ON SOME EXPONENTIATED GENERALISED FAMILIES AND
COMPOUND CLASS OF DISTRIBUTIONS WITH APPLICATIONS

BY

MUNYARADZI GWAZANE
Reg No. 18100003
MSc Statistics

Department of Mathematics and Statistical Sciences
Botswana International University of Science and Technology
E-mail: gm18100003@studentmail biust.ac.bw
Tel:+267 76731567, +263 772952418

A Dissertation/Thesis Submitted to the Faculty of Sciences in Partial
Fulfillment of the Requirements for the Award of the Degree of Master of
Science in Statistics of BIUST

Supervisors:

Professor Broderick Oluyede Professor Boikanyo Makubate Dr Fastel Chipepa
Department of Mathematics Department of Mathematics Department of Mathematics
and Statistical Sciences and Statistical Sciences and Statistical Seiences
College of Sciences, BIUST College of Sciences, BIUST College of Sciences, BIUST

Email: oluyedeo@biust.achw makubﬂeb@biust.ac.bw chipepaf@hiust.ac.bw

i

Signature; .4 / ........................ Signature:.... s :{;i;( YA

January, 2022



Certification

The undersigned certifies that he has read and hereby recommends
for acceptance by the Faculty of Science a thesis titled: ON SOME
EXPONENTIATED GENERALISED FAMILIES AND COMPOUND
CLASS OF DISTRIBUTIONS WITH APPLICATIONS, in fulfillment of

the requirements for the Degree of Master of Science in Statistics of BIUST.

Supervisors:

Professor Broderick Oluyede
Department of Mathematics
and Statistical Sciences
College of Sciences, BIUST

Email: oluyedeo@biust.ac.hw

Signature:A /6[/

Date‘j;s,);i.)'/‘][ é?c’?ozi ...... Date.........

Professor Boikanyo Makubate
Department of Mathematics
and Statistical Sciences
College of Sciences, BIUST
makubateb@blust ac.bw

................................................

Ls/f?l!,eo(&v

Dr Fastel Chipepa
Department of Mathematics
and Statistical Sciences

College of Sciences, BIUST

chlpepaf@blust ac.bw




Declaration and Copyright

I, Munyaradzi Gwazane, declare that this dissertation/thesis is my own

original work and that it has not been presented and will not be presented to
any other university for a similar or any other degree award.

This dissertation/thesis is copyright material protected under the Berne
Convention, the Copyright Act of 1999 and other international and national
enactments, in that behalf, on intellectual property. It must not be reproduced
by any means, in full or in part, except for short extracts in fair dealing; for
researcher private study, critical scholarly review or discourse with an
acknowledgement, without the written permission of the office of the Provost,

on behalf of both the author and the BIUST.

ii



Dedication

I dedicate this work to my family especially Timukudzeishe Princess for their

unwavering support and encouragement.

111



Acknowledgements

I would like to express my heartfelt gratitude to Professor Broderick Oluyede for
dedicating his time to help me to develop this thesis and also in developing me to
be what I am now. I would also like to thank Prof B. Makubate and Dr F. Chipepa
for being there for me when I needed help socially and academically. Finally
I would like to convey my special thanks to the Department of Mathematics
and Statistical Sciences at Botswana International University of Science and

Technology for giving me this opportunity to do my studies.

v



Contents

1 Intr 10N 1
1.1 Introduction| . . . ... ... ... ... ... 1
(1.2 Methods of Generating Families of Continuous Distributions|. . . . 2

(1.2.1 T-X Family of Distributions| . . . ... ... ... ....... 2
(1.2.2 Topp-Leone-G Generator|. . . .. .. ... ... ........ 3
1.2.3 Beta-G Generator| . . . . . ... ... ... ... ... ... 3
(1.2.4 Compound Class of Distributions| . . . . . . ... ... .... 3
[1.2.5 Exponentiated Generalized Class of Distributions| . . . . . . 4
(1.3 Some Properties of Distributions| . . . . ... ... .. ... ..... 5
(1.3.1 Survival Function, Hazard Function and Quantile Function| 5
132 Momentsl ... ... ... .. ... .. 5
(1.3.3 Conditional Moments|. . . . ... ... ............. 6
(1.3.4 Bonferroni and Lorenz Curves| . ... ............. 6
(1.3.5 Entropyl. .. .. ... .. .. ... o 6
1 rder istics| . . ..o L 7
(1.3.7 Maximum Likelihood Estimation| . . . . ... ... ... ... 7
[1.3.8 Goodness-of-fit Statisticsl . . . . .. ... ... ......... 8
(1.4 Aims and Objectives| . ... .. ... .. ... ... .. ........ 8
1.5 Outlineof Thesis| . .. ... ... ... .. ... ... ... ... ... 9

2 Exponentiated Odd Nadarajah Haghighi-G Family of |

L__Distributions| 10
2.1 Introduction| . . . ... ... ... ... 10
2.2 Exponentiated Odd Nadarajah-Haghighi |

| Family of Distributions| . . . . . . ... ... ... ... ........ 12




2.2.2 Some Sub-Families|. ... ... ... ... ........... 14

2.3 Some Special Cases| . . . . . ... ... ... ... ... .. .. ..., 15
[2.3.1 Exponentiated Odd Nadarajah |

| Haghighi-Uniform (EO-NH-U) Distribution|. . . . . . .. .. 15
[2.3.2 The Exponentiated Odd Nadarajah Haghighi-Log |

| Logistic (EO-NH-LLoG) Distribution|. . . . . . .. ... ... 16
[2.3.3 The Exponentiated Odd Nadarajah- |

| Haghighi-Kumaraswamy (EO-NH-K) Distribution| . . . . . 17
2.3.4  The Exponentiated Odd Nadarajah Haghighi-Weibull |

| (EO-NH-W) Distribution| . . . . . ... ... ... ....... 18
2.4 Mathematical and Statistical Properties|. . . . . .. ... ... ... 19
2.4.1 Distribution of Order isties| . . .. ..o oL 20

[2.4.2 Entropyl. . . . . . . . . ... e 22

[2.4.3 Moments and Generating Function|. . . . . .. ... ... .. 25

[2.4.4 Probability Weighted Moments| . . . . ... ... ... .... 27

[2.4.5 Quantile Function|. . . . . . ... ... ... ... ....... 29

2.5 Maximum Likelihood Estimation/ . . . . ... ... ... ....... 30
2.6 SimulationStudy| . . .. ... .. ... ... .. ... .. ... ... 31
2.7 Applications| . . . ... ... .. ... 32
[2.7.1 Time to Failure of Turbocharger Datal . . . . ... ... ... 36

[2.7.2 Repair Lifetimes of an Airborne Transceiver Datal . . . . . . 37

2.8 Concluding Remarks| . . . ... ... ... ... . ........... 38

B The Exponentiated Odd Exponential Topp-Leone-G Family of |

L__Distributions 40
8.1 Introduction| . . . ... ... ... ... ... 40
3.2 The Model and Properties| . . . ... .. ... ... ... ....... 41

............................. 41
[3.2.2 Quantile and Hazard Rate Functions| . ... ... ... ... 42
[3.2.3 Expansion of Density Function| . . . ... ... ... ..... 43

2.4 m -Families of the Distributionsl . . . ... ... ... 44

3.3 Some Special Cases| . . . . . .. ... ... ... ... ... ... ... 45

Vi



[3.3.1 The Exponentiated Odd Exponential Topp-Leone-Uniform |

L Distmbutionl . ...... ... 45
[3.3.2 The Exponentiated Odd Exponential Topp-Leone-Burr-XII |

| Distribution| . . . .. ... ... ... ... o 46
(3.4 Daistribution of Order Statistics and Rény1 Entropy| . . . . . .. .. 49
[3.4.1 Reényi Entropy| . . . .. ... ... ... .. ... . .... 52

[3.4.2 Moments and Generating Function|. . . . .. ... ... ... 54

[3.4.3 Exponentiated Odd Exponential Topp-Leone |
L -Weibull Distribution/ . . . .. .. ... ............. 55
Maximum Likelihood Estimation| . . . . . .. ... ... ... .... 56

3.6 Simulation Study| . .. ... ... ... ... ... .. .. . 58
8.7 Applications| . . . .. ... ... 60
.71 Failure TimesDatal . . . ... ... ... ... ... ....... 60

B.7.2 Growth Hormone Datal . . . .. ... .............. 62

3.8 Concluding Remarks| . . .. ... ... .. ... .. .. ........ 63

4 The Exponentiated Odd Exponential Topp-Leone-G Power Series |

| f Distribution 64
4.1 Introduction| . .. ... ... ... ... ... 64
4.2 The Model and Properties| . . . ... ... ............... 65

[4.2.1 Hazard Rate Function and Quantile Function| . . ... . .. 66
[4.2.2 Expansion of Density Function| . . . . ... ... ....... 68
423 Moments . ........ ... . .. ... 68
4.2.4 Conditional Moments|. . . . . ... ... ... ......... 69

4.3 Some Special Cases| . . . .. .. ... ... ... . ... .. .. ..., 69
[4.3.1 The Exponentiated Odd Exponential Topp-Leone-Weibull |
Poisson (EOE-TL-WP) Distribution|. . . . . . ... ... ... 69

[4.3.2 The Exponentiated Odd Exponential Topp-Leone-Weibull |
Geometric (EOE-TL-WG) Distribution| . . . . . . ... .. .. 70

[4.3.3 The Exponentiated Odd Exponential |

| Topp-Leone-Log-Logistic Poisson Distribution| . . . ... .. 71

vii



4.3.4 The Exponentiated Odd Exponential |

Topp-Leone-Log-Logistic  Geometric  Distribution  ( |

EOE-TL-LLoGG)| . .. ... ... ... . . ... . ... ..., 72

4.4 Order Statistics and Rény1 Entropy|. . . . .. .. ... ... ..... 73
4.4.1 Order Statistics| . . . .. ... ... ... ... ... ... ... 73
[4.4.2 Renyi Entropy| . . . . . ... ... ... ... .. .. 75
4.4.3 Maximum Likelihood Estimation! . . . . . ... ... ... .. 78

4.5 SimulationStudy| . . ... .. .. ... ... ... .. .. ... 81
4.6 Applications| . . .. ... ... ... ... 82
4.6.1 lief Times Datal . . . ... ... ... ... ... ....... 83
[4.6.2 Active Repair Times Data|. . . . .. ... ... ... ..... 84
4.6.3 Likelihood RatioTest| . . . .. ... ... ... ........ 86

4.7 Concluding Remarks| . . . . .. ... ... ... . ........... 86
6 Conclusions and Suggestions for Further Studies| 88
B.1 Conclusions| . .. ... ... ... . 88
(6.2 Suggestions for Further Studies|. . . . . .. ... ... ........ 88

viii



List of Figures

2.1 Plots of the pdf (left picture) and hrf (right picture) for the |

[ EO-NH-Udistribution| . ... ... ... ... ... .......... 16
2.2 Plots of the pdf (left picture) and hrf (right picture) for the |
EO-NH-LL istribution| . . . . ..o oo oo 17

2.3 Plots of the pdf (left picture) and hrf (right picture) for the |
[ EONH-Kdistribution|. . . . . ... ... ... ... ... ....... 18
2.4 Plots of the pdf (left picture) and hrf (right picture) for the |

| EO-NH-W distribution| . . . . ... ... ... ... ... ....... 19
2.5 Fitted pdfs and probability plots for time to failure of turbocharger |
[ datasetl. ... ... ... .. ... 37

2.6 Plots for empirical cdf, Kaplan—Meier curve and the hrf of the |
| EO-NH-W model for the time to failure of turbocharger data set| . . 37

2.7 Fitted pdfs and probability plots for repair lifetimes of an airborne |

[ transceiverdataset! . . . . . ... ... ... o L. 39
2.8 Plots for empirical cdf, Kaplan—Meier curve and the hrf of the

| EO-NH-W model for the repair lifetimes of an airborne transceiver

[ datasetl. ... ... ... .. ... 39
(3.1 Plots of the pdf and hrf for the EOE-TL-U distribution| . . ... .. 46
3.2 Plots of skewness and kurtosis of KOE-TL-U distributionl . . . . . . 46
(3.3 Plots of the pdf and hrf for the EOE-TL-Burr-XII distribution| . . . 47

-TL- - istributionl. . 47
(3.5 Plots of the pdf and hrf for the EOE-TL-L distribution|. . . . . . . . 48
[3.6 Plots of the pdf and hrf for the EOE-TL-LLoG distribution| . . . . . 49
3.7 Plots of skewness and kurtosis of KOE-TL-LLoG distribution| . .. 55

X



[3.8 Plots of the pdf and hrf for the EOE-TL-W distribution| . . . . . . . 55
3.9 Plots of skewness and kurtosis of KOE-TL-W distributionl. . . . . . 56
[3.10 Fitted densities and probability plots for Failure times data] . . . . 61
[3.11 Plots for empirical cdf, Kaplan—Meier curve and the hrf of the |
L EOE-TL-LLoG model for the failure times dataset. . . . . ... .. 62
[3.12 Fitted densities and probability plots for growth hormone data|] . . 63
[3.13 Plots for the empirical cdf, Kaplan—Meier curve and the hrf of the |
EOE-TL-LLoG model for the growth hormone dataset| .. ... .. 63

4.1 Plots of the pdf and hrf for the EOE-TL-WP distribution| . .. . .. 70
4.2 Plots of the pdf and hrf for the EOE-TL-WG distribution| . . . . . . 71
4.3 Plots of the pdf and hrt for the EOE-TL-LLoGP distribution| . . . . 72
4.4 Plots of the pdf and hrf for the EOE-TL-LLoGG distribution| . . . . 73
4.5 Fitted pdfs and probability plots for relief time dataset| . . . . . . . 84
4.6 Plots for the empirical cdf, Kaplan-Meier curve and the hrf of the |

| EOE-TL-LLoGP model for the relief time datasetl . . ... ... .. 84
4.7 Fitted pdfs and probability plots for active repair time data set| . . 85
4.8 Plots for the empirical cdf, Kaplan—Meier curve and the hrf of the |
EOE-TL-LLoGP model for the active repair time data set|. . . . . . 86




List of Tables

(1.1 Useful Quantities for Some Power Series Distributions| . . . . . . . 4

2.1 Moments of the EO-NH-LLoG distribution for some parameter |

values| . . . . . . .. 26

2.2 Table of Quantiles for Selected Parameters of the EO-NH-LLoG |
[ Dastribution| ... ... ... ... ... ... .. 30
Mean, RMSE and Average Bias| . . . . ... ... ........... 33

B M rarlo Simulahi Resulis Tor EONA-W Disiribition: |
Mean, RMSE and Average Bias| . . . . .. ... ............ 34

2.5 Parameter estimates and goodness-of-fit statistics for various |

models fitted for time to failure of turbocharger dataset] . ... .. 36

2.6 Parameter estimates and goodness-of-fit statistics for various |

models fitted for repair lifetimes of an airborne transceiver data |

Mean, RMSE and Average Bias| . . . . .. ... ............ 59

[3.3 Parameters estimates and goodness-of-fit statistics for various |

[3.4 Parameters estimates and goodness of fit statistics for various |

models fitted for growth homorne dataset|. . . . . . .. ... .. .. 62

4.1 Special Cases of the -TL-GPS| ..o o oo 66

X1



4.2 Table of Quantiles for Selected Parameters of the EOE-TL-LLoGP |

[ Dastmibution| ... ... ... ... .. ... 67
4.3 Moments of the exponentiated odd exponential Topp-Leone-log |
logistic Poisson distribution for some parameter values| . . . . . . . 69

g M rarlo Simulation Results for EOE-TL-LLoGP Distribution: |
Mean, RMSE and Average Bias| . . . . . ... ... .......... 81

4.5 Parameter estimates and goodness-of-fit statistics for various |

[ models fitted for relief time datasetl . . ... ... ... ... .... 83
4.6 Parameter estimates and goodness-of-fit statistics for various |
models fitted for active repair times dataset| . . . ... ... .. .. 85

4.7 Likelihood Ratio Test Results|. . . . .. ... ... ... . ...... 86

Xii



Abstract

We introduce the exponentiated odd Nadarajah-Haghighi-G (EO-NH-G)
family of distributions and the exponentiated odd exponential Topp-Leone-G
(EOE-TL-QG) family of distributions as well as the exponentiated odd exponential
Topp-Leone-G power series class of distributions. We obtain the series
expansions of the probability density functions, hazard rate functions, quantile
functions, moments, conditional moments, Bonferroni and Lorenz curves,
Rényi entropy and distribution of order statistics. The model parameters are
estimated using the maximum likelihood estimation technique and real datasets
are used to compare the new distributions to other known distributions with the

same number of parameters.

Mathematics Subject Classification : 62E15; Secondary 60E15

Keywords: Generalized Distributions; Exponentiated Generalized Class
of Distributions; Compound Class of Distributions; Maximum Likelihood
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Chapter 1

Introduction

1.1 Introduction

In the last twenty years or so there has been a lot of changes in the way people
live, changes in the technologies, new diseases and climate, just to name a few.
These changes have brought in need for development of statistical models that
will adequately describe such phenomena. This has necessitated the need for
generalizations or modifications of the well-known classical distributions so as
to accommodate and provide more flexibility in the modelling of different real
life phenomena. This so far has been achieved by adding extra shape, location
and scale parameters on the already existing models so as to improve their
versatility and flexibility.

One of such models is the Topp-Leone distribution which was developed
by Al-Shomrani et al. [4]. The Topp-Leone distribution is a simple
bounded J-shaped distribution that has support over a unit interval and most
importantly it is an alternative to the Beta generator [4]. It has a hazard rate
function (hrf) that possess various shapes top among them being the bathtub
which makes it more useful in reliability studies. The Topp—Leone distribution

has been studied by several authors which include Genc [27], Feroze and Aslam



[26], MirMostafaee [47], Bayoud [10], MirMostafaee et al. [48], Sultan and
Ahmad [63], among others. According to Sangsanit and Bodhisuwan [62],
Topp—Leone distribution has a very significant impact in life time data analysis.

Several distributions have been proposed in the literature to model lifetime
data by compounding some useful lifetime distributions. These include work
by Adamidis and Loukas [1], Kundu and Raqab [39], Kus [40]], Chahkandi and
Ganjali [12] as well as work by Roozegar and Nadarajah [61].

1.2 Methods of Generating Families of

Continuous Distributions

In this section, we look at generators used to formulate continuous distributions.

1.2.1 T-X Family of Distributions

Alzaatreh et al. [5] developed the 7' — X family of distributions. Let r(¢) be the
probability density function (pdf) of a random variable 7' € [a,b], for —co < a <
b < oo and W(G(z)) is a function of the cumulative distribution function (cdf) of

a random variable X such that W[G(x)] satisfies the following conditions
s W[G(x)] € [a,]]
* W[G(x)] is differentiable and monotonically non-decreasing, and
* W[G(z)] - aasx — —oo and W[G(z)] — bas z — oo.

According to Alzaatreh et al. [5] the cdf and pdf of the 7" — X family of

distributions are given by

W(G(z))
F(:c):/ bt (1.1)
and
F(a) = L wiGE) frwic)), 1.2)
respectively.



1.2.2 Topp-Leone-G Generator

The Topp-Leone-G distribution was developed by Al-Shomrani et al. [4]. It is a
one parameter model that exhibits a bathtub shaped hazard rate function. The

cdf and pdf of the Topp-Leone-G distribution is given by
Frig(z;0,8) = [1 — GQ(% 5)]b (1.3)
and
fri-c(;b,€) = 2bg(2; ) G(a; €)[1 — G*(2; €))7, (1.4)
respectively, where b > 0, G(z; ) is a baseline distribution with parameter vector

¢ and the survival function G(z;¢) = 1 — G(z;€).

1.2.3 Beta-G Generator

The beta-G generator pioneered by Eugene et al. [23] is applied on continuous

distributions. According to Eugene et al. [23], the cdf and pdf are given by

G(256)
F(z) = Igue (a,b) = ﬁ/{) 11 —t)tdt (1.5)
and
@) = G OO 1 = G g(a: ), (1.6)

respectively, for « > 0,0 > 0, where [,(a,b) = By(a,b)/B(a,b) is the incomplete
beta ratio, By(a,b) = [ t*~*(1 —t)*~'d¢t is the incomplete beta function, B(a,b) =
I'(a)[(b)/I'(a + b) is the beta function and I'(.) is the gamma function and
g(z) and G(x;¢) are the pdf and the cdf of a continuous random variable X

respectively.

1.2.4 Compound Class of Distributions

Let N be a discrete random variable following a power series distribution
assumed to be truncated at zero, whose probability mass function (pmf) is given

by
P(N =n) = % (1.7)



Table 1.1: Useful Quantities for Some Power Series Distributions

Distribution C(9) C'(0) C"(6) c1H) a,  Parameter Space
Binomial (1+6m=1 mA+6)m" mm-1)1+6m2 @H-1DY"—1 (7 (0,1)
Poisson e —1 e’ e? log(1+6)  (n!)~! (0,00)
Geometric 6(1—6)7! (1—-6)72 2(1—6)73 O(1+6)1 1 (0,1)
Logarithmic —log(1—6) (1 -6)! (1—6)"2 1—e? n~t (0,1)

forn=1,2,3,...,and C(0) = >~  a,0" is a finite series while a,, is a sequence of
positive real numbers. Table shows values for C(0), C'(6), C"(9), C~'(0) and
a, for some usual power series distributions.

Let Y}, for i = 1,2,3,..., N be independent and identically distributed random
variables. Let X; = min(Y1,Ys,Ys,....,Yy). Then the conditional distribution of
X given that N = n is given by

n

Gxn=n(z) = 1-— H(l - G(z;¢))

i=1

= 1-5"),

where S(z) is the survival function given by 1 — G(z;¢) and G(z;¢) is the baseline
cdf. The cdf of the life length of the whole system, X, F'(x) will be given by

Fr)=1- _C((%()x )), (1.8)
and the pdf will be given by
oy — @) _ 0l C(05(x) w9

1.2.5 Exponentiated Generalized Class of Distributions

The Exponentiated Generalized class of distributions was introduced by Gupta
et al. [33] when they came up with the exponentiated exponential (EE)
distribution. They introduced the exponentiation parameter § to the exponential
distribution. Let G(z;¢) and g(z;¢) be the cdf and pdf of a known continuous
distribution, then the cdf F(z) of the exponentiated generalised (EG) class of
distributions is given by

F(z) = [G(z;8))°, (1.10)

4



and the pdf is given by

fa;€) = dg(x; €)[G(7; )1, (1.11)

for § > 0. The extra shape parameter brings in more flexibility in the original
distribution making it more applicable in areas of life sciences, biology and

engineering, just to name a few.

1.3 Some Properties of Distributions

1.3.1 Swurvival Function, Hazard Function and Quantile

Function

For a continuous random variable X with cdf F'(x) and pdf f(z) = dF(z)/dx, the

survival function or reliability function is given by
S(z) =P(X >z) = / f)ydt =1— F(x). (1.12)

The survival functions are monotonic, non-increasing functions equal to one
at zero and zero as the time approaches infinity. The hazard and the reverse

hazard functions are given by

h(z) = éiz; (1.13)
and
_ fl=)
r(z) = F@)’ (1.14)

respectively. The quantile function Q(p), where p € (0, 1) is given by the solution
of F(Q(p)) = p-

1.3.2 Moments

The 7" moment about the origin of a continuous random variable X with pdf
f(z) is given by
B(XT) = / o f(z)da. (1.15)

o0

Moments are very useful in studying important characteristics of a distribution

such as dispersion, central tendency, kurtosis and skewness.

5



1.3.3 Conditional Moments

The r** conditional moment for a continuous distribution with pdf f(z) is given
by

B(XT|X > f) = ﬁ /too o f(2)da, (1.16)

where S(t) is the survival function.

1.3.4 Bonferroni and Lorenz Curves

The Bonferroni curve was introduced by Bonferroni [44]. Let X be a
non-negative continuous random variable with mean p and a cdf F(z). Then
the Bonferroni curve is defined as
B) = - [ afw)de = -7, .17
pu Jo pp
where T'(q) = fqoo xf(z)dz. The Lorenz curve is given by

L) = [ af@ds =i~ T()

0 2

where y is the mean of the underlying income distribution, ¢ = F~!(p) and
0 < p < 1. Bonferroni and Lorenz curves are widely used as a graphical
representation of wealth and income distributions. The Lorenz curve was
introduced by Lorenz [44]. It is used for analyzing data from information,

computer and cognitive sciences and economics.

1.3.5 Entropy

There are two popular measures of entropy, namely, Shannon entropy and Rényi
entropy. Rényi entropy by Rényi [67] is an extension of Shannon entropy [69].
Rényi entropy is given by

Ir(v) = ! log (/oo[f(x)]”dx) ,0# 1,0 > 0. (1.18)
0

1—w

Rényi entropy tends to Shannon entropy as v — 1.



1.3.6 Order Statistics

The order statistics of a random sample X1, ..., X,, are the sample values placed
in ascending order, denoted as X(j), ..., X(,) and they are the random variables
that satisfy X(1) < X < X(3) < .... < X(;,). The cdf and the pdf of the k" order
statistic, for £k = 1, ..., n are defined by

Fi(z) = Z (7) Fz)[l - F(z)]"" (1.19)
and
n! k-1 n—k
o) = G @F @ = P (1.20
respectively.

1.3.7 Maximum Likelihood Estimation

Suppose we have a random sample X, X,,...., X,, with a pdf that depends
on one or more unknown parameters (0,0,,0s,.....0,,) then the joint pdf of

Xy, X, X3, ...., X, denoted by L(6,,05,0s, ....,0,,) is given by

n

L(61,0,05, .....00) = [[(f(i:01,02,05,.....0,)).

i=1
The maximum likelihood estimates (MLEs) of the parameter 6; is the value
of 0; that maximizes L(6;,0,0s,....,0,,) if it exists. Since the logarithm is
an increasing function, maximizing L(6) is equivalent to maximizing its log

function denoted as
(0) = log(L(0))
= Y log(f(x;01,0,05, .....0,)). (1.21)
=1

The maximum likelihood estimates, for large sample sizes, possesses the

following desirable limiting properties

¢ Consistency: the sequence of MLEs converges in probability to the value

being estimated ie 6 2 6 as n — oo.



 Asymptotic Normality of MLE: we say that § is asymptotically normal if
V(b — 6y S N, 03 ), where o7 is called the asymptotic variance of the
estimate 0 (see Ferguson [25]), where 6, is the true unknown parameter of

the distribution of the sample.

1.3.8 Goodness-of-fit Statistics

The following goodness-of-fit statistics: Akaike information criterion (AIC)
AIC = —2plog(L) + 2p,

Corrected Akaike Information Criterion (CAIC)

2p(p + 1)

CAIC = AIC + ;
n—p—1

Bayesian information criterion (BIC)
BIC = p x log(n) — 2log(L),
Kolmogorov-Smirnov test (K-S) statistics for a given cdf F(x)
K — S = sup, | F,(x) — F(x) |,

where F),(z) is the empirical cdf, Anderson-Darling

n

A= n % S (2 = D[In(F () + (1 = Flzg )],

i=1
and Cramér-von-Mises statistics

1 % — 1
W=+ 3 [ = Flag)]
12n/+_:£; omn ()

1=

are used in model selection in this thesis.

1.4 Aims and Objectives

The main aim is to develop new generalized distributions and derive their

structural properties. The specific objectives are:

1. To propose and develop three new families of distributions.

8



2. To obtain mathematical properties of the proposed distributions.

3. To estimate the parameters of the new proposed distributions using

maximum likelihood method.

4. To illustrate the performance of the proposed models by means of

simulation studies and applications to real data.

1.5 OQOutline of Thesis

The outline of this thesis is as follows: In Chapter 2, we introduce the
exponentiated odd Nadarajah-Haghighi-G (EO-NH-G) family of distributions.
We look at the hazard rate funtion and quantile function, various sub-models,
special cases of this new family, Rényi entropy and order statistics.
We also look at the estimates of model parameters and assess their
perfomance using the Monte Carlo simulation method. The exponentiated odd
Nadarajah-Haghighi-Weibull (EO-NH-W) is compared to other known models
with four parameters. Chapter 3 covers the exponentiated odd exponential
Topp-Leone-G (EOE-TL-G) family of distributions and its properties including
the hazard and quantile function and sub-models, moments, Rényi entropy and
distribution of order statistics. In Chapter 4, we introduce the exponentiated odd
exponential Topp-Leone-G power series class of distributions and its properties
including the hazard and reverse hazard functions, quantile function and
sub-models, moments, conditional moments, special cases, Rényi entropy and
distribution of order statistics. Estimation of parameters, simulation study and
some real data examples to illustrate the usefulness and applicability of the
power series class of distributions are also given. Summary and areas of further

studies are presented in Chapter 5.



Chapter 2

Exponentiated Odd Nadarajah
Haghighi-G Family of

Distributions

2.1 Introduction

A lot of work has been done on the Nadarajah-Haghighi (NH)
distribution. These include the following distributions: the exponentiated
Nadarajah-Haghighi by Lemonte [42], gamma Nadarajah-Haghighi by
Bourguignon et al. [11] and the Poisson Nadarajah-Haghighi by Muhammad
et al. [51]. The NH distribution is a lifetime model whose density function
exhibits some desirable qualities like the reverse-J and uni-modal shapes
while the hazard rate has increasing, decreasing and the constant shape. This
makes it limited in terms of flexibility to model other types of data which
exhibits other forms of the hazard rate function like the bathtub and it is
because of this limitation that we propose the new family of distributions
called the exponentiated odd Nadarajah-Haghighi-G family of distributions.
This proposed family of distributions is more flexible since it applies to almost

symmetric, left and right skewed data sets which makes it more useful in the

10



field of medicine, actuarial sciences, engineering science and environmental
science. Furthermore, the proposed generalization applies to both monotonic

and non-monotonic hazard rates.

Work done on the Exp-G distributions include exponentiated Weibull
distribution by Mudholkar et al. [50], exponentiated Pareto by Gupta et
al. [32l, exponentiated exponential by Gupta and Kundu [33], exponentiated
gamma distribution by Nadarajah and Gupta [54] and many others. This
family contains many exponentiated distributions such as exponentiated

Weibull, exponentiated exponential, exponentiated Pareto and many others.

The Nadarajah-Haghighi distribution, [55] has its cdf and pdf defined by
Fru(z; 8,)) = 1 — exp (1 [+ Ax]ﬁ) (2.1)
and
Fun(@B,0) = BAL+ A )’ exp (1 1+ Ag;]ﬁ), (2.2)

respectively for x, A and § > 0. Nascimento et al. [56] developed the odd
Nadarajah-Haghighi-G (O-NH-G) family of distributions whose cdf and pdf are

Flz)=1-exp (1 |1+ (%)F) @3)

et (N (R

respectively for 5 > 0, G(z;¢) is a baseline distribution with parameter vector

given by

and

& g(x;€) is the pdf of the baseline distribution and the survival function
G(z;€) =1 — G(z;€). We propose the exponentiated odd Nadarajah-Haghighi-G
(EO-NH-G) family of distributions. Special cases from the proposed new family
exhibit decreasing, increasing, upside-down bathtub, bathtub and and bathtub
followed by upside down bathtub hazard rate shapes. This makes the new

11



family of distributions more competitive than the O-NH-G distribution.

This chapter is organized as follows: Series expansion of the pdf of the
new family is derived in Section 2. In Section 3, we present special cases
of the EO-NH-G family of distributions. Main mathematical properties of
the EO-NH-G family are studied in Section 4. The parameters of the new
distribution are estimated by using the method of maximum likelihood and the
observed information matrix are also obtained in Section 5. In Section 6, two
real data applications of the EO-NH-G are presented. Concluding remarks are

given in Section 7.

2.2 Exponentiated Odd Nadarajah-Haghighi
Family of Distributions

In this section, we derive a new family of distributions, namely, the
exponentiated odd Nadarajah Haghighi-G (EO-NH-G) family of distributions.
Series representation of this new family of distributions is also presented. The

EO-NH-G family of distributions has cdf and pdf given by

Fz:6,\,5,€) = (1 — exp (1 - {1 + A (ggig)m)& (2.5)

and

respectively, for 4, \, 3 > 0 and parameter vector &.

12



2.2.1 Expansion of Density

Series expansion of the density function of the EO-NH-G family of distributions
is presented under this subsection. From equation (2.6) and using the series

expansion (1 — 2)*1 = 3 (°"1)(=1)"z", we obtain,
n=1 n

(o (1-[rer(&29)])) " - ?< Yo

L4 <G(x:€)

so that

f(x;0,0,5,8) = (1M6(§ g [1+A( )

S n(xan( o (2=9)]))

which leads to

1

Also,




Considering the series expansion

oG 2T G

q=0
we get
= d—1 (—1)”+p(n+1)m(m)
O\ — gratl
f(.l’, ) aﬁ’g) 6g(x,§>n,m,2p;]:0( n > m! p
—1
(M DT e (- o)
Now, applying the series expansion
1-ameore? =3 (T o me,
r=0
we have
- . §—1\ (=)"**P(n+1)™ (m
f@i6,8,),6) = nm;r:o& “ﬁ( n ) ml <p)
Blp+1) -1\ (=(¢+2)\ (¢+r+1 G (-
()0 () s
= qu,rngﬂ(x;f)v (2.7)
q,r=0
where
5 — )" (n+1)™ (m)
. = sAIt
Uq, nmzpo B( > m! p

(g+2 1
( )( r >q+r+1 (2.8)

and g,,11(2;8) = (¢ + 7+ 1)g(x;§)[G(x;§)]q” is an Exponentiated-G (Exp-G)
distribution with power parameter (¢ + r + 1). The EO-NH-G distribution is an
infinite linear combination of Exp-G densities and the mathematical properties
of the EO-NH-G family of distributions can be readily obtained from those of the
Exp-G family of distributions.

2.2.2 Some Sub-Families
Some sub-families of the EO-NH-G distribution are presented in this subsection.

* When 6 = A = 1, we obtain the odd Nadarajah Haghighi-G (O-NH-G)
family of distributions ( Nascimento et al. [56]).
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e When 5 = 1, we obtain the exponentiated odd exponential-G (EOE-QG)
family of distributions with cdf given by

Fla;),6,€) = (1 ~ exp [—)\ (%)Dé

¢ When § = 2, we obtain the new family of distributions with cdf given by

F(x:\,6,) = (1—exp (1— {1+>\( Eig)} ))6

* When § = § = 1, we obtain Odd Exponential-G (OE-G) family of

distributions with cdf given by

renos-en (8]

2.3 Some Special Cases

In this section, we present four special cases of the EO-NH-G family of
distributions and plots of their pdfs and hazard rate functions (hrf). The
baseline distribution is restricted to at most two parameter models to avoid the

problem of over-parametrization.

2.3.1 Exponentiated Odd Nadarajah
Haghighi-Uniform (EO-NH-U) Distribution

When we consider the uniform distribution as the baseline distribution with pdf
and cdf given by g(x;0) = 1/0 and G(z;6) = z/0, for 0 < z < 60, we obtain the
EO — NH — U distribution with cdf and pdf given by

s oo 2]

sinn = 200 e ()]

(o (- [ (Z)]))
(1_exp (1_ 2 (2] ))
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respectively for 6,\,5 > 0and 0 < = < 6.

3=0.

—— 3=0

X 190=0.4
62,=10,8=2.0,6=033

0.0 0.2 0.4 06 08 1.0 00 0.1 0.2 03 0.4 0.5

Figure 2.1: Plots of the pdf (left picture) and hrf (right picture) for the EO-NH-U

distribution

The pdfs of the EO-NH-U distribution can take various shapes that include
reverse-J, uni-modal, left or right skewed. Furthermore, the EO-NH-U
distribution exhibit decreasing, increasing, reverse-J and bathtub shapes for

the hrf.

2.3.2 The Exponentiated Odd Nadarajah Haghighi-Log
Logistic (EO-NH-LLoG) Distribution

By taking the log-logistic distribution as the baseline distribution with the pdf
and cdf given by g(x;c) = cx® 1 (1 +2¢) "% and G(x;¢c) = 1 — (1 +2¢) 7!, for ¢ > 0, we
obtain the EO-NH-LLoG distribution with cdf and pdf given by

s (el D)

and
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-1y 76-1
Fz:0,0, B,c) = SABea®! [1+)\ (1 zl(i;‘;_)l 1)]

(- ()]
(oo (- [ (58] )

respectively, for J, \, 3, ¢ > 0.

X

X

ity
)
00 05 10 15 20 25 30 35

Figure 2.2: Plots of the pdf (left picture) and hrf (right picture) for the
EO-NH-LLoG distribution

The pdfs of the EO-NH-LLoG distribution can take various shapes that include
reverse-d, left or right skewed shapes as shown in Figure Furthermore, the
EO-NH-LLoG distribution exhibit reverse-J, decreasing and bathtub shapes for
the hrf.

2.3.3 The Exponentiated Odd Nadarajah-
Haghighi-Kumaraswamy (EO-NH-K) Distribution

Considering the Kumaraswamy distribution as the baseline distribution with
pdf and cdf given by g(z;a,b) = abr® (1 — 2%)*~* and G(z;a,b) = 1 — (1 — 29)°, for
a,b > 0, we obtain the EO-NH-K distribution with cdf and pdf given by

s e (1o (1~ [ror (G520 ))

17



and

f(z;8,\,a,B8,b) = dafba® (1 —2*) P!

<[ (EE
< (o (- o ()
o =)

respectively, for §, 3, \,a,b > 0.

—— 5=2.1,=13,a=06,4=02b=1. 2
5=16=18a=11=29b=0.
| 5=0.1p=19,2=03 b=1.
- 3=2.5,$=1.7,2=1.24=1.0,0=1.1 o
5=1.6,$=0.15,a=0 7,,=0.9,b=0 45 @
v
I
o |
= o
|5 z
© o~ - w |

T T T T T T T
0.0 0.5 1.0 15 0.0 0.5 1.0 15 20 25 3.0

X X

Figure 2.3: Plots of the pdf (left picture) and hrf (right picture) for the EONH-K

distribution

The pdfs of the EO-NH-K distribution exhibits various shapes that include
reverse-J, uni-modal, left or right skewed shapes. The shapes of EO-NH-K hrf

include decreasing, increasing and bathtub.

2.3.4 The Exponentiated Odd Nadarajah
Haghighi-Weibull (EO-NH-W) Distribution

By considering the Weibull distribution as the baseline distribution with pdf

and cdf given by g(z;w) = wz* e and G(r;w) =1 — e, for w > 0, we obtain

18



the EO-NH-W distribution given by

F(z;0,\ B,w) = (1_eXp (1_ {1+)\ (16%)]6))6

w— _ v -1
f(@36,0, B,w) = M{lﬂ(l—)]

and

T

(o)
e po(=)))

for for 0, 5,w > 0.

35
I

55/02=96=09,6=081
73=01p=02,0=48

=16,6=0.7.0=4,1
5205215 p=02050 5
/L 5-061-07p=04%1.1

5=16,=1p=110=18
) 050=31

oo o
TS
LNows

30
1

25
1

hix}
15 20
I I

1.0

05
I

0.0
I

00 02 04 06 08 10 00 05 10 15 20 25 30

Figure 2.4: Plots of the pdf (left picture) and hrf (right picture) for the EO-NH-W

distribution

The pdfs of the EO-NH-W distribution exhibits various shapes that include
uni-modal, left or right-skewed shapes. The shapes of EO-NH-W hrf are
decreasing, increasing, bathtub, and bathtub followed by upside down bathtub.

2.4 Mathematical and Statistical Properties

This section presents some statistical properties of the EO-NH-G family

of distributions, namely; distribution of order statistics, entropy, moments,
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incomplete moments, probability weighted moments (PWMs), quantile and

generating functions.

2.4.1 Distribution of Order Statistics

The pdf of the i order statistics is given by

where B(.,.) is the beta function. Substituting equations (2.5) and (2.6) into

(2.9)

equation (2.9), we get

flz)F(z)H ! = M‘%)){HA(G(%;S)

§
(1= G(x:6))

= (- [(E3

(1 — exp (1 - [1 + A (ggg

Using the generalized binomial series expansion

(1o (1 [zt ) o Sn(007
G(z

X

X

m=0

e (n(- [ (ED])).

and substituting into equation (2.9), we obtain

LA WIS o Gy | RSV €75

e (M (s (229)])

Now, using the series expansion
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wofimen(-per(EER))) - £

X
— 3
—
+
>~
VR
Q|9
5|8
NN
~
_ 1
S

we get

EREIEREp N S el (LT

2 nl m
oG] e

(2.10)

Considering the following generalized binomial expansions

FH(SSN“M=§CWT>)*@&$k

G
and
(- =3 (TR e
we have "
F Py = (wm’ngq_okkﬂ <—(k:q+ 2)) (ﬁ(p +k1)—1)

o o LG
X (G(2:€)" " g(w:€).

We can therefore, write the pdf of the i** order statistic from the EO-NH-G

family of distributions as

) — B(i7n5_5i+1)(n;¢) i )\k+1<_(kq+2)>(ﬁ(p+kl>_1)

m,n,p,k,q=0
<m+1>p<—1>’f+m(n>(6<j+z'>—1) oot (LE)
. DV Cwmortgme (i
= sz,qgk+q+1($§ )7 (2.11)
k,q=0
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where g1 ,41(2;8) = (k + q + Dg(z;€)[G(x;€)]F1? is an Exp-G distribution with
power parameter (k + ¢+ 1) and

0 = B(i’n(s_gi - (n]— z) i Ak (ﬂ(n +k1) — 1) (—(kq+ 2))

m,n,p,k,q=0

)0 ey

Therefore, the pdf of the i order statistics from the EO-NH-G family of

distributions can be expressed as an infinite linear combination of Exp-G

densities.

2.4.2 Entropy

Entropy measures variation of uncertainty for a random variable X having the
probability distribution f(z). There are two common types of entropy, namely,
Rényi entropy [67] and Shannon entropy [69]. Shannon entropy is a special case
of Rényi entropy. We derive the Rényi entropy (/z(v)) of the EO-NH-G family of

distributions as follows

Ir(v) = (1 —v) tlog {/000 f”(x)dx] 0 #1v>0. (2.12)

Using equation (2.6), f”(z), can be written as
e = o [ (G (o (1- e EER))
e (1P (G N (e

Lett—<f ;),then
frx) = (BN [+ M Ve <y (1—[1+)\t]’3>>

G(x:€
exXp
% (1 — exp (1 —[1+ )\t]ﬁ>>y(5_1) (%) '

Consider

(1-exp (1—[1—1—)\15]5))”6 K i ( 1>> exp (7 (1= 11+ 20%)),

Jj=0
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then we can write,

[e.9]

) = Sy (”(5 -

=0 /
X exp ((] +1) <1 [+ /\t]ﬁ))) (%)V

By considering the series expansions

exp ((j+1) (1 - [1+At]ﬂ)) - i U1 (1 - [1+)\t]ﬁ>i

7!

1>> (6BN)” L+ APV

j7Z:

and
(1= 1+ >'::(z’> EIL 4 A
we get
Fla) = ji_o;(—l)j*’“ (07 )@ () g

X (uf’gﬁ) (2.13)

By applying the binomial expansion of

14 A1k i (V(ﬁ - }) + 5k) (At)!

k=0

where ¢ = (ggg), and substituting into (2.13), we obtain

o0

P = 3 (MO D A () (11 )

Jrik,1=0

and applying the generalized binomial series expansion of

(1 - Gl )+ iio(‘“22”))(—1)%6@;5))%
we have
) = jg:g (—(Z;L?V)) (vzj)i (;) (jJ;l)i <V(ﬁ—})+5k>
< (—1)it (”(5].‘ ”) (5B N (G O gl:6)", 2.14)
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and by considering

CwOr = -0 Ger
X (q: Z) (=11 - GOl
_ ni:o (q;r l) (Z) (—1)"PG (z: £)7.

we can write equation (2.14) as

) = i (—(l + 2V)) (v ;J’Y (;) (+ 1) <V(6 - }) - ﬂk:)

i
Jrih=0 q J:

< (c1)HE (”(5; ”) (B8 X (G €)1 gl €)"

oy i Wk(—(klmu)) (uzj)" (;) U;l)i (k:l)

j’i7k7n’p:0

v(o

e R (ORI Eg (2.15)

Rényi entropy for the EO-NH-G family of distributions can therefore be written

as
Ir(v) =(1-v) llog[vaexp l—VIREgl,v;é1U>O (2.16)
m=0
where

o, = i (—(ﬂ(jtu)—y)>@j_!jy(;><jj—!l)i

j7i7k7n7p:0
0—1

y (_1)i+kz+n+p<y( ;

)) (M)”X’*’“(g +1)7" (2.17)

and Irpe = (1-v) log [ [(2 + 1)g(z;€)[G(x;€)]7]” dv is Rényi entropy of Exp-G
distribution with parameter (£ + 1). Therefore, Rényi entropy of the EO-NH-G
family of distributions can be derived directly from Rényi entropy of Exp-G

distribution.
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2.4.3 Moments and Generating Function

The r'" ordinary moment can be derived using equation (2.7) as follows:

o0

o= E(XT) =) v, B(Y],), (2.18)

q,r=0

where Y, , follows an Exp-G distribution with power parameter (¢ + r + 1) and

v, 18 given in equation (2.8). The s™ central moment of X is given by

uszi(j)(u”l@)@" szq() DTE(Y,,).

t=0 t=0 ,t=0
The cumulants of X follow recursively from
N /s—1
R M Py
=0
where ky = ), ko = pbhy — p'?, ks = ply — 3phu’ + u?, ete. Ordinary moments may
also be used to calculate the measures of dispersion, namely, variance, skewness

and kurtosis.

The ' incomplete moment of X is given by

0.2) = [ a'faldo S0, JREE (2.19)

q,r=0

The incomplete moment is very useful and can be used to estimate some
important quantities such as Lorenz and Bonferroni curves. These quantities
have a wide application in demography, economics, insurance, medicine and
reliability. Mathematically, the Lorenz and Bonferroni curves for a given
probability p are given by L(p) = ¢1(q)/uy and B(p) = ¢1(q)/(puy), respectively,
where 1/} is given by equation (2.18), with » = 1 and ¢ = Q(p) is the quantile
function of X at p. The incomplete moment (equation (2.19)) can be expressed

as

o0

¢r(2) = Z Vg tgr(2), (2.20)

q,r=0
where H,,(z) = [ 'g4ri1(2;€)dx is the t™ incomplete moment of the Exp-G
distribution.
The variance (¢?), Standard deviation (SD=0), coefficient of variation (CV),

coefficient of skewness (CS) and coefficient of kurtosis (CK) are given by 0 =
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I 2 _ \/Mz _ E[(X-w®]  u—suuh42u

ILLQ ILL7 CV - M 1 CS [E(X*M)2}3/2 - ?()'ul/2_'u§)3/2 ,and
(X ’_

CK = [E[(X :))2]]2 = H 4”(55_%)’;2 3u* ,respectlvely.

Note that the r** cumulant of the random variable X can be readily obtained

from the recursive relationship: x, = u/ — >/ (") p._, k,, where u. = B(X —
1))", so that the CS and CK are given by v, = E and v, = H—%
We present the first five moments together with the standard deviation (SD
or o), coefficient of variation (CV), coefficient of skewness (CS) and coefficient
of kurtosis (CK) of the EO-NH-LLoG distribution for selected values of the
parameters (see Table for details).

Table 2.1: Moments of the EO-NH-LLoG distribution for some parameter values

(6,7, 8,¢)
(0.8,0.3,1.3,1.1) (0.4,1.1,0.7,0.1) (2.1,1.6,2.7,1.6) (1.1,0.2,2.5,1.4) (1.1,1.6,1.7,0.7)
E(X) 0.3052 0.3160 0.3483 0.19 0.0899
E(X?) 0.1875 0.1737 0.1942 0.0885 0.0509
E(X3) 0.1341 0.1153 0.1286 0.0543 0.0354
E(X*) 0.1038 0.0849 0.0936 0.0383 0.0272
E(X?) 0.0845 0.0666 0.0724 0.0292 0.0221
E(X6) 0.0712 0.0546 0.0584 0.0235 0.0185
SD 0.0461 0.0486 0.0195 0.016 0.0160
Cv 0.0399 0.0414 0.0167 0.0141 0.0141
CS 0.0351 0.0359 0.0146 0.0126 0.0126
CK 0.0313 0.0317 0.0129 0.0113 0.0113

The moment generating function (mgf) of EO-NH-G family of distributions is
given by

My(t) = E(™) = Y vy My, (1)

where My, , () is the mgf of Exp-G with power parameter ¢ + r + 1. The mgf of
EO-NH-G family of distributions can be obtained directly from that of the Exp-G

distribution.
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2.4.4 Probability Weighted Moments

Probability weighted moments (PWMs) are very useful in estimating
parameters of distributions which are not in closed form. The (j,4)* PWM, say

n;: of X~ EO-NH-G (0, 3; &) distribution is defined by

i = BOOF(X)) = [ a9 f(@)F(a)'do.

— 00

Using equation (2.10), we can write

foray = BT (Gm))T

<o {i-p (D))
y <1_exp =
i <1_exp 1[1“%@;@)}5))&'

so that
feins = B[ (620)]
. i (6@ ;) - 1)(—1)” <exp (n+1) <1 — {1 + A (gg:g)}ﬁ) '
But "

= (n 41"
Z( m!)

m=0

[ beGEET

N——
I

(oo (6

which leads to

X i (5(2 +;) - 1) (—1)":!+ nm [1 B {1 ) (ggz:g)rr



Also,

so that

(15fﬁ§g§g>2 n’g’;o (5@ +1) - 1> (=)™ (n+1)" (m)

oD

Considering the series expansion

o BTG

we get

f(z:0,A,.8,8) =

fl@;0,),B,€) = X" Bg(x,€)

(DN

Now, applying the series expansion

3
hgE
/E
+
3 =
3 |
—_
N————
\ —~
a |
% =
3
3
e
+
=
3
<3
N————

Q
—~
I
~
—~

—_

|

Q
—~

8
mm
~—
~—

o0

-G =3 (T o),

we have

@) = i : (ﬂ(k +1) - 1) (m+ 1)"(=1)k (Z) (6(2’ +n11) - 1)

|
m,n,p,k,q=0 q P

X (G(2;€) g(2;€),

which simplifies to

where

i, = 3 (e O
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and gy q41(7;€) = (k + q)g(z; &)[G(z;€)]*" is an Exp-G distribution with power
parameter (k + ¢ + 1). The PWM is therefore given by

kaq/ xgkqxgdx_zvkq k+q+1

k,q=0 k,q=0

where T,iq is j power of an Exp-G distributed random variable with power

parameter (k + ¢+ 1).

2.4.5 Quantile Function

We present in this sub-section the quantile function for the EO-NH-G family of
distributions by inverting the cdf given by equation (2.5). We invert the function

(ol (E28)) -

for 0 < u < 1. Note that

so that

Q
Rk
N———

which simplifies to

[1—In(1—wus)V? -1

G(x;§) = T a1

The quantile values of the EO-NH-G family of distributions are obtained by

solving the non-linear equation

o) = G [1—In(1 —wus)]Y/8 -1 2.21)
[1—In(1—us)]V84+X—1] '

using iterative methods.
Quantiles for selected parameter values for the EO-NH-LLoG distribution are
shown in Table
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Table 2.2: Table of Quantiles for Selected Parameters of the EO-NH-LLoG

Distribution
(0, A, B,¢)

u | (0.8,0.3,1.3,1.1) (0.4,1.1,0.7,0.1) (2.1,1.6,2.7,1.6) (0.1,0.2,2.5,1.4) (1.1,1.6,1.7,0.7)
0.1 0.1647 0.0000 0.2076 0.3455 0.0123
0.2 0.3441 0.0000 0.2603 0.5186 0.0311
0.3 0.5195 0.0000 0.2998 0.6521 0.0544
04 0.6899 0.0001 0.3340 0.7654 0.0822
0.5 0.8572 0.0001 0.3659 0.8674 0.1153
0.6 1.0254 0.0001 0.3975 0.9637 0.1553
0.7 1.2007 0.0032 0.4309 1.0595 0.2052
0.8 1.3951 0.1442 0.4691 1.1618 0.2720
0.9 1.6413 7.2765 0.5202 1.2868 0.3770

2.5 Maximum Likelihood Estimation

This section covers the maximum likelihood estimation procedures for the
EO-NH-G parameters: §,\ and 3, as well as ¢ the baseline parameter vector.
Let X; ~ EO— NH —G(6, A\, 3; €) with the parameter vector A = (5, )\, 3;¢)T, then

the log-likelihood for ¢ = ¢(A) from a random sample of size n is given by

R S )

s <1 - {1 o\ (gfg)m +§njlog<g<xi;s>>

i=1 i=1

T S (A = )

The score vector U = (5, &£, g—g, 6%) has elements given by

% = %—i—glog (1—exp (1— [1+)\(%>r>),
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o _n - o) " G(xz,é){ (G(xz,@)r-l
- = 7T B-1) -8 + 2 (=
oA S\[1+a(ge9)]) TE Gy Glri:)

B B

and

ol = 1 o1 — G(x35€))
& _22 1-—

respectively.

The elements of the score vector are not in closed-form, so numerical methods will be

used to obtain solution to the equations.

2.6 Simulation Study

In this section, we conducted a simulation study to evaluate the consistency of the

maximum likelihood estimators. We simulated for N=1000 times with sample size n=35,
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70, 140, 280, 560 and 1120 from the EO-NH-W distribution. Simulation results are
shown in Table [2.3| and The results shows that as the sample size increases, the
mean estimates of the parameters tend to be closer to the true parameter values, since
RMSEs and average bias decays toward zero for all the parameters. For the simulations,
we set A = 1. The bias and RMSE of 4 relative to ¢ are given by: Bias(f) = # -0,
and RMSE(6) = w, respectively.

From and it can be seen that the means approximates the true parameters
values as the sample size n increases. We also observe that as the sample size n
increases, the RMSEs decay toward zero and that for all the parameters values, the

biases decreases as the sample size n increases.

2.7 Applications

We applied the EO-NH-W model to two real data examples to demonstrate usefulness of
the new distribution compared to several other known non-nested distributions. Model
performance was assessed using the following goodness-of-fit statistics: -2loglikelihood
(-2 log L), Akaike Information Criterion (AIC), Consistent Akaike Information
Criterion (AICC), Bayesian Information Criterion (BIC), Cramér von Mises (W*) and
Andersen-Darling (A*) statistic as described by Chen and Balakrishnan [14]. The best

model has smaller values of these statistics.

We used R software to estimate the model parameters via the nlm package. Model
parameter estimates (standard errors in parenthesis) and the goodness-of-fit statistics
for the two data sets are shown in Tables [2.5|and We also present plots of the fitted
densities, the histogram of the data and probability plots (Chambers et al. [13]]) to show
how well our model fits the observed data sets. The plots are shown in Figures and

We compared the EO-NH-W distribution with other competing four parameter
non-nested models, namely Gamma-Burr III (GB) distribution by Oluyede et al. [57]),
beta-Weibull (BW) by Cordeiro et al. [19], the Kumaraswamy Odd Lindley log-logistic
(KOL-LLoG) by Chipepa et al. [16], beta odd Lindley-uniform (BOL-E) by Chipepa et
al. [16], the exponential Lindley odd log-logistic Weibull (ELOLLW) by Korkmaz et al.
[36], Weibull Lomax (WL) by Tahir et al. [64]], and beta generalized Lindley (BGL) by
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Table 2.3: Monte Carlo Simulation Results for EO-NH-W Distribution: Mean,
RMSE and Average Bias

§=1.10,8=0.05,w = 1.10 §=1.10, 8 = 0.05,w = 0.50
parameter n Mean RMSE Bias Mean RMSE Bias

35 | 2.6584 3.5749 1.5584 | 2.5245 3.1912 1.4245

) 70 | 1.4623 0.8670 0.3623 | 1.5100 0.8962 0.4100
140 | 1.2944 0.5597 0.1944 | 1.2979 0.5762 0.1979

280 | 1.1771 0.2845 0.0771 | 1.1660 0.2965 0.0660

560 | 1.1177 0.1869 0.0177 | 1.1372 0.1945 0.0372

1120 | 1.1140 0.1398 0.0140 | 1.1079 0.1411 0.0079

35 | 0.1694 0.2071 0.1194 | 0.1623 0.2023 0.1123

Ié] 70 | 0.0875 0.0899 0.0375 | 0.0919 0.0935 0.0419
140 | 0.0694 0.0584 0.0194 | 0.0688 0.0586 0.0188

280 | 0.0589 0.0329 0.0089 | 0.0580 0.0346 0.0080

560 | 0.0517 0.0207 0.0017 | 0.0540 0.0223 0.0040

1120 | 0.0516 0.0163 0.0016 | 0.0509 0.0164 0.0009

35 |0.8841 0.4126 -0.2159 | 0.4107 0.1839 -0.0893

w 70 | 1.0389 0.2984 -0.0611 | 0.4632 0.1331 -0.0368
140 | 1.0756 0.2365 -0.0244 | 0.4902 0.1077 -0.0098

280 | 1.0884 0.1809 -0.0116 | 0.5001 0.0877 0.0001

560 | 1.1096 0.1301 0.0096 | 0.4987 0.0607 -0.0013

1120 | 1.1018 0.0983 0.0018 | 0.5030 0.0460 0.0030

§=1.10,8 = 0.05,w = 0.80 §=0.50,8=1.10,w = 1.10

J 35 | 2.6702 3.7498 1.5702 | 0.9722 2.6932 0.4722
70 | 1.5218 0.9312 0.4218 | 0.6176 0.4106 0.1176

140 | 1.3157 0.5703 0.2157 | 0.5386 0.2406 0.0386

280 | 1.1711 0.2760 0.0711 | 0.5206 0.1509 0.0206

560 | 1.1178 0.1916 0.0178 | 0.5353 0.1140 0.0353

1120 | 1.1061 0.1333 0.0061 | 0.4960 0.0614 -0.0040

Ié] 35 | 0.1655 0.2081 0.1155 | 1.1882 0.3156 0.0882
70 | 0.0939 0.0975 0.0439 | 1.1283 0.2499 0.0283

140 | 0.0715 0.0595 0.0215 | 1.1037 0.1699 0.0037

280 | 0.0582 0.0324 0.0082 | 1.0962 0.1239 -0.0038

560 | 0.0519 0.0216 0.0019 | 1.1167 0.0853 0.0167

1120 | 0.0507 0.0154 0.0007 | 1.0934 0.0527 -0.0066

w 35 | 0.6619 0.3051 -0.1381 | 1.3561 0.9969 0.2561
70 | 0.7390 0.2181 -0.0610 | 1.2713 0.7067 0.1713

140 | 0.7709 0.1671 -0.0291 | 1.2305 0.4810 0.1305

280 | 0.7927 0.1256 -0.0073 | 1.1661 0.3224 0.0661

560 | 0.8079 0.0991 0.0079 | 1.0947 0.1836 -0.0053

1120 | 0.8043 0.0692 0.0043 | 1.1336 0.1304 0.0336
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Table 2.4: Monte Carlo Simulation Results for EO-NH-W Distribution: Mean,
RMSE and Average Bias
5 =0.50,8 = 0.50,w = 1.10 §=0.80,8 = 0.50,w = 1.10
parameter n Mean RMSE Bias Mean RMSE Bias
5 35 | 0.9334 2.5344 0.4334 | 1.4448 2.8755 0.6448
70 |0.6134 0.4057 0.1134 | 0.9148 0.6359 0.1148
140 | 0.5198 0.2377 0.0198 | 0.8018 0.3470 0.0018
280 | 0.5133 0.1550 0.0133 | 0.7960 0.2240 -0.0040
560 | 0.5268 0.1092 0.0268 | 0.7999 0.1483 -0.0001
1120 | 0.5093 0.0725 0.0093 | 0.7990 0.1040 -0.0010
3 35 | 0.5843 0.3489 0.0843 | 0.5626 0.3360 0.0626
70 | 0.5287 0.2572 0.0287 | 0.4922 0.2401 -0.0078
140 | 0.4760 0.1943 -0.0240 | 0.4641 0.1801 -0.0359
280 | 0.4818 0.1442 -0.0182 | 0.4747 0.1278 -0.0253
560 | 0.5069 0.0991 0.0069 | 0.4886 0.0849 -0.0114
1120 | 0.4958 0.0679 -0.0042 | 0.4929 0.0605 -0.0071
w 35 |1.2918 0.8847 0.1918 | 1.3107 0.9000 0.2107
70 | 1.2476 0.6448 0.1476 | 1.2986 0.6764 0.1986
140 | 1.2685 0.5240 0.1685 | 1.2609 0.4973 0.1609
280 | 1.1796 0.3485 0.0796 | 1.1714 0.2817 0.0714
560 | 1.1011 0.1950 0.0011 | 1.1247 0.1648 0.0247
1120 | 1.1094 0.1288 0.0094 | 1.1111 0.1100 0.0111
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Oluyede and Yang [58]]. The pdfs of these models are

CLE —0\—p-1 —5y—Byya—1
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35



2.7.1 Time to Failure of Turbocharger Data

The first data set represents failure times (103h) of turbocharger of one type of engine
as report by Xu et al [71]]. The data are: 1.6, 3.5, 4.8, 5.4, 6.0, 6.5, 7.0, 7.3, 7.7, 8.0 ,8.4,
2.0, 3.9, 5.0,5.6,6.1,6.5,7.1, 7.3, 78, 8.1, 84, 2.6, 4.5,5.1, 5.8, 6.3, 6.7, 7.3, 7.7, 7.9,
8.3, 8.5, 3.0, 4.6, 5.3, 6.0, 8.7, 8.8, 9.0.

The estimated variance-covariance matrix for the EO-NH-W model based on the

turbocharger data set is given by

[ 14010 x 104 —4.4840 x 1077 43183 x 108 4.8804 x 104 |
—4.4840 x 1077 1.5049 x 107  —1.3821 x 10719 —1.5621 x 10~°
4.3183 x 1078 —1.3821 x 10710 1.3311 x 10~ 1.5043 x 10~7

| 4.8804x 107" —1.5621 x 1070 1.5043 x 1077 1.7001 x 1072 |

and the 95% confidence intervals for the model parameters are given by
§ € [0.8135 £0.0240], A € [7.7565 x 107> £ 7.6035 x 107°1, B € [52.384 4+ 7.1508 x 10~ %] and
w € [0.8128 4 0.0808].

Table 2.5: Parameter estimates and goodness-of-fit statistics for various models

fitted for time to failure of turbocharger data set

Estimates Statistics
Model 0 A B8 w —2log L AIC AICC BIC w= A* K-S p — value
EO—-NH-W 0.8135 7.7565 x107° 52.384 0.8128 158.1015 166.0941 167.2370 172.8497 0.0296 0.1855 0.0703 0.9889
(1.1836 x 1072)  (3.8793 x 107°)  (3.6484 x 107%)  (4.1232 x 1072)
a b A 0
BOLE 0.2105 0.3251 0.0003 1.1911 158.9558 166.9558 168.0987 173.7114 0.0343 0.2175 0.0831 0.9450
(0.0371) (0.2604) (0.0002 ) (0.0088)
a b @ 5
WL 16.406 3.3430 1.2177x10* 2.3526x10” 163.5453 171.5453 172.6881 178.3008 0.0629 0.4777 0.1036 0.7842
(5.9494) (0.44667) (3.6108x107%)  (1.8688x10~%)
B @ 0 Y
ELOLLW 1.9944 0.1393 1.7917 3.4997 163.7752 171.7752 172.9181 178.5308 0.0636 0.4815 0.1017 0.8028
(1.0760) (0.0351) (1.1969) (0.6303)
a b A c
KOL-LLoG 0.4752 29.694 1.5939x107° 4.0409 164.9051 172.9051 174.0480 179.6607 0.0759 0.5657 0.1061 0.7591
(1.3006x107'%) (5.3436x107%) (1.7835x107%) (3.0193x10~")
a b A a
BGL 1.8000 1.9000 4.8030%x1077 1.0936x1072  456.9146 484.9459 486.0888 491.7014 0.2478 1.6045 0.8324 <22x 1076
(2.0586x107%)  (6.2739x107%) (3.8617x107%) (1.2564x107°)
a B ) 0
GB 0.3825 45.925 0.7215 1.3095x10°*  165.2263 173.2263 174.3692 179.9818 0.3575 2.2146 0.5956 9.5020x10 '3
(7.0975x107%)  (1.1786x10°%) (0.2444) (5.6382x10~%)

The EO — NH — W model has the smallest values of —2log L, W* and A* as well
as the largest p-value of the K — S statistic compared to the other models presented
in Table 7.1. Therefore, we can conclude that the FO — NH — W model provides a
better fit for the time to failure of turbocharger data set. Presented in Figure [2.5]is the
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Figure 2.5: Fitted pdfs and probability plots for time to failure of turbocharger

data set
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Figure 2.6: Plots for empirical cdf, Kaplan—Meier curve and the hrf of the
EO-NH-W model for the time to failure of turbocharger data set

histogram and fitted densities as well as the probability plots. We can conclude that the
EO-NH-G distribution fit the time to failure of turbocharger data set better than the

models considered in this paper.

2.7.2 Repair Lifetimes of an Airborne Transceiver Data

The second data corresponds to maintenance data with 46 observations based on active
repair times (in hours) for an airborne communication transceiver cited by Leiva et
al.[41] and Chhikara and Folks [15]. The data is as follows: 0.2, 0.3, 0.5, 0.5, 0.5, 0.5,
0.6,0.6,0.7,0.7,0.7,0.8,0.8,1.0, 1.0, 1.0, 1.0, 1.1, 1.3, 1.5, 1.5, 1.5, 1.5, 2.0, 2.0, 2.2 ,2.5,
2.7, 3.0, 3.0, 3.3, 3.3,4.0, 4.0, 4.5, 4.7,5.0, 5.4, 5.4, 7.0, 7.5, 8.8, 9.0, 10.3, 22.0, 24.5.
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The estimated variance-covariance matrix is given by

[ 3.3861 x 1015

—4.6214 x 10715

—1.0155 x 10~11
1.3827 x 1079

—4.6214 x 10715
6.3238 x 10717
2.0177 x 10711
—1.8848 x 107°

—1.0155 x 10711
2.0177 x 10~
2.454 x 1076
—3.2629 x 1076

1.3827 x 1079 |
—1.8848 x 107?
—3.2629 x 106

5.6490 x 1074

and the 95% confidence intervals for the model parameters are given by

§ € [0.1997 + 0.2748], A € [0.0540 + 0.3349], 8 € [0.0157 4+ 0.0863] and w € [2.6925 + 3.1048).

Table 2.6: Parameter estimates and goodness-of-fit statistics for various models

fitted for repair lifetimes of an airborne transceiver data set

Estimates Statistics
Model 8 A B w —2log L AIC AICC BIC w* A* K-S p — value
EO—-NH-W 1.1886x10" 6.9153x10° 0.2472 0.2344 198.9639 206.9639 207.9395 214.2785 0.0421 0.2616 0.0812 0.9224
(5.8190x107%)  (7.9522x107%)  (1.5666x10~%) (0.0238 )
a b A 0
BOLE 0.9320 67.7680 63.2570 6.1204x107° 209.8693 217.8693 218.8449 225.1839 0.1434 0.9948 0.1456 0.2836
(6.0917x107'%)  (8.4355x107'?) (9.1781x107"?) (9.3447x10°°)
a b a s
WL 1.1881x10° 2.6116 0.0232 0.1914 200.6187 208.6187 209.5943 215.9333 0.0565 0.3653 0.0939 0.8121
(0.0050%x107%) (1.1891) (0.0141) (0.3409)
B @ 0 "
ELOLLW 1.9588x10% 50.924 0.0865 0.6301 205.3792 213.3792 214.3548 220.6938 0.0983 0.6768 0.1166 0.5592
(8.4202x1071%)  (3.3971x107°) (3.1982x107%) (6.5918x107%)
a b A c
KOL-LLoG 11.8395 0.2140 4.5046 0.5529 198.8821 206.8821 207.8577 214.1967 0.0386 0.2629 0.0884 0.8651
(10.1581) (0.2319) (2.3042) (0.1909)
a b A a
BGL 1.8000 1.9000 1.3382x1072 1.1117x1072  456.9146 468.4403 469.4160 475.7549 0.6385 0.2665 0.0776 <2.2x 107'¢
(2.3505x107%)  (5.8951x107%) (3.6170x107%) (1.1918x107%)
a 8 5 0
GB 36.9507 0.9893 0.2164 0.0212 200.0809 208.0809 209.0565 215.3955 0.2284 1.4706 1.0000 <2.2x 1076
(0.0219) (1.5650) (0.2119) (0.0333)

Furthermore, the results shown in Table [2.6| shows that the EO-NH-W distribution fit

the repair lifetimes of an airborne transceiver data set better than the equi-parameter

models considered in this paper. The EO-NH-W distribution has smallest values of the
the goodness-of-fit statistics A*and W*. From the fitted densities plots (Figure [2.5), we

can notice that the EO-NH-W model fit the repair lifetimes of an airborne transceiver

data set better than the selected models.

2.8 Concluding Remarks

We propose a new family of distributions referred to as the exponentiated odd

Nadarajah Haghighi (EO-NH-G) family of distributions. This new distribution is an

infinite linear combination of the exponentiated-G distribution. We use the maximum
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Figure 2.8: Plots for empirical cdf, Kaplan—Meier curve and the hrf of the

EO-NH-W model for the repair lifetimes of an airborne transceiver data set

likelihood estimation technique to estimate the model parameters. We applied the
special case, the EO-NH-W distribution to two real data sets. Our proposed model
performs better than the selected equal-parameter models as shown in the applications

that were presented.
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Chapter 3

The Exponentiated Odd
Exponential Topp-Leone-G

Family of Distributions

3.1 Introduction

The Topp-Leone (TL) distribution was originally proposed by Topp and Leone [65] as
an alternative to the beta distribution. The TL distribution is well known to be an
attractive model for survival analysis and reliability studies since it has a bathtub
shaped hazard function which is characteristic of most data from engineering and
related areas (Lienig and Bruemmer [43]). Many electronic consumer product life
cycles are believed to strongly exhibit the bathtub curve which is a property of the TL
distribution. Some generalisations of the TL distribution available in the literature
include results given by Nadarajah and Kotz [53], Ghitany et al. [28], Kotz and
Nadarajah [37], Kotz and Seier [38], Vicari et al. [72]], Zghoul [74], Gen¢ [27] and Bayoud
[9], Chipepa et al. [18], just to name a few.

The goal of this study is to develop a new flexible family of distributions called
the exponentiated odd exponential Topp-Leone-G (EOE-TL-G ) family of distributions
using the generalised Weibull model introduced by Gurvich et al. [31] as the generator
and study its mathematical properties. Al-Shomrani et al. [4] proposed the Topp
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Leone-G (TL-G) family of distributions by generalising the Topp-Leone distribution.
The EOE-TL-G has a lot of desirable properties which include various shapes of the
probability density function (pdf), unrestricted domain unlike the TL distribution and
also it has various shapes of the hazard rate function other than the bathtub. The TL-G
family has the cumulative distribution function (cdf) and probability density function,

(pdf) given by
Fri—g(az;b,8) = [1 — G*(2;9)]° 3.1)
and

fri—a(a;b,€) = 2bg(z;€) G (;6)[1 — G*(a; €))7, (3.2)

respectively, where b > 0 and G(z;¢) is a baseline distribution with parameter vector ¢
and the survival function G(x;¢) = 1 — G(z;€).

This chapter is organized in the following manner. The model and its properties are
provided in Section 2. The special cases, order statistics, Rényi entropy and moments
generating functions are presented in Section 3. Section 4 covers the Maximum
Likelihood estimates, Section 5 contain Monte Carlo simulations and finally Section

6 covers applications.

3.2 The Model and Properties

In this section, we present the proposed model, sub-families and some statistical
properties. The statistical properties covered include expansion of the density, order

statistics, hazard rate function, quantile function and moments generating functions.

3.2.1 The Model

Several families of univariate distributions have been generated from the Weibull
family of distributions introduced by Gurvich et al. [31]. This was achieved by extending
the classical Weibull model. The cdf of the generalized Weibull distribution is given by

F(z;0,8) =1 — exp(—aH (z;€)), 3.3)

where x € D C R, a > 0. From equation (3.3), we set o = 1 and let

H(z;¢) = 1(_1(%%, then the odd exponential Topp-Leone-G (OE-TL-G) family of

distributions is given by

Fop-rL-(7;b,§) =1 — exp [— <1 El(; ?gf{j’)i;bﬂ ) (3.4)
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The cdf and pdf of the proposed Exponentiated Odd Exponential Topp-Leone-G
(EOE-TL-G) family of distributions are given by

Frop-rL-c(%;b,6,§) = (1 — exp [— (1 (_1(1 fgf&gg)bﬂ )6 (3.5)

and

26bg(x; €)G(x;€) (1 — G2(x;€))>~!

Jrossmglh a8 = G- G
(ol ()
- [ (19(;?23(22)%’)} (3.6)

for b, > 0 and parameter vector, £.

3.2.2 Quantile and Hazard Rate Functions

The quantile function is obtained by solving the non-linear equation

(- (S5 -

for 0 < u < 1, that is

L (1 - G*(2;6))"
—In(1—-wus) = <1 —(1— 62(96;5))1’>

. _ B ln(l—u%) z
1= Gl) \ll (ln(l—ub—l) '

Consequently, the quantile function or the EOE-TL-G family of distributions is given by

W o= a1l B ln(l—u%) ;
R Jl (1n<1—u%>—1>

The hazard rate function (hrf) of the EOE-TL-G family of distributions is given

fEOE‘—TL—G (JT; b’ 9, f)
1 — Fpop-rr—-c(x;b,96,§)

26bg(2:6) G (2;6) (1 =G> (2;6)) !
(1-(1-G2(x3£))*)?

1- (1—eXp [— (%)Dé

(e ()

X exp {— (1 El(zfgj(f)g)bﬂ ’
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so that

h(x;b,6,§) =




for b,6 > 0 and parameter vector, &.

3.2.3 Expansion of Density Function

In this section, we provide a linear representation of the EOE-TL-G family of
distributions. Using the series expansion

(1—6Xp{ - [[1 —[1(1— (x(?]g)) ]”) _ z:% ( 1)

[ -G
< o &1—(1— <xs>>J}
the EOE-TL-G pdf can be written as

20bg(x; )G §)(1 — G*(2:€))"!
(1—(1—=G2(x;6))b)?

fEOE—TL—G(I; b, 0, 5) =

<3 ())
x exp{ —(a+ 1){[1 El(z_ (xé)]&)) J } 3.7)

Using the following series expansion

exp{_(am[ -G ” $ a1

1-(1-C(@:0)] =

" [u El@— . é)]@) ]r

and substituting into equation (3.7), we obtain

o

Jeop-rr-c(7;0,0,§) = Z(—1)a+m(5;1>25bg($7f)é($,f)

(1= G, ) (a4 1)
(1= (=GO ml

Applying the generalized binomial expansion

1= 1=l =S (T - Fwor
n=0
we can write the EOE-TL-G pdf as
fron 1u-clrih ) = B 90w 3 (")
(a+ 1

m + 2 ) G2($; g))b—l-i—bm—i—bn‘



Also, considering the expansion

S D(C i (R [T}

p=0 p

we can write the pdf of the EOE-TL-G as

fEOE—TL—G(:E; b, 5; f) - 25bg(ﬂf, 5) Z (_1)a+m+n+p (5 ; 1) (CL ;})m

a,m,n,p=0

(—(m + 2)) (b(m tntl)- 1) G (x;€).

X
n p
Now, with the expansion
_ > 2 1
G €)= (1= Gl ) = S0 (T ) s,
q=0
we have
= 6 —1\ (a+ 1)
frop-ri-c(2:b,6;§) = 20bg(x;¢) am;qzo(—l)“m*"“’*q( " ) @ - )
y (—(m+2)> <b— 1+bm+bn) (2p+1)
n p q
1Y g,
< (1) e
= qu+1gq+1($§f)7
q=0
where
= d—1\ (a+1)™
— __1\a+tm+ntp
e = 3 ()

a7m7n7p:0

(—(mn+ 2)) (b -1 +lem + bn) (qu—l— 1>’ 3.9)

and g,(7;¢) = (¢ + 1)g(z;£)G9(x; &) is an exponentiated-G (Exp-G) distribution
with power parameter (¢ + 1). The EOE-TL-G distribution can be written as an
infinite linear combination of Exp-G densities and the mathematical properties
of the EOE-TL-G family of distributions can be readily obtained from those of
the Exp-G family of distributions.

3.2.4 Some Sub-Families of the Distributions

Some sub-families of the EOE-TL-G family of distributions are presented in this
subsection.

* When 6 = 1, we obtain the Odd Exponential Topp-Leone-G (OE-TL-G)
family of distributions.
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* When b = 1, we obtain a new family of distributions with cdf given by

e If ) = b =1, we obtain a new family of distributions with the cdf given by

1-Crey)),

FOEfTL7G<-T§£) =1—exp {— ( @2(13'5)

3.3 Some Special Cases

Some special cases of the EOE-TL-G family of distributions with the baseline
distributions being the uniform, Bur XII, Lomax, log-logistic and Weibull
distributions are presented in this section.

3.3.1 The Exponentiated Odd Exponential
Topp-Leone-Uniform Distribution

Consider the uniform distribution as the baseline distribution. The uniform
distribution has pdf and cdf given by ¢g(x) = 1/ and G(z;0) = =z/0,
respectively, for 0 < x < 6. Therefore, the exponentiated odd exponential
Topp-Leone-Uniform distribution (EOE-TL-U) distribution has the cdf and pdf
given by

b s~ (Ll Y

20(b/0)(1 — x/0)(1 — (1 — x/6)*)"""
(1— (1= (1—z/0)))?

(1 - {‘ (1 51@ (190 —/%))D
1—(1—2/6)%°
(e )

respectively, for 4,6 > 0 and 0 < = < 6. Plots of the density function and hazard
rate function (hrf) are given in Figures 3.1(a) and 3.1(b).

and

frop-rr-Uv(2;b,0;0) =

X

X

exp
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density

(a) (b)
Figure 3.1: Plots of the pdf and hrf for the EOE-TL-U distribution

Figures (a) and (b) show the plots of the pdfs and hrfs of the
EOE-TL-U distribution for selected parameters values. The pdf can take various
shapes including uni-modal, almost symmetric, left and right skewed. The hrf of
the EOE-TL-U distribution exhibits both monotonic and non-monotonic shapes
including increasing, decreasing and bathtub shapes.

EOE-TL-U(5,b,6.9) EOE-TL-U(5,b,7.8)

Figure 3.2: Plots of skewness and kurtosis of EOE-TL-U distribution
The plot for skewness shows that skewness increases as ¢ is increasing and b is
decreasing for 6 = 6.9 while that of Kurtosis shows that kurtosis increases as
both § and b are both increasing for § = 7.8.

3.3.2 The Exponentiated Odd Exponential
Topp-Leone-Burr-XII Distribution

In this subsection, we take the baseline cdf G(z;¢) to be Burr-XII distribution
with cdf G(z;c,0) = 1 — (1 + 29)7% and pdf g(z;¢) = chzc V(1 + 2¢)~ O+,
Therefore, the exponentiated odd exponential Topp-Leone-Burr-XII distribution
(EOE-TL-Burr-XII) has the cdf and pdf given by

For-r15(r:b,5,6,¢) = (1 ~exp {_ (1 < q < Ji;_;alz)b)bé (3.9)
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and

26bcfz (D (1 4 2¢) =@+ (1 — (1 4 z°)~20)0-1
(1 — (1 — (1 + z¢)—20)b)2

(o[- (5 El&—f?:ci);w)])“

exp {— (1 il (I El & ii_;i);;)bﬂ , (3.10)

frop—rr-B(7;b,0,0,¢) =

X

X

for b, ¢, 0,0 > 0. Plots of the pdf and hrf are given in Figures 3.2(a) and 3.2(b).

30

© - — 5=09b=18,c=17 6=1.
520.1,p=29.c=016=
520.5b=05.c=17.8:

5=2.0b=1.3.0=3.9,6=0.
o - — 5=05p=05.c=276=0.

20
4

15

05 10
1 2

/

00 05 1.0 15 00 05 10 15 20 25 30

00

(a) (b)
Figure 3.3: Plots of the pdf and hrf for the EOE-TL-Burr-XII distribution

Figures (a) and (b) show the plots of the pdfs and hrfs of the
EOE-TL-Burr-XII distribution for selected parameters values. The pdf can
take various shapes including uni-modal, almost symmetric, left and right
skewed. The EOE-TL-Burr-XII distribution exhibits bathtub, upside down
bathtub, monotonic and non-monotonic hazard rate functions. For ¢ = 1.1 and

EOE - TL-Burr-XII(3, b, 1.1,6.9) EOE - TL-Burr-XII(3,b, 0.1,7.8)

Figure 3.4: Plots of skewness and kurtosis of EOE-TL-Burr-XII distribution

0 = 6.9, skewness increases as both 4 and b incease while for ¢ = 0.1 and 0 = 6.9,
kurtosis increases as delta is increasing and b is decreasing.
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The Exponentiated Odd Exponential Topp-Leone-Lomax Distribution

If ¢ = 1 in (3.11), the exponeniated odd exponential Topp-Leone-Lomax
distribution (EOE-TL-L) has a cdf and pdf given by

Fop_r11(x;b,6,6) = (1 ~ exp {— (1 < i d Jf_);zl;)b)ba (3.11)

and

2000(1 + 2)~@FD(1 — (1 4 )~20)>—1
(1—(1—(1+z)-20)b)2

(ol i)
< e |- (o))

respectively, for b, 0 and 6 > 0.

fEOE—TL—L(ﬂU; b, 5; 9) =

X

081
5=0.1b=103=058=07

- - — 5=15b=10,p=046=32 © 5=0.001,b=1.0,=0.9,6=0 06
— 5=03b=10,p=036=21 3=35b=10,3=0338=0
5=2.5b=10,8=0.11,0=5.9 5=0.01,6=1.0,=0.05,6
5=21b=10p=1106=15 —
0,=196=06

density
X,

00 05 10 15 00 05 10 15 20 25 30

(a) (b)
Figure 3.5: Plots of the pdf and hrf for the EOE-TL-L distribution

Figures[3.5|(a) and [3.5](b) show the plots of the pdfs and hrfs of the EOE-TL-L
distribution for selected parameters values. The pdf can take various shapes
including reverse-J, uni-modal, almost symmetric and right skewed. The hrf
of the EOE-TL-L distribution can exhibits shapes that are both monotonic and
non-monotonic including decreasing, increasing and bathtub shapes.

The Exponentiated Odd Exponential Topp-Leone-Log-Logistic
Distribution

Consider the log-logistic distribution which is a special case of the Burr-XII
distribution with pdf and cdf given by g(z) = cz*~'(1 + 2¢)~% and

G(x) =1— (14271, for ¢ > 0, respectively. Therefore, the exponentiated odd
exponential Topp-Leone-log logistic (EOE-TL-LLoG) distribution have the cdf
and pdf given by
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Fron-rsucts s = (1 [ ({0027 Y]’

and

20bex V(1 +2) (1 — (1 +2%) %)
frop-Tr-L10G(2;,0,¢) = I

(ol (i)
o] ({0 )

1— (I— (1+a°)2)p

respectively, for 6,0 and ¢ > 0.
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Figure 3.6: Plots of the pdf and hrf for the EOE-TL-LLoG distribution

Figures (a) and (b) show the plots of the pdfs and hrfs of the
EOE-TL-LLoG distribution for selected parameters values. The pdf can
take various shapes including reverse-J, uni-modal, left and right skewed. The

EOE-TL-LLoG distribution exhibits both monotonic and non-monotonic shapes
for the hrf.

3.4 Distribution of Order Statistics and Rényi
Entropy

In this section the distribution of the i order statistics and Rényi entropy of
the EOE-TL-G family of distributions are presented. The pdf of the i'* order
statistics is given by

flx n—i ivic1
fim(2) = B@?n(_)iﬂ);( ; )F(m) , (3.12)

49



where B(.,.) is the beta function. Substituting equations for the cdf and pdf of
the EOE-TL-G distribution into equation (3.12), we have

fi: (QZ) _ 25bg(x, S)G(I,ﬁ)gl _ 62@776))1)71
N (1—(1—=G?(x,8))b)?

g B<z~,n2+1>§("7) o {‘(1£1<f2agféf,)g>b)}

(e[ ()

Using the series expansion

(1 _eXp{ - [[1 F(I— (x(j)]g)) J })(SW)_I 2 ( : +sl) ) 1)

g eXp{_S[u _[1(1_ (x(j)]g)) ]H

ﬂ@ﬂ@w1:=§jihhn_%u)]>GU+?_v

j=0 s=0

we can write

200g(x; )G (; 5)[1— ( ;)]0
1-(1-G (xé))]

< ew{ = s+ [[1 _[1&_ (QE(?L)) ]H

Using the expansion

S A (o) ]} = for [ -G (:Ef)]))]]t

1-(1-G ( ;6))° =0 [1-(1=G (¢
we have
i1 — 1 (1) (s+ 1) (6(5 +i) — 1
Fa)Fay™ = ZOtZ_OB(i,n—H—l)tZ_O( : tf )((j s) )

. W@ OGN - C @l
11— (1= (@)

Considering the generalized binomial series expansion

leads to
f@)F (@)™ :Xétf:o SHZ(S +1)! (5(3' +Sz') - 1) (—(t:— 2))
* Blin 1 i 1)26(59(%;5)@(96; )1 — G (a; )l +D-1,

50



and by considering

1= Gmerr et = e (T T e ),
u=0

yields

il _ (=1) (s + 1) (5(j +i) — 1)

J@)E () B 320575;08 (i n—z—i—l) t! s
8 (—(t:— 2)) (b(t + r: 1) — )2669(9: G 2u+1(x;€)‘

Considering the generalized binomial series expansion

=2utl, - B ) 2u1_oo_ v2u+l v

9 = (-G = (oo,

we have

P — Z S R CER )] (5(j+¢>—1) <—(t+2))

t! s r
7=0 s,t,r,u,v=0

1 <b(t+r—|—1)—1>

e
<o) (B st oer e

We can therefore, write the pdf of the i"* order statistic from the EOE-TL-G
family of distributions as

o nz i (_1)s+t+r:+v(5+1)t(5(j—|—8’i)—1> (—(t:z))

=0 s,t,r,u,v=0

1 b(t+7r—+1)—1 u+1\(w+1)

Z My 1 9o1(25E),
v=0

where g,.1(2;&) = (v + 1)g(x;&)[G(z;€)]" is an Exp-G distribution with power
parameter (v + 1) and

m,, = Z Z — (—1)5““:;‘“(3 +1)° <5(j +Si) - 1> (—(t: 2)>

7=0 s,t,r,u= 0
bt+r+1)—1\2u+1\ 2b0 (3.13)
u v (v+1) '

Therefore, the pdf of the " order statistics from the EOE-TL-G family of
distributions can be expressed as an infinite linear combination of Exp-G
densities.
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3.4.1 Rényi Entropy

We derive Rényi entropy (I/z(v)) of the EOE-TL-G family of distributions as
follows

Ir(v) = (1 —v)tlog {/000 f”(:p)dw] ,v# 1,0 > 0. (3.14)

Using equation (4.2), f”(x;b,d;¢), can be written as

Fabse = YE@OC@YN-C @t

x exp(_ ”[[1 _[ (I_a@(:géx;)];))b]})

< (-w ()

Using the series expansion

(o {- [T )T - e ()

- eXp{ - d[u _[1(1_ (x(f)]g)) ]] }

we can write

X <—1>d<”<5d 1)> ( - H” V (1 Creeer)))
where *

— (=1)°(d + 1) 1 -G (2:€)] ‘
A—
; el [[1—(1— G (a; 5))]}

and substituting into our expansion we obtain

=L (260) 9" (25 €) G 2:€)"[L = G ()]0 D+
d,ezzo 1—-(1- 62(95; £))b|2v+e

< (e (O D)

el

[P (@:6,6,6) =

Applying the generalized binomial series expansion

o0

(2v+e) _(2V+6>
[1— (1 -G (x;6)7) @) = (1-G(:6),
;( / )
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we can write

f/(2:6,0,6) = Y (260)"9" ()Gl €)" (”(5 " 1>)
dye,f=0
y (—(2?4' 6)) (—1)‘”66('(1 +1)° - @2(17; £)] b=V +betbs.
Also, considering the expansion
(1 I (I‘ g))u(b 1)+be+bf __ Z(_l)g(V(b— 1);-b€+bf)§29(w’£)’
g=0
fl/(x; b, 5’ 5) _ (2b5>ugy($7€) Z (_1)d+€+g (V((Sd— 1)) (d +'1)e
d,e,f,g=0 .
y (y(b —1) g+ be + bf)@mu(z; )
Now, from the generalized binomial series expansion
G wi6) = (1 Gl = Y0 ()l
h=0
we have
v B L, e v(6 — 1)\ (=1)¢retoth(d + 1) [(—(2v +e)

d’e?f7g7h:0

X

(y(b— 1);be+bf) <2g}—li—y) (%il)y
((g + 1) g(x;ﬁ)GZ(x;ﬁ))y-

Therefore, the Rényi entropy of the EOE-TL-G family of distributions can be
written as

X

Ir(v) = (1—v) 'log [Z The(l_”)IREG] 0 # 1Lv>0,

h=0

. (%ﬁdl)ydﬁ%ﬂ (y((sd_ 1)) (—(2;+e))

(—1)dretoth(d + 1) (v(b—1)+be +bf\ (29 +v
()

where

X

and Ippe = (1 —v)7' [° [(’;1 + 1) g(z; 5)[G(a:;§)]%]y dz is Rényi entropy of Exp-G

distribution with parameter (% + 1). Therefore, the Rényi entropy of the

EOE-TL-G family of distributions can be derived directly from Rényi entropy
of Exp-G distribution.
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3.4.2 Moments and Generating Function

Moments are useful in statistics and probability. The first few moments are
useful in describing a probability distribution. We therefore, derive moments of
the EOE-TL-G distribution and present some results of the first five moments
of the exponentiated odd exponential Topp-Leone-log-logistic (EOE-TL-LLoG)
distribution together with the standard deviation (SD), coefficient of variation
(CV), coefficient of skewness (CS) and coefficient of Kurtosis (CK).

From the expansion of the EOE-TL-G density, we conclude that the distribution
can be expressed as an infinite linear combination of the Exp-G distribution.
The moments of the Exp-G densities are well documented in literature and we
will refer to this distribution in the derivations of moments of the EOE-TL-G
family of distributions. The EOE-TL-G family of distributions is an infinite
linear combination of Y,.;, which has an Exp-G distribution with power
parameter ¢ + 1. Therefore the r'" ordinary moment can be derived using
equation (3.15) as follows:

pp=B(X") =3 v E(Y{), (3.15)
q=0

where v, is given in equation (3.8). Incomplete moments are very useful and
can be used to obtain some important quantities such as Lorenz and Bonferroni
curves. These quantities have a wide application in demography, economics,
insurance, medicine and reliability. The " incomplete moment of X is given by

ér(2) :/ xrfEOE—TL—G($§b>5§£)d5E:qu/ 2" ggr1(w; §)dz. (3.16)
—o0 4=0 —o0

Quantiles for selected parameter values for the EOE-TL-LLoG distribution are
shown in Table

Table 3.1: Table of Quantiles for Selected Parameters of the EOE-TL-LLoG
Distribution

(0,b,¢)
u (0.1,2.6,1.5) (0.1,1.2,2.7) (0.1,0.9,0.7) (1.1,1.5,2.5) (0.1,2.5,1.1)
0.1 0.1904 0.1951 0.0304 0.5809 0.1367
0.2 0.0938 0.0953 0.0114 0.4355 0.0649
0.3 0.0601 0.0594 0.0064 0.3426 0.0413
0.4 0.0437 0.0417 0.0043 0.2792 0.0300
0.5 0.0341 0.0314 0.0032 0.2339 0.0234
0.6 0.0279 0.0249 0.0025 0.2001 0.0192
0.7 0.0235 0.0205 0.0021 0.1742 0.0162
0.8 0.0203 0.0172 0.0018 0.1538 0.0140
0.9 0.0179 0.0148 0.0015 0.1374 0.0124
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EOE-TL-LLOG(5, b, 6.9) EOE-TL-LLoG(3, b, 7.8)

Figure 3.7: Plots of skewness and kurtosis of EOE-TL-LLoG distribution
For ¢ = 6.9, skewness increases as both b and ¢ increase and if ¢ = 7.8 kurtosis
also increases as both J and b increase.

3.4.3 Exponentiated Odd Exponential Topp-Leone
-Weibull Distribution

Consider the Weibull distribution as the baseline distribution with pdf and cdf
given by g(z;a,w) = awr* e " and G(z;0,w) = 1 — e 2", respectively, for
a,w > 0. The cdf and pdf of the exponentiated odd exponential Topp Leone
-Weibull (EOE-TL-W) distribution are given by

Frop—ri—w(x; 6,0, b,w) = (1 — exp [— ( i exp(_mmw})b)b)])(;

1 —(1—exp(—2az¥)

and
20bawzr+ ! exp(—axw)(l — eXp(—2oz:cw))b—1

(1 — (1 — exp(—2aqav)b)?

()

X exp [— (1 El(z ixfép_f—aiuleb))b> ] ’

respectively, for §, o, b and w > 0.

—/8=31,0=08b=07,0=15 ©

5+15,a=17b=12,0=11

< 340 3,021 4p=250=59
—/— 592.0,0=0.5,b=0.5,0=05 0

T

frop—rr-w(z;d,0,b,w) =

density
2
Il
hix
2 3
L 1

(a) (b)
Figure 3.8: Plots of the pdf and hrf for the EOE-TL-W distribution
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Figures (a) and (b) show the plots of the pdfs and hrfs of the
EOE-TL-W distribution for selected parameters values. The pdf can take
various shapes including reverse-J, uni-modal, left and right skewed. The
EOE-TL-W distribution exhibits both monotonic and non-monotonic hazard rate
functions.

EOCE-TL-W(3.b,1.27) EOE-TL-W(3, b, 1.27)

Figure 3.9: Plots of skewness and kurtosis of EOE-TL-W distribution
For w = 1.27, both skewness and kurtosis increase as both b and ¢ increase.

3.5 Maximum Likelihood Estimation

If X; ~ EOE — TL — G(6,b, &) with the parameter vector A = (4,0;¢)7, then the
total log-likelihood function ¢ = /(A) from a random sample of size n is given by

¢ = nlog(20) 4+ nlog(b +Zlog g(zi; & +Zlog (x5 &

+ (b—l)ZIOg[l—_ 2 € QZlogl— 1-G (Q;Z,f))]
[ -G @9
X 1

1—(1-G(z:56))")

B n . . (1 —52(-Ti;£))b
o DZ}%G pGu_@_ﬁmwa»'

(2 ot o
097 b’ O&

O 5o (1 exp [ [ 0= T )
25 6 +;1 g<1 pq(l—(l—@Q(mi;&))”)D)’

The score vector U = ) has elements given by:
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ol
0b

and

n

o

G (1;6)) log(1 — T (2;;€))
(1= (1= G (a;6)))?

(1-C*(258)"
(1-(1-G" (zs:6))?)

(1-C (2i:6))®
(1-(1-G (25))")

n

1 1 0G(z;€)

O

n=1

n

2>
i=1
n

2

g(xi; )

20— 1))

0g(xi;
g((%k §) n
1
i—1 1 —62(551';5)
1 0
(1—(1-C (a:0))? I

— G(xi;€) O

0

3

n
2

(1 -G (:;€))

=2

(1= (1 -G (259))

’)

(1- (1 -G (2;6))

=0 (

[ 0
33

(65—

0

respectively. These

—2

1—(1-G(z;%))
(1-¢°

b)2
(2:6)") — (1 — G*(21;€))
1
G )
<1 o (&1 El(l . c§<§) 2))1,)])) |

functions are not in closed form and can only be solved using

(1—(1 -G (2:;6))

b 0

. b
¢ /3" )

n

ny-

1=0

iterative methods using R, MATLAB or SAS software.

For interval estimation for model parameters (4,b,&) and the hypothesis tests on
these parameters, we obtained the observed information matrix since its expectation
requires numerical intergration. The (2+p) x(2+p) observed information matrix J(A) is

given by

(3.17)



where J;; = %g(f), for i,j = d, b, £, where £ is a (p x 1) component vector.

Under the usual regularity conditions A is asymptotically normal distributed, that is
A ~ N(0,I7'(A)) as n — oo, where I(A) is the expected information matrix. The
asymptotic behaviour remains valid if I(A) is replaced by J(A), the information matrix
evaluated at A.

3.6 Simulation Study

In this section, we conducted a simulation study to evaluate the consistency of the
maximum likelihood estimators. We simulated N=1000 times with sample size n=35,
70, 140, 280, 560 and 1120 from the EOE-TL-LLoG distribution. Simulation results are
shown in Table The bias and Root Mean Square Error (RMSE) for the estimated
parameter, say, 6, say, are given by

N ) N A
~ . 91 A~ R v 91 o 9 2
Bias(0) = ZNl —0 and RMSE(f) = ZI(N)

respectively. The results shows that as the sample size increases, the mean estimates
of the parameters tend to be closer to the true parameter values, since RMSEs and
average bias decays toward zero for all the parameters.
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Table 3.2: Monte Carlo Simulation Results for EOE-TL-LLoG Distribution:
Mean, RMSE and Average Bias

I: 6 = 0.498, b = 1.140, ¢ = 1.140 II: § = 1.060, b = 0.500, ¢ = 1.060
Parameter n Mean RMSE Bias Mean RMSE Bias
35 | 1.4483 4.7915 0.9503 | 1.8527 3.3032 0.8577
) 70 |0.7764 0.7098 0.2784 | 1.2748 0.6835 0.2798
140 | 0.6081 0.3593 0.1101 | 1.1452 0.3840 0.1502
280 | 0.5484 0.2159 0.0504 | 1.0904 0.2370 0.0954
560 | 0.5404 0.1638 0.0424 | 1.0997 0.1919 0.1047
1120 | 0.5097 0.1069 0.0117 | 1.0609 0.1085 0.0659
35 |1.0144 0.4428 -0.1256 | 0.4443 0.1636 -0.0557
b 70 | 1.0754 0.3469 -0.0646 | 0.4719 0.1232 -0.0281
140 | 1.1212 0.2552 -0.0188 | 0.4772 0.0924 -0.0228
280 | 1.1462 0.1951 0.0062 | 0.4981 0.0612 -0.0019
560 | 1.1389 0.1534 -0.0011 | 0.4986 0.0383 -0.0014
1120 | 1.1466 0.1092 0.0066 | 0.5002 0.0387 0.0002
35 | 1.2909 0.8390 0.1509 | 1.3325 0.9036 0.2325
c 70 | 1.2166 0.5541 0.0766 | 1.2211 0.5962 0.1211
140 | 1.2052 0.3851 0.0652 | 1.1650 0.3811 0.0650
280 | 1.1712 0.2535 0.0312 | 1.0940 0.2059 -0.0060
560 | 1.1443 0.1913 0.0043 | 1.0649 0.1328 -0.0351
1120 | 1.1555 0.1386 0.0155 | 1.0714 0.0875 -0.0286
III: 6 = 1.050, b = 0.488, ¢ = 1.050 IV: § = 0.498, b = 1.140, ¢ = 1.140
35 |1.9631 3.4854 0.9131 | 1.4373 4.7708 0.9393
0 70 | 1.3781 0.7561 0.3281 | 0.7836 0.7133 0.2856
140 | 1.2186 0.4154 0.1686 | 0.6081 0.3593 0.1101
280 | 1.1739 0.2644 0.1239 | 0.5478 0.2162 0.0498
560 | 1.1890 0.2223 0.1390 | 0.5403 0.1638 0.0423
1120 | 1.1374 0.1260 0.0874 | 0.5097 0.1069 0.0117
35 |0.4351 0.1607 -0.0529 | 1.0161 0.4367 -0.1239
b 70 |0.4633 0.1180 -0.0247 | 1.0707 0.3430 -0.0693
140 | 0.4675 0.0893 -0.0205 | 1.1184 0.2530 -0.0216
280 | 0.4874 0.0601 -0.0006 | 1.1466 0.1948 0.0066
560 | 0.4951 0.0369 0.0071 | 1.1396 0.1571 -0.0004
1120 | 0.4854 0.0395 -0.0026 | 1.1466 0.1092 0.0066
35 | 1.2815 0.9066 0.2315 | 1.2974 0.8189 0.1574
c 70 | 1.1423 0.5599 0.0923 | 1.2031 0.5340 0.0631
140 | 1.1026 0.3481 0.0526 | 1.2114 0.4158 0.0714
280 | 1.0331 0.1972 -0.0169 | 1.1728 0.2562 0.0328
560 | 0.9863 0.1270 -0.0637 | 1.1440 0.1901 0.0040
1120 | 1.0180 0.0907 -0.0320 | 1.1555 0.1386 0.0155
V:6 = 1.140, b = 0.498, ¢ = 1.140 VI: 6 = 1.030, b = 0.528, c = 1.030
35 | 2.1521 4.6649 1.0121 | 1.9815 4.1107 0.9515
0 70 | 1.4264 0.7893 0.2864 | 1.3305 0.7616 0.3005
140 | 1.2679 0.4246 0.1279 | 1.1818 0.4082 0.1518
280 | 1.2082 0.2520 0.0682 | 1.1190 0.2483 0.0890
560 | 1.2063 0.1845 0.0663 | 1.1361 0.1952 0.1061
1120 | 1.1692 0.1176 0.0292 | 1.0815 0.1003 0.0515
35 |0.4455 0.1578 -0.0525 | 0.4675 0.1657 -0.0605
b 70 |0.4706 0.1185 -0.0274 | 0.4997 0.1218 -0.0283
140 | 0.4741 0.0894 -0.0239 | 0.5049 0.0900 -0.0231
280 | 0.4897 0.0605 -0.0083 | 0.5235 0.0614 -0.0045
560 | 0.4964 0.0386 -0.0016 | 0.5252 0.0385 -0.0028
1120 | 0.4961 0.0293 -0.0019 | 0.5324 0.0350 0.0044
35 | 1.3972 0.9888 0.2572 | 1.2569 0.8694 0.2269
c 70 | 1.2608 0.5593 0.1208 | 1.1250 0.5140 0.0950
140 | 1.2301 0.4003 0.0901 | 1.0836 0.3295 0.0536
280 | 1.1680 0.2232 0.0280 | 1.0329 0.1894 0.0029
560 | 1.1276 0.1355 -0.0124 | 0.9994 0.1193 -0.0306
1120 | 1.1412 0.1038 0.0012 | 1.0040 0.0830 -0.0260
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3.7 Applications

In this section, two real data sets are used to illustrate the usefulness of the proposed
new model compared to other competing known models. We use the following
goodness-of-fit statistics: -2loglikelihood (-2 log L), Akaike Information Criterion (AIC),
Consistent Akaike Information Criterion (AICC), Bayesian Information Criterion
(BIC), Cramér von Mises (IW*) and Andersen-Darling (A*) as described by Chen and
Balakrishnan [[14], Kolmogorov-Sminov (K-S) and its p-value to assess the best fitting
model. The model with the smallest values of these statistics is regarded as the best.

We used the nlm function in R software to estimate the model parameters and
the package AdequacyModel in R for goodness-of-fit test. Model parameters
estimates (standard errors in parenthesis) and the goodness-of-fit statistics for the
two data sets are shown in tables and Plots of the fitted densities, the
histogram of the data and probability plots (Chambers et al. [13]) are also presented
to show how well our model fits the observed data sets compared to the selected
models. The models considered are type II generalized Topp-Leone-Rayleigh (TIGTLR)
and type II generalized Topp-Leone-uniform (TIGTLU) both by Hassan et al. [34]),
Marshall-Olkin-log-logistic (MO-LLoG) by Wenhao et al. [73]], Marshall-Olkin extended
generalized exponential (MOEGE) distribution by by Barreto-Souza et al. [8] ,
Topp-Leone-Weibull (TL-W) by Rezaei et al. [66] and the Dagum (D) distribution by
Dagum [20]. The pdfs of the non-nested models are as follows:

fTIIGTLR (I; «, ﬂ7 9) = 4a59$60x2[1 - 67912]2671(1 - (1 - 67912)25)04717

for a, 8,60 > 0,
Fo(:0,8, ) = oAz ™07 (1 + Aa™P7 1),

208 [z 28-1 2\ o1
fTIIGTLU(x; a,B,0) = B <9) <1 — 0) ,

for 6,8, A > 0,

for o, 5,60 > 0,
fro w(xo,a,b) = 20balzb~ ! exp(—Z(afﬁ)b)(l — exp(—2(ax)b))a_1,

for a,a,b > 0,

B 27
Frio-rroa (@0, 8,7) = @ V@B T raP

for o, B, > 0, and

ayde M (1 — e A)r—L
(1—a[l —e2]7)2 7

fMOEGE (I‘; o, 7, )‘> =

for a, v, A > 0.

3.7.1 Failure Times Data

The first data set represent failure times (per 1000h) of 50 components. The data is
from Murthy et al. [52]. The data are 0.036, 0.148, 0.590, 3.076, 6.816, 0.058, 0.183,
0.618, 3.147, 7.896, 0.061, 0.192, 0.645, 3.625, 7.904, 0.074, 0.254, 0.961, 3.704, 8.022,
0.078, 0.262, 1.228, 3.931, 9.337, 0.086, 0.379, 1.600, 4.073, 10.940, 0.102, 0.381, 2.006,
4.393, 11.020, 0.103, 0.538, 2.054, 4.534, 13.880, 0.114, 0.570, 2.804, 4.893, 14.73, 0.116,
0.574, 3.058, 6.274, 15.08.
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Table 3.3: Parameters estimates and goodness-of-fit statistics for various models
fitted for failure times data set

Estimates Statistics
Model 0 b c —2log L AIC AICC BIC w A* K-S p — value
EOE —TL— LLoG  0.3555 7.7748 0.4790 201.1584 207.1584 207.6801 212.8945 0.1314  0.8180 0.1271 0.3641
(0.2284) (4.0922) (0.0786)
b 0 c
TIIGTLR 2.6390 0.1396 1.9655x107% 203.4759 209.4759 209.9976 215.2119 0.1370  0.8857  0.1369 0.2799
(2.7737) (0.0295) (0.00429)
&) A 0
D 0.0910 6.7694 x 10 4.5698 206.5926 212.5926 213.1144 218.3287 0.1483 1.0121  0.1572 0.1517
(0.0129) (1.4197x1079) (0.2715)
a b a
TL-W 0.0.1180 0.7845 0.7845 204.7125 210.717 211.2388 216.4531 0.1554  0.9892 0.2930 2.689x10~*
(0.1420) (1.5463) (0.9925)
a b @
TIIGTLU 1.6795 0.2431 17.2032 202.0347 208.0347 208.5565 213.7708 17.2664 99.7861 0.9906 8.882x107'6
(6.9473) (0.1264) (8.7858)
« B A
MO — LLoG 0.3938 0.9108 2.6172 210.9703 216.9703 217.492 222.7063 0.2138 1.3281 0.1355 0.291
(0.1182) (0.1033) (0.0195)
« ¥ A
MOEGE 2.0188 0.6664 0.1521 203.8013 209.8013 210.3231 215.5374 18.0662 100.2202 0.9964 8.882x107'6
(1.4968) (0.1573) (0.0608)

The estimated variance-covariance matrix for EOE-TL-LLoG model on failure times
data set is given by

0.0522 —0.9097 -0.0154

—0.9097 16.7465 0.2717

—0.0154 0.2717  0.0062

and the 95% confidence intervals for the model parameters are given by
5 € [0.3555 + 0.4476], b € [7.7748 + 8.0208] and ¢ € [0.4790 + 0.1540].

Results in Table and plots in Figures (a) and (b) show that the
EOE-TL-LLoG distribution performs better than the various non-nested models on
failure times.
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Figure 3.10: Fitted densities and probability plots for Failure times data

The EOE—TL— LLoG has the lowest values of —2log(L), W*, A*, AIC, AICC, KS and
the highest p-value therefore we can conclude that the EOE-TL-LLoG model performs
better than the six selected non-nested models for failure times data set.
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Figure 3.11: Plots for empirical cdf, Kaplan—Meier curve and the hrf of the
EOE-TL-LLoG model for the failure times data set

3.7.2 Growth Hormone Data

The data consists of the estimated time since growth hormone medication until the
children reached the targeted age. This data was also used by Alizadeh et al.[2] and are
as follows: 2.15, 2.20, 2.55, 2.56, 2.63, 2.74, 2.81, 2.90, 3.05, 3.41, 3.43, 3.43, 3.84, 4.16,
4.18, 4.36, 4.42, 4.51, 4.60, 4.61, 4.75, 5.03, 5.10, 5.44, 5.90, 5.96, 6.77, 7.82, 8.00, 8.16,
8.21, 8.72, 10.40, 13.20, 13.70.

Table 3.4: Parameters estimates and goodness of fit statistics for various models
fitted for growth homorne data set

Estimates Statistics
Model ) b c —2log L AIC AICC BIC w* A* K-S p — value
EOETL — LoG ~ 2.8414x10? 0.4289 0.1755 155.0985 161.0985 161.8727 165.7645 0.0344 0.2454 0.0859 0.9585
(3.7091x107%) (0.0153 (0.02064)
b 0 c
TIIGTLR 0.2382 0.9223 0.130 162.584 168.584 169.3582 173.2501 0.1276 0.8177 0.1707 0.2598
(0.3243) (0.7778) (0.1769)
I A 0
D 354.01 0.06927 2.4380 155.4559 161.456 162.2301 166.122 0.0434 0.2881 0.0975 0.8934
(8.4601x107°%) (0.02795) (0.3226)
a b «
TL-W 0.0547 0.2198 4.5137x 10" 155.0936 161.0936 161.8678 165.7596 0.1485 1.0015 0.9997 <22 x 1070
(1.1421x107°)  (2.1537x107%) (5.9602x1071")
@ &) 0
TIIGTLU 1.5439x10* 0.9963 762.40 164.9781 170.9781 171.7523 170.9781 11.3443 69.1721 0.9941 <22x 1070
(1.2554x1077) (0.01820) (5.0664x107°%)
@ &) A
MO — LLoG 3.3212 3.5219 3.0700 158.5828 164.5828 165.357 169.2488 0.0560 0.4061 0.0978 0.8911
(0.2844) (0.4909) (0.0874)
a b a
MOEGE 4.4408 6.5817 0.3289 156.473  162.473 163.2471 167.139 11.6054 69.5788 0.1330 < 2.2x 10716
(5.8569) (2.0173) (0.1501)

The EOE—TL— LLoG has the lowest values of —2log(L), W*, A*, AIC, AICC, KS and
the highest p-value therefore we can conclude that the EOE-TL-LLoG model performs
better than the six selected non-nested models on on growth hormone data set.

The estimated variance-covariance matrix for EOE-TL-LLoG model on growth hormone
data set is given by

7.2131 x 10710
2.8189 x 10704
4.2592 x 10794

5.6397 x 1010
2.3517 x 10704
2.8189 x 1079

1.3758 x 10715
5.6397 x 10710
7.2131 x 10710

and the 95% confidence intervals for the model parameters are given by
§ € [2.8414 x 10 £ 7.2699 x 107%], b € [4.2894 x 107% + 3.0057 x 107°%] and
c € [1.7554 x 10701 £ 4.0450 x 10792],
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Results in Table and plots in Figures (a) and (b) show that the
EOE-TL-LLoG distribution performs better than the various selected models on growth
hormone data.
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Figure 3.12: Fitted densities and probability plots for growth hormone data
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Figure 3.13: Plots for the empirical cdf, Kaplan—Meier curve and the hrf of the
EOE-TL-LLoG model for the growth hormone data set

3.8 Concluding Remarks

In this chapter, we have introduced a new family of distributions called the EOE-TL-G
distribution. The statistical properties for the EOE-TL-G family of distributions are
addressed. The performance of the maximum likelihood estimates is quantified using
Monte Carlo simulations. Finally, applications of the model to real data are presented
and according to goodness-of-fit statistics, the results indicate that the EOE-TL-G model
provides a better fit as compared to the selected models.
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Chapter 4

The Exponentiated Odd
Exponential Topp-Leone-G Power
Series Class of Distributions

4.1 Introduction

The power series distributions are discrete and come from power series and the
examples of such distributions are the geometric, logarithmic, binomial and poisson
distributions, just to name a few. These are mainly used to model count data. Their
inclusion in the classical theories is intended to bring in more flexibility as researchers
try to meet the demands of the ever changing data needs in the world. Work done in this
respect includes the work by Lu and Shi [45] who proposed the Weibull geometric (WG)
and Weibull Poisson (WP) distributions. Furthermore, Rodrigues et al. [68]] defined
the Weibull negative binomial (WNB) distribution, which includes sub-models such as
the WG and WP distributions. Adamidis and Loukas [1] introduced a two-parameter
distribution known as exponential geometric (EG) distribution by compounding
an exponential distribution with a geometric distribution, Chahkandi and Ganjali
[12] proposed the exponential power series (EPS) distribution, the exponentiated
exponential Poisson (EEP) distribution by Barreto [6]], the Weibull power series (WPS)
distribution by Barreto et al. [7] and the complementary exponential-power series
distributions by Flores et al. [24]], and the odd Weibull Topp-Leone-G power series
distributions by Oluyede et al. [59].

We propose the exponentiated odd exponential Topp-Leone-G power series
(EOE-TL-GPS) class of distributions. The EOE-TL-GPS has an upside down bathtub
which makes it more applicable than the exponentiated odd exponential Topp-Leone-G
(EOE-TL-G) family of distributions which has a bathtub only and because of this, the
EOE-TL-G distribution does not provide a good parametric fit for modeling phenomenon
with failure rates which have an upside bathtub shape. This makes it less popular
in reliability and biological studies which exhbits hazard rates which include upside
down bathtub. Dimitrakopoulou et al. [21] states that lifetime models that present
upside-down bathtub failure rates curves can be observed in the course of a disease
whose mortality reaches a peak after some finite period and then declines gradually.
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The EOE-TL-GPS has an upside bathtub and this makes it most suited to model
lifetime data sets.

4.2 The Model and Properties

In this section, we develop the model EOE-TL-GPS and explore its properties by
looking at the hazard rate function, linear representation, special cases, moments,
order statistics and Rényi entropy. The cumulative distribution function (cdf)
and probability distribution function (pdf) of the exponentiated odd exponential
Topp-Leone-G (EOE-TL-G) family of distributions by Chipepa et al. [17]] are given by

Fpop-r1-c(w;b,0,6) = (1 — exp [— (1 a T Ggf(f)g)bﬂ )5 4.1)

and

20bg(w; )G (2 ) (1 — G*(x:6))"!
(1— (1= G*w;)P)?

(o (L))

o[ (GG e

feoE-TL-G(2;b,0,§) =

X

X

for b,0 > 0 and vector &, G(x;¢§) and g(z;¢) are the baseline cdf and pdf, respectively.
We compound the EOE-TL-G distribution and power series distribution to obtain a new
class of distributions, namely, EOE-TL-GPS distribution. Given N, let X7, Xo,..., Xy
be identically and independently distributed (iid) random variable following EOE-TL-G
distribution. Let X = X(;) = min(Xy,..., Xy). The conditional distribution of X given
N = n is given by

n

Gx|N=n(®;6,b,6) = 1-]](1 - G(x;6,b,€))
i=1

= 1—-5"x;4,b,¢)

S (e Ik

where S(z;0,b,¢) is the survival function given by 1 — F(x;6,b,¢). Thus, the cdf of the
life length of the whole system, X, say F(z;0,b,9,¢), is given by

C(0S(x;9,b,€))
c(9)

c(o [1 —(1-exp |- (1(1(162(53(55355)5);)b)}ﬂ

C(0) ’

F(az,@,b,é,g) = 1-

- 11—

(4.3)

for b, 6 > 0 and parameter vector £. Several sub-classes of the EOE-TL-GPS distribution
can be obtained by varying the baseline distribution function G(z;¢) and the power
series distribution as shown in Table

65



Table 4.1: Special Cases of the EOE-TL-GPS

Distribution an C(0) cdf
eXP<9<1 e &0 022 ;))}b )) '
EOE-TL-G Poisson (n!)~t e —1 1- < [ P 1l ——
(1-6) (1 (1 exp[ Jifﬁ%fﬁfw >6>
EOE-TL-G Geometric 1 0(1—6)"" 1- G-c2ea? ) ‘5
1*9<1 (1o~ (5 (1-G2(a; 5))” ) ,
(oo ()
EOE-TL-G Logarithmic n~! —log(1—0) 1- Toa(1=0)
(1+9(<1—<1—e"p[ 1(1(10;(21(5);)1) )) -1
EOE-TL-G Binomial ™ (1+em-1 1- o)™

Table shows some special cases of the EOE-TL-GPS distribution. Let C’(#) be the
derivative of C(6), that is, C'(0) = > °° | na,0"!. Then the pdf of the EOE — TL — GPS
distribution is given by

dF(x;0,0,0,§) _ Og(x;§)C"(05(x))
da C(6)

f(x,@,b,&,f) =

so that

200bg(x; G(z:6)(1 — G*(x; b-1
f(x;0,0,0,8) = g((lﬁ) (f 62;(2(:679)11()2 2

(el ()
< oo |- (S camer))

o (o (1= (- [ (252895 )))"))

X 0 (4.4)
for b,§ > 0 and parameter vector &.
4.2.1 Hazard Rate Function and Quantile Function
The hrfis given by
, _ 20bg(2;€)G(z;€)(1 — G (x;€))* !
B (e )
(1-G@:6)" \T1\"
< (e - (i taner)))
(1 - G*(z;9))"
g “pP<1—a—G%mowﬂ
c’ (0 1—exp el zxf I 6>
) (1o |- (%07 ) s

C<9<[1— <1—6Xp|: ( (1(1Gé(2x(§)))b)b>) H
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The quantile function of the EOE-TL-GPS distribution is obtained by inverting
F(x;0,0,6,€) = u, 0 <u < 1. This is equivalent to solving the equation

e (1w )|

C(0)

Note that

[ (Fasegr)] = - (-

so that

Consequently, the quantile function of the EOE-TL-GPS class of distributions is given

1/2

1
In (1 - (1 - Ceha-w) é) '
In (1 - (1 - 40*1(C<g)(17u))) <1‘> +1

Therefore, random numbers for the parameters of the model can be generated using
equation (4.6), when the function G(z;¢) is specified. Consider a special case
where G(z;¢) is Log-Logistic distribution. Table 4.2 shows the quantiles for selected
parameter values of the exponentiated odd exponential Topp-Leone-log logistic Poisson
(EOE-TL-LLoGP) distribution.

Qu) = G| ]1- (4.6)

Table 4.2: Table of Quantiles for Selected Parameters of the EOE-TL-LLoGP
Distribution

(0,6,b,¢)

u (0.8,0.3,1.3,1.1) (0.4,1.1,0.7,0.1) (2.1,1.6,2.7,1.6) (1.1,0.2,25,1.4) (1.1,1.6,1.7,0.7)
0.1 0.3162 0.5311 1.2116 0.4597 1.2007
0.2 0.2237 0.2873 1.1454 0.3811 1.0598
0.3 0.1632 0.1639 1.0964 0.3221 0.9571
0.4 0.1172 0.0917 1.0533 0.2706 0.8688
0.5 0.0801 0.0481 1.0118 0.2222 0.7861
0.6 0.0501 0.0226 0.9687 0.1747 0.7036
0.7 0.0266 0.0087 0.9206 0.1267 0.6166
0.8 0.0102 0.0023 0.8613 0.0778 0.5180
0.9 0.0016 0.0002 0.7740 0.0304 0.3916
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4.2.2 Expansion of Density Function

In this sub- section we present the series expansion of the EOE-TL-GPS distribution.
The pdf in (4.4) can be written as

o nand" 28bg(w; € G(w; €) (1 — GP(w36)) !
— C(0) (1— (1= G2(x;6))?

f(x;0,0,6,8) =

(] (o)

1 - G*(z;
< oo - (T ey B
(el (Y

Using the series expansion

1 n—1 0o "
<1_ (1_6Xp{_ [[1 —[1(1— (x(j)jg)) ]”) ) - ;H)a( a 1>A’ “9

_o ad
where A = <1 — exp{ _ [H-G(QN)V’] })
[1-(1-G"(2:¢))"]
Substituting equation (4.8) into equation (4.7), we obtain

. e nanf" 20bg(x; €)G (x5 ) (1 — G2 (w;6))°”
fla:0.6.6.6) = ;g cO)  (1-(-Gw )

X

(") e (e

(o[- (L))

na, 0"

= co) ——froE-Tr-c(x;0(a+1),b,8). (4.9)

n,a=1

X

The various mathematical properties of the EOE-TL-GPS distribution can be readily
obtained from equation (4.2) and the corresponding properties of the EOE-TL-G
distribution.

4.2.3 Moments
The 7" of the EOE-TL-GPS class of distributions is given by

E(X") = /000 " f(xz;0,b,6,8)dx

but from equation f(x;0,b,0,¢) :foa 1 C(G " frop—rr—c(x;6(a+1),b,8)

na, 0"

, €)

B(X") = /t 2" frop-rr-c(x;0(a+1),b,§)dx
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4.2.4 Conditional Moments
The 7" conditional moments for the EOE-TL-GPS class of distributions are given by

1
1 - Froe-TL—GPS

EX"X >t) = @ / 2" f(x;0,0,6,&)dx.

0
We present the first five moments together with the standard deviation (SD or o),
coefficient of variation (CV), coefficient of skewness (CS) and coefficient of kurtosis (CK)
of the EOE-TL-GPS distribution for selected values of the parameters (see Table
for details).

Table 4.3: Moments of the exponentiated odd exponential Topp-Leone-log
logistic Poisson distribution for some parameter values

(67 ba C, 9)
(1.6,1.7,.7,0.9) (0.7,1.9,0.3,0.9) (1.9,1.9,1.9,0.8) (1.5,1.5,1.5,0.9) (0.9,2.3,2.5,0.9)
E(X) 0.3392 0.1041 0.5056 0.5035 0.5499
E(X?) 0.1995 0.0493 0.3989 0.3386 0.4146
E(X3) 0.1371 0.0318 0.3254 0.2470 0.3270
E(X*%) 0.1031 0.0234 0.2726 0.1909 0.2668
E(X5) 0.0821 0.0185 0.2332 0.1538 0.2237
E(X°) 0.0680 0.0153 0.2030 0.1279 0.1916
SD 0.0579 0.0130 0.1792 0.1089 0.1669
Cv 0.0504 0.0113 0.1600 0.0946 0.1475
CS 0.0446 0.0100 0.1443 0.0834 0.1318
CK 0.0400 0.0090 0.1313 0.0745 0.1190

4.3 Some Special Cases

Some special cases of the EOE-TL-GPS family of distributions with the baseline
distributions being the Weibull, uniform and log-logistic distributions are presented
in this section.

4.3.1 The Exponentiated Odd Exponential
Topp-Leone-Weibull Poisson (EOE-TL-WP)
Distribution

Consider the Weibull distribution as the baseline distribution with pdf and cdf given by
g(z;w) = wr* e ™" and G(z;w) = 1 — e™*", respectively, for w > 0, the cdf and pdf of
the EOE-TL-WP distribution are given by

o (0 (1= (1- o[- (i) )) -

e —1

Foop o wp(@0,b,6,w)=1—
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and

25ewaw_1 exp(—xw)(l _ GXp(—wa))b_l
(1 — (1 — exp(—2z%)b)2

(- (22

feop_ri_we (2;0,b,0,w) =

X
1— ) P b
© | (- exp(-22)
1— (1 —exp(—2zv))°
1—exp(—2z%))b 6
exp (0 <1 - (1 — €xp [— <1£(1fei§)(,§wi)))b>b ))
X 7 ,
e’ —1
respectively, for §,0,b,w > 0.
< — 520 ﬁ,eolz,uow,mu 0 o
2 - | ——
(a) (b)

Figure 4.1: Plots of the pdf and hrf for the EOE-TL-WP distribution

Figures [4.1] (a) and [4.1] (b) show the plots of the pdfs and hrfs of the EOE-TL-WP
distribution for selected parameters values. The pdf can take various shapes including
reverse-J, uni-modal, left and right skewed. While the plot of the EOE-TL-WP hazard
function shows that it can be decreasing, increasing, bathtub, upside down bathtub
followed by a bathtub for different selected parameter values.

4.3.2 The Exponentiated Odd Exponential
Topp-Leone-Weibull Geometric (EOE-TL-WG)
Distribution

The cdf and pdf of the EOE-TL-WG distribution are given by

8 (2;0,b,6,0) = 1-— -9 <1 — e [_ (1£1(I£1(Iizzf))2b)b>} 6

EOE-TL-WG@& L _ <1 exp [_ (lil(zﬁl(zi;if))%b)]>6
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and

2(1 — 9)dbwa e (1 — e~ 227 )b~ 1

f(2;0,b,6,w) = . S\ 2
o=z (-0 (1 (oo [ (5550)]) )
< (e[ (L)) [ ()
for 6,b,6,w > 0.

TR

0.5,6=07,b=1.2,0=0.8
5=0.3,6=0.5,b=0.3,0=4.1

w o — 5= ©
5= =
R o=
5=1.9,6=5p=11,0=15
— 5=0.56=0.3p=0.10=14 w o
< 4
< 4

T T T T T T T
00 02 04 06 08 10 00 05 10 15

X X

(a) (b)
Figure 4.2: Plots of the pdf and hrf for the EOE-TL-WG distribution

Figures (a) and (b) show the plots of the pdfs and hrfs of the EOE-TL-WG
distribution for selected parameters values. The pdf can take various shapes including
reverse-J, uni-modal, left and right skewed. While the plot of the EOE-TL-WG hazard
rate function shows that it can be decreasing, increasing, upside down bathtub followed
by a bathtub for different selected parameter values.

4.3.3 The Exponentiated Odd Exponential
Topp-Leone-Log-Logistic Poisson Distribution

If we consider the log-logistic distribution with pdf and cdf given by

g(x) = cz* 114+ 2°)72 and G(z) = 1 — (1 + z°)~ L, for ¢ > 0, respectively, we obtain
the exponentiated odd exponential Topp-Leone-log logistic Poisson (EOE-TL-LLoGP)
distribution with cdf and pdf given by

(o - (oo - () -

F
e —1

EOE—-TL—-LLoGP

(z;0,b,6,¢) =1 —
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and

2(59bcx(0_1)(1 + xc)—3(1 —(1+ Ic)—Q)b—l
fEOE—TLfLLoGP (x§ 0,b,0, C) = (1 = (1 — (1 " xc)—?)b)Q

(ol ()
o[- (o)

(01 (1o [- (K525)]) )

ed —1 ’

X

X

respectively, for x > 0 and 0,b,¢,d > 0.

30

— 5=21,b=13,=776=8 © 4 &=
5= 6=01

=0.5b=0.5.
w o — 5=33b=21,=3.1,6=85

25

20

15

1.0

00 05 10 15 00 05 10 15

(a) (b)
Figure 4.3: Plots of the pdf and hrf for the EOE-TL-LLoGP distribution

Figures [4.3] (a) and [4.3] (b) show the plots of the pdfs and hrfs of the EOE-TL-LLoGP
distribution for selected parameters values. The pdf can take various shapes including
decreasing, uni-modal, left and right skewed. The EOE-TL-LLoGP distribution exhibits
a bathtub, J, monotonic and non-monotonic hazard rate functions.

4.3.4 The Exponentiated Odd Exponential
Topp-Leone-Log-Logistic Geometric Distribution
( EOE-TL-LLoGG)

The EOE-TL-LLoGG distribution has cdf and pdf given by

- 1o [ (5%
0

1_9 ((1—exp [— (&f(T—%)D >

Froe-rL-r10cc(2:6,b,0,¢) =1 —

and
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— cxt1 P T b—1
feOE-TL-LLoGG(7:6,b,6,¢) = 2 9)56(1—8j(1)+:g(c) 51)+ —

(o[ (St

X

X exp [— (1 El(I Ela—fi:;i)bﬂ
1

X

(=0 (- - G52))))

for 0 <6 <1,andb,c,d > 0.

30

] — 3=08p=310-39,6=
=09,b=3.9,(=0 6=
— J5=24.b=19/c=2/9 b=
5=15p=02c=1 8.6=
5=001b=72.¢=496=06

25
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10

05

00

T T T
00 05 1.0 15 0.0 05 10 15

(a) (b)
Figure 4.4: Plots of the pdf and hrf for the EOE-TL-LLoGG distribution

Figures [4.4] (a) and [4.4] (b) show the plots of the pdfs and hrfs of the EOE-TL-LLoGG
distribution for selected parameters values. The pdf can take various shapes including
decreasing, uni-modal, left and right skewed. The EOE-TL-LLoGG distribution exhibits
a bathtub, reverse J, increasing and an upside bathtub followed by a bathtub hazard
rate functions.

4.4 Order Statistics and Rényi Entropy

In this section, we present the distribution of the order statistic and Rényi entropy for
the EOE-TL-GPS family of distributions.

4.4.1 Order Statistics

The pdf of the i** order statistic from the EOE-TL-GPS pdf fror_rr_gps(x;6,b,0,&) is
given by
(z) = n! feoe-rL—-aps(x;9,b,0,§)
JimT) = (i — 1)!(n —i)!
X [FEOE—TL—GP(x; 4,b,0, f)]i_l [1 - FEOE—TL—GPS(:E; 4,b,0, 5)]71_2
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Using the generalized binomial expansion

[1 - FEOE—TL—GPS ($, 57 ba 97 5)]7171 = Z?:_(Z) (77«]—7«) (_1>] [FEOE—TL—GPS(w; 57 bv 97 5)]ja
we get

! 5 b 0 n—i ) o

i) = IEOETI GRS 0O gy (M)
=0

X [Frop-rL-cps(;8,b,0,8)P 1. (4.10)

Substituting equation (4.3) into equation(4.10), we get

gim(z) = nfrop-rL-crs(z; 5 b,0,&) i (n - l)

(i~ D(n—1)
1—G2(2:6))b Ch EAR
C(HP-—(1—expf‘(L§iﬁgﬁgwﬂ)
X 1-— C(e)
Using the generalized binomial expansion
ey 5 j+i—1
(- EEEESDD] e e,
- C(o) mzo(_)< )P

where B = , we have

()

m
(1—G2 (z;6))° ’
cleli— 1—exp - m
+

nlf 210,b,0,€) "N~ K=y (M=) (-1
pole) = MOS0 TS e (8 (371 71)

(1~ (o [ (5555

. C ) ’

(4.11)

by using the power series raised to a positive integer by Gradshetyn and Ryzhik [29]],
where dm w = (mb())* Z;n 1[ ) — m]bldmfl,w and do’w = bg)
We can write equation (4.11) as

_ nfeor-Tr-cPs(2;6,0,0,8) TE (—1yitm Jt+i—1
ginle) = (i~ Di(n— 1) S50 o ()0

7=0 m=0

i im0 [1 - (1 — P [_ <1 E (1— C;(:c)é))b”)ér

w=0

Using the series expansion

(1_<1_exp{_{u—[l<;— (ié)}std})w > ()
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. pd
where A = <1 — exp{ — [U—ngﬂci)]b] }) ,
1-(1-G (%))

d
and substituting fror-rr-crs(z;9,0,0,¢), we get

gin(T) = (i—1)(n—i)! i f: nzfjil P <n; Z) <j +Til_ 1)

a,w=0n=1j=0 m=0

() (e i )—Gg ;—5)6% <m;f>2>('§;€))b_l
_ G2 6 _ G2 E))P s(a+p+1)-1
< o |- (e 2>>b>j (1o |- (T amey)))
o oo Jtirlini YEmEP (N [ +i—
- e 2, 5 e (5 ) )
X  frop-rr—c(x;d(a+p+1),b,8). (4.12)

The various mathematical properties of the EOE-TL-GPS distribution can be
readily obtained from equation (4.2) and the corresponding properties of the EOE-TL-G
distribution.

4.4.2 Rényi Entropy
Rényi entropy is defined by

Ir(v) = (1 —v)"tlog [/OOO f;’(x)d:x] ,v#1,v>0, (4.13)

and Shannon entropy is given by E {log[f(X)]}. Shannon entropy is a special case of
Rényi entropy, we therefore, derive expressions for Rényi entropy for the EOE-TL-GPS
distribution. From equation (4.4), f¥(z) can be written as

cosse - (MUECESEY

B (29%9(“) G(z:6)(1 — G*(x; 5))"_1>V
(1= G2 )P

(1o [ (8 2)])
P [_ (1 1( c;(:f)i)) )]

e (o ool (e85 )\

c(o)

v
fEOE—TL—GPS (

X

X

X

Considering the expansion

(C"(A))"

i i, 0 AF
k=0
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where A = <1— (1—eXp [_ <1(1(Ié;(2x(f)£))b)b>])5)’

iy = (kbo) " SSF_ (1 + 1) — K)bydg_1,, and do,, = bY.
Applying the generalized binomial expansion

d v 00 y
<1 - (1 eXp{ - [[1 P(I— (x(j)]g)) ]D }> - g(l)t<t>3’
where B = <1 — exp{ — [D[I(IG;%] })té,

yields

- -Gz A2 (.. ¢\Yo—1\ Y
v ;0’6, b’ — d Vek—i—l (2ébg($,§)G(l’, 5)7(1 -G (x,f)) >
fEOE—TLfGPS (z £) k’tzzo k, - (-G 0))

(o[ (L))
02 (g £V y
o[ (Ftaer) | ()
Furthermore, applying the generalized binomial expansion
§(v+t)—v -
(1_exp Hu?(l— (xéﬂf))]])) R ()

) exp{ 5[1 [1(1— (m(i)) }}

X

X

we get
e . dku9k+1 B
Floprnaps @ 0.0,0,6) = Y (-1) *Sw(%b)vg”(:&&)@(w;é)
k,t,s=0

(1= Gz ) (v
(1= (1= G2(x;)b)> <t>

(0o e (gt
Applying series expansion

exp{_ms)[u—[l(;— (wé)]g))]” ] i(_l)('ﬂ

[[1 —[1(;— (x(j)]ﬁ)) ]]T

yields
v > s rdk V9k+1 v v YV
Toos i ars(@0:0.0.6) = 3 (Z1)"=Era (200" (5 €)G" (2:)
k,t,s,r=0

iiaware (L) ()
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Also applying the generalized binomial expansions

1 (1 - s )] = Z<—1>u<(2””))<1— ? (6™

u=0 u
we can write the expansion as
> d. , 0"
Sion a-ars@0.00.8) = 37 (<) (200)"g" (2 G (236)
k,t,s,r,u=0
2 b(u+r+u) v v+ t —v\w+ S)T
x (1 —G*(z;¢)) < > o
Also, considering the expansion
9 ey w (b +7r+u) — v\ 2w
R S 1 (N e [ )
w=0 w
substituting into our expansion
ad dy..,0)
v . _ t+s+r+utw v v v v+2w
fEOE*TL*GPS(x’G’ 6’ b7§) - Z ( 1) et CV(H) (25b) (‘T g)G * (w 6)

k.t,s,ru,w=0

(6(V—i—t)—u)(u—i—s)7"<b(u+r+u)—y>

s r! w

Now, from the generalised binomial series expansion

G (a36) = (1 - G(a; €))7 =Y (—1)Y <2wy+ V) G(x; €)Y,
y=0
we have
v - t+s+r+utw+y dk»lfek_H v
IYon g _cps(:0,6,0,8) = Z (—1) W(%b)

k7t757T7u7v7w7y:0

(5@ +St) - V> (V—;s) (b(u +r J ) — y> <2w y+ y> (;)

O ) e e GLULAD Pyt

12
kvtvsv””yuvw,yio C (9)

(6(V—|—t)—1/> (V—i—'s)r<b(u—|—r+u)—u> (2’11)—&—1/) < 1 1)”
s 7l w Y %—l—
X <(%+1)g(ﬂ5;§)G%(:ﬂ;§))y-

Therefore, the Rényi entropy of the EOE-TL-GPS family of distributions can be written
as

Ir(v) = (1 —v) tlog |:Z nye(l”)IREG] s v#1Lv>0,

y=0
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where

(26b)v

265 \" 00 (_1)t+s+r+u+w+y dk‘,yek
N

g y 14
v +1 k,t,s,ru,0,w,y=0 (; + 1) CV(H)

. <5(u +St) - y> (1/—:'3) <b(y +r I u) — y> <2w y+ y> (D

o] (_1)t+s+r+u+w+y (nanen)u

BT e O

kt,s,mu,0,w,y=0

<5(1/ +St) - y> (1/—:'3) <b(u +r J u) — ,,> <2w y+ ,,) <:>

and Igpe = (1 —v)" ' [5° [(% + 1) g(z; €)[G(x; 5)]%} Ydr is Rényi entropy of Exp-G
distribution with parameter (% + 1). Therefore, the Rényi entropy of the EOE-TL-GPS
family of distributions can be derived directly from Rényi entropy of Exp-G distribution.

20b)vg" (z;£)GY(x; €)

4.4.3 Maximum Likelihood Estimation

Let X; ~ EOE — TL — GPS(0,6,b;¢) and A = (6,6,b;€)” be the parameter vector. The
log-likelihood ¢ = ¢(A) based on a random sample of size n is given by

¢ = nlog(26) + nlog(b) + nlné + Z log[g(x;; €)] + Zlog[é(mi; £)]
i=1 i=1

+ -1 logll - Gz 6)] — 2 logll — (1 - G (255£))"]
=1 =1

& -Gy
Z [1 — (1 -G (2i:6))

+ (06— 1)glog <1 — exp ([(1 El(z GZf(xOg)bJ)) 5
(e (o1 (e [ ()] )

The score vector U = (%, %7 %, 8%) has elements given by

~ nC'(6) n ZZ”;C" (9 (1 _ <1 — exp [_ (1 El(I fggé;ﬁ?g)b)]f))
(1~ (ool (255557
o (o1 (1-ew [- (S22))))

} ~ nlog(C(9))

ol

00

3
Q
=
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and

0b

ov n n
% = 6—}—;10 (1—exp<[

b

)

(1— Gz(az
1-(1-G(; 5))")

— 56 o (9 <1 - (1 — exp [— (lfl(fé(?(xf;)s);)b
’ (1 o <[<1 £1<I—G zféf)i;bﬁ))a |

7T fjlog 1—G (25€)]

22 (1-G >>blog< G;)@c )

)

Z;(l (E“l( (f))bé?g(( )()?)(2 i:€))
o1y =G )" log(1 - G(@i8))
i—0 (1= (1= G wi;6))))?
([D
<1exp(<[( ) .
o (1 (1= e [ ({05800 )
"R e )

(l_ (1_exp {_ (1 (1 § G2G2

(1

— G (15€))

exp ([(1

(1-G"(wi5¢
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ot —~ 1 9g(xi;6) ~~ 1 IG(xi8)
b6 T 2o 06 T Tang 06

n= (2

" 1 0 —2,
- 2(b—1);1_G(%£) 5k(l—G(a:i,f))

B n . 2 a_n_¢c ro €1
N (1—(1—62(:%;5))1))
;%u—%l—G%m¢»®2

Y [é’«l—G%w£»%—<r—G

2 2

0 —(1-(1-G

L))o
o (5 ))

o (@:s))”

n

(51);; (1_exp([1 1(10Gx,5))b D)
: %(“ex‘)([(lf(}_ xx D)

. (- (e (255D
00
B ol ( (-l ()

N P P T R AN
TS (1 (1 p<[(1(1G2($i§§))b)]>>)’

respectively. By letting U = (ag, gﬁ, gﬁ, 885 ) = 0 will result in the maximum likelihood

estimates. Solving these equations may require the use of iterative methods such as
the Newton-Raphson method or making use of statistical packages such as R.

For interval estimation for model parameters (0,6,0,£) and the hypothesis tests
on these parameters, we obtain the observed information matrix since its expectation
requires numerical integration. The (3+p) x(3+p) observed information matrix J(A) is
given by

Joo(4)  Jos(A)  Jgp(A)  Joe(A)
Jso(A)  Jss(4)  JIsp(A)  Jse(A)
J(A) = , (4.14)
D=1 00() a(d) Ju(2) Sel2)
Jeo(4)  Jes(A) Jen(D)  Jee(A)
where J; ; = —aaig(]A)’ fori,j = 0,b,&, and £ is a p x 1 component vector. Under the usual

regularity conditions A is asymptotically normal distributed, that is A ~ N (0,171(AQ))
as n — oo, where I(A) is the expected information matrix. The asymptotic behaviour
remains valid if /(A) is replaced by J(A), the information matrix evaluated at A.
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Table 4.4: Monte Carlo Simulation Results for EOE-TL-LLoGP Distribution:
Mean, RMSE and Average Bias

M:0=13,b=23,c=230=13 ML6=04,0=29,c=29,0=04
Parameter n | Mean RMSE Bias Mean RMSE Bias
30 | 1.1036 1.6971 -0.1964 | 0.4339 0.3782 0.0339
5 60 | 1.1192 1.2708 -0.1808 | 0.4734 0.3247 0.0734
120 | 1.2336 1.0862 -0.0664 | 0.4768 0.3030 0.0768
240 | 1.2116 0.8769 -0.0884 | 0.4814 0.2947 0.0814
480 | 1.2301 0.6817 -0.0699 | 0.4870 0.2643 0.0870
960 | 1.2540 0.4906 -0.0460 | 0.4715 0.2133 0.0715
30 | 4.0334 3.0019 1.7334 | 3.9302 1.9927 1.0302
b 60 | 3.7054 2.6728 1.4054 | 3.4435 1.3454 0.5435
120 | 3.2733 2.2398 0.9733 | 3.2308 1.1165 0.3308
240 | 3.0889 1.8601 0.7889 | 3.1050 0.9863 0.2050
480 | 2.8765 1.5588 0.5765 | 2.9172 0.7683 0.0172
960 | 2.5955 0.9307 0.2955 | 2.8607 0.6771 -0.0393
30 | 2.9315 1.0683 0.6315 | 3.2108 0.9283 0.3108
c 60 | 2.7397 0.8723 0.4397 | 2.9977 0.6570 0.0977
120 | 2.5713 0.7354 0.2713 | 2.9413 0.5327 0.0413
240 | 2.5133 0.6009 0.2133 | 2.8767 0.4737 -0.0233
480 | 2.4571 0.5157 0.1571 | 2.8316 0.4134 -0.0684
960 | 2.3903 0.3521 0.0903 | 2.8322 0.3619 -0.0678
0 30 | 2.3316 1.4645 1.0316 | 1.1992 1.1122 0.7992
60 | 2.1969 1.4378 0.8969 | 0.9028 0.8058 0.5028
120 | 2.0723 1.5409 0.7723 | 0.6971 0.5423 0.2971
240 | 1.7014 1.1232 0.4014 | 0.5540 0.3668 0.1540
480 | 1.5813 0.9624 0.2813 | 0.4613 0.2850 0.0613
960 | 1.3937 0.6048 0.0937 | 0.4100 0.2114 0.0100
I: 6 = 0.68, b = 2.70, ¢ = 0.68,0 = 0.68 II: 6 = 0.68, b = 2.70, ¢ = 0.68, § = 0.59
30 | 0.4609 0.4116 0.0609 | 0.5627 0.7765 0.1627
) 60 | 0.4892 0.3415 0.0892 | 0.5660 0.5100 0.1660
120 | 0.4818 0.3031 0.0818 | 0.5963 0.5106 0.1963
240 | 0.5003 0.2949 0.1003 | 0.5500 0.3736 0.1500
480 | 0.4759 0.2378 0.0759 | 0.5707 0.3691 0.1707
960 | 0.4626 0.1882 0.0626 | 0.5302 0.2637 0.1302
30 | 4.0790 2.2881 1.1790 | 6.8518 3.8903 2.0518
b 60 | 3.5177 1.4837 0.6177 | 5.6860 2.5357 0.8860
120 | 3.3076 1.1950 0.4076 | 5.1983 2.1747 0.3983
240 | 3.0721 0.9499 0.1721 | 4.9318 1.7104 0.1318
480 | 2.9917 0.7712 0.0917 | 4.5881 1.4775 -0.2119
960 | 2.9027 0.6482 0.0027 | 4.4531 1.1835 -0.3469
30 |3.1679 0.8922 0.2679 | 3.0391 0.6987 0.1391
c 60 | 2.9810 0.6446 0.0810 | 2.8775 0.5647 -0.0225
120 | 2.9588 0.5506 0.0588 | 2.7957 0.4944 -0.1043
240 | 2.8357 0.4607 -0.0643 | 2.7771 0.4170 -0.1229
480 | 2.8395 0.3833 -0.0605 | 2.7381 0.3964 -0.1619
960 | 2.8418 0.3290 -0.0582 | 2.7537 0.3225 -0.1463
0 30 | 1.1647 1.2436 0.9647 | 1.1571 1.6683 0.9571
60 | 0.8294 0.8666 0.6294 | 0.8759 1.1336 0.6759
120 | 0.6217 0.5936 0.4217 | 0.7272 1.2896 0.5272
240 | 0.4627 0.4031 0.2627 | 0.5351 0.4775 0.3351
480 | 0.3675 0.3010 0.1675 | 0.4256 0.3452 0.2256
960 | 0.2924 0.2015 0.0924 | 0.3577 0.2573 0.1577

4.5 Simulation Study

In this section, we examine the performance of the EOE-TL-LLoGP distribution by
conducting various simulations for different sample sizes (n=30, 60, 120, 240, 480, 960)
via the R package. We simulate 1000 samples for the true parameter values given in
Table The bias and RMSE of 6 relative to 6 are given by

Bias(0) = =% _ g and RMSE(D) = /== 0=0?

The results shows that as the sample size increases, the mean estimates of the
parameters tend to be closer to the true parameter values since RMSEs and average
bias decreases for all the parameters.
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4.6 Applications

In this section, two real data sets are used to illustrate the usefulness of the proposed
new model compared to other competing known models. We use the following
goodness-of-fit statistics: -2loglikelihood (-2 log L), Akaike Information Criterion (AIC),
Consistent Akaike Information Criterion (AICC), Bayesian Information Criterion
(BIC), Cramér von Mises (IW*) and Andersen-Darling (A*) as described by Chen and
Balakrishnan [[14], Kolmogorov-Sminov (K-S) and its p-value to assess the best fitting
model. The model with the smallest values of these statistics is regarded as the best
model.

We used the nlm function in R software to estimate the model parameters and
the package AdequacyModel in R for goodness-of-fit test. Model parameters
estimates (standard errors in parenthesis) and the goodness-of-fit-statistics for the two
data sets are shown in tables and Plots of the fitted densities, the histogram of
the data and probability plots (Chambers et al. [13]]) are also presented to show how
well our model fits the observed data sets compared to the selected models. The models
considered are the exponentiated power Lindley Poisson (EPLP) distribution by Pararai
et al. [60], the Burr XII Poisson (BXIIP) and Burr XII geometric (BXIIG) by Silva
and Cordeiro [70], the exponentiated log-logistic geometric distribution by Mendoza et
al. [46], Weibull Poisson (WP) by Morais and Barreto-Souza [49], Exponential Pareto
Poisson (EPP) by Elbatal et al. [22] and the Gompertz-Poisson (GP) distribution by
Jafari and Tahmasebi [35]. The pdfs of the non-nested models are as follows:

(@ 2w
Fopu(i0.0.8.0) = o2+ a)a ()
= (S (B,

g+1
for a,60,w, 5 > 0 and = > 0,

Ock

- c—1 c\—k—1 c\—k
exp(@)—lm (1+ 29 exp(6(1+z°)7"),

fexiip (z;0,c,k) =

for ¢,k,0 > 0 and z > 0,

ck(1 —@)x=c 1 (1 4 2¢)~F1

fBXIIG (l‘; 0,c, k) = (1 — 9(1 + xc)fk)2 ’

for ¢, k,0 > 0 and = > 0,

fosnnswi0,0,a,8) = C=O0 Doy o Doy gy (D)2

for0<6<1,a,a,8>0and z >0,

fipleif.a.8) = o exp(~(50)") explf exp(~(52)"),
for 0, a, 8 > 0 and z > 0, and
0 (B _
fap(x;0,0,B,7) = pexpie) 6;1;((9)(7_efp(7$) 2 exp(f exp(yz) — 1)),

for 0,a, 8,7 > 0and = > 0.
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4.6.1 Relief Times Data

The following data set represents relief times (in minutes) of 20 patients receiving an
analgesic which was reported by Gross and Clark [30]. The data is as follows: 1.1, 1.4,
1.3,1.7,1.9,1.8,1.6,2.2,1.7,2.7, 4.1,1.8, 1.5, 1.2, 1.4, 3.0, 1.7, 2.3, 1.6, 2.0.

Table 4.5: Parameter estimates and goodness-of-fit statistics for various models
fitted for relief time data set

Estimates Statistics
Model [ 0 b c —2log L AIC AICC BIC w* A* K-S p — value
EOE —TL — LLoGP 2.4478 1.3884x107 0.4224 0.2648 26.7911 34.7911 37.6482 38.5688 0.0308 0.1840 0.0969 0.9941
(2.9703) (4.8805 x 1079 (1.2905 x 1072)  (9.1235 x 1073
9 b c
EOE —TL — LLoGP 4.21387 1 18.04467 1.38800 29.0428 35.0428 36.6428 37.8761 0.0658 0.4168 0.1382 0.8610
(2.1044) - (3.8043) (0.2271)
0 0 b c
EOE —TL — LLoGP  9.8986x10~° 1 5.9315 1 40.7086  44.7086 454586 46.5975 0.1433 0.8838 0.2427 0.2129
(0.0171) - (0.9961)
[ 0 b c
EOE —TL — LLoGP 6.3822 x 107! 0.8494 2.3102 1 87.9346  93.9334 95.5334 96.7667 0.1879 1.14000 0.7462 1.295x107Y
(1.9737x10°%) (0.1958) (0.2173) )
0 0 b c
EOE —TL — LLoGP  3.5114x10°% 1 1 0.3763 148.2826 152.2826 153.0326 154.1715 0.1160 0.7240 0.9570 1.554x10°'°
(0.0333) - - (0.0676)
0 0 b c
EOE —TL — LLoGP  1.3913x107° 1.9608 1 0.4114 123.6561 129.6559 131.2559 132.4892 0.1137 0.7098 0.9186 2.365 x 10~
(6.4810x10~%) (0.4500) - (0.0700)
0 0 b c
EOE —TL— LLoGP  1.8584x107% 10.304 1 1 137.8377 141.8368 142.5868 142.5868 0.3579 2.1227 0.7622 5.173x107'°
(0.0241) (2.3639) - -
0 c k -
BXIIP 1.7402x107° 134.80 0.0131 - 38.0890 44.0890 45.6890 46.9223 1.4593 7.0928 1.0000 <2.2x 107
(0.0384) (2.9040x10°7)  (2.9997x10~%) -
[ a i w
EPLP 4.2803x107% 1.4503 1.2015 4.3934 32.5840 40.5841 43.4413 443619 0.1203 0.7503 0.1586 0.7259
(5.7815x107%) (2.3229) (0.01997) (0.7393)
[ ] 5 -
GP 7.5221x10°7 0.1611 0.8582 - 46.7863 63.8191 65.4191 66.6524 0.3529 2.0271 0.4400 0.0013
(0.2411) (0.0750) (0.2069) -
0 a i A
ELLGII 0.0877 0.6784 34.1689 4.3535 26.8935 34.8935 37.7506 38.6712 0.0364 0.2099 0.1084 0.9789
(2.7122) (0.1098) (0.0250) (2.7852)
[ @ B -
WP 4.020x107° 0.2227 0.2311 - 160.7121 166.7121 168.3121 169.5454 0.0917 0.5767 0.5215 6.49x107°
(0.0110) (0.0508) (0.0580)
9 @ B -
BXIIG 0.0000 164.04 0.0107 - 38.0890 44.0891 45.6891 46.9224 0.0490 0.2795 0.2891 0.0835

(1.5592) (2.2314x1077)  (4.5638x10~%)

8.8225 1.4492 x 107° 0.01296 —0.2320
1.4492 x 107°  2.3819 x 10~ 2.2655 x 108 —3.7532 x 10~

0.01296 2.2655 x 107®  1.665 x 107*%  1.0446 x 104

—0.2320 —3.7532 x 107 1.0446 x 10~* 8.3238 x 1073

and the 95% confidence intervals for the model parameters are given by
6 € [0.0537 +£5.8217), § € [3.0819 +£9.5658 x 10761, b € [0.3361 + 0.0253] and
¢ € [0.0903 £ 0.1788].
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Figure 4.5: Fitted pdfs and probability plots for relief time data set

From the results shown in Table we can conclude that the EOE-TL-LLoGP
distribution fit the relief time data set better than the nested and non-nested models
considered. Furthermore, from the fitted densities plots (Figure [4.5), we can conclude
that the proposed model fits well on data that is heavy-tailed compared to the non
nested models.

Figure 4.6: Plots for the empirical cdf, Kaplan-Meier curve and the hrf of the
EOE-TL-LLoGP model for the relief time data set

4.6.2 Active Repair Times Data

These data correspond to the maintenance data with 46 observations reported on active
repair times (hours) for an airborne communication transceiver discussed by Alven [3],
Chhikara and Folks [15] and Dimitrakopoulou et al. [21]].

The data are as follows: 0.50, 0.60, 0.60, 0.70, 0.70, 0.70, 0.80, 0.80, 1.00, 1.00, 1.00,
1.00, 1.10, 1.30, 1.50, 1.50, 1.50, 1.50, 2.00, 2.00, 2.20, 2.50, 2.70, 3.00, 3.00, 3.30, 4.00,
4.00, 4.50, 4.70, 5.00, 5.40, 5.40, 7.00, 7.50, 8.80, 9.00, 10.20, 22.00, 24.50.
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Table 4.6: Parameter estimates and goodness-of-fit statistics for various models
fitted for active repair times data set

Estimates Statistics
Model 0 5 b c —2log L AIC AICC BIC w* A* K-S p — value
EOE —TL — LLoGP 0.0482 3.0819x 107 0.3362 0.0905 178.9258 186.929 188.0718 193.6845 0.0584 0.3801 0.0984 0.8332
(1.4560) (2.5293x10~°%) (0.0197) (0.0140)
[ o b c
EOE —TL — LLoGP 9.9133x107° 1 3.9368 0.4279 194.7365 200.7368 201.4034 205.8034 0.1108 0.8164 0.2402 0.0198
(0.0125) - (0.4645) (0.0411)
0 B b c
EOE —TL— LLoGP  4.8064x107° 0.4649 2.6548 1 1457.549 1463.526 1464.192 1468.592 0.4849 3.2761 0.5776 <2.2x 1076
(9.1514x10~%) (0.0736) (0.0689) -
0 B b c
FEOE —TL — LLoGP 1.2819x107% 1.3129 1 0.1978 359.5079 365.5098 366.1764 370.5764 0.0910 0.6625 0.8941 5.146 x 10~'2
(0.0163) (0.2076) - (0.0230)
0 B b c
EOE —TL — LLoGP 3.7601x107° 1 1 0.1979 380.4944 384.4944 384.8187 387.8722 0.0932 0.6785 0.9182 <22 x 10716
(7.1742x107%) - - (0.0231)
0 B b c
EOE —TL — LLoGP 1.8657 1 18.5783 - 353.3661 357.3661 357.6905 360.7439 0.0892 0.7921 0.3650 4.71 x 10~°
(0.6239) - (1.3000) -
0 B b c
EOE —TL — LLoGP  3.5417x107° 10.295 1 1 3702.443 3702.767 3760.38 3705.821 0.4066 2.8470 0.5973 8.067x10'%
(9.4951x10~%) (1.6278) - -
0 c k -
BXIIP 2.3569x107° 2.9722 3.3835 - 181.9732 187.9732 188.6399 193.0399 0.0846 0.5402 0.5097 1.89x107°
(0.0555) (0.6778) (0.0873) -
6 a ] w
EPLP 0.0135 1.0435 11.188 5.9983x10' 178.8315 186.8315 187.9744 193.5871 0.0594 0.3822 0.0976 0.8405
(5.7815x10°%) (2.3229) (0.01997) (0.7393)
g B B -
GP 0.0159 0.2076 2.3723x10° 1T - 192.3193 198.3191 198.9858 203.3858 0.1450 1.0459 0.1809 0.1460
(0. 9845) (0.0593) (3.2981x107%) )
0 @ a ]
ELLGII 0.4156 0.1163 23.0805 1.3611 178.8877 186.8877 188.0306 193.6432 0.0624 0.3957 0.0993 0.8256
(0.9091) (1.9215%x107%) (0.0178) (0.5327)
0 « A 1
EPP 1.4597x107% 0.2182 0.4551 0.0843 220.0751 228.0754 229.2183 234.8309 0.1004 0.3456 25202 <22x107°
(0.0140) (0.1597) (0.0789) (0.0909)
0 @ &) -
WP 1.0736x107% 0.7585 0.2857 - 219 225.0078 225.6745 230.0744 0.1224 0.8891 0.2058 0.0675
(1.5592) (2.2314x10°7) (0.0832) -
0 @ &) -
BXIIG 2.3569x10~° 2.9722 3.3835 - 181.9732 187.9732 188.6399 193.0399 0.0898 0.5623 0.1033 0.7868
(0.0555) (0.6778) (0.0873) -
2.1198 3.6826 x 106 0.0157 —0.0135
3.6826 x 107¢  6.3975 x 10712 2.7370 x 1078  —2.3028 x 10~®
0.0157 27370 x 10°°  1.4322 x 1074 —8.8357 x 1077
—0.0135  —2.3028 x 107® —8.8357 x 107°  1.9522 x 1074

and the 95% confidence intervals for the model parameters are given by
6 € [0.0482 +2.8537], 6 € [3.0819 x 10% +4.9575 x 107°], b € [0.3362 £ 0.0235] and
¢ € [0.0905 + 0.0274].
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Figure 4.7: Fitted pdfs and probability plots for active repair time data set
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From the results shown in Table we can conclude that the EOE-TL-LLoGP
distribution fit the active repair time data set better than the nested and non-nested
models considered. Furthermore, from the fitted densities plots (Figure

Figure 4.8: Plots for the empirical cdf, Kaplan—Meier curve and the hrf of the
EOE-TL-LLoGP model for the active repair time data set

4.6.3 Likelihood Ratio Test

We present results of Likelihood ratio test for testing if the FOE — T'L — LLoG P model
performs better than its nested models. We conclude from the values of the x2 shown
in Table at 5% level of significance that the EOE — T'L — LLoGP model performs
better than its nested models on the two data sets considered except for FOE — T'L —
LLoGP(0,1,b,c) on the relief dataset. Basing on other goodness-of-fit statistics A*, W™,
K — S and its p-value, we conclude that the main model performs better than the EOE —
TL — LLoGP(0,1,b,c).

Table 4.7: Likelihood Ratio Test Results

Relief Time Data  Active Repair Times Data

Model

x2 (p-value)

x2 (p-value)

EOE —TL — LLoGP(0,1,b
EOE — TL — LLoGP(8,5,b
EOE —TL — LLoGP(0,6,1,c
EOE —TL — LLoGP(0,1,1
EOE —TL — LLoGP(8, 6,1
EOE — TL — LLoGP(0,1,b

2.2517 ( 0.1335)
61.1435 (< 0.00001)
96.865 (< 0.00001)

121.4915 (< 0.00001)
111.0466 (< 0.00001)
11.6658 (.002931)

15.8075 ( 0.00007)
1278.62 (< 0.00001)
180.5789 (< 0.00001)
201.5654 (< 0.00001)
35623.514 (< 0.00001)
174.4371 (< 0.00001)

4.7 Concluding Remarks

A new class of distributions referred to as the exponentiated odd exponential
Topp-Leone-G Power Series (EOE-TL-GP) class of distributions is developed. We
derive the statistical properties of the proposed class of distributions. The new class
of distributions can be expressed as an infinite linear combination of EOE-TL-G
distribution. We derive maximum likelihood estimates of the EOE-TL-GP class of
distributions. A simulation study on the EOE-TL-LLoGP distribution is also conducted
to assess efficiency of the maximum likelihood estimates. The EOE-TL-LLoGP
distribution was applied to real data examples and compared to several equi-parameter
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non-nested models and nested models. The EOE-TL-LLoGP distribution performed
better than the selected non-nested and nested models on the two data sets considered.
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Chapter 5

Conclusions and Suggestions for
Further Studies

5.1 Conclusions

Three new generalized distributions called the exponentiated odd Nadarjah-Haghighi
(EO-NH-G), exponentiated odd exponential Topp-Leone-G family of distributions and
the exponentiated odd exponential Topp-Leone-G power series class of distributions
were proposed and developed. Properties of these distributions including the
series expansion of pdfs, cdfs, moments, hazard functions, reverse hazard functions,
quantile functions and sub-models, moments, conditional moments, Rényi entropy and
distribution of order statistics are derived. Estimation of the parameters of the models
and applications to real dataset are also given.

5.2 Suggestions for Further Studies

We present some suggestions for further studies that may be conducted. In this
thesis, we introduced and presented the three generalized models, their properties and
applications. Other possible research topic could include the application of the proposed
models to regression analysis and also the application of Bayesian techniques to the
proposed models, as well as estimation of the model parameters under various censoring
schemes. Also of interest is the estimation of the parameters of the proposed models
using different estimation techniques or methods.
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Appendix

PART 1A

##define HONHW pdf

EONHW pdf <- function(delta ,lambda,beta ,omega,x){
(delta*xlambda*beta*omega*((x"(omega-1))/(exp(—x"omega))
) #*((1+lambda*((1-exp(-x"omega))/exp(—x"omega))) "(beta-1))
*(exp(l-lambda=(1+((1-exp(—x"omega)) /exp(—-x"omega))) "beta))=*
((1-exp(1-(1+lambda*((1-exp(—-x"omega))/exp(—x"omega)

)) “beta)) "(delta-1)))

¥

##define HLWL cdf

EONHW cdf <- function(delta ,lambda,beta,omega,x){
(1-exp(1-(1+lambda*((1-exp(—-x"omega))/
exp(—x"omega))) “beta)) “delta}

## define FONHW hazard

EONHW _hazard <-function(delta ,lambda,

beta ,omega,x){

EONHW pdf(delta ,lambda,beta ,omega,x)/

(1 -EONHW_cdf(delta ,lambda, beta ,omega,x))

}

x=seq(0,3,by=0.001)

z1=EONHW hazard(.9,.9,.9,.81,x)
plot(x,zl,ylim=range(c(0,3.5)),col=2,"1",

lwd=2,xlab="x",ylab="h(x)”)
z2=EONHW hazard(3.7,.1,.2,4.8 ,x)
z3=EONHW _hazard(.6 ,1.6,.7,1.1, x)
z4=EONHW _hazard(.5,1.5,.2

>

, )
z5=EONHW _hazard(.6 ,.7 , 4,1 ,X)
lines(x,z2,col= 3,lwd 2)
lines(x,z3,col=4,lwd=2)
lines(x,z4,col=5,lwd=2)
lines(x,z5,co0l=6,lwd=2)
legend (" topright”,c(

expression(paste(delta,’=.9,’ ,lambda,’=.9,’,
beta,’=0.9,’ ,omega,’=0.81")),
expression(paste(delta,’=3.7,’ ,lambda,’=0.1,’

,beta,’=0.2,’,omega,’=4 8’)),
expression(paste(delta 0.6, ,lambda,’=1.6,°
,beta,’=0.7,’ ,omega,’ 1 )),
expression(paste(delta,’=0.5,’ ,lambda,’=1.5,"
,beta,’=0.2,’,0mega,’=0.5 )),
expression(paste(delta,’=0.6,’ ,lambda,’=0.7,’
,beta,’=0.4,’ ,omega,’=1.1"))),
col=c(2,3,4,5,6),lwd=c(2,2,2,2,2))

|}—A||

Applications
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rm(list=1s())
library (stats4)
library (bbmle)
library (stats)
library (numDeriv)

# maximum likelihood estimators

x<-¢(0.2,0.3,0.5,0.5,0.5,0.5,0.6,0.6,0.7,0.7,

K b . K b . K b
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EONHIW<-function (delta ,lambda, beta ,omega) { —sum(
log (((deltax*lambda*beta+*omega*((x"(omega-1))/
(exp(—x"omega)) ) *((1+lambda*((1-exp(—-x"omega))
/exp(-x"omega))) "(beta-1)) *(exp(1-(1+lambdax
((1-exp(-x"omega))/exp(-x"omega))) “beta))
#*((1-exp(1-(1+lambda*((1-exp(-x"omega) )/
exp(—-x"omega))) "“beta)) “(delta-1))))))

}

mle. result <-mle2 (BONHLW, hessian = NULL,
start=1list (delta=0.51048,

lambda=.001 ,beta=.01,omega=1.2),
optimizer="nlminb”,lower=0)

summary(mle. result)

vcov(mle. result)

outputl<-vcov(mle.result)
1.96xsqrt(diag(outputl))

solve (outputl)

KOLLLoG LL<-function (a,b,lambda,c)

{-sum(log (a*b=*(lambda”2/(1+lambda)) *((c*x"(c-1))/
(1+x"¢c)"(-1)) *(exp(-lambdasx
(I-(1+x"¢)"(=1))/(1+x"¢)"(=1))) *=((1 =((
lambda+(1+x"c)"(-1))/((1+lambda)
#*(1+x"¢c)"(=1)))*exp(-lambda*(1-(1+x"c)"(-1))/
(1+x"¢)"(=1)))"(a=1)) (1 -((1 -((lambda+(
1+x"¢)"(-1))/((1+lambda) *(1+x"c) "(-1)) ) *exp(—-lambda
#(1-(1+x"¢)"(=1))/(1+x"c)"(=1)))"(a))) "(b-1)))}
mle. result <-mle2 (KOLLLoG_LL, hessian = NULL,
start=list (a=.1,b=1.2,

lambda=.1, ¢=1.1) ,optimizer="nlminb”,lower=0)
summary(mle. result)

ELOLLW LI<-function (beta ,lambda, theta ,gamma)
{-sum(log (((1#(theta”2)*gammax*(lambda"gamma) *
(x"(gamma-1)) *(exp(—-(lambda*x) “gamma) ) * ((exp(—
(lambda*x) “gamma) ) "(1*theta-1)) *((1-exp(-
(lambda#*x) "gamma) ) "(1-1)) ) #*(1-betaxlog (((exp
(-1#(lambda=*x) “gamma) ) /(((1 —exp(—-(lambda*x) "gamma) ) 1)+
(exp(-1%(lambda*x) “gamma)))))))/((theta+beta)
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(((1 -exp(-(lambda*x) “"gamma) ) "1)+exp (-1
(lambda*x) “gamma) ) “(theta-1))))}
mle.result <-mle2 (ELOLLW_LL, hessian = NULL,
start=1list (beta=2,lambda=0.2,theta=1.7418,
gamma=1.5233) ,optimizer="nlminb” ,lower=0)
BGL<-function (a,b,lambda, alpha){-sum(log(
(gamma(a+b) /(gamma(a) *gamma(b) ) )
*((alphaxlambda=*%2)/(1+lambda) ) *(1+x)
xexp(—-lambda*x) *((1 -(1+(lambdasx)/
(lambda+1))*exp(-lambda*x) ) **(axalpha-1))
#(1=-(1-(1+(lambda*x) /(lambda+1))
xexp(—lambda*x))**alpha)**(b-1)))}

mle. result <-mle2 (BGL, hessian = NULL,
start=list (a=10.1,b=.01,lambda=10.2 ,alpha=.1 )
,optimizer="nlminb” ,lower=0)

summary(mle. result)

ELOLLW LI<-function (beta ,lambda, theta ,
gamma) {-sum(log (((1*(theta"2) *gammas
(lambda“gamma) *(x " (gamma-1) ) =(exp ( —(
lambda#*x) "gamma) ) * ((exp ( —(
lambda*x) "gamma) ) “"(1*theta—-1))*
((1-exp(-(lambda*x) “gamma) ) “(1-1)))
*(1-betaxlog (((exp(-1*(lambda*x) "gamma) )
/(((1 -—exp(-(lambda*x) "gamma) ) “1)
+(exp(-1%(lambda*x) "gamma)))))))/
((theta+beta) *(((1 —exp(—(
lambda*x) "gamma) ) “1) +exp(—1:x
(lambda#*x) “gamma) ) “(theta-1))))}

mle. result4 <-mle2 (ELOLLW_LL, hessian

= NULL, start=1list (beta=2,lambda=0.2,
theta=1.7418 ,gamma=1.5233) ,optimizer="nlminb” ,lower=0)
summary(mle. result4)

Goodness of fit test
library (AdequacyModel)
data=c(0.2,0.3,0.5,0.5,0.5,0.5,0.6,0.6,0.7,0.7,0.7,0.8
0.8,1.0,1.0,1.0,1.0,1.1,1.3,1.5,1.5,1.5,1.5,2.0,2.0
2.5,2.7,3.0,3.0,3.3,3.3,4.0,4.0,4.5,4.7,5.0,5.4,5.4
7.5,8.8,9.0,10.3,22.0,24.5)
EONHW pdf<-function (par,x){

delta=par[1]

lambda=par[2]

beta =par[3]

omega=par/[4]
(delta*beta*lambda*omega*((x"(omega-1))
/(exp(-x"omega)) ) *((1+lambda*((1-exp(-x"omega) )
/exp(-x"omega))) "(beta-1)) *(exp(1-(1+lambdax
((1-exp(—x"omega))/exp(—x"omega))) "beta)) *(
(1-exp(1-(1+lambda*((1-exp(—x"omega) )/
exp(—-x"omega))) "beta)) "(delta-1)))
}

>

S N

,2.
7.

K >
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EONHW cdf<-function (par,x){

delta=par[1]
lambda=par[2]
beta =par[3]
omega=par[4]

(1-exp(1-(1+lambda*((1-exp(-x"omega))/
exp(—-x"omega))) “beta)) " delta

goodness. fit (pdf=EONHW_pdf, cdf=EONHW _cdf,
mle=c(1.1886e+04 ,6.9153e¢+03,2.4715e-01,
2.3437e-01 ) ,data = data,method = "BFGS”,
domain = ¢(0,1), lim_inf = ¢(0,0,0,0),

lim_sup = ¢(10000000000000000,100000000000000,
10000000000000000))

KOLLLoG_pdf<-function (par,x) {
delta=1

a=par[1]

b=par[2]

lambda=par[3]

c=par[4]
axb*(lambda”2/(1+lambda) ) *((c*x"(c—-1))/(1+x"¢c)"(-1))=*
(exp(-lambda*(1-(1+x"¢c)"(=1))/(1+x"c)"(=-1)))=*
((1 -((lambda+(1+x"c)"(-1))/((1+lambda) *(1+x"¢c)"(-1)))
xexp(—-lambda#(1-(1+x"c)"(-1))/(1+x"c)"(=-1))) "(a-1))=*
(1-((1-((lambda+(1+x"¢c)"(=1))/((1+lambda)*(1+x"c)"(=1)))
xexp(—lambda*(1-(1+x"¢)"(=-1))/(1+x"¢c)"(=-1)))"(a))) "(b-1)

}

KOLLLoG_cdf<-function (par,x) {
delta=1

a=par[1]
b=par[2]
lambda=par[3]
c=par[4]

—(1-((1-((Jambda+(1+x"c)"(-1))/((1+lambda)*(1+x"¢c)"(=1)))=*
exp(-lambda*(1-(1+x"¢c)"(=-1))/(1+x"c)"(=1)))"(a)))"b



APPENDIX

98

goodness. fit (pdf=KOLLLoG_pdf, c¢df=KOLLL0oG_cdf,
mle=c(0.221756,2.580236,0.008049,

3.042535 ),data = data,method = "BFGS” ,domain = ¢(0,1),

lim_inf = ¢(0,0,0,0),lim_sup = ¢(10000000000000000,
100000000000000,100000000000,100000000000))

BGL_pdf<-function (par,x){
a=par[1]
b=par[2]
lambda=par[3]
alpha=par[4]

(gamma(a+b) /(gamma(a)*gamma(b) ) ) *(
(alphaxlambda=#%2)/(1+lambda) ) *(1+x)=*
exp(-lambda*x) *((1-(1+(lambda*x) /(lambda+1))=*
exp(-lambdaxx) ) **(axalpha-1))=*(1-
(1-(1+(lambdax*x) /(lambda+1))*

exp(-lambda*x) ) =**alpha) *%(b-1)

}
BGL_cdf<-function (par,x){

a=par[1]
b=par[2]
lambda=par[3]
alpha=par[4]

pbeta(((1 -((1+lambda+lambda*x)/(1+lambda))
xexp(—-lambda*x)) “alpha) ,a,b,log=FALSE)

}

goodness. fit (pdf=BGL_pdf, cdf=BGL_cdf,
mle=c(0.253815,44.743212,0.185752,
2.693302) ,data = data,method = "BFGS”,
domain = ¢(0,100), lim_inf = ¢(0,0,0,0),
lim_sup = ¢(100,100,100,100))

Fitted curves

0.7,0.8,0 81.0,1.0,1.0,1.0,1.1,1.8,1.5,1.5,1.5,
1.5,2.0,2.0,2.2,2.5,2.7,3.0,3.0,3.3,3.3,4.0,4.0,
4.5,4.7,5.0,5.4,5.4,7.0,7.5,8.8,9.0,10.3,22.0,24.5)

data<-sort(data)
n=length (data)
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HEHBHEHBHEHSHEH
deltal=1.1886e+04
lambdal=6.9153e+03
betal = 2.4715e-01
omegal = 2.3437e-01

HHHHHHHHHHHHHH
a2=9.3197e-01
b2=6.7768e+01
lambda2=6.3257¢e¢+01
theta2=6.1204e-05

HEHHHHHHHH AR RS
a3 = 1.1881e+03
b3 = 2.6116e+00

alpha3 =2.3172e-02
beta3d = 1.9141e-01
HHHH#H#HHHHHHHHHH
HERHEHHRH AR
alpha4=36.950656
beta4=0.989296
delta4=0.216366
theta4=0.021152
HHHHHH#HHHAHHHHH
ab5=11.83946

b5 =0.21398
lambda5=4.50458
cb= 0.55291
HHHHHH#HHHHHHHHH
a6=2.0000e+00
b6=1.7000e+00
lambda6=1.3223e-06
alpha6 = 1.1372e-02
HHHHHHHHHHHHHHH
beta7=1.9588e+03
lambda7=5.0924e+01
theta7= 8.6500e-02
gamma7= 6.3010e-01

F _observed<-c(rep(0,n))
m=n+0.25
for (i in 1:n)

{

F_observed[i]<-(i-0.375)/m
}

require(gsl)
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require(stats)

F _observed<-c(rep(0,n))

m=n+0.25
for (i in 1:n)
{

F_observed[i]<-(i-0.375)/m
}

require (gsl)

require(stats)

EONHW cdf<- function(data,delta ,lambda,beta,omega,n){
F<-c(rep(0,n))
for (i in 1:n)

{
x<—data[1i]
Flil<-(1-exp(1-(1+lambda*((1-exp(—-x"omega))/
exp(-x"omega))) “beta)) " delta}

return (F)

}

BOLE _cdf<- function(data,a,b,lambda,theta,n) {
F<-c(rep(0,n))
for (i in 1:n)

{

x<—-data[1i]

Flil<-pbeta(l-((lambda+(exp(-thetaxx)))/((1+

lambda) #(exp(—theta=x))))*exp(-lambda=(1-

exp(—thetas*x))/(exp(-thetaxx))),a,b,log=FALSE)
¥

return (F)

}
WL_cdf<- function(data,a,b,alpha,beta,n) {

F<-c(rep(0,n))
for (i in 1:n)

{

x<—data[1i]

Flil<-1-exp((-a)*(((1+(x/beta))"alpha)-1)"b) }
return (F)
}

H##H##H A H# A H#E##NOn nested EWHH######H#H#HH##HH
GB_cdf<-function(data,alpha,beta,delta,theta ,n){
F<-c(rep(0,n))
for (i in 1:n)

{

x<—data[1i]

Flil<-pgamma((-theta"(-1))*log(1-
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(1+x"(-delta))"(-beta)) ,alpha)/gamma(alpha)
}

return (F)

}
#it####HHH###### Non nested GLLo############H###

KOLLLoG_cdf<-function (data,a,b,lambda,c,n){
F<-c(rep(0,n))
for (i in 1:n)

{

x<—data[1i]

Flil<- 1-(1-((1-((lambda+(1+x"¢)"(-1))/((1+lambda)
*(1+x"¢)"(=-1)))*exp(-lambda*(1-(1+x"c)"(=-1))/
(1+x"c)"(=1)))"(a)))"b
}

return (F)

}

BGL_cdf<-function(data,a,b,lambda, alpha ,n){
F<-c(rep(0,n))
for (i in 1:n)

{

x<—data[1i]

Flil<- pbeta(((1-((1+lambda+lambda#x)/(1+lambda))
xexp(—lambdaxx)) “alpha) ,a,b,log=FALSE) }
return (F)

}
ELOLLW cdf<-function (data,beta ,lambda,theta ,gamma,n) {

F<-c(rep(0,n))
for (i in 1l:n)

{

x<—data[1i]

Flil<- 1-((exp(-1*theta*(lambda*x) “gamma) ) *(theta+
beta-thetasbeta*log ((((exp(-1*(lambda*x) “gamma) )
/((1 —exp(—(lambda*x) "gamma) ) "1+exp(-1*(lambda
*x)"gamma)))))) ) /(((theta+beta) *(((1 -exp(-
(lambda#*x) "gamma) ) “1)+exp(—1=*(lambda=*
x) "gamma) ) “theta))}
return (F)

H###SHH S HH S H#E##Non nested EPGWH#########4##4#
F1<-EONHW cdf(data,deltal ,lambdal, betal,bomegal,n)
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£;<—BOLE,cdf( data,a2,b2,lambda2,theta2 ,n)
g§<—WL,cdf( data,a3,b3,alpha3,beta3,n)

£i<—GB,cdf( data ,alpha4 ,beta4,deltad4 ,thetad4 ,n)
£451<—KOLLL0G,cdf( data,a5,b5,lambda5,c5,n)
£2<—BGL,cdf( data,a6,b6,lambda6,alpha6 ,n)
£$<—ELOLLW,cdf( data,beta7 ,lambda7,theta7 ,gamma7,n)
F7

SS<-function (F, F_line ,n){
SS<-0
for (i in 1:n)

{

}
return (SS)

SS<-SS+(F[i]-F _line[i]) "2

}

SS1<-SS(F1,F _observed ,n)

SS1

SS2<-SS(F2, F _observed ,n)

SS2

SS3<-SS(F3, F_observed ,n)

SS3

SS4<-SS(F4,F _observed ,n)

SS4

SS5<-SS(F5, F_observed ,n)

SS5

SS6<-SS(F6, F_observed ,n)

SS6

SS7<-SS(F7, F_observed ,n)

SS7

op <- par(mfrow=c(1,1))

plot (F_observed , F_observed ,type="1",
xlab="0Observed probability”,ylab="Expected probability”)
lines (F_observed ,F1,col="red’ ,type="1")
lines (F_observed ,F2, col="pink’)

lines (F_observed ,F3,col="blue’,type="1")
#lines (F_observed ,F4, col ="maroon’ ,type="1")
lines (F_observed ,F5, col="green’ ,type="1")
#lines (F_observed ,F6, col="gray’ ,type="1")
lines (F_observed ,F7, col="purple’,type="1")
#lines (F_observed ,F8, col="pink’ ,type="1")
#lines (F_observed ,F9, col =’maroon’ ,type="1")
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#lines (F_observed ,F10, col=13)

#lines (F_observed ,F11, col=1)

#lines (F_observed ,F12,col=14)

#lines (F_observed ,F13, col=15)

#lines (F_observed ,F14,col=16)

#lines (F_observed ,F15, col=17)

legend (" bottomright”,cex=1,c("EO-NH-W(SS5=0.0456)",
"BOLE(SS=0.1724)" ,”"WL(SS=0.0505)” ,”KOLLLOG(SS=0.0434) ",
ELOLLW(SS=0.0868)") ,1ty=c(1,1,1,1),
col=c(”red”,”pink” ,”blue”,”green” ,” purple”),
Iwd=ec¢(1,1,1,1,1,1))

#define pdf EOETLLoG.

fl=function(x,delta,b,c){

y= 2xdelta*b*(c*x"(c-1))*((1+x"¢c)"(=-3))=*
((1-(1+x"¢)"(=2)) "(b-1)) *(exp(-(((1-(1+x"c)"(-2))"b)
/(1-(1-(1+4x"¢c)"(=2))"b))) )=
((1-exp(=(((1-(1+x"¢c)"(=2))"b)/
(1-(1-(1+x"¢)"(-2))"b)))) "(delta-1))
#(1-(1-(1+x"¢)"(=2))"b)"(-(2))

return(y)

¥

x=seq(0,1.5,by=0.001)

y1=f1(x,3.9,.1,3.5)
plot(x,yl,ylim=c(0,3),co0l=2,’1",lwd=2,xlab="x",
ylab="density”)

y2=f1(x,0.9,0.9,.8)
lines (x,y2, col=3,lwd=2)
y3=f1(x,1.7,1.1,2.5)
lines (x,y3, col=4,lwd=2)
y4=f1(x,2.5,.6,1.5)
lines (x,y4, col=5,lwd=2)
y5=f1(x,2.9,1.5,2.5)
lines (x,y5, col=6,lwd=2)
legend (" topright”, c(

expression(paste(delta,’=3.9,’,b,’=0.1,",¢,’=3.5")),
expression(paste(delta,’=0.9,’,b,’=0.9,7,¢,’=0.8")),
expression(paste(delta,’=1.7,’,b,’=1.1,",¢,’=1.2")),
expression(paste(delta,’=2.5,’,b,’=0.6,",¢c,’=2.5")),
expression(paste(delta,’=2.9,’,b,’=1.5,",¢,’=2.5"))),
col=c(1,2,3,4,5),lwd=c(2,2,2,2,2))

Simulations
## The EOETLG

m(list=1s())
library (stats4)
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library (bbmle)
library (stats)
library (numDeriv)
library (rootSolve)

##define EOETLG pdf

EOETLLoG_pdf <- function(delta ,b,c,x){
2xdeltaxb*(c*x"(c—-1))*((1+x"¢c)"(=3))=*
((1-(1+x"¢)"(=2)) "(b-1)) *(exp (=(((1 -
(1+x"¢)"(-2))"b)/(1-(1-(14x"¢c)"(-2)
)"b))))#((1-exp(=(((1-(1+x"¢c)"(=2))"b)
/(1-(1-(14x"¢c)"(-2))"b)))) "(delta-1))=
(1-(1-(14x"¢c)"(=2))"b)"(-(2))

}

##define EOETLLoG cdf

EOETLLoG_cdf <- function(delta ,b,c,x){
(1-exp(-(((1-(1+x"c)"(-2))"b)/(1-(1-
(1+x"¢c)"(-2))"b))) ) "delta}

## define EOETLLLOG hazard

EOETLLoG hazard <-function(delta ,b,c,x){
EOETLLoG_pdf(delta ,b,c, x)/(1
-EOETLLoG_cdf(delta ,b,c, x))

}

EOETLLoG neglogl=function (delta ,b,c,x){
—sum(log (EOETLLoG_ pdf(delta ,b,c,x)))

}

EOETLLoG hazard2=function (delta ,b,c,x){
f=EOETLLoG_pdf(delta ,b,c,x)
F=EOETLLoG_cdf(delta ,b,c,x)

y=f/(1-F)

return(y)}

#— - -

EOETLLoG_quantile=function (parameter ,u) {
delta=parameter[1]

b=parameter[2]

c=parameter[3]

f=function(x){
EOETLLoG_cdf(delta ,b,c,x)—u
¥

x=min(uniroot. all (f,lower=0,upper=1000000000000,
tol1=0.0001))
return(x)

}

EOETLLoG_QuantileTable=function (parameter_ matrix) {
u=seq(0.1,0.9,0.1)

size=dim(parameter_matrix)[1]
Table_Quantile=matrix (NA, nrow=length (u) ,ncol=size)
row.names( Table_Quantile )=u
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colnames(Table_Quantile)=apply(parameter matrix,1,
function (x)
{paste0 (’(’,pasteO(x,collapse=","),”)")})
Table_Quantile
for(iter in 1:size){
parameter=parameter_matrix[iter ,]
for (i in 1l:length(u)){
Table_Quantile[i,iter ]=MOHLW_quantile
(parameter ,ulil])

}
}
return(Table_Quantile)
}
H i

## table of quantile
parameter_matrix=as.matrix(rbind (
parl=c(0.09,2.66,1.47),
par2=c(.1,1.2,2.7),

par3=c(.1,2.9,2.7),
pard=c(.1,1.5,2.5),
parb=c(.1,2.5,1.1)
))

EOETLLoG_QuantileTable(parameter_matrix)

sink (”C:/Users/HpProbook4530s/Desktop

/Biust/ EOETLLLOG quantile_table. txt”)

print (parameter_matrix)

print (EOETLLLOG _QuantileTable(parameter_matrix))
sink ()

#— -

##define pdf EOETLG
EOETLLoG_pdf=function(delta ,b,c,x){

y= 2xdelta*b*(c*x"(c-1))*((1+x"¢c)"(-3))
#*((1-(1+x"¢)"(=2)) " (b-1)) *(exp(-(((1-
(I+x"c)"(=2))"b)/ (1-((1+x"c)"(=2))"b)))
)E((1—exp(=(((1-(1+x"¢)"(=2))"b)/(1-(1-
(1+x"¢)"(-2))"b)))) "(delta-1))=*
(1-(1-(14x"¢c)"(-2))"b)"(-(2))

}

EOETLLoG moments=function (delta ,b,c,n){
f=function(delta ,b,c,n,x){

(x"n) *(EOETLLLOG pdf(delta ,b,c,x))
}

y=integrate (f,lower=0,upper=1,subdivisions=10,
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delta=delta ,b=b, c=c,n=n)
return(y$value)

}

### table of moments
parameter_matrix_Moments=matrix(c(0.09,2.66,1.47,
.1,1.2,2.7,.1,2.9,2.7,.1,

1.5,2.5,.1,2.5,1.1) ,ncol=3,byrow=T)

parameter matrix_Moments

list_ Moments=c(’EX’ , ’EX2’ ,’EX3’ , ’EX4’ ,’EX5’ , ’EX6’ , ’SD’ ,
CV’,’CS’,’CK’)

Table_Moments=matrix (0 ,nrow=length (list_Moments) ,
ncol=dim(parameter_matrix_ Moments)[1])

row .names(Table_Moments)=list_Moments
Table_Moments

for (iter in 1l:dim(parameter matrix Moments)[1]) {
parameter=parameter_matrix_Moments[iter ,]

for(i in 1:10){

Table_Moments[i, iter ]J=EOETLLoG moments(parameter[1],
parameter[2],parameter[3],1)

}

}
print (Table_Moments)

###moments end

sink (”C:/Users/HpProbook4530s/Desktop/
Biust/Table_Moments”)

sink ()

#— —

EOETLLLOG_ simulation=function(size=c(30,60,120,
240,480,960),
samp, par) {
set.seed(1000)
K=length (par)
Mean=vector ()
RMSE=vector ()
Bias=vector ()
samplesize=as.vector (t(mapply(rep, size ,K)))
for (iter_size in 1l:length(size)){
coefl=matrix (NA, samp,K)
colnames(coefl)=c(’delta’,’b’,’c’)
for (nsamp in 1l:samp){
tryCatch (
{
x1_ EOETLLoG=NULL
g=runif(size[iter_size],0,1)
xl=sapply (q, EOETLLoG_quantile,
parameter=par)
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# MLE

x1 EOETLLoG=mle2 (EOETLLoG neglogl,
start=list (delta=par[1],

b=par[2],

c=par[3]),

method="L-BFGS-B” ,data=1ist (x=x1),
lower=c(delta=0,b=0,c=0),
upper=c(delta=Inf,b=Inf,c=Inf),
use. ginv=TRUE) coef1 [nsamp,]=coef (x1 EOETLLoG)
},error=function(e){}

)

¥

mean[length(size) *(0:(K-1))+iter_sizel]=
apply(coefl ,2 ,mean,na.rm=TRUE)

RMSE[ length (size) #(0:(K-1))+iter_size]
=apply ((coefl -matrix(rep (par,

nsamp) ,ncol=K, byrow=T))"2,2,function (x)
{sqrt(mean(x,na.rm=TRUE)) })

¥

Bias=as.vector(sapply(1:K, function (x)
{Bias[(length(size)*(x-1)+1):
(length(size)*x)]=Mean[(length(size) *(x-1)+1):
(length(size)=*x)]-par[x]}))

return (cbind (samplesize ,Mean,RMSE, Bias) )

}

sink (”C:/Users/HpProbook4530s/Desktop/Biust
/EOETLLLOG simulation_1. txt”,
append=F, split=F)
par=c(.1,.5)
par_p=c(1)
for(i in 1l:length(par)){
for(j in 1l:length(par)){
for(p in 1l:length(par)){
for(q in 1l:length(par_p)){
print(c(par[i],par[j],parlpl))
print (MOHLW _simulation(samp=1000,par=c(par[i],
par[j],par(pl)))
}
¥
}
¥

sink ()

## simulation
parameter_matrix=as.matrix(rbind (
parl=c(0.09,2.66,1.47),
par2=c(.1,1.2,2.7),
par3=c(.1,2.9,2.7),
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Applications
m(list=1s())
library (stats4)
library (bbmle)
library (stats)
library (numDeriv)

# maximum likelihood estimators

x<-c(0.036, 0.148, 0.590, 3.076, 6.816, 0.058, 0.183,
0.618, 3.147, 7.896, 0.061, 0.192, 0.645, 3.625, 7.904,
0.074, 0.254, 0.961, 3.704, 8.022, 0.078, 0.262, 1.228,
3.931, 9.337,0.086, 0.379, 1.600, 4.073, 10.940, 0.102,
0.381, 2.006,4.393,11.020, 0.103, 0.538, 2.054, 4.534,
13.880, 0.114, 0.570, 2.804, 4.893, 14.73, 0.116,
0.574, 3.058, 6.274, 15.08

)

####EOETLL

EOETLL LIL<-function (delta ,b,c)
{-sum(log(2+delta*b*(c*x"(c-1))=*
((1+x7¢)"(=-3))*((1-(1+x"¢)"(-2)) "(b-1))
#x(exp(-(((1-(1+x"¢c)"(-2))"b)/(1-
(1-(1+x"¢)"(=2))"b))) ) =((1-
exp(—(((1-(1+x"¢c)"(=-2))"b)/
(1-(1-(14x"¢c)"(-2))"b)))) "(delta-1))=
(1-(1-(1+x"¢)"(-2))"b)"(-(2))))}

mle. result <-mle2 (EOETLLLL, hessian = NULL,
start=1list (delta=.902175,

b=1.5,¢=1.178770) ,optimizer="nlminb” ,lower=0)
summary(mle. result)

vcov(mle. result)

outputl<-vcov(mle.result)
1.96xsqrt(diag(outputl))

solve (outputl)

####TLMO-LLo

TLMOLL LI<-function (b, delta,c){-sum(log ((2xb)*
(((deltaxc*x"(c-1))*(1+x"c)"(-2))/
((1-(1-delta)*(1+x"c)"(=1))"2)) *(((delta=x
(1+x"¢)"(=-1))/(1-(1-delta)

#(1+x7¢)"(=1))) ) *(1-((delta”2) *((1+x"c)"(=-2)))/
(1-(1-delta)*((1+x"¢c)"(-1)))"2)"(b-1)))}

mle. result <-mle2 (TLMOLLLL, hessian =

NULL, start=1ist (b=1.902175,
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delta=0.35190,c= 0.178770) ,optimizer=
"nlminb” ,lower=0)
summary(mle. result)

R H AR H S HHEW

EW LI<-function (alpha,beta, delta){

—sum(log (alphasbetaxdelta*(x"(beta-1))
*(exp(—alpha*(x"beta)))=*(1l-exp(—alphax
x"beta)) delta))}

mle.result <-mle2 (EW_LL, hessian = NULL,
start=list (alpha=1.2576,beta=.766,delta=.9),
optimizer="nlminb”,lower=0)

summary(mle. result)

HHHHHH A H S HHTLW

TLW LI<-function(a,b,alpha){-sum(log(2+alphaxb
#(a"b)#*(x"(b-1))*(exp(-2=(axx)"b))=*
(1-exp(-2*(a*x)"b)) "(alpha-1)))}

mle. result <-mle2 (TLW_LL, hessian = NULL, start=1ist (a=1,
b=.6,alpha=.891),

optimizer="nlminb”,lower=0)

summary(mle. result)

HHHHHHESHH AR H AR HE#HHHTLGE

TLGE<-function (alpha,beta,lambda){-sum(log(2*alpha=
betaxlambda*(exp(-lambda*x) ) *((1-(1-exp(-
lambdax*x)) “beta) )*

((1-exp(-lambda=*x)) “(betaxalpha-1))=*(2-(1-exp(
-lambda*x)) "beta) “(alpha-1)))}

mle. result <-mle2 (TLGE, hessian = NULL, start=1list
(beta=.6,alpha=.891,lambda=0.1),
optimizer="nlminb”,lower=0)

summary(mle. result)

HHHHHH A H A H A H R H WX
WLx<-function(a,b,alpha){-sum(log(alpha*a*b*((1+b*x
) “(axalpha-1))#((1-(1+b*x)"(-a)) "(alpha-1))=*
exp(-(((1-(1+b*x)"(-a)) /(1+bx*x)"(-a)) alpha))))}
mle.result <-mle2 (WLx, hessian = NULL,

start=1list (a=1,b=.6,

alpha=.891) ,optimizer="nlminb” ,lower=0)
summary(mle. result)

HEH#HEH A HEH S HAHHHH##HIWMO

IWMO<-function (alpha ,lambda, theta){-sum(log ((alpha*lambda
*(theta”(-lambda) ) *(x"(-lambda-1))*exp(-
(x*theta)”(-lambda)))/(alpha-(alpha-1)
xexp(—(x*theta)”(-lambda)))"2))}

mle. result <-mle2 (IWMO, hessian = NULL, start=1ist (alpha=2.5,
mbda=0.1,theta=.5) ,optimizer="nlminb” ,lower=0)
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summary(mle. result)

HHHHHH AR AR H A H R HHHMO-LLoG
MOLLD<-function (alpha , beta ,gamma) {-sum(log ((
alpha”beta)*betaxgammax
(x"(beta-1))/(x"beta+gamma*alpha“beta)"2))}
mle. result <-mle2 (MOLLD, hessian = NULL,
start=1ist (alpha=1 ,beta=1.1961,
gamma=2.8644) ,optimizer="nlminb” ,lower=0)
summary(mle. result)

H#H#HAHAHAHHHH#HER

EF<-function (alpha, delta ,lambda){-sum(log ((
alphaxlambda*delta "lambda) *((1 —exp(-
(delta/x)"lambda) ) #*(alpha-1)) *(x"(-(lambda+1)))*
exp(-(lambda+1)*(delta/x) "lambda)))}

mle.result <-mle2 (EF, hessian = NULL,

start=1ist (alpha=1.1787 |,

delta=0.01961,lambda= 2.8644),

optimizer="nlminb” ,lower=0)

summary(mle. result)
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