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ABSTRACT

The first experimental observation of spin-orbit (SO) coupling in Bose Einstein Con-
densates (BECs) provided an interesting new platform to explore a fascinating and
growing field of research and lead to rich physical e↵ects. In ultracold atomic sys-
tems,the synthetic SO coupling can be generated using two counter-propagating Ra-
man lasers that couple two hyperfine ground states. Motivated by these experimental
findings, some theoretical activities have been committed to the physics of SO-coupled
BECs under di↵erent conditions. In this thesis, we explore the nonlinear dynamics
induced by the modulational instability (MI) in dissipative and non-dissipative SO-
coupled BECs in free space. The first chapter gives the general introduction of BEC
and reviews of the basics and essential concepts used throughout the thesis: the Gross-
Pitaevskii (GP) equation, SO coupling, solitons and MI process.
In the second chapter, our investigations start with the derivation of a new vector
form of the cubic complex Ginzburg-Landau (CGL) equation describing the dynam-
ics of dissipative solitons in the two-component helicoidal SO coupled open BECs.
Employing standard linear stability analysis, we analyze theoretically the stability of
continuous-wave solutions and obtain an expression for MI gain spectrum. Using di-
rect simulations of the Fourier space, we numerically investigate the dynamics of the
MI in the presence of helicoidal SO coupling. The validity of the analytical solutions
obtained is confirmed by the numerical simulations.
In the third chapter, we report the dynamics of the MI process, exclusively studied
in a two-component BEC with Rashba-Dresselhaus (RD) SO and helicoidal SO cou-
plings. A generalized set of two-dimensional GP equations are derived. The tunability
of the helicoidal gauge potential is exploited to separately address BECs dynamics
in free space and a square lattice. The MI growth rate is derived for each case, and
parametric analyses of MI show dependence of the instability to interatomic interac-
tion strengths, the RD SO coupling, and helicoidal SO coupling, which combines the
gauge amplitude and the helicoidal gauge potential. Direct numerical simulations are
performed to confirm the analytical predictions. Trains of solitons are obtained, and
their behaviors are debated when the RD SO parameters are varied under di↵erent
combinations between the gauge amplitude and the helicoidal gauge potential. The
latter gives a potential way to manipulate the trapping capacities of the proposed BEC
models.

In conclusion, the results and discussions are presented. The scope for future work
has also been suggested in detail.

Keywords: Two-component BECs, Modulational instability, Solitons, helicoidal
coupling, Rashba coupling, Dresselhaus coupling, Gross-Pitaevskii equation, complex
Ginzburg-Landau equation, split-step Fourier method.
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GENERAL INTRODUCTION

Bose-Einstein Condensate is a macroscopic quantum state of matter in which a large
percentage of particles collapses into their lowest energy level at temperatures very
close to absolute zero. This form of matter was first predicted by Albert Einstein in
1925, inspired by Satyendra Nath Bose’s insights about the Planck law for black-body
radiation [1]. Einstein extended Bose’s concept to an ideal gas of identical particles
whose particle number is conserved, and in the same year, predicted that at extremely
low temperatures, the particles would overlap, coalescing into an indistinguishable
clump, known as a Bose-Einstein condensate [2]. Even though BEC was predicted in
early 1900, its experimental achievement was not possible until 1995. Eric Cornell and
Carl Wieman made the first discovery of Bose-Einstein condensate at the University
of Colorado and National Institute of Standards and Technology –JILA lab, from a
gas of rubidium-87 (87Rb) atoms cooled to 170 nano-kelvins [3]. The observation of
BEC in ultracold vapors of Sodium-23 (23Na) [4] and Lithium-7 (7Li) [5] atoms was
later reported by groups in Massachusetts Institute of Technology (MIT) and Rice
University in Houston, Texas, respectively. In these recent BEC observations, the
atoms were enclosed in magnetic traps and cooled down to temperatures of the order
of fractions of microkelvins. The first evidence for condensation was from time-of-flight
measurements. Atoms were allowed to expand by turning o↵ the confinement trap and
then imaged with optical methods. A sharp peak in the momentum distribution of
condensate density, below the critical temperature, has become the standard way to
identify BEC in any kind of system. BECs were later observed in a variety of sys-
tems such as chromium atoms [6,7], excitons [8], microcavity exciton-polaritons [9,10],
magnons [11], spin-polarized hydrogen atoms [12], and other alkali atoms.
The dynamical features of a BEC at very low temperatures can be modeled by a
nonlinear Schrodinger(NLS) equation with an external potential, known as the Gross-
Pitaevskii (GP) equation [13, 14]. The results obtained by solving the GP equation
showed a correlation with most of the experiments. All the nonlinear phenomena
observed in matter-wave condensates can be better explained with exact analytical
solutions of the GP equation [15–18]. It is well known that the matter-wave dynamics
of a BEC loaded in optical lattices, which can be e↵ectively manipulated by external
field, leads to a number of BEC applications, like atomic interferometry [19], quantum
phase transitions [20], matter-wave amplification [21] and atom laser [22]. BECs have
since been used to explore di↵erent properties in macroscopic quantum systems, in-
cluding e↵ects of the interatomic interactions. In the case of the BECs, the interatomic
interactions introduce the nonlinearity in the GP equation, accounted for through an
e↵ective mean-field. Therefore, an intrinsic feature of the BEC dynamics is its nonlin-
earity, which is induced by interactions between atoms, even though the densities of
the quantum bosonic gases are very low. The recent establishment of trapping tech-
niques has led to the engineering of multicomponent condensates which are formed by
trapping atoms in di↵erent internal states [23,24].

Multicomponent condensates are made up of identical atoms with contrasting
hyperfine states [23, 25] or di↵erent F-spin orientations [26, 27] or atomic-molecular
BECs [28]. In multicomponent systems, additional types of interaction such as inter-
species interactions can occur between di↵erent components of the condensates lead
to new characteristics not observable in a single condensate. Among these charac-
teristics, we have complex phase diagrams [27, 29–31], metastable states [32], vortex
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transfer dynamics [30, 33], symmetry breaking instabilities [34, 35]. Extensive the-
oretical and experimental investigations have followed in the two-component BECs,
whose dynamics are best described by the coupled GP equations, leading to the oc-
currence of extraordinary nonlinear structures, such as dark-bright complexes [36,37],
dark-dark solitons [38], bright-bright solitons [39], domain walls [40], vortex-antivortex
dipoles [41], and skyrmions [42]. In fact, in binary BEC, dark-bright soliton complexes
were predicted in theory [43] and observed in experiments in a repulsive 87 Rb BEC
binary mixture, using a phase imprinting method [44]. In addition, it has been also
demonstrated how the phase winding dynamics can be used to generate experimentally
dark-bright solitons in a two-component BEC, where the single-particle dynamics can
be explained by mapping the system to a two-component Bose-Hubbard model [45].
Most recently, multiple dark-bright solitons [36], as well as dark-dark solitons [37] were
also created in a counterflow experiment [36]. The structure and the odd-even e↵ect
of the yrast spectrum in the two-component BEC has been studied using an analytical
method [46].

One of the key issues of soliton wave theory is the universal MI phenomena, which
is one of the most fundamental processes in nonlinear wave systems in nature. Modu-
lation instability, is a ubiquitous mechanism for understanding the growth of a weakly
modulated continuous wave in a nonlinear medium and leading to the generation of a
train of pulses under the combined e↵ects of nonlinearity and di↵raction or dispersion
in a spatially nonlinear field. Generally, MI occurs in the same regions of parameters
as to where bright solitons are observed, and can be considered to initialize the forma-
tion of stable localized nonlinear excitations, or soliton trains, and is deeply studied in
nonlinear optics [47], plasma physics [48], hydrodynamics [49], electrical transmission
lines [50], biophysics [51, 52]. In the context of BEC, investigations show that the MI
has been responsible for the dephasing and the localization of the condensate, which
is vital in understanding the dynamic processes in the BEC systems, which include
domain formation [53], generation and propagation of solitonic waves [54], quantum
phase transitions [55], and so on. Moreover, there has been extensive research on the
MI in BECs both experimentally and theoretically for single as well as two-component
systems [56–65].

As in other physical systems [66], it was concluded that the single-component MI
is feasible only for attractive interactions [67], and in such cases, the phase fluctua-
tions caused by the MI leads to the formation of soliton trains [67]. However, the
breakthrough work by Goldstein and Meystre [68] opens up the possibility of MI even
for repulsive interactions in two-component BECs [53], similar to the result known in
nonlinear optics [69], in the case when the cross-phase modulation is stronger than the
self-phase modulation of each component. In such a case, the MI does not create trains
of bright solitons, but rather creates domain walls that realize the phase separation in
the immiscible binary BEC [70]. In addition, due to the production of the SO coupling
in BEC, the dynamical instability of supercurrents, as a consequence of the violation
of the Galilean invariance, was investigated [71, 72]. In particular, one may expect
that the MI will lead to the generation of striped structures which realize the ground
state in the SO-coupled BEC with the repulsive or attractive intrinsic nonlinearity.
While the MI of two-component BECs with SO coupling in one- and two-dimension
were recently explored [73,74].
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THESIS OUTLINE

• General objective:

– To study the evolution of modulation instability phenomena and solitary
structures, emerging from dissipative and non-dissipative SO-coupled BECs.

• Specific objectives:

– To derive a new vector form cubic CGL equations describing the behavior
of dissipative soliton trains in two-component helicoidal SO coupled open
BECs.

– Evaluate the e↵ects of the repulsive and attractive intra-component, and
inter-component interactions in two-component SO coupled open BECs
based on the new vector form cubic CGL equations.

– Evaluate the behaviors of the growth rate spectra under the combined e↵ects
of Rashba-Dresselhaus and helicoidal SO couplings.

This thesis is outlined as follows:
In Chapter 1, we give a detailed introduction to the model and phenomena that

are studied in this thesis.
The second chapter describes the 1D coupled GP equations for the two-component

helicoidal SO coupled dissipative BECs, from which the coupled cubic CGL equations
are derived using the adiabatic elimination procedure. The stability of the condensate
has been analyzed in detail for the system parameters such as SO coupling strength,
helicoidal potential, intra-atomic and inter-atomic interactions. The analytical results
of MI of plane wave solutions of the coupled cubic CGL equations obtained with the
help of linear stability analysis have been confirmed numerically by direct simulation
of the governing equation using the split-step Fourier method(SSFM).

In Chapter 3, we introduce the energy functional and derive a 2D coupled GP
equation system which includes RD SO and helical SO couplings. We also show that
the tunability of the helicoidal gauge potential allows the derivation of two distinct
sets of GP equation systems, describing BECs in free space and in a square lattice,
respectively. The analytical study of the linear stability analysis of CWs is addressed,
where an analytical expression of the growth rates of MI is obtained, based on which
the regions of instability are parametrically discussed. Some numerical simulations
are presented, where predictions from the linear stability analysis are verified. One
particularly insists on solitary wave formation in the condensates under the activation
of MI, emphasizing the combined e↵ects of a mixture of RD SO couplings and di↵erent
combinations of the helicoidal gauge potential and the gauge amplitude.

Finally, we present a general conclusion and perspective for this general research
topic.
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Chapter 1

BOSE-EINSTEIN CONDENSATION
(BEC) BASICS

1.1 Introduction

This chapter briefly examines the theory of Bose-Einstein condensation in ultracold
gases. Starting with the non-interacting Bose-gas, we describe the quantum phase
transition and identify its critical temperature Tc. We also discuss the GP equation
which models the dynamics of BECs at ultra temperatures and give the experimental
procedure for the production of BECs at the laboratories. Spin-orbit coupling, solitons,
and modulation instability in BECs are also explained.

1.2 Identical particles

In classical mechanics, identical particles could be labeled solely based on their position
and momentum coordinates at any given time. When these particles are observed
during a collision, one can track each particle’s trajectory and thus identify them
at the end of the collision process. Conversely, in quantum mechanics, particles no
longer have explicit trajectories. They lose their identity during collisions i.e. they
start behaving more like waves and less like particles and begin to overlap. The
resulting axiom is that all observables have to be invariant under the exchange of any
two identical particles [75]. The particles are then said to be indistinguishable. At
this point, the particles are governed by the wave function  (r, t), which gives the
probability of finding a particle at position r in space-time t. The indistinguishability
of particles introduce a complex phase rotation to the many-body wave function (where
particles are labeled by their position r and spin ↵) as

 ...,↵x,...,↵y , ...(..., rx, ..., ry, ..., t) = e
i✓ ...,↵y ,...,↵x , ...(..., ry, ..., rx, ..., t). (1.1)

When the complex phase, ei✓ = +1, it gives symmetric wave functions with respect
to the label exchange. This corresponds to one of the two major classes of identical
particles: bosons, which share quantum states and have a whole number spin. If the
complex phase, ei✓ = �1, the wave function is anti-symmetric, meaning that particles
under observation are fermions. Thus, no sharing of quantum states as described by
Pauli’s exclusion principle is observed and those fermions have half-integer spin. These
symmetric properties of the wave function have some striking e↵ects on the behavior
of the particles.
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Figure 1.1: Distribution of elementary particles (bosons and fermions) in the quantum
states [76].

1.3 Bose-Einstein condensation in an ideal gas

We consider a gas of N non-interacting bosons with mass m in a box of volume V

at thermal equilibrium T . The average occupation number of particles in a single
quantum level k follows the Bose–Einstein distribution [13,14]

f(Ei) =
1

e�(Ei�µ) � 1
, (1.2)

where � =
1

kBT
, kB is the Boltzmann’s constant, Ei is the energy of a single-particle

state i, and µ is the chemical potential, accounting for the energy needed to add a
particle to the system at a constant volume and entropy. It is determined from the
condition X

i

f(Ei) = N, (1.3)

where N is the total number of bosons in the system. Assuming that f is an infinites-
imal function of the total energy E , we can approximate the summation of Eq. (1.3)
by an integral

N =

Z
g(E)f(E)dE , (1.4)

where g(E) is the density of states of the system, representing the number of quantum
levels in the range [E , E + dE ].
From Eq. (1.2), we can deduce that the chemical potential should be less than the single
particle ground state energy E0, otherwise this state would have a negative occupation
number. When the µ approaches E0 from smaller values, the ground state population
N0 increases macroscopically, forming a BEC. The total number of particles can then
be written as

N = N0 +

Z
g(E)f(E)dE . (1.5)
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For a uniform d-dimensional system with a size L the energy density of states for a
free particle with a mass m, is given by [77]

g
(d)(E) = ⌦d

 
L

2⇡

!d
1

2

 
2m

~2

! d
2

E d
2�1

, (1.6)

where

⌦d =

8
><

>:

4⇡ (d = 3)

2⇡ (d = 2)

1 (d = 1).

Assuming our system is in 3D, the density of states simplifies to

g
(3)(E) =

V

4⇡2

 
2m

~2

! 3
2 p

E . (1.7)

Substituting Eq. (1.7) into Eq. (1.5), we get

N = N0 +
V

4⇡2

 
2m

~2

! 3
2 Z 1

0

p
E

dE
e�(Ei�µ) � 1

, (1.8)

with the second term being the number of particles in the excited states N
ex. It

represents the thermal component of gas at temperature T and chemical potential µ.
For a finite temperature T and a large volume V , N ex has a smooth behavior as a
function of µ and reaches its maximum asymptotically at µ = ✏0 = 0. If we evaluate
the integral in Eq. (1.8), we obtain

N
ex
max = V

 
mKBT

2⇡~2

! 3
2

⇣

✓
3

2

◆
, (1.9)

where ⇣
�
3
2

�
⇡ 2.612 is the Riemann zeta function [77].

If N ex
max < N , the system exhibits BEC. As the system is cooled, there will be a critical

temperature TC (step by step derivation shown in appendix A), at which N
ex
max = N ,

given by

TC =

 
2⇡~2

mKB

! 
N

2.612V

! 2
3

. (1.10)

Let

n =
N

V
= 2.612

1

�
3
TC

, (1.11)

with �TC =

s
2⇡~2

mKBTC
being the thermal de Broglie wavelength. This means, below

the critical temperature, the thermal de Broglie wavelength is comparable to the mean
interparticle distance n

� 1
3 (n is the particle density). The onset of BEC becomes

n�
3
TC

 2.612, (1.12)
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Figure 1.2: Formation of BEC [79]

i.e. the condensation takes place when the de Broglie wave packets of the particles
begin to overlap significantly. To determine the variation of the condensate with the
temperature we take the ratio of Eq. (1.8) and Eq. (1.9)

N0

N
= 1�

 
T

TC

! 3
2

. (1.13)

Figure 1.2 shows the evolution of the condensate at temperature T .

1.4 The Gross-Pitaevskii (GP) equation

1.4.1 Single-component systems

BEC was firstly studied for non-interacting bosons, for which the many-body wave
function is a product of single-particle wave functions. But the real bosonic atoms in-
teract with each other, and the presence of interactions between the atoms depletes the
condensate fraction. The elementary model that best describes BEC in an interacting
Bose gas is based on the Bogoliubov approximation of lowest-order mean-field theory
and second quantization [80]. According to this approach, the dynamical behavior of
a BEC at very low temperatures is best described by a nonlinear Schrödinger equation
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with an external potential, the Gross-Pitaevskii(GP) equation [13,14]

i~
@ (r, t)

@t
= �

~2

2m
r2
 (r, t) + U(r, t) (r, t) +

4⇡~
m

as(r, t)| (r, t)|2 (r, t), (1.14)

where  (r, t) is a wave function for a single-particle, r = (x, y, z) and t represent
spatial and temporal coordinates respectively, m is the atomic mass, U(r, t) is the
external potential that acts on the individual atoms, r2 is the Laplace operator with
respect to r, and as is the scattering wavelength which determines the strength of
collisions between the atoms: as > 0 and as < 0 correspond to repulsive and attractive
interactions, respectively. The strength and sign of as in BEC experiments can be
modified by the Feshbach resonance management technique [81]. Moreover, the wave
function is subject to the normalization condition, which is determined by the total
number, N , of atoms in the condensate:

Z
| (r, t)|2dr = N. (1.15)

In the mean-field approximation, the interatomic collisions of BECs in the GP equation
are taken into account through the cubic term. Therefore, an intrinsic feature of BEC
dynamics is its nonlinearity, which is due to interactions between atoms. This non-
linearity has resulted in the observation of many important excitations in the BECs
such as dark solitons [82], representing holes in the otherwise homogeneous atomic
distributions, bright solitons [82], characterized by a spatially localized atomic den-
sity distribution, compactons [83], and nonlinear periodic waves [84]. In addition,
gray solitons [85], gap matter solitons [86], vortices [33], vortex lattices [87], Fara-
day waves [88], Bloch oscillations of BECs, Landau-Zener tunneling [89], superfluid to
Mott-insulator phase transition [90], and compression of a condensate [91], have been
observed theoretically as well as experimentally.

1.4.2 Two-component systems

Experimental implementation of single-component BECs led to advances in trapping
techniques, allowing atomic clouds to be simultaneously confined to di↵erent hyper-
fine spin states, thus forming a multi-component BEC. The first such experiment was
performed in a mixture of two magnetically trapped hyperfine states of 87Rb [23], the
pseudo-spinor condensates. Subsequently, experiments in optically trapped 23Na [24],
were able to produce multi-component condensates for varying Zeeman sublevels of
the same hyperfine level, the spinor condensates. Regarding the modeling of multi-
component BECs, we proceed from the single-component GP equation to the corre-
sponding system of coupled GP equations

i~
@

@t
 i(r, t) = �

~2

2mi
r2
 i(r, t) + Ui(r, t) i(r, t) + (gii| i(r, t)|2 + gij| j(r, t)|2) i(r, t).

(1.16)
Here,  i(r, t), i = 1, 2 represents the BEC wave functions of the two components,
for which we can define densities ni = | i(r, t)|2 analogous to the single component
case. The interaction parameters gii and gij are proportional to the scattering length
for intra- (g11, g22) and inter-component (g12,g21 ) interactions respectively: gii =

4⇡~a(ii)s /mi and gij = gji = 4⇡~a(ij)s /mi, j = 1, 2. The trapping potentials Ui(r, t) are
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induced by the same external field and may be di↵erent. Masses are di↵erent for BEC
mixtures made of di↵erent atoms and equal for mixtures of the same atomic species.
When the interactions are repulsive, the scattering lengths in Eq. (1.16) are positive,

that is, a(11)s > 0, a(22)s > 0, and a
(12)
s > 0. The immiscibility condition of the two

components and the onset of the separation between them is given by [92]

a
(11)
s a

(22)
s < (a(12)s )2. (1.17)

This indicates that the repulsion between atoms in the mixture is stronger than the
repulsion in each constituent atom. Condition (1.17) relates to infinite space, while the
pressure of the trapping potential makes the binary BEC more miscible and shifts the
critical point, a(11)s a

(22)
s = (a(12)s )2 to bigger values of positive a(12)s [93]. Immiscible two-

component condensates, in a trap, form domain walls separating the two components
[94]. Such domain walls were observed in experiments [95]. Those binary mixtures of
BECs may contain two di↵erent hyperfine states of identical atoms, such as 87Rb [23,25]
and 23Na [26], or can be created in a heteronuclear mixture of 41K and 87Rb [96, 97],
Na–Rb [32, 98], Cs–Rb [99], Li–Rb [100], 41K–87Rb [97], 7Li and 133Cs [101]. Besides
BEC, GP equation can also be used in modeling of nonlinear optics, superconductors,
and super fluids [102].

1.5 BEC experimental procedure

Here, we discuss the steps involved in the formation of a BEC in the laboratory. There
are three important steps involved: laser cooling, magnetic trapping, and evaporative
cooling. There are particular details which di↵er between experiments, but they follow
a similar outline.

1.5.1 Laser cooling

The idea of laser cooling was separately proposed in 1975 by Theodor W. Hansch and
Arthur L. Schawlow of Stanford University for gas of atoms and by David Wineland
and Hans G. Dehmelt of the University of Washington for trapped ions [103]. Laser
cooling is a technique where particles are cooled down by decreasing their speed using
laser light [104]. Atoms are initially laser-cooled using six laser beams arranged as three
orthogonal pairs of counter-propagating beams. The atoms absorb the photons from
the beams and jump up to higher energy levels. When the photons are emitted from
the atoms, they gain momentum, producing a speed reduction. On the contrary, the
absorption of photons produces acceleration in the atoms. This means there is no gain
in momentum in the spontaneous emission process. Here, is where the Doppler e↵ect
is used. The laser frequency is adjusted such that only the atoms, moving towards
the laser beam see the blue shift and are partially absorbed. This cooled down the
atom and therefore decreasing the temperature of the atomic cloud. The laser cooling
mechanism stops when the velocity gains by atoms, as it emits a photon, compensates
for the loss of velocity due to the scattering process. There are many other techniques
that can be used for laser cooling, such as the gray molasses, cavity meditated cooling
and the Zeeman slower, just to name a few.
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1.5.2 Magnetic trapping

Though laser cooling can bring the atomic sample to very low temperatures, atoms
can escape out of the laser regions due to random motions, after pre-cooling, atoms
are transmitted into a magneto-optical trap. The trap combines with optical molasses
(3D laser cooling), with an appropriate external magnetic field which induces a spatial
force that pushes back atoms to the middle of the trapping potential. This process
enables to maintain atoms in the external trap. There are di↵erent trapping potentials
that can be realized to produce BECs.

1.5.3 Evaporative cooling

This is the last step in BEC. In evaporative cooling, energetic particles are allowed to
leave the trap, carrying away more than their share of thermal energy, hence decreasing
the temperature of the system. This allows the atomic sample to be cooled by many
orders of magnitude, mitigating the loss of atoms by an overall increase in phase space
density.

1.6 Spin-orbit (SO) coupling in BECs

One of the major motivations for this research is the study of spin-orbit coupling.
SO coupling leads to many interesting concepts in a broad range of quantum systems
from nuclear physics, condensed matter physics to atomic physics. For instance, in
condensed matter systems, SO coupling can lead to quantum spin Hall states or topo-
logical insulators, which have potential applications in quantum devices. Recently, SO
coupling has been artificially created in ultracold dilute atomic Bose and Fermi gases
with the aid of synthetic gauge fields. SO coupling have been proved to be an ideal
process for examining the relationship between quantum many-body systems under
Abelian and non-Abelian gauge fields in ultracold gases. In this section we give a
general introduction of SO coupling.

1.6.1 SO coupling in one-dimensional (1D) ultracold atoms

SO coupling is an interaction of particles that depends on the values and mutual
orientations of the particles’ orbital and spin angular momenta, and that leads to
the fine-structure splitting of the system’s energy levels. SO coupling is a relativistic
e↵ect. Formally, it is obtained if the energy of particles, moving rapidly in an external
field is found with an accuracy of v2/c2, where v is the speed of the particle and c

is the speed of light [105]. The SO e↵ect happens naturally in a hydrogen atom. To
understand this, we can imagine a semiclassical atom with an electron in a quantized
orbit. We consider the frame of reference where the electron is stationary, that is, the
frame of reference moves with the electron. In such a case, the nucleus will appear as
orbiting the electron, and it will produce a positive current loop, that, in turn, creates
a magnetic field

�!
B . The electron has an intrinsic angular momentum, or spin, which

creates the electron’s spin magnetic moment �!
µs. This means that the �!

µs will feel a
torque due to the

�!
B , created by the orbit of the nucleus. This torque will tend to rotate

the magnetic moment and thus change the energy of the electron: �H = ��!
µs.

�!
B . The

energy di↵erence between the states is the splitting in the spectral lines. To see how the
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orbital and spin angular momentum interact, we need to relate the e↵ective magnetic
field to the motion of the electron. The orbital angular momentum of the electron in
a semi-classical sense gives the orbiting speed of the electron and thus the strength of
the e↵ective magnetic field. This is how the orbital angular momentum and the spin
of the electron become coupled together, by the Zeeman splitting from the e↵ective
magnetic field [106]

�HL =
gsµB

~meec
2

1

r

@U(r)

@r

�!
L ·�!S , (1.18)

where gs ⇡ 2 is the electron-spin g-factor, µB is the Bohr magneton, ~ the Planck’s
constant,me electron mass, U the potential energy of the electron, and e the elementary
charge.

�!
S represents the spin angular-momentum vector, while

�!
L = �!

r ⇥�!
p is the

angular momentum of a particle, with �!
r being the particle’s position vector and its

momentum vector �!p .
Implementation of the interaction which includes both spin and motional degrees

of freedom is interesting by itself, as it allows access to new quantum phases which
define di↵erent orderings of the SO coupled system and di↵erent macroscopic behaviors
[107].The idea of SO coupling is very general and can refer to many situations from
di↵erent fields of physics: from the fine and hyperfine splitting in atomic and nuclear
physics [108–110], to topological insulators and quantum spin Hall e↵ect in condensed
matter physics [111, 112], or Rashba [113, 114] and Dresselhaus [115] SO interactions
in semiconductors.

1.6.2 Synthetic SO coupling in cold atoms

Ultracold gases are versatile playgrounds to realize, explore, and discover various phys-
ical models and phenomena, but usually have a neutral charge. However, magnetic
phenomena are of a particular interest in quantum mechanics. They appear, for ex-
ample, in spin Hall e↵ects [116, 117], SO coupling [114, 115], Aharonov-Bohm e↵ect,
Hofstadter butterfly physics, and topological insulators [118–120], when a charged par-
ticle interacts with a magnetic field. To better understand these e↵ects, in situations
where particle statistics and interactions are important, synthetic gauge fields are used
to investigate the coupling of electromagnetic fields with neutrally charged particles.
Synthetic gauge fields couple an atom’s internal degree of freedom with an external
degree of freedom, and use external control of the spin state to control the dressed
quasi-momentum energy minimum. In non-relativistic quantum mechanics, the SO
coupling is induced from the non-relativistic limit of the Dirac equation. It emerges
as a magnetic field seen by the moving electron (Lorentz transform of electromagnetic
field) coupling the spin in dipole form (to the leading order of non-relativistic limit).
The magnetic field depends on the motion of the electron. If we study the motion in
terms of Hamiltonian formalism, the electromagnetic coupling enters through vector
potential A and scalar potential V . If A is constant,

�!
B = r ⇥ A = 0 , therefore no

SO coupling is present. This feature is no longer valid in non-Abelian cases. Even
if A is constant,

�!
B = r ⇥ A + 1

i~A ⇥ A = 1
i~A ⇥ A does not vanish in general. For

neutral atoms, coupling between the motional degree of freedom and atom’s spin does
not happen naturally like for charged particles. However, the e↵ective SO coupling can
be emulated with the help of external fields. This led to many experimental pursuits,
aiming to engineer SO coupled systems with ultracold atomic set-ups. The first step
in that direction was done by Spielman’s group [121]. They engineered a SO coupling
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in a neutral BEC by dressing two atomic hyperfine states with a pair of propagating
lasers. After that, in 2012, SO coupled Fermi gases were produced using a pair of
Raman beams [122,123].

1.7 Solitons in BECs

Nonlinear models are widely used in the scientific community to understand the funda-
mentals of nature. There are so many nonlinear models which have been developed thus
far. In physics, the most celebrated NLS equation manifests in optical fibres [124–126]
and with an appropriate potential as a GP equation in BECs [13]. The Korteweg
and deVries (KdV), sine-Gordon and Boussinesq equations routinely appear in hy-
drodynamics and plasma physics [128]. The integrability of these equations leads to
extremely interesting properties for their soliton solutions. Solitons can be observed
in space and time as localized wave-packets or pulse trains which results from the
balance between dispersion and nonlinearity. Solitary waves were first described in a
water channel by John Scott Russell in 1845 [129, 130] and 1895, Korteweg and de-
Vries derived the first mathematical equation for solitons, the so-called KdV equation,
which describes wave propagation in shallow water channels [131]. Through theoret-
ical predictions and their subsequent experimental corroborations, solitons have been
observed in di↵erent fields such as fluid mechanics [132,133], plasma physics [132,134],
nonlinear optics [126, 135, 136] and BECs [137]. As mentioned in Sec. 1.4, the GP
equation has become a fundamental theoretical tool in describing the dynamics of
BECs. The GP equation is a nonlinear equation with counteractive dispersion and
nonlinear terms, which gives rise to topological excitations known as matter-wave soli-
tons. In this section, we describe the two forms of matter-wave solitons in BECs,
the bright solitons, and dark solitons (fig. 1.3). The form of solitons in BEC is de-

Figure 1.3: Bright solitons and dark solitons in BEC [138].

termined by the sign of the scattering length as [127]. If as is negative, solitons are
characterized by a peak in associated wave amplitude. These solitons are known as
bright solitons [139–141]. In the atomic BEC with intrinsic self-attraction, the pro-
duction of one-dimensional matter-wave bright solitons in cigar-shaped configurations
was achieved in condensates of 7Li [142–144] and 85Rb [145, 146]. Collisions between
moving quasi-1D solitons also admit accurate experimental implementation [147] and
theoretical analysis [147,148]. The positive as, gives the BEC the e↵ective self-repulsive
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nonlinearity. This type of the inherent interaction gives rise to dark solitons identified
by a minimum local density, and a sharp phase slope of the wavefunction at the posi-
tion of the minimum [149–151]. The dark matter-wave solitons are further categorized
into black solitons and gray solitons. The black solitons occur when the local den-
sity minimum of dark soliton is zero, while, gray soliton appears at the local density
minimum of dark soliton greater than zero [152–154]. Dark matter-wave solitons have
been observed in a 23Na condensate [155] and in cigar-shaped 87Rb [155–157]. The dy-
namics of single-soliton states [155,156], and multiple dark solitons [137,158,159] have
been investigated, both experimentally and theoretically. Later, stable dark-bright
soliton complexes in binary BEC were predicted in theory [36] and observed in exper-
iments [160,161] as well. In more recent works, multiple dark-bright solitons [37,162],
as well as dark-dark solitons [163, 164] were also experimentally created. In addition,
in the same setting of the self-repulsive nonlinearity, not only dark solitons but also
bright solitons are possible too, in particular, if, instead of the usual parabolic trap,
a periodic (optical lattice) potential [165] is used to confine the condensate, then gap
solitons can be formed.

1.8 Modulational instability phenomenon in BECs

MI is one of the most ubiquitous processes that is observed in most nonlinear phys-
ical systems. The e↵ect of MI is the result of interaction between a strong carrier
harmonic wave at a frequency ! and small sidebands ! ± ⌦ [166]. The generation of
the sidebands in the spectrum is due to weak perturbation to a waveform (fig. 1.4),
imposed by nonlinearity and dispersive e↵ects as a result, the continuous wave disin-
tegrates during propagation [167–169], giving rise to a train of spatially or temporally
separated solitary waves [167–171].

Figure 1.4: Evolution of a nonlinear wave train in the course of MI. Bottom: the
corresponding evolution of wave spectrum [166].

MI was realized in numerous physical situations including water wave hydrody-
namics, electrodynamics, nonlinear optics, plasma, and convection theory. It is a
coherent medium for studying some other nonlinear phenomena such as envelope soli-
tons [172–178], envelope shocks [179], and freak (or rogue) waves [180, 181]. This
approach is essentially a linear stability analysis of the stationary CW solution to the
NLS equation. The linearized equation for the perturbation is valid only when the
perturbation is weak. The CW solution of the NLS equation becomes unstable to-
wards the generation of a chain of bright solitons. In the same way, the train of BEC
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bright matter-wave solitons can be generated in the context of BEC described by GP
equation, under certain conditions of MI [182, 183]. Thus, the MI process deals with
the stability of the CW solution and pattern formation in a system of BECs [184,185].

1.9 Summary

We have dealt with generalities on BECs in this chapter. At first, we have described
both non-interacting and interacting particles boson gases. We have presented an
overview of experimental procedures that lead to the observation of BECs. We also
described the soliton formation, spin-orbit coupling, and modulation instability in
BECs, which will be studied in detail in the next chapter.
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Chapter 2

MODULATION INSTABILITY
PROCESS IN HELICOIDAL
SPIN-ORBIT COUPLED OPEN
BOSE-EINSTEIN CONDENSATES

2.1 Introduction

In many cold atom experiments, the condensates are confined in harmonic traps with-
out external disturbances. Therefore, the center of mass of the system swings around
the midpoint of the trap in simple harmonic motion without dissipation. Such systems
are said to be isolated quantum systems. In isolated systems, the dynamics of the sys-
tem are completely independent of those of the environment. Thus, the observables
associated with this system, at its creation, remain conserved over the evolution of
the system. In any quantum system, there is a membrane or a boundary separating
the system from its surroundings. For closed systems, this boundary is impermeable,
which means there is no information exchange between the system and the environ-
ment. However, in quantum mechanics, the narrative of closed systems seems to be
an approximation. In reality, quantum systems must be considered as open systems,
since any microscopic system is subject to interactions with many external factors.
This coupling has little or no e↵ect on the system, and can lead to energy dissipation
or quantum decoherence in the system, hence the need for a simple system best describ-
ing the evolution of the system and environment. In open systems, the boundary is
no longer impermeable, and thus, there is free flow of information between the system
and the environment. These systems are referred to as dissipative. Dissipative systems
are most common in nature and are nowadays attracting a great deal of attention in
nonlinear medium studies. Very recently, monitored dissipation has proven to be a
useful tool for probing quantum systems in ultra-cold setup [186]. Moreover, dissipa-
tion has been manipulated as a measurement tool for examining quantum e↵ects in
ultra-cold atoms and various other systems [187]. Dissipation is used as a ubiquitous
mechanism in quantum state preparation [188, 189], entanglement generation [190],
and quantum information processing [191]. BECs behave quite di↵erently when in
contact with an external environment (reservoir). When in contact with a reservoir,
BEC is subject to particle and heat exchange. The reservoir can be made of a thermal
bath or non-condensate atoms. Therefore, in such open BEC systems, atom losses and
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dissipation are unavoidable phenomena when interactions between the condensed and
uncondensed atoms are taken into account, which significantly a↵ect the dynamics of
the system. The linear coupling between the reservoir and condensate atoms inside the
traps corresponds to the energy exchange between the system and reservoir through
the creation and absorption of bath quanta or condensate atoms in the traps. While,
in the system, dissipation is induced by the reservoir fluctuation in agreement with
the fluctuation-dissipation theorem [192]. The dissipation is balanced by a transfer
from the uncondensed trapped atoms into the condensate atoms. Those on their turn
are refilled by continuous pumping processes [193]. In the meantime, dissipation in a
double-well BEC coupled to a thermal bath was found to cause macroscopic quantum
self-trapping state to decay away [194].

In addition to that localized particle, dissipation was also found to restore BEC
coherence [195]. Furthermore, the real-time dynamics of open quantum spin-1/2 or
hardcore boson systems on a spatial lattice, described by a Markovian quantum master
equation has also been investigated [196]. On the other hand, experimentally, grand
canonical conditions in the condensed phase have been realized in a photon BEC
coupled to a dyeing medium [197], where thermalization of the photon gas is achieved
by absorption and re-emission processes on dye molecules [198].

In this chapter, we investigate analytically and numerically the MI phenomena
and solitary structures, emerging from SO coupled dissipative BEC. In general, the
self-modulation of waves in the BEC dynamics in an atomic trap are governed by the
GP equation [199]. Moreover, in the case of SO coupled to the dissipative BECs, an
atomic BEC is attached to a source of uncondensed atoms and a sink. It has been
shown that the idealized description in terms of a GP equation breaks down for this
dissipative dynamics of open BECs [200].

2.2 Theoretical model of an open two-component BECs
in 1D

In this section, we start with describing a single-particle Hamiltonian of an inhomo-
geneous 1D two-component BECs. Then, a coupled GP equations describing the evo-
lution of the condensate wave functions of the two-component helicoidal SO-coupled
BECs evenly distributed between the two pseudospin states is defined. We add dis-
sipative terms to the coupled GP equations and coupled the resulting equations with
rate equation coupling between condensed and uncondensed atoms. Consequently, we
apply an adiabatic elimination procedure and show that the two-component helicoidal
SO-coupled dissipative BECs obeys coupled cubic CGL equations in a complex field.

2.2.1 A system of two-coupled 1D cubic GP equations

We consider a 1D inhomogeneous spatial two-component BECs with helicoidal SO
coupling. The single-particle Hamiltonian H0 of the system takes the form [201]

H0 =
[p+ ↵A(x)]2

2
+
��z
2

, (2.1)

where p = �i@/@x is the linear momentum operator, A(x) is the gauge potential
varying space, ↵ is the potential amplitude, � is the Zeeman splitting, and we choose
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the units such that m = ~ = 1. The Hamiltonian contains the Pauli spin matrix

�z =

✓
1 0
0 �1

◆
. (2.2)

If we consider the intra-atomic and inter-atomic interactions in the BECs, in the
Hartree approximation, then the dimensionless GP equation describing a spinor order
parameter  = ( 1, 2)T ( T stands for the transpose) solves the GP equation

i
@ 

@t
=

1

2


1

i

@

@x
+ ↵A(x)

�2
 +

��3
2
 +G , (2.3)

where the spatial variable x, time t, density | |2, and energy are expressed in normal-
ized units a?, w

�1
? , a�1

? , and ~w?, respectively. G = diag(g1| 1|2 + g12| 2|2, g2| 2|2 +
g12| 1|2) indicates the strengths of the two-body intraspecie interactions g11 = 2a11/a?,
g22 = 2a22/a? and the strength of the two-body inter-species interactions g12 = 2a12/a?
and g21 = 2a21/a?. Here a? =

p
~/(mw?), is the transverse characteristic length, w?

is the transverse trap frequency, m is the atomic mass, and ~ is the Planck constant.
Finally, the a11, a22, and a12 are the s-wave scattering lengths that can be adjusted
by optical [202], and magnetic [203] Feshbach resonance techniques in the experiment.
The strength of SO coupling can be controlled experimentally using di↵erent tech-
niques is considered to be helicoidal with the period ⇡/�, i.e. A(x) = �n(x), where
n(x) = (cos(2�x), sin(2�x), 0) and � = (�1, �2, �3). � is the frequency of rotation, the
positive and negative values of � are defined for the right-handed mode and left-handed
mode, respectively [204–206].

The point translational symmetry of the helicoidal structure of the vector potential
which shifts by the period ⇡/�, is converted to a continuous translational symmetry by
switching the rotating frame for the gauge field A(x) using gauge transformation [201]

 = e
�i(↵2+�2)t/2

e
�i�3�x . (2.4)

Then, the point translation symmetry of Eq. (2.3) becomes a continuous translational
symmetry of the condensate wave functions of a closed two-component helicoidal SO-
coupled BECs equally distributed between the two pseudospin states, loaded in a 1D
setting. In the mean-field theory, the macroscopic wave functions of such a system obey
the following coupled 1D cubic GP equations in the absence of an external trapping
potential term [207]
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Here,  1 and  2 are the two-component BECs pseudo-spin states, respectively, � is
the helicoidal gauge potential, ↵ represents the SO coupling. The wave functions are
normalized as N =

R
(| (x, t)|2dx, |), while N is the sum of numbers N1 and N2 of

atoms of j-th component is

N = N1 +N2 =

Z �
| 1|2 + | 2|2

�
dx, (2.7)
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which is the dynamical invariant of the lossless system. The GP equation, in the present
form, cannot best explain the growth of or the loss of atoms out of a condensate.
To describe the dynamics of condensate with its surroundings, we couple it to an
eternal reservoir following the atom-laser scheme. There are three di↵erent procedures
toward a theoretical description of a continuous-wave atom laser. The first one is
based on rate equations [208, 209]. The second one derives a quantum mechanical
master equation [210, 211]. The third one, which we consider for this work, uses a
classical treatment of the electromagnetic field [212], which was adequate to describe
many features of the laser. Furthermore, as done by Kneer et al. [212], we introduce
two additional loss and gain terms in the coupled cubic GP equations. The loss terms,

Hloss 1 = � i

2
�c 1, (2.8)

and

Hloss 2 = � i

2
�c 2, (2.9)

which are due to coupling the atom wave out of the resonator, lead to an exponential
decay of the number of atoms in the condensates  1 and  2, respectively, with �c being
the condensed atoms escape rate from the BEC. On the other hand, the gain terms,

Hgain 1 =
i

2
�nu 1, (2.10)

and

Hgain 2 =
i

2
�nu 2, (2.11)

leading to an increase of atoms in the condensates, whereas � is the rate constant
coupling the condensate fields  1 and  2, with the number of atoms outside the con-
densates nu, respectively. When we add the loss and the gain terms in the GP equations
(2.5) and (2.6), we get generalized GP equations
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In addition, for the number of uncondensed atoms nu, we assume the rate equation [200]

dnu

dt
= R(x)� �unu � �nunc. (2.14)

Here, we have modeled the rate equation by referring to a local coupling [200] instead
of the overall atomic population over the whole trap volume [212].
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The physical interpretation of the rate equation (2.14) can be given as follows. The
first term indicates that uncondensed atoms have been generated from an unbounded
reservoir of atoms with a rate R(x). On the other hand, the term ��unu takes into
account that atoms can escape from our system without being trapped in the condensed
state, and �u is the rate of losses due to atoms leaving the trap. The last term for
the rate equation in Eq. (2.14), ��nunc, which is equivalent to the number of atoms
nu in the condensate, describes the transition of atoms into the condensate. Finally,
nc = | 1|2 + | 2|2 is the local density of the condensed phase.

2.2.2 Derivation of a new vector form of the cubic Complex Ginzburg-
Landau equations with helicoidal SO coupling

In the above subsection, we have generalized a system of coupled 1D cubic GP equa-
tions governing the dynamics of the two-component condensed atoms with helicoidal
coupling by including gain and loss, which in turn has been coupled to the rate equation
governing the number of uncondensed atoms [212]. In the case of one-component BEC
without helicoidal coupling, a general model of an atom laser, comprising of a pump
and loss term in the GP equation has been presented. As a result, it has been shown
that there exists a threshold for the pump above which the mean matter field assumes
a nonvanishing value in the steady-state. Oscillations around the stationary solution,
even in the presence of a loss term, have been found in the transient regime [212]. In
addition, to improve the model, it should be pointed out, however, that, the physical
grounds for an additional space-dependent di↵usive process has been provided [200].
Using the same approach as in Ref. [200], under the same conditions, we show that the
dissipative two-component BECs with helicoidal coupling obey a system of coupled 1D
cubic CGL equations. When condensates are immersed in a dissipative environment
and subject to thermal noise, the uncondensed phase nu undergoes di↵usion processes,
and is described by including di↵usion in Eq. (2.14) as follows

@nu

@t
= R(x)� �unu � �nu(| 1|2 + | 2|2) +Dx

@
2
nu

@x2
. (2.15)

In that case, the fluctuation-dissipation theorem must hold [200], so the corresponding
di↵usion constant in real space is

Dx =
1

�u

kBT

m
, (2.16)

wherem is the mass of the atoms, T , the temperature and kB, the Boltzmann constant.
It is also noteworthy that a mean field theory of the dynamics of a non-equilibrium
BEC of exciton-polaritons in a semiconductor microactivity has been used and the
Goldstone mode of a spatially homogeneous system has been found to be di↵usive based
on generalized GP equations including loss and amplification terms, and coupled to
an equation for the density of reservoir polaritons, and where the spatial di↵usion rate
of reservoir polaritons have been also taken into account [213]. For further nonlinear
analysis, space Fourier transform is applied on the physical variables of Eq. (2.15) as
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follows
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The linear terms R(x, t), �unu(x, t) and Dx

@
2
nu(x, t)

@x2
are trivial, whereas the nonlinear

term �nu(x, t)(| 1(x, t)|2 + | 2(x, t)|2) gives a convolution integral. We consider only
the k = 0 component in the nonlinear term which is just a perturbation. Then, its
Fourier transform is resolved using Plancherel’s theorem (Parseval’s identity)
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| 1(x)|2 + | 2(x)|2

�
dx,
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�1

�
a| 1(k)|2 + b| 2(k)|2

�
dk, (2.18)

where a = b = 1, (i.e. a and b are constants), and has a Fourier transform 2⇡�(k). The
above equation simplifies to

Fnc =
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�1

�
| 1|2 + | 2|2

�
�(k)dk, (2.19)

that is
Fnc =

�
| 1|20 + | 2|20

�
�(k). (2.20)

Where the distribution �(x) denotes the Dirac delta function. Consequently, we obtain
the needed space Fourier transform for Eq. (2.15), which reads

dñu

dt
= R̃� (�u +Dxk

2)ñu � �ñu(| 1|20 + | 2|20)�(k), (2.21)

where ñu(k) = Fnu(x, t), R̃(k) = FR(x), �k
2
ñu = F

@
2
nu(x, t)

@x2
. In deriving Eq. (2.21),

we have considered only the k = 0 component in the nonlinear terms which is just a
perturbation [201]. This gives the stationary solution of the rate equation (2.21)
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. (2.22)

For long wavelength perturbations and far from saturation, the two additional terms
in the denominator are less than one. So, we can then expand Eq. (2.22) as

ñu =
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Taking the inverse Fourier transform of the obtained Eq. (2.23), we have an operator
relation as

nu =
R

�u

"
1 +

Dx

�u
·
@
2

@x2
�
�

�u
(| 1|2 + | 2|2)

#
. (2.24)

The adiabatic elimination approach involves of taking the stationary solution (2.24)
and replacing into Eq. (2.12) and Eq. (2.13).

By doing this, we derive a two coupled GP equation for  1 and  2 with com-
plex coe�cients to capture the dynamics of a BECs subject to dissipative losses and
compensating external drive which reads as

i
@ 1

@t
=

 
i
RDr�

2�2u
�

1

2

!
@ 

2
1

@x2
+ i�

@ 1

@x
� i↵

@ 2

@x
+

 
�

2
�

i

2
�c + i

R�

2�u

!
 1

+

 
g1 � i

R�2

2�2u

!
| 1|2 1 +

 
g12 � i

R�2

2�2u

!
| 2|2 1, (2.25)

i
@ 2

@t
=

 
i
RDr�

2�2u
�

1

2

!
@ 

2
2

@x2
� i�

@ 2

@x
� i↵

@ 1

@x
+

 
�
�

2
�

i

2
�c + i

R�

2�u

!
 2

+

 
g2 � i

R�2

2�2u

!
| 2|2 2 +

 
g12 � i

R�2

2�2u

!
| 1|2 2. (2.26)

Next, we introduce the spatial and temporal dimensionless quantities in Eqs. (2.25)
and (2.26)

⌧ = �ct, (2.27)

is the dimensionless time, while

X =
x

l0
, (2.28)

is the dimensionless space coordinate, with

l0 =

✓
R̄Dx�

2�2u�c

◆ 1
2

= 3⇥ 10�6
m (2.29)

being the characteristic length of the dissipative dynamics, and the dimensionless wave
functions

| ̃j|2 =
R̄�2

2�2u�c
| j|2. (2.30)

As mentioned before [200], the threshold condition (gain = losses) is satisfied for
R = R̄, where R̄�

�u
= �c. Next, we introduce in Eqs. (2.25) and (2.26) appropriate units

for the measurements of time and spatial coordinates. After such transformations, the
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considered system is reduced to the system of two coupled 1D rescaled cubic CGL
equations with helicoidal coupling
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are the other significant parameters. The equations (2.31) and (2.32) are the new
coupled or vector form of the cubic CGL equation in the presence of helicoidal SO
coupling in dissipative BECs. Coupled cubic CGL equations have attracted interest.
Several authors [213–219] have derived the vector cubic CGL equation in the absence
of spin-orbit coupling in a large variety of subfields. In this case, the vector cubic CGL
equation appeared in the context of laser physics, which o↵er very interesting oppor-
tunities for examining the spatiotemporal phenomena due to the vector nature of the
composite amplitude of the electric field. The vector degrees of freedom are associated
with the polarization of laser light. On the other hand, laser systems are made up
of various components. An accurate model will take into consideration consecutive
sets of propagation equations. The possibility of vectorial topological defects which
are not predictable by the scalar theory has been analyzed [213]. The vector cubic
CGL equation has been derived as an amplitude description of an atomic transition
between spin sublevels, where the interactions between the polarization state of light
and transverse e↵ects results in unprecedented states of laser light such as standing
waves, with a spatially periodic linear polarization, or coexisting traveling waves with
di↵erent wavenumbers and circular polarizations [215].
The vector cubic CGL equation has been studied in detail as a general model for the
superposition of two counterpropagating waves with the same frequency in nonlinear
electrical transmission lines [216] and as a model for electrically coupled Hindmarsh-
Rose neuronal model with power-law long-range dispersive interactions [217]. In optics,
the vector cubic CGL equation serves as models of dual-core erbium-doped optical
fibers, the dopant being used to induce the linear gain in one core [82, 219]. Exact
solitary pulse solutions, that include space- or time-dependent wave numbers, have
been derived analytically, for specific variable coe�cients of the nonlinear gain/loss
terms, by a modified Hirota bilinear method [220]. Di↵erent types of pattern devel-
opment are there in the dynamic states of the one-spatial dimension (localized struc-
tures) [221] and of the two-spatial dimensions (topological defects) [222–225] for the
vectorial cubic CGL equation. Examples are the synchronization properties of spa-
tiotemporally chaotic states [222], the identification of a transition from a glass to a
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gas phase [223], and the formation and annihilation processes leading to the di↵erent
types of defects [224]. Moreover, processes of creation and annihilation of di↵erent
types of vector defects, as well as transition between di↵erent regimes of space-time
dynamics have been described [225].

For a finite geometry, predictions of confined states, temporally modulated con-
fined states and other dynamic states have been discussed, with applications to a
phenomenological description of oscillatory convection in binary fluid convection [226].
The vector cubic-quintic CGL equation has also been studied. Various categories of
solitary waves describing the evolution of progressive bright-bright, front-front, dark-
dark, and other groups of solitary waves have been found [227]. The evolution and
the stability of the vector dissipative optical light bullets [228] and the MI gain re-
gions [229] have been investigated in the (2+1)-dimensional vectorial cubic–quintic
equations.

2.3 Linear stability analysis of the MI in two-component
open BECs with helicoidal SO coupling

In this section, we explore instabilities of a propagating CW or quasi-CW state in the
form of a miscible binary condensate with uniform densities n10, n20 and the chemical
potential µ of both components, which is described by Eqs. (2.31) and (2.32). To
analyze the MI of the considered system, we use the standard linear stability analysis.
The steady-state solutions of a system of two coupled 1D cubic CGL equations with
helicoidal coupling (2.31) and (2.32), corresponding to the CW state, is written as

 j = e
�iµ⌧p

nj0, j = 1, 2, (2.34)

and Eq. (2.34) shows that the densities, Zeeman splitting, interactions, and chemical
potential are determined by algebraic equation

�d = (�1)3�j (µ+ n3�j,0 � nj0) + i(�1)3�j (Cjnj0 + C3n3�j,0 � ✏) . (2.35)

To analyze the MI of CW wave solutions, in the helicoidal SO-coupled BECs, we
perturb the state (2.34) by introducing

 j = e
�iµ⌧ (

p
nj0 + � j), (2.36)

where � j are the small perturbations, with |� j| ⌧
p
nj0 being the complex fields

which obey the following linearized equations
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where � ⇤
j are the complex conjugates of the perturbed fields � j. Now, we assume

the following ansatzes for the perturbed fields

� j(X, ⌧) = ⇣je
i(KX�⌦⌧) + ⌘

⇤
j e

�i(KX�⌦⌧)
, (2.39)

where K is the wave number, ⌦ is a complex modulation frequency, ⇣j, and ⌘j are con-
stant complex amplitudes, respectively. The substitution of Eq. (2.39) into Eqs. (2.37)
and (2.38) gives the linear homogeneous system of equations in terms of ⇣1, ⇣2, ⌘1 and
⌘2

n11⇣1 + n12⇣2 + n13⌘1 + n14⌘2 = 0,

n21⇣1 + n22⇣2 + n23⌘1 + n24⌘2 = 0,

n31⇣1 + n32⇣2 + n33⌘1 + n34⌘2 = 0,

n41⇣1 + n42⇣2 + n43⌘1 + n44⌘2 = 0, (2.40)

with:

n11 = K�0 +K
2(1 + iC4) + (1 + iC1)n0 + ⌦,

n12 = (1 + iC3)n0 �K↵0,

n13 = (1 + iC1)n0,

n14 = (1 + iC3)n0,

n22 = K
2(1 + iC4) + (1 + iC2)n0 �K�0 + ⌦,

n24 = (1 + iC2)n0,

n31 = (1� iC1)n0,

n32 = (1� iC3)n0,

n33 = K
2(1� iC4) + (1� iC1)n0 �K�0 � ⌦,

n34 = (1� iC3)n0 +K↵0,

n42 = (1� iC2)n0,

n44 = K
2(1� iC4) + (1� iC2)n0 +K�0 � ⌦, (2.41)

where n10 = n20 = n0.

2.4 Discussion of MI process in open BECs with heli-
coidal SO coupling

A nontrivial solution of a system of four equations, requires that Det(n = 0), where n
(⇣1, ⇣2, ⌘1, ⌘2) is a 4⇥ 4 complex matrix, and the dispersion relation of the system for
⌦ becomes

⌦4 + P3⌦
3 + P2⌦

2 + P1⌦+ P0 = 0, (2.42)
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where
P3 = n11 + n22 � n33 � n44,
P2 = n11n22 � n11n44 � n22n33 � n22n44 + n33n44 � n

2
34 + n14n32 + n42n24 � n11n33 +

n14n32 � n
2
12 + n13n31,

P1 = n22n33n44 � n22n
2
34 � n11n

2
34 + n11n33n44 � n11n22n44 + n11n14n32 � n14n32n44 +

n14n34n42+n11n42n24+n24n32n34�n24n33n42�n11n22n33+n33n
2
12+n

2
12n44�n12n14n31�

n13n12n32 � n14n12n42 + n14n31n34 � n14n32n33 + n13n22n31 � n13n31n44 + n13n32n34 �
n12n24n32 + n13n14n31 + n14n22n32,
P0 = n11n24n34n32 � n11n24n33n42 � n11n14n32n44 + n11n14n34n42 + n11n22n44n33 �
n11n22n

2
34�n12n31n24n34+n12n24n32n33�n44n33n

2
12+n

2
12n

2
34+n14n31n12n44�n12n14n32n34+

n13n24n31n42�n13n24n
2
32+n13n44n12n32�n13n12n42n34�n13n22n31n44+n13n22n32n34�

n14n12n34n32 + n14n12n42n33 + n14n31n34n22 � n14n32n33n22 � n
2
14n31n42 + n

2
14n

2
32.

The four solutions given by Eq. (2.42) are

⌦1,2 = �P3

4
� 1

2

r
1

4
P

2
3 � 2

3
P2 + ⇤

± 1

2

vuut
2

3
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1

4
P

2
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3

4
P

2
3 +
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3
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4
q
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4P
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, (2.43)

⌦3,4 = �P3
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where

⇤ =
1

3

0

@ 3

s
�1 +

p
�2

1 � 4�3
0

2
+

�0

3

q
�1+

p
�2

1�4�3
0

2

1

A (2.45)

and �0 = P
2
2 + 12P0, �1 = 2P 3

2 + 27P 2
1 � 72P2P0. From Eqs. (2.43) and (2.44), the

value of the ⌦ depends on the signs and magnitudes of the terms involved and can
be positive, negative, or complex. The CW state is stable when ⌦ real, otherwise,
MI takes place. The instability growth rate is defined as ⇣(⌦) = |Im(⌦)|max. From
the elements of Eq. (2.40), it is obvious that the growth rate is strongly dependent on
system parameters, but does not depend on the coe�cients (�d + i✏) and (��d + i✏),
which do not influence the MI spectrum. Also, for the rest of calculations, we consider
two BEC components with equal densities n01 = n02 = n0.
In Fig. 2.1, panels (aj)j=1,2,3,4 and (bj)j=1,2,3,4 depict the e↵ect of the intra (C1) and in-
tercomponent (C3) interactions, respectively, in presence and absence of the helicoidal
gauge potential �0. Figures 2.1 (a1) and (a2), where the intra (C2) and intercomponent
(C3) are repulsive, i.e. C2 = C3 > 0, the maximum growth rate of MI is expected for
C1 > 0, for �0 = 0. However, for �0 = 4, there is an emergence of MI side bands, while
most of the instability zones appear under intracomponent attraction, i.e. C1 < 0. A
reverse situation is ostensible in Figs. 2.1 (a3) and (a4) for which the intra (C2) and
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intercomponent (C3) interactions are attractive (C2 = C3 < 0). For �0 = 0, the MI
may likely take place in the zone C1 < 0, while there is MI explosion in the instability
domain, with C1 > 0 being likely available for the CW to disintegrate into solitonic
objects. Figs. 2.1 (bj)j=1,2,3,4 show the MI growth rate in the (K,C3)-plane. We should
stress once more that C3 > 0 and C3 < 0 imply repulsive and attractive intercompo-
nent interactions, respectively. Figures 2.1 (b1)-(b2) correspond to C1 = C2 > 0 and
Figs. 2.1 (b3)-(b4) give results for C1 = C2 < 0. In general, the MI development
is highly a↵ected by the atomic interactions and the presence of the helicoidal gauge
potential brings about MI growth rate explosion, which implies that di↵erent zones of
instability are available and may lead to a broad range of dynamical behaviors. It is
worth noting that for the above results, we have fixed the value of the SO coupling
strength as ↵0 = 1, which does not reflect its impact on the appearance of MI.

Figure 2.1: Panels (aj)j=1,2,3,4 show the contour plots of the MI gain in the
(K,C1)�plane for: (a1)-(a2) C2 = C3 = 2, (a3)-(a4) C2 = C3 = �2. Panels (bj)j=1,2,3,4

display the contour plot of the MI gain in the (K,C3)�plane for (b1)-(b2) C1 = C2 = 2
and (b3)-(b4) C1 = C2 = �2, with n0 = 1, ↵0 = 1 and C4 = 0.5.

This explains why in Fig. 2.2, the growth rate is represented in the (↵0, �0)�plane
both under repulsive and attractive intercomponent couplings. Panels (aj)j=1,2,3,4 of
Fig. 2.2 depict the case C3 > 0, and one plays on the signs of the intracomponent
interaction parameters C1 and C2. As a whole, asymmetric patterns of the MI growth
rate are obtained for C1 = C2 > 0 and C1 = C2 < 0, i.e. when both components
are intrinsically repulsive or attractive. Nevertheless, symmetric lobes of MI appear
when C1 and C2 are of di↵erent signs. The same behaviors are obvious in Fig. 2.2
(bj)j=1,2,3,4, where C3 < 0, except that for (C1 > 0; C2 < 0) and (C1 < 0; C2 > 0),
only high values of ↵0 and �0 are likely to cause instability. Also, for C1 = C2 > 0 and
C1 = C2 < 0, regions of MI are switched between ↵0 > 0 and ↵0 < 0, while such a
context tends to enhance only one region of instability. To be noted it is also the fact
that the intensity of the MI growth rate is greater when intercomponent interaction
e↵ects are attractive.

Figure 2.3 shows the behaviors of the MI growth rate in the plane (K,↵0) when
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Figure 2.2: MI gain in the (↵0, �0)�plane for: (aj)j=1,2,3,4 C3 > 0 and (bj)j=1,2,3,4

C3 < 0. The coe�cients C1 and C2 are taken such that in panels (a1)-(b1) C1 > 0,
C2 < 0, (a2)-(b2) C1 = C2 > 0, (a3)-(b3) C1 = C2 < 0 and (a4)-(b4) C1 < 0, C2 > 0,
with n0 = 1 and K = 1.5.

C3 > 0 (panels (aj)j=1,2,3,4) and when C3 < 0 (panels (bj)j=1,2,3,4). In the first case,
i.e. under repulsive intercomponent, opposite signs of the intracomponent (C1 and
C2) interactions give rise to symmetric lobes of instability with maximum growth rate
appearing for ↵0 < 0 (C1 > 0; C2 < 0) and ↵0 > 0 (C1 < 0; C2 > 0), which
are respectively depicted in Figs. 2.3(a1) and (a4). For the rest, asymmetric growth
rate spectra appear both when the two components are simultaneously repulsive (see
Fig. 2.3(a2)) and attractive (see Fig. 2.3(a3)), with additional windows of instability.
Along the same line, when C3 < 0, we have the features of panels (bj)j=1,2,3,4 in
Fig. 2.3, where changes in the signs of C1 and C2 modify the maximum MI growth
rate zones. When (C1 > 0;C2 < 0) and (C1 < 0;C2 > 0), there are two symmetric
lobes of instability with the maximum growth rate being respectively situated in the
areas ↵0 > 0 (see Fig. 2.3(b1)) and ↵0 < 0 (see Fig. 2.3(b4)). This also includes
additional windows of instability around ↵0 = 0 that change interval of K where the
CW is supposed to disintegrate. Interestingly, such coherent figures of MI growth
rate become asymmetric when the intracomponent interactions are both repulsive (see
Fig. 2.3(b2)) and attractive (see Fig. 2.3(b3)). Particularly, the growth rate maximum
shifts to the areaK > 0 for C1 = C2 > 0, and to the zoneK < 0 for C1 = C2 < 0, while
the instability tends to disappear in the other regions forK and ↵0, the SOC parameter.
Remarkably, the sign of the multicomponent coupling parameter has some important
consequences on the intensity of the MI growth rate and on its distribution. The
proposed model includes two BEC components. In that note, the above analysis shows
that the two types of intercomponent interactions can contribute to the emergence of
MI. Most of the models that have been proposed until now, not only consider the
NLS equations, but also avoid the di�culty brought by the dissipative e↵ects and the
resultant coupled cubic CGL equations.
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Figure 2.3: The contour plots show the gain of MI in the (K,↵0)�plane for: (aj)j=1,2,3,4

C3 > 0 and (bj)j=1,2,3,4 C3 < 0. The coe�cients C1 and C2 are taken such that in
panels (a1)-(b1) C1 > 0, C2 < 0, (a2)-(b2) C1 = C2 > 0, (a3)-(b3) C1 = C2 < 0 and
(a4)-(b4) C1 < 0, C2 > 0, with n0 = 1, �0 = 1 and C4 = 0.5, with n0 = 1.

2.5 Direct numerical simulations of the two coupled 1D
cubic CGL equations with helicoidal SO coupling us-
ing the slipt-step Fourier transform method

Linear stability analysis can determine the instability zones in parameter space and
predict quantitatively how the amplitude of modulation sideband evolves at the onset
of instability. However, such analysis is based on the linearization of the perturbed
plane wave solution around the unperturbed carrier wave, which is valid only when
the amplitude of perturbation is small in comparison with that of the carrier wave.
The linear approximation does not actually give some information about the long time
dynamical features of the system as the amplitude of unstable sideband grows expo-
nentially. Therefore, in order to check the validity of our analytical predictions and to
investigate the longtime evolution of MI, we have carried out numerical investigations
of MI on the vector cubic CGL Eqs. (2.31) and (2.32) using the SSFM, with initial
conditions

 1(X, 0) =  2(X, 0) = n0 + " cos(KX), (2.46)

where the perturbation wavenumber K takes values from the instability regions of
Figs. 2.1-2.3, n0 = 1 and " = 0.001, so that " ⌧ n0. The manifestation of MI is
detected through the amplitude maxima, while one gives importance to the combined
e↵ects of the SO coupling, the intercomponent interaction parameter and the helicoidal
gauge potential. Di↵erent combinations of the intracomponent interaction values have
been used in a single CGL equation by Arecchi et al. [200]. They, however, found
that for 87Rb, with C1 = 0.52 and C2 = 2.05, instability could not develop, since such
parameters were in the stability region. Nevertheless, instability was found for 7Li,
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for which C1 = 0.04 and C2 = �0.51. Beyond the above one-component cases, we
believe that other set of parameters can be investigated to meet the necessary criteria
for instability to develop in two-component BECs with non-identical atomic species,
such as 41K� 87Rb and 7Li� 133Cs. The choice of suitable parameter values, especially
when SO coupling and helicoidal gauge potential are involved, will be guided by the
predictions from the linear stability analysis.
In Fig. 2.4 we consider repulsive intercomponent interactions (C3 > 0), and address
the e↵ect of the helicoidal gauge potential without the SOC, i.e. ↵0 = 0. Interest-
ingly, when both the SOC and the helicoidal gauge potential are switched o↵, wave
patterns are initiated but vanish with time increasing for both components. However,
with increasing the value of the helicoidal gauge potential �0, there appear localized
oscillations in the two condensates with a slight temporal CW background (see pan-
els (aj)j=1,2 in Fig. 2.4). This particular aspect is consistent with our linear stability
analysis of MI, since the obtained patterns have the shape of solitonic objects, which
emerge as the consequence of the constructive interplay between dispersive and non-
linear e↵ects. One fact to be noted here is that as �0 increases, the delay in the
occurrence of MI decreases. This is confirmed by Fig. 2.4(cj)j=1,2, where the patterns
are also more localized in amplitude, with | 2|2 > | 1|2.
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Figure 2.4: Spatiotemporal development of MI for ↵0 = 0, and �0 taking the respective
values : (aj)j=1,2 �0 = 0, (bj)j=1,2 �0 = 1.5 and (cj)j=1,2 �0 = 2.5, with the other
parameter values being: C1 = C2 = 5, C3 = 2, C4 = 0.5, K = 1.5, n0 = 1, �0 = 0.01.

The patterns of Fig. 2.5 show spatiotemporal evolution of MI in presence of the
SO coupling, when the helicoidal gauge potential respectively takes the values �0 = 0
(panels (aj)j=1,2 in Fig. 2.5), �0 = 1.5 (panels (bj)j=1,2 in Fig. 2.5) and �0 = 2.5 (pan-
els (cj)j=1,2 in Fig. 2.5). It is illustrated that even in absence of the helicoidal gauge
potential, the stability of the CW is strongly a↵ected. In fact, from the structure of
Eqs. (2.31) and (2.32), the helicoidal gauge potential is inherent to individual com-
ponents and have been actually considered by a few number of authors. Recently for
example, Saha et al. [230] studied dilute superfluidity of spin-1 bosons and insisted on
suitable balance between antiferromagnetic interactions and SO coupling as the condi-
tion for superfluid spin-liquid phase to appear in coupled BECs. Along the same line,
Chen et al. [231], who considered only Raman and SO couplings, showed that the SO
coupling contributes e�ciently to the occurrence of the instability, regardless of the
nature of the intercomponent coupling. Moreover, in the context of the coupled NLS
equations, it was further shown by Li et al. [201] that the helicoidal gauge potential
can be used as an e�cient tool to control MI in BECs. This is illustrated further in
panels (bj)j=1,2 and (cj)j=1,2 of Fig. 2.5, where �0 takes the respective values 1.5 and
2.5. additionally, like in Fig. 2.4, the time required for the e↵ective onset of instability
decreases with the increase in �0, a fact that could not be predicted by the linear
stability analysis. In the meantime, the reader should be aware that as the presence
of the term in �0 bring about helicity, the later can be left-handed (�0 > 0) or right-
handed (�0 < 0). It should also be emphasized that the results presented in Figs. 2.4
and 2.5 considered only the left-handed character of the helicoidal gauge potential. In
Fig. 2.2 particularly, we have seen that a suitable choice of the values of ↵0 and �0 can
lead to the instability of the CW, both under repulsive and attractive intercomponent
interactions, with coe�cient C3. It is worth reminding that some theoretical and nu-
merical investigations have revealed that patterns formation via the activation of MI
was exclusively possible in attractive single-component BECs [232–234]. However, it
was also found that when more than two wave fields are involved, the coupling between
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Figure 2.5: Spatiotemporal development of MI for ↵0 = 0.5, and �0 taking the respec-
tive values : (aj)j=1,2 �0 = 0, (bj)j=1,2 �0 = 1.5 and (cj)j=1,2 �0 = 2.5, with the other
parameter values being: C1 = C2 = 5, C3 = 2, C4 = 0.5, K = 1.5, n0 = 1, �0 = 0.01.

multicomponent waves can lead to MI development, even under exclusively repulsive
BECs [68,235–237].
In order to explore the concomitant e↵ect of C3 and negative �0, we represent in
Fig. 2.6, the spatiotemporal manifestation of MI when �0 < 0 and C3 > 0, with ↵0

taking di↵erent values. In panels (aj)j=1,2 of Fig. 2.6, for which ↵0 = 0, slight localized
patterns appear, but the MI phenomenon really develops when ↵0 = 0.25 and 0.5 as
depicted in panels (bj)j=1,2 on Fig. 2.6 and (cj)j=1,2. Obviously, there is an increase in
the density of the two components, but for ↵0 = 0.5, the amplitude of the component
 2 decreases progressively with time, likely due to the dissipative character of the pro-
posed model, while the component  1 tends to develop quasi-coherent structures as
time evolves. To further explore the impact of negative �0, we consider in Fig. 2.7,
the context where the two components undergo attractive interactions, i.e. C3 < 0.
As predicted by the MI growth rate, there is, in general, pattern formation and the
ostensible spectrum of behaviors reinforces the idea that spatiotemporal patterns in
our context may show features not present without SO coupling. This was already
addressed by Xu et al. [238], who showed that SO coupling may dictate the shape of
exact bright soliton solutions and lead to the formation of multihump solitons, and
their recombination to a single bright solitons. Albeit it is not exactly the case, we
notice from panels (cj)j=1,2 in Fig. 2.7 that over long time propagation, the train of
patterns tends to recombine to single structures when time increases. This implies
that switching between repulsive and attractive intercomponent couplings induces a
radical modification on the solitonic patterns that emerge and which gives credit to
our linear stability analysis and the proposed coupled cubic CGL equations.
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Figure 2.6: Spatiotemporal development of MI for �0 = �1.5, and C3 = 2, with
↵0 taking the respective values : (aj)j=1,2 ↵0 = 0, (bj)j=1,2 ↵0 = 0.25 and (cj)j=1,2

↵0 = 0.5, with the other parameter values being: C1 = C2 = 5, C3 = 2, C4 = 0.5,
K = 1.5, n0 = 1, �0 = 0.01.

Figure 2.7: Spatiotemporal development of MI for �0 = �1.5, and C3 = �2, with
↵0 taking the respective values : (aj)j=1,2 ↵0 = 0, (bj)j=1,2 ↵0 = 0.25 and (cj)j=1,2

↵0 = 0.5, with the other parameter values being: C1 = C2 = 5, C3 = 2, C4 = 0.5,
K = 1.5, n0 = 1, �0 = 0.01.
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2.6 Summary

The theory of MI has been addressed both analytically and numerically, along with its
response to the simultaneous e↵ects of the SO coupling, the helicoidal gauge potential,
and the intercomponent interactions. Analytically, a nonlinear dispersion relation
has been derived in the form of a fourth-order polynomial alongside the MI growth
rate. Comprehensively, the possible compositions of signs of intra-component and
inter-component interactions have been discussed, both in repulsive and attractive
contexts. Our analysis illustrates that SO coupling, and the intrinsic helical gauge
potential, inevitably contribute to the CW disintegration, regardless of the nature
of the interaction strength. This is manifested by the appearance of new instability
sidebands, thereby enhancing the MI. We performed direct numerical simulations to
reinforce our analytical predictions, and the results are unanimous with analytical
predictions. Nonlinear and longtime spatiotemporal wave patterns of the underlying
set of coupled cubic CGL equations exist and are, as a whole, robust for a wide range
of the involved physical specifications. In the process, SO coupling and helicoidal
gauge potential may be used as tunable knobs to generate and control complicated
nonlinear dynamical processes and the resulting localized long-lived excitations, both
in left-handed and right-handed helicoidal dissipative two-component BECs.
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Chapter 3

MODULATION INSTABILITY OF
TWO-DIMENSIONAL
BOSE-EINSTEIN CONDENSATES
WITH HELICOIDAL AND A
MIXTURE OF
RASHBA-DRESSELHAUS
SPIN-ORBIT COUPLINGS

3.1 Introduction

Ultracold atomic gases are easily and very e�ciently controlled by external magnetic
and optical fields. As a result, ultracold gases can be used in advanced studies of
condensed-matter and high-energy physics phenomena. However, due to the charge
neutrality of the constituent atoms, no Lorentz force acts on these systems in the
presence of an electromagnetic field. This makes these systems less reliable in the
simulation of phenomena resulting from the coupling between a matter field and a
gauge field. Therefore, in recent years scientists have been enthusiastically engaged in
studying di↵erent ways to produce e↵ective gauge potentials for ultracold atoms [239–
244]. One way to generate such a synthetic gauge field is by coupling the atoms with
spatially varying laser fields [245,246]. This o↵ers a great advantage since it can be used
to generate artificial Abelian gauge, which provides analogs of conventional magnetic
fields, one can in principle produce non-Abelian gauge fields [239,247], and the resulting
field is adjusted using the laser beams [248]. Among the simplest such non-Abelian
fields are artificially induced SO couplings of the linear momentum, p of a particle
to its spin � in cold atom systems [249]. Di↵erent synthetic SO couplings can be
engineered by two counter-propagating Raman lasers that couple two hyperfine ground
states, and most experimental parameters can be controlled by optical or magnetic
means [67, 250]. SO coupled cold atoms lead to exotic substantial e↵ects, such as the
fractional quantum spin-Hall e↵ect [117, 251], topological insulators [118–120], GaAs
quantum wells [252,253], Majorana [254,255] and so on.
A special case of SO coupling is the Rashba-Dresselhaus coupling, which is actively
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studied due to its significance in spintronics [256–258]. In RD coupling, the vector
potential is proportional to the spin-1/2 operator of a particle within a plane. In
Ref. [259], it was proposed that RD-type SO coupling could be generalized for spins
greater than 1/2 in cold atomic gases using the N -pod setup, where N laser beams
are used to couple N internal atomic ground states to a standard auxiliary state. A
tetrapod setup (N = 4) was suggested to generate RD-type coupling, where the vector
potential is proportional to a spin-1 operator within a plane. The RD coupling has been
shown to generate nontrivial structures in spin-1/2, spin-1, and spin-2 BECs [260–267].
In the homogeneous RD-coupled BECs, the solutions of the single-particle Hamiltonian
are plane waves.
These solutions provide insight into the stationary states of a trapped system, which
might be approximated by superpositions of di↵erent numbers of degenerate single-
particle solutions. In Ref. [260], it had been stated that the ground state of the trapped
RD coupled condensate has two possible phases in the spin-1 case, namely, the plane-
wave and also the standing-wave phases. In the plane-wave phase, the ground state of
the condensate will be approximated by a single plane wave, whereas in the standing
wave phase, each spinor component consists of two counterpropagating coherent plane
waves forming a standing-wave.
In this chapter, we first introduce the general Hamiltonian for RD coupled system and
we go on to address the nonlinear dynamics of solitary wave formation induced by
MI in a mixture of two-component atomic-gas BECs in 2D free space. We introduce
a system of two dimensional coupled GP equations with the inclusion of Rashba and
Dresselhaus couplings. Only a few studies were devoted on 2D SO coupled BECs of
mixed RD type and Rabi couplings [268–270]. In fact, it has been reported that 2D
solitons are completely unstable in the case of a balanced Rashba and Dresselhaus
mixture [271]. Moreover, for any mixing degree of RD SO couplings, stable solitons
can be created in the dipolar BECs [272]. We solve the corresponding GP equations
and analyze plane wave stability by means of linear stability analysis and obtain a
linearized coupled 2D cubic GP equations under the joint e↵ects of a mixture of RD
SO couplings. The analytic expression of growth of MI gain is discussed for di↵erent
combinations of intra- and inter-component interactions strength. Furthermore, we
perform direct numerical integration of the initial coupled 2D cubic GP equations
with RD SO couplings.

3.2 Rashba-Dresselhaus SO coupling Hamiltonian

The Rashba-Dresselhaus SO coupling is a certain type of non-Abelian gauge field,
originally developed in the context of two-dimensional semiconductors [113,115]. The
Rashba SO coupling and the Dresselhaus SO coupling both couple the momentum p
and the spin �, but their origins are di↵erent. The Rashba SO coupling is the result
of the inversion asymmetry of the confining potential (or the structure), whereas the
Dresselhaus SO coupling is the result of the inversion asymmetry of the bulk [273,274].
The overall spin-orbit coupling is the result of an interplay between the Rashba and
the Dresselhaus SO couplings. The Rashba SO coupling is given by the Hamiltonian

HR = ↵(Px�y � Py�x), (3.1)
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and the Dresselhaus SO coupling is

HD = �(Px�x � Py�y), (3.2)

where ↵ and � are respective coupling strengths. The general Rashba-Dresselhaus
coupling Hamiltonian is defined as

HRD =
~2k
m

px�x + ⌘soc
~2k
m

py�y. (3.3)

The parameter k represents the overall strength of the RD SO coupling, while ⌘soc
characterize the anisotropy/isotropy of the SO coupling in the x-y plane which can
be experimentally controlled by coupling lasers with di↵erent amplitudes in the x-y
plane. As a definition, the pure Rashba case corresponds to an isotropic SO coupling
with ⌘soc = 1. Otherwise for 0  ⌘soc < 1 the anisotropic coupling is called Rashba-
Dresselhaus. These two types of interactions have recently received much attention
because of their potential role in the generation and manipulation of polarized spin
currents, the spin filters [275], spin accumulation [276], and spin optics [277].

3.3 Basic set of equations

In the SO-coupled BEC, research shows that the symmetric properties of MI disin-
tegrates in the presence of the helical gauge potential, changing the distribution of
the MI region and the gain of MI in the parameter space. Also, as the helical gauge
potential increases, the MI gain increases for the repulsive atomic interaction case, and
when the helical gauge potential decreases, the MI gain decreases for the attractive
atomic interaction case [278]. Furthermore, when the miscibility condition due to in-
teratomic interactions is met, both the primary and secondary instability bands lead
to spontaneous MI growth [237]. Meanwhile, under the action of the SO coupling,
the binary BEC is subject to the MI, which implies that the ground state of the sys-
tem is likely represented by a striped phase [279]. A study of MI in two-dimensional
SO-coupled BECs of pseudo-spin components has been presented, and SO coupling
contributes to instability regardless of the nature of intra- and inter-component inter-
action strengths [280]. It has shown that the SO coupling and Rabi coupled Bose-Bose
mixture modify the MI growth rate leading to multiple domains of instability [281].

In order to study the dynamical evolution of the two component helicoidal and a
mixture of RD SO coupled BECs under the mean-field approximation, a two-component
BEC model is proposed and includes the helicoidal and a mixture of RD SO couplings.
Within the mean-field formulation, the two pseudospin states are described by an
energy functional given by

E =

Z +1

�1

Z +1

�1
(E0 + Eint) dxdy (3.4)

where

E0 =
1

2
( ⇤

H0 ) , (3.5)

where  = ( 1, 2)T (T stands for the transpose) is the condensate wavefunction,  1

and  2 are associated with the pseudo-spin components. The interaction Hamiltonian
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Eint takes the common contact form of the scattering interaction of the s�wave [282].
The model Hamiltonian H0 assumes the form

H0 = HHSO +HZ +HRSO +HDSO, (3.6)

where HHSO, HZ , HRSO, and HDSO are the helicoidal SO coupling Hamiltonian, Zee-
man Hamiltonian, Rashba Hamiltonian, and Dresselhaus Hamiltonian, respectively.
The single-particle Hamiltonian of the system can be written as [283]

HHSO =
1

2

⇥
(�0px + ↵(~� · ~n))2 + (�0py + ↵(~� · ~m))2

⇤
, (3.7)

where px = �i@/@x and py = �i@/@y are the momentum operators, � = (�x, �y, �z) is
the vector Pauli matrices, �0 is the identity matrix, ↵ is the strength of helicoidal SO
coupling, and the position-dependent unit vectors ~n and ~m determine the SO coupling
direction. For the sake of simplicity, we consider a helicoidal SO coupling with the
periods ⇡/�x and ⇡/�y, respectively, given by

~n = (cos(2�xx+ 2�yy), 0, sin(2�xx+ 2�yy)) ,

~m = (� sin(2�xx+ 2�yy), 0, cos(2�xx+ 2�yy)) , (3.8)

where �x and �y are the frequencies of rotation in the x� and y�directions. The
positive and negative values of �x and �y are refer to the right- and left-handed
modes, respectively [284–286]. We should note that the components of a non-Abelian
spin-dependent gauge field could also be done, for instance, by relating the position-
dependent unit vectors to a more generalized coordinate-dependent phase parametriza-
tion [283]. This question will be addressed in a future work. Next, the Zeeman Hamil-
tonian is given by

HZ =
��z
2

, (3.9)

where � is the strength of Zeeman splitting. Originally, the Rashba e↵ect was studied
as a phenomenon due to spin splitting by an applied electric field in 3D electron gas
systems. The Rashba Hamiltonian originating from SO coupling is given as

HRSO = �R(~� ^ ~p) · êz, (3.10)

where �R is the strength of Rashba SO coupling, êz is the unit vector directed along
the symmetry axis. In this study, the 2D Rashba SO coupling Hamiltonian reduces to

HRSO = �R(�xpy � �ypx). (3.11)

The Dresselhaus Hamiltonian originating from SO coupling is given as

HDSO = �3D(~� · ~K), (3.12)

where �3D is the 3D strength of Dresselhaus SO coupling, Kz = pz(p2x � p
2
y), and Kx

and Ky can be obtained from Kz by cyclic permutations, leading to Kx = px(p2y � p
2
z)

and Ky = py(p2z�p
2
x), respectively. Here, the 2D Dresselhaus SO coupling Hamiltonian

reduces to
HDSO = �D(�xpx � �ypy), (3.13)
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where �D is the 2D strength of Dresselhaus SO coupling. It should be noted that the
Rashba and Dresselhaus SO coupling strengths are intrinsic properties of materials
that are largely dependent on their specificity, with restrained growth adjustability in
the laboratory. Indeed, the Rashba Hamiltonian is typical of hexagonal A2B6 crystals,
while the Dresselhaus Hamiltonian is typical of cubic A3B5 crystals. Recently SO
couplings with equal Rashba and Dresselhaus strengths have been demonstrated in a
neutral atomic BEC by dressing two atomic spin states with a pair of Raman lasers,
which create a momentum-sensitive coupling between two internal atomic states [121].
The interaction Hamiltonian is given by

Eint =
1

2

�
g11| 1|4 + g22| 2|4 + 2g12| 1|2| 2|2

�
, (3.14)

where g11 = 2a11/a? and g22 = 2a22/a? are the two-body intraspecie interactions
coe�cients, while g12 = 2a12/a? and g21 = 2a21/a? are the two-body inter-species
interaction coe�cients. Here, a? =

p
~/(mw?) denotes the transverse characteristic

length, with w? being the transverse trap frequency, m is the atomic mass and ~ is the
Planck constant, a11, a22, and a12 are the scattering lengths of the s�wave, experimen-
tally adjustable via optical [255], and magnetic [249] Feshbach resonance techniques.
The BEC dynamics in the mean-field approximation is governed by i~@ j

@t = �E
� ⇤

j
,

(j = 1, 2), from which the following equations are obtained (see appendix B1)

i
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@
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+ (g22| 2|2 + g21| 1|2) 2.

(3.15b)

As it is obvious, some coe�cients of the above set of GP equations are dependent of
space, which take us away form the main objective of this work. In order to obtain the
free space equation, there are specific values to be taken by �x and �y. In doing so, we
will consider the two cases �x = �y = 0 and �x = �y = �, with (�x+ �y) = ⇡/2. The
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cases �x = �y = 0 pictures a system where the helicoidal gauge potential is switched
o↵, leaving the system with, among other terms, the SO coupling parameter ↵ and
the RD SO coupling terms supported by �R and �D, respectively. The corresponding
set of equations then writes

i
@ 1

@t
= �1

2

✓
@
2

@x2
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@
2

@y2

◆
 1 � i↵
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@y
� i↵

@ 2

@x
+
�

2
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� i
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(3.16b)

The other case, i.e. �x = �y = �, with (�x + �y) = ⇡
2 , which corresponds to a case of

square lattice cell with equal x� and y� periods, includes all the e↵ects brought by
the helicoidal SO coupling and the RD SO coupling, leading to the set of GP equations
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We should also stress that in order to get the system of Eqs.(3.15), we have introduced
the following gauge transformations

 j = e
�i↵2t

e
�i(�2

x+�2
y)t/2e

�i(�z�xx+�x�yy) j, j = 1, 2, (3.18)

to switch to the rotating frame for the chosen gauge field. In doing so, the point trans-
lation symmetry transforms into a continuous translational symmetry of the derived
equation. Finally, the spatial variables x and y, time t, density (| 1|2 + | 2|2), and
energy are given in the normalized units a?, w

�1
? , a�1

? , and ~w?, respectively. The
wave functions are normalized as Nj =

R
(| j|2dxdy), (j = 1, 2,), while the total num-

ber of atoms of the jth component is N = N1 + N2 =
R R

(| 1|2 + | 2|2) dxdy, which
is a dynamical invariant of non-dissipative BEC systems. In what follows, we address
comprehensively the instability of CWs solutions, taking advantages of the above two
cases.
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3.4 Linear stability analysis of a system of two coupled
2D cubic GP equations with helicoidal and a RD mix-
tures SO-couplings

According to the general theory of MI, the above systems admit CW solutions  j =
e
�iµtp

nj0, j = 1, 2,, where µ is the common chemical potential of both components,
with uniform densities n10 = n20 = n0. By replacing such solutions into the generic
GP equations, a linear dispersion relation is found between the chemical potential, the
Zeeman splitting energy, the density n0 and the interatomic interaction parameters
g11, g22 and g12. In general, the stability of the CW solutions is checked by introducing
small perturbations so that  j = e

�iµt(
p
nj0 + � j), j = 1, 2, where the perturbed

fields � j are taken in the form

� j = ⇣j cos(K1x+K2y � ⌦t) + i⌘j sin(K1x+K2y � ⌦t), (3.19)

where K1 and K2 are the perturbation wavenumbers in the x and y direction, re-
spectively; ⌦ is a complex modulation frequency, ⇣j, and ⌘j are constant complex
amplitudes. Linearizing the above perturbed solutions around the unperturbed ones
leads to a linear homogeneous system of equations in terms of ⇣1, ⇣2, ⌘1 and ⌘2 of the
form

M ⇥ (⇣1, ⇣2, ⌘1, ⌘2)
T = 0, (3.20)

where M is the system’s matrix written as

M =

0

BB@

m11 m12 m13 m14

m21 m22 m23 m24

m31 m32 m33 m34

m41 m42 m43 m44

1

CCA , (3.21)

with the elements mij of the matrix depending not only on the perturbation frequency
⌦ and the wavenumbers K1 and K2, but also on the other parameters including the
SO coupling strengths and the interatomic interaction parameters. Interestingly, for
system (3.21) to admit non-trial solution, the determinant of its matrix should be null,
which leads to a general nonlinear dispersion relations of the form

⌦4 + P3⌦
3 + P2⌦

2 + P1⌦+ P0 = 0, (3.22)

where general expressions for the coe�cients Pj (j = 1, 2, 3) are given in the appendix
B2. Eq.(3.22) can be solved analytically to obtain the solutions
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4
� 1

2

r
1

4
P

2
3 � 2

3
P2 + ⇤

± 1

2

0

B@

vuut
2

3
P2 �

1

4
P

2
3 � ⇤� 2P2 +

3

4
P

2
3 +

P
3
3 � 4P3P2 + 8P0

4
q

1
4P

2
3 � 2

3P2 + ⇤

1

CA ,

⌦3,4 = �P3

4
+

1

2

r
1

4
P

2
3 � 2

3
P2 + ⇤

± 1

2

0

B@

vuut
2

3
P2 �

1

4
P

2
3 � ⇤� 2P2 +

3

4
P

2
3 � P

3
3 � 4P3P2 + 8P0

4
q

1
4P

2
3 � 2

3P2 + ⇤

1

CA ,

(3.23)
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where ⇤ = 1
3

0

@ 3

q
�2+

p
�2

2�4�3
1

2 + �1

3
r

�2+
p

�2
2�4�3

1
2

1

A, with �1 = P
2
2 � 3P3P1 + 12P0, and

�2 = 2P 3
2 � 9P3P2P1 + 27P 2

3P0 + 27P 2
1 � 72P2P0. Depending on system parameters,

solutions (3.23) can be positive, negative or even complex. Nevertheless, the stability
of the CW is due to real, negative or positive, values of ⌦. In general, complex solutions
of Eq.(3.21) are written as ⌦ = ⌦r + i⌦i, so that e

�i⌦t = e
�i⌦rt ⇥ e

⌦it. The latter
implies that MI will take for a non-zero imaginary part of the perturbation frequency,
which allows to extract necessary information on the occurence of the instability using
the maximum MI growth rate

⇣(⌦) = {|Im(⌦)|}max. (3.24)

3.5 MI gain analysis of two coupled 2D cubic GP equa-
tions with a mixture of RD SO couplings

3.5.1 Case 1: growth rate spectrum for �x = �y = 0

This case corresponds to the modified GP equations (3.16). Following the above-
described procedure of linear stability analysis, the Zeeman splitting, the interatomic
interactions and chemical potential are linked by the dispersion relation (matrix ele-
ments are given in appendix B3)

�

2
= (�1)j (gjjnj0 + g12n3�j,0 � µ) . (3.25)

In order to proceed, we consider g11 = g22 = g and we, first of all, discuss the values
of g and g12 that may give rise to instability. The corresponding results are displayed
in Fig. 3.1, where the MI growth rate is plotted against the intracomponent coupling
strength g. Fixing g12 = 0.8, we first consider in Fig. 3.1(a) the case where �R =
�D = 0, which implies that the RD SO coupling is switched o↵. The selected values
of ↵ give rise to regions of g where the MI growth rate is positive. Such regions are
highly a↵ected by the values of the gauge amplitude. For example, ↵ = 0.1 gives
rise to values of ⇣ 6= 0 only in the area g < 0, while the maximum pick is situated
at g = �0.5. This means that for that value of ↵, only attractive intercomponent
interactions support MI and suitably balance with repulsive intercomponent coupling.
With increasing ↵, the instability interval gets expanded and includes some positive
values of g. Progressively, the maximum growth rate ⇣ shifts towards positive values
of g, while instability finally relies on values of g > 0, exclusively, for ↵ = 1.

In order to explore the competition between the gauge amplitude and the RD SO
coupling parameters, we fix in Fig. 3.1 (b) �R = �D = 0.01, with g12 keeping the
same value and ↵ changing as in Fig. 3.1(a). The same scenario is apparent, except
that minor instability regions emerge, with g taking positive and negative values.
Interestingly, for the case ↵ = 1, there is a singularity that admits instability on both
sides, except that the maximum growth rate of instability is situated in the area g > 0.
This shows that the investigated instability is likely to take place when intracomponent
interactions are repulsive. In the same context, it would be interesting to mention that
the features depicted in Fig. 3.1 represent both miscibility and immiscibility cases.
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Figure 3.1: Distribution of the MI growth rate versus the interatomic coupling g for
di↵erent values of the SO coupling strength when: (a) the RD SO coupling is absent,
i.e., �D = �R = 0 and (b) in presence of the RD SO coupling, i.e., �D = �R = 0.01,
with g12 = 0.8, K1 = K2 = 1 and n0 = 1.

Figure 3.2: The panels show the growth rate of MI in the (K1, K2)�plane for ↵ = 0
(panels (aj)j=1,2,3) and ↵ = 0.25 (panel(bj)j=1,2,3). From left to right, the columns
correspond to the di↵erent cases �R = �D, �R > �D and �R < �D, respectively, with
g12 = 0.8, and n0 = 1. White regions correspond to zones of instability, while dark
areas are where the CWs solutions are likely to remain stable under modulation.

In panels of Fig. 3.2, based on the predictions form Fig. 3.1, the MI growth rate
distribution is represented against the wavenumbersK1 andK2, where panels (aj)j=1,2,3

correspond to the case ↵ = 0 and panels (bj)j=1,2,3 display the MI growth rate spectrum
for ↵ = 0.25. The di↵erent cases �R = �D, �R > �D and �R < �D are treated for each
of the values of the gauge amplitude ↵. For example, in panel (a1), in the absence
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of the gauge amplitude and �R = �D, the MI is characterized by asymmetric white
regions with a crescent shape. When �R > �D, there remains an extended reduced
cylinder, while the maximum growth rate takes place in positive zones of K2 with
corresponding values of K1 being found in positive and negative areas as depicted
in Fig. 3.2(a2). Interestingly, the detected partially circular growth rate zone gets
expanded and rotates around K1 = K2 = 0. As it is confirmed by Fig. 3.2(a3), the
region of instability is extended by a hallow of instability around the bright main
cylindrical zone, which gives more chance to instability to occur when K1 and K2 are
both positive or negative. For the rest of the regions that are dark, the plane wave is
supposed to remain unstable under modulation. Remarkably, the features displayed
by the growth rate distribution of panels (bj)j=1,2,3 in Fig. 3.2 show a strong impact
of the presence of the gauge amplitude. Even though this case does not include the
helicoidal term, the instability zone display meniscus, which is mainly situated in the
positive area of the perturbation wavenumber K1, with values of K2 being positive or
negative as witnessed in Fig. 3.2(b1), where �R = �D, one can also notice a rotation
around K1 = K2 = 0 due to the presence of gauge amplitude. There is a delocalization
of such zones of instability under the condition �R > �D [see Fig. 3.2(b2)], while the
MI growth rate distribution in the (K1, K2)�plane gets further expanded. Like in the
case of Fig. 3.2(a3), the instability zone enlarges and gives rise to the emergence of an
apparent hallow of instability points.

3.5.2 Case 2: growth rate spectrum for �x = �y = �, with (�x+�y) =
⇡/2

This other particular case corresponds to the set of GP equations (3.17) and includes
strong competition between the helicoidal and the RD SO couplings. To remind, the
first case, for which �x = �y = 0 was switching o↵ the e↵ect of the helicoidal gauge
potential, therefore reducing the presence of the helicoidal SO coupling to only the
gauge amplitude. Therefore, in the present context, and based on the linear stability
analysis with uniform densities, the Zeeman splitting energy, the chemical potential,
and the interatomic coupling parameters are linked via the linear dispersion relation

�

2
= (�1)j (gjjnj0 + g12n3�j,0 � µ)� (�1)j��R

+ i��D � (�1)3�j
��D + (�1)ji��R, j = 1, 2.

(3.26)

Moreover, the reader should be aware that the coe�cient of the nonlinear dispersion
relation (3.22) will be a↵ected by the presence of terms supported by the presence of
the helicoidal gauge potential �, as witnessed by the matrix elements given in appendix
B4.

When �D = �R = 0, the RD SO coupling is absent, and one recovers the two-
dimensional system proposed by Kartashov [287] and studied recently by Li et al. [278].
Such a system takes advantage of the presence of the helicoidal SO coupling and
includes a strong impact from the interatomic interactions. In order to find suitable
values for g and g12 capable of giving rise to instability in this context, we have plotted
the MI growth rate versus g in Fig. 3.3. There, panel (a) corresponds to ↵ = 0
and panel (b) to ↵ = 0.25. When the gauge amplitude is switched of, i.e., ↵ = 0,
� = 0.25 instability is announced in areas where g < 0, around, and including, the
point g = �0.5. That exclusive repulsive e↵ect of the intracomponent interaction is
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Figure 3.3: Distribution of the MI growth rate versus the interatomic coupling g for
di↵erent values of the SO coupling strength when: (a) the RD SO coupling is absent,
i.e., �D = �R = 0 and (b) in presence of the RD SO coupling, i.e., �D = �R = 0.01,
with g12 = 0.8, K1 = K2 = 1 and n0 = 1.

broken when � increases, therefore extending the MI growth rate spectrum towards
positive values of g. The phenomenon becomes more pronounced as the helicoidal
gauge potential increases, leading to a marginal instability zone appearing in the whole
area g > gcr, with gcr < �0.5 being the lower values taken by g. The same spectrum of
behaviors is ostensible in Fig. 3.3(b), where the gauge amplitude ↵ 6= 0, with � taking
the same values as in Fig. 3.3(a). We should, however, stress that the MI growth rate
corresponding to � = 0.25 is more localized than the one in Fig. 3.3(a) and covers
a large interval of g that supports instability. With increasing the helicoidal gauge
potential, the zone of instability gets slightly delocalized and expands more and more
with increasing �.

The most interesting case, which deserves to be regarded with emphasis, is realized
when �D = �R 6= 0, in the presence of the gauge amplitude ↵ and the helicoidal gauge
potential �. When ↵ and � take non-zero values, they constitute the helicoidal SO
coupling [287]. The competition between the two types of SO coupling on the values of
g supporting instability is summarized in Fig. 3.4, where the growth rate of instability
is displayed for di↵erent values of the helicoidal gauge potential �. Fig. 3.4(a) shows
the MI growth rate distribution when the gauge amplitude ↵ is zero. There are inter-
vals of g where ⇣ is non-zero, which get expanded with increasing the helicoidal gauge
potential � from 0.25 to 2. Interestingly, minor zones of instability appear from where
some possible values of g can be extracted to obtain instability. Fully considering the
helicoidal SO coupling, ⇣ is shown in Fig. 3.4(b), where ↵ = 0.25. The main behavior
that appears here is the enlargement of the instability zone with increasing �. Also,
the interval of g where instability is expected is well delimited and includes as a whole
positive and negative values of the intracomponent interaction parameter.
The spectrum of Figs. 3.3 and 3.4 gave us information on values of some key param-

eters, like the interatomic coupling parameters, to be used for instability to manifest
itself. Taking advantage of that, the growth rate of MI is plotted in Fig. 3.5, in the plane
of the perturbation wavenumbers K1 and K2. Fixing ↵ = 0.25 g = �0.4 and g = 0.8,
the panels (aj)j=1,2,3 of Fig. 3.5 show the growth rate spectrum for �R = �D = 0, while
panels, from left to right correspond respectively to � = 0.25, � = 0.5 and � = 1.
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Figure 3.4: Distribution of the MI growth rate versus the interatomic coupling g for
di↵erent values of the SO coupling strength when: (a) the RD SO coupling is absent,
i.e., �D = �R = 0 and (b) in presence of the RD SO coupling, i.e., �D = �R = 0.01,
with g12 = 0.8, K1 = K2 = 1 and n0 = 1.

Initially, instability is supported by a set of asymmetric breast, with maximum mainly
situated in the area K2 > 0, while minor and major objects belong, respectively, to
areas K1 > 0 and K1 < 0. With increasing the helicoidal gauge potential � to 0.5,
the instability zones get expanded, therefore covering wider areas where unstable pat-
terns could be expected. This fact is confirmed by the last figure of instability in this
series, where the breasts are amplified, with hallows of points visible in the negative
part of the wavenumber K2, which might give rise to instability. We should stress
that by switching o↵ the RD SO coupling, the system at hand just feels the e↵ect of
the helicoidal SO coupling. Otherwise, the model comprises two submodels that can
constitute individual studies, especially when generalized to three-dimensional formu-
lations. For instance, bringing back the RD SO coupling by imposing �R = �D 6= 0,
one gets the instability figures of panels (bj)j=1,2,3 in Fig. 3.5, where �, the helicoidal
gauge potential, changes in the same manner. Evidently, the competition between
the helicoidal SO coupling and the RD SO-coupling modifies the figure of instability.
For example, instead of the two breasts of instability obtained in panels (aj)j=1,2,3 of
Fig. 3.5, the instability develops under four lobes, distributed in positive and negative
zones of K1 and K2. In this context, the intensity of the MI growth rate gets amplified
as � increases, leading to four expanded regions of instability.

To conclude our linear stability analysis, we represent in Fig. 3.6 the MI growth
rate distribution versus ↵ and �. Fixing g12 = 0.8 and g = 1.2, di↵erent combinations
of �D and �R are used to assess the competitive impact between the helicoidal and the
RD SO coupling on the MI growth rate behavior. For �R = �D = 0.01, instability is
supported by an asymmetric cylinder with a hole of stability around, and including,
the point (↵, �) = (0, 0). Interestingly, the maximum instability growth rate is shared
between some of the areas � > 0 and � < 0. Precision should be made that when
� > 0 the coupling is said to be the left-handed, and right-handed when � < 0.
With increasing the Dresselhaus SO-coupling parameter �D to 0.02, one obtains the
features of Fig. 3.6(b), where the zone of maximum instability tends to shift to the
� < 0, and ↵ < 0, zones into a broken cylindrical MI growth rate. This is more visible
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Figure 3.5: The panels show the distribution of the growth rate of MI in the
(K1, K2)�plane for �R = �D = 0 (panels (aj)j=1,2,3) and �R = �D 6= 0
(panel(bj)j=1,2,3). From left to right, the columns correspond to the di↵erent cases
� = 0.25, � = 0.5 and � = 1, respectively, with g12 = 0.8, ↵ = 0.25 and n0 = 1.
White regions correspond to zones of instability, while dark areas are where the CWs
solutions are likely to remain stable under modulation.

Figure 3.6: The panels show the growth rate of MI (↵, �)�plane for (a) �R = �D = 0.01
, (b) �R = 0.01 and �D = 0.02 (c) �R = 0.01 and �D = 0.04, and (d) �R = 0.04 and
�D = 0.04.

in Fig. 3.6(c), where the cylindrical structure of the MI growth rate is completely
broken, with the maximum growth rate taking place exclusively for right-handed SO
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Figure 3.7: MI evolution in both condensates with increasing time in presence of both
the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, and �R = �D = 0.01,
panels from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100
and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and
g12 = 0.6.
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Figure 3.8: MI evolution in both condensates with increasing time in presence of both
the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, and �R > �D, panels from
(a) to (d) correspond to the respective instants t = 25, t = 60, t = 100 and t = 170.
The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and g12 = 0.6.

coupling, with �D = 0.02 and �R = 0.01. Interestingly, the initial MI spectrum of
Fig. 3.6(a) is recovered when increasing �R to 0.04 as shown in Fig. 3.6(d). This
implies that the Rashba SO coupling, in this particular context, has the reverse e↵ect
of the Dresselhaus SO-coupling. To remind, MI in BEC has been given considerable
importance over a long period of time, owing to its fundamental and applied interest in
various aspects [288]. In particular, MI has been found to be relevant in understanding
the formation and propagation of solitonic waves and also apparent in explaining the
domain formation and quantum phase transition. Overall, the above linear stability
analysis shows that the MI growth rate ⇣ is very sensitive to the variation of the
competing SO parameters, which o↵ers di↵erent figures of instability, to be confirmed
numerically in the next section.

3.6 Numerical results on wave train formation

The linear stability analysis performed in Sec. 3.4 relies on linearizing the perturbed
CWs around the unperturbed solutions. Therefore, only the onset of MI can be pre-
dicted, while no information about the longtime spatiotemporal evolution of the insta-
bility growth can be obtained, which requires their confrontation with direct numerical
simulations on Eqs. (3.16) and (3.17). This is achieved using the SSFM using the initial
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conditions:

 1(x, y, 0) =  2(x, y, 0)

= n0 + " cos(K1x+K2y),
(3.27)

where the perturbation wavenumbers K = K1 = K2 have been chosen based on the
growth rate spectra of Figs. 3.1a-3.3, with n0 = 1 and " = 0.001, so that " ⌧ n0.
The features of MI are discussed in terms of the amplitude maxima, while one pays
particular attention to the simultaneous e↵ects brought by the helicoidal and the RD
SO couplings. Di↵erent combinations of such parameters values are used according to
the predictions of the linear stability analysis. However, we should stress that according
to the derivation of the model at hand, we have the two possibilities discussed in the
linear stability part. Precision should be made that instability features show some
di↵erences, while the two systems may share some instability regions. For this chapter,
numerical results for each of the cases are treated separately.

3.6.1 MI patterns for the case �x = �y = 0

This particular case refers to Eqs. (3.16) and results from numerical simulations are
recorded in Figs. 3.7-3.9. The model does not consider the e↵ect of �, the helicoidal
gauge potential, so competitive e↵ects will be brought out only by the gauge amplitude
↵, �R and �D. In such a context, the CW solutions disintegrate into trains of objects
that have solitonic forms. This is a confirmation of our linear stability analysis, which
once more confirms MI to be a direct mechanism leading to soliton formation under a
suitable balance between nonlinearity and dispersion as shown in Fig. 3.7, where the
di↵erent panels correspond to di↵erent instants. For ↵ = 0.25 and �R = �D = 0.1.
unstable patterns appear in the form of breathing wave trains with a plane wave
background which disappears with time increasing and progressively turns into sets of
bell-shape solitons as depicted in Fig. 3.7(c) and (d) when t = 170. In general, the
density of both condensates has the same shape, except that wave propagation seems
to take place in opposite x-directions. The scenario appears in Fig. 3.8, where we
have imposed �R > �D, with left and right columns corresponding respectively to the
densities | 1|2 and | 2|2. Under such conditions, there is soliton formation in the two
components, with the instability evolving erratically along the x-axis and coherently
along the y-axis. This particular behavior reveals the presence of the gauge amplitude,
which is not balanced by the helicoidal gauge potential in model Eqs. (3.16). While
the wave amplitude increases with time in both components, instability tends to be
quenched in the second condensate along the increasing x-direction. At the same
time, patterns persist with an increasing frequency in the first component. At time
t = 170, the erratic behavior along the x-direction of the formed patterns becomes more
apparent with more patterns for | 1|2 than | 2|2. This is indeed contrary to what was
obtained in Fig. 3.7(c), where only one train of solitons remained along the y-axis at
the same instant. This also shows a wave propagation that evolves in the x-direction.
More interestingly, when �R < �D, we obtain the features depicted in Fig. 3.9, where
the CW disintegrates into a train of wave objects, therefore sustaining the presence of
instability. Here, with increasing time, the number of pulse-like patterns increases in
the x-direction, in an erratic way, while they evolve periodically on the y-axis. As in
the previous case, their intensity increases, and they become more localized. At time
t = 100 and position y = 10, the cross-sections of the above-discussed densities are
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depicted in Fig. 3.10. Remarkably, the outcome of MI is the emergence of trains of
solitons with pulse shape. It is also clearly visible that the RD changes bring about
di↵erent behavior in the emerging trains, which is in accordance with the results of
Figs. 3.7-3.9. Along the same line, the panels of Fig. 3.11 show the cross-sections of
the density profiles for di↵erent values of the gauge amplitude ↵. For two values of
↵, the obtained train of solitons show the robustness of such entities in the proposed
model and concord predictions from the linear stability analysis, where even the value
↵ = 0 was predicted to support the occurrence of MI.

3.6.2 MI patterns for the case �x = �y = �, and (�x+ �y) = ⇡/2

This case considers the gauge amplitude and the helicoidal gauge potential and the
combined e↵ects that bring about the helicoidal SO coupling. Therefore, this part
fully brings together the latter and the e↵ect of the RD SO coupling. The results
showing the MI evolution in such a model are presented in Fig. 3.12-3.18. In fact,
Fig. 3.12 shows results for ↵ 6= 0 and � 6= 0, with �R = �D = 0.1, which indeed
show the emergence of train of wave, periodic along the x-axis, but erratic with Y

increasing. This is contrary to what was observed in the previous case and clearly
pictures the impact of the helicoidal gauge potential on the MI process. However,
unstable patterns are more distributed for | 2|2 than for | 1|2, which support a certain
energy concentration, knowing that the initial state was the same. At this point, the
presence of � gives the possibility to characterize patterns for right- and left-handed
helicoidal SO couplings, respectively obtained for � < 0 and � > 0. Obviously,
the features of Fig. 3.12 correspond to the left-handed coupling context. Further
calculations, especially for the right-handed SO coupling, are recorded in Fig. 3.13,
where trains of solitons are generated for � < 0. In Fig. 3.14, wave patterns due to
right-handed and left-handed helicoidal SO couplings are compared. It is clear that not
only � a↵ects the occurrence of MI, but it also sustains the robustness of the soliton-like
objects in the proposed model. The formation of peaks solitary peaks in BEC systems
has been debated in several contributions. That phenomenon was described by Hai et
al. [289], where they showed that breathing wave packets can display some deformation
while propagating. Although this was shown on a single BEC, and based on Strecker’s
et al. experiment [290], the width and frequency of the wave train oscillation may be
a↵ected, therefore delocalizing the center of the soliton, with the direct result being
what is displayed in Fig. 3.14. Although the calculations made in the present work
are a result of the activation of the MI, it remains that such structures are inherent to
BECs, especially when a suitable balance between nonlinear and dispersive e↵ects is
found, as interestingly demonstrated by Salanish et al. [291] in a one-component BEC
of 7Li.

The e↵ect of �R and �D cannot also be neglected in this context, as the cross terms
between the two condensates modulate the balance between nonlinearity and disper-
sion, which brings about new behaviors. This can be more e↵ective when �R > �D

as shown in Fig. 3.15, where ↵ = 0.1 and � = 0.25. Initially, the distribution of wave
patterns is high for | 1|, but during propagation, there is energy transfer through the
coupling, which increases pattern distribution in favor of | 2|. With time, of course,
the MI persists, which justifies a strong disturbance of the CW stability by the Rashba
SO coupling term. Still, propagation takes place in the y�direction. The numerical
results recorded in Fig. 3.16 further show how the balance between �R and �D in-
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fluences the MI progression both under left- and right-handed SO coupling. At time
t = 20, strong density disturbance generates envelope solitons in both compounds.
With time increasing, the breather soliton expands, and the number of oscillations
increases, probably due to multiple collisions among the emerging solitons. However,
the e↵ect of the sign � manifests itself by intermittent alternations between in- and
out-of-phase oscillations. Being in the presence of a mixture of open BECs, the oscilla-
tions, after a certain time, extend to the boundaries, as supported by Fig. 3.16(bj)1=1,2,
where the train is made of ordinary and composite solitons. Compared to the extended
breathing modes of Fig. 3.11(aj)j=1,2, its clear that the structures of Fig. 3.16(aj)j=1,2

are more confined, which supports the presence of a virtual potential. Of course, a
real experiment predicts any matter-wave state to be created in a trapping potential.
Actually, the two-component model of the BEC that combines the SO-Rashba cou-
pling and attractive cubic interactions supports semi-vortices and mixed modes, which
get self-trapped in the common isotropic harmonic-oscillator trapping potential and
remain robust even when the potential gets quenched [292]. This otherwise reveals the
independent tunability of the Rashba SO coupling and the harmonic-oscillator trap.
Even in the absence of trapping potentials, other seminal contributions have indicated
that in exciton-polariton condensates with dissipation due to a narrow external pump
beam, the formation of strongly localized stationary solutions, also known as quasi-
compactons [293], may take place. Indeed, the models are modified by the presence of
the RD terms, which may explain the observed behaviors in a certain way. We may
then expect the numerical structures form model (3.17) also to be apparently trapped.
This means that the helicoidal SO coupling should be complete through the presence
of ↵ and � for the trapping e↵ect to be strong. Otherwise, the gauge amplitude alone,
mixed with the RD SO coupling, cannot trap the soliton trains that expand from the
onset, even though over a long time, nonlinear structures emerge. This is also true
for the case �R > �D depicted in Fig. 3.17, where the final instant t = 170 displays
patterns whose amplitude increases with y. More interestingly, the cross-section of
both components oscillations, depicted in Fig. 3.18 show an increase in the number
of peaks. This shows the real e↵ect of a dominating Dresselhaus SO coupling param-
eter �D. Also, when the system is switched from left- to right-handed helicoidal SO
coupling, the last stage shows dominating peaks belonging to the condensate  1.

When the helicoidal gauge potential is well-tuned, the combination of the two
e↵ects of RD SO-coupling may bring about new classes of patterns as already debated
in several contributions dealing with vortices and more exotic topological excitations in
rotating two-and three-dimensional SO-coupled BECs. In such contexts, it was shown
that RD SO coupling may lead to a broad range of quantum phases among which
plane wave phase [294], bright soliton phase [295,296], dark soliton phase [297], stripe
phase [294, 298, 299], topological superfluid phase [215], polarized and unpolarized
phases [300], just to name a few. Most of such excitation phases may be observed via
the activation of MI, but the di�culty still remains in manipulating the large number
of parameters involved. This explains why we restricted ourselves to repulsive intra-
and intercomponent interactions, and more importantly, the way they compete with
other parameters like the helicoidal gauge potential and the subsequent Rashba and
Dresselhaus SO-coupling parameters.
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3.7 Summary

In this chapter, we performed a systematic and detailed investigation of the combined
e↵ects of helicoidal and RD SO coupling. The tunability of the helicoidal SO coupling
allows getting two distinct GP models, which include RD SO coupling. The analysis of
MI is carried out in both systems separately, and one finds new distribution behaviors
of the growth rate spectra under the combined e↵ects of the two types of SO coupling.
In the first case, BECs oscillate in free space, and such dynamics involves only the gauge
amplitude ↵, coupled to the RD SO coupling. In contrast, the second case, related to
a square lattice, involves both the full helicoidal SO coupling and the RD coupling. In
the free space, the strong influence of the gauge amplitude can take place and give rise
to extended oscillating patterns. More confined and coherent structures characterize
MI in the square lattice approximation, which reveals the trapping behavior of the
helicoidal SO coupling. This is further supported by the emergence of breathing-like
solitons extending progressively to the domain edges as time increases. Such dynamics
are addressed for �R = �D, �R > �D and �R < �D, which impose distinct behaviors
to the emergent modulated matter waves. In free space, however, the change in the
gauge amplitude ↵, together with the above combinations between �R and �D, does
not allow to confine the emerging solitons, which corroborates the fact that RD SO
coupling does not provide any trapping mechanism [271]. The latter is indeed recovered
by applying the helicoidal SO coupling. It was, for example, shown by Liu et al. [301]
that another mechanism to stabilize 2D and 3D solitons under simultaneous Rashba
and Dresselhaus SO coupling was through the application of long-range anisotropic
attractive dipole-dipole interactions. Anisotropic vector solitons were generated, and
their collision confirmed the trapping e↵ect of the dipole-dipole interactions. A new
direction to the present study may be the generation of soliton via wave collision and
their stabilization through the helicoidal SO coupling.
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Figure 3.9: MI evolution in both condensates with increasing time in presence of both
the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, and �R < �D, panels from
(a) to (d) correspond to the respective instants t = 25, t = 60, t = 100 and t = 170.
The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and g12 = 0.6.
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Figure 3.10: The panels show cross sections of the density profiles of Fig. 3.9 at time
t = 100, when y = 10. The cases �R = �D, �R > �D and �R < �D are summarized for
both condensates. The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5,
g12 = 0.6 and ↵ = 0.1.
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Figure 3.11: The panels show cross sections of the density profiles of Fig. 3.9 for
↵ = 0 (solid blue line) and ↵ = 0.1 (dotted yellow line). Panels (aj)j=1,2, (bj)j=1,2 and
(cj)j=1,2 respectively correspond to instants t = 20, t = 50 and t = 100, with y = 5,
�R < �D, K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and g12 = 0.6.
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Figure 3.12: MI evolution in both condensates with increasing time in presence of
both the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, � = 0.25, and
�R = �D = 0.01, panels from (a) to (d) correspond to the respective instants t = 25,
t = 60, t = 100 and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1,
g11 = g22 = 0.5 and g12 = 0.6.
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Figure 3.13: MI evolution in both condensates with increasing time in presence of
both the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, � = �0.25, and
�R = �D = 0.01, panels from (a) to (d) correspond to the respective instants t = 25,
t = 60, t = 100 and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1,
g11 = g22 = 0.5 and g12 = 0.6.
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Figure 3.14: The panels show cross sections of the density profiles of Figs. 3.9 and 3.13
at time t = 100, when y = 10, ↵ = 0 (solid blue line), ↵ = 0.1 (dotted yellow line) and
�R = �D = 0.1. The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and
g12 = 0.6.
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Figure 3.15: MI evolution in both condensates with increasing time in presence of both
the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, � = 0.25, and �R > �D,
panels from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100
and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and
g12 = 0.6.
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Figure 3.16: The panels show cross sections of the density profiles of Fig. 3.15 when
y = 10, ↵ = 0 (solid blue line), ↵ = 0.1 (dotted yellow line) and �R > �D. Panels
(aj)j=1,2, (bj)j=1,2 and (cj)j=1,2 respectively correspond to instants t = 20, t = 50 and
t = 100, with K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5, g12 = 0.6 and ↵ = 0.1.
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Figure 3.17: MI evolution in both condensates with increasing time in presence of both
the SO coupling and the RD SO coupling. Fixing ↵ = 0.1, � = 0.25, and �R < �D,
panels from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100
and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5 and
g12 = 0.6.
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Figure 3.18: The panels show cross sections of the density profiles of Fig. 3.17 when
y = 10, ↵ = 0 (solid blue line), ↵ = 0.1 (dotted yellow line) and �R < �D. Panels
(aj)j=1,2, (bj)j=1,2 and (cj)j=1,2 respectively correspond to instants t = 20, t = 50 and
t = 100, with K1 = K2 = 1.5, n0 = 1, g11 = g22 = 0.5, g12 = 0.6 and ↵ = 0.1.
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GENERAL CONCLUSION

The overall objective of this research was to assess the MI phenomenon and solitary
structures, emerging from dissipative and non-dissipative BECs under the combined
e↵ect of helicoidal gauge potential and SO couplings. In the first chapter, we have
given the general introduction underlying the concept of BECs related to our thesis
work. The thesis is summed up as follows:

In the second chapter, we derived a coupled cubic CGL equations for two-component
helicoidal SO-coupled dissipative BECs from a coupled GP equations governing the dy-
namics of the condensate wave functions of the two-component helicoidal SO-coupled
BECs, evenly distributed between the two pseudospin states, under dissipative e↵ects
together with rate equation coupling condensed and uncondensed atoms. The theory of
MI has been addressed both analytically and numerically, along with its response to the
simultaneous e↵ects of the SO coupling, the helicoidal gauge potential and the inter-
component interactions. Analytically, a nonlinear dispersion relation has been derived
in the form of a fourth-order polynomial alongside with the MI growth rate. Compre-
hensively, the possible combinations of signs of intra- and intercomponent interactions
have been discussed, both in the repulsive and attractive contexts. Our analysis illus-
trates that SO coupling, and the intrinsic helicoidal potential, inevitably contributes
to the CW disintegration, regardless of the nature of the interaction strength. This is
manifested by the appearance of new instability sidebands, thereby enhancing the MI.
Analytical predictions were corroborated by direct numerical simulations, which have
shown that nonlinear and longtime spatiotemporal wave patterns of the underlying set
of coupled cubic CGL equations exist and are, as a whole, robust for a wide variety of
the involved physical parameters. In the process, SOC and helicoidal gauge potential
may be used as tunable knobs to generate and control complicated nonlinear dynami-
cal processes and the resulting localized long-lived excitations, both in left-handed and
right-handed helicoidal dissipative two-component BECs.

In the third chapter, we have investigated the combined e↵ects of helicoidal and
RD SO coupling. The tunability of the helicoidal SO coupling allows getting two
distinct GP models, which include RD SO coupling. The analysis of MI is carried out
in both systems separately, and one finds new distribution behaviors of the growth rate
spectra under the combined e↵ects of the two types of SO coupling. In the first case,
BECs oscillate in free space, and such dynamics involves only the gauge amplitude
↵, coupled to the RD SO coupling. In contrast, the second case, related to a square
lattice, involves both the full helicoidal SO coupling and the RD coupling. In the
free space, the strong influence of the gauge amplitude can take place and give rise
to extended oscillating patterns. More confined and coherent structures characterize
MI in the square lattice approximation, which reveals the trapping behavior of the
helicoidal SO coupling. This is further supported by the emergence of breathing-like
solitons extending progressively to the domain edges as time increases. Such dynamics
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are addressed for �R = �D, �R > �D and �R < �D, which impose distinct behaviors
to the emergent modulated matter waves. In free space, however, the change in the
gauge amplitude ↵, together with the above combinations between �R and �D, does
not allow to confine the emerging solitons, which corroborates the fact that RD SO
coupling does not provide any trapping mechanism [271]. The latter is indeed recovered
by applying the helicoidal SO coupling. It was, for example, shown by Liu et al. [272]
that another mechanism to stabilize 2D and 3D solitons under simultaneous Rashba
and Dresselhaus SO coupling was through the application of long-range anisotropic
attractive dipole-dipole interactions. Anisotropic vector solitons were generated, and
their collision confirmed the trapping e↵ect of the dipole-dipole interactions. A new
direction to the present study may be the generation of soliton via wave collision and
their stabilization through the helicoidal SO coupling.

Evidently, the present contribution not only opens a new route for the investiga-
tion of several interesting physical aspects of dissipative multicomponent condensates,
but also reveals the richness in the complex dynamics exhibited by the SO-coupled
BECs, as inspired by the recent theoretical and experimental results on dynamical
instabilities [302, 303]. It is also a promising starting point to study the behavior of
the proposed system under the coupled e↵ects the SO coupling and multi-body inter-
atomic interactions in higher dimensions. Finally, we believe that a powerful tool in
probing novel dynamical behaviors will be provided by further studies on SO-coupled
dissipative BECs, and shed more light on the suitable system parameter values to be
used.

Interesting extensions of this thesis may be:

• Examine the Rayleigh-Taylor instability in two-species Bose-Einstein conden-
sates with SO couplings.

• Explore the form of rogue wave solutions of 2D coupled Gross-Pitaevskii equa-
tions with variable coe�cients and with SO couplings that describe atomic
Bose–Einstein condensates in di↵erent experimentally relevant settings.

• Investigate the property of matter-wave solitons in Bose–Einstein condensates
with helicoidal and Rasha-Dresselhaus SO couplings by multiscale perturbation
method.

• Investigate the modulational instability phenomenon in Bose–Einstein conden-
sates under local two- and three-body interactions with helicoidal and Rasha-
Dresselhaus SO couplings.

• Investigate the modulational instability phenomenon of rotating SO coupled
Bose–Einstein condensates in a toroidal trap with helicoidal and Rasha-Dresselhaus
SO couplings.

• Investigate, via a variational approach, the dynamics and properties of nonlinear
matter waves in a trapped BEC with helicoidal and Rasha-Dresselhaus SO cou-
plings, subject to a PT -symmetric linear potential, with the trap in the form of
a super-Gaussian potential.
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APPENDICES

Appendix A: Critical temperature (1.10)

To find the critical temperature relation, we start o↵ with 1.8
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at T = Tc this simplifies to
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mKB

✓
N

2.612V

◆2/3

.

Appendix B

B1. Two-dimensional GP equations derivation

Within the mean-field formulation, the two pseudospin states are described by an
energy functional given by

E =

Z +1

�1

Z +1

�1
(E0 + Eint) dxdy (3.28)

where

E0 =
1

2
( ⇤

H0 ) , (3.29)

where  = ( 1, 2)T (T stands for the transpose) is the condensate wavefunction,  1

and  2 are associated with the pseudo-spin components. The interaction Hamiltonian
Eint takes the common contact form of the scattering interaction of the s�wave [282].
The model Hamiltonian H0 assumes the form

H0 = HHSO +HZ +HRSO +HDSO, (3.30)

where HHSO, HZ , HRSO, and HDSO are the helicoidal SO coupling Hamiltonian, Zee-
man Hamiltonian, Rashba Hamiltonian, and Dresselhaus Hamiltonian, respectively.
The single-particle Hamiltonian of the system can be written as [283]

HHSO =
1

2

⇥
(�0px + ↵(~� · ~n))2 + (�0py + ↵(~� · ~m))2

⇤
, (3.31)

where px = �i@/@x and py = �i@/@y are the momentum operators, ↵ is the strength
of helicoidal SO coupling, and the position-dependent unit vectors ~n and ~m determine
the SO coupling direction, � = (�x, �y, �z) is the vector Pauli matrices, �0 is the
identity matrix

�x =

✓
0 1
1 0

◆
, �y =

✓
0 �i

i 0

◆
, �z =

✓
1 0
0 �1

◆
�0 =

✓
1 0
0 1

◆
. (3.32)

For the sake of simplicity, we consider a helicoidal SO coupling with the periods ⇡/�x
and ⇡/�y, respectively, given by

~n = (cos(2�xx+ 2�yy), 0, sin(2�xx+ 2�yy)) ,

~m = (� sin(2�xx+ 2�yy), 0, cos(2�xx+ 2�yy)) , (3.33)
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where �x and �y are the frequencies of rotation in the x� and y�directions. The
positive and negative values of �x and �y are refer to the right- and left-handed modes,
respectively [284–286]. The 2D spinor BEC in the prescence of SOC can be writtens
as

i
@~ 

@t
=

1

2

2

4
 
�i�0

@

@x
+ ↵(~� · ~n)

!2 
�i�0

@

@y
+ ↵(~� · ~m)

!2
3

5 ~ . (3.34)

Let’s say

T1
~ =

1

2

 
�i�0

@

@x
+ ↵(~� · ~n)

!2

~ , (3.35a)

T2
~ =

 
�i�0

@

@y
+ ↵(~� · ~m)

!2

~ . (3.35b)

We recall that we considered the following gauge transformation Eq. (??)

 j = e
�i↵2t

e
�i(�2

x+�2
y)t/2e

�i(�z�xx+�x�yy) ~ j, (3.36)

Substituiting Eqs. (3.32),(3.33) and (3.36)into Eq. (3.35) we get

T1
~ = i�x

0

B@

@ 1

@x

�
@ 2

@x

1

CA+
�
2
x

2

✓
 1

 2

◆
�

1

2

0

B@

@
2
 1

@x2

@
2
 2

@x2

1

CA+
↵
2

2

✓
 1

 2

◆

� ↵�x

✓
(sin(2�xx+ 2�yy) 1 � cos(2�xx+ 2�yy) 2)
(cos(2�xx+ 2�yy) 1 + sin(2�xx+ 2�yy) 2)

◆

� i↵

0

BBBB@

 
sin(2�xx+ 2�yy)

@ 1

@x
+ cos(2�xx+ 2�yy)

@ 2

@x

!

 
cos(2�xx+ 2�yy)

@ 1

@x
� sin(2�xx+ 2�yy)

@ 2

@x

!

1

CCCCA
(3.37a)

T2
~ = i�y

0

BB@

@ 2

@y

�
@ 1

@y

1

CCA+
�
2
y

2

✓
 1

 2

◆
�

1

2

0

BB@

@
2
 1

@y2

@
2
 2

@y2

1

CCA+
↵
2

2

✓
 1

 2

◆

� ↵�y

✓
(�sin(2�xx+ 2�yy) 1 + cos(2�xx+ 2�yy) 2)
(�cos(2�xx+ 2�yy) 1 � sin(2�xx+ 2�yy) 2)

◆

� i↵

0

BBBB@

 
cos(2�xx+ 2�yy)

@ 1

@y
� sin(2�xx+ 2�yy)

@ 2

@y

!

 
�sin(2�xx+ 2�yy)

@ 1

@y
� cos(2�xx+ 2�yy)

@ 2

@y

!

1

CCCCA
(3.37b)

Next, the Zeeman Hamiltonian is given by

HZ =
��z
2

, (3.38)
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where � is the strength of Zeeman splitting. We consider the last two terms

��z
2

~ =
�

2

✓
1 0
0 �1

◆✓
 1

 2

◆

=
�

2

✓
1⇥ 1 + 0⇥ 2

0⇥ 1 � 1⇥ 2

◆

=
�

2

✓
 1

� 2

◆
(3.39)

Originally, the Rashba e↵ect was studied as a phenomenon due to spin splitting
by an applied electric field in 3D electron gas systems. The Rashba Hamiltonian
originating from SO coupling is given as

HRSO = �R(~� ^ ~p) · êz, (3.40)

where �R is the strength of Rashba SO coupling, êz is the unit vector directed along
the symmetry axis

HRSO = �R

✓
�x �y �z

px py 0

◆
· êz

= �R

⇣
~i(�y0� �zpy)�~j(�x0� �zpx) + ~k(�x · py � �y · px)

⌘
· êz

= �R

⇣
�~i�zpy +~j�zpx + ~k(�xpy � �ypx)

⌘
(o~i+ 0~j + 1~k)

= �R

⇣
(�~i�zpy · o~i) + (~j�zpx · 0~j) + ~k(�xpy � �ypx) · 1~k

⌘
, (3.41)

the 2D Rashba SO coupling Hamiltonian reduces to

HRSO = �R (�xpy � �ypx) . (3.42)

Since px = �i
@
@x and py = �i

@
@y , then

HRSO = �R (�xpy � �ypx)

= �R

✓
�x(�i

@

@y
)

◆
� �y

✓
�i

@

@x

◆

= i�R(��x
@

@y
+ �y

@

@x
). (3.43)

Finally

HRSO = �i�R

✓
�x

@

@y
� �y

@

@x

◆
. (3.44)

substituting the gauge transformation Eq. (??) into Eq. (3.44) we get

HRSO
~ = �i�R

0

BB@i�y

✓
 1

 2

◆
+

0

BB@

@ 2

@y

@ 1

@y

1

CCA+ i�x

✓
i 2

i 1

◆
�

0

B@
�i
@ 2

@x

i
@ 1

@x

1

CA

1

CCA (3.45)
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The Dresselhaus Hamiltonian originating from SO coupling is given as

HDSO = �3D(~� · ~K), (3.46)

where �3D is the 3D strength of Dresselhaus SO coupling, Kz = pz(p2x � p
2
y), and Kx

and Ky can be obtained from Kz by cyclic permutations, leading to Kx = px(p2y � p
2
z)

and Ky = py(p2z�p
2
x), respectively. Here, the 2D Dresselhaus SO coupling Hamiltonian

reduces to
HDSO = �D(�xpx � �ypy), (3.47)

where �D is the 2D strength of Dresselhaus SO coupling. substituting the gauge
transformation Eq. (??) into Eq. (3.47) we get

HDSO
~ = �D

0

BB@betax

✓
 2

 1

◆
+

0

B@
�i
@ 2

@x

�i
@ 1

@x

1

CA+ i�y

✓
� 1

 2

◆
+

0

BB@

@ 2

@y

�
@ 1

@y

1

CCA

1

CCA (3.48)

The interaction Hamiltonian is given by

Eint =
1

2

�
g11| 1|4 + g22| 2|4 + 2g12| 1|2| 2|2

�
, (3.49)

where g11 = 2a11/a? and g22 = 2a22/a? are the two-body intraspecie interactions
coe�cients, while g12 = 2a12/a? and g21 = 2a21/a? are the two-body inter-species
interaction coe�cients. Here, a? =

p
~/(mw?) denotes the transverse characteristic

length, with w? being the transverse trap frequency, m is the atomic mass and ~ is
the Planck constant, a11, a22, and a12 are the scattering lengths of the s�wave.

G = diag
�
g11| 1|2 + g12| 2|2, g22| 2|2 + g21| 1|2

�

=

✓
g11| 1|2 + g12| 2|2 0

0 g22| 2|2 + g21| 1|2
◆
, (3.50)

so,

G~ = diag
�
g11| 1|2 + g12| 2|2, g22| 2|2 + g21| 1|2

�

=

✓
g11| 1|2 + g12| 2|2 0

0 g22| 2|2 + g21| 1|2
◆✓

 1

 2

◆

=

✓
(g11| 1|2 + g12| 2|2)⇥ 1 + 0⇥ 2

0⇥ 1 + (g22| 2|2 + g21| 1|2)⇥ 2

◆

=

✓
(g11| 1|2 + g12| 2|2)⇥ 1

(g22| 2|2 + g21| 1|2)⇥ 2

◆
(3.51)

The BEC dynamics in the mean-field approximation is governed by i~@ j

@t = �E
� ⇤

j
,

(j = 1, 2), from which we obtained Eq. (3.15)
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B2. Coe�cients Pj (j = 0, 1, 2, 3) of the dispersion relation (3.22)

The coe�cients of dispersion relation. (3.22) in Chapter 3 are given by

P3 = m11 +m22 �m33 �m44,

P2 = m11n22 �m11m44 �m22m33 �m22m44 +m33m44 �m34m43 +m14m41 +m42m24 �m11m33

+m23m32 �m12m21 +m13m31,

P1 = m22m33m44 �m22m34m43 �m11m34m43 +m11m33m44 �m11m22m44 +m11m23m32

+m23m34m42 +m11m42m24 +m24m32m43 �m24m33m42 �m11m22m33 +m33m12m21

�m13m12m32 �m14m21m42 +m14m31m43 �m14m41m33 +m13m22m31

�m13m31m44 +m13m34m41 �m12m24m41 +m13m14m31

+m14m22m41 �m23m32m44 +m12m21m44 �m12m23m31,

P0 = m11m24m32m43 �m11m24m33m42 �m11m23m32m44 +m11m23m34m42 +m11m22m44m33

�m12m31m24m43 +m12m24m33m41 �m44m33m12m21 +m12m21m34m43 +m12m23m31m44

+m13m24m31m42 �m13m24m32m41 +m13m21m32m44 �m13m21m34m42 �m13m22m31m44

�m14m21m32m43 +m14m21m33m42 +m14m22m31m43 �m14m22m33m41 �m14m23m31m42

�m11m22m34m43 �m12m23m34m41 +m13m22m34m41 +m14m23m32m41.

(3.52)

B3. Matrix (3.21) elements for the case �x = �y = 0

Appendix B4 shows the elements of matrix for the case�x = �y = 0

m11 = ⌦� ↵K2, m12 = �K1↵� (iK1 +K2)�R � �D(K1 + iK2),

m13 = �1

2
(K2

1 +K
2
2), m14 = 0, m21 = �R(iK1 �K2) + �D(K1 � iK2)�K1↵,

m22 = ⌦� ↵K2, m23 = 0, m24 = �1

2
(K2

1 +K
2
2), m31 =

1

2
(K2

1 +K
2
1) + 2g11n0,

m32 = 2g12n0, m33 = �⌦+ ↵K2, m34 = K1↵ + �R(K2 + iK1) + �D(K1 + iK2),

m41 = 2g12n0, m42 =
1

2
(K2

1 +K
2
2) + 2g22n0, m43 = k1↵ + �R(K2 � iK1) + �D(iK2 �K1),

m44 = �⌦+ ↵K2.

(3.53)
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B4. Matrix (3.21) elements for the case �x = �y = �, with (�x+�y) =
⇡/2

Appendix B5 shows the elements of matrix for the case�x = �y = �

m11 = ⌦+ (�K1 + ↵K2), m12 = K1↵ +K2� � (iK1 +K2)�R � �D(K1 + iK2),

m13 = �1

2
(K2

1 +K
2
2) + �(�D + i�R), m14 = ��(�D + i�R),

m21 = (�K2 + ↵K1) + �R(iK1 �K2) + �D(K1 � iK2), m22 = ⌦+ (↵K2 + �K1),

m23 = ��(�D + i�R),

m24 = �1

2
(K2

1 +K
2
2) + �(�D + i�R), m31 =

1

2
(K2

1 +K
2
1) + 2g11n0 � �(�D + i�R),

m32 = 2g12n0 + �(�D + i�R), m33 = �⌦� (�K1 + ↵K2),

m34 = �R(K2 + iK1) + �D(K1 + iK2)� (K1↵ +K2�),

m41 = 2g12n0 + �(�D + i�R), m42 =
1

2
(K2

1 +K
2
2) + 2g22n0 � �(�D + i�R),

m43 = �R(K2 � iK1) + �D(iK2 �K1)� (�K2 +K1↵), m44 = �⌦+ (�K1 � ↵K2).
(3.54)
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We introduce a vector form of the cubic complex Ginzburg-Landau equation describing the dynamics of
dissipative solitons in the two-component helicoidal spin-orbit coupled open Bose-Einstein condensates (BECs),
where the addition of dissipative interactions is done through coupled rate equations. Furthermore, the standard
linear stability analysis is used to investigate theoretically the stability of continuous-wave (cw) solutions and
to obtain an expression for the modulational instability gain spectrum. Using direct simulations of the Fourier
space, we numerically investigate the dynamics of the modulational instability in the presence of helicoidal
spin-orbit coupling. Our numerical simulations confirm the theoretical predictions of the linear theory as well as
the threshold for amplitude perturbations.

DOI: 10.1103/PhysRevE.103.052206

I. INTRODUCTION

The experimental observation of Bose-Einstein conden-
sates (BECs) of trapped atomic vapors has allowed inves-
tigations of some fundamental concepts of atomic physics
and condensed matter [1,2]. It is well known that, at very
low temperatures, the dynamical behavior of a BEC is well
described by the Gross-Pitaevskii (GP) equation [3,4], which
is a nonlinear Schrödinger (NLS) equation with an external
potential. The GPE exhibits many types of nonlinear exci-
tations such as dark solitons [5], representing holes in the
otherwise homogeneous atomic distributions, bright solitons
[5], characterized by atomic density distribution localized in
space, compactons [6], and nonlinear periodic waves [7]. In
addition, gray solitons [8], gap matter solitons [9], vortices
[10], vortex lattices [11], Faraday waves [12], Bloch oscil-
lations of BECs, Landau-Zener tunneling [13], superfluid to
Mott-insulator phase transition [14], and compression of a
condensate [15], have been studied theoretically as well as
experimentally.

All the nonlinear phenomena observed in matter-wave
condensates can be better explained with exact analytical
solutions of the GP equation [16–19]. It is well known
that the matter wave dynamics of a BEC loaded in optical
lattices, which can be effectively manipulated by external
field, leads to a number of BEC applications, like atomic
interferometry [20], quantum phase transitions [21], matter
wave amplification [22], atom lasers [23], and others. For
instance, the two-component BECs whose dynamics are de-
scribed by the NLS equations or GP equations, in which both

*phelo.otlaadisa@studentmail.biust.ac.bw
†Corresponding author: tabic@biust.ac.bw
‡tckofane@yahoo.com

the self-phase-modulation (SPM) and cross-phase-modulation
(XPM) terms are represented by cubic terms, lead to novel
nonlinear structures, such as dark-bright complexes [24,25],
dark-dark solitons [26], bright-bright solitons [27], domain
walls [28], vortex-antivortex dipoles [29], and skyrmions [30].
Dark-bright (DB) solitons are arguably one of the most in-
triguing coherent structures in two-component systems. The
DB structures are made up of a dark soliton in the first
component, which is responsible for an effective trapping
potential that localizes a bright soliton in the second compo-
nent, through nonlinear coupling. In binary BEC, dark-bright
soliton complexes were predicted in theory [24] and observed
in experiments [31] in a repulsive 87Rb BEC binary mixture,
using a phase imprinting method [31]. Most recently, multiple
dark-bright solitons [25] as well as dark-dark solitons [32]
were also created in a counterflow experiment [25].

Very recently, the interest in the physics of mixtures of
spinor Bose-Einstein condensates and, in particular, in spin-
orbit coupling (SOC) of neutral atoms in BECs [33,34] and
fermionic gases [35,36], is motivated by currently available
experimental techniques allowing the creation of versatile ef-
fective gauge potentials in ultracold atoms, Abelian or even
non-Abelian, relevant not only to condensed-matter physics
but also to the understanding of interactions between parti-
cles [37]. More precisely, different from electrons that are
fermions, the ultracold atoms with SOC can be bosons. The
so-called SOC-BEC [38] is a model where a synthetic spin
degree of freedom coupled with the momentum allows one to
simulate spin-orbit interactions in condensed matter physics
and at the same time naturally introduces different types of
gauge fields [34] which can be created and controlled by
external laser beams, and has profoundly advanced our under-
standing of many interesting phenomena, such as the quantum
spin Hall effect, superconductivity, and topological insula-
tors [37]. Moreover, coupling between atomic spin and its

2470-0045/2021/103(5)/052206(15) 052206-1 ©2021 American Physical Society

https://orcid.org/0000-0003-0103-6534
https://orcid.org/0000-0001-6505-7866
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevE.103.052206&domain=pdf&date_stamp=2021-05-05
https://doi.org/10.1103/PhysRevE.103.052206


OTLAADISA, TABI, AND KOFANÉ PHYSICAL REVIEW E 103, 052206 (2021)

momentum were experimentally achieved in a spin − 1
2 of

87Rb BEC [33], in a spin −1 of 87Rb BEC [39], and in other
laboratories [36,40], respectively, stimulating extensive the-
oretical investigations of the properties of SOC-BECs, which
includes vortices [41], Skyrmions [30], Dirac monopoles [42],
and dark solitons [43], as well as self-trapped states [44],
bright solitons [45], and also gap solitons [46]. In addition,
multipeak bright solitons [47] and bright single- and multi-
peak vector solitons [48] have been found in SOC-BECs.

BECs behave quite differently when in contact with an
external environment (reservoir). When in contact with a
reservoir, a BEC is subject to particle and heat exchange.
Then, the statistical physics predicts large statistical number
fluctuations of the order of the total particle number occurring
deep in the condensed phase of the BEC [49]. The reservoir
can be a thermal bath or noncondensate atoms. Thus, in such
open BEC systems, atom losses and dissipation are unavoid-
able phenomena when interactions between the condensed
and uncondensed atoms are taken into account, which signifi-
cantly affect the dynamics of the system. The linear coupling
between the reservoir and condensate atoms inside the traps
corresponds to the energy exchange between the system and
reservoir through the creation and absorption of bath quanta
or condensate atoms in the traps. In the system, dissipation
is induced by the reservoir fluctuation in agreement with the
fluctuation-dissipation theorem [50]. The dissipation is com-
pensated for by a transfer from the uncondensed fraction of
trapped atoms into the condensate atoms. Those in turn are
refilled by continuous pumping processes [51].

Dissipative phenomena are nowadays attracting a great
deal of attention in nonlinear media studies. They are among
the main forces acting against the formation of nonlinear
coherent structures in extended systems. When dissipation
is present in systems without additional gain mechanisms,
typically all excitations decay into the regime of linear waves.
Very recently, controlled dissipation proved to be a useful tool
for probing a quantum system in an ultracold setup. Moreover,
dissipation was engineered and exploited as a measurement
tool to study quantum effects in ultracold atoms and various
other systems [52]. In the meantime, dissipation in a double
well BEC coupled to a thermal bath was found to cause a
macroscopic quantum self-trapping state to decay away [53].
In addition to that localized particle, dissipation was also
found to restore BEC coherence [54]. Furthermore, the real-
time dynamics of open quantum spin-1/2 or hardcore boson
systems on a spatial lattice, governed by a Markovian quan-
tum master equation, has also been investigated [55]. On the
other hand, experimentally, grand canonical conditions in the
condensed phase have been realized in a photon BEC coupled
to a dye medium [56], where thermalization of the photon gas
is achieved by absorption and reemission processes on dye
molecules [57].

One of the key issues of soliton wave theory is the universal
modulation instability (MI) phenomena which is one of the
most fundamental processes in nonlinear wave systems in
nature. MI, which is an indispensable mechanism for under-
standing pattern formation in a uniform medium, is a process
in which the amplitude and phase modulations of a wave grow
under the combined effects of nonlinearity and diffraction or
dispersion in a spatially nonlinear field. Generally, MI occurs

in the same regions of parameters where bright solitons are
observed, and can be considered as a precursor to formation
of localized nonlinear excitations, or soliton trains, and is
deeply studied in nonlinear optics [58], plasma physics [59],
hydrodynamics [60], electrical transmission lines [61], and
biophysics [62,63].

In the context of BEC, investigations show that the MI
has been responsible for the dephasing and the localization
of the condensate, which are vital in understanding the dy-
namic processes in the BEC systems, which include domain
formation [28], generation and propagation of solitonic waves
[64], quantum phase transitions [65], and so on. Moreover,
there has been extensive research on the MI in BECs both
experimentally and theoretically for single- as well as two-
component systems [66–75].

As in other physical systems [76], it was concluded that
the single-component MI is feasible only for attractive in-
teractions, and, in such case, the phase fluctuations caused
by the MI leads to the formation of soliton trains. However,
the breakthrough work by Goldstein and Meystre [77] opens
up the possibility of MI even for repulsive interactions in
two-component BECs [28], similar to the result known in
nonlinear optics [78], in the case when the XPM is stronger
than the SPM of each component. In such a case, the MI does
not create trains of bright solitons, but rather creates domain
walls which realize the phase separation in the immiscible
binary BEC [79]. In addition, due to the production of the
SOC in BEC, the dynamical instability of supercurrents, as
a consequence of the violation of Galilean invariance, was
investigated [80,81]. In particular, one may expect that the
MI will lead to the generation of striped structures which
realize the ground state in the SOC-BEC with repulsive or
attractive intrinsic nonlinearity. The MI of two-component
BECs with SOC in one and two dimensions was recently
explored [82,83].

The main scope of the present paper is to focus on such MI
phenomena and solitary structures, emerging from spin-orbit
coupling to dissipative Bose-Einstein condensates. It is known
that the self-modulation of waves in the BEC dynamics in an
atomic trap is governed by the GP equation, which in fact
is the NLS equation describing a conservative motion [5].
Moreover, in the case of SOC dissipative BECs, an atomic
BEC is coupled to a source of uncondensed atoms, at the same
temperature, and to a sink. It has been shown that the idealized
description in terms of a GP equation breaks down for this
dissipative dynamics of open BECs [84]. In our contribution,
we start with coupled GP equations describing the evolution
of the condensate wave functions of the two-component heli-
coidal SO-coupled BECs equally distributed between the two
pseudospin states. Then, we add dissipative terms to the cou-
pled GP equations and we couple the resulting equations with
rate equation coupling between condensed and uncondensed
atoms. Thus, we apply an adiabatic elimination procedure and
show that two-component helicoidal SO-coupled dissipative
BECs obey coupled cubic complex Ginzburg-Landau (CGL)
equations. Furthermore, we discuss theoretically and numeri-
cally the MI process by using the framework of this coupled
cubic CGL equation in the effectively one-dimensional (1D)
geometry. We examine their stability by means of both the rig-
orous analysis of linearized equations for small perturbations,
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and in direct numerical simulations to support our analytical
results.

The rest of the paper is organized as follows. In Sec. II, we
introduce the coupled GP equations for the two-component
helicoidal SOC dissipative BECs from which the coupled cu-
bic CGL equations are derived using the adiabatic elimination
procedure. In Sec. III, we undertake the analytical study of the
linear stability and MI of plane wave solutions of the coupled
cubic CGL equations. The instability zones as well as the
analytical expressions of the gain of MI are obtained. Then,
in Sec. IV, the results of linear stability analysis are validated
by the direct numerical simulations of the governing equation
using the split-step Fourier transform method. Section V con-
cludes the paper.

II. BASIC EQUATIONS

A. A system of two coupled 1D cubic GP equations

There exist three different approaches towards a theoretical
description of a continuous-wave (cw) atom laser. The first
one relies on rate equations [85], the second one derives a
quantum mechanical master equation [86], and the third one,
which we consider in this paper, uses a classical treatment
of the electromagnetic field [87], which was sufficient to de-
scribe many features of the laser. In doing so, we consider the
evolution of the condensate wave functions of two-component
helicoidal SO-coupled BECs equally distributed between the
two pseudospin states, in a 1D setting. Within the framework
of mean-field theory, the macroscopic wave functions of such
a system obey the following coupled 1D cubic GP equations
without an eternal trapping potential term [88]:

i
∂ψ1

∂t
= −1

2
∂2ψ1

∂x2
+ iβ

∂ψ1

∂x
− iα

∂ψ2

∂x
+ %

2
ψ1

+ (g11|ψ1|2 + g12|ψ2|2)ψ1, (1)

i
∂ψ2

∂t
= −1

2
∂2ψ2

∂x2
− iβ

∂ψ2

∂x
− iα

∂ψ1

∂x
− %

2
ψ2

+ (g22|ψ2|2 + g21|ψ1|2)ψ2, (2)

where ψ1 and ψ2 are the two-component BEC pseudo-spin
states, β is the helicoidal gauge potential, α represents the
SOC strength, and % is the strength of the Zeeman splitting.
Next, g11 = 2a11/a⊥ and g22 = 2a22/a⊥ are the strengths of
the two-body intraspecies interactions, while g12 = 2a12/a⊥
and g21 = 2a21/a⊥ denote the strength of the two-body inter-
species interactions. Here a⊥ =

√
h̄/(mw⊥) is the transverse

characteristic length, w⊥ is the transverse trap frequency, m is
the atomic mass, and h̄ is the Planck constant. The a11, a22,
and a12 are the s-wave scattering lengths that can be adjusted
by optical [89] and magnetic [90] Feshbach resonance tech-
niques in experiment. Finally, the spatial variable x, time t ,
density (|ψ1|2 + |ψ2|2), and energy are expressed in normal-
ized units a⊥, w−1

⊥ , a−1
⊥ , and h̄w⊥, respectively. The wave

functions are normalized as Nj =
∫

|ψ j |2dx, with j = 1, 2,
while the total number of atoms, i.e., the sum of numbers N1
and N2 of atoms of the jth component, is

N = N1 + N2 =
∫

(|ψ1|2 + |ψ2|2)dx, (3)

which is the dynamical invariant of the lossless system. We
should, however, stress that the set of coupled cubic GP
equations (1) and (2) was derived by Li et al. [88] follow-
ing a procedure proposed by Kartashov and Konotop [91],
based on the point translational symmetry induced by the
helicoidal structure of the vector potential and the rotating
frame using a gauge transformation. As a consequence, the
point translational symmetry of their generic equations, with
periodically varying parameters, was changed into continuous
translational symmetry, leading to a vector GP equation with
constant coefficients with no magnetic trap. Nevertheless, in
the original model proposed in Ref. [91], in the absence of the
Zeeman splitting, the system obeys PT symmetry.

The definitions of PT -symmetric potentials and their
properties have been discussed in the past few years [92–95].
In particular, for a PT -symmetric Hamiltonian, there exists a
critical threshold above which its eigenvalues are not real but
become complex, and the system undergoes a phase transi-
tion because of the spontaneous PT -symmetry breaking [92].
Transition through this exceptional point is the most typical
scenario of PT -symmetry breaking, which arises in a more
general context of non-Hermitian physics [95]. Indeed, it has
been suggested that in nonlinear optics there is a possibility
of realizing PT -symmetric structures, which are achieved
through a suitable distribution of the regions of gain or loss
in the environment [96]. Furthermore, BECs confined in PT -
symmetric potentials, both in realistic setups as well as in
theoretical models, have been studied recently. It is assumed
that the BEC interacts with the local environment by adding
an imaginary component on the potential profile, account-
ing phenomenologically for gain and loss in the system. To
experimentally implement gain-loss mechanisms in a BEC
trapped in a single-well potential, a pumping scheme similar
to the one implemented in atom lasers can be exploited, as
well as optical dipole traps, suitably adjusting the detuning
to red or blue, whereas the loss mechanisms can be imple-
mented by illuminating the BEC with electron beams [52].
It was proposed [97] that a system similar to PT -symmetric
waveguides could be realized using a BEC in a double-well
potential, where in one well particles are injected, while from
the other well particles are removed. It was demonstrated that
a PT -symmetric external potential for BECs can be realized
with tilted optical lattices with a defect. The defect, consisting
of two potential wells at the same height, i.e., a discontinuity
in the tilt, acts as a PT -symmetric subsystem. The influxes
and outfluxes of the condensate’s probability density can be
modeled as imaginary PT -symmetric contributions [98]. On
the other hand, in cold atom physics, the use of optical lattices
gives rise to additional possibilities, including the creation of
gap solitons [46,99]. A diversity of symmetric and asymmetric
lattice gap solitons in a SO-coupled BEC subject to a spatially
periodic Zeeman field, and classified with respect to their
parity, time, and pseudocharge symmetries, has been reported
[46]. At the same time, it has been shown that a rich variety of
two-dimensional stable solitons may exist in a SOC-BEC held
in a Zeeman lattice and classified on the basis of symmetries
imposed by the Zeeman lattice. In this respect, multipole and
half-vortex solitons have been identified [99].

So far, however, no linear and nonlinear stages of MI have
been reported in a 1D SO-coupled BEC in lattice potentials,

052206-3



OTLAADISA, TABI, AND KOFANÉ PHYSICAL REVIEW E 103, 052206 (2021)

where the addition of dissipative interactions is done through
coupled rate equations. The extension of the model to realistic
external potentials is expected to provide on a qualitative and
often on a quantitative level interesting outcomes concerning
the generation of a broader class of dissipative solitons in
1D SO-coupled BECs. However, we will leave this inter-
esting subject for future studies, and in the present paper
and will only be concerned with the dynamics of MI in a
1D two-component helicoidal SO-coupled open BEC with
dissipative interactions, without the support of any trapping
potential. Of course, in a real experiment, any matter-wave
state is created in a trapping potential. But it has been demon-
strated that the two-component model of the BEC with the
SO-Rashba coupling and cubic attractive interactions gives
rise to semivortices and mixed modes which readily self-trap
under the protection of the usual isotropic harmonic-oscillator
trapping potential, and remain stable if the potential is grad-
ually switched off [100], revealing that the SOC and the
harmonic-oscillator trap may be manipulated in a completely
independent fashion. Interestingly, even in the absence of
trapping potentials, other studies indicate that, in dissipative
exciton-polariton condensates supported by a narrow external
pump beam, there could be formation of strongly localized
stationary dissipative solutions, which are termed quasicom-
pactons [101].

To gain physical insights into the mechanism at work in
the condensate-reservoir interactions, we introduce two addi-
tional loss and gain terms in the coupled cubic GP equations
as done by Kneer et al. [87]. The loss terms,

Hlossψ1 = − i
2
γcψ1 and Hlossψ2 = − i

2
γcψ2, (4)

which are due to coupling the atom wave out of the resonator,
lead to an exponential decay of the number of atoms in the
condensates ψ1 and ψ2, respectively, with γc being the con-
densed atoms’ escape rate from the BEC. In contrast, the gain
terms

Hgainψ1 = + i
2
'nuψ1 and Hgainψ2 = + i

2
'nuψ2 (5)

lead to an increase of atoms in the condensates, with ' being
the rate constant coupling the condensate fields ψ1 and ψ2, re-
spectively with the number of atoms outside the condensates,
nu. We can then, finally, rewrite Eqs. (1) and (2) as

i
∂ψ1

∂t
= −

1
2
∂2ψ1

∂x2
+ iβ

∂ψ1

∂x
− iα

∂ψ2

∂x
+

%

2
ψ1

+ (g11|ψ1|2 + g12|ψ2|)ψ1 − i
2
γcψ1 +

i

2
'nuψ1, (6)

i
∂ψ2

∂t
= −

1
2
∂2ψ2

∂x2
− iβ

∂ψ2

∂x
− iα

∂ψ1

∂x
−

%

2
ψ2

+ (g22|ψ2|2 + g21|ψ1|2)ψ2 −
i

2
γcψ2 +

i

2
'nuψ2. (7)

In addition, for the number of uncondensed atoms, nu, we
assume the rate equation [84]

dnu

dt
= R(x) − γunu − 'nunc. (8)

Here, we have written the rate equation by referring to a
local coupling [84] instead of the overall atomic population
over the whole trap volume [87]. The physical interpretation
of the rate equation (8) can be given as follows. The first
term indicates that atoms in an uncondensed state have been
pumped into the reservoir of atoms at a rate R(x), and relax
at a rate γu. On the other hand, the term −γunu takes into
account that atoms can escape from our system without being
trapped in the condensed state. Finally, the last term in the
rate Eq. (8), −'nunc, which is proportional to the number of
atoms nc = (|ψ1|2 + |ψ2|2), describes the transition of atoms
into the condensate.

It is relevant to mention the first observations of BEC
of excitons in solid state systems, which have been recently
reported in a gas of exciton polaritons [102]. One crucial dif-
ference between polariton condensates and other realizations
of the two-dimensional Bose gas such as liquid 4He films and
tightly confined ultracold atomic gases comes from the finite
lifetime of the microcavity polaritons of the order of a few
picoseconds. In order to compensate for the polariton losses,
new particles can be continuously injected into the microcav-
ity. In general, the dynamics of exciton-polariton condensates
is governed by a set of classical field equations for the polari-
ton dynamics coupled to the exciton reservoir. The roles of
the two subsystems are very different: the polaritonic field is
the quantity of experimental interest because it is easily ac-
cessible in photoluminescence experiments and can be driven
into the quantum degenerate regime. The role of the reservoir
is to replenish the polariton region through relaxation. Here,
the model is based on a mean-field description of the conden-
sate in terms of a generalized GP equation for the macroscopic
wave function including loss and amplification terms. Also
included are interactions between condensate and reservoir.
The condensate evolution has to be coupled to an equation
for the density of reservoir polaritons [103–105]. Recently, a
significant amount of research has also been focusing on the
exciton-polariton condensate with different kinds of coupling
terms [101,106–108] in order to understand fascinating ef-
fects, such as BEC, superfluidity, vortex formation, Josephson
oscillations, Bloch oscillations, and parametric instabilities or
bistability.

B. A system of two coupled 1D cubic CGL equations

In the above subsection, we have generalized a system of
coupled 1D cubic GP equations governing the dynamics of
the two-component condensed atoms with helicoidal coupling
by including gain and loss, which in turn has been coupled to
the rate equation governing the number of uncondensed atoms
[87]. In the case of a one-component BEC without helicoidal
coupling, a generic model of an atom laser including pump
and loss terms in the GP equation was presented. As a re-
sult, it was shown that there exists a threshold for the pump
above which the mean matter field assumes a nonvanishing
value in the steady state. Oscillations around the stationary
solution even in the presence of a loss term have been found
in the transient regime [87]. In addition, to improve the model,
it should be pointed out that the physical grounds for an
additional space dependent diffusive process have been pro-
vided [84]. Using the same approach as in [84], under same
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conditions, we show that dissipative two-component BECs
with helicoidal coupling obey a system of coupled 1D cubic
CGL equations. Based on physical considerations [84], the
relation between the physical variables nu for the uncondensed
phase, which undergoes diffusion processes, is obtained by
including diffusion in Eq. (8) as follows:

∂nu

∂t
= R(x) − γunu − 'nu(|ψ1|2 + |ψ2|2) + Dx

∂2nu

∂x2
. (9)

The corresponding diffusion constant in real space is [84]

Dx = 1
γu

kBT
m

, (10)

where m is the mass of the atoms, T the temperature and kB
the Boltzmann constant. It is also noteworthy that a mean field
theory of the dynamics of a nonequilibrium BEC of exciton
polaritons in a semiconductor microactivity has been used,
and the Goldstone mode of a spatially homogeneous system
has been found to be diffusive based on a generalized GP
equations including loss and amplification terms, and coupled
to an equation for the density of reservoir polaritons, and
where the spatial diffusion rate of reservoir polaritons has
been also taken into account [109]

For further nonlinear analysis, a space Fourier transform is
applied on the physical variables of Eq. (9) as follows:

F (k) =
∫ +∞

−∞

∂nu(x, t )
∂t

e−ikxdx

=
∫ +∞

−∞

(
R(x) − γunu(x, t ) + Dx

∂2nu(x, t )
∂x2

)
e−ikxdx

−
∫ +∞

−∞
['nu(x, t )(|ψ1(x, t )|2 + |ψ2(x, t )|2)]e−ikxdx.

(11)

Consequently, we obtain the needed space Fourier transform
for Eq. (9), which reads

∂ ñu

∂t
= R̃ − (γu + Dxk2)ñu − 'ñu

(
|ψ1|20 + |ψ2|20

)
δ(k), (12)

where ñu(k) = Fnu(x), R̃(k) = FR(x), and

−k2ñu = F
∂2nu(x)

∂x2
.

In deriving Eq. (12), we have considered only the k = 0 com-
ponent in the nonlinear terms, which is just a perturbation
[83]. Then, F (|ψ1|2 + |ψ2|2) = (|ψ1|20 + |ψ2|20)δ(k), where
the distribution δ(x) denotes the Dirac delta function. Next,
the stationary solution of the rate equation (12) is

ñu =
R̃
γu

1 + Dx
γu

k2 + '
γu

(
|ψ1|20 + |ψ2|20

)
δ(k)

. (13)

For long-wavelength perturbations and far from saturation, the
two additional terms in the denominator are less than unity, so
we can then expand Eq. (13) as

ñu =
R̃

γu

(
1 −

Dx

γu
k2 −

'

γu

(
|ψ1|20 + |ψ2|20

)
δ(k)

)
. (14)

Taking the inverse Fourier transform of the obtained Eq. (14),
we have an operator relation

nu =
R

γu

[
1 +

Dx

γu

∂2

∂x2
−

'

γu
(|ψ1|2 + |ψ2|2)

]
. (15)

The adiabatic elimination procedure consists of taking the
stationary solution (15) and substituting into Eqs. (6) and (7).
By doing this, we derive a system of two coupled 1D cubic
CGL equations which reads as

i
∂ψ1

∂t
=

(
i
RDx'

2γ 2
u

−
1
2

)
∂2ψ1

∂x2
+ iβ

∂ψ1

∂x

− iα
∂ψ2

∂x
+

(
%

2
−

i

2
γc + i

R'

2γu

)
ψ1

+
{(

g11 − i
R'2

2γ 2
u

)
|ψ1|2 +

(
g12 − i

R'2

2γ 2
u

)
|ψ2|2

}
ψ1,

(16)

i
∂ψ2

∂t
=

(
i
RDx'

2γ 2
u

−
1
2

)
∂2ψ2

∂x2
− iβ

∂ψ2

∂x

− iα
∂ψ1

∂x
+

(
−

%

2
−

i

2
γc + i

R'

2γu

)
ψ2

+
{(

g22 − i
R'2

2γ 2
u

)
|ψ2|2 +

(
g21 − i

R'2

2γ 2
u

)
|ψ1|2

}
ψ2.

(17)

It is convenient to introduce in Eqs. (16) and (17) appropriate
units for the measurements of time and spatial coordinates.
After such transformations, the considered system is reduced
to the following system of two coupled 1D rescaled cubic
CGL equations:

i
∂ψ1

∂τ
= (iε + %0)ψ1 + (1 + iC4)

∂2ψ1

∂X 2

+ iβ0
∂ψ1

∂X
− iα0

∂ψ2

∂X
− (1 + iC1)|ψ1|2ψ1

− (1 + iC3)|ψ2|2ψ1, (18)

i
∂ψ2

∂τ
= (iε − %0)ψ2 + (1 + iC4)

∂2ψ2

∂x2

− iβ0
∂ψ2

∂x
− iα0

∂ψ1

∂x
− (1 + iC2)|ψ2|2ψ2

− (1 + iC3)|ψ1|2ψ2. (19)

Note that we have used the dimensionless time τ = γct , and
the dimensionless space coordinate X = x/l0, where l0 =√

R̄Dx'
2γ 2

u γc
= 3 × 10−6m is the characteristic length associated

with the dissipative dynamics, and the dimensionless wave
function |ψ̃ j |2 = R̄'2

2γ 2
u γc

|ψ j |2. As mentioned before [84], the
threshold condition (gain = losses) is fulfilled for R = R̄,

052206-5



OTLAADISA, TABI, AND KOFANÉ PHYSICAL REVIEW E 103, 052206 (2021)

where R̄'
γu

= γc. Thus, in the above dimensionless system,

ε =
1
2

(
R'

γuγc
− 1

)
=

1
2

(
R

R̄
− 1

)
,

C1 =
2g11γ

2
u

R'2
, C2 =

2g22γ
2
u

R'2
C3 =

2g12γ
2
u

R'2
,

C4 =
γ 2

u

RDx'
, β0 =

β

l0γc
, α0 =

α

l0γc
, %0 =

%

2γc

(20)

are the other significant parameters. This equation is the new
vector form of the cubic CGL equation in the presence of heli-
coidal spin-orbit coupling in BECs. Several authors [105,109–
115] have derived the vector cubic CGL equation in the ab-
sence of spin-orbit coupling in a large variety of subfields.
In this case, the vector cubic CGL equation appeared in the
context of laser physics giving very appealing opportunities
for the study of spatiotemporal phenomena due to the vector
nature of the complex amplitude of the electric field. The vec-
tor degrees of freedom are associated with the polarization of
laser light. On the other hand, it is also well known that laser
systems are made of several components; an accurate model
then should involve consecutive sets of propagation equations.
The possibility of vectorial topological defects which are not
predictable by the scalar theory has been analyzed [109]. The
vector cubic CGL equation has been derived as an amplitude
description of an atomic transition between spin sublevels,
where the interplay between the polarization state of light and
transverse effects leads to novel states of laser light such as
standing waves with a spatially periodic linear polarization or
coexisting traveling waves with different wave numbers and
circular polarizations [110]. The vector cubic CGL equation
has been studied in detail as a general model for the su-
perposition of two counterpropagating waves with the same
frequency in nonlinear electrical transmission lines [112] and
for an electrically coupled Hindmarsh-Rose neuronal model
with power-law long-range dispersive interactions [113]. In
optics, the vector cubic CGL equation serves for modeling
dual-core erbium-doped optical fibers, the dopant being used
to induce linear gain in one core [115,116]. Exact solitary
pulse solutions, that include space- or time-dependent wave
numbers, have been obtained analytically, for special choices
of variable coefficients of the nonlinear gain/loss terms, by a
modified Hirota bilinear method. Different kinds of pattern
formation are present in the dynamic states of one spatial
dimension (localized structures) [115] and of two spatial
dimensions (topological defects) [117–120] for the vecto-
rial cubic CGL equation. Examples are the synchronization
properties of spatiotemporally chaotic states [117], the iden-
tification of a transition from a glass to a gas phase [118],
and the formation and annihilation processes leading to the
different types of defects [119]. In addition, creation and anni-
hilation processes of different kinds of vector defects, as well
as a transition between different regimes of spatiotemporal
dynamics, have been described [120]. For a finite geometry,
predictions of confined states, temporally modulated con-
fined states, and other dynamic states have been discussed,
with applications to a phenomenological description of os-
cillatory convection in binary fluid convection [121]. Exact
solitary pulse solutions, including space- or time-dependent

wave numbers have been obtained analytically, for special
choices of variable coefficients of the nonlinear gain/loss
terms, by a modified Hirota bilinear method [122]. The vector
cubic-quintic CGL equation has also been studied. Various
families of solitary waves describing the evolution of progres-
sive bright-bright, front-front, dark-dark, and other families
of solitary waves have been found [123]. The evolution and
the stability of vector dissipative optical light bullets [124]
and MI gain regions [125] have been investigated in (2+1)-
dimensional vectorial cubic-quintic CQL equations.

III. DERIVATION OF THE EXPRESSION FOR MI GAIN IN
A SYSTEM OF TWO COUPLED 1D CUBIC CGL
EQUATIONS WITH HELICOIDAL COUPLING

In order to study the MI of Eqs. (18) and (19), we use
the standard linear stability analysis. For this, we consider
the propagation of the cw or quasi-cw state in the form of
a miscible binary condensate with uniform densities n10, n20
and the common chemical potential µ of both components.
The steady-state solutions of a system of two coupled 1D
cubic CGL equations with helicoidal coupling (18) and (19),
corresponding to the cw state, can be written as

ψ j = e−iµτ√n j0, j = 1, 2, (21)

and Eq. (21) shows that the densities, Zeeman splitting, inter-
actions, and chemical potential are determined by algebraic
equations

%0 = (−1)3− j (µ + n3− j,0 − n j0)

+ i(−1)3− j (Cjn j0 + C3n3− j,0 − ε).
(22)

To study the MI of cw solutions, in the helicoidal SO-coupled
BECs, we introduce a perturbed field of the form

ψ j = e−iµτ (
√

n j0 + δψ j ), (23)

where δψ j are small perturbations, with |δψ j | & √n j0 being
complex fields. Substituting Eq. (23) into Eqs. (18) and (19)
and linearizing around the unperturbed solutions lead to the
following equations for the perturbed fields:

i
∂ (δψ1)

∂τ
= (1 + iC4)

∂2(δψ1)
∂X 2

+ iβ0
∂ (δψ1)

∂X
− iα0

∂ (δψ2)
∂X

− (1 + iC1)n10(δψ∗
1 + δψ1)

− (1 + iC3)
√

n10n20(δψ∗
2 + δψ2), (24)

i
∂ (δψ2)

∂τ
= (1 + iC4)

∂2(δψ2)
∂X 2

− iβ0
∂ (δψ2)

∂X
− iα0

∂ (δψ)

∂X
− (1 + iC2)n20(δψ∗

2 + δψ2)

− (1 + iC3)
√

n10n20(δψ∗
1 + δψ1), (25)

where δψ∗
j are the complex conjugates of the perturbed fields

δψ j . Now we assume the following ansatz for the perturbed
fields:

δψ j (x, t ) = ζ jei(KX−,τ ) + iη∗
j e

−i(KX−,τ ), (26)

where K is the wave number, , is a complex modulation
frequency, and ζ j and η j are constant complex amplitudes,
respectively. The substitution of Eq. (26) into Eqs. (24) and
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(25) gives the linear homogeneous system of equations in
terms of ζ1, ζ2, η1, and η2, i.e.,

M × (ζ1, η1, ζ2, η2)T = 0, (27)

where M is a 4 × 4 matrix given by

M =





n11 + , n12 n13 n14
n21 n22 + , n23 n24
n31 n32 n33 − , n34
n41 n42 n43 n44 − ,



, (28)

whose elements are as follows:

n11 = Kβ0 + K2(1 + iC4) + (1 + iC1)n10,

n12 = (1 + iC3)
√

n10n20 − Kα0,

n13 = (1 + iC1)n10,

n14 = (1 + iC3)
√

n10n20,

n22 = K2(1 + iC4) + (1 + iC2)n20 − Kβ0,

n23 = n14, n24 = (1 + iC2)n20,

n31 = (1 − iC1)n10,

n32 = (1 − iC3)
√

n10n20, n21 = n12,

n33 = K2(1 − iC4) + (1 − iC1)n10 − Kβ0,

n34 = (1 − iC3)
√

n10n20 + Kα0, n41 = n32,

n42 = (1 − iC2)n20, n43 = n34,

n44 = K2(1 − iC4) + (1 − iC2)n20 + Kβ0. (29)

A nontrivial solution of a system of four equations requires
that Det(M) = 0. After some straightforward calculations, we
obtain the following nonlinear dispersion relation:

,4 + P3,
3 + P2,

2 + P1, + P0 = 0, (30)

with Pj ( j = 0, 1, 2, 3) being given in the Appendix. The four
solutions obtained from Eq. (30) are

,1,2 = −P3

4
− 1

2

√
1
4

P2
3 − 2

3
P2 + .

± 1
2

√√√√−4
3

P2 + 1
2

P2
3 − . +

P3
3 − 4P3P2 + 8P0

4
√

1
4 P2

3 − 2
3 P2 + .

,

,3,4 = −P3

4
+ 1

2

√
1
4

P2
3 − 2

3
P2 + .

± 1
2

√√√√−4
3

P2 + 1
2

P2
3 − . −

P3
3 − 4P3P2 + 8P0

4
√

1
4 P2

3 − 2
3 P2 + .

,

(31)

where

. = 1
3




3

√√√√%2 +
√

%2
2 − 4%3

1

2
+ %1

3

√
%2+

√
%2

2−4%3
1

2





and %1 = P2
2 − 3P3P1 + 12P0, %2 = 2P3

2 − 9P3P2P1 +
27P2

3 P0 + 27P2
1 − 72P2P0. The set of solutions (31) implies

that , may be positive, negative, or even complex, depending
on the system parameters. However, real, negative or positive,
values of , predict the stability of the cw. General complex
solutions of Eq. (30) are such that , = ,r + i,i, so that
e−i,t = e−i,r t × e,it . This means that the occurrence of
instability fully depends on the imaginary part of the
perturbation frequency and necessary information can be
extracted through the maximum MI growth rate given by

G(,) = {|Im(,)|}max. (32)

From the elements of matrix (28), it is obvious that the growth
rate is strongly dependent on system parameters, but does
not depend on the coefficients (%0 + iε) and (−%0 + iε),
which do not influence the MI spectrum. Also, for the rest
of calculations, we consider two BEC components with equal
densities n01 = n02 = n0.

In Fig. 1, panels (a j) j=1,2,3,4 and (b j) j=1,2,3,4 depict the
effect of the intra- (C1) and intercomponent (C3) interactions,
respectively, in the presence and absence of the helicoidal
gauge potential β0. Figs. 1(a1) and 1(a2), where the intra-
(C2) and intercomponent (C3) interactions are repulsive, i.e.,
C2 = C3 > 0, the maximum growth rate of MI is expected
for C1 > 0, for β0 = 0. However, for β0 = 4, there is an
emergence of MI side bands, while most of the instability
zones appear under intracomponent attraction, i.e., C1 < 0.
A reverse situation is ostensible in Figs. 1(a3) and 1(a4) for
which the intra- (C2) and intercomponent (C3) interactions are
attractive (C2 = C3 < 0). For β0 = 0, the MI may likely take
place in the zone C1 < 0, while there is MI explosion in the
instability domain, with C1 > 0 being likely available for the
cw to disintegrate into solitonic objects. Figures 1(b j) j=1,2,3,4
show the MI growth rate in the (K,C3) plane. We should stress
once more that C3 > 0 and C3 < 0 imply repulsive and attrac-
tive intercomponent interactions, respectively. Figures 1(b1)
and 1(b2) correspond to C1 = C2 > 0 and Figs. 1(b3) and
1(b4) give results for C1 = C2 < 0. In general, the MI de-
velopment is highly affected by the atomic interactions and
the presence of the helicoidal gauge potential brings about
MI growth rate explosion, which implies that different zones
of instability are available and may lead to a broad range of
dynamical behaviors. It is with noting that, for the above,
we have fixed the value of the SOC strength as α0 = 1,
which does not reflect its impact on the appearance of MI.
This explains why in Fig. 2 the growth rate is represented
in the (α0,β0) plane under both repulsive and attractive in-
tercomponent coupling. Panels (a j) j=1,2,3,4 of Fig. 2 depict
the case C3 > 0, and we vary the signs of the intracomponent
interaction parameters C1 and C2. As a whole, asymmetric
patterns of the MI growth rate are obtained for C1 = C2 > 0
and C1 = C2 < 0, i.e., when both components are intrinsi-
cally repulsive or attractive. Nevertheless, symmetric lobes of
MI appear when C1 and C2 are of different sign. The same
behaviors are obvious in Figs. 2(b j) j=1,2,3,4, where C3 < 0,
except that for (C1 > 0; C2 < 0) and (C1 < 0; C2 > 0) only
high values of α0 and β0 are likely to cause instability. Also,
for C1 = C2 > 0 and C1 = C2 < 0, regions of MI are switched
between α0 > 0 and α0 < 0, while such a context tends to
enhance only one region of instability. To be noted is also the
fact that the intensity of the MI growth rate is greater when
intercomponent interaction effects are attractive.
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FIG. 1. Panels (a j) j=1,2,3,4 show the contour plots of the MI gain in the (K,C1) plane for (a1)-(a2) C2 = C3 = 2, (a3)-(a4) C2 = C3 = −2.
Panels (b j) j=1,2,3,4 display the contour plot of the MI gain in the (K,C3) plane for (b1)-(b2) C1 = C2 = 2 and (b3)-(b4) C1 = C2 = −2, with
n0 = 1, α0 = 1 and C4 = 0.5.

Figure 3 shows the behaviors of the MI growth rate in the
plane (K,α0) when C3 > 0 [panels (a j) j=1,2,3,4] and when
C3 < 0 (panels (b j) j=1,2,3,4). In the first case, i.e., under
repulsive intercomponent interactions, opposite signs of the
intracomponent (C1 and C2) interactions give rise to symmet-
ric lobes of instability with maximum growth rate appearing
for α0 < 0 (C1 > 0; C2 < 0) and α0 > 0 (C1 < 0; C2 > 0),

which are respectively depicted in Figs. 3(a1) and 3(a4). For
the rest, asymmetric growth rate spectra appear both when the
two components are simultaneously repulsive [see Fig. 3(a2)]
and attractive [see Fig. 3(a3)], with additional windows of
instability. Along the same line, when C3 < 0, we have the
features of Figs. 3(b j) j=1,2,3,4, where changes in the signs
of C1 and C2 modify the maximum MI growth rate zones.

FIG. 2. MI gain in the (α0,β0 ) plane for (a j) j=1,2,3,4 C3 > 0 and (b j) j=1,2,3,4 C3 < 0. The coefficients C1 and C2 are taken such that in
panels (a1)-(b1) C1 > 0, C2 < 0, (a2)-(b2) C1 = C2 > 0, (a3)-(b3) C1 = C2 < 0, and (a4)-(b4) C1 < 0, C2 > 0, with n0 = 1 and K = 1.5.
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FIG. 3. The contour plots show the gain of MI in the (K,α0) plane for (a j) j=1,2,3,4 C3 > 0 and (b j) j=1,2,3,4 C3 < 0. The coefficients C1 and
C2 are taken such that in panels (a1)-(b1) C1 > 0, C2 < 0, (a2)-(b2) C1 = C2 > 0, (a3)-(b3) C1 = C2 < 0, and (a4)-(b4) C1 < 0, C2 > 0, with
n0 = 1, β0 = 1, and C4 = 0.5, with n0 = 1.

When (C1 > 0;C2 < 0) and (C1 < 0;C2 > 0), there are two
symmetric lobes of instability with the maximum growth rate
being respectively situated in the areas α0 > 0 [see Fig. 3(b1)]
and α0 < 0 [see Fig. 3(b4)]. This also includes additional
windows of instability around α0 = 0 that change the interval
of K where the cw is supposed to disintegrate. Interestingly,
such coherent figures of MI growth rate become asymmetric
when the intracomponent interactions are both repulsive [see
Fig. 3(b2)] and attractive [see Fig. 3(b3)]. Particularly, the
growth rate maximum shifts to the area K > 0 for C1 = C2 >
0, and to the zone K < 0 for C1 = C2 < 0, while the instabil-
ity tends to disappear in the other regions for K and α0, the
SOC parameter. Remarkably, the sign of the multicomponent
coupling parameter has some important consequences on the
intensity of the MI growth rate and on its distribution. The pro-
posed model includes two BEC components. In that regard,
the above analysis shows that the two types of intercomponent
interactions can contribute to the emergence of MI. Most of
the models that have been proposed until now not only con-
sider the NLS equations but also avoid the difficulty brought
by the dissipative effects and the resultant coupled cubic CGL
equations.

IV. NUMERICAL SIMULATIONS OF CW INSTABILITY

Our results of Sec. III are based on the theory of linear
stability analysis which amounts to linearizing the perturbed
plane wave solution around the unperturbed one. Moreover,
they can only predict the onset of MI and do not actually give
any information about the long-time dynamical features of
the system when instability develops. Therefore, in order to
confirm the validity of such analytical predictions about the

initial stage of MI, Eqs.(18) and (19) are solved numerically
via the split-step Fourier method with the initial conditions

ψ1(X, 0) = ψ2(X, 0) = n0 + ε cos(KX ), (33)

where the perturbation wave number K takes values from
the instability regions of Figs. 1–3, n0 = 1 and ε = 0.001,
so that ε & n0. The manifestation of MI is detected through
the amplitude maxima, while one gives importance to the
combined effects of the SOC, the intercomponent interaction
parameter, and the helicoidal gauge potential. Different com-
binations of the intracomponent interaction values have been
used in a single CGL equation by Arecchi et al. [84]. They,
however, found that for 87Rb, with C1 = 0.52 and C2 = 2.05,
instability could not develop, since such parameters were in
the stability region. Nevertheless, instability was found for
7Li, for which C1 = 0.04 and C2 = −0.51. Beyond the above
one-component cases, we believe that other set of parameters
can be investigated to meet the necessary criteria for instabil-
ity to develop in two-component BECs with different atomic
species, such as 41K - 87Rb and 7Li - 133Cs. The choice of suit-
able parameter values, especially when SOC and helicoidal
gauge potential are involved, will be guided by the predictions
from the linear stability analysis.

In the context where the intercomponent interactions are
repulsive (C3 > 0), we address in Fig. 4 the effect of the
helicoidal gauge potential in absence of the SOC, i.e, α0 = 0.
Interestingly, when both the SOC and the helicoidal gauge
potential are switched off, wave patterns are initiated but
vanish with increasing time for both components. However,
with increasing value of the helicoidal gauge potential β0,
there appear localized oscillations in the two condensates
with a slight temporal cw background [see Figs. 4(a j) j=1,2].
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FIG. 4. Spatiotemporal development of MI for α0 = 0, and β0 taking the values (a j) j=1,2 β0 = 0, (b j) j=1,2 β0 = 1.5, and (c j) j=1,2 β0 =
2.5, with the other parameter values being C1 = C2 = 5, C3 = 2, C4 = 0.5, K = 1.5, n0 = 1, %0 = 0.01.

This particular aspect is in agreement with our linear stability
analysis of MI, since the obtained patterns have the shape
of solitonic objects, which emerge as the consequence of
the constructive interplay between dispersive and nonlinear
effects. One fact to be noted here is that as β0 increases, the
delay in the occurrence of MI decreases. This is confirmed by
Fig. 4(c j) j=1,2, where the patterns are also more localized in
amplitude, with |ψ2|2 > |ψ1|2.

The patterns of Fig. 5 show spatiotemporal evolution of
MI in presence of the SOC, when the helicoidal gauge po-
tential respectively takes the values β0 = 0 [Figs. 5(a j) j=1,2],
β0 = 1.5 [Figs. 5(b j) j=1,2], and β0 = 2.5 [Figs. 5(c j) j=1,2].
It is illustrated that, even in the absence of the helicoidal
gauge potential, the stability of the cw is strongly affected.
In fact, from the structure of Eqs. (18) and (19), the heli-
coidal gauge potential is inherent to individual components
and actually has been considered by a few authors. Recently,
for example, Saha et al. [126] studied dilute superfluidity
of spin-1 bosons and insisted on suitable balance between
antiferromagnetic interactions and SOC as the condition for
the superfluid spin-liquid phase to appear in coupled BECs.
Along the same line, Chen et al. [127], who considered only
Raman and SO couplings, showed that the SOC contributes
efficiently to the occurrence of the instability, regardless of
the nature of the intercomponent coupling. Moreover, in the
context of the coupled NLS equations, it was further shown
by Li et al. [88] that the helicoidal gauge potential can be used
as an efficient tool to control MI in BECs. This is illustrated in
Figs. 5(b j) j=1,2 and 5(c j) j=1,2, where β0 takes the respective
values 1.5 and 2.5. Additionally, as in Fig. 4, the time required
for the effective onset of instability decreases with the increase
in β0, a fact that could not be predicted by the linear stability

analysis. In the meantime, the reader should be aware that
as the presence of the term in β0 brings about helicity, the
latter can be left handed (β0 > 0) or right handed (β0 < 0).
It should also be emphasized that the results presented in
Figs. 4 and 5 considered only the left-handed character of
the helicoidal gauge potential. In Fig. 2 particularly, we have
seen that a suitable choice of the values of α0 and β0 can
lead to the instability of the cw, both under repulsive and
attractive intercomponent interactions, with coefficient C3.
It is worth reminding that some theoretical and numerical
investigations have revealed that patterns formation via the
activation of MI was exclusively possible in attractive single-
component BECs [128–130]. However, it was also found that
when more than two wave fields are involved, the coupling
between multicomponent waves can lead to MI development,
even under exclusively repulsive BECs [77,83,131,132]. In
order to explore the concomitant effect of C3 and negative
β0, we represent in Fig. 6 the spatiotemporal manifestation
of MI when β0 < 0 and C3 > 0, with α0 taking different
values. In Figs. 6(a j) j=1,2, for which α0 = 0, slight local-
ized patterns appear, but the MI phenomenon really develops
when α0 = 0.25 and 0.5 as depicted in Figs. 6(b j) j=1,2 and
6(c j) j=1,2. Obviously, there is an increase in the density of
the two components, but for α0 = 0.5 the amplitude of the
component ψ2 decreases progressively with time, likely due
to the dissipative character of the proposed model, while the
component ψ1 tends to develop quasicoherent structures as
time evolves. To further explore the impact of negative β0,
we consider in Fig. 7 the context where the two components
undergo attractive interactions, i.e., C3 < 0. As predicted by
the MI growth rate, there is, in general, pattern formation,
and the ostensible spectrum of behaviors reinforces the idea
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FIG. 5. Spatiotemporal development of MI for α0 = 0.5, and β0 taking the values (a j) j=1,2 β0 = 0, (b j) j=1,2 β0 = 1.5, and (c j) j=1,2

β0 = 2.5, with the other parameter values being C1 = C2 = 5, C3 = 2, C4 = 0.5, K = 1.5, n0 = 1, %0 = 0.01.

that spatiotemporal patterns in our context may show features
not present without spin-orbit coupling. This was already ad-
dressed by Xu et al. [133], who showed that SOC may dictate
the shape of exact bright soliton solutions and lead to the

formation of multihump solitons and their recombination to a
single bright soliton. Albeit it is not exactly the case, we notice
from Figs. 7(c j) j=1,2 that over long-time propagation the train
of patterns tends to recombine to single structures when time

FIG. 6. Spatiotemporal development of MI for β0 = −1.5, and C3 = 2, with α0 taking the values (a j) j=1,2 α0 = 0, (b j) j=1,2 α0 = 0.25,
and (c j) j=1,2 α0 = 0.5, with the other parameter values being C1 = C2 = 5, C3 = 2, C4 = 0.5, K = 1.5, n0 = 1, %0 = 0.01.
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FIG. 7. Spatiotemporal development of MI for β0 = −1.5, and C3 = −2, with α0 taking the values (a j) j=1,2 α0 = 0, (b j) j=1,2 α0 = 0.25,
and (c j) j=1,2 α0 = 0.5, with the other parameter values being C1 = C2 = 5, C3 = 2, C4 = 0.5, K = 1.5, n0 = 1, %0 = 0.01.

increases. This implies that switching between repulsive and
attractive intercomponent couplings induces a radical modifi-
cation of the solitonic patterns that emerge, which gives credit
to our linear stability analysis and the proposed coupled cubic
CGL equations. This also gives a direct explanation of why
MI has been studied extensively in BECs for both single- and
two-component systems, and realized experimentally as well.
It is well known that the interplay of the spin-orbit coupling,
which is a linear feature of the binary superfluid, and the
mean-field BEC nonlinearity gives rise to a number of re-
markable effects, such as vortices, monopoles and skyrmions,
multidomain patterns, structures induced by nonlocal interac-
tions, tricritical points, and solitons. Under suitable choices of
system parameters, families of solitons can also be found, due
to the strong relationship that exists between soliton formation
and MI. As a good example, in the absence of Zeeman split-
ting, a recent investigation by Kartashov and Konotop [91]
provided a theoretical derivation of four-parametric families
of solitons that can be obtained in the exact form. Indeed,
physical understanding of the interplay between the nonzero
Zeeman splitting and the SOC has been discussed. Families
of the quiescent solitons have been reported depending on the
values of the SOC strength α. In particular, in the absence
of the SOC, solutions exist and are described by the function
µ(N ), where µ are chemical potentials and N are numbers
of atoms. For a small SOC strength, quiescent “+” solitons,
described by the function µ(N ) − αµ1(N ), and quiescent “−”
solitons, corresponding to µ(N ) + αµ1(N ), were found. For a
moderate SOC strength, the domains of existence for quies-
cent “+” solitons and quiescent “−” solitons were presented,
while, for sufficiently large SOC strength, multiple alternating
narrow stability and instability domains were observed. We

believe, in light of the above, in the importance of the Zeeman
splitting, the SOC, and the chemical potential to bring about
more exotic features as manifestations of MI, that are to be
addressed in other contributions. Additionally, we expect the
competition among the above three effects, combined in mul-
tidimensional geometry, to shed more light on the cooperative
behaviors of coupled spinors, with clear ideas on experimental
values to be used for eventual manipulations and characteriza-
tion of one- and multidimensional dissipative solitons.

V. CONCLUSIONS

The main objective of this work was the study of MI phe-
nomenon and solitary structures, emerging from dissipative
BECs under the combined effect of helicoidal gauge potential
and SOC. Starting from coupled GP equations describing
the evolution of the condensate wave functions of the two-
component helicoidal SO-coupled BECs, equally distributed
between the two pseudospin states, we have considered
dissipative effects together with a rate equation coupling con-
densed and uncondensed atoms to show that two-component
helicoidal SO-coupled dissipative BECs obey coupled cubic
CGL equations under the adiabatic approximation. The theory
of MI has been addressed both analytically and numerically,
along with its response to the simultaneous effects of the SOC,
the helicoidal gauge potential, and the intercomponent inter-
actions. Analytically, a nonlinear dispersion relation has been
derived in the form of a fourth-order polynomial alongside
the MI growth rate. Comprehensively, the possible combina-
tions of signs of intra- and intercomponent interactions have
been discussed, both in the repulsive and attractive contexts.
Our analysis illustrates that SOC, and the intrinsic helicoidal
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gauge potential, inevitably contribute to the cw disintegration,
regardless of the nature of the interaction strength. This is
manifested by the appearance of new instability sidebands,
thereby enhancing the MI. Analytical predictions were cor-
roborated by direct numerical simulations, which have shown
that nonlinear and long-time spatiotemporal wave patterns
of the underlying set of coupled cubic CGL equations ex-
ist and are, as a whole, robust for a broad range of the
involved physical parameters. In the process, SOC and the
helicoidal gauge potential may be used as tunable knobs to
generate and control complicated nonlinear dynamical pro-
cesses and the resulting localized long-lived excitations, both
in left-handed and right-handed helicoidal dissipative two-
component BECs. Evidently, the present contribution not
only opens a route for the investigation of several interesting
physical aspects of dissipative multicomponent condensates,
but also reveals the richness in the complex dynamics ex-
hibited by the SO-coupled BECs, as inspired by the recent
theoretical and experimental results on dynamical instabilities
[134,135]. Hence, an extended exploration in the parameter
space is propitious to reveal large numbers of dissipative soli-
ton varieties and bifurcations, including coherent structures
such as pulses (solitary waves), fronts (shock waves), sinks,
sources, periodic unbounded solutions, vacuum, periodic and
quasiperiodic solutions, slowly varying fully nonlinear wave

trains, creeping and chaotic solutions, new fascinating types
of pulsating solitons (pulsations, explosions, soliton rain),
and finally new families of spatiotemporal dissipative opti-
cal bullets, including self-trapped necklace rings, ring-vortex
solitons, uniform-ring beams, spherical and rhombic distribu-
tions of light bullets, and fundamental and cluster solitons.
So, the large and multiple regions of parameter domains of
the coupled cubic CGL equations, in which stable dissipative
solitons can be found, constitute a fertile ground for investiga-
tions. It is also a promising starting point for investigating the
behaviors of the proposed system under the coupled effects
the SOC and multibody interatomic interactions in higher
dimensions. Finally, we believe that a powerful tool in probing
novel dynamical behaviors will be provided by further studies
on SO-coupled dissipative BECs, and will shed more light
on the suitable system parameter values to be used both in
experiment and theory.
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APPENDIX: COEFFICIENTS OF THE NONLINEAR DISPERSION RELATION (30)

P3 = n11 + n22 − n33 − n44,

P2 = n11n22 − n11n44 − n22n33 − n22n44 + n33n44 − n2
34 + n14n32 + n42n24 − n11n33 + n14n32 − n2

12 + n13n31,

P1 = n22n33n44 − n22n2
34 − n11n2

34 + n11n33n44 − n11n22n44 + n11n14n32 − n14n32n44 + n14n34n42 + n11n42n24

+ n24n32n34 − n24n33n42 − n11n22n33 + n33n2
12 + n2

12n44 − n12n14n31 − n13n12n32 − n14n12n42 + n14n31n34

− n14n32n33 + n13n22n31 − n13n31n44 + n13n32n34 − n12n24n32 + n13n14n31 + n14n22n32,

P0 = n11n24n34n32 − n11n24n33n42 − n11n14n32n44 + n11n14n34n42 + n11n22n44n33 − n11n22n2
34 − n12n31n24n34

+ n12n24n32n33 − n44n33n2
12 + n2

12n2
34 + n14n31n12n44 − n12n14n32n34 + n13n24n31n42 − n13n24n2

32

+ n13n44n12n32 − n13n12n42n34 − n13n22n31n44 + n13n22n32n34 − n14n12n34n32 + n14n12n42n33 + n14n31n34n22

− n14n32n33n22 − n2
14n31n42 + n2

14n2
32.
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The modulational instability (MI) process is exclusively studied in a two-component Bose-Einstein 
condensate (BEC) which includes Rashba-Dresselhaus (RD) spin-orbit (SO) and helicoidal SO couplings. A 
generalized set of two-dimensional (2D) Gross-Pitaevskii (GP) equations is derived. The tunability of the 
helicoidal gauge potential is exploited to address BECs dynamics in a square lattice. The MI growth rate is 
derived, and parametric analyses of MI show the dependence of the instability on interatomic interaction 
strengths, the RD SO coupling, and helicoidal SO coupling, which combines the gauge amplitude and 
the helicoidal gauge potential. Direct numerical simulations are carried out to confirm the analytical 
predictions. Trains of solitons are obtained, and their behaviors are debated when the RD SO parameters 
are varied under different combinations between the gauge amplitude and the helicoidal gauge potential. 
The latter gives a potential way to manipulate the trapping capacities of the proposed BEC model.

 2022 Elsevier B.V. All rights reserved.

1. Introduction

Unique opportunities for quantum phenomena to be explored at a macroscopic scale were provided by the seminal experimental 
evidence of the Bose-Einstein condensation (BEC) of a weakly interacting Bose gas for lithium [1,2], rubidium [3] and sodium [4]. As it is 
well known, the macroscopic wave function of an atomic BEC is the solution to the time-dependent, nonlinear, mean-field Gross-Pitaevskii 
(GP) equation [5,6] at absolute zero temperature. Precision should be made that the GP equation, which is, in fact, a nonlinear Schrödinger 
equation that contains an external potential, exhibits many types of nonlinear matter waves [7–25].

Recently, the development of trapping techniques has allowed the creation of multicomponent condensates, which are formed by 
trapping atoms in different internal states [26,27]. Multicomponent condensates can consist of the same atoms with different hyperfine 
states [26,28] or different F-spin orientations [29], or atomic-molecular BECs [30]. In multicomponent systems, additional types of inter-
action such as interspecies interactions can occur between different components of the condensates leading to rich dynamical phenomena 
not observable in a single condensate [31–40]. Interestingly, the study of Bose-Einstein solitons was extended to multispecies condensates 
in a higher-dimensional manifold. On that note, a wide variety of localized and periodic excitations were constructed via the generalized 
Lax representation of the coupled GP equations, with a particular interest in elastic and nonelastic interactions among such structures 
alongside the splitting and resonance phenomena occurring during their motion [41].

SO coupling, which describes the interaction between a quantum particle’s spin and orbital momentum, is ubiquitous in physical 
systems. In crystals lacking an inversion center, electronic energy bands are split by SO coupling. The Rashba SO coupling was initially 
proposed for noncentrosymmetric wurtzite semiconductors [42]. After establishing modulation-doped semiconductor heterostructures, 
Bychkov and Rashba applied it to the SO coupling in a two-dimensional electron gas with structural inversion asymmetry [43]. Considering 
SO coupling in different contexts has remarkably improved our perception of many fundamental phenomena related, for example, to GaAs 
quantum wells [44], Majorana [45], the fractional quantum spin-Hall effect [46], and topological insulators [47], to cite a few. In the 
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structure of an ultracold gas of alkali-metal atoms, the role of spin is characterized by the hyperfine spin degrees of freedom of the atoms. 
SO coupling acts between the motion of the entire neutral atom to its hyperfine spin and not the coupling between the orbital momentum 
of the atom’s valence electron to its spin. Because the atoms are neutral, this SO coupling arises differently from electrons and has to be 
engineered. It is therefore referred to as synthetic SO coupling [48]. Recently, a synthetic SO coupling has been successfully engineered 
in experiments in gases of fermions [49], or bosons [50] in one and two dimensions [51]. Stimulating extensive theoretical investigations 
of the properties of SO-coupled BECs have been carried out, which include Skyrmions [37], vortices [52], Dirac [53], dark [54], gap [55], 
bright [56]. In addition, multi-peak bright [57] and bright single- and multi-peak vector solitons [58] have been found in SO coupling 
BECs.

Of the many issues related to soliton wave theory, the modulation instability (MI) phenomenon is a universal process closely related to 
nonlinear wave occurrence in nature [59]. It is a process whereby an instability is subjected to a spontaneous growth from small amplitude 
modulated waves as the consequence of the competition between the intrinsic nonlinearity and dispersion, which takes place in the 
same parameter regions where bright solitons are expected, leading to the emergence of soliton trains. Many theoretical, numerical, and 
experimental works clearly support the use of the MI as a practical tool to generate solitonic trains in one and two-component BECs [35,
60–80]. This letter addresses the nonlinear dynamics of solitary wave formation induced by MI in a mixture of two-component atomic-
gas BECs in 2D space. We introduce a system of two-dimensional coupled GP equations with the inclusion of Rashba and Dresselhaus 
couplings. Only a few studies were devoted to 2D SO coupled BECs of mixed RD type and Rabi couplings [81–83]. In fact, it has been 
reported that 2D solitons are completely unstable in the case of a balanced Rashba and Dresselhaus mixture [84]. Moreover, for any mixing 
degree of RD SO couplings, stable solitons can be created in the dipolar BECs [85]. Here, we examine plane wave stability using linear 
stability analysis and propose linearized coupled 2D cubic GP equations under the combined effects of a mixture of RD and helicoidal 
SO couplings. The analytic expression of the growth rate of MI is discussed for different combinations of intra- and inter-component 
interaction strengths. Furthermore, we perform direct numerical integration of the initial coupled 2D cubic GP equations with helicoidal 
and RD SO couplings.

The rest of the letter is organized as follows. In Sec. 2, we introduce the energy functional and derive a 2D coupled GPE system which 
includes RD SO and helicoidal SO couplings. We also show that the tunability of the helicoidal gauge potential allows the derivation of a 
set of GPEs describing BECs in a square lattice. In Sec. 3, the linear stability analysis of CWs is addressed, where an analytical expression of 
the growth rates of MI is derived and used to discuss the stability and instability domains parametrically. Some numerical simulations are 
presented in Sec. 4, where predictions from the linear stability analysis are verified. One particularly insists on solitary wave formation in 
the condensates under the activation of MI, emphasizing the combined effects of a mixture of RD SO couplings and different combinations 
of the helicoidal gauge potential and the gauge amplitude. Some concluding remarks are given in Sec. 5.

2. 2D vector GP equation model derivation

A two-component BEC model is proposed and includes the helicoidal and a mixture of RD SO couplings. Within the mean-field formu-
lation, the two pseudospin states are described by an energy functional given by

E =
+∞∫

−∞

+∞∫

−∞
(E0 + Eint)dxdy (1)

where

E0 = 1
2

(
!∗H0!

)
, (2)

where ! = (!1, !2)
T (T stands for the transpose) is the condensate wavefunction, !1 and !2 are associated with the pseudo-spin 

components. The interaction Hamiltonian Eint takes the common contact form of the scattering interaction of the s-wave [86]. The model 
Hamiltonian H0 assumes the form:

H0 = H H S O + H Z + H R S O + H D S O , (3)

where H H S O , H Z , H R S O , and H D S O are the helicoidal SO coupling Hamiltonian, Zeeman Hamiltonian, Rashba Hamiltonian, and Dresselhaus 
Hamiltonian, respectively. The single-particle Hamiltonian of the system can be written as [87]:

H H S O = 1
2

[(
σ0 px + α($σ · $u)

)2 +
(
σ0 p y + α($σ · $v)

)2
]
, (4)

where px = −i∂/∂x and p y = −i∂/∂ y are the momentum operators, σ = (σx, σy, σz) is the vector Pauli matrices, σ0 is the identity 
matrix, α is the strength of helicoidal SO coupling, and the position-dependent unit vectors $u and $v determine the SO coupling direction. 
Let us recall that SO coupling in the 2D geometry, subject to spatially periodic modulation, has been considered [87]. In fact, it has 
been shown that the complexes are bound states of several out-of-phase fundamental solitons whose centers are placed at the local 
maxima of the SO coupling-modulation phase. Moreover, the helicoidal SO coupling depends mainly on the choice of vectors that yield 
the component of a non-Abelian spin-dependent gauge field. Interestingly, the SO coupling has been realized with a lattice symmetry 
where, in particular, the coordinate-dependent phase θ(x, y) is a cosine function for which two-component fundamental solitons were 
obtained for θ(x, y) = π [87]. Considering the cosine and sine components will determine the direction of local vectors of the helicoidal 
SO coupling, leading to a wide variety of lattice structures capable of supporting other patterns related to binary ultracold bosonic gas. 
Remarkably, it was proposed that the impact of the helicoidal SO coupling landscape on the solitons is identical to that of a periodic 2D 
potential, which opens new routes for other parametrizations. Based on that, and for the sake of simplicity, we consider a helicoidal SO 
coupling with the periods π/βx and π/βy given, respectively, by:

2
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$u =
(
cos(2βxx + 2βy y),0, sin(2βxx + 2βy y)

)
,

$v =
(
− sin(2βxx + 2βy y),0, cos(2βxx + 2βy y)

)
, (5)

where βx and βy are the frequencies of rotation in the x- and y-directions. The positive and negative values of βx and βy are referred 
to the right- and left-handed modes, respectively [88–90]. We should note that the components of a non-Abelian spin-dependent gauge 
field could also be done, for instance, by relating the position-dependent unit vectors to a more generalized coordinate-dependent phase 
parametrization [87]. Next, the Zeeman Hamiltonian is given by:

H Z = (σz

2
, (6)

where ( is the strength of Zeeman splitting. The Hamiltonian H R S O is responsible for the Rashba SO coupling. It is adopted here under 
its common form given by [84]

H R S O = λR(σx p y − σy px), (7)

where λR is the strength of Rashba SO coupling. Additionally, the 2D Dresselhaus SO coupling Hamiltonian is given by [84]:

H D S O = λD(σx px − σy p y), (8)

where λD is the 2D strength of Dresselhaus SO coupling. Recently SO couplings with equal Rashba and Dresselhaus strengths have been 
demonstrated in a neutral atomic BEC by dressing two atomic spin states with a pair of Raman lasers, which create a momentum-sensitive 
coupling between two internal atomic states. The interaction Hamiltonian is given by:

Eint = 1
2

(
g11|!1|4 + g22|!2|4 + 2g12|!1|2|!2|2

)
, (9)

where g11 = 2a11/a⊥ and g22 = 2a22/a⊥ are the two-body intraspecies interactions coefficients, while g12 = 2a12/a⊥ and g21 = 2a21/a⊥
are the two-body inter-species interaction coefficients. Here, a⊥ =

√
h̄/(mw⊥) denotes the transverse characteristic length, with w⊥ being 

the transverse trap frequency. m is the atomic mass, and h̄ is the Planck constant. a11, a22, and a12 are the scattering lengths of the 
s-wave, experimentally adjustable via optical [45] and magnetic [48] Feshbach resonance techniques. The BEC dynamics in the mean-field 
approximation is governed by ih̄∂! j/∂t = δE/δ!∗

j , ( j = 1, 2), from which the following equations are obtained:

i
∂!1

∂t
= −1

2

(
∂2

∂x2 + ∂2

∂ y2

)
!1 + i(βx − αν)

∂!1

∂x
− iαµ

∂!1

∂ y
+ (λR − iλD − iαµ)

∂!2

∂x

+ i(βy + αν − λR − iλD)
∂!2

∂ y
+

[
(

2
− αν(βx − βy) − βy(λR + iλD)

]
!1

+
[
αµ(βx − βy) + iβx(λR − iλD)

]
!2 + (g11|!1|2 + g12|!2|2)!1,

(10a)

i
∂!2

∂t
= −1

2

(
∂2

∂x2 + ∂2

∂ y2

)
!2 − i(βx − αν)

∂!2

∂x
− iαµ

∂!2

∂ y
− (λR − iλD + iαµ)

∂!1

∂x

+ i(βy + αν − λR − iλD)
∂!1

∂ y
−

[
(

2
+ αν(βx − βy) + βy(λR − iλD)

]
!2

+
[
−αµ(βx − βy) + iβx(λR − iλD)

]
!1 + (g22|!2|2 + g21|!1|2)!2,

(10b)

where µ = cos(2βxx + 2βy y) and ν = sin(2βxx + 2βy y). As it is obvious, some coefficients of the above set of GP equations are dependent 
on space, which takes us away from the main objective of this work. To obtain the free space equation, specific values must be taken by 
βx and βy . There are, in fact, two different cases related to the values of βx and βy that are such that βx = βy = 0 and βx = βy = β , with 
(βx + β y) = π/2. In the first case, the helicoidal gauge potential is switched off, leaving the system with, among other terms, the gauge 
amplitude α and the RD SO coupling terms supported by λR and λD , respectively. The second case, however, is a complete one that in-
cludes both the helicoidal gauge potential and the gauge amplitude and includes the effects of the RD SO coupling. In fact, a special family 
of soliton solutions known as line Solitons was investigated for the Kadomtsev-Petviashvili equation, which is a prototypical (2 + 1)D
integrable system and is a universal model for weakly two-dimensional small-amplitude waves in the long wavelength regime [91]. More-
over, soliton amplitudes and directions have been used to study two elastic 3-soliton solutions about different combinations of pairwise 
interactions. Additionally, the nonlinear excitations of a vortex line in a BEC trapped in a 1D optical lattice were studied [92]. For example, 
a vortex line in an ordinary magnetically trapped BEC without an optical lattice has been revealed, with competing processes involving 
the inhomogeneous condensate-density distribution in the radial direction and an interaction-like energy term, leading to energetic cost 
for bending the vortex line with specific kinetic energy. This reduces the vortex’s stiffness in expense to the lattice depth, which is specific 
to the line-amplitude solitons. In the rest of this letter, attention will be paid to such consideration both analytically and numerically by 
imposing (βx + β y) = π/2, where βx = βy = β , which is the equation of a single straight line. In doing so, the proposed parametrization 
has the merit of generating a periodic structure and, consequently, phase-line solitons. That reduces Eqs. (10) to the following set of GPEs:
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i
∂ψ1

∂t
= −1

2

(
∂2

∂x2 + ∂2

∂ y2

)
ψ1 + iβ

(
∂ψ1

∂x
+ ∂ψ2

∂ y

)

+ iα

(
∂ψ1

∂ y
+ ∂ψ2

∂x

)

+ λR

(
∂ψ2

∂x
− i

∂ψ2

∂ y

)

− iλD

(
∂ψ2

∂x
− i

∂ψ2

∂ y

)

+
(

g11|ψ1|2 + g12|ψ2|2
)

ψ1

+
[

(

2
− β(λR + iλD)

]
ψ1 + β(λD + iλR)ψ2,

(11a)

i
∂ψ2

∂t
= −1

2

(
∂2

∂x2 + ∂2

∂ y2

)
ψ2 − iβ

(
∂ψ2

∂x
− ∂ψ1

∂ y

)

− iα

(
∂ψ1

∂x
− ∂ψ2

∂ y

)

− λR

(
∂ψ1

∂x
+ i

∂ψ1

∂ y

)

+ iλD

(
∂ψ1

∂x
− i

∂ψ1

∂ y

)

+
(

g22|ψ2|2 + g21|ψ1|2
)

ψ2

−
[

(

2
+ β(λR − iλD)

]

ψ2 + β(λD + iλR)ψ1.

(11b)

We should also stress that in order to get the system of Eqs. (10), we have introduced the gauge transformations

! j = e−iα2te−i(β2
x +β2

y)t/2e−i(σzβxx+σxβy y)ψ j, j = 1,2, (12)

that switches to the rotating frame for the chosen gauge field. In doing so, the point translation symmetry transforms into a continuous 
translational symmetry of the derived equation. Finally, the spatial variables x and y, time t , density (|ψ1|2 + |ψ2|2), and energy are 
given in the normalized units a⊥ , w−1

⊥ , a−1
⊥ , and h̄w⊥ , respectively. The wave functions are normalized as N j =

∫
(|ψ j |2dxdy), ( j = 1, 2), 

while the total number of atoms of the jth component is N = N1 + N2 =
∫ ∫ (

|ψ1|2 + |ψ2|2
)

dxdy, which is a dynamical invariant of non-
dissipative BEC systems. In what follows, we comprehensively address the instability of CW solutions, taking advantage of the above two 
cases.

3. Linear stability analysis and instability criteria

According to the general theory of MI, the above systems admit CW solutions ψ j = e−iµt√n j0, j = 1, 2, where µ is the common 
chemical potential of both components, related to the Zeeman splitting energy via the linear dispersion relation

(

2
= (−1) j (g jn j0 + g12n3− j,0 − µ

)
− (−1) jβλR + iβλD − (−1)3− jβλD + (−1) j iβλR , j = 1,2, (13)

with uniform densities n10 = n20 = n0. By replacing such solutions into the generic GPEs, a linear dispersion relation is found between the 
chemical potential, the Zeeman splitting energy, the density n0 and the interatomic interaction parameters g11, g22 and g12. In general, the 
stability of the CW solutions is checked by introducing small perturbations so that ψ j = e−iµt(

√
n j0 + δψ j), j = 1, 2, where the perturbed 

fields δψ j are taken in the form

δψ j = ζ j cos(K1x + K2 y − .t) + iη j sin(K1x + K2 y − .t), (14)

where K1 and K2 are the perturbation wavenumbers in the x- and y-direction, respectively; . is a complex modulation frequency, 
ζ j , and η j are constant complex amplitudes. Linearizing the above-perturbed solutions around the unperturbed ones leads to a linear 
homogeneous system of equations in terms of ζ1, ζ2, η1 and η2 of the form





. + n11 n12 n13 n14
n21 . + n22 n23 n24
n31 n32 −. + n33 n34
n41 n42 n43 −. + n44









ζ1
ζ2
η1
η2



 =





0
0
0
0



 , (15)

where the elements nij of the matrix (given in Appendix A) depend not only on the perturbation frequency . and the wavenumbers K1
and K2, but also on the other parameters including the SO coupling strengths and the interatomic interaction parameters. Interestingly, 
for system (15) to admit a non-trial solution, the determinant of its matrix should be null, which leads to a general nonlinear dispersion 
relation of the form

.4 + P3.
3 + P2.

2 + P1. + P0 = 0, (16)

where general expressions for the coefficients P j ( j = 1, 2, 3) are given in Appendix B. Eq. (16) can be solved analytically to obtain the 
solutions

.1,2 = − P3

4
− 1

2

√
1
4

P 2
3 − 2

3
P2 + 0 ± 1

2

√√√√√−4
3

P2 + 1
2

P 2
3 − 0 + P 3

3 − 4P3 P2 + 8P0

4
√

1
4 P 2

3 − 2
3 P2 + 0

,

.3,4 = − P3

4
+ 1

2

√
1
4

P 2
3 − 2

3
P2 + 0 ± 1

2

√√√√√−4
3

P2 + 1
2

P 2
3 − 0 − P 3

3 − 4P3 P2 + 8P0

4
√

1
4 P 2

3 − 2
3 P2 + 0

,

(17)
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Fig. 1. Distribution of the MI growth rate versus the interatomic coupling g = g11 = g22 for different values of the SO coupling strength when: (a) the RD SO coupling is 
absent, i.e., λD = λR = 0 and (b) in presence of the RD SO coupling, i.e., λD = λR = 0.01, with g12 = 0.8, K1 = K2 = 1 and n0 = 1.

Fig. 2. Distribution of the MI growth rate versus the interatomic coupling g = g11 = g22 for different values of the SO coupling strength when: (a) the RD SO coupling is 
absent, i.e., λD = λR = 0 and (b) in presence of the RD SO coupling, i.e., λD = λR = 0.01, with g12 = 0.8, K1 = K2 = 1 and n0 = 1.

where

0 = 1
3




3

√√√√(2 +
√

(2
2 − 4(3

1

2
+ (1

3

√
(2+

√
(2

2−4(3
1

2



 ,

with (1 = P 2
2 − 3P3 P1 + 12P0, and (2 = 2P 3

2 − 9P3 P2 P1 + 27P 2
3 P0 + 27P 2

1 − 72P2 P0. Depending on system parameters, solutions (17)
can be positive, negative, or even complex. Nevertheless, the stability of the CW is due to real, negative, or positive values of .. In general, 
complex solutions of Eq. (15) are written as . = .r + i.i , so that e−i.t = e−i.rt × e.i t . The latter implies that MI will take for a non-zero 
imaginary part of the perturbation frequency, which allows extracting necessary information on the occurrence of the instability using the 
maximum MI growth rate

ζ(.) = {|Im(.)|}max. (18)

When λD = λR = 0, the RD SO coupling is absent, and one recovers the two-dimensional system proposed by Kartashov [93] and studied 
recently by Li et al. [73]. Such a system takes advantage of the presence of the helicoidal SO coupling and includes a strong impact 
from the interatomic interactions. In order to find suitable values for g = g11 = g22 and g12 capable of giving rise to instability in this 
context, we have plotted the MI growth rate versus g in Fig. 1. There, panel (a) corresponds to α = 0 and panel (b) to α = 0.25. When 
the gauge amplitude is switched off, i.e., α = 0, β = 0.25 instability is announced in areas where g < 0, around, and including, the point 
g = −0.5. That repulsive effect of the intracomponent interaction is broken when β increases, therefore extending the MI growth rate 
spectrum towards positive values of g . The phenomenon becomes more pronounced as the helicoidal gauge potential increases, leading to 
a marginal instability zone appearing in the whole area g > gcr , with gcr < −0.5 being the lower values taken by g . The same spectrum of 
behaviors is ostensible in Fig. 1(b), where the gauge amplitude α (= 0, with β taking the same values as in Fig. 1(a). We should, however, 
stress that the MI growth rate corresponding to β = 0.25 is more localized than the one in Fig. 1(a) and covers a large interval of g that 
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Fig. 3. The panels show the distribution of the growth rate of MI in the (K1, K2)-plane for λR = λD = 0 (panels (aj) j=1,2,3) and λR = λD (= 0 (panel(bj) j=1,2,3). From left to 
right, the columns correspond to the different cases β = 0.25, β = 0.5 and β = 1, respectively, with g12 = 0.8, α = 0.25 and n0 = 1. White regions correspond to zones of 
instability, while dark areas are where the CW solutions are likely to remain stable under modulation.

Fig. 4. The panels show the growth rate of MI (α, β)-plane for (a) λR = λD = 0.01, (b) λR = 0.01 and λD = 0.02 (c) λR = 0.01 and λD = 0.04, and (d) λR = 0.04 and 
λD = 0.04.

supports instability. Increasing the helicoidal gauge potential, the zone of instability gets slightly delocalized and expands more and more 
with increasing β .

The most interesting case, which deserves to be regarded with emphasis, is realized when λD = λR (= 0, in the presence of the gauge 
amplitude α and the helicoidal gauge potential β . When α and β take non-zero values, they constitute the helicoidal SO coupling [93]. 
The competition between the two types of SO coupling on the values of g supporting instability is summarized in Fig. 2, where the 
instability growth rate is displayed for different values of the helicoidal gauge potential β . Fig. 2(a) shows the MI growth rate distribution 
when the gauge amplitude α is zero. There are intervals of g where ζ is non-zero, which get expanded by increasing the helicoidal gauge 
potential β from 0.25 to 2. Interestingly, minor zones of instability appear from where some possible values of g can be extracted to 
obtain instability. Fully considering the helicoidal SO coupling, ζ is shown in Fig. 2(b), where α = 0.25. The main behavior that appears 
here is the enlargement of the instability zone with increasing β . Also, the interval of g where instability is expected is well delimited 
and includes positive and negative values of the intracomponent interaction parameter.

The spectrum of Figs. 1 and 2 gave us information on values of some key parameters, like the interatomic coupling parameters, 
to be used for instability to manifest itself. Taking advantage of that, the growth rate of MI is plotted in Fig. 3, in the plane of the 
perturbation wavenumbers K1 and K2. Fixing α = 0.25, g = −0.4 and g12 = 0.8, the panels (aj) j=1,2,3 of Fig. 3 show the growth rate 
spectrum for λR = λD = 0, while panels, from left to right correspond respectively to β = 0.25, β = 0.5 and β = 1. Initially, instability 
is supported by a set of asymmetric breasts, with maximum mainly situated in the area K2 > 0, while minor and major objects belong, 
respectively, to areas K1 > 0 and K1 < 0. Increasing the helicoidal gauge potential β to 0.5, the instability zones expand, covering wider 
areas where unstable patterns could be expected. This fact is confirmed by the last figure of instability in this series, where the breasts 
are amplified, with hallows of points visible in the negative part of the wavenumber K2, which might give rise to instability. We should 
stress that by switching off the RD SO coupling, the system at hand just feels the effect of the helicoidal SO coupling. Otherwise, the 
model comprises two submodels that can constitute individual studies, especially when generalized to three-dimensional formulations. 
For instance, bringing back the RD SO coupling by imposing λR = λD (= 0, one gets the instability figures of Figs. 3(bj) j=1,2,3, where β , 
the helicoidal gauge potential, changes in the same manner. The competition between the helicoidal SO coupling and the RD SO coupling 
modifies the instability figure. For example, instead of the two breasts of instability obtained in Figs. 3(aj) j=1,2,3, the instability develops 
under four lobes, distributed in positive and negative zones of K1 and K2. In this context, the intensity of the MI growth rate gets 
amplified as β increases, leading to four expanded instability regions.

6
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Fig. 5. MI evolution in both condensates with increasing time in the presence of both the SO coupling and the RD SO coupling. Fixing α = 0.1, β = 0.25, and λR = λD = 0.01, 
panels from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100 and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5 and 
g12 = 0.6.

To conclude our linear stability analysis, we represent in Fig. 4 the MI growth rate distribution versus α and β . Fixing g12 = 0.8 and 
g = 1.2, different combinations of λD and λR are used to assess the competitive impact between the helicoidal and the RD SO coupling 
on the MI growth rate behavior. For λR = λD = 0.01, instability is supported by an asymmetric cylinder with a hole of stability around, 
and including, the point (α, β) = (0, 0). Interestingly, the maximum instability growth rate is shared between some areas β > 0 and β < 0. 
Precision should be made that when β > 0, the coupling is said to be left-handed, and right-handed when β < 0. With increasing the 
Dresselhaus SO-coupling parameter λD to 0.02, one obtains the features of Fig. 4(b), where the zone of maximum instability tends to shift 
to the β < 0, and α < 0, zones into a broken cylindrical MI growth rate. This is more visible in Fig. 4(c), where the cylindrical structure 
of the MI growth rate is completely broken, with the maximum growth rate taking place exclusively for right-handed SO coupling, with 
λD = 0.02 and λR = 0.01. Interestingly, the initial MI spectrum of Fig. 4(a) is recovered when increasing λR to 0.04, as shown in Fig. 4(d). 
This implies that the Rashba SO coupling, in this particular context, has the reverse effect of the Dresselhaus SO coupling. To remind, MI 
in BEC has been given considerable importance over a long period, owing to its fundamental and applied interest in various aspects [94]. 
In particular, MI has been found to be relevant in understanding the formation and propagation of solitonic waves and also apparent 
in explaining the domain formation and quantum phase transition. Overall, the above linear stability analysis shows that the MI growth 
rate ζ is very sensitive to the variation of the competing SO parameters, which offers different figures of instability, to be confirmed 
numerically in the next section.

4. Numerical results on wave train formation

The linear stability analysis performed in Sec. 3 relies on linearizing the perturbed CWs around the unperturbed solutions. Therefore, 
only the onset of MI can be predicted, while no information about the longtime spatiotemporal evolution of the instability growth can be 
obtained, which requires their confrontation with direct numerical simulations on Eqs. (11). This is achieved using the split-step Fourier 
method using the initial conditions:

ψ1(x, y,0) = ψ2(x, y,0) = √
n0 + ε cos(K1x + K2 y), (19)

where the perturbation wavenumbers K = K1 = K2 have been chosen based on the growth rate spectra of Figs. 1-4, with n0 = 1 and 
ε = 0.001, so that ε ) n0. The features of MI are discussed in terms of the amplitude maxima, while one pays particular attention to 
the simultaneous effects brought by the helicoidal and the RD SO couplings. Different combinations of such parameter values are used 
according to the predictions of the linear stability analysis.

To start, we should remind the reader that the gauge amplitude and the helicoidal gauge potential are the combined quantities that 
bring about the helicoidal SO coupling. In 2D, considering (βx + β y) = π/2 constitutes a square lattice that will be used for numerical 
simulations in the presence of the RD SO coupling. The results showing the MI evolution in such a model are presented in Figs. 5-11. In 
fact, Fig. 5 shows results for α (= 0 and β (= 0, with λR = λD = 0.1, which indeed show the emergence of train of wave, periodic along the 
x-axis, but erratic along the y-axis. This is contrary to what was observed in the previous case and pictures the impact of the helicoidal 
gauge potential on the MI process. However, erratic patterns are more distributed for |ψ2|2 than for |ψ1|2, which support a certain energy 
concentration, knowing that the initial state was the same. At this point, the presence of β gives the possibility to characterize patterns 
for right- and left-handed helicoidal SO couplings, respectively obtained for β < 0 and β > 0. The features of Fig. 5 correspond to the left-
handed coupling context. Further calculations, especially for the right-handed SO coupling, are recorded in Fig. 6, where trains of solitons 
are generated for β < 0. In Fig. 7, wave patterns due to right-handed and left-handed helicoidal SO couplings are compared. It is clear that 
not only β affects the occurrence of MI, but it also sustains the robustness of the soliton-like objects in the proposed model. The formation 
of solitary peaks in BEC systems has been debated in several contributions. That phenomenon was described by Hai et al. [71], where 
they showed that breathing wave packets can display some deformation while propagating. Although this was shown on a single BEC, and 
based on Strecker’s et al. experiment [69], the width and frequency of the wave train oscillation may be affected, therefore delocalizing 
the center of the soliton, with the direct result being what is displayed in Fig. 7. Although the calculations made in the present work are a 
result of the activation of the MI, it remains that such structures are inherent to BEC systems, especially when a suitable balance between 
nonlinear and dispersive effects is found, as interestingly demonstrated by Salasnich et al. [95] in a one-component BEC of 7Li.
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Fig. 6. MI evolution in both condensates with increasing time in the presence of both the SO coupling and the RD SO coupling. Fixing α = 0.1, β = −0.25, and λR = λD = 0.01, 
panels from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100 and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5 and 
g12 = 0.6.

Fig. 7. The panels show cross sections of the density profiles at time t = 100, when y = 10, β = 0.25 (solid blue line), β = −0.25 (dotted yellow line) and λR = λD = 0.1. The 
other parameters are K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5, g12 = 0.6, and α = 0.1. (For interpretation of the colors in the figure(s), the reader is referred to the web 
version of this article.)

Fig. 8. MI evolution in both condensates with increasing time in the presence of both the SO coupling and the RD SO coupling. Fixing α = 0.1, β = 0.25, and λR > λD , panels 
from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100 and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5 and g12 = 0.6.

The effect of λR and λD cannot be neglected in this context, as the cross terms between the two condensates modulate the balance be-
tween nonlinearity and dispersion, which brings about new behaviors. This can be more effective when λR > λD as shown in Fig. 8, where 
α = 0.1 and β = 0.25. Initially, the distribution of wave patterns is high for |ψ1|2, but during propagation, there is energy transfer through 
the coupling, which increases pattern distribution in favor of |ψ2|2. With time, the MI persists, which justifies a strong disturbance of the 
CW stability by the Rashba SO coupling term. Still, propagation takes place in the y-direction. The numerical results recorded in Fig. 9 fur-
ther show how the balance between λR and λD influences the MI progression both under left- and right-handed SO coupling. At the time 
t = 20, strong density disturbance generates envelope solitons in both components. With time increasing, the breather soliton expands, 
and the number of oscillations increases, probably due to multiple collisions among the emerging solitons. However, the effect of the sign 
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Fig. 9. The panels show cross sections of the density profiles when y = 10, β = 0.25 (solid blue line), β = −0.25 (dotted yellow line) and λR > λD . Panels (aj) j=1,2, (bj) j=1,2
and (cj) j=1,2 respectively correspond to instants t = 20, t = 50 and t = 100, with K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5, g12 = 0.6 and α = 0.1.

Fig. 10. MI evolution in both condensates with increasing time in the presence of both the SO coupling and the RD SO coupling. Fixing α = 0.1, β = 0.25, and λR < λD , 
panels from (a) to (d) correspond to the respective instants t = 25, t = 60, t = 100 and t = 170. The other parameters are K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5 and 
g12 = 0.6.

β manifests itself by intermittent alternations between in- and out-of-phase oscillations. Being in the presence of a mixture of open BECs, 
the oscillations, after a certain time, extend to the boundaries, as supported by Fig. 9(bj)1=1,2, where the train is made of ordinary and 
composite solitons. Moreover, it is evident that the structures of Figs. 9(aj) j=1,2 are more confined and, therefore, support the presence of 
a virtual potential. Of course, a real experiment predicts any matter-wave state to be created in a trapping potential. The two-component 
model of the BEC that combines the SO-Rashba coupling and attractive cubic interactions supports semi-vortices and mixed modes, which 
get readily self-trapped in the common isotropic harmonic-oscillator trapping potential and remain robust even when the potential gets 
quenched [96]. This otherwise reveals the independent tunability of the Rashba SO coupling and the harmonic-oscillator trap. Even in the 
absence of trapping potentials, other seminal contributions have indicated that in exciton-polariton condensates with dissipation due to 
a narrow external pump beam, the formation of strongly localized stationary solutions, also known as quasicompactons [97], may take 
place. Indeed, the models are modified by the presence of the RD terms, which may explain the observed behaviors in a certain way. 
This means that the helicoidal SO coupling should be complete through the presence of α and β for the trapping effect to be strong. 
Otherwise, the gauge amplitude alone, mixed with the RD SO coupling, cannot trap the soliton trains that expand from the onset, even 
though nonlinear structures emerge over a long time. This is also true for the case λR > λD depicted in Fig. 10, where the final instant 
t = 170 displays patterns whose amplitude increases with y. More interestingly, the cross-section of both component oscillations, depicted 
in Fig. 11, shows an increase in the number of peaks. This shows the real effect of a dominating Dresselhaus SO coupling parameter λD . 
Also, when the system is switched from left- to right-handed helicoidal SO coupling, the last stage shows dominating peaks belonging to 
the condensate ψ1.

When the helicoidal gauge potential is well-tuned, combining the two effects of RD SO-coupling may bring about new classes of 
patterns as already debated in several contributions dealing with vortices and more exotic topological excitations in rotating two- and
three-dimensional SO-coupled BECs. In such contexts, it was shown that RD SO coupling may lead to a broad range of quantum phases 
among which plane wave phase [98], bright soliton phase [99,100], dark soliton phase [101], stripe phase [98,102,103], topological su-
perfluid phase [51], polarized and unpolarized phases [104], just to name a few. Most of such excitation phases may be observed via the 
activation of MI, but the difficulty remains in manipulating the large number of parameters involved. This explains why we restricted 
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Fig. 11. The panels show cross sections of the density profiles when y = 10, β = 0.25 (solid blue line), β = −0.25 (dotted yellow line) and λR < λD . Panels (aj) j=1,2, (bj) j=1,2
and (cj) j=1,2 respectively correspond to instants t = 20, t = 50 and t = 100, with K1 = K2 = 1.5, n0 = 1, g = g11 = g22 = 0.5, g12 = 0.6 and α = 0.1.

ourselves to repulsive intra- and intercomponent interactions and, more importantly, how they compete with other parameters like the 
helicoidal gauge potential and the subsequent Rashba and Dresselhaus SO-coupling parameters.

5. Concluding remarks

In this letter, we have introduced a 2D BEC system that combines the helicoidal SO coupling and a mixture of RD SO coupling. Taking 
advantage of the helicoidal gauge potential tunability, the dynamical model of BEC has been reduced to a set GPEs in the square lattice 
approximation. The analysis of MI has been carried out, and new distribution behaviors of the growth rate spectra under the combined 
effects of the two types of SO couplings have been found. In a context where the full helicoidal SO coupling and the RD coupling 
are involved, confined and coherent structures have been found to characterize MI, which further revealed the trapping capacity of the 
helicoidal SO coupling via the emergence of breathing-like solitons extending progressively to the domain edges as time increases. Such 
dynamics have been explored for λR = λD , λR > λD and λR < λD . In free space, however, the change in the gauge amplitude α, together 
with the above combinations between λR and λD , does not allow the confinement of the emerging solitons, which corroborates the fact 
that RD SO coupling does not provide any trapping mechanism [84], the latter being recovered by applying the helicoidal SO coupling, 
and the helicoidal gauge potential particularly. It was, for example, shown by Liu et al. [105] that another mechanism to stabilize 2D and 
3D solitons under simultaneous Rashba and Dresselhaus SO couplings was through the application of long-range anisotropic attractive 
dipole-dipole interactions. Anisotropic vector solitons were generated, and their collision confirmed the trapping effect of the dipole-
dipole interactions. A new direction to the present study may be soliton generation via wave collision and their stabilization through the 
helicoidal SO coupling.
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Appendix A. Matrix (15) elements for βx = βy = β , with (βx + β y) = π/2

n11 = βK1 + αK2, n12 = K1α + K2β − (iK1 + K2)λR − λD(K1 + iK2),

n13 = −1
2
(K 2

1 + K 2
2 ) + β(λD + iλR), n14 = −β(λD + iλR),

n21 = (βK2 + αK1) + λR(iK1 − K2) + λD(K1 − iK2), n22 = αK2 + βK1, n23 = −β(λD + iλR),

n24 = −1
2
(K 2

1 + K 2
2 ) + β(λD + iλR), n31 = 1

2
(K 2

1 + K 2
1 ) + 2g11n0 − β(λD + iλR),

n32 = 2g12n0 + β(λD + iλR), n33 = −(βK1 + αK2), n34 = λR(K2 + iK1) + λD(K1 + iK2) − (K1α + K2β),

n41 = 2g12n0 + β(λD + iλR), n42 = 1
2
(K 2

1 + K 2
2 ) + 2g22n0 − β(λD + iλR),

n43 = λR(K2 − iK1) + λD(iK2 − K1) − (βK2 + k1α), n44 = βK1 − αK2.

(A.1)

Appendix B. Coefficients P j ( j = 0, 1, 2, 3) of the dispersion relation (16)

P3 = n11 + n22 − n33 − n44,

P2 = −n12n21 + n13n31 + n23n32 + n14n41 + n24n42 − n34n43

+ n22 (−n33 − n44) + n11 (n22 − n33 − n44) + n33n44,

P1 = n14 (n22n41 − n33n41 − n21n42 + n31n43) + n24 (n32n43 − n33n42)

+ n22 (n33n44 − n34n43) + n11 (n23n32 + n24n42 − n34n43 + n22 (−n33 − n44) + n33n44)

+ n13 (n22n31 − n44n31 − n21n32 + n34n41) + n23 (n34n42 − n32n44)

+ n12 (−n23n31 − n24n41 + n21 (n33 + n44)) ,

P0 = n14 (n23 (n32n41 − n31n42) + n22 (n31n43 − n33n41) + n21 (n33n42 − n32n43))

+ n13 (n24 (n31n42 − n32n41) + n21 (n32n44 − n34n42) + n22 (n34n41 − n31n44))

+ n11 (n24 (n32n43 − n33n42) + n22 (n33n44 − n34n43) + n23 (n34n42 − n32n44))

+ n12 (n24 (n33n41 − n31n43) + n23 (n31n44 − n34n41) + n21 (n34n43 − n33n44)) .

(B.1)
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