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ABSTRACT
Recently, Chang et al. (2015) constructed an algorithm that
converges weakly to the solution of the split equality fixed
point problem for quasi-pseudo-contractive mappings under
some suitable conditions. They also showed that strong con-
vergence is obtained in the case when the quasi-pseudo-con-
tractive mappings are semi-compact. In this article, we
construct an algorithm for quasi-pseudo-contractive mappings
that always converge strongly to some solution of the split
equality fixed point problem under mild conditions. We men-
tion that we do not require the quasi-pseudo-contractive
mappings to be semi-compact to obtain strong convergence.
The algorithm does not require any prior knowledge of oper-
ator norms. The result of this article provides a unified frame-
work for this type of problems.

ARTICLE HISTORY
Received 23 September 2019
Accepted 28 September 2019

KEYWORDS
Demicontractive operators;
directed operators; fixed
point; feasibility problem;
quasi nonexpansive
mapping; quasi-pseudo
contractive mapping

MATHEMATICS SUBJECT
CLASSIFICATION
47H09; 47H10; 47H20;
47J20; 65J15

1. Introduction

Let C and D be closed and convex subsets of real Hilbert spaces H1 and
H2, respectively. Consider two bounded linear operators A : H1 ! H3 and
B : H2 ! H3, where H3 is another real Hilbert space. The split equality
feasibility problem consists of finding two points x 2 C and y 2 D such
that Ax ¼ By. (For more information on this problem, we refer the reader
to [1–3]). Such a problem allows asymmetric and partial relations between
the variables x and y, and covers many problems such as decomposition
methods for PDEs, applications in game theory, and intensity-modulated
radiation therapy. These broad applications caught the attention of many
researchers, and eventually leading to various research output for the split
equality feasibility problem, see for example [4–12].
Note that if one of the operators, say B¼ I (the identity mapping on H2),

and H2 ¼ H3, then the split equality feasibility problem reduces to the split
feasibility problem that was first introduced by Censor and Elfving [13] in
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1994. The latter algorithm was then used for inverse problems that arise
from phase retrievals, and in medical image reconstruction [14–16]. Several
convergent algorithms have been constructed that converge weakly to the
solution of the split feasibility problem, see for example [17–19]. In [20],
the first author constructed a strongly convergent algorithm for the split
feasibility problem.
Another interesting case to consider, with regard to the split equality

feasibility problem, was introduced recently by Moudafi [21], and it basic-
ally makes use of the assumptions C ¼ FixðTÞ and D ¼ FixðSÞ for some
nonlinear operators T : H1 ! H1 and S : H2 ! H2, with nonempty fixed
point sets FixðTÞ and FixðSÞ: The resulting problem is sometimes referred
to as the split equality fixed point problem. Some literature is already
available for this problem, see for instance [1, 3, 22]. We note that the
algorithms constructed in the cited papers only converge weakly. On the
other hand, weak convergence is not effective for practical implementation
of the algorithm.
In 2015, Zhao [24] introduced the following iterative process for the class

of quasi-nonexpansive mappings:

un ¼ xn�cnA
�ðAxn�BynÞ,

xnþ1 ¼ anun þ ð1�anÞTun,
vn ¼ yn�cnB

�ðByn�AxnÞ,
ynþ1 ¼ anvn þ ð1�anÞSvn,

8>>><
>>>:

(1.1)

and proved that under certain assumptions, the algorithm aforementioned
converges weakly to a solution of the split equality fixed point problem
without prior knowledge of norms of A and B.
Recently, Chang et al. [24] introduced the following iterative process for

the class of quasi-pseudo contractive mappings:

un ¼ xn�cnA
�ðAxn�BynÞ,

xnþ1 ¼ anxn þ ð1�anÞ ð1�nnÞI þ nnT ð1�gnÞI þ gnT½ �½ �un,
vn ¼ yn�cnB

�ðByn�AxnÞ,
ynþ1 ¼ anyn þ ð1�anÞ ð1�nnÞI þ nnS ð1�gnÞI þ gnS½ �½ �vn,

8>>><
>>>:

(1.2)

and proved that under certain assumptions, the algorithm aforementioned
converges weakly to a solution of the split equality fixed point problem. In
addition, Chang et al. [24] showed that strong convergence is guaranteed if
the maps S and T are semi-compact.
Motivated by the above works, we propose an iterative method for the

class of quasi-pseudo-contractive mappings that always converge strongly
to some solution of the split equality fixed point problem. More precisely,
if C and D are nonempty, closed and convex subsets of real Hilbert spaces
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H1 and H2, respectively, and u, x0 2 H1, v, y0 2 H2 are chosen arbitrarily, we
define a sequence (xn, yn) in H1 �H2 iteratively by

un ¼ PC xn�cnA
�ðAxn�BynÞ

� �
,

xnþ1 ¼ anuþ ð1�anÞ ð1�nnÞI þ nnT ð1�gnÞI þ gnT½ �½ �un,
vn ¼ PD yn�cnB

�ðByn�AxnÞ
� �

,

ynþ1 ¼ anvþ ð1�anÞ ð1�nnÞI þ nnS ð1�gnÞI þ gnS½ �½ �vn,

8>>><
>>>:

(1.3)

where T : C ! H1 and S : D ! H2 are quasi-pseudo-contractive mappings,
fang, fnng and fgng are sequences of real numbers in (0, 1) and cn > 0 for
all n � 0: It is known that the class of quasi-pseudo-contractive mappings
is more general than the class of quasi-contractive mappings, directed map-
pings, and demicontractive mappings. Also from a practical point of view,
weak convergence is not effective compared to strong convergence. As a
special case, we will show that the projections in Equation (1.3) can be
dropped and still obtain strong convergence results for this type of opera-
tors without using additional conditions on the parameters defining the
constructed sequence. We observe that the algorithm does not require any
prior knowledge of operator norms of A and B. Hence, our results provide
a unified framework for the study of the split equality fixed point problem
and quasi-pseudo-contractive mappings. As an application, we use our
algorithm to approximate minimum norm elements that solve the split
equality fixed point problem.

2. Preliminaries

In the sequel, H represents a real Hilbert space with inner product h�, �i
and norm k � k: It is known that for any x, y 2 H, the inequalities

aÞ 2hx, yi ¼ jjxjj2 þ jjyjj2�jjx�yjj2 ¼ jjxþ yjj2�jjxjj2�jjyjj2; (2.1)

bÞ jjxþ yjj2 � jjxjj2 þ 2hy, xþ yi, (2.2)

hold true. In addition, it can be proved easily that if a, b, c are any real
numbers in (0, 1) with aþ bþ c ¼ 1, then for any x, y, z 2 H, we have

jjaxþ byþ czjj2 ¼ ajjxjj2 þ bjjyjj2 þ cjjzjj2�abjjx�yjj2
�acjjx�zjj2�bcjjy�zjj2,

(2.3)

(see e.g., [25, 26]). If C is a nonempty, closed, and convex subset of H,
then one can define the metric projection mapping PC : H ! C by

jjPCx�xjj ¼ inf
y2C

jjx�yjj:
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For any x 2 H, it can be shown that

hx�PCx, y�PCxi � 0, (2.4)

for all y 2 C, (see e.g., [27, 28]).
Note that Equation (2.4) is equivalent to

jjPCx�yjj2 � jjx�yjj2�jjx�PCxjj2, (2.5)

for all y 2 C: In this case, we say that the projection operator is firmly
quasi-nonexpansive. In fact one can show that the projection mapping is
firmly nonexpansive, meaning that it satisfies

jjPCx�PCyjj2 � jjx�yjj2�jjðI�PCÞx�ðI�PCÞyjj2,
for all x, y 2 H: For further reading on the properties of firmly nonexpan-
sive operators, in general, and of metric projections, in particular, we refer
the reader to the excellent book by Goebel and Reich [27].
We remark that if H1, H2 are real Hilbert spaces, then H :¼ H1 � H2 is

also a real Hilbert space with inner product

hðx1, y1Þ, ðx2, y2Þi ¼ hx1, x2i þ hy1, y2i, 8ðx1, y1Þ, ðx2, y2Þ 2 H1 �H2,

and that

ðxn, ynÞ * ðx�, y�Þ implies xn * x� and yn * y�: (2.6)

Moreover, if C is a nonempty, closed, and convex subset of H, ðu, vÞ 2 H
and ðu�, v�Þ ¼ PCðu, vÞ, then from inequality (2.4), we obtain that

hðu, vÞ�ðu�, v�Þ, ðx, yÞ�ðu�, v�Þi � 0,8ðx, yÞ 2 C: (2.7)

Recall that for a nonempty subset C of H, an operator T : C ! C is said
to be an L-Lipschitzian if

jjTx�Tyjj � Ljjx�yjj,
for all x, y 2 C: In particular, if L¼ 1, then T is said to be nonexpansive.
An operator T : C ! C is said to be pseudo-contractive if

hTx�Ty, x�yi � jjx�yjj2,
for all x, y 2 C: It is known that an operator T is pseudo-contractive if and
only if I – T is monotone. In addition, T is pseudo-contractive if and only if

jjTx�Tyjj2 � jjx�yjj2 þ jjðI�TÞx�ðI�TÞyjj2,
for all x, y 2 C: If the fixed point set of an operator T : C ! C, denoted by
FixðTÞ, is nonempty and

jjTx�x�jj2 � jjx�x�jj2 þ jjTx�xjj2,
is satisfied for all x 2 C and x� 2 FixðTÞ, then in that case T is said to be
quasi-pseudo-contractive. An operator T is said to be demiclosed at zero if,
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for any sequence fxng in C, the conditions fxng converges weakly to x̂ and
fTxng converges strongly to zero imply that Tx̂ ¼ 0:
We next give some lemmas that will be useful in the sequel.

Lemma 2.1. (Chang et al. [24]). Let C be a nonempty, closed, and convex
subset of a real Hilbert space H, and T : C ! C be an L-Lipschitzian map-
ping with L � 1. Denote

G :¼ ð1�nÞI þ nT ð1�gÞI þ gT½ �, where 0 < n < g <
1

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ L2

p :

Then FixðTÞ ¼ FixðT½ð1�gÞI þ gT�Þ ¼ FixðGÞ:
In [29], it was shown that the map G : C ! C defined in Lemma 2.1

above is quasi-nonexpansive. Our interest is to verify that G satisfies
inequality (2.8) mentioned in the following lemma. This fact will be used
in proving our main result.

Lemma 2.2. Let C be a nonempty, closed, and convex subset of a real
Hilbert space H, and T : C ! C be a quasi-pseudo-contractive and
L-Lipschitzian mapping with L � 1, and FixðTÞ 6¼ ;. Denote

G :¼ ð1�nÞI þ nT ð1�gÞI þ gT½ �, where 0 < n < g <
1

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ L2

p :

Then for any u 2 H and p 2 FixðTÞ,
jjGu�pjj2 � jju�pjj2�ngð1�2g�L2g2Þjju�Tujj2: (2.8)

In particular, the mapping G is quasi-nonexpansive.

Proof. Let p 2 FixðTÞ: Then from Equation (2.3),

jjGu�pjj2 ¼ jjð1�nÞðu�pÞ þ nfT ð1�gÞI þ gT½ �u�pgjj2
¼ ð1�nÞjju�pjj2 þ njjT ð1�gÞI þ gT½ �u�pjj2
�nð1�nÞjju�T ð1�gÞI þ gT½ �ujj2:

Since T is quasi-pseudo-contractive,

jjT ð1�gÞI þ gT½ �u�pjj2 � jj ð1�gÞI þ gT½ �u�pjj2
þ jj ð1�gÞI þ gT½ �u�T ð1�gÞI þ gT½ �ujj2:

(2.9)

Again from Equation (2.3) and the quasi-pseudo-contractive property of
T, we have
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jj ð1�gÞI þ gT½ �u�pjj2 ¼ jjð1�gÞðu�pÞ þ gðTu�pÞjj2
¼ ð1�gÞjju�pjj2 þ gjjTu�pjj2�gð1�gÞjju�Tujj2
� ð1�gÞjju�pjj2 þ gðjju� pjj2 þ jju� Tujj2Þ
�gð1�gÞjju�Tujj2

¼ jju�pjj2 þ g2jju�Tujj2: (2.10)

On the other hand, from

ð1�gÞuþ gTu�T ð1�gÞI þ gT½ �u ¼ ð1�gÞðu�T ð1�gÞI þ gT½ �uÞ
þ gðTu�T ð1�gÞI þ gT½ �uÞ,

and Equation (2.3), we have

jjð1�gÞuþ gTu�T ð1�gÞI þ gT½ �ujj2 ¼ ð1�gÞjju�T ð1�gÞI þ gT½ �ujj2
þ gjjTu�T ð1�gÞI þ gT½ �ujj2
�gð1�gÞjju�Tujj2:

Since T is an L-Lipschitzian mapping,

jjTu�T ð1�gÞI þ gT½ �ujj2 � L2jju� ð1�gÞuþ gTu½ �jj2
¼ L2g2jju�Tujj2:

Using the condition n < g, we have

jjð1�gÞuþ gTu�T ð1�gÞI þ gT½ �ujj2 � ð1�nÞjju�T ð1�gÞI þ gT½ �ujj2
�gð1�g�L2g2Þjju�Tujj2:

From this last inequality and inequalities (2.9) and (2.10), we have

jjT ð1�gÞI þ gT½ �u�pjj2 � fjju� pjj2 þ g2jju� Tujj2g
þ ð1�nÞjju�T ð1�gÞI þ gT½ �ujj2
�gð1�g�L2g2Þjju�Tujj2

¼ jju�pjj2 þ ð1�nÞjju�T ð1�gÞI þ gT½ �ujj2
�gð1�2g�L2g2Þjju�Tujj2:

Therefore,

jjGu�pjj2 � ð1�nÞjju�pjj2 þ nfjju� pjj2 þ ð1� nÞjju� T ð1� gÞI þ gT½ �ujj2g
�ngð1�2g�L2g2Þjju�Tujj2�nð1�nÞjju�T ð1�gÞI þ gT½ �ujj2

¼ jju�pjj2�ngð1�2g�L2g2Þjju�Tujj2:

The last inequality aforementioned is exactly Equation (2.8).
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Note that if

0 < n < g <
1

1þ ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ L2

p ,

then ngð1�2g�L2g2Þ > 0: Therefore, from Equation (2.8), we derive
jjGu�pjj � jju�pjj:

This shows that G is quasi-nonexpansive. The proof of the Lemma is
complete. w

We conclude this section by giving two lemmas that will be used in
proving our main result.

Lemma 2.3. (Xu [30]). Let ðsnÞ be a sequence of non-negative real numbers
satisfying

snþ1 � ð1�anÞsn þ anbn þ cn, n � 0,

where ðanÞ, ðbnÞ, ðcnÞ satisfy the conditions: (i) ðanÞ 	 ½0, 1�, withP1
n¼0 an ¼ 1, (ii) cn � 0 for all n � 0 with

P1
n¼0 cn < 1, and (iii)

lim supn!1 bn � 0. Then limn!1 sn ¼ 0:

Lemma 2.4. (Maing�e [31]). Let ðskÞ be a sequence of real numbers that does
not decrease at infinity, in the sense that there exists a subsequence ðskjÞ of
ðskÞ such that skj < skjþ1 for all j � 0. Define an integer sequence ðmkÞk�k0 as

mk ¼ maxfk0 � l � k : sl < slþ1g:
Then mk ! 1 as k ! 1, and for all k � k0

maxfsmk , skg � smkþ1: (2.11)

3. Main results

Throughout this article, we use the notation K1 
 K2 to indicate that K1 is
a subset of K2. We assume that the set

C ¼ fðx, yÞ 2 FixðTÞ � FixðSÞjAx ¼ Byg
is nonempty, where A : H1 ! H3 and B : H2 ! H3 are bounded linear opera-
tors and T : DðTÞ 
 H1 ! H1 and S : DðSÞ 
 H2 ! H2 are nonlinear maps.
We now prove our main theorem.

Theorem 3.1. Let C and D be nonempty, closed, and convex subsets of real
Hilbert spaces H1 and H2, respectively. Assume that A : H1 ! H3 and B :
H2 ! H3 are bounded linear operators with adjoints A� and B�, respectively,
where H3 is another real Hilbert space. Suppose that the mappings T : C !
C and S : D ! D are quasi-pseudo-contractive and L-Lipschitzian with
Lipschitz constants L> 1, and C 6¼ ;. If u, x0 2 H1 and v, y0 2 H2 are chosen
arbitrarily, then the sequence fðxn, ynÞg defined by Equation (1.3), with
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(a) 0 < a < nn < gn < b < 1
1þ ffiffiffiffiffiffiffiffi

1þL2
p , for all n � 0,

(b) an 2 ð0, 1Þ,
(c) 0 < d < cn < l < 2jjAxn�Bynjj2

jjA�ðAxn�Bynjj2þjjB�ðAxn�BynÞjj2 , for n 2 X,

otherwise, cn ¼ c (c being any nonnegative value), where the set of the
indexes X ¼ fn 2 N : Axn�Byn 6¼ 0g, is a bounded sequence in H1 �H2:

Proof. Let ðp, qÞ 2 C: That is, p 2 FixðTÞ, q 2 FixðSÞ and Ap ¼ Bq. Denote

Gn :¼ ð1�nnÞI þ nnT ð1�gnÞI þ gnT½ �:
Then from Lemma 2.2,

jjGnun�pjj2 � jjun�pjj2�nngnð1�2gn�L2g2nÞjjun�Tunjj2: (3.1)

On the other hand, from Equation (1.3), the firmly nonexpansive prop-
erty of projections and Equation (2.1), we have

jjun�pjj2 � jjxn�cnA
�ðAxn�BynÞ�pjj2�jjxn�cnA

�ðAxn�BynÞ�unjj2
¼ jjxn�pjj2 þ c2njjA�ðAxn�BynÞjj2�2cnhxn�p,A�ðAxn�BynÞi
�jjxn�un�cnA

�ðAxn�BynÞjj2
¼ jjxn�pjj2 þ c2njjA�ðAxn�BynÞjj2�2cnhAxn�Ap,Axn�Byni
�jjxn�un�cnA

�ðAxn�BynÞjj2
¼ jjxn�pjj2 þ c2njjA�ðAxn�BynÞjj2�cnjjAxn�Apjj2
�cnjjAxn�Bynjj2 þ cnjjByn�Apjj2
�jjxn�un�cnA

�ðAxn�BynÞjj2: (3.2)

Therefore,

jjGnun�pjj2 � jjxn�pjj2 þ c2njjA�ðAxn�BynÞjj2�cnjjAxn�Apjj2
�cnjjAxn�Bynjj2 þ cnjjByn�Apjj2
�nngnð1�2gn�L2g2nÞjjun�Tunjj2
�jjxn�un�cnA

�ðAxn�BynÞjj2: (3.3)

Moreover, from xnþ1 ¼ anuþ ð1�anÞGnun, equation (2.3) and inequality
(3.1), we have

jjxnþ1�pjj2 ¼ jjanðu�pÞ þ ð1�anÞðGnun�pÞjj2
¼ anjju�pjj2 þ ð1�anÞjjGnun�pjj2
�anð1�anÞjjGnun�ujj2,

and

766 O. A. BOIKANYO AND H. ZEGEYE



jjxnþ1�pjj2 � anjju�pjj2 þ ð1�anÞjjun�pjj2: (3.4)

Similarly, setting

Hn :¼ ð1�nnÞI þ nnS ð1�gnÞI þ gnS½ �,

we have ynþ1 ¼ anvþ ð1�anÞHnvn, and again from Lemma 2.2,

jjHnvn�qjj2 � jjvn�qjj2�nngnð1�2gn�L2g2nÞjjvn�Svnjj2:

From Equation (1.3), the firmly nonexpansive property of projections,
and Equation (2.1), we have

jjvn�qjj2 � jjyn�cnB
�ðByn�AxnÞ�qjj2�jjyn�cnB

�ðByn�AxnÞ�vnjj2
¼ jjyn�qjj2 þ c2njjB�ðByn�AxnÞjj2�2cnhyn�q,B�ðByn�AxnÞi
�jjyn�vn�cnB

�ðByn�AxnÞjj2
¼ jjyn�qjj2 þ c2njjB�ðByn�AxnÞjj2�2cnhByn�Bq,Byn�Axni
�jjyn�vn�cnB

�ðByn�AxnÞjj2
¼ jjyn�qjj2 þ c2njjB�ðByn�AxnÞjj2�cnjjByn�Bqjj2
�cnjjAxn�Bynjj2 þ cnjjAxn�Bqjj2
�jjyn�vn�cnB

�ðByn�AxnÞjj2: (3.5)

Therefore,

jjHnvn�qjj2 � jjyn�qjj2 þ c2njjB�ðByn�AxnÞjj2�cnjjByn�Bqjj2
�cnjjAxn�Bynjj2 þ cnjjAxn�Bqjj2
�nngnð1�2gn�L2g2nÞjjvn�Svnjj2
�jjyn�vn�cnB

�ðByn�AxnÞjj2,

(3.6)

and

jjynþ1�qjj2 ¼ anjjv�qjj2 þ ð1�anÞjjHnvn�qjj2�anð1�anÞjjv�Hnvnjj2
� anjjv�qjj2 þ ð1�anÞjjvn�qjj2: (3.7)

Now, adding inequalities (3.2) and (3.5), using the fact that Ap ¼ Bq and
noting assumptions on cn, we obtain

jjun�pjj2 þ jjvn�qjj2 � jjxn�pjj2 þ jjyn�qjj2�cn½2jjAxn�Bynjj2
�cnðjjA�ðAxn�BynÞjj2 þ jjB�ðByn�AxnÞjj2Þ�

� jjxn�pjj2 þ jjyn�qjj2:
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Now, adding (3.4) and (3.7) yields

jjxnþ1�pjj2 þ jjynþ1�qjj2 � an jju�pjj2 þ jjv�qjj2
� �

þ ð1�anÞ jjxn�pjj2 þ jjyn�qjj2
� �

� maxfjjxn�pjj2 þ jjyn�qjj2, jju�pjj2 þ jjv�qjj2g
..
.

� maxfjjx1�pjj2 þ jjy1�qjj2, jju�pjj2 þ jjv�qjj2g:

Therefore, fjjxn�pjj2 þ jjyn�qjj2g is bounded. Hence, fxng and fyng are
bounded. Consequently, fung, fvng, fTung and fSvng are bounded. w

Theorem 3.2. Let C and D be nonempty, closed, and convex subsets of real
Hilbert spaces H1 and H2, respectively. Assume that A : H1 ! H3 and B :
H2 ! H3 are bounded linear operators with adjoints A� and B�, respectively,
where H3 is another real Hilbert space. Suppose that the maps T : C ! C
and S : D ! D are quasi-pseudo-contractive and L-Lipschitzian with
Lipschitz constants L> 1, and C 6¼ ;. Assume that both I – T and I – S are
demiclosed at zero. If u, x0 2 H1 and v, y0 2 H2 are chosen arbitrarily, then
the sequence fðxn, ynÞg defined by Equation (1.3), with

(a) 0 < a < nn < gn < b < 1
1þ ffiffiffiffiffiffiffiffi

1þL2
p , for all n � 0,

(b) an 2 ð0, 1Þ, such that limn!1 an ¼ 0 and
P1

n¼0 an ¼ 1,

(c) 0 < d < cn < l < 2jjAxn�Bynjj2
jjA�ðAxn�Bynjj2þjjB�ðAxn�BynÞjj2 , for n 2 X,

otherwise, cn ¼ c (c being any nonnegative value), where the set of
the indexes X ¼ fn 2 N : Axn�Byn 6¼ 0g, converges strongly to an elem-
ent ðp̂, q̂Þ ¼ PCðu, vÞ:

Proof. The sequence fðxn, ynÞg is a bounded sequence in H1 �H2, see
Theorem 3.1. Take ðp̂, q̂Þ ¼ PCðu, vÞ: If we denote

Snðp̂, q̂Þ :¼ jjxn�p̂jj2 þ jjyn�q̂jj2 and Gn :¼ ð1�nnÞI þ nnT ð1�gnÞI þ gnT½ �,

then from property (2.2) and the definition of xn, we have

jjxnþ1�p̂jj2 ¼ jjanðu�p̂Þ þ ð1�anÞðGnun�p̂Þjj2
� ð1�anÞjjGnun�p̂jj2 þ 2anhu�p̂, xnþ1�p̂i:
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Using inequality (3.3), we get

jjxnþ1�p̂jj2 � ð1�anÞ jjxn�p̂jj2 þ c2njjA�ðAxn�BynÞjj2
h i

�ð1�anÞcn jjAxn�Apjj2 þ jjAxn�Bynjj2�jjByn�Apjj2
� �

þ 2anhu�p̂, xnþ1�p̂i
�ð1�anÞnngnð1�2gn�L2g2nÞjjun�Tunjj2
�ð1�anÞjjxn�un�cnA

�ðAxn�BynÞjj2:

(3.8)

Similarly, from property (2.2) and the definition of yn, we have

jjynþ1�q̂jj2 ¼ jjanðv�q̂Þ þ ð1�anÞðHnvn�q̂Þjj2
� ð1�anÞjjHnvn�q̂jj2 þ 2anhv�q̂, ynþ1�q̂i,

where Hn :¼ ð1�nnÞI þ nnS½ð1�gnÞI þ gnS�: Using inequality (3.6), we get

jjynþ1�q̂jj2 � ð1�anÞ jjyn�q̂jj2 þ c2njjB�ðByn�AxnÞjj2
h i

�ð1�anÞcn jjByn�Bqjj2 þ jjAxn�Bynjj2�jjAxn�Bqjj2
� �

þ 2anhv�q̂, ynþ1�q̂i
�ð1�anÞnngnð1�2gn�L2g2nÞjjvn�Svnjj2
�ð1�anÞjjyn�vn�cnB

�ðByn�AxnÞjj2: (3.9)

From condition (a) of the theorem, we can find a positive constant C
such that

ð1�anÞnngnð1�2gn�L2g2nÞ > C:

Adding inequalities (3.8) and (3.9), and making use of the above condi-
tion, we get

Snþ1ðp̂, q̂Þ � ð1�anÞSnðp̂, q̂Þ þ 2an hu�p̂, xnþ1�p̂i þ hv�q̂, ynþ1�q̂i� �

�ð1�anÞcn 2jjAxn�Bynjj2�cnðjjA�ðAxn�BynÞjj2 þ jjB�ðAxn�BynÞjj2Þ
� �

�C jjTun�unjj þ jjSvn�vnjj2
� �

�ð1�anÞjjxn�un�cnA
�ðAxn�BynÞjj2

�ð1�anÞjjyn�vn�cnB
�ðByn�AxnÞjj2:

(3.10)

Next, we show that the sequence fSnðp̂, q̂Þg converges strongly to zero.
Note that the convergence of fSnðp̂, q̂Þg to zero implies that

lim
n!1 jjxn�p̂jj ¼ 0 and lim

n!1 jjyn�q̂jj ¼ 0,

which in turn imply that xn ! p̂ and yn ! q̂ as n ! 1: In order to derive
strong convergence of fSnðp̂, q̂Þg to zero, we consider two possible cases
on fSnðp̂, q̂Þg:
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Case 1. Assume that there exists n0 2 N such that the sequence of real
numbers fSnðp̂, q̂Þg is decreasing for all n � n0: It then follows that
fSnðp̂, q̂Þg is convergent. Since the sequences fxng and fyng are bounded,
it follows from inequality (3.10), the fact that fang converges to zero as
n ! 1 and condition (c) of the assumption that

lim
n!1ðjjA

�ðAxn�BynÞjj2 þ jjB�ðAxn�BynÞjj2Þ ¼ 0, for n 2 X, (3.11)

and

lim
n!1 jjxn�un�cnA

�ðAxn�BynÞjj ¼ 0 ¼ lim
n!1 jjyn�vn�cnB

�ðByn�AxnÞjj:

Note that Axn�Byn ¼ 0, if n 62 X: Thus,

lim
n!1 jjA�ðAxn�BynÞjj ¼ lim

n!1 jjB�ðAxn�BynÞjjÞ ¼ 0: (3.12)

In addition, from equation (3.11) and inequality (3.10) we obtain that

lim
n!1 jjAxn�Bynjj ¼ 0: (3.13)

Moreover,

jjxn�unjj � jjxn�un�cnA
�ðAxn�BynÞjj þ jjcnA�ðAxn�BynÞjj:

Taking the limit as n ! 1, we get

lim
n!1 jjxn�unjj ¼ 0: (3.14)

Similarly,

jjyn�vnjj � jjyn�vn�cnB
�ðByn�AxnÞjj þ jjcnB�ðByn�AxnÞjj:

Passing to the limit as n ! 1, we get

lim
n!1 jjyn�vnjj ¼ 0: (3.15)

Furthermore, from inequality (3.10), we have

lim
n!1 jjun�Tunjj ¼ 0 ¼ lim

n!1 jjvn�Svnjj: (3.16)

Now, since fðxn, ynÞg is bounded in H1 � H2, there exists ðx�, y�Þ 2
H1 �H2 and a subsequence fðxnj , ynjÞg of fðxn, ynÞg such that ðxnj , ynjÞ *
ðx�, y�Þ, and

lim sup
n!1

½hu� p̂, xn � p̂i þ hv� q̂, yn � q̂i�

¼ lim sup
n!1

hðu, vÞ � ðp̂, q̂Þ, ðxn, ynÞ � ðp̂, q̂Þi

¼ lim
j!1

hðu, vÞ � ðp̂, q̂Þ, ðxnj , ynjÞ � ðp̂, q̂Þi:
(3.17)
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But ðxnj , ynjÞ * ðx�, y�Þ implies that xnj * x� and ynj * y�: Hence from
Equations (3.14) and (3.15), we have unj * x� and vnj * y�, respectively.
Now, since ðI�TÞ and ðI�SÞ are demiclosed at zero, from Equation (3.16)
we get x� 2 FðTÞ and y� 2 FðSÞ:
Next, we show that Ax� ¼ By�: Observe that

jjAx��By�jj2 ¼ jjðAx��Axnj þ Bynj�By�Þ þ ðAxnj�BynjÞjj2

� jjAxnj�Bynj jj2 þ 2hAx��By�,Ax��Axnj þ Bynj�By�i,
where the inequality follows from inequality (2.2). Since xnj * x� and
ynj * y� as j ! 1, it follows that Axnj * Ax� and Bynj * By� as j ! 1:

Taking limits on both sides, and making use of Equation (3.13), we get

jjAx��By�jj2 � lim sup
j!1

jjAxnj�Bynj jj2

þ 2 lim sup
j!1

hAx��By�,Ax��Axnj þ Bynj�By�i

¼ 0:

This inequality implies that Ax� ¼ By�: That is ðx�, y�Þ 2 C:
Consequently, from equation (3.17) and inequality (2.7) we derive that

lim sup
n!1

hu�p̂, xn�p̂i þ hv�q̂, yn�q̂i� �

¼ hðu, vÞ � ðp̂, q̂Þ, ðx�, y�Þ � ðp̂, q̂Þi � 0:
(3.18)

Now from Equation (1.3), we have

jjxnþ1�xnjj � anjju�xnjj þ ð1�anÞjjGnun�xnjj
� anM

0 þ jjGnun�xnjj,
for some positive constant M0: Note that

jjGnun�xnjj ¼ jjun�xn þ nnðT ð1�gnÞI þ gnT½ �un�unÞjj
� jjun�xnjj þ nnjjun�Tunjj
þ nnjjTun�T ð1�gnÞI þ gnT½ �unjj:

Since T is an L-Lipschitzian, we have

jjGnun�xnjj � jjun�xnjj þ nnjjun�Tunjj
þ nnLjjun� ð1�gnÞI þ gnT½ �unjj

¼ jjun�xnjj þ nnð1þ gnLÞjjun�Tunjj:
Therefore,

jjxnþ1�xnjj � anM
0 þ jjun�xnjj þ nnð1þ gnLÞjjun�Tunjj:
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Passing to the limit as n ! 1, and making use of Equations (3.14) and
(3.16), we derive

lim
n!1 jjxnþ1�xnjj ¼ 0:

Similarly from Equations (3.15) and (3.16), we derive

lim
n!1 jjynþ1�ynjj ¼ 0:

These last two limits together with inequality (3.18) imply that

lim sup
n!1

hu�p̂, xnþ1�p̂i þ hv�q̂, ynþ1�q̂i� � � 0:

Finally, rearranging inequality (3.10) gives

Snþ1ðp̂, q̂Þ � ð1�anÞSnðp̂, q̂Þ þ 2an hu�p̂, xnþ1�p̂i þ hv�q̂, ynþ1�q̂i� �
:

Then by Lemma 2.3, it follows that fSnðp̂, q̂Þg converges strongly to zero
as n ! 1: Hence fxng converges strongly to p̂ and the sequence fyng con-
verges strongly to q̂ as n ! 1: Consequently, fðxn, ynÞg converges strongly
to ðp̂, q̂Þ as n ! 1:

Case 2. Assume that there exists a subsequence fSkiðp̂, q̂Þg of fSkðp̂, q̂Þg
such that Skiðp̂, q̂Þ < Skiþ1ðp̂, q̂Þ for all i � 0: Then in view of Lemma 2.4,
we can define a nondecreasing sequence ðmkÞ 	 N such that mk ! 1 as
k ! 1 and maxfSmkðp̂, q̂Þ, Skðp̂, q̂Þg � Smkþ1ðp̂, q̂Þ for all k 2 N: Since the
sequences fxmkg and fymkg are bounded, following the methods in Case 1,
inequality (3.10) and the fact that famkg converges to zero as n ! 1, we
obtain

lim
k!1

jjAxmk�Bymk jj ¼ 0, (3.19)

and

lim
k!1

jjumk�Tumk jj ¼ 0 ¼ lim
k!1

jjvmk�Svmk jj: (3.20)

Moreover, as in Case 1, we can also derive the limits

lim
k!1

jjxmk�umk�cmk
A�ðAxmk�BymkÞjj ¼ 0,

and

lim
k!1

jjymk�vmk�cmk
B�ðBymk�AxmkÞjj ¼ 0:

From these limits and Equation (3.19), we derive

lim
k!1

jjumk�xmk jj ¼ 0 ¼ lim
k!1

jjvmk�ymk jj: (3.21)
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Now choose a subsequence fðxmkðlÞ , ymkðlÞ Þg of fðxmk , ymkÞg converging

weakly to an element, say ðx̂, ŷÞ 2 H1 �H2 with the property

lim sup
k!1

hu�p̂, xmk�p̂i þ hv�q̂, ymk�q̂i� � ¼ lim
l!1

½hu�p̂, xmkðlÞ�p̂i

þ hv�q̂, ymkðlÞ�q̂i�:
Then as in Case 1, we derive that ðx̂, ŷÞ 2 C: Consequently, from

inequality (2.4), we have

lim sup
k!1

hu�p̂, xmk�p̂i þ hv�q̂, ymk�q̂i� � ¼ hu�p̂, x̂�p̂i þ hv�q̂, ŷ�q̂i

� 0:

Following similar steps as in Case 1, we derive from Equations (3.19),
(3.20) and (3.21)

lim
k!1

jjxmkþ1�xmk jj ¼ 0 ¼ lim
k!1

jjymkþ1�ymk jj:

Hence, we have

lim sup
k!1

hu�p̂, xmkþ1�p̂i þ hv�q̂, ymkþ1�q̂i� � � 0:

Finally, making use of the inequality

Smkðp̂, q̂Þ � Smkþ1ðp̂, q̂Þ
for all k 2 N, and rearranging terms in inequality (3.10), we derive

amkSmkþ1ðp̂, q̂Þ � 2amk hu�p̂, xmkþ1�p̂i þ hv�q̂, ymkþ1�q̂i� �
:

Dividing throughout by amk and passing to the limit as k ! 1 in the
resulting inequality, we obtain Smkþ1ðp̂, q̂Þ ! 0 as k ! 1: Since Skðp̂, q̂Þ �
Smkþ1ðp̂, q̂Þ, it follows that Skðp̂, q̂Þ ! 0 as k ! 1: That is,

lim
k!1

jjxk�p̂jj ¼ 0 ¼ lim
k!1

jjyk�q̂jj:

Thus xk ! p̂ and yk ! q̂ as k ! 1:
We have shown in both cases that the sequence fðxn, ynÞg generated by

Equation (1.3) converges strongly to ðp̂, q̂Þ 2 C as n ! 1: This completes
the proof of the theorem. w

If T is a continuous pseudo-contractive mapping on a closed and convex
subset C of H, then I – T is demiclosed at zero, (see for example, [32]). In
this case, we have the following corollary.

Corollary 3.1. Let C and D be nonempty, closed, and convex subsets of real
Hilbert spaces H1 and H2, respectively. Assume that A : H1 ! H3 and B :

H2 ! H3 are bounded linear operators with adjoints A� and B�, respectively,
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where H3 is another real Hilbert space. Suppose that the mappings T : C !
C and S : D ! D are pseudo-contractive and L-Lipschitzians with Lipschitz
constants L> 1, and C 6¼ ;. If u, x0 2 H1 and v, y0 2 H2 are chosen arbitrar-
ily, then the sequence fðxn, ynÞg defined by Equation (1.3) converges strongly
to an element ðp̂, q̂Þ 2 C, where ðp̂, q̂Þ ¼ PCðu, vÞ, provided that conditions
(a)–(c) of Theorem 3.2 are satisfied.

We note that algorithm (1.3) and the method of proof of Theorem 3.2
provides the following theorem for approximating the minimum norm
point of the set C. The algorithm that guarantees convergence to the point
with minimum norm is

un ¼ PC xn�cnA
�ðAxn�BynÞ

� �
,

xnþ1 ¼ ð1�anÞ ð1�nnÞI þ nnT ð1�gnÞI þ gnT½ �½ �un,
vn ¼ PD yn�cnB

�ðByn�AxnÞ
� �

,

ynþ1 ¼ ð1�anÞ ð1�nnÞI þ nnS ð1�gnÞI þ gnS½ �½ �vn:

8>>><
>>>:

(3.22)

Theorem 3.3. Let C and D be nonempty, closed, and convex subsets of real
Hilbert spaces H1 and H2, respectively. Assume that A : H1 ! H3 and B :

H2 ! H3 are bounded linear operators with adjoints A� and B�, respectively,
where H3 is another real Hilbert space. Suppose that T : C ! C and S :
D ! D are quasi-pseudo-contractive and L-Lipschitzian mappings with
Lipschitz constants L> 1. Assume that C 6¼ ;, and both I – T and I – S are
demiclosed at zero. If x0 2 H1 and y0 2 H2 are chosen arbitrarily, then the
sequence fðxn, ynÞg defined by Equation (3.22) converges strongly to a
minimum norm element ð�p, �qÞ 2 C, provided that conditions (a)–(c) of
Theorem 3.2 are satisfied. That is, ð�p, �qÞ ¼ PCð0, 0Þ:
If C ¼ H1 and D ¼ H2, then algorithm (1.3) reduces to

un ¼ xn�cnA
�ðAxn�BynÞ,

xnþ1 ¼ anuþ ð1�anÞ ð1�nnÞI þ nnT ð1�gnÞI þ gnT½ �½ �un,
vn ¼ yn�cnB

�ðByn�AxnÞ,
ynþ1 ¼ anvþ ð1�anÞ ð1�nnÞI þ nnS ð1�gnÞI þ gnS½ �½ �vn:

8>>><
>>>:

(3.23)

In this case, we have from Theorem 3.2 the following corollary.

Corollary 3.2. Let H1, H2, and H3 be real Hilbert spaces. Assume that A :

H1 ! H3 and B : H2 ! H3 are bounded linear operators with adjoints A�

and B�, respectively. Let T : H1 ! H1 and S : H2 ! H2 be quasi-pseudo-con-
tractive and L-Lipschitzian mappings with Lipschitz constants L> 1. Suppose
that C 6¼ ;, and both I – T and I – S are demiclosed at zero. If u, x0 2 H1

and v, y0 2 H2 are chosen arbitrarily, then the sequence fðxn, ynÞg defined by
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Equation (3.23), with conditions (a)–(c) of Theorem 3.2, converges strongly
to an element ðp̂, q̂Þ 2 C, where ðp̂, q̂Þ ¼ PCðu, vÞ:

Corollary 3.3. Let H1, H2, and H3 be real Hilbert spaces. Assume that A :
H1 ! H3 and B : H2 ! H3 are bounded linear operators with adjoints A�

and B�, respectively. Let T : H1 ! H1 and S : H2 ! H2 be pseudo-contract-
ive and L-Lipschitzian mappings with Lipschitz constants L> 1. If u, x0 2 H1

and v, y0 2 H2 are chosen arbitrarily, and C 6¼ ;, then the sequence
fðxn, ynÞg defined by Equation (3.23), with conditions (a)–(c) of Theorem
3.2, converges strongly to an element ðp̂, q̂Þ ¼ PCðu, vÞ:

Remark 3.1. The above results for quasi-pseudo contractive maps are also
valid for quasi nonexpansive maps, and hence our results improve and
extend many results in the literature [21, 23, 24].

Remark 3.2. Our algorithm and results provide a unified framework in the
study of the split common fixed point problem. We emphasize that our
algorithms always converge strongly to a solution of split equality problem
for the class of Lipschitzian and quasi-pseudocontractive mappings T and S
without compactness assumption. The algorithm does not require the prior
information about the operator norms of A and B.
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