Step 1.

Step 2.

Step 3.

Step 4.

Step 7.

Set:

Wy = Ty, + Op(Ty, — Tp—1).

Then compute

Yn = JE(Tw, — A\GTw,),

t;z = T'wp — QYpUn,

<T'wn_ynavn>
llonl?

where v, = Tw, — y, — AN(GTw, — Gyy,) and ~,, = , if vy, # 0; otherwise 7, = 0.

Compute

bn = wy + nnT*<t;L - Twn)v

2
where the stepsize 1, is chosen such that for small € > 0, n, € [E, % — €|, if

tn # Twy,; otherwise n, = 7.

Compute

Uy = JP (b — pAb, Twy,),

Zp = by — O‘Bnrnv

where 7, = b, — u,, — u(Ab, — Auy,) and 3, = <b"”_+’ﬁ;r">, if r,, # 0; otherwise 3, = 0.

Compute

Tnt+l1 = (1 - pn)wn + Pnzn.

Set n:=n+ 1 and go to Step 1.

The above Algorithm 2.2.2 has a few major advantages as compared to other mentioned meth-

ods. First, it does not require the restrictive co-coerciveness assumption on A and G, instead
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it requires A and G to be monotone and Lipschitz continuous rather than co-coercive. Note
that for general monotone mappings, Lipschitz continuity is a much weaker assumption than
co-coercivity thus easier to satisfy for general monotone inclusion problems. The other advan-
tage is that this method combines the inertial and relaxation techniques in order to improve
convergence speed and it is analyzed numerically. Lastly, the assumptions on the inertial pa-
rameter does not depend on the coefficient of the co-coercivity which is sometimes very difficult

to estimate in practice.

Izuchukwu et al. [52] proved that the sequence {z,} generated by Algorithm 2.2.2 converges
weakly to an element of €2 without assuming a co-coerciveness condition on one of the mappings.
From all these findings, one can ask the following question: Can strong convergence theorems

be obtained for solving problem (2.2.8)7

2.2.4 Spit Equality Null-Point Problem (SENPP)

The Split Equality Null-Point Problem (SENPP) was proposed and explored by Moudafi [(6]. Let
A:H; — 2" and B : Hy — 22 be two set-valued maximal monotone mappings, T : H; — Hs
and S : Hy — Hs be bounded linear mappings with adjoints T and S*, respectively. Then,
recall that the SENPP is to,

find z* € A71(0),u* € B~1(0) such that Tz* = Su*, (2.2.10)

where A71(0) = {2* € H; : 0 € Az*} and B~1(0) = {u* € Hy : 0 € Bu*} are closed and convex

sets.

Note that if S = I, (2.2.10) reduces to the split common null-point problem (SCNP) which was
cordially introduced and deliberated by Byrne [18] given below:

find 2* € A71(0) such that Tz* € B~1(0). (2.2.11)

where A : H; — 281 and B : Hy — 2M2 are two set-valued maximal monotone mappings,
T : H — H> a bounded linear mapping with adjoint 7. Theoretically and practically, the
SCNP (2.2.11) received considerably much attention as it includes variational inequalities and
many constrained optimization problems as special cases, (see for example, [18, 13, 70]). Byrne
[18] introduced an algorithm for approximating the solution of problem (2.2.11) in the frame-

work of real Hilbert spaces. The algorithm is as follows:

Algorithm 2.2.3.

Initialization: Given A > 0 and choose xg € H; arbitrarily.
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Iterative Steps: Given the current iterate x,, calculate x,1 as follows;
_ 7A * B
Tyl = I3 [xn — YT (I — J) )Ty, (2.2.12)

where the step-size v € (0, #) with L = |T*T'||, and J{! = (I + AA)~! and JP = (I + AB)~! are

the resolvents of A and B, respectively.

Byrne [18] showed weak convergence theorems for Algorithm (2.2.3) to the solution of (2.2.11)

in real Hilbert spaces.

In the attempt to solve the SENPP (2.2.10), Moudafi [66] introduced the following algorithm
and he obtained a weak convergence theorem for maximal monotone mappings A and B. Let
A > 0. Given (xg,up) € Hy x Hy and the current iterate (x,,u,), calculate (41, unt+1) as

follows:

Tni1 = JA (@20 — YT (T — Syn)),
Yni1 = JE (yn — Y0 S* (T, — Syy)), for all n >0, (2.2.13)

where {v,} C (e,min{ﬁ, W} - e), for small enough € > 0, and 7" and S* denote the
adjoint of T" and S, respectively. Note that in the above algorithm, the step-size, v, depends
on the norms ||T'|| and [|S||. There is a difficulty encountered when trying to implement the
alternating algorithm for solving SENPP (2.2.13) as it requires calculation of the step-size v,
where we need to compute ||T'|| and ||S||, which is generally not an easy task in practice. Hence
the following question comes naturally: How can one obtain strong convergence theorems for
problem (2.2.10) with a condition that when calculating the step-size, one does not require com-

putation of the norms?

In the next Chapter, we introduce a more general problem called the Split Equality Inclusion
Problem (SEIP) and provide a method for approximating its solution. Our results provides

positive answers to the questioned raised above.
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3. Split Equality Inclusion Problem

Let Hy, Hy and Hj be real Hilbert spaces. The Split Equality Inclusion Problem (SEIP) is
defined as finding a point (z,u) € Hy x Hs such that

z* € (A + B1)71(0) and u* € (A3 + By)71(0) such that Ta* = Su*, (3.0.1)

where Ay : Hi — Hy and As : Hy — Hs are Lipschitz continuous monotone mappings and
By : Hi — 2™ and By : Hy — 2M2 are multi-valued maximal monotone mappings and
T : H — Hsand S : Hy — Hj are bounded linear mappings with adjoints T and S*, re-
spectively. The solution set of the SEIP is denoted by €.

We then develop an iterative algorithm and show that the resulting method converges strongly

to a solution of (3.0.1). As a consequence, we obtain a minimum norm solution of the SEIP.

3.1 Main Results

In this section, we present a detailed description of our projection method and discuss its con-

vergence analysis. We assume the following conditions.

Conditions
C1. Let Hy, Ho and Hgs be real Hilbert spaces.

C2. Let Ay : Hi — H; and As : Hy — Hy be Li-Lipschitz continuous monotone mapping
and Ls-Lipschitz continuous monotone mapping, respectively. Let By : H;y — 2H1 and

By : Hy — 212 be multi-valued maximal monotone mappings.

C3. Let T': Hy — Hz and S : Hy — Hj3 be bounded linear operators with adjoints T and S*,

respectively.

C4. Let {an} C (0,1) be a real sequence such that lim, oo 0, =0 and Y 7 @, = 0.

1
C5. Let {7,,} be a positive sequence such that 7,, € <0, 2) and 2 — 0 as n — 0.
Qp

C6. Let Q= {p € (A1 + B1)"(0), ¢ € (A2 + B2)71(0) : Tp = Sq} be nonempty.

Next, we introduce an inertial iterative algorithm to establish strong convergence theorems for

approximating solutions of the SEIP (3.0.1).



Chapter 3. Split Equality Inclusion Problem

Algorithm 3.1.1.

Initialization: Let xo,z1 € Hy, ug,u1 € Ho, d,e,7 >0, I, € (0,1),v € (0,2).
Choose (z,u) € Hy x Hs.

Iterative Steps: Given x,,_1,x, € Hi, Up_1,u, € Ha, calculate x,41 and uy,11 as follows;

Step 1.

Step 2.

Step 3.

Step 4.

Step 5.

Compute

ap = Tp, + En(xn - xnfl) and b, = up + gn(un - unfl)a

where 0 < &, < En and

g . min { ||a¢n—$n71|\11Hun—un71||’T}’ if Tn # xp—1 and up # Up_1,

n =
T, Otherwise.

Compute {v,} satisfying the following:

|1 Ta, — Sby||?
|1T*(Tan = Sba) || + |5*(Tan — Sba)[*”

0<70§7n§

forn € Q, = {n € N: Ta, — Sb, # 0}.
Otherwise, let v, =~ > 0.

Compute

tn = an — T (Ta, — Sby,) and w, = b, + v, 5™ (T'a,, — Sby,).

Compute
Yn = (I + M B1) 1 (I — M\yA))t, and v, = (I + 60,B2) (I — 6, A2)w,,
where ), is chosen to be the largest A € {8,81,612,613,...,5l7,...}, j € N satisfying,
M Aty = Avynll < pllyn — tall, (3.1.1)
and 6, is chosen to be the largest 6 € {e,el,el? el?,... el*, ...}, k € N satisfying,

O||Aqw,, — Agvy|| < pllvn, — wy|. (3.1.2)

Compute

My, =ty — Yn — )\n(Altn - Alyn) and €n = Wp — Un — Hn(AQ'wn - AZUTL)'
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Step 6. Compute

2n = ln — YNpmy and hy, = wy — '75nem

where

tn—yn|®
T = { (=t ma £ 0,

0, my =0,

Wn —Un 2
_{ (1—M)”H6T2”7 en # 0,

Step 7. Compute

Tnt1l = @ + (1 — ap)zn and upy1 = apu+ (1 — ap)hy.

Step 8. Set n:=n+ 1 and go to Step 1.

We now prove some lemmas that will be used to determine the convergence of Algorithm 3.1.1.

Lemma 3.1.2. Assume that conditions C1 — C6 hold. Then, the inequalities in (3.1.1) and
(3.1.2) are well defined. Furthermore, ¥n > 0, we have that 6 > A\, > min{J, ’g—i} and e > 0, >
min{J, f—i}

Proof. For fixed n, lim;_, Sl7||Art,, — A1y, = 0. Therefore, there exists j € N such that
SU|| Aty — Aryn|l < plltn — ynl|- This shows that the inequality (3.1.1) holds.

If A\, =0 for all n > 1, then we have {\,} = {6} C (0,1).
Observe that inequality (3.1.1) fails to hold for A = )‘T", which means (3.1.1) becomes

A
TnHAltn — Awynll > plltn — ynll-

By Lipschitz continuity of A;, we have

Anln

=2t~ yall > pltn = val

That is )‘T” > L%? which follows that § > A,, > min{J, Z—i} Similarly, for Ao which is Ls-Lipschitz
with constant Ls > 0, the inequality (3.1.2) holds and e > 6,, > min{J, f—i} O

Lemma 3.1.3. Assume that conditions C1 — C6 hold and the sequences {t,}, {wn}, {zn} and
{hn} are generated by Algorithm 3.1.1. Let (p,q) € Q. Then, the following inequalities hold.

2—v
) lzn =PI < lltn = pI = (527 )lltn = 2all%, V020,
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9 _
b) llon — all* < llwn = all* = (== ) Jn = P, ¥ > 0.
Proof. a) By the definition of m,, and inequality (3.1.1), we get

(tn —=psmp) = (tn — Yo+ Yn — Py My)

= (tn = Yn, M) + (Yn — p, M)

= (tn = Yn,tn — Yn — M(Artn — A1yn)) + (Un — Ditn — Yn — An(Artn — A1yn))
1t = ynll* = Anltn = Yns Artn = Aryn) + (Yo = Pyt — Yo — Ma(Artn — Aryn))
It = ynll* = Malltn = vl Artn = Avgnll + (Yo = Py tn — yn — An(Astyn — Aryn))
[tn — yn”2 — plltn — ?/n||2 + (Un = Dy tn — Yn — An(Artn — A1yn))
(1= )lltn = ynll* + (yn = Pstn = yn — An(Artn — Arya)). (3.1.3)

AVARAY

Since y, = (I + \B1) 1T — Ay A1)ty, then (I — A\, A1)t, € (I + A\yBi)yn, which implies that
th—AnA1ty € Ynt+AnBiyn. Now, clearly there exists j, € By, such that t,— A, A1t, = Yn+Anjn.
Hence

1
Jn = )\—(tn — Yn — AAity). (3.1.4)

n

On the other hand, we note that A;p + Bip > 0 and A1y, + jn € A1yn + Biyn. Using (3.1.4)
and the fact that A; + Bj is monotone, we have (A1yn + jn,Yn — p) > 0 and hence (Ajy, +
,\%(tn —Yn — A Ai1ty), yn —p) > 0. This implies that /\%L(tn —Yn — M Aitn + A\ A1Yn, yn —p) > 0.

Thus, we have

<tn —Yn — )\n(Altn - Alyn)a Yn — p> > 0. (3.1.5)

Combining (3.1.3) and (3.1.5), we get

<tn _pvmn> > (1 - :U’)th - ynH2 (316)

On the other hand, applying the definition of z,, we have

lzn —pI* = lltn — y00ma —pl
= |ltn —p — Y0umanl®
= (tn =P — VM, tn — P — VM)
[tn =PI = 2900 (tn — P, ) + V202 I |2
< ltn =l = 291 (1 = @) [ltn = yall® + 7?02 [mall*. (3.1.7)

Note that if m, = 0, then a) holds. Now, assume that m, # 0. Then, n, = (1 — p) Ht”_y"QHQ

[[mal

implies that 7, ||m,||? = (1 — p)||tn — yal|?>. Hence

=291 lma)|* = =2v0(1 = ) [tn — ynll*. (3.1.8)

27



Chapter 3. Split Equality Inclusion Problem

Combining (3.1.7) and (3.1.8), we obtain

lzo = 2l* < ltn = plI* = 29mzllmal1® + 2 n | lma|®
ltn = pIP = @yt %08
= ltn =l =0 (5 = 1) ol

2—v
= litn =l = (57 ) Irymma

2_
= lta —p|? - (%)y\tn—znn?, Vn > 0.

Similarly, following the methods in a), we obtain inequality b),
2 —
I =l < lwn = gl = (57 ) = Bl 9> 0.
L]

Lemma 3.1.4. Assume that conditions C1—C6 hold and the sequences {t,}, {wn}, {yn}, {vn},
{zn} and {h,} are generated by Algorithm 3.1.1. Then, the following hold.

142 2
a tn—yn2§7tn—zn , Vn >0,
o =l < =~

L+p 2
b) [|w, vn2§7wn—hn , Vn>0.
)l | [(1_#)7]2\\ I

Proof. a) Note that if m,, = 0, from (3.1.6), we have ¢,, = y,. Hence the inequality in a) holds.

Now, assume that m,, # 0. Using (3.1.1) and the monotonicity of A;, we obtain

[mnll> = ltn = yn — An(Artn — Aryn)|?
<tn —UYn — )\n(Altn . Alyn)a tn — Yn — )\n(Altn - Alyn)>
th - ynH2 + )\HQHAltn - Alyn”2 — 2)\n<tn — YUn, Aty — Alyn>

< ”tn - yn”2 + )‘nQHAltn - AlynH2
< ltn = yall® + 62 (ltn — ynll?
= (L+4)tn — yal* (3.1.9)
Equivalently,
1 1
> . 3.1.10
= W+ 20— vl (3110
Thus, from the definition of 7, and (3.1.10), we obtain that
[tn —ynl® o A=p@lts —yul> _ 1-p
o= (1—p) > = (3.1.11)

Imal? = A+ )t =yl 1+ 2
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On the other hand, from the definition of 7, and (3.1.11), we have

1
||tn_yn||2 = ﬁnn”mnn
1 /1 )
= 17— (o)l
1 ( 1
n

L—p\vy2n,
1 e
= tn — 2n (7
=G,
< = zal? (L)
(1 —p)y? L—p
14 2
— mntn—an?, vn > 0. (3.1.12)

Similarly, following the methods in a), we obtain that

2
< men — %, ¥n > 0.

O]

Lemma 3.1.5. Suppose C1—C6 hold and the sequences {t,}, {wn}, {yn} and {v,} are generated
by Algorithm 3.1.1.

a) If klim ltne — Yn, |l =0 and a subsequence {t,, } of {t,} converges weakly to some z € Hy,
—00
then z € Q; = {z € H1|0 € (A1 + By)z}.

b) Ifklim |wn,, —vn, || = 0 and a subsequence {wy, } of {wy} converges weakly to some h € Ha,
—00
then h € Qy = {h € H2|0 € (A2 + Ba)h}.

Proof. a) Let (v,u) € Graph(A; + By), that is u — Ajv € Byv. By definition of y,, we have
Ynp = (I 4+ My, B1) (I — Any A1)tn,. Thus, we get (I — Ay, A1)tn, € (I + Ap,B1)Yn,, which
implies that

1
k
By the monotonicity of By, it follows that (v — y,,,u — Ajv — /\i(tnk — Ynp — A Aitn,)) > 0.
ng
Thus
1

<U - ynka Alv - Altnk + T(tnk - ynk)>
Nk

= <U - ynka AlU - Altnk> + <U - ynka

Y

<v - ynk7u>

1
\ (tnk - ynk)>
Nk

1
= <U — YUny,» AlU - Alynk + Alynk - Altnk> + <’U — Ynys 7(1’-71/9 - ynk»

Ay,

1
= <U — YUny,» AlU - Alynk> + <U - ynkaAlynk - Altnk> + <U — Yny» 7(tnk - ynk)>

Ao

L(tnk - ynk))

Z <U — YUny» Alynk - Altnk> + <U — YUny,» A\
ng
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Since by assumption, ||t,, — yn,|| — 0 and A; is a Lipschitz continuous mapping, we have

||A1ynk - AltnkH — 0. Hence

(v—z,u) = lim (v —yp,,u) > 0. (3.1.14)

k—o0

Now, the fact that A; + Bj is a maximal monotone mapping and inequality (3.1.14) imply that
z €O ={z € Hi|0 € (A1 + By)z}. Similarly, following the methods in a), one can also show
that h € Q9 = {h € H2|0 S (AQ + Bg)h} ]

Lemma 3.1.6. Assume that C1 — C6 hold and the sequences {t,}, {wn}, {zn} and {u,} are
generated by Algorithm 3.1.1. Let (p,q) € Q. Then, for some € € (0, %) and N > 0,

1t = 2l + [lwn — al” < (1 + 2a0€) (|2 — pl|* + llun — al|*) + 20, ¥ > N.
Proof. From Algorithm 3.1.1, we obtain that
[tn — pH2 = |lan — WT"(Tan — Sb,) — p||2

Han —-—p— 'YnT*(Tan - Sbn)||2
lan — pl|* = 2vn{an — p, T*(Ta, — Sb,)) + 2| T*(Ta, — Sb,)||*. (3.1.15)

Using the equality (2.1.3), we have

—2(an — p, T*(Ta, — Sb,)) = —2(Ta, —Tp,Ta, — Sby)
= —||Ta, — Tp||2 — || Ta, — SanQ +||Tap, —Tp— (Ta, — Sbn)||2
= _HTan_TpHQ_ HTan_San2+HSbn_TpH2' (3'1'16)

Thus, from (3.1.15) and (3.1.16), we have

It —p||2 = |lan — pHQ —YllTan — Tp||2 — Wl Tan — Sbn”2
+3n|Sbn — Tl + 12| T* (Tan — Sby)||. (3.1.17)

Moreover, (2.1.4) gives
lan — pH2 = [|@y, _pH2 — llan — J:nHQ + 2(p — an, T — an), (3.1.18)

and

<p — Qp, Tpn — an> < Hp - an””-%'n - an”
= &llp — anllllzn — Tl
< EnHmn — zn—1l|(llp — an||2 +1)
3

< ?onn = Zn-1||([llp — @nll + [|2n — an|”2 +1)

3
< &Gllon = zno1ll(lan — plI? + |2 — anl®) + ?”Hxn |

T

< Tollzn = plP + Tallen — anl® + 2 (3.1.19)

?.
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From (3.1.18) and (3.1.19),
lan —plI? < (14 27) |20 — p|I> = (1 = 270) |20 — @nl|® + 7. (3.1.20)
Thus (3.1.20) with (3.1.17) gives,

ltn =2l < (14 2m)[[en = pl* = (1= 270) |20 — anl® + 70 — vl Tan — Tp|?
—ullTan — Sbu|* 4 Val|Sbn — Tol|* + V2| T* (Tayn — Sb,)|>. (3.1.21)

Similarly,

|y — QH2 < (U 27)[Jun — qH2 — (1= 27)[|up — an2 + Tn — Y| Sbyp — SqH2
~YnllTan — Sbn||2 + vl Tan — S‘I||2 + 75||S*(Tan - Sbn)”Q- (3.1.22)

By adding (3.1.21) and (3.1.22), taking into account that T'p = Sq, we obtain

It = plI* + [lwn — qlf?

< (T+2m) (| — pIP + lun — al?) = (1 = 27) (|2 — anll® + [un — ball?)
+27 — Y (2| Tan — Sbu|l* = [l S*(Tan — Sby)|1* + |T*(Tan — Sby)|%])
= (1+27)(lzn — 2> + lun — all®) = (1 = 27) (|0 — anll® + [[un — ball?)
+270 — Ynl|Tan — Sbo||* = (| Tan — Sbal*> — W[|S*(Tan — Sby)|?
+H|T*(Tan — Sbn)|*])
< (142m) (o =PI + lun — al®) = (1 = 27) (|lzn — anll® + [un — ball?)
+27, — 70| Tan — Sby||? (3.1.23)
< (1+27m)(|wn — pII* + lun — qlf?) + 275 (3.1.24)

Since = — 0, for € € (0, %), there exists N € N such that 7, < ape for all n > N. This yields
the following

tn — pII? + lwn — ql> < (14 2006) (|20 — pl|% + ltn — ql|?) + 20me, for all n > N.

O]

Theorem 3.1.7. Assume that conditions C1—C6 hold. Then, the sequence {(xy,uy)} generated
by Algorithm 3.1.1 converges strongly to some element (p,q) € Q, where (p,q) = Po(x,u).

Proof. We divided the proof into four (4) steps.

Claim 1. The following sequences are bounded.
i {(zn,un)}
ii. {(yn,vn)}
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il {(zn, hn)}
i. Let (p,

Lemma 3.1.3, we have

q) € Q, where (p, q)

= PQ<$7U’>7 and Fn(pv q) =

|l — || + ||un — ¢||*>. Then, from

|41 = p|I? lanz + (1 = an)zn — pl”
= [lan(z —p) + (1 — an)(z0 — )|
< agle = plP + (1 an)llzn — 2l
< aglle = pl* + (L= an)lta —plI*. (3.1.25)
Similarly,
s —al® < aullu—gl?+ (1 = )l — gl (3.1.26)
Combining (3.1.25) with (3.1.26), and Lemma 3.1.6, we obtain, for all n > N
Toii(pg) = lznrr = pl* + lluns — qf?
< an(llz = pl* + [lu = ql*) + (1 = an)(|lta = plI* + [[wn — gl*)
< an(llz = pl* + lu = ql*) + (1 = an)[(L + 200€)Tn(p, q) + 20n¢]
< an(llz = pl* + llu = ql*) + (1 = an)Ta(p, @) + 200€Tn(p, q) + 20me
= an(llz = plI* +[lu—al*) + [(1 — an) + 2a€]Tn(p, q) + 2ane )
€
= an(llz = plI* + u—al*) + [ = an(l = 20)]Tn(p, q) + an(l = 2¢) 7
1
< max {Tu(p,0), 75 (Il =PI+ lu = qll? + 2€) }.

By induction, for all n > N, we have

Ln(p,q) < max {FN(p,q),

and hence

[n(p,q) < max {M, I'n(p,q),

where M =

quence {(xp,u,)} is bounded.

ii. From the definition of {(y,,v,)} and the nonexpansive of the resolvents (I + A\, B1)~

(I +6,B2)71, we get

lyn = pII* + llvn — ql|®
= |[[({ + AnB1)
= ||(I+M\B1)~

+||(I + 6,B2)~

th - )\nAltn

IN

ma'X{FO(p7 q)7 Fl(pv q)7 FQ(p7 q)7

NI = XA = pl? + (11 + 0,B2)
YT = M\ADt, —
YT - 6,A2)w, — (I +6,B)"
— D4 M Aip|? + [wn — 0n Agw,, — g + 0, Asg?

1 2 2
1—2¢ > N 2>}’
———(lle =PI + llu — g2 + 2

1
5 (lz =l + u—ql +2¢) }, vn >0,

. I'n—1(p,q)}. This implies that the se-

I and

-1 (I — QHAQ)wn
LI = A Ay)p?
LI = 6,42)q|?

—q|?
(I + /\nBl)_
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IN

2 2
(It = pll + Aall vt = A1pl)”+ (llwn = all + 8| Az, — Azdl])

2 2
(It = o1l + AaLllta = 1)+ (I = all + OnLlwn — all)
(1 A L)t =PI+ (1 -+ 0u L), — g

IN

We note that from Lemma 3.1.6 and the fact that {(x,,u,)} bis bounded, there exists
M > 0 such that

[tn — plI* + [Jwn — ql|* < M, for all n>0. (3.1.27)

This implies that [[t, — p||?> and |jw, — ¢||* are bounded. Moreover, since A, and 6,, are
bounded, then there exists M’ > 0 such that

lyn —pH2 + [Jvp, — qH2 < M', forall n>0.

Hence {(yn,vn)} is bounded.

iii. From Lemma 3.1.3 and (3.1.27),

2—7
R L R R L Tl G | e

9 _
~(Z=2) = hal?
By 2
[tn — plI” + llwn — gl
M, for all n>0.

IA N

Hence {(zy, hy)} is bounded.

Claim 2. The following inequalities hold:

2—v
w<1—aw(—;*)wn—am2sWn—mﬁ—uaﬁl—mﬁ+amu—pw,Vnzo

2—y
b) (1~ ) (=2 ) fwon = hall* < lln = al* = limsr = all* + nllu — g, ¥n >0

a) From the definition of z,, and using Lemma 3.1.3, we have

Jonsr = pl2 = oz —p) + (1= an)(z - p)I
< anlle = pl? + (1= an)ljz0 — Il

< aulle ol + (1= ) It =2l = (=) It = 20l

2 2 2—9 2

< anlle =l 4w = ol = (1= ) (S ) tn = 20l
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Rearranging

(1- an)(2fy”) It = zall? < lltn = pI2 = llzns1 = pI? + awllz = p|%, ¥n>0. (3.1.28)
b) Similarly, following the same process as a), we obtain that

2_
(=) (57 )l = ol < llm =l unsr =l + anllu = g, ¥n> 0. (3.1.20)

Claim 3. The following inequality hold for all n > N.

Lori(pg) < [1—an(l=26)T0(p, q) + 200, ((x — p, Znt1 — ) + (U — ¢, Uns1 — q))
+27,,. (3.1.30)

Using (2.1.1) and Lemma 3.1.3, we have the following

lzns1 =plI* = llan( —p) + (1 = an)(z0 — )|
< (1 —an)lz _pH2 + 20 (z _pazxn+1 —p)
< (= an)ltn =l = (= an) (7 )l
+2an (T — p, Tpy1 — P). (3.1.31)
Similarly,
2 2 2—7 2
[unt1 —qll” < (1 —om)llwn —q]” = (1 - an) g [[wn — hn]|
+2a, (U — ¢, Unt1 — q)- (3.1.32)
From (3.1.23), (3.1.31) and (3.1.32), we have, for all n > N
Coii(pq) = lonpr = pl* + lunsr — qfl?
2 2 2—y 2 2
< (U= an)ltn = plI" + llwn —ql"] = (1 — an) - [t = 2nll” + llwn = hnl|7]
+2an(<x — D Tn+1 —P> + <u —q,Un4+1 — Q>)
< (I—am) [(1 +27) (lzn — pI* + lun — all?) = (1= 27) (|2 — anll* + [lun — bal?)
2 _
427 = q0llTan = S0l = (1= ) (= ) ltn = 20l + fun = Pl
+2an((x — p, Zng1 = p) + (U = ¢, Uns1 — q))
= (1-an) [(1 + 270)Tn(ps @) — (1 = 270) (|20 — an”2 + flun — an2)
2 _
427 = q0llTan = b = (1= ) (=7 )t = 20+l — ol
+2a,((z — p,xpy1 — ) + (U — q, Up+1 — q)) (3.1.33)
< (1 - an)(l + ZTn)Fn(p7 Q) + 2Oén(<1,‘ — D, Tnt1 — p) + <u —q,Un+1 — Q>) + 27,
< [ —on(=26Tn(p,q) + 2an((x — p, Tn1 — p) + (U — @ unt1 — ) + 270

The above inequality is the same as (3.1.30).
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Claim 4. The {I',,(p, ¢)} sequence converges to zero as n — oco. We demonstrate this by exam-

ining two possible cases.

Case 1 Let N; € N such that I'y,11(p,q) < I'n(p,q) for all n > Nj. Then, lim, o I'n(p, q)

exists. Since lim,,_,~ o, = 0 and using (3.1.33), we get
lim ||Ta, — Sb,| =0,
n—oo
which implies that,
lim ||T*(Ta, — Sb,)|| =0 and lim [|S*(Ta, — Sb,)|| = 0.
n—oo n—oo

Inequality (3.1.33) also implies that

lim ||z, —ay| =0, lim ||u, — b, =0,
—00 n—oo
lim ||ty — z»|| =0 and lim |Jw, — hy,|| = 0.
n—oo n—oo

Using Lemma 3.1.4 and (3.1.37), we obtain
lim |t, — ynl| =0 and lim ||Jw, —v,| = 0.
Moreover, from Step 3. of Algorithm 3.1.1 and (3.1.35) we have

lim ||t, —ap| =0and lim |w, —b,| =0,

which with (3.1.36) imply that

lim ||t, — z,|| =0and lim ||w, —u,| =0.
— 00 n—oo
Combining (3.1.37) and (3.1.38), we obtain
lim |z, —z,|| =0 and lim ||h, —u,|| =0.
n—oo n—oo
By definition of z,1 and using (3.1.39), we have

|Znt1 — 2|l = oz + (1 — an)zn — 20|

IN
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Similarly, one can show that

|unt1 — unl| = 0 as n — oco. (3.1.41)

Since the sequence {(xy,uy)} is bounded, there exists a subsequence {(zp,,un, )} of {(xn,un)}

that converges weakly to some (z,h) € Hy; X Hy, such that

limsup((z — p,z, — p) + (u — q,up, — q))

= i (e = pyn, = )+ (u — gy, — )
= (x-p,z—p)+{u—q,h—q)
= ((z,u) = (p,9),(2,h) — (p,q))- (3.1.42)

From Lemma 3.1.5, we have z € 0y := {z € H1|0 € (A1 + B1)z} and h € Qs := {h € H3|0 €
(A2 + Ba)h}. Next, we show that Tz = Sh. Note that using (3.1.36), we have a,, — z and
by, — h. Thus, using (2.1.1), we have

| Tz — Sh||* = || (Tz — Tan, + Sbp, — Sh) + (Tan, — Sby,) |
< || Tan, — Sby, ||* + 2(Tz — Sh,Tz — Tay, + Sby,, — Sh),

and using the fact that T'a,, — Tz and Sb,, — Sh as k — oo and taking lim sup on both sides
and using (3.1.34), we get

| Tz — Sh||* <limsup || Tan, — Sby, ||* + 2limsup (T'z — Sh, Tz — Tay, + Sby, — Sh) = 0.

k—oo k—o00

Hence, Tz = Sh and so (z,h) € Q. Using Lemma 2.1.9 and the fact that (p,q) = Po(z,u), we

have

limsup((z — p,zn —p) + (U — qup — q)) =

n—oo <
<

r—pz—p)+{u—qh—gq
(

z,u) = (p,q), (2, h) — (p, q))
<0. (3.1.43)

Moreover, from (3.1.40), (3.1.41) and (3.1.43), we get

limsup((z — p, Tpy1 — p) + (U — ¢, Un+1 — q))

n—oo
= limsup(x — p, Tnt1 — op) + limsup(z — p, x, — p)
n—oo n—oo
+limsup(u — ¢, up41 — uyp) + limsup(u — q, up, — q)
n—oo n—oo
= limsup(z — p,z, — p) + limsup(u — ¢, up, — )
n—oo n—o0
= (e-pz-p+{u—qh—q
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Therefore, using (3.1.44) and (3.1.30) with reference to Lemma 2.1.4, we have
lim I'y(p,q) = 0.
n—oo

That is, limy, oo (|7, — p||? + |Jun — ¢||?) = 0 as n — co. Hence z,, — p and u,, — q as n — oc.

Case 2 Let {I';;(p,q)} be a subsequence of {I',(p,q)} such that I'y, (p,q) < 'y, 1(p, q) for all
j € N. Then, from Lemma 2.1.5, there exists a non-decreasing sequence my of N, such that

limy_.oo my = oo and the following inequalities holds for all k € N.

ka (p’ Q) S ka+1(P, Q) and Fk(pa Q) S ka-i-l(pv Q)' (3145)

Using (3.1.33) and limg_,o0 i, = 0, we get the limit

klin;o ||Tamk - Sbmk” =0,
which implies that
lim [|S*(Tam, — Sbm,)|| =0 and lim ||T*(Tay,, — Sbm, )| = 0. (3.1.46)
k—o0 k—o0
Inequality (3.1.33) also implies that
klggo |Zm, — am,]l =0, klgrolo | tm, — b, |l =0, (3.1.47)
lim ||ty — 2m, || =0 and lim ||wy,, — hpm,| = 0. (3.1.48)
k—o00 k—o0

Using Lemma 3.1.4 and (3.1.48), we obtain
im ([t — Ym,|| =0 and lim ||wp, —vm, || = 0.
k—o0 k—o00

Moreover, from Step 3. of Algorithm 3.1.1 and (3.1.46) we have

lim |[ty, — am, || =0 and lim ||ws,, — by, || =0,
k—o00 k—ro0

which with (3.1.47) imply that

klgglo ltm, — Zm, || = 0 and klggo |wm,, — wm,|| = 0. (3.1.49)

Combining (3.1.48) and (3.1.49), we obtain
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lim |[2m, — Zm, || =0 and lim ||hy,, — tm, || = 0. (3.1.50)
k—ro00 k—ro0
Using (3.1.50) and the definition of z,1, we have

mek-i-l - xmk” = Hamkx =+ (1 - amk)’zmk — Ty, H

< amllz — 2|l + (1 — amy ) || 2my, — Tmy, || = 0 as k — oo, (3.1.51)
Similarly, we can show that
|tmp+1 — Um, || = 0 as k — oo. (3.1.52)

Using the same methods as in the proof of Case 1, we obtain that

lim sup((z — p, Tmy+1 — p) + (U — ¢, Umy+1 — q)) < 0. (3.1.53)

k—oo

Now, from (3.1.30) and (3.1.45), we have

ka-‘rl(p) Q) S [1 —~ Oémk(]. - 26)]ka+1(p7 Q) + 2ka
+2am, ((:U — Py Tmpt1 — D) + (U — G, U1 — q)), (3.1.54)

which implies that

amk(l - 2€)ka+1(p7 Q) < 20zmk <<I‘ — Dy Ty +1 — p> + <u — 4, Umy+1 — Q>) + 2ka'

This together with (3.1.45) yields that

2
Fk(pv Q) S ka+1(p7 Q) S 7(<$ — D, Tmyp+1 — p> + <U —q,Umy+1 — q>)

1—2e¢
2Ty,
. 3.1.55
(L — 26 (3.1.55)

Hence, from (3.1.55), (3.1.53) and the property of {7,,}, we obtain that limsup;_,., I'x(p,q) <0,
and hence
limg 00 (||a:;C — | + |lug — q||2) = 0, which implies that z; — p and u; — ¢ as k — oc.

O

If, in Theorem 3.1.7, we assume that x = 0 € H; and u = 0 € Hs in Algorithm 3.1.1, then
Algorithm 3.1.1 reduces to the following algorithm which can be used to locate an element of

the solution of (3.0.1) with the minimum norm.

Algorithm 3.1.8.

Initialization: Let xg,z1 € Hy, ug,u1 € Ho, d,e,7 >0, I, n € (0,1),7 € (0,2).
Choose (z,u) € H; x Hs.
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Iterative Steps: Given x,,_1,x, € H1, up_1,u, € Ha, calculate x,41 and uy,1q as follows;

Step 1. Compute

ap = Tp + {n(xn - xn—l) and b, = up + gn(un - un—l)a

where 0 < ¢, < En and

5— . min { ||$"_zn71”7_7_lHun_un71||7T}a if Tn # Tp—1 and up # Up_1,

=
T, Otherwise.

Step 2. Compute {v,} satisfying the following:

|Tan — Sby||?
Tan — Sby)||? + [|S*(Tan — Sby,)|?’

0<% < < 50
" IT(

forn € Q, ={n € N: Ta, — Sb, # 0}.
Otherwise, let v, = v > 0.

Step 3. Compute

tn = an — T (Ta, — Sb,) and w, = b, + 7, 5" (T'a,, — Sby,).

Step 4. Compute
Yn = (I + M B1) "1 (I — M\yA)t, and v, = (I + 60,B2) (I — 6, A2)w,,
where ), is chosen to be the largest A € {8,81,612,613,...,8l7,...}, j € N satisfying,
MAxtn = Avynll < pllyn — tall;
and 6,, is chosen to be the largest 0 € {e,el, el? el?, ... el*,...}, k € N satisfying,

01| Azwn, — Agvpl| < pilfvn — wnl.

Step 5. Compute

My =ty — Yn — )\n(Altn - Alyn) and €n = Wp — Un — HH(AQ'LUn - AZUTL)'

Step 6. Compute

Zn = tn — YNnmy and hy, = w,, — YBnén,
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where

tn—Yn 2
no = | Al om0,
0, my, =0,

_ 2
5, =1 (- it e, 20,
0, e, = 0.

Step 7. Compute
Tnt1 = (1 —ap)zy and up+1 = (1 — o) hy.

Step 8. Set n:=n+1 and go to Step 1.

We now state the approximation of the solution of problem (3.0.1) with minimum norm, which
follows from Theorem 3.1.7.

Corollary 3.1.9. Suppose that conditions C1 — C6 hold. Then, the sequence {(xn,u,)} gen-

erated by Algorithm 3.1.8 converges strongly to the minimum norm point (x*,u*) € Q, that is,
(x*,u*) = Pn(0,0).
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4. Applications

In this chapter, we provide a few applications of Theorem 3.1.7 to demonstrate that our method

is applicable.

4.1 Application to Split Equality Null-Point Problem

Let By : H; — 21 and By : Hy — 272 be maximal monotone mappings, T : H;y — Hs and
S : Hy — Hj be bounded linear mappings with adjoints T* and S*, respectively. The Split
Equality Null-Point Problem (SENPP) is to find z* € Hy,u* € Hs such that

z* € By H0),u* € By'(0) and Tx* = Su*. (4.1.1)

If, in Algorithm 3.1.1, we assume A; = 0 and As = 0, then the algorithm reduces to the

following.

Algorithm 4.1.1.

Initialization: Let x¢,z1 € Hy, ug,u; € Ha, d,e,7 >0, I,n € (0,1),v € (0,2).
Choose (z,u) € H; x Ha.

Iterative Steps: Given z,_1,z, € Hi, up—1,u, € Ha, calculate z,1 and u,4+1 as follows;

Step 1. Compute

ap = Ty + gn(wn - xn—l) and bn =up+ fn(un - un—l)a

where 0 < &, < &, and

g . min { ||xn—xn_1|\1LHun—un_1||’T}’ if Tp # Tp—1 and u, # Up_1,

n =
T, Otherwise.

Step 2. Compute {7,} satisfying the following:

|Tan — Sby|?
Tan — Sby)||? + [|5*(Tan — Sby) |2’

0 < <
<Y =" = ||T*(

forneQ, ={neN:Ta, — Sb, # 0}.
Otherwise, let v, =~ > 0.
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Step 3. Compute

tn = an — T (Ta, — Sby,) and w, = b, + v, 5™ (T'a,, — Sby,).

Step 4. Compute
Yn = (I + /\nBl)*ltn and v, = (I + gnt)flwm

where A\, = ¢ and 6,, = e.

Step 5. Compute

My = t, — Yp and e, = wy, — vy,.

Step 6. Compute

zZn = tn — YNnmy and hy, = w, — vBpén,
where

tn—yn|?
ln = (1 - ,U) I ||m3||2” ) my # 0,
0, my, =0,

Wy, —Un ||2
_{ (1_,“) d HenHQH s 6n7é0a

Step 7. Compute

Tnt1 = an® + (1 — o) zn and upt1 = apu + (1 — ap)hy,.

Step 8. Set n:=n+ 1 and go to Step 1.

We apply Theorem 3.1.7 and we get the following corollary for the approximation of the SENP

solution.

Corollary 4.1.2. Assume that C1 — C5 with Ay = Ay = 0 hold. Let Q; := {z* € B{*(0),u* €
32—1(0) and Tx* = Su*} be nonempty. Then, the sequence {(xn,un)} generated by Algorithm

4.1.1 strongly converges to an element (x*,u*) = Po, (z,u).

4.2 Application to Split Inclusion Problem

Let H; and Hs be real Hilbert spaces. Let A; : Hy — Hy, As : Hy — Hs be Lq-Lipschitz

continuous monotone mapping and Ls-Lipschitz continuous monotone mapping, respectively
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and By : Hi — 21, By : Hy — 272 be multi-valued maximal monotone mappings. Let
T : Hy — H be a bounded linear mapping with T™ as its adjoint. The Split Inclusion Problem
(SIP) (see, e.g., Censor et al.[19]) is to find z* € Hy,u* € Hy such that;

z* € (A + By)71(0),u* € (A3 4+ By)~1(0) and u* = Tz*. (4.2.1)

The SIP was introduced by Censor et al. [19] in 2012. This problem is known to have wide
applications in phase retrieval, image and signal processing, data compression, among others

(see, [54, 94, 97, | and the references therein).

If, in Algorithm 3.1.1, we assume Ho = H3 and S = I, the identity mapping on Hs, then Algo-
rithm 3.1.1 reduces to the following.

Algorithm 4.2.1.

Initialization: Let xg,z1 € Hy, ug,u1 € Ho, d,e,7 >0, I, n € (0,1),7 € (0,2).
Choose (z,u) € Hy x Hs.

Iterative Steps: Given x,,_1,x, € H1, upn_1,u, € Hs, calculate x,41 and uy,11 as follows;

Step 1. Compute

ap = Tp + gn(xn - xn—l) and b, = up + §n<un - Un—l)a

where 0 < &, < &, and

f_ . min { ||33n_-1’n71|‘7‘-:Hun_un71”77—}7 if T # Tpo1 and up #F up-1,

=
T, Otherwise.

Step 2. Compute {v,} satisfying the following:

I Tay — Sby||?
Tay — Sbn)H2 + [15*(Tan — Sbn)||2,

0<% < < 50
"I

forneQ, ={neN:Ta, — Sb, # 0}.
Otherwise, let v, = > 0.

Step 3. Compute

tn = ap — 'YnT*(Tan - bn) and w, = b, + 'Yn(Tan - bn)
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Step 4. Compute
Yn = (I + M B1) "1 (I — M\yA))t, and v, = (I + 60,B2) (I — 6, A2)w,,
where ), is chosen to be the largest A € {8,d1,612,613,...,5l7,...}, j € N satisfying,
MAstn = Avynll < pllyn — tall;
and 6,, is chosen to be the largest 0 € {e,el, el? el?, ... el*, ...}, k € N satisfying,

01| Azwn, — Agvpl| < pil[vn — wal.
Step 5. Compute
My =ty — Yn — M (A1t, — Aryn) and e, = wy — vy — Oy (Agw, — Agvy,).

Step 6. Compute

2Zn = tn — YNnmy and hy, = w, — YBpén,

where

b —yn |

0, my, =0,

Step 7. Compute

Tnt1 = an® + (1 — o)z and upt1 = apu + (1 — ap)hy,.

Step 8. Set n:=n+ 1 and go to Step 1.

Applying Theorem 3.1.7, we get the following corollary.

Corollary 4.2.2. Assume that C'1 — C5 hold with Ho = Hs and S = I, the identity mapping
on Hy. Suppose that Qo = {z* € (A1 + B1)71(0),u* € (Az + B2)71(0) such that u* = Tx*} is
nonempty. Then, the sequence {(xy,u,)} generated by Algorithm 4.2.1 strongly converges to a
point (z*,u*) = Pqo,(x,u).
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4.3 Application to Convex Minimization Problem

Let H;, for i = 1,2, 3, be real Hilbert spaces. Let f; : H; — R be proper, convex and smooth
functions and g¢; : H; — R be proper, convex and lower semicontinuous functions, ¢ = 1,2. We

consider the following minimization problem: Find (p,q) € Hy x Hs such that

fi(p) + a1(p) = mﬁelgll{fl(l“) + g1(z)}, (4.3.1)
f2(q) + 92(q) = ynelilg{fﬂu) + g2(u)} (4.3.2)

and
Tp=9q, (4.3.3)

where T': H] — Hs and S : Hy — Hs are bounded linear mappings.
Denote I" = {(p, q) € Hy x Ha : p solves (4.3.1), ¢ solves (4.3.2) and Tp = Sq}.

This problem is equivalent, by Fermat’s rule, to the problem of finding (p,q) € Hy x Hs such
that
(p,q) € (Vf1+091) 71 (0) x (V2 + 9g2)~'(0) and T(p) = S(q), (4.3.4)

where V f; are gradients of f; and Odg; are subdifferentials of g;, ¢ = 1,2. It is known that V f;

and Jg; are monotone and maximal monotone mappings, respectively.

If we set Ay = Vf1, Ay = Vfo, By = g1 and By = Jgs in Algorithm 3.1.1, then it reduces to
the following Algorithm.

Algorithm 4.3.1.

Initialization: Let z¢,z; € Hy, uo,u; € Ha, d,e,7 >0, I,n € (0,1),7 € (0,2).
Choose (z,u) € Hy x Hs.

Iterative Steps: Given z,_1,x, € Hi, up_1,u, € Ha, calculate x,41 and uy,1 as follows;

Step 1. Compute

ap = Tp + gn(xn - xnfl) and bn = uUp + gn(un - Unfl)a
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where 0 < &, < &, and

£ = min { ”Cvn_xn—lH:T‘LHun_un—IH,T}7 if Tn # xpn_1 and up # Up_1,

n =
T, Otherwise.

Step 2. Compute {7,} satisfying the following:

| Ta, — Sby,||?
(Tan — Sby) |1 + [|S*(Tan — Sbn)||*’

0< < <
Y0 = Vn > ||T*

forneQ, ={neN:Ta, — Sb, # 0}.
Otherwise, let v, =~ > 0.

Step 3. Compute

tn = an — T (Tay, — Sb,) and w, = b, + v, S*(Ta, — Sby,).

Step 4. Compute
Yn = (I +X0g1) (I = MV f1)tn and vy, = (I + 0,092) (I — 0,V fo)wn,
where ), is chosen to be the largest A € {6,d1,612,613,...,8l7,...}, j € N satisfying,
AV fitn =V frgnll < pllyn —tall;
and 6,, is chosen to be the largest 0 € {e,el,el? el?, ... el*,...}, k € N satisfying,

HHVwin yr Vf2vnH < IU/HUTL 4 wnH

Step 5. Compute

My = tn — Yn — M (V fitn — Vfiyn) and e, = wy, — v, — 0,(V fowy, — V favy,).

Step 6. Compute
Zn = tp — YNnmy, and h, = W, — YBnén,

where

_ ”tn_yn“2
= LT ma 20,
0, my, = 0,

Wn—vn||2
S A
0,

en = 0.
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Step 7. Compute
Tnt1 = an® + (1 — o)z and up+1 = apu + (1 — ap) hy,.

Step 8. Set n:=n+ 1 and go to Step 1.

The corollary for approximating a solution of the convex minimization problem below follows
from Theorem 3.1.7.

Corollary 4.3.2. Let Hy, Hy and Hs be real Hilbert spaces. Let f; : H; — R be proper, convex
and smooth functions such that V f; are Lipschitz continuous and g; : H; — R be proper, convex
and lower semicontinuous functions, i = 1,2. Assume that the conditions C3 — C5 are satisfied.

If T # 0, then the sequence {(xy,un)} generated by Algorithm 4.3.1 converges strongly to (p,q)
in T, where (p,q) = Pr(x,u).
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5. Numerical Examples

In this chapter, we present two numerical examples which show the implementability of the

proposed algorithm.

1
Example 5.1. Let H; = Hy = H3 = H = L»([0,1]) with the norm ||z||z, = (fol ’$(t)|2dt>§.
Let Ay, Ay : H — H and By, By : H — H be defined by Ajx(t) = 2x(t), Bix(t) = 3z(t) + 1,
Agu(t) = 2u(t) — 1 and Bau(t) = 4u(t). Note that one can easily show that A; and Ag are
Lipschitz continuous monotone mappings, and B; and By are monotone mappings. In addition,
1 1

we observe that z*(t) = &= and u*(t) = g are solutions of the equations A;x(t) + Biz(t) = 0

and Asu(t) + Bau(t) = 0, respectively. Now, define T': Hy — H3z and S : Hy — Hs by

Tx(t) = 2z(t) and Su(t) = _leu(t)

Clearly, T and S are bounded linear operators with

-1 -2 1
() -2-s()
5 ) 5 o 6
Therefore, we have

X* = (2(1), u* (1)) = (i é) e = {(@"(0).w'(t) € Hx H: Aya(t) + Bya(t) =0,

Asu(t) + Bou(t) = 0 and Tz*(t) = Su*(t)}.(S.l.l)

Consider z(t) = 0.5, u(t) = 0.1, § = e = 0.5, I = 0.7, v = 0.5 with fixed initial points
(xo(t),uo(t)) = (0.5,0.9) and (z1(t),u1(t)) = (1,0.5). If ooy = ﬁ and 7, = m
n > 1, then conditions C'1 — C6 are satisfied and the numerical MATLAB (Mathworks online

using a Lenovo Intel(R) Core(TM) i5) experiment is provided below to illustrate the behavior

for all

of the convergence of the sequence {d,(t)} = {(zn(t),un(t))} generated by Algorithm 3.1.1 to a

solution for different values of y and 7.

To implement Algorithm 3.1.1, we chose 7 = 0.5 with values of 1 in {0.1,0.3,0.5,0.9} and obtain
Fig. 5.1 and Fig. 5.2 below.
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1.8

1.6

1.4

1.2

0.8

0.6

Error term, E | = ||dn-X 1

0.4

0.2

Il Il Il L I L
0 005 01 015 02 025 03 035 04 045 05
Elapsed time, (sec)

Fig. 5.1: Convergence of the sequence {d,(t)} to the solution with different values of y with respect to
elapsed time.

Error term, En = ||dn-X I

0 1 2 3 4 5 6 7
Number of iterations, n

Fig. 5.2: Convergence of the sequence {d,(t)} to the solution with different values of y with respect to
number of iterations.

Furthermore, with the same initial points used in the figures above and p = 0.5 and varying

7 € {0.0,0.5,0.8,10.0}, we get the convergence behavior of the Algorithm 3.1.1 shown in Fig.
5.3 below.
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1.4

1.2

o o
o ® =

Error term, En = ||dn-X I

°
IN

0.2

O L L L L L
0 0.02 0.04 0.06 0.08 0.1 0.12 0.14 0.16

Elapsed time, (sec)

Fig. 5.3: Convergence of the sequence {d,(t)} to the solution with different values of 7 with respect to
elapsed time.

Remark 5.1.1. In Fig. 5.1, we obtain strong convergence of the sequence {d,,(t)} = {(xn(t), un(t))}
to the solution (x*(t),u*(t)) = <%1, %) of problem (5.1.1) for different values of u and different
values of 7. From Fig. 5.1, we observe that the rate of convergence of Algorithm 3.1.1 is fast
when p = 0.5 compared to other values of u near 0 and 1. Now, looking at Fig. 5.2, we have a
similar case to the observation in Fig. 5.1. That is, at p = 0.5, the number of iterations needed
for convergence of Algorithm 3.1.1 are fewer which implies faster convergence as compared to
other values of p near 0 and 1. Furthermore, Fig. 5.3 shows that the rate of convergence of
Algorithm 3.1.1 is slow when it is non-inertial version (that is, T = 0) than those with inertial
version (T #0).

Example 5.2. Let Hi = R, Hy, = R? and H; = R3 with the Euclidean norm. Let Aj,
By : Hi — Hy and As, By : Hy — Hs be mappings defined by A;(z) = =z — 1, By(x) = 3z,
As(z,y) = (3z,y—2) and Ba(z,y) = (z—1,3y). Then, note that Ay, A are Lipschitz continuous
monotone mappings, and By, By are monotone mappings. In addition, we observe that z* =
and u* = (,§) = (4, 1) are solutions of the equations A1z + Biz = 0 and As(z,y) + Ba(z,y)

(0,0), respectively. Now, define T': H; — Hs and S : Hy — Hj3 by

1
1

T(z) = (z,22,0) and S(z,y) = (z,9,0).

Note that T" and S are bounded linear operators with

7(5) = (:39) =5(r3)
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Therefore, we have

1 /11
X" = (z"u") = (Z’(Z’i)) eN = {(x*,u*)EHleQ:Alx*—i—BlfL‘*:O,

Agu™ + Bou* = (0,0) and Tx* = Su*}.

Consider z = 0.5, u = (0.1,0.1), 6 = e = 0.5, [ = 0.7 and v = 0.5 with fixed initial points
(z0,u0) = (0.5,(0.9,0.2)) and (z1,u1) = (0.3,(0.8,1)). If an = 775 oo, for
n > 1, then conditions C'1 — C6 are satisfied and the numerical MATLAB (Mathworks online
using a Lenovo Intel(R) Core(TM) i5) experiment provided below illustrates that the scheme

{dn} = {(zn,un)} generated by Algorithm 3.1.1 converges strongly to a solution for different
values of y and 7.

and 7, =

Taking 7 = 0.5, the numerical experiment in Fig. 5.4 and Fig. 5.5 shows that the sequence

{dn} = {(zpn,un)} generated by Algorithm 3.1.1 converges strongly to the solution (z*, u*) with
different values of p in {0.1,0.2,0.5,0.8}.

Error term, En = ||dn-X l|

o 1 1 1 1 I i
0 0.01 0.02 0.03 0.04 0.05 0.06

Elapsed time, (sec)

Fig. 5.4: Convergence of the sequence {d,,} for different values of p with respect to elapsed time.
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Error term, En = ||dn-X I

0 Il Il Il Il Il Il I
0 2 4 6 8 10 12 14 16
Number of iterations, n

Fig. 5.5: Convergence of the sequence {d,,} for different values of 1 with respect to number of iterations.

In addition, to implement Algorithm 3.1.1, taking the same initial points and g = 0.5 with
different values of 7 in {0.0,0.3,0.5,0.8,10.0}, we obtain Fig. 5.6 below.

Error term, En = ||dn-X I

0 0005 001 0015 0.02 0025 003 0035 0.04 0045 0.05
Elapsed time, (sec)

Fig. 5.6: Convergence of the sequence {d, } for different values of 7 with respect to elapsed time.

Remark 5.2.1. From Fig. 5./, we observe that the rate of convergence is faster when p = 0.5
relative to other p € (0,1). In Fig. 5.5, we notice that p = 0.5 has the lowest number of
iterations hence faster convergence as compared to those values of p approaching 0 or 1. Fur-
thermore, Fig. 5.6 shows that the convergence of Algorithm 3.1.1 is slower for the non-inertial
version (that is, T = 0) than for the inertial version.
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6. Conclusion and Future Research

Problems

6.1 Conclusion

In this Thesis, we introduced a more general problem called Split Equality Inclusion Problem.
Moreover, we proposed and studied an inertial iterative method for finding solutions of the
problem in real Hilbert spaces. In Chapter 1, we presented a brief background of our study,
that is, we defined a few keywords, subject matters and reviewed most of the essential papers
published in relation to our study. In chapter 2, we recalled some preliminaries which are of
great importance to our study. Then, Chapter 3 was devoted to the main results of our study.
The Split Equality Inclusion Problem was introduced. Then the inertial-based algorithm is de-
vised for approximating the solutions of this problem and some strong convergence theorems
were established under the assumption that By and By are maximal monotone and A; and A,
are Lipschitz continuous monotone mappings. The prior knowledge of the Lipschitz constants is
not required. We then experienced an improved convergence speed in terms of reduced number
of iterations and CPU time contributed by the presence of the inertial step. Some applications
were provided in Chapter 4 to clearly establish the purpose of the method and numerical exam-
ples were given in Chapter 5 to clarify the convergence behavior of the suggested method. The
major outcomes in this thesis expands the results of several authors, see Byrne [15], Cholamjiak
et. al. [25], Izuchukwu [52], Moudafi [66, 68], and Thong and Cholamjiak [9%] in the sense that
our result provides strong convergence theorems for the solution of the class of Split Equality
Inclusion Problems in real Hilbert spaces which is more general than the problems considered

by these authors. We also gave positive and affirmative answers to questions in Chapter 2.

The results of this Thesis have been published as follows:
Thobogang, O.T., Zegeye, H., Boikanyo, O.A.: An Inertial method for solutions of split equality
inclusion problems. Rendiconti del Circolo Matematico di Palermo Series 2, 1-23. (2023).

6.2 Future Research Problems

The following questions will be at the core of future research work:

1. Can the results obtained in Chapter 3 be extended to Banach spaces which is more general

than Hilbert spaces?

2. Can we alter some of the assumptions of the main result, Theorem 3.1.7, and still ob-
tain strong convergence theorems for the solution of the class of Split Equality Inclusion
Problems?



Chapter 6. Conclusion and Further Research Problems

3. Can we produce algorithms which are simpler and more efficient in the sense of rate of

convergence?

4. Can we have strong convergence results for approximating zeros of the sum of a finite

family of maximal monotone mappings?

These questions will surely stipulate further research problems in this direction.
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