BI IST

BOTSWANA INTERNATIONAL UNIVERSITY
OF SCIENCE & TECHNOLOGY

School of Pure and Applied Sciences

Department of Mathematics & Statistical Sciences

MAGNETIC DRUG TARGETING PHENOMENA DURING NON-
NEWTONIAN FLOW IN THE MICROVESSEL WITH TIME-
FRACTIONAL DERIVATIVE

by
HABTAMU BAYISSA YADETA

Student ID Number: 21100002

A Thesis Submitted to the School of Pure and Applied Sciences in Partial Fulfillment of the
Requirements for the Award of the Degree of Doctor of Philosophy in Mathematics of BIUST

Supervisor (S): Professor Sachin Shaw
Department of Mathematics & Statistical Sciences,
School of Pure and Applied Sciences, BIUST

E-mail: shaws@biust.ac.bw

June 2025


mailto:shaws@biust.ac.bw

Declaration

DECLARATION REGARDING THE WORK AND COPYRIGHT
Candidate: Habtamu Bayissa Yadeta
Student No.: 21100002

Thesis Titled: Magnetic Drug Targeting Phenomena during Non-Newtonian Flow in the
Microvessel with Time-fractional Derivative

I, the Candidate, certify that the Thesis is all my own original work and that I have not obtained

a degree in this University or elsewhere based on any of this work.

(If the thesis is based on a group project, then the student must indicate the extent of her / his
contribution, with reference to any other theses submitted or published by each collaborator in
the project, and a declaration to this effect must be included in the thesis)

This dissertation/thesis is copyright material protected under the Berne Convention, the Copyright
and Neighboring Rights Act, Act. No. 8 of 2000 and other international and national enactments,
on that behalf, on intellectual property. It must not be reproduced by any means, in full or in part,
except for short extracts in fair dealing; for researcher private study, critical scholarly review or
discourse with an acknowledgment, without the written permission of the office of the
Postgraduate School, on behalf of both the author and the BIUST.

Signed: Date: 24 June 2025

Supervisor: Professor Sachin Shaw.

I, the candidate’s primary supervisor, hereby confirm that | have inspected the above-titled
thesis, and, to the best of my knowledge, it is based on the original work of the candidate.

Signed: ﬁ‘”’ Date: 24 June 2025




Abstract

Cancer and cardiovascular disease are the leading causes of death worldwide incurring substantial
medical costs and care and become a potential barrier to average life expectancy. Several treatment
options available have considerable side effects and often are not sufficient for curative treatment.
Most challenges include targeting non-specifically, poor pharmacokinetic characteristics drugs
arising from poor solubility, stability, and toxicity, inefficacy and limited bio-distribution.
Recently, with the advancement of nanotechnology, treatment options such as magnetic drug
targeting (MDT) through the application of magnetic nanoparticles (MNPs) treatment have
significantly changed the paradigm of cancer treatment due to minimum side effects and high
efficacy. This research aims at theoretical analysis to examine the efficacy of the accumulation of
drug carrier magnetic nanoparticles influenced by biophysical parameters near the diseased region
during magnetic drug targeting.

In this study, the time fractional derivatives of blood flow and factors governing the transport of
drug carrier nanoparticles such as particle — particle interaction, Saffman uplift force, size and
shape of carrier particles, permeability of the vessel, magnetic and viscous forces are considered.
The conclusion drawn from the study shows that spherical shaped drugs carrying magnetic
nanoparticles are more prominent to be targeted to the tumor region than other non-spherical
shaped drugs carrying magnetic nanoparticles. Capture efficiency of the drug-carrier particles is
improved with increase in the magnetization, and radius of carrier particles as both increase the
magnetic force among the magnet and Drug-carrier particles. A decrease in Darcy number,
Reynolds number, and tumor magnet distance decreases the total volume fraction of nanoparticles.
Total volume fraction of magnetic nanoparticles decreases with increase in pulsatile frequency,
Casson parameter and Hematocrit parameter. The velocity of blood and velocity of magnetic
nanoparticles are boosted with enhancement in the Darcy number and Jeffrey fluid parameter,
which shows an important application to the therapy of atherosclerosis. The flow resistance
increases with an increase in stenosis height and Hartman number. The present study will help
biomedical engineers and nanomedicine researchers develop magnetic devices and the next

generation of drug carrier particles to treat cancerous tumors.

Key words: Magnetic drug targeting, Fractional derivative, Drug — carrier particles, Magnetic

nanoparticles, tumor.
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Nomenclature

Acceleration due to gravity (m/sz)

Body acceleration amplitude(m/sz)

Body acceleration amplitude (m/sz)

Pressure gradient amplitude (Pa/m)
Pulsatile element amplitude (Pa/m)

Transient part amplitude (Pa/m)
Applied magnetic field (T)

Applied magnetic field intensity at the center (T)
Average mass of magnetic nanoparticles (kg)

Vessel diameter in microns (m)
Body acceleration frequency (Hz)
Carrier particle’s radius (m)
Carrier particle’s volume (m3 )

Characteristic magnetization parameter (A/m)

Characteristic velocity (m/s)
Darcy number

Diameter of the blood vessel in micron (m)

Drag coefficient
Drug carrier’s cross-sectional area(mz)

Electric field (N/C)

Extra tensor of the Jeffrey fluid

Fluid’s average velocity (M/s)



Fluidic force (N)

Fluidic force (N)
Frequency (Hz)

Frequency (Hz)
Hartmann number

Hartmann number
Hematocrit of blood

Hematocrit parameter
Induced magnetic field (T)

Length of microvessel (m)
Location of the stenosis (m)

Magnetic flux intensity (T)
Magnetic force (N)

Magnetic nanoparticle’s volume (ms)

Magnetization parameter (A/m)
Mass parameter of particles
Maximum height of the stenosis (m)

Mean velocity of fluid (m/s)
Current density (A/m?)

Number of magnetic nanoparticles per unit volume

Particles concentration parameter
Particles mass (Kg)

Permeability of the porous medium (H/m)
Pressure gradient’s amplitude (Pa/m)

Pulsatile element amplitude (Pa/m)



O O

O O 0

Radial velocity of blood (m/s)

Radius of carrier particles (m)
Radius of cylindrical magnet (m)
Radius nanoparticles (m)

Radius of microvessel (m)

Radius of stenosis (m)
Reynolds number
Saffman force (N)

Saffman force parameter

Shape factor

Steady amplitude (Pa/m)
Stenosis length (m)
Stenosis shape parameter

Stoke’s constant ( N-s/m? )

Stoke’s constant ( N-s/m? )
Suspended particle’s diameter (m)
Tumor-magnet distance (M)

Velocity vector (m/s)

Velocity of fluid (m/s)

Velocity of magnetic nanoparticles (m/s)

Volume of magnetic nanoparticles (m*)

Greek symbols

Density of magnetic nanoparticles (kg/m?’)

Difference with the pulsatile pressure gradient

Ratio between relaxation and retardation times

Vi



A,  Retardation time (s)
o Air permeability (H/m)
Mys  Base fluid viscosity (N.s/m?)

Y4 Cylindrical drug carrier’s aspect ratio

o Electrical conductivity (S/m)

Fluid shear rate (1/5)
o Fractional parameter

V. Kinematic viscosity (m®/s)
Hn¢ Nanofluid viscosity (N.s/m?)

V,  Particle’s velocity (m/s)

@ Particle’s volume fraction

Mpiesma Plasma viscosity (N.s/m?)

7 Prolate ellipsoidal drug carrier’s aspect ratio
@  Rulsatile frequency (Hz)

A Relaxation time parameter of Maxwell fluid ()

B 100 Total volume fraction of magnetic nanoparticles

vii
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1. Introduction

1.1. Background

Cancer and cardiovascular disease are the leading causes of death worldwide incurring substantial
medical costs and care. Cancer is a collection of related diseases where some cells divide without
stopping and spread into surrounding tissues. Cancer can start almost anywhere in the body.
Normally, our cells grow and divide to form new cells, as our body needs them. When a cell grows,
gets old or becomes damaged, they die, and new cells take their place. When cancer develops,
however, this orderly process breaks down. Cells become more and more abnormal. Old or
damaged cells survive when they should die, and new cells form when they are not needed. These
extra cells can form growths called tumors. Cancerous tumors are malignant, which means they
can invade nearby tissues. In addition, as these tumors grow, some cancer cells can break off and
travel to distant places in the body through the blood or the lymph system and form new tumors
far from the original (which is called metastatic condition) [1]. Solid tumors are masses of tissue
named for the type of cells they formed from. Liquid tumors, such as leukemias, are cancers of the
blood and bone marrow. Unlike malignant tumors, benign tumors do not spread into nearby tissues
and often do not grow back when they are removed. Benign tumors can sometimes be quite large
and, in the case of benign brain tumors, can be life threatening [1].

Nowadays, cancer is among the leading causes of death worldwide and is an important barrier to
increasing average life expectancy. Globally, 19.3 million new cases and 10.0 million cancer-
related deaths occurred in 2020 [2]. Overall, the burden of cancer incidence and mortality is rapidly
growing world-wide; this reflects both aging and growth of the population as well as changes in
the prevalence and distribution of the main risk factors for cancer, several of which are associated

with exposure to chemicals, age and family history, tobacco, radiation, obesity [3, 4].

There are several cancer treatment options available, each therapy depends upon the type of cancer,
grade, and stage. In recent decades, chemotherapy, surgery, and radiotherapy have been used to
treat different types of cancer. Most chemotherapy treatments are administered intravenously.
Chemotherapy may be given by mouth, injection, or infusion, or on the skin, depending on the
type and stage of the cancer being treated. Tumor surgery is an operation or procedure to remove



the tumor and possibly some surrounding tissues. Radiotherapy uses energy beams (gamma rays,
x-rays, protons, or electron beams) for targeting cancer cells or tumors. However, all these
procedures have considerable side effects and often are not sufficient for the curative treatment of
metastatic cancer [5, 6]. Most challenges include targeting non-specifically any rapidly dividing
cells irrespective of whether they are tumorous or not, poor pharmacokinetic characteristics of
anticancer drugs arising from poor solubility, stability, and metabolism pose different challenges
of toxicity, inefficacy and limited bio-distribution. Recently, with the advancement of
nanotechnology, a treatment option that can effectively address the above cited challenges and
provide selective targeting of tumor sites without significant damage to the viability of healthy
tissues has been developed [7-13]. The emerging alternative of nanotechnology presents a new
frontier in cancer treatment [14]. Early research on the therapeutic application of nanoparticle
carriers as a drug delivery system has been highly encouraging. Progressively, research explores
the use of magnetic drug targeting through the application of magnetic nanoparticle treatment

strategies due to high efficacy and minimum side effects [15].

1.1.1. Cardiovascular disease

The cardiovascular system’s primary job is to deliver nutrients throughout the body and remove
the wastages and toxins from the body. Additionally, the cardiovascular system provides the body
with a defense mechanism against infections and illnesses. It also aids in the regulation of
temperature and fluid balance throughout the body [16, 17]. Cardiovascular disease (CVD)
includes a range of disorders that affect both the heart and blood vessels and is the leading cause
of mortality globally [18]. The main cause of cardiovascular disease is the formation of
atherosclerotic plaque, a build-up of fatty material in the arterial wall. When plaque build-up, it
blocks the blood supply, it can ultimately result in a range of conditions, such as coronary artery

disease, cerebrovascular disease, and peripheral artery disease [19, 20].

The major contributing factor in many cases of cardiovascular disease and cerebra-vascular disease
(stroke) is atherosclerosis. One of the outcomes of this disease process is the narrowing of the
arteries resulting from sub-endothelial deposition of cholesterol, cholesterol esters, and calcium
within the vessel walls. These cholesterol-rich plaques also contain a variety of cell types,
including fibroblasts and immune cells [21]. Rupture of the atherosclerotic plaques yield thrombi

that travel distally to occlude the artery, resulting in myocardial infarction or stroke. Several factors
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increase the risk for atherosclerosis including a predisposition for elevated levels of cholesterol
and triglyceride in the blood; high blood pressure; diabetes; and cigarette smoking. Normal cells
obtain most of the cholesterol they need for normal functioning by taking up cholesterol from the
blood through receptor mediated endocytosis. Cholesterol is transported in the blood bound to low-
density lipoproteins. Cholesterol uptake is blocked in some people, and excess cholesterol
accumulates in the blood to eventually form atherosclerotic plaques. If these plaques occlude blood
flow in brain arteries, the result can be stroke; if they occur in coronary arteries, it can lead to
myocardial infarction [22].

There are several treatment mechanisms for atherosclerosis such as surgical intervention for
advanced cases, invasive procedures, such as coronary artery bypass grafting and carotid
endarterectomy, and non-surgical procedures such as percutaneous coronary intervention, which
contain several risks such as restenosis and in stent restenosis. Treating cardiovascular disease
remains a significant challenge, primarily because of low drug accumulation at the disease site.
Treatment of this condition necessitates high and prolonged drug dosages that often lead to severe
adverse effects [23]. Limitations in cardiovascular disease therapeutic and diagnostic landscapes
have generated excitement for advances in nanomedicine, a field focused on improving patient
outcomes through transformative therapies, imaging agents and ex vivo diagnostics [24]. Magnetic
nanoparticle-based drug targeting represents an efficient platform to deliver drugs to diseased

arteries in vivo [24].

1.1.2. Magnetic drug targeting

Drug targeting is a principle by which the transport of a drug in the organism is maneuvered in a
manner such that its major fraction interacts exclusively with the target tissue at the cellular or
subcellular level. Magnetically controlled drug targeting is one of the various possibilities of drug
targeting. This technology uses the binding between anticancer drugs and a Ferrofluid to
concentrate the drug in an area of interest [25]. Super paramagnetic iron oxide nanoparticles are
frequently used in medical research for new drug carriers (FesOs). These particles are
biodegradable, and they are still in use as a contrast agent in magnetic resonance imaging.
Magnetic drug targeting is a promising attempt for treating tumors and arterial disease. This
method applies super paramagnetic nanoparticles bound to chemotherapeutics and injected into

the supplying vascular system of the respective tumor while focused by a strong external magnetic
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field to selectively target this region. This leads to higher doses of the chemotherapeutic agent in

the tumor region with a reduced overall dose [26] (see Figure 1.1).

Increased
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Nanoparticl Side Effects
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Distribution

Figure 1.1 Ideal characteristics of nanoparticle-based targeted drug delivery system in

microvessel [35].

In addition to the magnetic field that significantly affects the trajectories of drug carrier magnetic
nanoparticles, there are also certain factors that affect the efficacy of the trajectories of the particles
during drug targeting. Such factors include the rheology of the blood, the shape and size of drug
carrier magnetic nanoparticles, the permeability of the blood vessel wall, the uplift force, and
others. The shape of drug carrier magnetic nanoparticles performs a significant function in drug
loading and release, biocompatibility, circulation time, targeting, and subcellular adoption. In
recent developments, different shapes of drug carrier particles have been developed. Because of
their symmetric nature and the presence of well-defined models of hydrodynamic interactions [27],
and thermodynamic favorability [28] spherical drug carrier magnetic nanoparticles are widely used
in drug delivery. Subject on the size and shape of the cells or organs, non-spherical drug carrier
magnetic nanoparticles, such as ellipsoids, cylinders, cones, discs, and biconcave discoids [29 —
31], ellipsoidal (oblate, and prolate) [32], are applicable in various areas of the organs. However,

the use of non-spherical drug carrier magnetic nanoparticles for drug delivery is limited due to a
4



lack of techniques to fabricate non-spherical biocompatible carriers [33]. Despite the inadequate
availability of non-spherical carrier particles, carrier shape has a significant effect on cellular
internalization, margination towards the target region, and trajectories towards the tumor region
[34].

1.2. Statement of the problem

Cancer and cardiovascular disease are global chronic diseases with a high mortality rate, and the
availability of more precise and effective treatments is imminent. Currently, available treatment
options for cancer include surgical therapy, radiation therapy, and systemic therapy [36, 37].
However, systemic therapy is the only possible treatment option for metastatic cancer. Among
systemic therapies, chemotherapy is the most used; however, conventional chemotherapy is often
associated with issues such as non-selectivity, toxic side effects, and insufficient drug doses at the
therapeutic site, which decreases the efficiency of treatment. Diagnosing cardiovascular disease
involves a comprehensive approach, incorporating techniques such as echocardiography [38],
electrocardiography [39], computed tomography [40], and magnetic resonance imaging [41].
Surgical procedures play a pivotal role in addressing specific cardiovascular diseases [42].
Pharmacotherapy constitutes a crucial element in cardiovascular disease treatment, with various
drug classes like anticoagulants, antiplatelet agents, ACE inhibitors, beta-blockers, and statins
commonly employed [43]. However, these established treatments may have limitations, including
adverse reactions [44]. On the other hand, several cancer treatment procedures available have
considerable side effects and often are not sufficient for the curative treatment [5]. The
aforementioned limitations in cancer and cardiovascular disease (in particular atherosclerosis)
treatment can be overcome by the means of magnetic drug targeting delivery system, which
delivers the drug directly to the desired site cells, thereby minimizing the off-target, toxicity effects

while concentrating the drug at the target site with the help of suitable drug carriers.

1.3.  Aims and objectives
This research work aims to understand, extend the existing models of blood flow with drug-

carrying magnetic nanoparticles, reformulate and solve them, and know the capture efficiency of



carrier particles in the diseased region during magnetic drug targeting. To achieve this desired aim,

the objectives of the present study are to:

1. apply the semi-analytic approach to solve the governing time fractional mathematical
models of blood flow in the microvessel.

2. examine the capture efficacy of drug carrier magnetic nanoparticles in the diseased region.

3. describe the effects of biophysical parameters on the trajectories and distribution of carrier
particles.

4. examine the impact of memory effects during magnetic drug targeting.

1.4. Structure of the thesis

This section contains a summary of how this thesis is organized. The thesis consists of seven
chapters.

Chapter 1 deals with a general introduction related to cancer, cardiovascular disease, and the
magnetic drug targeting concept. Further, this chapter introduces the statement of the problem and
the aims and objectives of the thesis.

In chapter 2, we give a review of the literature related to the research work consisting of governing

equations of fluid motion (Navier-Stoke’s equations) and the rheology of non-Newtonian fluids.

Chapter 3 is concerned with mathematical concepts, definitions, integral transforms, and special
functions that are used throughout the thesis to aid us in obtaining mechanisms to find solutions to
the governing equations.

In chapter 4, we present the analysis of the axial trajectories of drug-carrier magnetic nanoparticles
towards the tumor region in an axisymmetric microvessel. The transport of these particles is
governed by several factors; we have only considered the dominant factors such as magnetic force,
viscous drag force (fluidic force), particle-particle interaction, and Saffman uplift force. The
governing equation of blood flow is represented by the Caputo-Fabrizio time fractional derivative

model to consider the non-local nature of the memory effect.



In Chapter 5, magnetic drug targeting during Casson blood flow in a microvessel with a Caputo
time fractional derivative is presented. The study focuses on the analysis of the capture efficacy of
the axial and radial trajectories of drug carrier particles, which are injected into the microvascular
system upstream of the cancerous tissue and captured in the tumor region using an externally

applied magnetic field.

In chapter 6, an analysis of unsteady non-Newtonian Jeffrey blood flow and the transport of
magnetic nanoparticles through an inclined porous artery with stenosis using the time fractional
derivative is presented. The analytic solutions for the velocities of blood and magnetic
nanoparticles are obtained using integral transforms, and the solutions are written in the form of
Laplace convolutions. The analysis of the study reveals the effects of fractional parameters, Darcy
number, Jeffrey fluid parameter, stenosis height, inclination angle, Hartmann number, shape

parameter, and magnetic nanoparticles concentration parameter in the stenosis region.

In chapter 7, significant observations regarding the trajectory as well as the capture efficacy of
drug carrier nanoparticles studied in chapters 4-6 are summarized. In addition, the future scope
of the study related to the capture efficacy of drug carrier nanoparticles during magnetic drug

targeting is clearly described.



2. Literature Review

An overview of the equations of motion and drug targeting during non-Newtonian fluid flow with

the help of nanocarriers is presented in this chapter.

2.1. Governing Equations of fluid motion

In fluid mechanics, we consider the motion of a fluid under the influence of forces acting upon it.
Since these forces produce an unsteady motion, their study is essentially one of the dynamics and
must be based on Newton’s second law of motion. Euler (1752) first formulated the mathematical
model of fluid motion for inviscid fluids (fluids without friction or viscous force) by describing
the relationship between the pressure, velocity, and density of a fluid [45]. His equation of fluid
motion serves as a powerful tool in analyzing and predicting the motion of fluids, whether in the
context of aerodynamics, hydrodynamics, or other branches of fluid mechanics. Euler's Equation
of Motion forms the basis for understanding the fundamental principles behind the flight of
airplanes, the behavior of water in rivers, blood flow and a wide range of phenomena occurring in
various engineering applications. The missing fundamental part in Euler’s equation is the fluid
viscosity force, which is the important physical aspect of viscous fluids. The Navier-stokes

equations are an extension of Euler’s equations by introducing the viscous force.

The origin of Navier- stokes equations begins by Navier [46, 47] in 1822, who derived equations
for homogenous incompressible fluids from a molecular point of view. Further, the continuous
derivations of the Navier-Stokes equations are due to stokes (1845) [48]. In the period between
Navier (in 1822) to Stokes (in 1845), the other three main scholars: Cauchy, Poisson and Saint-
Venant, had made their contributions to establish the fluid motion equations under different
assumptions [49]. The Navier-Stokes equations are generally treated as the universal basis of fluid
mechanics, no matter how complicated and unpredictable the behavior of its solutions may be. The
Navier-Stokes equations are the fundamental partial differential equations that describe the flow
of fluids. Also, the motion of viscous fluid substances, such as liquids and gas with the application
of Newton’s second law to the fluid motion together with the assumption that the fluid stress is the

sum of a diffusion viscous term (proportional to the gradient of velocity) plus pressure term.
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2.1.1. Navier — Stokes equations

The Navier—Stokes equations are a nonlinear partial differential equation, which governs the
motion of real viscous fluids and can be seen as Newton’s second law of motion for fluids. In the
case of an incompressible Newtonian fluid, the Navier—Stokes equation in vector form is given by
[50]

ou ou ou  ou 1 0p o°u 0°u o
—tU—+o—+W—=fy ———+v| S+—S+—|
ot oXx oy 0z £ OX oXx~ oy° oz
2 2 2

@+u@+ua—u+wa—usz—la—p+v 8:2)+az;+812) , (2.1)
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—tU—+0—+W—=fy, ———+v| —+——+— .

ot OX oy 0z p 0z ox® oy® oz
The Navier — Stoke’s equations (Eq. 2.1) in vector notation:

ﬂ+(v-v)vz fB—lvava, (2.2)

ot P
where
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V is the velocity vector, f; is the body force vector, P is pressure, v =*# is the kinematic
Yo

viscosity, u is the dynamic viscosity, and p is the density. If we call the left hand side of Eq.

(2.2), %+(V~V)V=a, the acceleration of the fluid particle, and the right hand side

1 : . .
fy——VP+vV?V= Z F.. , the summation of the external forces that act on the fluid particle per
o

unit of mass, we have that z F.. =a, which is Newton’s second law of motion per unit of mass.

The acceleration a is composed of two parts, the first part % which is the local acceleration,

and reflects the change in velocity with time observed in a fixed point in the flow as the particles
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pass by. The second part (V~V)V is the convective acceleration. It reflects the change in velocity

of a particle in space as the particle moves from one point to another in the flow field in an

infinitesimal time. Whereas f;, represents the body force per unit of mass (such as the

. . . . 1 .
gravitational force or the electromagnetic force) that acts on the fluid particle. —VP is the pressure

term, and indicates that the fluid flows in the direction of the largest change in pressure; v V>V is

the viscous term, and indicates the friction force due to the viscosity acting on the fluid particle as
it moves with velocity V . Both the pressure force and the viscous force are the forces that act at

the surface of the fluid particle, and as such are classified as external forces

The Navier—Stokes equations are an evolution of Euler’s equation. This equation governs the
motion of the perfect non viscous fluid and as such can be seen like the Navier—Stokes equation

without the viscous term v V?V . Euler’s equation written in vector notation looks

%+(v-v)vz fB—lvavzv. (2.4)

P

For an incompressible fluid, the Navier — Stokes equations in cylindrical coordinates (r,é’, z) can

take the form [51]
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Dt r p or r- oo
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where, u,, U,, U, are the velocitiesin I', &, Z cylindrical coordinate direction, p is the pressure,

f., f,, f,arethe body force componentsin I, @, z directions and the operators % and V? are

r
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2.2.  Non-Newtonian fluids

Newtonian fluids are defined to be those fluids exhibiting a direct proportionality between shear
stress and shear strain rate. In more precise technical terms, Newtonian fluids are characterized by
the assumption that the extra stress tensor, which is the part of the total stress tensor that represents
the shear and extensional stresses caused by the flow excluding hydrostatic pressure, is a linear
isotropic function of the components of the velocity gradient, and therefore exhibits a linear
relationship between stress and the rate of strain [52-54]. On the contrary, non-Newtonian fluids
may reveal a nonlinear relationship between the fluid stress and an applied shear rate. Some of the
most characteristic features of non-Newtonian behavior are strain dependent viscosity, time-
dependent viscosity, yield-stress where a certain amount of stress should be reached before the
flow starts, and stress relaxation where the resistance force on stretching fluid element will first
rise sharply then decay with a characteristic relaxation time [55]. Non-Newtonian fluids are
commonly divided into three broad groups, namely time-independent fluids, time-dependent
fluids, and viscoelastic fluids [56, 57]. Viscoelastic fluids are those that show partial elastic
recovery upon the removal of a deforming stress. Such materials possess properties of both viscous
fluids and elastic solids.

The interactions between the macromolecular structures in non-Newtonian fluids are very complex
in many rheological interesting systems hence, the chemical and physical properties of these
liquids cannot be easily modeled. As an alternative, constitutive equations are derived based on
the continuum mechanics to predict the non-Newtonian fluid behaviors. Different constitutive
equations can be used to classify the systems into inelastic and elastic fluids. In the inelastic fluid
models, for example, Carreau, Power-law and Bingham models, the focus is mostly on the
instantaneous change of the fluid viscosity with the applied shear rate. These models are
comparatively simple to be utilized in numerical and analytical investigations; however, they
cannot capture all the features of the different non-Newtonian fluids such as memory and elasticity

effects. In the elastic fluid models, for instance. In Maxwell and Jeffrey models, the fluid stress
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does not change instantaneously with the shear rate to account for the memory effect of the flow
[58]. To model viscoelastic non-Newtonian fluids, often the viscous and elastic effects are put
together based on an identical principle as a mechanical system including dashpots and nonlinear
elastic spring [59]. Although the non-Newtonian models are idealized, they can capture the

different behaviors of various real fluids under specific conditions.

Under some critical conditions, blood behaves as a non-Newtonian fluid. Blood is a concentrated
fluid of numerous cellular constituents involving white blood cells (leukocytes or WBCs), red
blood cells (RBCs or erythrocytes) and platelets (thrombocytes), in an ionic solution and aqueous
polymeric solution called plasma [60]. The viscosity of blood depends on the hematocrit, shear
rate, protein content in plasma, temperature and vessel diameter. The non-Newtonian nature of
blood is seen to have a very significant effect on flow properties at low shear rate in small arteries
and capillaries [61, 62]. The rheological properties of blood are strongly influenced by the
aggregation, deformation and alignment of the red cells at different shear rates. At low shear rate,
the fibrinogen and globulins in plasma assist to aggregate red cells in the form of a three-
dimensional microstructure which is observed in both physiological and pathological conditions.
This microstructure is called rouleaux which leads to the shear thinning nature of blood. Also, the
formation of 3-D microstructure may be one of the reasons for the consideration of yield stress as

well as apparent viscosity of the blood.

Due to the non-Newtonian characteristic of red blood cells, in our work we represent blood
rheology by the non-Newtonian time fractional Casson, Jeffrey and Maxwell fluids. For the first
time (in 1958) Casson [63] basing his calculations on certain assumptions considering the
magnitude of inter-particle forces and disruptive stress in chain like floccules present in varnishes
and printing inks, derived the semi-empirical equation to describe their flow behavior. A year later
Reiner and Blaire [64] found that Casson’s description is also suitable for the flow of blood. Since
then, there have been various studies supporting the use of the Casson equation in blood rheology.
On the other hand, the advantage of considering Jeffrey and Maxwell fluids as blood rheology is
that red blood cells behave like a viscoelastic material having the properties of elasticity and
viscosity [65, 66]. Thus, our study focused on drug targeting during Casson, Jeffery and Maxwell
fluid flow in the microvessel. The constitutive equations of these three fluids are described in Table

2 -1 with the parameters: 7 is the Cauchy stress tensor, S is the extra stress tensor, « is the
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dynamic viscosity, and 4, and A, are the material parameters of the Jeffrey fluid; V is the velocity
vector ; p isthe pressure, | is the identity matrix, A is the relaxation time of Maxwell fluid, the
Rivlin—Ericksen tensor A, is defined through VV +(VV)". p, is the yield stress of the fluid, 4,

is the plastic dynamic viscosity of the Casson fluid, 7 is the product of the component of

- OV, -
deformation rate with itself (i.e., = =e;e;, with g, :%(%+g’)), e; isthe (i, i)™ component

] i
of the deformation rate and 7, is the critical value based on the Casson model. In case 7 > 7, the

fluid flow takes place generating the velocity field.

Table 2 - 1 Constitutive equations of Maxwell, Jeffrey and Casson fluids.

Ne Fluids Constitutive Equations References
1 Maxwell r=—-Pl +8§,
S+/1(§+V.VS—LS—SLT):;1A1,L:VV [67]
2 Jeffrey 7=—Pl +S,
[68]

_ M A,
S —1+/11 [A, +4,( p +V.V)A ]

3 Casson " b,

(4, +E)eu1” > T
i [69]
2( 4, +L)eij V7T < T

.

2.3 Solution Approach

Navier — Stokes equations of blood flow are partial differential equations that govern the motion
of blood in the blood vessel. Several solution approaches, numerical and analytic methods, have
been developed to solve such problems based on different conditions such as unidimensional or
multidimensional flows, multiphase flows, geometries of the flow region (for example, branching

vessel and stenosed vessel), and so on.
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Numerical methods such as the finite difference method, finite element method, and finite volume
method are the methods used to find approximate solutions to a problem rather than the exact ones.
Numerical simulation techniques such as the finite element method, finite volume method, and
computational fluid dynamics have proven to be valuable tools that enabled researchers to model
complex geometries, accurately simulate blood flow parameters [70], model multiphase flows, and
model multidimensional flows [71]. Numerical methods have great importance and wide
application in engineering and have played a very significant role in the development of technical
sciences. They are used to solve complex problems in higher mathematics with the help of
computers. The main advantage of numerical methods is that the solution can be obtained even in
cases where it is not possible to obtain an analytical solution. However, numerical methods provide
solutions that are always approximated but mostly accurate enough from the aspect of engineering
accuracy. In addition, they require higher computational time as compared to analytic approaches
[72].

Analytical methods should be used if the blood flow equation can be simplified to a one-
dimensional problem. The main advantages of analytical methods are the good transparency
between calculated results and data input, less effort in modeling and programming, and very short
computation time. However, they require a strong mathematical background and are limited to
relatively simple problems compared to numerical methods [73]. Solving a one-dimensional
problem analytically involves finding exact solutions using various mathematical methods. In this
thesis, we applied the semi-analytic approach to solve the one-dimensional governing time
fractional mathematical models of blood flow with magnetic nanoparticles in the microvessel. We
used the Laplace, and finite Hankel transforms along with their inverse with the help of special
functions to find the velocity of blood and magnetic nanoparticles. The Laplace transform is very
important to apply when the fluid model is defined in the time domain, while the Hankel transform
is used to solve problems involving axisymmetric flow. The trajectories of drug carrier magnetic
nanoparticles in the radial and axial directions are obtained numerically using the fourth-order
Runge-Kutta (RK-4) method.
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3. Mathematical Preliminaries

In this chapter, we present some basic concepts and definitions related to this thesis.

3.1. Basic definitions

3.1.1. The Gamma function:

The Gamma function is most important when defining a Bessel function.

Definition 1: Let z be a complex number with ‘Re(z) > 0. The Gamma function denoted by I" is

defined by [74]

(z)=[e't dt. (3.1)
0

Integrating by parts, we get the following recurrence relation

I(z+1)=2I'(z). (3.2)

The Gamma function is the generalization of the factorial to complex numbers. In fact, for all

ne NU{O},
I'(n+1)=n! (3.3

3.1.2. Special functions

Definition 2: Robotnove — Hartley [75]

«\~ =~ F[(m+1)a] ’ (3.4)
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Definition 3: Lorenzo — Hartely [76]

_i ) S Re(a—-v)>0 (3.5)
N r[(m+l)a-v] ' '

m=

3.2. Integral transforms

Mathematical operators known as integral transforms produce a new function g(y) by integrating
the product of an existing function f (x) and an integral kernel function K(x, y) between suitable
limits. The solution can then be mapped back to the original domain with the inverse of the integral
transform. The importance of integral transforms is mainly in solving differential equations,
fractional derivatives, algebraic equations, signal and image processing, spectral analysis of

stochastic processes [77 — 79].

3.2.1. Laplace transform

Definition 4: Let sbe a complex number with Re(s)>0. The Laplace transform of f (t) is

defined by [80]
L[] =[e1 ()t =F(s) (3.6)

The Laplace transform is a mapping from points in the t domain to points in the s domain.
3.2.1.1 Some important properties of Laplace transform

The Laplace transform has many interesting and useful properties, the most fundamental of which
is linearity. For instance, the linearity property is the property that enables us to add results together

to deduce other more complicated ones.

3.2.1.2.Linearity property:

Let A and Bbe any constants and f (t)and g(t) be functions whose Laplace transform exists,

then [80]

L[Af (t)+Bg(t)] = AL[f (t)]+BL[g(t)]. (3.7)
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3.2.1.3.Derivative of order n:

Suppose a differentiable function f(t) has Laplace transform F(s), then the Laplace transform

of the n™ derivative of f (t) is given by [81]

—=s"F (S) _ S(n—l) f (O) _ s(n—2) f '(O) e f (n-1) (0)

dn
L[dtn f(t)

n (3.8)
=s"F(s)— ) _s"*f&(0).

3.2.1.4. Convolution property:

The convolution of two given functions f (t) and g(t)is written f(t)=+g(t) and defined by [81]
t
f«g®) = [ f(ngt—7)dr (3.9)
0

Remark: The Laplace transform of the convolution of two functions is the product of their

Laplace transforms. That is,

LIF(®)«g®]=L ff(T)g(t—T)dT =L[f®1L[g®)]. (3.10)
3.2.1.5.Integral Property [81]:
If L[f(t)]=F(s),then
[ _F6)
L[f(t)dt == (3.11)

Definition 5: Inverse Laplace transform:

If f(t) has the Laplace transform F(s), that is L[f(t)]=F(s),then the inverse Laplace
transform is defined by [81]

L'[F(s)]= f(t), (3.12)
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and is unique apart from null functions.

Remark: The inverse Laplace transformation is linear, i.e.,
L [af (t) +bg(t)] =aL [ f (t)]+bL ' [g(t)] (3.13).

3.2.2. Hankel Transform
The Hankel transform involving Bessel functions as the kernel arises naturally in axisymmetric
problems formulated in cylindrical polar coordinates. The use of the joint Laplace and Hankel

transforms is very important in solving several partial differential equation models.

Definition 6: Let f(r)be a function defined for r >0. The n™ order Hankel transform of f (r)

is defined as [82]

X0

RN =HLFM}= [r (N3, ndr, (3.14)

0

where, J_(-) is the n™ order Bessel function.

If n> —% , Hankel’s repeated integral immediately gives the inversion formula

f(r)=H, F,(s)}= ]an (s)J, (sr)ds. (3.15)

In particular, the Hankel transforms of the zero order (n=0) and of order one (n=1) are often
useful for the solution of problems involving Laplace’s equation in an axisymmetric cylindrical

geometry.

3.2.3. Finite Hankel Transform

Definition 7: The finite Hankel transform of order n of a function f(r) is denoted by [83]

H {f(r)}= f (k) and is defined by

a

H{F (3= F,0k) = [rf (13, (rk)dr. (3.16)

0
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The inverse finite Hankel transform is then defined by

HAF (3= () —32 X ((rakk)) (3.17)

where the summation is taken over all positive roots of J.(ak.) =0. The zero-order finite Hankel

transform, and its inverse are defined by

HUCF 0} = Fok) = [ (O3, (ke (3.18)
SOE Gob— ()= 2 S F () Jolrk)
Hy '{fo(k)}= f(r) 22:1: J @)’ (3.19)

where the summation is taken over the positive roots of J, (ak;) =0.

Similarly, the first-order finite Hankel transform, and its inverse are

HA{f(N}= f.(k) erf (r)J,(rk;)dr, (3.20)
. 2 3,(rk.)
H,{f,(k)}= f(lf)——2 (k)J 2(ak)’ (3.21)

where K; is chosen as a positive root of 3 _(ak,)—o.

3.3.  Fractional Calculus

Fractional calculus is a name for the theory of integrals and derivatives of arbitrary order, which
unifies and generalizes the notions of integer-order differentiation and n-fold integration.
Fractional calculus is three centuries old as conventional calculus, but not very popular amongst
the science and engineering community. The beauty of this subject is that fractional derivatives
(and integrals) are not a local (or point) property (or quantity). This considers the history and non-
local distributed effects. In other words, perhaps this subject translates the reality of nature better
[80]. Following Leibniz’s and L’Hopital’s first inquisition, the study of fractional calculus was

primarily reserved for the best minds in mathematics. As it is known, several physical phenomena
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are described by fractional derivatives [84]. This is due to the known fact that fractional operators
take into account the system evolution, by considering both the global and local characteristics. In
addition, experimental results are sometimes contradicted by integer-order calculus and therefore
non-integer-order derivatives may be more suitable [85].

Several great mathematicians that dabbled with fractional calculus and who have provided
significant contributions up to the middle of our century are found in [86 — 91] and the references
therein. Afterwards, fractional calculus has become an attractive subject to engineers,
mathematicians and physicists, and various forms of non-integer differential operators such as the
Grunwald-Letnikov, Hadamard, Riemann-Liouville, Caputo, Hilfer [92], Kilbas et al. [93],
Podlubny [94], Samko et al. [95], Cresson [96], and so on. Agrawal [97] introduced an interesting
perspective to the subject by unifying all previously mentioned notions of fractional derivatives

and integrals and later studied in Bourdin et al. [98].

Many found, using their own notation and methodology, definitions that are well fitted to the
concept of an arbitrary (non-integer) order derivative or integral. The most famous definitions that
have been widely popularized in the world of fractional calculus are the Riemann—Liouville,
Grunwald-Letnikov, Caputo and recently Caputo — Fabrizio and Atangana — Baleanu definitions.
In our thesis, we have only used Caputo and Caputo — Fabrizio definitions of fractional derivatives,

which are briefly explained in the following section.

3.3.1. Fractional derivatives
3.3.1.1.Caputo Fractional Derivative

Caputo fractional derivative is seen as a good alternative method to the Riemann—
Liouville type for computing fractional derivative. It was first introduced in the

research work [99] by M. Caputo and two years later in his book [100].

Definition 8: The Caputo fractional derivative of order o" for a function f(t) can be written as
[80]

t

Crosm 1 f9(r) B
DO= T f el @-l<a<o) (3.22)
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Under natural and normal conditions on f (t) when a = 0, the Caputo fractional derivative of o"

order can be simplified as D/ f (t).

For (0 <a <1) and a =0, the Caputo derivative reduces to

t

SOUONE S U o IR
D 10= 1o [ onrin 0<a<. (3.23)

Fractional calculus, and particularly Caputo fractional derivative, find numerous applications in
different areas of science [92, 99, 101, 102]

3.3.1.2.Caputo — Fabrizio Fractional derivative
Definition 9:

Let 0 <« <1. The fractional Caputo-Fabrizio derivative of order ~* of a function f (t) is given

by [103]

_ 1] aft—1)
C-Fno - .
D, f(t)_—l_ [exp[

« l1-«

] f'(r)dr, t >0. (3.24)
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4. Contribution of rational design and fractional
rheology on magnetic nanoparticle-based drug targeting

in a microvessel with Saffman force”

4.1. Introduction

In the applications of nanotechnology, the delivery of drugs using nanoparticles plays an important
role in medical science and bioengineering fields. Some applications of nanoparticles include gene
delivery, medical, optical, and magnetic resonance imaging [104 — 108]. Drug targeting is a means
of providing drugs to an infected organ in such a way that the accumulation of drugs takes place
in the target region of the tissue at the cellular or sub-cellular level. Recent studies show that
magnetic nanoparticle-based drug targeting (MNBDT) in the occurrence of a magnetic field is an
imperative and promising medication technique, where the transportation of drugs to an affected
area is guided by magnetic field. MNBDT is a promising drug delivery method because of its high
potential efficacy, harmless nature, and economic importance [109]. This kind of medication is
aimed at targeting localized diseases in particular areas, like cancerous tumor cells. It can be
efficiently achieved if magnetic nanoparticles possess strong magnetic moments that can be
influenced by a magnetic field [110]. In this kind of medication, the magnetic field produced by
an external magnet guides the trajectories of drug-carrier magnetic nanoparticles (DCMNPs) to
the cancerous tumor region. In addition to the magnetic field that significantly affects the
trajectories of drug-carrier magnetic nanoparticles, there are also certain factors that affect the
efficacy of the trajectories of drug-carrier magnetic nanoparticles during MNBDT. Such factors
include the rheology of the blood, the shape and size of drug-carrier magnetic nanoparticles, the
permeability of the blood vessel wall, the uplift force, and others. The shape of drug-carrier
magnetic nanoparticles performs a significant function in drug loading and release,
biocompatibility, circulation time, targeting, and subcellular adoption. In recent developments,
different shapes of drug carrier particles have been developed. Because of their symmetric nature

and the presence of well-defined models of hydrodynamic interactions [27], and thermodynamic

“ The article published in “Chinese Journal of Physics, 87 (2024) 677-696”.
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favorability [111] spherical drug-carrier magnetic nanoparticles are widely used in drug delivery.
Subject on the size and shape of the cells or organs, non-spherical drug-carrier magnetic
nanoparticles, such as ellipsoids, cylinders, cones, discs, and biconcave discoids [29 - 31],
ellipsoidal (oblate, and prolate) [32], are applicable in various areas of the organs. However, the
use of non-spherical drug-carrier magnetic nanoparticles for drug delivery is limited due to a lack
of techniques to fabricate non-spherical biocompatible drug-carrier magnetic nanoparticles [112].
In spite of the inadequate availability of non-spherical drug-carrier magnetic nanoparticles, carrier
shape has a significant effect on cellular internalization, margination towards the target region, and
trajectories towards the tumor region [113 — 117].

Unlike classical calculus, which is widely applicable in dynamical systems, the relevance of
fractional calculus has recently captured the interest of researchers in various fields. Due to their
memory effect, fractional derivatives contain more information about the past behavior of the
physical system. The memory effect of fractional derivatives fascinated researchers, who
conducted investigations in various areas of interest [118 —122]. Among the fractional derivatives
models, the most used fractional models are Caputo and Caputo-Fabrizio (C-F) fraction models.
For example, Shah et al. [123] studied a mathematical model by trading the classical first-order
time derivative with a Caputo time fractional derivative to examine the flow properties of fluid
through an axisymmetric vessel. In their work, they found analytic solutions for blood and
magnetic nanoparticles velocities. Ali et al. [124] devoted the Caputo time-fractional model to
examine the impact of magnetic field on Casson blood flow through a microvessel. Jamil et al.
[125] analyzed the non-Newtonian blood flow through a stenotic artery in the presence of magnetic
field and an oscillating pressure gradient by applying the C-F time fractional model. Excellent
applications on fluid flow using fractional models are also found in refs. [126 — 131]. Viscoelastic
fluids are fluids that obey non-Newtonian fluid properties and exhibit both viscous and elastic
properties. Some examples of viscoelastic fluids include biological fluids, suspensions of
Deoxyribonucleic Acid (DNA), polymers, and others. These fluids are widely applicable in
industry and biomedical engineering fields. Maxwell fluid is a viscoelastic fluid that is widely used
and has gained the interest of various researchers. Bai et al. [132] examined the heat transfer and
viscous dissipation effects of fractionalized magnetohydrodynamics (MHD) Maxwell fluids by
applying the finite difference numerical technique. Zhang et al. [133] examined the hemodynamic

nature of the fractional Maxwell fluid flow through the stenotic artery. Tang et al. [134] conducted
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a comparative study on the natural convective transport of fractional Maxwell fluid by using
Caputo and C-F time fractional models. Kot and Elmaboud [135] studied the heat transfer
characteristics of unsteady fractional Maxwell fluid flow across a vertical artery with stenosis.

Biomagnetic fluid dynamics is an important area of research related to biological fluid flow under
the impact of magnetic field. These fluids have various functions in the fields of medical science
and bioengineering. Some applications include the selective carriage of drugs using magnetic
nanoparticles as drug carriers, magnetic hyperthermia to treat cancer cells, and the development
of magnetic tracers. Magnetohydrodynamics is the study of electrically conducting fluid in the
magnetic field, which plays an essential role in industrial and engineering applications [136].
Rehman et al. [137] employed Prabhakar fractional derivatives to analyze the influences of thermal
and concentration on magnetohydrodynamics Maxwell fluid flow with variable velocity. Aman et
al. [138] conferred the impacts of second-order slip on fractionalized magnetohydrodynamics
Maxwell fluid flow in the incidence of a moving plate. Liu et al. [139] demonstrated fractional
magnetohydrodynamics Maxwell fluid in a square cavity influenced by Hall effects and radiation.
Other findings on fractional Maxwell blood flow are found in refs. [140 — 142]. As per authors’
knowledge, no one has considered the transport of drug-carrier magnetic nanoparticles with various
shapes through the microvessel to the cancerous tumor cells during magnetic drug targeting by
assuming the rheology of blood with non-Newtonian Maxwell fluid feature theoretically in a

Caputo-Fabrizio fractional sense.

From the above literature, very few researchers work on the blood flow with aspect of the fractional
derivative and among them no-one has considered the trajectories of the drugs carrying magnetic
nanoparticles during the magnetic drug targeting by treating blood as Maxwell fluid. As a result,
the present study is aimed to fill this gap. The novelty of the present problem involves:

(a) Analyze the trajectories of the drugs carrying magnetic nanoparticles (DCMNPs) during the
magnetic drug targeting is considered.

(b) Analyze the impact of the memory effect by considering the blood flow equation represented
with C-F fractional time derivative differential equations is incorporated.

(c) The viscoelastic Maxwell fluid represents the rheology of blood.

(d) The study considered the impact of the shape of drug carriers, Saffman force, and blood-particle

interactions in the governing system.
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Firstly, an analytic expression is written for the velocity of fluid using Laplace transform (LT) and
finite Hankel transform (FHT) of order zero with corresponding inverses, and then we write the
analytic approach for the average blood velocity as functions of Laplace convolutions and a Bessel
function of the first order and first kind. Secondly, we compute the trajectories of drug-carrier
magnetic nanoparticles and the total volume fraction (VF) of magnetic nanoparticles numerically
and displayed in graphical form. The present work will help biomedical engineers and
nanomedicine researchers develop magnetic devices and the next generation of drug carriers to

treat localized diseases like cancerous tumors.
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Figure 4.1 Non-invasive trajectories of drug-carrier magnetic nanoparticles with reference frame.

4.2. Mathematical formulations

We consider unsteady, and incompressible, fully developed Maxwell fluid flow of blood (fluid

properties independent of temperature) in a permeable horizontal cylindrical artery of radius Ry,
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and length L,,, and polar coordinates (F,é,?) representing the radial (T) circumference (H_)

and the axial flow (7) directions, respectively (see Fig. 4-1). We assume that the magnetic

nanoparticles are uniformly distributed throughout the blood vessel. A uniform magnetic field acts
in a normal direction towards the flow of motion. The flow is irrotational and axisymmetric along
the Z -axis of the artery with a function of r only. The resulting momentum equation governing

the flow as derived using afore mentioned assumptions is [133, 143]

2
NV__1d 1 Z(FT )V -T2, (4.1)

K, e

ot yoXora pra_

The Maxwell constitutive equation is given by [137]

(1+Zi_jT _ 4.2)
ot

where Tﬁ is the Maxwell tangential stress and £¢ is the dynamic viscosity of fluid.

Upon substitution of Eq. (4.2) into Eq. (4.1) leads to

(1+Zi_ja—\£=(1+ii_j1(—@]+v o 18\/ —(1+Zi_jiv
ot ) ot t)p\ oz or? rar ot )k

(4.3)

where, p,—? A,v,k,,o,B, and Vv are the density of fluid, the oscillating pressure gradient, the
Z

Maxwell parameter (relaxation time parameter), the kinematic viscosity, the permeability, the

electrical conductivity, the applied magnetic field, and the axial velocity of the fluid, respectively.

The proper initial and boundary values relating to Eq. (4.3) can be written as

V(F,0)= M t)=0, %:o,bo. (4.4)

We introduce the following non-dimensional parameters for the purpose of dimensionless study
[137]

=0for =0, Fe[0,R,], V(R

mv?

r =

F v. t J V. A ) 7
L! i! /1 = £ 1 p = p 2! Z= 2 ! (45)
Rmv Rmv ch Rmv P ch Rmv

where, V, is the velocity of drug-carrier magnetic nanoparticles.
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Using Eq. (4.5) into Egs. (4.3) and (4.4) yields the dimensionless momentum equation

ﬂmﬁ(ﬂj:(mﬁj(ﬁ_p}i oV 1NV _(mﬁj Ly
ot ot\ ot ot 0z Rel or r or ot JDaRe

) (4.6)
—(1+/1§j Ha .
ot) Re
with
oV (r,0) Y
V(r,0)= =0fort=0, re[0,1], v(1t)=0, =| =0,t>0, (4.7)
ot or |,
k
where, Re= M, Da= . - are Reynolds and Darcy numbers, respectively, and
v mv
Ha=B,R, /i is the magnetic parameter.
y22%
The pressure gradient of blood flow in Eg. (4.6) has the form [124, 144]
—@=h0+hlcos(a)t),ho >0, (4.8)

oz

where nh,, h ,and @ are the steady amplitude, amplitude of the transient part, and frequency of

pulsation, respectively.
Substituting Eq. (4.8) into Eq. (4.6) yields

ﬂ+ﬂg(ﬂ]:ho+hlcos(a)t)—a)hl/’tsin(a)t)+i 62\£+1ﬂ —(1+/1§] 1y
ot ot\ ot Rel or r or ot JDaRe (4.9)
, .
—(11%2) Ha” .
ot ) Re

Combining the last two terms of Eq. (4.9) and relocating the equation yields

oV ooV 0 1(oVv 1oV .
—+A—|— |+d,, |1+ A — |V ——| —+—=— |=h,+h cos(wt)—d, sin(wt). 4.10
ot at[atj 2"( 6t) Re[arz r arj o +hcos(wt)=dysin(at).  (410)
4.3.  C-F fractional derivative

We employ the C-F time fractional model derived from the ordinary differential equation. The C-
F is chosen for this study due to its efficacy in describing heterogeneous systems with memory

effects at different spatial scales, as well as the fact that the initial conditions in C-F take the same
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form as those of ordinary differential equations [145, 146]. The C-F time-fractional derivative

model is given by [103]

CFDtaV(r’t):lij‘e[_i(t;f)]5V(I’,T)

dr, 0<a <1, (4.11)
or

where the Laplace transform of Eq. (11) can be given by

LDV ()] - SL{V (r,t)]-V(r,0)

4.12
(1-s)a+s ’ (4.12)
and
sZL[V(r,t)]—sV(r,O)—(Wétr’O)
L CFDOH-]\/ r,t — 413
[ VA )] (1-s)a+s (4.13)
For the purpose of time FD study, the C-F time FD is introduced into Eq. (4.10) yielding
DV +ADf ™V +d,, (1+AD )V _1 Qﬁﬂ
Rel or® r or , O<a<1. (4.14)

=h, +h, cos(wt)—d,,sin(wmt)

4.4. Equation of motion
During magnetic drug targeting the transport of magnetic nanoparticles is affected by some of the

major forces such as magnetic force F,, viscous drag force (fluidic force) r, , particle/blood-cell

interaction and Saffman force. Having these points in mind, Newton’s 2" law of motion governs
the motion of drug-carrier magnetic nanoparticles in equilibrium [27]

dv,,

, 4.15
o g (4.15)

F,+F +FK=m

where M, is the mass of the drug-carrier magnetic nanoparticles. The product on the right-hand

side of Eq. (4.15) is very modest and hence negligible, because the mass of the drug-carrier

magnetic nanoparticles is too small. Then the force balance yields

F +F +F =0, (4.16)
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4.5. Particle-particle interaction

Various factors affect the cell-depleted layer width of the blood vessel. Some of these factors are
vessel diameter, hematocrit, and red blood cell (RBC) deformability. The presence of a cell-
depleted layer in the microvessel wall considerably reduces the apparent viscosity of blood [147].
Pries et al. [148, 149] from their experimental investigation, they developed a mathematical model

of the apparent viscosity in terms of hematocrit and the diameter of the vessel, which is given by

1-H,)'-1( b, Y| b, Y
/ubf =luplalsma[14_(1“045 _1)((1_0:5))(: —1(D —Vll] ][D —Vllj ’ (417)

where  Hpjm, and Hp are respectively the blood plasma viscosity (in the absence of blood cells

and platelets) and hematocrit.
The relative apparent viscosity about hematocrit 0.45 ( 4;4) and constant C are

Hous =3.2+6exp(-0.085D, ) — 2.44exp(-0.06D,**), (4.18)

1 1
C =(0.8+exp(-0.075D — 1|+ —, 4.19
( p( "))(1+10HD$2 J 1+10™D¥ ( )

with diameter of the blood vessel D, in micron.

During the homogeneous suspension of nanoparticles in a shear flow, the effective viscosity of the
particles is affected by different factors such as volume fraction, size, nature of the nanoparticles,
and others [150 - 152]. This has been mainly recognized to the complex nature of interparticle
interaction conditions, which leads to mounds of different sizes and particulate masses [152].
According to the findings of Brinkman [151] and Einstein [152] the efficient viscosity of the
nanofluid is significantly correlated with the viscosity of the base fluid and the volume fraction of
the nanoparticles. Further, experimental works by Pasol and Feuillebois [153] suggests the
following empirical formula for the viscosity of nanofluid, which also depends on the diameter of
the vessel

v v

D D Y
Ly = L [1—2.5[3.46063"—8.6065[FPJ _1}01. (4.20)
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where Dp, D, and @ are the diameter of suspended particles, the inner diameter of the tube, and

the particles volume fraction, respectively. In the present study, we consider iron oxide (F¢,0,)

nanoparticles and blood, in which blood is used as the base fluid.

4.6. Saffman force

For small drug-carrier magnetic nanoparticles in the shear field during magnetic drug targeting,
the effect of the uplift force significantly influences the particle’s motion. This vertical uplift force
appears on the particles perpendicular to the stream direction. This force is commonly called the
Saffman lift force, and it can be written as [151, 154]

Fs = _kpchz\/V_y(ch _Vavg ) ' (421)

where the constant k=81.2 and y is the fluid shear rate.

4.7.  Fluidic force

The fluid in motion experiences a drag force, which is commonly known as fluidic force. The fluid
force depends on the fluid rheology and shape of the drug-carrier magnetic nanoparticles. For
drug-carrier magnetic nanoparticles experiencing fluidic force, the drag coefficient with Maxwell

fluid rheology and shape factor is given by Cp =24K'/Re where k' is the shape factor and

Re = RuVer s the Reynolds number. The shape factor k' for different shapes of the drug-carrier

v

magnetic nanoparticles is expressed by [155]

1 ; Sphere,
8z ;  Circular disk,
k'= A~ . Cylinder, y=1.0,1.6,2,2.2, (4.22)
3 Inx+0.193
y -1
; Prolate ellipsoid, y =1.2,1.4,1.6,1.8.
- In(;/+«/72 —1)

with aspect ratio of ellipsoidy (major axis with respect to minor), and aspect ratio of cylinder y

(length with respect to radius). The fluidic force on the drug-carrier magnetic nanoparticles can be

expressed as
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F, = —% PALV,Co (4.23)
And in simplified form

Fo==121, ALKV /Ry . (4.24)
with cross sectional area of drug-carrier magnetic nanoparticles Acp .

Decomposing Eqg. (4.24) into r and ; components yield
Ff re _12:unf A:pklvcp,r/Rmv ) (4.25)

Fo,==12, AgK'(Vep s ~Vag ) /Ron - (4.26)

4.8. Magnetic force on the drug carrier particles

In noninvasive magnetic drug targeting, the magnetic nanoparticles used for applications are
biocompatible metallic oxides such as F€,0,, in which the susceptibility of the material is much

more than that of the blood [156]. It is worth mentioning that the magnetic nanoparticles within
the drug carrier are in spherical shape and magnetic field is unaltered with fluid rheology. Further,

it is understood that the diameter of the blood vessel is much shorter than the distance dvm from

the axis of the vessel to the center of the magnet (R,,, < dvm, Fig. 4-1). The magnet is placed close
to the tumor region and the coordinate of the magnet point is axially at the center of the tumor and
radially at the distance d,,, from the center of the axis of the microvessel i.e., (d,,.0). Using the

assumptions made above and results from the work of [156] the decomposition of the magnetic

force yields
d
Fmr(r’z):l'5luONmmepMsszag4+, (4.27)
(d,,° +2°)
F,,(r2)=15u,N, W, MR *— > (4.28)
(" +2°)

where Nmp is the amount of non-interacting magnetic nanoparticles with the same volume me

and embedded to the drug-carrier magnetic nanoparticles. 4, M., Rmag, and : are air
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permeability, magnetization parameter, radius of the magnet, and distance of the particle at the ;-

axis, respectively.
4.9.  Solution method

4.9.1. Velocity of fluid

The analytic solution of the time fractional derivative Eq. (4.14) subject to the initial condition and
boundary conditions Eq. (4.7) is presented. Applying Laplace transform to Eq. (4.14), and upon
substituting the IC from Eq. (4.7) yields

s A8° s

mv(r’s)erv(r’S)erzn mV(r,s)

+d,, V(T S)__ oV (r,s) lav(r,s) ( h o j (4.29)
2n Re al’ r or SZ +0)2 1n 52 +a)2 ’

with v (1,5) =0, 2(0,5) 0. w0

Employing zeroth order finite Hankel transform in Eq. (4.29) with operating BC from Eqg. (4.30)
yields

S A8’ 5 2
Ad,, ————+d,, |V, (r,s)+=V,(r,
(a+(1—a)s+a+(1_a)s+ 2na+(1_a)s+ 2n] H(rn S)+Re H(rn S)

) Jl(l’n)
[ +hlsz+co sz+a)z} r

n

, (4.31)

1
where V, (r,,s) = [rV (r,s) 3, (r,r)dr is the finite Hankel transform of the velocity V (r,s) and

0

I (n=12,..) is the positive root of J,(.)=0 and J; is the Bessel functions of order zero and first

kind. Rearranging the coefficients of V,, (rn,s) in Eq. (4.31) yields the following equation:

V, (1 )= 2+ d=a)s [ +h— @ Tl(r”). (4.32)

A8 +d, s+d, s+ d P+’ | r

n

Applying the partial fraction decomposition to the right-hand side of Eq. (4.32) gives

_ d7n d8n _ @ ‘Jl(rﬂ)
V, (rn,s)_ﬂ + j[ h152+a) - ZJ . (4.33)

s+d,, s+dg, "+ I

n

Expanding the coefficients of Eq. (4.33), we obtain the following equation
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-1 1
)= g S S 2Lt g, Lq, L0

+d,, s+d r S+ s+d s+dg, | T,
(4.34)
) 1 1 |3(r)
dln 2 d7n +d8n '
s°+ @ s+d, s+dg, | T
The parameters used in simplifying the coefficients of Egs. (4.10), (4.32) and (4.33) are
2 1+4d, )Re+(d, +r’)(1-a ald, +r°
d1n=a)h1/1, d2n=1+DaHa ,d3n=( Zn) ( 2n n )( )’ d4n= ( 2n n )1
DaRe Re Re
(dSn +\/d3n2 —42d,, ) (dSn _\/dsnz —42d,, ) a—dg, (1—a)
dg, = , dgy = A7, = , (4.35)
22 21 dg, — s,
d - a-dg, (1-a)
" d5n - d6n .

Inverse Laplace transform of Eq. (4.34) is determined using Robotnov-Hartley Fﬂ(.,.) and

Lorenzo-Hartley RM () special functions [75, 76], where

. 1 w (_l//)]t(jﬂ)ﬁ—l
F(wt)=L'| ——|=) —~—— >0, 4.36
el S -
I B EAN I ) L

R, (—w.t)=L L”W};F((Hl)ﬂ—z)’m(ﬂ 2)>0. (4.37)
Ji(r)

Vi (1,t) =[ Eyy, (1) + Eppy (1) +Egyy (1) ] ) (4.38)

where

Ep, (t) = ho (d7n§R1,1 (_dsn ’t)"' dsnmm (_den !t))’

E,,, (t)=h cos(wt)*(d,,F, (—ds,,t)+dg F (—dg,. 1)), (4.39)

Ey, (1) ==d,, sin(wt)*(d;,F (=dg,,t)+dg, F, (=dg,. 1))

with 0,0, shows the Laplace convolution of two functions 0, and 0, .

Using inverse HT of order zero to Eq (4.38), we get

V(r.t)=HyV, ( 22

2. rn‘] (r) (r,,t), 0<a<1, (4.40)
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and hence,

V(r,t)= ZZ J( )

[ i (1) + By (1) +Eq, (1)]. (4.41)

where J,(.) is the Bessel functions of the first order and first kind.

The volumetric flow rate through cross-sectional area of the vessel can be given by

Q(t)=27 j (rt)dr =473 %

n1 an(r)

The mean velocity flow field can be written as

2 J
Vavg (t) = % = 4;%[Elln + E22n (t) + E33n (t):| : (443)

[Em )+Eq, (t)+Eg, (1) ] (4.42)

4.9.2. Non-invasive procedure of magnetic drug targeting
To determine the trajectories of drug-carrier magnetic nanoparticles in component form we use
equilibrium conditions for the motion of the particles. Using Egs. (4.21), (4.25) — (4.28) into Eq.

(4.16), we calculate the velocity components in the r—z plane and get

dr(t Ry Ny Wi M R,
g = ) _ 24 e T s, (4.44)
dt 84y Arpk T (dvm2 +12°)
dz(t RN Wo M R
Vep.s = d()=” 0 m_m ZZ 5V - (4.45)
t 8 4y Acp (dvm +12°)
677/) RvaCP2 \/Vj}vavg
where S is the Saffman force parameter given by 9 = L AKT
nf P
6.77pR_R..’
W|thT:1+ p mv CPI
/uan:Pk

The velocity components in Egs. (4.44) and (4.45) are coupled and can be solved by applying
numerical techniques in order to guess the trajectories (r(t), z(t)) of drug-carrier magnetic

nanoparticles. However, it is also feasible to write the equations independent of each other.
Particularly for non-invasive magnetic drug targeting [156],
N, W R M R

mp~mp v s mag <1, (4.46)
8,unf Apk
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From the condition of Eq. (4.46), it can be seen that the Saffaman force in Eq. (4.44) and fluidic
force in Eq. (4.45) are dominant. In this case, the analysis can be simplified by considering that
the mean velocity of the drug-carrier magnetic nanoparticles equals the mean blood velocity, and

it has the form

V., =Va. (4.47)

cp,z avg

Using this assumption, the axial position of the particles can be written as

2(t) =2, +V,,t. (4.48)

Thus, the axial and radial motions are uncoupled.

Upon substitution of Eq. (4.48) into Eq. (4.45) yields

Yo = drd(tt) i ﬂORméiwfV/st II\</|TR s, (4.49)
nt b (dvm (25 + Vgt )

avg

where N, W, =8W,, (0<p, <1), B; is the volume fraction of the drug-carrier magnetic

nanoparticles, and N, W, is the total volume occupied by the nanoparticles. The position r(t)
of the drug-carrier magnetic nanoparticles can be determined from integrating Eq. (4.49)
R AN MR _*t
r(t) — |’0 + :uo mvﬂvf cp Is mag dvm
B Ak'T b (dvm2 +(z0 +V t)z)

avg

t
Fdt+[sdt. (4.50)
b

It is important to note that drug-carrier magnetic nanoparticles are captured by magnetic fields, if

the traces of drug-carrier magnetic nanoparticles successfully reach the inner wall of the vessel at
rit)= -R,,. The initial position of the drug-carrier magnetic nanoparticles
(%,2y) =(Rpy:— 4R, ) is free from the influence of magnetic field, which implies that the drug-

carrier magnetic nanoparticles start far away from the tumor region. If the terminal position of the

drug-carrier magnetic nanoparticles is at the coordinate (—RmV,O), i.e., at z=0 and hence

z . . . . .
t=——2- we say that the drug-carrier magnetic nanoparticles is captured at the left side of the

avg

center of the magnet (i.e., z <0). Introducing these conditions into Eg. (4.50), we compute the

total volume fraction ﬂloo,vf , wWhich denotes magnetic nanoparticles volume fraction in a drug-

35



carrier magnetic nanoparticles to ensure the capture of drug-carrier magnetic nanoparticles to the

tumor region. Hence,

Z, . 3z,
8(2Rmv Vavg 3 S Zo)ﬂn f A:p k 'T 4dvm2 (dvm2 + ZOZ )2 8dvm4 (de2 + 202)
) 451
Prooyr 4R, B WM z Rmag4 d,, 3 al %y (4.51)

4.10. Results and discussion

In the present study, the zeros of Eq. JO(X) =0, x e R* are used to find the numerical solution of

the velocity of a fluid. Egs. (4.44) and (4.45) represent the trajectories of drug-carrier magnetic
nanoparticles in the radial and axial directions, respectively. These equations are coupled and

worked out numerically by using the 4" order Runge-Kutta (RK4) method under the initial

conditions z(0)=2, and r(0)=1 at t=0 [127]. In addition, Eq. (4.51) computes the total

volume fraction ( By, ) of magnetic nanoparticles in drug-carrier magnetic nanoparticles that is

expected to confirm capture at the tumor region near the center of the magnet. All computations

and simulations were performed by developing a numerical code in MATLAB. The impacts of
particle position, fractional parameter & , magnetization parameter M, Darcy number Da,

Maxwell parameter A, Saffman force S, shape factor k' on trajectories of drug-carrier
magnetic nanoparticles and on the total volume fraction of magnetic nanoparticles are
demonstrated. Figs. 4.3 — 4.17 depict the influences of these parameters on the transports of drug-
carrier magnetic nanoparticles and on the total volume fraction of magnetic nanoparticles. A set
of values for the parameters for the present study is considered from existing literature, and it is

shown in Table 4-1. Some of these parameters represent key physical characteristics of blood flow

in microvessel. For instance, Reynolds number (Re), Darcy number ( Da ) and Hematocrit (Hp)

are nondimensional parameters that characterize the flow of blood. Besides, the size (R, ) of the

blood vessel plays a crucial role in the flow of blood. These flow parameters of blood represent
key characteristics of blood behavior and how it interacts with its environment. The values of the
parameters indicated are in their normal range which describes proper flow of blood in

microvessel. For example, the value of Reynolds number (Re =3) indicates the laminar nature of
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blood flow without making any disturbance. For laminar flow of blood in the microvessel, the flow

is smooth, with layers of blood flowing parallel to one another without mixing. The hematocrit (
Hp =0.45) shows the normal percentage of blood volume occupied by red blood cells in the
microvessel. Physical conclusions can be drawn from the indicated values of pressure gradient of
blood flow parameters (steady amplitude (nh, = 0.5pa/m), amplitude of transient part (n, =o0.6

pa/m) and pulsatile frequency (@ =%)). In general, the physical meaning of the values of these

flow parameters revolves around how the blood moves, how the change in these parameters
changes the velocity of blood and trajectory of carrier particles towards the diseased region.
Further, the geometry of blood vessel refers to the shape, size, and structural characteristics of

blood vessel that influence blood flow. We considered a straight vessel with radius, (

R, =50pm) because we are dealing with blood flow with carrier particles in the microvessel.
The size of carrier particle (Rep =200nmM) is the average size that can be influenced by applied

magnetic field to reach the target region. The magnetization parameter (M = 10° A/m ) of the

magnet is sufficient to influence the trajectory of carrier particles with the indicated size.
Physically, the applied magnetic field couples to the magnetic nanoparticles inside the carrier

particle and produces a magnetic force that attracts the particle toward the affected region. The

magnet is positioned (0., =0.055M) from the axis of the microvessel so that the magnetic field

sufficiently reaches the region. The volume fraction of magnetic nanoparticles ( B = 0.28) is
used to ensure at least partial capturing of the drug carrier particles near the tumor region.

Moreover, x, =4zrx107 N.s/m2 is the permeability of air that allows the magnetic field lines to

pass through it with minimum resistance, and u =1.2x10 N.S/m2 is the viscosity of blood

plasma
plasma (without the cells and platelets) which is an accepted value at a temperature of 37°c.

Furthermore, in our study, we considered the capture of carrier particles with embedded magnetite

(Fe,0,) nanoparticles with density p =5000kg/m®. Thus, the justifications mentioned above

represent the parameters with their corresponding values depicted in Table 4-1.
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Table 4 - 1 Physical parameter values with references.

Physical parameters Values References
hO 0.5 pa/m Ali et al. [124]
h1 06 Pa/m Ali et al. [124]
0] r/4 Ali et al. [124]
Re 3 Alietal. [124]
Da 0.8 Yadeta and Shaw [29[127]
@ 0.02 Einstein [53] [149]
H, 0.45 Furlani and Furlani [156]
neg 0.03m Furlani and Furlani [156]
dvm 0.055m Furlani and Furlani [156]
n A7 x1077 N.s/mz Furlani and Furlani [156]
H e 1.2x107 N.S/mz Furlani and Furlani [156]
B 0.28 Furlani and Furlani [156]
M, 10° A/m Furlani and Furlani [156]
R, 50um Furlani and Furlani [156]
Re 200nm Furlani and Furlani [156]
P 5000 kg/m3 Furlani and Furlani [152]

4.10.1. Validation

The validation of the present result is in excellent agreement with the Newtonian fluid (Works of

[156]) for =1, ,=0, h =0, 1=0,Ha=0, Da — 0, and the results are shown in Fig. 4.2 and
Table 4-2.
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Figure 4-2 A comparison with the work of Furlani and Furlani [156].

Table 4 - 2 A comparison with the work of Furlani and Furlani [156].

Parameters  , _q h =0 h =0, 1-0,Ha=0, Da—> o

R (Mm) Furlani and Furlani Current Study
(a=1) (a=1)
300 1.538414 1.538417
370 1.011375 1.011377
440 0.715172 0.715173
510 0.532323 0.532324
580 0.411585 0.411586
650 0.327710 0.327710
720 0.267086 0.267086
790 0.221851 0.221852
860 0.187206 0.187206
930 0.160085 0.160085
1000 0.138457 0.138458
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4.10.2. Effects of particle position

The initial positions of drug-carrier magnetic nanoparticles significantly affect the security of the
particles near the tumor position during magnetic drug targeting. Fig. 4.3 demonstrates the

trajectories of drug-carrier magnetic nanoparticles with different initial positions

(r.z)=(R, 4R, ) where r=—-0.8R,,-0.6R,,...0.8R,L.OR . These initial positions are at

mag
the farthest distance from the influence of locally distributed magnetic fields. The axial transport

of the drug-carrier magnetic nanoparticles is considered between Z=-4R .. and Z=4R ... The

magnet is positioned near the tumor region (z = O) at a distance dvm =0.055m from the axis of the

microvessel (Fig. 4.1). From Fig. 4.3, it is observed that particles whose initial radial positions are
nearer to the magnet arrive at the diseased region quickly, whereas those particles that start farther
away from the magnet are either captured later or escape capture. The phenomena show the
prominent role of drug-carrier magnetic nanoparticles position in affecting the capture efficiency
of the particles near the tumor region. As we know, drug targeting aims to focus and deliver a high
concentration of drug to the targeted region while reducing its concentration elsewhere. Therefore,
to achieve this goal, initial drug release locations in the micro vessel is an essential parameter to

consider during magnetic drug targeting [156].
4.10.3. Effect of the time-fractional derivative

Blood is a complex fluid in nature due to the occurrence of different blood particles, proteins,
plasma, etc. Owing to this reason, the flow behavior of the blood through the microvessel over
time is suitably best described by using fractional derivatives. In the present study, we introduced
a C-F fractional derivative concept in the momentum equation to describe the flow of blood in the
presence of an oscillating pressure gradient and magnetic field. The fractional parameter of a
fractional derivative imposes a time memory effect on the flow of blood and on the trajectories of
drug carrier particles. The influence of a fractional parameter & on the paths of drug-carrier
magnetic nanoparticles and on the total volume fraction of magnetic nanoparticles is displayed in

Figs. 4.4 and 4.5, respectively. A wide range of values of parameter & , with ¢ =0.7,0.8,0.9,

and a =1.0, are considered in the present analysis. The lower value of & (a=0.7) is considered
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to have a lower memory impact on the trajectories of drug carriers and on the total volume fraction
of magnetic nanoparticles, while the larger value of & (a=0.8and 0.9) represents a higher
memory impact. The value of & with a =1.0 defines the general time derivative has no memory

effect.
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Figure 4.3 Variation of the trajectories of drug-carrier magnetic nanoparticles for different
particle positions when ¢ =0.8 1=0.2,Ha=1, S=0.5, y=2,and y=1.2.

Fig. 4.4 depicts the trajectories of drug-carrier magnetic nanoparticles in the radial direction with
recognition to the axial direction for the alteration of the fractional parameter & . It is important

to note that mathematically Eqgs. (4.48) and (4.49) are used to predict the trajectory of drug-carrier
magnetic nanoparticles ( z(t),r(t)) given its initial position (-4, 1). From the figure, it is observed

that the movement of drug-carrier magnetic nanoparticles is projected toward the arterial wall with
an increase in the fractional parameter & . It is ensured that the short memory limits the trajectories
of the carrier particle’s movement toward the tumor position; however, for the long memory effect
and integer order, the drug-carrier magnetic nanoparticles are captured in a good manner. In
physical terms, the long memory and integer parameter slow down the velocity of fluid, which in
turn facilitates the drop-down of drug-carrier magnetic nanoparticles at the arterial wall where the

cancerous tumor is located. On the other hand, the short memory responds quickly to the velocity
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of fluid and facilitates the escape of drug-carrier particles from capture. For the larger value of &
, the drug-carrier particles get more time span to recall the history of the trajectories and hence
drug-carrier particles are easily approached towards the target tumor site. The phenomenon
continues for a =1.0 which basically represents the general derivative. It implies that the drug-

carrier particles easily reach the tumor region for general form rather than the fractional form.
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Figure 4.4 Variation of trajectories of drug-carrier magnetic nanoparticles for different & when

2=02, Ha=1,5=05, y=2,and y=1.2 .

Fig. 4.5 shows the graph of the total volume fraction of magnetic nanoparticles as a function of

the radius of drug-carrier magnetic nanoparticles for a variation of the fractional parameter & . It

is viewed that the total volume fraction of magnetic nanoparticles declines with a raise in the
fractional parameter & , which implies that the smaller total volume fraction for capture requires
a higher fractional parameter, which agrees with the result of Fig. 4.4. Further, it is detected that
the total volume fraction of magnetic nanoparticles lessens with an improvement in the radius of
the drug-carrier particles, which tells us that larger drug-carrier particles require smaller total

volume fraction for capture [157], and this dependence can be verified from Eq. (4.51) as total
volume fraction is inversely related to the size of drug-carrier particles.
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Figure 4.5 Variation of total volume fraction of magnetic nanoparticles ﬂloo,vf as a function of

R, (nm) for different & when 1=0.2, Ha=1, S=05, y=2,and y=1.2.
4.10.4. Effects of magnetization and particle Size

Fig. 4.6 shows the radial trajectories regarding the axial trajectories of drug-carrier magnetic

nanoparticles for different values of the magnetization parameter M and the radius of drug-

carrier magnetic nanoparticles ch . Magnetic drug targeting is a non-invasive procedure in which

the magnet is placed outside the body near the tumor region and influences the deposition of drug-

carrier magnetic nanoparticles. In the present study, we adopt a biocompatible material, a

magnetite (F€,0,) nanoparticle embedded in drug-carrier magnetic nanoparticles. For the

magnetic field source with magnetization M, = 10° A/m , We use a rare-earth NdFeB magnet of

radius 0.03m, positioned at a distance of 0.055m from the axis of the blood vessel (see Fig. 4.1)

[157]. From Fig.4.6, it is observed that the drug-carrier magnetic nanoparticles are quickly
projected towards the arterial wall, with enhancement in the values of M. Increasing the

magnetization of the magnet increases the accumulation of drug-carrier magnetic nanoparticles

near the tumor position. In physical terms, a tumor can develop anywhere in the human body.
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Therefore, uplifting magnetization strength can enhance the deposition of particles near the tumor
site and achieve high nanoparticle concentrations for deep-seated tumors such as small-cell lung
cancer and sarcomas [158, 159]. The size of drug-carrier magnetic nanoparticles is another factor
influencing the capture efficiency of drug-carrier magnetic nanoparticles near the tumor region
during magnetic drug targeting. In the same figure, it is demonstrated that larger radius of carrier

particles facilitates the capture efficiency of drug-carrier magnetic nanoparticles. It is seen that for

R, =500nm  all the drug-carrier magnetic nanoparticles are captured on the left side of the

center of the magnet (z = 0) for all values of My, whereas for R;, =100nm , most of the drug-

carrier magnetic nanoparticles escape capture. The ascending size of drug-carrier particles, gives
room for more magnetic nanoparticles to be encapsulated, which in turn enhances the intensity of
magnetic attraction of drug-carrier particles to the tumor region [157, 158]. Hence, drug-carrier
particles for capturing purposes require large particle sizes, which also supports the finding in
Section 4.10.3. The discovery presented in Fig. 4.6 will be beneficial to biomedical engineers as
they create magnetic devices and the next wave of drug carrier vehicles for diseases such as tumors

that are therapy-localized.

4.10.5. Effects of Darcy number & tumor-magnet distance

The effects of Darcy number Da and tumor-magnet distance d_, on the trajectories of drug-

carrier magnetic nanoparticles and on the total volume fraction of magnetic nanoparticles are
shown in Figs. 4-7 and 4-8, respectively. Porosity and vascular permeability are related properties
of the blood vessel, where the latter allows the movement of tiny molecules and cells in and out of
the vessel. To demonstrate the impact of varying microvessel permeability on the flow of
nanoparticles, we investigated the effect by changing the values of Darcy number. Darcy number
Da is associated with the porosity of the arterial wall, and it significantly affects the velocity of
the flow field. From Fig. 4.7, it is detected that the capture efficiency of drug-carrier magnetic
nanoparticles diminishes near the center of the magnet ( z = 0) as the vessel permeability increases
(ascending Da). In physical terms, increasing Darcy number Da increases the porosity of the
arterial wall, which in turn improves the velocity of fluid. A rise in velocity of the fluid pushes
away the drug-carrier magnetic nanoparticles and hinders the downward projection of the particles
to the diseased region. Hence, it is important to note that an arterial wall with high permeability is
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less likely to capture the drug-carrier magnetic nanoparticles. It is reported that the permeability
of the microvessel differs from organ to organ such as kidney, brain, lung, liver, and other organs
[159]. That is why we have deemed various values of Darcy number Da in the present study. The
tumor-magnet distance d between the axis of the microvessel and the edge of the magnet is
another physical factor that affects the capture efficiency of drug-carrier magnetic nanoparticles.
In the same figure (Fig. 4.7), it is evident that the capture efficiency of drug-carrier magnetic
nanoparticles declines with an improvement in tumor-magnet distance. It is evident from Eqgs.
(4.28) and (4.29) that when the tumor-magnet distance increases, the locally distributed magnetic
field influencing the deposition of drug-carrier magnetic nanoparticles decreases and allows the
drug-carrier magnetic nanoparticles to escape capture. Hence, drug-carrier magnetic nanoparticles

for capture require a smaller tumor-magnet distance. Similar phenomena are noticed in Fig. 4.8
for the total volume fraction ﬂloo,\,f of magnetic nanoparticles. From the figure, it shows that the

total volume fraction of magnetic nanoparticles enhances over an increase in Darcy number Da

and tumor-magnet distance d . It is evident from the figure that total volume fraction for capture
requires a reduced Darcy number and tumor-magnet distance.
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Figure 4.6 Variation of trajectories of drug-carrier magnetic nanoparticles for different M and

R, when =08, 1=0.2, Ha=1, $=05, z=2,and =12,
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Figure 4.7 Variation of trajectories of drug-carrier magnetic nanoparticles for different Da and
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Figure 4.8 Variation of total volume fraction of magnetic nanoparticles ﬂmo,vf for different Da

and d when =08, 1=02, Ha=1, S=05, y=2,and y=1.2.
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4.10.6. Effects of the Maxwell parameter and Reynolds number

Figs. 4.9 and 4.10 highlights the impacts of Maxwell parameter 1 and Reynolds number Re on the
radial and axial transports of drug-carrier magnetic nanoparticles with total volume fraction of
magnetic nanoparticles, respectively. The Maxwell parameter describes the viscoelastic (elastic
and viscous) nature of the fluid, and it is commonly known as relaxation time. From Fig. 4.9, it is
detected that the capture efficiency of drug-carrier magnetic nanoparticles declines with an
improvement in 1. This happens because the Maxwell parameter has a positive impact on the
velocity of fluid, which in turn raises the escape of drug-carrier magnetic nanoparticles from
capture. Hence, drug-carrier magnetic nanoparticles for capture require smaller values of the
Maxwell parameter. It is crucial to note that the Newtonian rheology (A =0) is better fit for drug-
carrier magnetic nanoparticles deposition near the tumor position than the Maxwell rheology (
1=0.2,0.3,0.4). However, viscoelastic fluids exhibit an interesting property that is not present in
Newtonian fluids, like the resonance effect [160]. The difference in the capture efficiency of drug-
carrier magnetic nanoparticles in these fluids may be due to the resonance effect. The relation
between inertia forces and viscous forces describes the Reynolds number (Re), in which the
viscous forces play a significant role in controlling the velocity of the flow field. From Fig. 4.9, it
is shown that the possibility of drug-carrier magnetic nanoparticles capture at a particular location
decreases with enhancement in Re. It is important to point out that the velocity of fluid improves
with an improvement in Re, which in turn restricts the capture of drug-carrier magnetic
nanoparticles near the tumor region. For small Re and different values of the Maxwell parameter,
the drug-carrier magnetic nanoparticles are totally captured near the center of the magnet. i.e., near
the diseased region. Larimi et al. [161] reported that a lower Reynolds number significantly
supports the capture efficiency of the particles, which agrees with the present work. Fig. 4.10 plots

the total volume fraction ﬁmo,vf as a function of R¢p to show the impacts of 1 and Re on the total
volume fraction of magnetic nanoparticles. From the figure, it is shown that the total volume

fraction for capture requires small values of 1 and Re, which supports the findings of Fig. 4.9.

4.10.7. Effect of the Saffman force and volume fraction

In viscous flow, there are different forces that affect the particle’s motion. Among these forces,

the Saffman lift force is the shear lift force, which occurs due to the presence of inertia in the
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Figure 4.9 Variation of trajectories of drug-carrier magnetic nanoparticles for different 4 and
Re when =08, Ha=1, S=05, y=2,and y=1.2.
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Figure 4.10 Variation of total volume fraction of magnetic nanoparticles ﬂmo,w for different A4

and Re when «¢=0.8, Ha=1, S=05, y=2,and y=1.2.
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viscous flow around the particles. This force plays a significant role during nanoparticle transport
in a vessel with a small radius. Zheng and Silber-Li [162] conducted experimental work to see the
impact of Saffman lift force on the concentration of nanoparticles moving through a channel of

dimensions 55x20um and 1cm in length. They reported that the Saffman lift force significantly

affects the concentration of nanoparticles near the channel wall. Figs. 4.11 is plotted to show the
impact of the Saffman force parameter S and volume fraction B, on the trajectories of drug-

carrier magnetic nanoparticles. In order to see the significant effect of Saffman lift force on the
trajectories of drug-carrier particles and on the total volume fraction of magnetic nanoparticles, it is
assumed that the drug-carrier magnetic nanoparticles are very small in mass and volume. From
Fig. 4.11, it is observed that the trajectories of drug-carrier magnetic nanoparticles towards the
arterial wall decrease with rise in S . Saffman lift force introduces the drag force in the upward
direction, opposing the magnetic field, which attracts the particles to the tumor position. It is also
evident from Eq. (4.49) that the Saffman force supports the velocity of drug-carrier magnetic
nanoparticles in the radial direction. That is why the increase in Saffman force restricts the
trajectories of drug-carrier magnetic nanoparticles to be captured near the tumor region.

The percentage of magnetic nanoparticles in the drug carrier is indicated by the magnetic particle
volume fraction. The percentage of magnetic nanoparticles in the drug carrier represents the
particle volume fraction. For a constant volume of drug-carrier magnetic nanoparticle, the mass of
the magnetic nanoparticles rises with an improvement in the volume fraction. This improves as
the volume fraction increases the attraction force between magnetic nanoparticles and a magnet,
which in turn facilitates the trajectory of drug-carrier magnetic nanoparticles at the tumor region
(see Fig. 4.11). The capture efficiency of drug-carrier magnetic nanoparticles rises with an
improvement in volume fraction. It is clearly seen that for a magnetic nanoparticles volume

fraction of 80%, the drug-carrier magnetic nanoparticles are fully captured; however, for a
volume fraction of 289, most of the drug-carrier magnetic nanoparticles escape capture.

However, the volume fraction of the magnetic nanoparticles is controlled by the presence of the
other elements (e.g., drugs) in the drug-carrier particle. The finding shows the prominent advantage

of magnetic nanoparticles volume fraction during magnetic drug targeting.
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4.10.8. Effect of the shape factor

Fig. 4.12 shows the capture efficiency of drug-carrier magnetic nanoparticles with different shapes

near the tumor region, and Fig. 4.13 plots the total volume fraction fyy; of magnetic nanoparticles

as a function of hematocrit Hp for different shapes of drug-carrier magnetic nanoparticles. The

shape of drug carriers potentially influences drug delivery efficiency due to their impact on particle
margination and interactions with different cells [159]. The applications of the shapes of drug
carriers are beneficial in terms of biocompatibility, pharmacokinetics, targeting, and controlled
drug release. Spherical drug carriers, because of their symmetrical nature in shape and easy
fabrication, are traditionally used for drug delivery applications [164]. In recent developments, in
addition to spherical shaped drug-carrier magnetic nanoparticles, various non-spherical drug-carrier
particles with different shapes have been reported. For instance, carriers like oblate ellipsoid,
elliptical disk, rectangular disk, UFOs [34], discoidal [165], cylindrical [166], cubic [167], worm-
shaped, rod-shaped [168], and others. However, the present study is limited to considering the
influences of four different shapes of drug-carrier particles on the trajectories of drug-carrier particles
and on the total volume fraction of magnetic nanoparticles. These particles are spherical, circular
disc, cylindrical (with y =2), and prolate ellipsoidal (with 5 =1.2). For comparison purposes, we
assume that all particles should have the same volume.

From Fig. 4.12, it is observed that except for the circular disc drug-carrier magnetic nanoparticles,
all three drug-carrier magnetic nanoparticles are captured effectively near the tumor region, with
spherical, prolate ellipsoidal, and cylindrical in order of precedence of capture. The capture
efficiency of the spherical drug-carrier magnetic nanoparticles is higher than the other drug-carrier
magnetic nanoparticles. This condition may happen because of the symmetric nature of the
spherical drug-carrier magnetic nanoparticles, which overcome the fluidic force and are easily
being attracted toward the tumor position by a magnet better than the other drug-carrier magnetic

nanoparticles. As compared to the other carrier particles, the circular disc drug-carrier magnetic

50



nanoparticles capture very little. However, despite the lower efficiency of their capture, studies
indicated that the disc-shaped drug-carrier magnetic nanoparticles have longer circulation times in
the blood stream than the spherical-shaped drug-carrier magnetic nanoparticles. Further, the innate
biological system indicates that the non-spherical particles may have a benefit over the spherical
particles in sustained circulation time in vivo [169]. In addition to their capture efficiency during
drug delivery, drug-carrier magnetic nanoparticles size and shape significantly affects particle
circulation time, cellular uptake, bio-distribution, margination, and drug release [164, 170]. Nejati
et al. [164], added that the optimum size and shape of a drug-carrier magnetic nanoparticles can
be different based on the diseased tissue. Our observation implies that fabricating suitable drug-

carrier magnetic nanoparticles size, shape, and surface chemistry can possibly promote

accumulation and therapeutic efficacy during drug delivery.
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Figure 4.11 Variation of the trajectories of drug-carrier magnetic nanoparticles for different S
when =08, 1=0.2, Ha=1, y=2,and y=1.2.
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Figure 4.12 Variation of trajectories of drug-carrier magnetic nanoparticles with different shapes
of drug-carrier magnetic nanoparticles when «=0.8, 1=0.2,Ha=1,and S=0.5.
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Figure 4.13 Variation of total volume fraction S, of magnetic nanoparticles as a function of

H, for different shapes of drug-carrier magnetic nanoparticles when o =0.8, 1=0.2, Ha =1,

S=05and y=1.2.
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The effect of y on the trajectories of drug-carrier magnetic nanoparticles and on the total volume
fraction By Of magnetic nanoparticles is shown in Figs. 4.14 and 4.15, respectively. From Fig.

4.14, it is shown that the capture competence of the drug-carrier magnetic nanoparticles decreases

with an improvement in the value of . This means that when the surface area of the drug-carrier

magnetic nanoparticles upsurges, the fluid force acting on the particles increases, which facilitates
the escape of the drug-carrier magnetic nanoparticles from capture at the tumor region. The total
volume fraction of magnetic nanoparticles enhances with an increase in the value of y (see Fig.
4.15), which agrees with the findings of Fig. 4.14. Hence, total volume fraction for capture requires
asmaller value of ¥ . Figs. 4.16 and 4.17 depict the impact of y which shows similar trends to the
findings of Figs. 4.14 and 4-15. For y=1 implies the spherical shape of the drug-carrier magnetic
nanoparticles. It means that efficiency of the drug-carrier magnetic nanoparticles capture at the
tumor region decreases when the shape is more non-spherical in shape. The findings from Figs
4.13 — 4.17 will help the nanomedicine researchers develop the next generation of carrier vehicles

in different sizes with proper aspect ratio for treatment of cancerous tumors.
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Figure 4.14 Variation of trajectories of drug-carrier magnetic nanoparticles for different y
when «=0.8, 1=0.2, Ha=1, S=0.5, and y=1.2.
53



’3100,Vf

Figure 4.15 Variation of total volume fraction of magnetic nanoparticles S, for different y

when =08, 1=0.2, Ha=1, S=0.5,and y=1.2.
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Figure 4.16 Variation of trajectories of drug-carrier magnetic nanoparticles for different y when

a=08, 1=02, Ha=1, S=0.5,and y=2.
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Figure 4.17 Variation of total volume fraction of magnetic nanoparticles Sy, for different y

when =08, 1=0.2,Ha=1, S=0.5, and y=2.
4.10.9. Conclusion

The objective of the present model is to analyze the trajectories of drug-carrier magnetic
nanoparticles towards the tumor region in a microvessel with Maxwell blood flow during
nanoparticle based magnetic drug targeting. We introduced the C-F time fractional model into the
momentum equation in order to incorporate the biophysical aspect of the time memory effect. An
analytic expression for the average fluid velocity is revealed. The trajectories of drug-carrier
magnetic nanoparticles and the total volume fraction of magnetic nanoparticles are obtained
numerically using the fourth-order Runge-Kutta (RK-4) method. A significant impact on the
trajectories of drug-carrier magnetic nanoparticles and the total volume fraction of magnetic
nanoparticles are observed for different controlled parameters such as the particle position,
fractional order parameter, magnetization parameter, radius of drug carrier, Darcy number, tumor-
magnet distance, Maxwell parameter, Reynolds number, Saffman force parameter, and shape
effect. The main findings of the present study are summarized as follows:
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« The capture efficiency of drug-carrier magnetic nanoparticles significantly improves when
the particle is close to the tumor position as it is easily attracted by the magnet.

e The chance of drug carriers’ capture close to the targeted region is more prominent for the
larger memory effect (with larger fractional parameter).

o Capture efficiency of the drug-carrier particle is improved with increase in the
magnetization, and radius of carrier particles as both increase the magnetic force among
the magnet and Drug-carrier particles.

o Maxwell parameters decrease the capture efficiency of the drug-carrier particles due to
non-Newtonian viscoelastic nature of blood.

o Lower Darcy number (higher permeability) improves the capture efficiency of the drug-
carrier particles as higher permeability lowers the axial velocity of the blood as well as
drug-carrier particles.

« Saffman lift force restricted the drug-carrier particles to capture at the tumor region due to
introducing additional upward drug force.

e The spherical drug-carrier magnetic nanoparticles capture is higher as compared to the
other drug-carrier magnetic nanoparticles capture due to a symmetric nature.

o The total volume fraction required for capture increases with an increase in Darcy number,
tumor-magnet distance, Maxwell parameter, Reynolds number, and Saffman force
parameter. However, the opposite trend on the total volume fraction is observed for
fractional parameters and the radius of drug-carrier magnetic nanoparticles.

The present study has promising applications for treating cancerous tumors and other
cardiovascular diseases. In addition, the study will help biomedical engineers and nanomedicine

researchers develop the next generation of drug carriers.
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5.  Magnetic drug targeting during Casson blood flow

in a microvessel: A Caputo fractional model®

5.1. Introduction

The conventional technique of drug delivery system to the diseased tissue entails the infusion of
therapeutic agents to the bloodstream which would be dispersed throughout the patient’s body.
However, this kind of drug delivery system has significant limitations associated with the nature
of free drugs specifically since large dosages of drugs can cause toxicity to healthy tissue [171].
Recently, unlike conventional delivery systems there are some delivery systems to be optimized
to target malignant tissue with minimum drawbacks. Among these delivery systems, magnetic
drug targeting is a suitable drug delivery mechanism with minimum side effects in which drugs
are biocompatible to the healthy tissue, non-invasiveness, and high targeting efficiency [172].
Ndenda et al. [173] presented the impacts of biological parameters on the concentration of drug
carrier nanoparticles in microvessels at tumor sites under the application of magnetic field.
Analytic solution was presented by [174] to forecast the transportation and capture capacity of
magnetic nanoparticles (MNPSs) in microvasculature where the process is under noninvasive
procedure during magnetic drug targeting. Furlani and Furlani [156] developed a mathematical
model to target tumor sites where the movements of therapeutic agents are guided by the dominant
external magnetic force. A mathematical model is offered to examine noninvasive magnetic drug
delivery systems of multifunctional carrier particles in blood in an impermeable small vessel [175].
Furthermore, various researchers have investigated the behavior of the trajectories of carrier
particles (CPs) during drug targeting regarding different circumstances such as rheology of the
blood [176, 177] distribution and separate infusion of drug carrier nanoparticles in blood vessel
[174], Permeability of microvessel [179], magnetic force [180], and two-phase blood flow
mathematical model [181, 182]. Good findings regarding mathematical models on drug targeting
can also be found in [183 — 185]. The capture efficiency of particles at a particular location in the

existence of a magnetic field also is influenced by various factors such as geometry of the vessel

" Published in “Journal of Magnetism and Magnetic Materials, 568 (2023) 170363”.
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[186], vessel shape and particle-particle interactions [187], injection rate of particles and geometry
of stenosed vessel [188].

It is worth mentioning that blood flows at a lower shear rate in small blood vessels (arteries) and
behaves as non-Newtonian fluid [189]. It is shown that the Casson fluid model is suitable for
blood flowing through small vessels with diameter 65 pm — 500 um [190 —192]. Bali and Awasthi
[193] presented the flow of non-Newtonian characteristics of blood in a multi-stenosed circular
vessel artery regarding blood as a Casson fluid model. Hayat et al. [194] presented the flow of a
Casson fluid model with nanoparticles in a stretching cylinder in the presence of thermal radiation.
In general, Blood is a complex fluid, and it contains different blood particles such as Red Blood
Cells (RBCs), White Blood Cells (WBCs), platelets, proteins, enzymes etc. Due to their presence,
it may not be possible to get information about the past behavior of blood flow when the flow
nature is modeled using ordinary time-derivatives. However, the historical information can be
obtained by modeling the flow nature using the time-fractional derivative model. Presently, it is
observed that many researchers describe the blood flow nature in the form of the fractional
derivatives model. Osman et al. [195] presented a time-fractional Caputo derivative model along
with Cattaneo’s law on Casson fluid flow over a vertical cylinder. Ali et al. [196] demonstrated a
time-fractional Caputo derivative model to see the effects of magnetogasdynamics on a two-phase
flow of Casson blood and magnetic nanoparticles in a cylindrical vessel in the presence of heat
conduction. Ali et al. [197] employed time-fractional Caputo derivative on generalized Casson
blood flow with magnetic nanoparticles in the presence of heat conduction. Shah et al. [198] used
generalized Fourier and Fick’s laws to present a time-fractional Caputo derivative on
magnetohydrodynamic flow of Casson nanofluid through an inclined vessel. Ali et al. [124]
studied fractional order derivatives to see the effect of non-Newtonian (Casson) fluid flow in
axisymmetric circular vessels. Fractional time derivative models are interesting research areas in
modeling physical problems due to their memory effect on the outcome solution. To examine the
effect of magnetic field, Ali et al. [199] discussed a mathematical model with fractional order for
two phase blood flow such that the magnetic nanoparticles in the fluid are with uniform heat
transfer. They examined the effect of fractional parameters along with the effect of magnetic field
on magnetic nanoparticles flowing in Casson blood using Caputo fractional derivative. Shah et al.
[200] presented the impacts of magnetic field and fractional-order parameters on blood flow in a

cylindrical vessel by using transformation techniques (Laplace transform (LT) and finite Hankel
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transform (FHT) along with their inverse transforms). For more investigations on other time-
fractional models we refer a reader to see Refs. [103, 201, 202, 203, 204].

In the afore mentioned literatures, until now no researcher has considered a fractionalized Caputo
Casson fluid model for blood flow with drug carrier particles (CPs) during magnetic drug targeting.
However, in the current problem, we have presented the trajectories of drug carrier particles
towards the cancer region in the presence of external magnet. The present work analyzed the
efficiency of the drug carrier particles capture at the tumor region in which Casson fluid is
considered as rheology of blood. The analytic solution for the velocity is determined by using
Lorenzo-Hartley and Robotonov-Hartely special functions via the methods of Laplace transform
and finite Hankel transform with zero order along with their inverse. The trajectory of the drug
carrier particles is obtained from the analysis of the force equilibrium of fluidic and magnetic
forces using the fourth order Runge — Kutta method. Further, an analytic solution for total volume
fraction (TVF) is computed. Finally, the history (memory) effects of fractional parameters on the
radial and axial trajectories of the carrier particles as a function of time, and on total volume
fraction of magnetic nanoparticles with carrier particles radius have been recorded and displayed
graphically. To the best of our knowledge, the current work is unique as it depends on a

fractionalized Casson blood model during magnetic drug targeting (MDT).
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Figure 5.1 Geometrical scheme of trajectories of carrier particles with reference frame.
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5.2.  Mathematical formulation

Let R, and L, be the radius and length of a microvessel, respectively, and assume that the
Casson fluid model represents the blood that flows in the horizontal microvessel. We assume that
the vertical axis (X —axis) is the radial axis and the horizontal axis (Z —axis) is the axial axis
where the vessel is taken along the axial direction. The magnetic nanoparticles in the bloodstream

are supposed to be dispersed uniformly. The unsteady Casson fluid flow of blood in axisymmetric

cylindrical coordinates (7,67,7) satisfies the governing momentum equation which is given by

oo lr— =— _ 1\ o*m 1aou
—="1b cos(awt 1+— -
o8 (5.1)

+A cos(_t_+¢o)—KLU— p
p

where, _? =D, +b, cos(at) 50 : 51 and @ are the oscillating pressure gradient, amplitude of
Z

the pressure gradient, amplitude of the pulsatile element rise due to systole and diastole, and
pulsatile frequency, respectively [205]. A, cos(k T+, ), A, ¢, k=2xf f,, arethe body
acceleration, amplitude, lead angle, Stoke’s constant, and frequency in Hz , respectively. p, V,

U,ﬁ=ﬂﬁ\/z

Ty

Mg, Ty, T, &, and B, are the density of fluid, kinematic viscosity, velocity

of fluid, the material parameter of Casson fluid, plastic dynamic viscosity, yield stress of fluid, the
critical value of the product based on the non-Newtonian model, electrical conductivity, and

applied magnetic field, respectively.

The suitable initial and boundary conditions corresponding to Eqg. (5.1) are

0(x,0)=0for T =0, xe[O,R, ], T(R,.T)=0 % (0,t)=0, T >0, (5.2)

1 mv —
OX

At the initial time t =0, the velocity of the fluid is zero, which is indicated by the first initial

condition.

In order to make Eqg. (5.1) and Eq. (5.2) dimensionless, we introduce [205]
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——u,bl—ﬂEl w=o, k=7k, A = Ab
0 P _Po ~ Uo | (5.3)

where R, Rmag, Rmp, Uy, and M, are radius of microvessel, radius of magnet, radius of

magnetic nanoparticles, characteristic velocity and magnetization parameter. All these parameters
are dimensional parameters. Moreover, the dimension of A is the same as the dimension of time
which we will introduce later to convert the governing equation into a time-fractional Caputo

derivative model. Then, Eq. (5.1) can be written as

2
Y 1+t (a—i+la—uj+£%cos<kt+¢o)—iu—"‘3° i (54)
B¢ xox) 2 K, P

18u

/11( +b, cos(at))+

mv

The time-fractional Caputo derivative can be introduced to the governing equation by multiplying

Eq. (5.4) by the factor 1 = % [124, 200], which results in dimensionless Eq. (5.5)

0

“- 1, 1) du 1 1
D, u_(b0+blcos(aot))+Re(l+ﬁj(ax2 +2 5Xj+A)COS(kt+¢O) SRl M ?u, (5.5)

2

k
where, Re=Rﬂ, Da=-—",andM =B, /1—0, are Reynolds number, Darcy number and
Av Av yo,

Hartmann number, respectively. The derivative DU represents the time-fractional Caputo

derivative operator of order . with 0 <a <1, where

1 j. ! aiu(x,r)dr ,O0<a<l
I'l—a) O(t_f) ot

au(x,r)
or

Dfu(x,t)= : (5.6)

, a=1

The non-dimensional initial-boundary conditions suitable for Eq. (5.5) is given as Eq. (5.7).
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u(x,0)=0att=0,xe[0,1]

u(1)=0,2(0)=0,t>0 " )

5.3.  Solution procedure
We solve the governing equation by the concept of integral transforms. First applying the Laplace

transform to Eq. (5.5), and using initial condition from Eq. (5.7) we get

. 1 82u(xs) 1 0u(x,s) scos g, —ksing,
s )__+blsz+a)2 Re(lJrﬂ][ o X ox }LA{ s® +k? } (5.8)

1 2
—D—au(x,s)—M u(x,s)

with u(1s)=0, 2(0,5)=0. (5.9)

Applying the finite Hankel transform of order zero to Eg. (5.8), and using the boundary condition
of Eq. (5.9), we obtain

1 1 1
s“U, (X ,8)=——| 1+— |x U, (X ,8)——u, (X ,8)=M?u, (X_,s
H(n ) Re[ ﬁj n H(n ) Da H(n ) H(n )

scosg, —ksing, || J,(X,)
{_+blsz+a) A{ }}

s? +k? X

n

(5.10)

1
where, u, (xn,s)=Ixu(x,s)Jo(xxn)dx, is the finite Hankel transform of the function u(X,s)and

X,,n=1,2,3,... are positive zeros of the Eq. JO(X)=0, with first kind and zero order Bessel

function J,.

Rearranging and writing Eq. (5.10) in more suitable form, we obtain
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s S 1 > L
bo(s“ +anj+bl(82+a)2)(3a +an]+%005¢0(82+k2j(3a +a”] h6) (5 1)

uH (Xn’s) =
—A,sing, ( K J ! %y
Ls?+k? ) s“+a,
2 2
where, a, = pi, +Re(l + DaM ), b= 1+i :
ReDa B

Taking the inverse Laplace transform of both sides of Eq. (5.11), reveals

s s 1
b, L™ +bL*?
’ [s“+anj " (s%wJ[s‘WaJ

_ -1 1 Jl(xn)
U, (X,,8) =4+A, cosg,L (52 kz)[s‘wan} (5.12)

s
+
. k 1
—A sing L™
A sing, £52+k2j{s“+aj

In order to evaluate Eq. (5.12), we use the following special functions.

1‘ gV 7 © (_Z)mt(mﬂ)a—l—v

L =R (—yx,t)= , R - 0, .
vl o (=20t) %F[(mﬂ)a_v] e(a—v)> (5.13)

i r 1 . o (_Z)m t(m+l)zx—l

Lt =F (—y,t)=)) —————, 0, .
BEya A %F (m+1)a | @ 6.14)

where, R,,(-x.t)and F,(—x, t) are the Lorenzo - Hartley and Robotonov — Hartley functions

respectively [75, 76]. Using, Egs. (5.13) and (5.14) into Eq. (5.12), we obtain

U, (X,,t)= [Hun (t)+H,,, (t)+Ha, (t)+H,,, (t)]@, (5.15)
where,
H,., (t) =boR, 1 (—a,.t), Hyy, () =b cos(wt)*F, (—a,,t),

o . (5.16)
Ha, (t) = Aycosgy[cos(kt)*F, (—a,.t)], H,,, (t) =—Aysing[sin(kt)*F,(-a,,t)]
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and f,*f, describes the convolution of Laplace transform with functions f, and f,.

Applying inverse finite Hankel transform of order zero on Eq. (5.15), the velocity profile can be

written as

u(x,t) =Hy'u,, ( 22 X, t), (5.17)

J()

Upon substitution of the value of u,, (X,,t) into Eq. (5.17), we get

u(x,t)=H;'u, i [ an ( t)+sz”(t)+H33n(t)+H44n(t)]Jlf(X”), (5.18)
implies
u(x,t) = 22 J( )[Hm )+ Hapy (1) + Hyg, () +Hyp (1) ], 0< <1 (5.19)

The flow rate of a fluid can be defined as

Q= ZEIXU (X, t)dx =47z [ Hyy, (1) +Hypy (1) +Hay, (1) + HMn(t)]Zl: . 23 (x 3 (5.20)

The mean fluid velocity can be written as

u (t):—Q =4[ Hyy, (1) +Hyy, (1) + Hyy, (1) + H (t)]Z—J 1(%,) (5.21)
f ”anw 11n 22n 33n 44n X 23 (X))

5.3.1. Special case for general derivative (a =1)

For the fractional parameter « =1, the fluid equation follows a general derivative, which reduces

Egs. (5.13) and (5.14) to
1- -t
R, (-7t)= W F(~2.t)=exp(-zt), (5.22)

and the velocity profile from Eq. (5.17) can be expressed as
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u(x,1) = 22 Bl%), (x, t)=2§J D) () A0+ A )+ A ()], (5.23)
), ( ) Z3E(x,)

where,

1_e—ant _ —a,t
A, (t)= I A, (t)=b cos(wt)e™, | (5.24)
Ay, ()= Ajcosgy[cos(kt)e ™ ], A, (t)=—Asing[sin(kt)e ']

The volumetric flow rate and the mean velocity are given as Eqns. (5.25) and (5.26), respectively.

Q=47 Ay, () + Ay (1) + Ay (1) m(t)]ZlX ZJ (X x (5.25)
U (1) =4[ Ay, (1) + Ay, (1) + Ay, (1) 44n(t)]z (5.26)

_1x2J(x)

5.4. Effective viscosity of fluid
Effective viscosity is based on the hematocrit of the blood (volume fractions of RBCs) which

highly influences the microvessel. The empirical formula for viscosity can be written as [206]

H = Hyasma | 14 (40,45 —1) (1_HD)C_1[ O, j]( D, j (5.27)

(1-0.45)° -1(D,-1.1) |(D,-1.1

where ... =0.0012N. s/m?, D,,and H  are the viscosity of blood plasma (without the blood

cells and platelets), diameter of the blood vessel in micron, and hematocrit (normally 0.45),

respectively.

fo 4 = 600 43.2-2.44e700°0 (5.28)
C = (0.8+6°. 1 ! (5.29)
~(08+e ) 1+10 D% ) 1+10 D2 '
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5.5.  Fluidic force
Blood is characterized as a non-Newtonian fluid because of the presence of low shear stress mainly
when the diameter of the vessel is less than 1300 um. The fluidic force applied on the carrier

particles in a laminar flow of Casson fluid is written as

F, = —67zy[l+%j Rop (U5 — U (X,1)), (5.30)

where g, R, and v, are the Casson parameter, radius of the carrier particles and reference

velocity, respectively. The component forms of the fluidic force in the X-Z plane can be written

as Eq. (5.31) and Eq. (5.32).

F, =—67u l+%JR 9 (5.31)

cp~ep,x !

1
F, =—6zu|1+ Ej Rep (U — Uy ). (5.32)

5.6. Force due to external magnet
We have used effective dipole moment to calculate the force of magnet on the drug carrier particles
and it can be written as [174],

— — 3(lp_;{f)
E —uV
A =)+ 3( )

(H,.V)H,, (5.33)

where H, v, =, 11y =1 y¢ = p; | 11y =1, and ; are the applied magnetic field intensity at the
center of the nanoparticles, susceptibility of the particles , susceptibility and the permeability of

the fluid, respectively. Furthermore, #, and /, represents the permeability of the particles and air,
respectively. The volume of a spherical magnetic nanoparticles can be writtenas v, | = g 7R3

We considered the noninvasive procedure during magnetic drug targeting, where the radius of the

microvessel is much less than the distance between drug carrier particle and axis of the magnet

(d_). ie., d > R,,. In addition, we adopt the material of magnetic nanoparticles iron-oxide
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(Fe304), magnetite which is biocompatible [174]. These two assumptions simplify Eq. (5.33),

and yield the components of the magnetic force in the X —Z plan as

_ - d

me X,Z :_3/uvm MserArl]a . . \3! (534)
( ) 0 mp 92(d2+72)3

_ _ 7

sz Yif :_3luvm Mssza . 3 5.35
(X,7) = =3ueVi, @) (5.35)

where Rmag, MS and Z represents the radius of magnet, magnetic parameter and the axial

distance of carrier particles, respectively.

Using dimensionless parameters from Eq. (5.3) into Egs, (5.34) and (5.35), we get

d

me(x’Z):l_‘lechgpMs2 (d2+22)3’ (536)
Z

sz(xiz):FlefRSpMszm’ (537)

2p3
where r=_M )

mag
5.7.  Equation of motion

Furlani and Ng [174] pointed out that magnetic force, fluidic force, inertia force, buoyancy force,
gravity force, particle-blood/cell interactions, interparticle effects and particle-fluid interactions
are some factors involved in magnetic drug targeting. Among these forces magnetic and fluidic
forces are dominated more in the magnetic drug targeting [156]. Further, for microvessel, particle-
blood-cell interaction plays a significant role by improving the viscosity of the blood. In the present
problem, we mainly focus on the above three factors. Particle-particle interactions (Brownian

motion) and particle-fluid interactions are ignored due to a small particle volume concentration

(<< 1) in the blood streaming during magnetic drug targeting.
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Therefore, the transport of drug carrier particles can be calculated using Newton’s second law of

motion as

do,
mcp dt = I:m + Ff ! (538)

where, My, U, F.. F; represents particle mass, particle velocity, magnetic force, and fluidic

du,,

force, respectively. The force term M, at ~ 0, because M., is very small due to the radius of

the particles which is in nanoscale [156, 185].

The final form of the force balance reduces to

F +F, =0, (5.39)

5.8. Trajectories of carrier particles under noninvasive procedure
In noninvasive magnetic drug targeting, the treatment took place without any break of the skin and

controlled from outside of the body, which leads to the condition

TBRIM?

<1, (5.40)
671

Using Egs. (5.31), (5.32), (5.36) and (5.37) into (5.39), we obtain the velocity components for the
carrier particles in the X—2 plane as

-T IB\rchszs2 d

U x o (5.41)
67[;1[1+1j (d +z )
B
BeRM, 2
Vg, =T — 7+U, (5.42)
1 (d2 + 22)
Omu| 1+ —
p
The axial location of the drug carrier particles is given by
Z=17y+ gy L, (5.43)
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The velocities U and U, , (average blood velocity and carrier particles velocity, respectively) are

supposed to be equal, and hence

(5.44)

With help of Egs. (5.41) - (5.44), the trajectories of carrier particles X(t) and z(t) can be written,

respectively as

x(t RoM? d
d(t):F A 1 (5.45)
67[ﬂ(1+j (d2+(zo+uft) )
B
dz(t R2M? Z,+U.t
® _r PaRe S +u, (5.46)

at 67;/,,(1+[13] (d2+(zo+uft)2)3

To determine the total volume fraction of magnetic nanoparticles that ensures the capture capacity

of carrier particles, we integrate Eq. (5.45) and get

t 2 2
X(t) =%+ [T ﬁ“RCles ‘ =t (5.47)
b 6ﬂy(1+ﬂj (d2+(zo+uft) )

In the present study it is worth mentioning that, if the trajectories of drug carrier particles reach
the inner wall of the microvessel at X(t) = —R,, , we say that the particle is captured by a magnetic

field. The coordinate (xo,zo):(R —4Rmag) Is the initial position of the carrier particle where

mv !

the magnetic force is initially negligible. i.e., the carrier particles start far away at the upstream of

the magnet. If the particle is to be captured above the center of the magnet (i.e., z=0), then its

. . . z .
terminal position should be X()=R,, at z=0, i.e., when t=——"-. We substitute these

Ucp,z

conditions in Eq. (5.47) and compute the total volume fraction B 10 (0< B 100 <1), which
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represents the magnetic nanoparticles volume fraction in a carrier particles that is needed to

guarantee its capture below or above the center of the magnet i.e., z <0 [154, 177].

1271 (1+1juf R, -
s

Z
_ + + tan*l _0 . 548
ﬂvf,lOO FRcszszd 4d2(d2+Z§)2 8d4(d2+z§) 8d° (dj ( )

5.9. Results and discussion

Solve relation JO(X) =0 numerically to find the positive roots and consider at least one for finding

the velocity profile. In the present study, the trajectories of the carrier particles are determined
from Egs. (5.45) and (5.46) that involve different biological parameters. Since Egs. (5.45) and
(5.46) are extremely coupled and hence, solve numerically (fourth-order RK method) with the

initial conditions Z(t): Z, at t=0 and x(t)=1at t=0. Furthermore, Eq. (5.48) is used to calculate

the magnetic nanoparticles total volume fraction S 100 In carrier particles that is needed to ensure

its capture at the tumor region.

The present work is compared with the works of Furlani and Furlani [156] for ¢ =1, Da — o,
L —0, M —0, A= bl =0 with Newtonian rheology of blood and it has been displayed in Fig.
5-2 and Table 5-1, and the results are found to be in a very good agreement. The effects of the
physical parameters namely the magnetic parameter (Ms), Darcy number (Da), Reynolds
number (Re), pulsatile frequency (@), and fractional parameter (), on the radial and axial
trajectories, and on the total volume fraction of magnetic nanoparticles are presented. Moreover,
the impacts of tumor-magnet distance (d) Casson parameter (ﬂ) and Hematocrit parameter

(HD) on total volume fraction of magnetic nanoparticles are demonstrated. For the rest of

numerical computations, the parameter values considered are 0, =0.6,b =05 A =0.5

¢,=04,k=0.3 Da=0.8 Re=5,=06H,=045. Impact of the Caputo fractional time

derivative on the trajectories of drug carrier particles in axial and radial direction with total volume

fraction of the magnetic nanoparticles is depicted in Figs. 5.3 — 5.17.
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5.9.1. Impact of time-fractional derivative

The time-memory depicts the condition in which fluid properties change over time. In the present
work, we incorporated the time-memory effect in the governing equation by applying a Caputo
fractional time derivative. The history of the trajectories of carrier particles, and total volume
fraction of magnetic nanoparticles in the fluid can easily observed with fractional order time
derivative. Based on the nature of the trajectories of drug carrier particles history, it is possible to
predict their current behavior. However, a future prediction of drug carrier particles is possible in
the absence of particle-particle and particle-fluid interaction forces. In the present investigation,
we considered three different values of fractional parameters (« =0.6,0.8,0.9) and one ordinary
parameter (¢ =1). ¢ =0.6 and a=0.9 are used to describe short and long-time memory effects
respectively, whereas the value « =1 represents the classical first order derivative with no

memory effect on the trajectories of carrier particles and volume fraction. This observable fact
discloses a good understanding of the force balance with the memory effect.
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Figure 5.2 A comparative result with Furlani and Furlani [156].
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Table 5- 1 A comparison with the work of Furlani and Furlani [156].

Parameters a=1,Da>®, B>, M —0, Ab:blzo

R (Mm) Furlani and Furlani Current Study
[156] (o =1) (a=1)
300 1.538414 1.538417
370 1.011375 1.011377
440 0.715172 0.715173
510 0.532323 0.532324
580 0.411585 0.411586
650 0.327710 0.327710
720 0.267086 0.267086
790 0.221851 0.221852
860 0.187206 0.187206
930 0.160085 0.160085
1000 0.138457 0.138458

From Figs. 5.3 and 5.4, we see that the memory effect strongly influences the projection of radial
and axial trajectories of drug carrier particles, respectively. Fig. 5.3 depicts that for a short time
memory effect it takes less time for the carrier particles to reach the microvessel wall (arterial
wall), and it takes a long time for carrier particles to reach the wall when the time memory effect
is large. Furthermore, for a large time t, the memory has sufficient time to trace back the initial

history of the trajectories of carrier particles. In addition, the current result reveals more important
evidence than the normal capture efficiency. Fig. 5.4 shows that for short memaory effect (a = 0.6)
, the axial trajectories of carrier particles travel longer distances whereas long-time memory effect
(a = 0.9) restricted the travel at a particular point of time. Figs. 5.6 and 5.9 present the effects of

different values of Darcy number (Da) and Reynolds number (Re), along with the memory effect

on the radial trajectory of carrier particles.
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Figure 5.3 Radial trajectories of carrier particles profile for different Ms when (a) o =0.6 (b)
=08 (¢) =09 (d) a=1.

Fig 5.6 shows the carrier particles are quickly captured under the influence of magnetic field for
short time memory effect whereas for long time memory effects, the capture capacity delays. For
various values of Re the same conclusion can be drawn from the behavior of the solutions (Fig.5.9).
Figs. 5.7 and 5.10 illustrate the axial trajectories of drug carrier particles with time under the
application of magnetic field for different values of Darcy number (Da) and Reynolds number
(Re). The figures show that, for short memory effect, the trajectories of drug carrier particles move

longer distances to reach the target site. Figs. 5.5, 5.8, 5.11, 5.14, 5.15, 5.16 and 5.17 depict the
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effect of magnetization (Ms ), Darcy number (Da), Reynold’s number (Re), pulsatile frequency
(@), tumor-magnet distance (d), Casson parameter (), Hematocrit parameter (Hy ), along with
the time memory effect on the total volume fraction of magnetic nanoparticles that ensures the

capture capacity of carrier particles where 0 < S ;o <1.

z(t)

(©) (d)
Figure 5.4 Axial trajectories of carrier particles profile for different Ms when (a) «=0.6 (b)
a=08 (c) a=09 (d) a=1.

When the total volume fraction is equal to one, the total volume of carrier particles without drugs
is fully occupied by magnetic nanoparticles. On the other hand, there are no magnetic nanoparticles
inside the carrier particles when the total volume fraction is equal to zero. From the figures it can

be seen that for large memory effects and integer order derivatives, the carrier particles are more
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quickly captured at the tumor position than for short memory effects. The fractional order
parameters reveal a significant effect on the total volume fraction of magnetic nanoparticles and
the movement of the drug carrier particles with respect to time. Hence, impact of & is very
significant which gives an idea on memory effect during developed a new phenomenon on drug
targeting and further provide information during magnetic drug targeting by controlling the

movement of the drug carrier particles.
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Figure 5.6 Radial trajectories of carrier particles profile for different Da when (a) « =0.6 (b)
a=08 (¢) =09 (d) a=1.

5.9.2. The effect of magnetization
It is worth mentioning that magnetization plays an important role during magnetic drug targeting.

Increasing magnetization enhances the capture capacity of drug carrier particles at the tumor site.

In this study, a magnetization model measured for magnetite ( F€,0, ) is presented by Furlani and

Furlani [152]. A NdFeB magnet of diameter 6 cm (i.e, R, =0.03m) is considered to create the

magnetic field with a dimensionless magnetization Ms=1 (while in dimensional form
Ms =10° A/ m). The magnet is located at a distance of 0.025m from the axis of the microvessel.

That is the distance between the axis of magnet and microvessel. Figs. 5.3, 5.4, and 5.5,
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demonstrate the impacts of various values of Ms on the projection of trajectories of carrier
particles and total volume fraction of magnetic nanoparticles, respectively. The values of

nondimensional magnetization considered in this study are Ms =0.6,0.8,1,1.2. From Fig. 5.3,

we see that the downward projection of the radial trajectories to the target site boosts up with
enhancement in magnetization parameter. However, the condition in the axial trajectories of carrier
particles happens to be opposite as we see from Fig. 5.4. From Fig. 5.5 we see that with
enhancement in the magnetic parameter, the total volume fraction of magnetic nanoparticles
decreases. In this case, the possibility of capture for the carrier particles at the tumor position

enhances with ascending magnetization.
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Figure 5.7 Axial trajectories of carrier particles profile for different Da when (a) «=0.6 (b)
a=0.8 (c) =09 (d) a=1.
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5.9.3. Impact of Darcy number

A Darcy number plays a crucial role in controlling the axial velocity of blood flow and hence it
significantly impacts on the magnetic drug targeting. Figs. 5.6 and 5.7 show the effect of Darcy
number (Da) on the radial and axial trajectories of drug carrier particles along with time. Fig. 5.8
expresses the impact of Da on total volume fraction of magnetic nanoparticles for capturing
purposes. From Fig. 5.6 we see that an increase in Da gears up the radial trajectories of drug carrier
particles towards the tumor position. Hence, the magnetic nanoparticles reach faster at the diseased
region for large Darcy number. The current work is also supported by the works of Bali et al. [171].
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In addition, an increase in the porosity parameter boosts up the axial trajectories of the carrier
particles (Fig. 5.7). However, it is reported that fluid flow towards the axial direction is restricted
by the improved porosity of the wall of the blood vessel [202]. On the other hand, as Darcy number

decreases the total volume fraction of nanoparticles decreases.
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Figure 5.9 Radial trajectories of carrier particles profile for different Re when (a) «=0.6 (b)
a=0.8 (c) =09 (d) a=1.

It is worth mentioning that particle size and volume fraction for capture needs a smaller Darcy
number during magnetic drug targeting as displayed in Fig. 5.8. It is important to note that the
porosity of the microvessel differs with the position of the specific vessel in the organ. In general,

it is observed that the porosity nature of the blood vessel is lower in the brain and highly significant
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in the glomerulus of the kidney. This implies magnetic drug targeting is more successful at
treatment of diseased tissues in the kidney with respect to the brain. However, this is not the only
parameter that affects the motion of the trajectories of the drugs carrier particles. Magnetic drug
targeting is observed as equally important to cure the tumor in the brain [207].

5.9.4. Impact of Reynolds number

The effect of Reynolds number (Re) with variation of time on the radial and axial trajectories of
the carrier particles is depicted in Figs. 5.9 and 5.10, respectively. In this study the Reynolds

number used is Re =3,5,7,9. From Fig 5.9, it is demonstrated that the radial trajectories of the

drug carrier particles move faster to the microvessel wall with enhancements in Reynolds number.
Hence the trajectories of carrier particles towards the tumor position and support with increase in
Reynolds number. On the other hand, Fig. 5.10 shows the trajectories of carrier particles move
longer distances with enhancement in Reynolds number. It is because an improvement in Reynolds
number gears up the fluid’s axial velocity which in turn enhances the axial velocity of the drug
carrier particles. In the present study, the velocity of the carrier particles is assumed to be equal
to the average fluid velocity. The carrier particles move away from the microvessel wall (tumor
region) with enhancement in the axial velocity; caused by an increase in fluidic force as shown in

Fig. 5.10.

The influence of Reynolds number on the total volume fraction of magnetic nanoparticles with
radius of carrier particles in the x-z plane is shown in Fig. 5.11. From Fig. 5.11 it is depicted that
the total volume fraction of magnetic nanoparticles increases with enhancement in Reynolds
number. This happens due to the fact that increasing Reynolds number increases the axial velocity
of carrier particles which in turn increases the total volume fraction of carrier particles. Therefore,
in particular, the blood vessels with small Reynolds number are observed to be more impactful

and supportive to cure cardiovascular disorders with the help of magnetic drug targeting. Further,
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in this case small carrier particles size is observed sufficient to be captured at the tumor region

with small Re.

z(t)
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Figure 5.10 Axial trajectories of carrier particles profile for different Re when (a) «=0.6 (b)
=08 (¢) =09 (d) a=1.

5.9.5. Effect of Pulsatile frequency

The blood pumped by the heart in the artery produces the pulsatile behavior of blood flow and

results in pulsatile frequency (the frequency of oscillation) @ . The pulsatile frequency is involved
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in the pressure gradient and proportionally impacts on the pressure gradient. In this study, we have

considered the values of @ as 1,4,7, and 10. In physical terms, the pressure gradient decreases

with a decrease in pulsatile frequency, which essentially decreases the fluid velocity along the axis
of the microvessel. As a result, a higher value of pulsatile frequency @ supported the drug carrier
particles to travel far from the arterial wall (tumor position) as shown in figure 5.12. However, an
opposite trend is demonstrated in the case of axial trajectories of carrier particles (Fig. 5.13) and

total volume fraction of magnetic nanoparticles (Fig. 5.14).
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5.9.6. Effect of tumor-magnet distance

The effect of tumor-magnet distance on the total volume fraction of magnetic nanoparticles is
shown in Fig. 5.15. In the current work to calculate B, 100 as a function of ch , four different
magnet-blood vessel distances d =0.03,0.04,0.05, and 0.06 m are considered. We observe from
the figure that magnet-blood vessel distance supports the capture efficiency of the drug carrier

particles as /3, 1o, moves towards lower value and it further supports larger drug carrier particles.
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5.9.7. Impact of blood rheology

The rheology of the blood is considered with the Casson fluid nature, and it is involved in the form
of Casson parameter. The effect of the Casson parameter on the total volume fraction of magnetic
nanoparticles is demonstrated in Fig. 5.16. From the figure it is shown that capture efficiency of
carrier particles boosts up with enhancement in Casson parameter. Hence carrier particles radius
and volume fraction needed for capture efficiency boost up with increase in Casson parameter.
Improved Casson parameter leads to the Newtonian nature of the blood. Hence, the non-Newtonian

rheology needs larger carrier particles to be captured at the specific region than the Newtonian
fluid.
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Figure 5.13 Axial trajectories of carrier particles profile for different @ when (a) « =0.6 (b)
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5.9.8. Effect of hematocrit

Fig. 5.17 depicts the influence of hematocrit parameters on the total volume fraction of magnetic
nanoparticles. Hematocrit is the percentage of RBCs in the blood, and it plays an indispensable
role in the capture capacity of carrier particles. The capture efficiency of carrier particles observed
boost up with decrease in Hematocrit parameter. However, higher hematocrit leads to a coronary
insufficiency and myocardial infarction [208]. Hence, the efficiency of curing diseases faced

difficulty during the treatment of cardiovascular disorders due to higher hematocrit.
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5.9.9. Conclusion

The purpose of the present study is to investigate the projection of the trajectories of drug carrier
particles at tumor position in a microvessel of Casson blood flow during magnetic drug targeting.
The time-fractional Caputo derivative is introduced in the governing equation. Analytic solution
for the average fluid velocity is determined from the momentum equation using integral transforms
(Laplace transform, and finite Hankel transform of order zero). Total volume fraction of magnetic
nanoparticles is solved analytically. Fractional order parameter time memory effects on trajectories
of carrier particles and total volume fraction of nanoparticles have been discussed. The effects of

biophysical parameters such as magnetization, Darcy number, Reynolds number, pulsatile
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frequency, tumor — magnet distance, Casson, and Hematocrit parameter on the capture capacity of

carrier particles with different values of fractional parameter have been discussed.
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Moreover, from the present study, the following important outcomes can be drawn:
e The fractional order parameter enhances the radial movement of carrier particles while it
restricts axial movement of carrier particles.
e The radial projection of trajectories of carrier particles boosts up with enhancement in
magnetization, Darcy number, and Reynolds number, whereas it restricts the axial

trajectories.
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e Adecrease in pulsatile frequency increases the radial trajectory of carrier particles to tumor
site, whereas it limits the axial trajectories.

e The total volume fraction of magnetic nanoparticles decreases with enhancement in
magnetization parameters.

e A decrease in Darcy number, Reynolds number, and tumor magnet distance decreases the
total volume fraction of nanoparticles.

e Total volume fraction of magnetic nanoparticles decreases with increase in pulsatile

frequency, Casson parameter and Hematocrit parameter.
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Moreover, the findings of the present study can be helpful to determine capture efficiency of the
drug carrier at the tumor region under certain circumstances. Furthermore, the outcomes of this
study will be used to provide opportunities to develop apparatus and medical devices related to

non-invasive controlled drug targeting during magnetic drug targeting.
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6. Analysis of unsteady non-Newtonian Jeffrey blood
flow and transport of magnetic nanoparticles through
an inclined porous artery with stenosis using the time

fractional derivative®

6.1. Introduction

The transport of hormones, oxygen, and nutrients to cells is carried out by the cardiovascular
system. The cardiovascular system takes waste products produced by metabolic activities and
delivers them to other organs for disposal. The cardiovascular system plays a crucial role in
circulating blood flow in the body. However, the thickening or hardening of the arteries, known
as atherosclerosis, affects the cardiovascular system. The main cause of atherosclerosis is the
accumulation of fatty substances in the internal lining of the vessel, which prevents blood from
flowing freely. This kind of disorder is commonly known as stenosis. According to the World
Health Organization (WHO), cardiovascular diseases cause 17.6 million deaths each year, an
estimated 32% of all deaths worldwide [209]. The restriction of blood flow caused by stenosis
affects the normal functioning of the cardiovascular system, generally leading to cardiovascular
disorders. In the past few decades, practical interest in the characterization of blood flow through
stenotic arteries has received the attention of many researchers. For example, Akbar et al. [210]
studied the flow of nanofluid through a permeable composite stenosis artery by using the
homotopy perturbation technique. Xingting et al. [211] demonstrated the thermal condition of
blood flow through an artery with multiple stenosis and angles by employing the finite volume
method. Zaman et al. [212] analyzed nanoparticles transport during blood flow in the affected
artery due to the combined impacts of stenosis and aneurysm. In the above studies and studies
carried out by researchers in Refs. [213 — 217], showed the axial direction of blood flow is taken
in the horizontal direction. However, in some circumstances, blood vessels can make an angle of

inclination horizontally. Accordingly, several researchers formulated blood flow models and
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demonstrated the impacts caused by (chemical reactions, slip velocity, and heat source [218],
overlapping stenosis and dilatation [219], body acceleration and slip velocity [220], and Hall

currents [221]) on blood flow through an inclined stenosis artery.

Recently, different procedures of therapy have been used to avoid atherosclerosis in the artery, for
instance, by using percutaneous transluminal coronary angioplasty and atherectomy. However,
after the application of these therapies, the emergence of restenosis in the blood vessel can occur
again [222]. On the other hand, traditional drug delivery systems like anti-thrombotic and anti-
proliferative drugs are incapable of accumulating enough drugs at the target region and can cause
side effects in non-target regions due to the nature of free drugs [223]. To overcome these
drawbacks, magnetic drug targeting (MDT) could be suggested. Magnetic drug targeting with the
help of magnetic nanoparticles (MNPs) to treat cardiovascular disorders under the application of
an external magnetic field is an imperative area of study. During the past decades, research interest
in magnetic drug targeting has increased significantly because of its compatibility, noninvasive
nature, and high targeting efficiency as compared to traditional drug delivery systems [156, 224,
225]. Efficient targeted drug delivery plays an important role in the medication of many diseases,
and among them is a cardiovascular disorder caused by defects such as stenosis and thrombosis
[226]. Alishiri et al. [227] suggested magnetic drug targeting for increasing the transport of drug
carriers to the atherosclerosis disease in the artery. Nanoparticles play a vital role in delivering
drugs to diseased tissue. In addition, the development of nanotechnology contributes a lot to the
medical world by detecting and diagnosing diseases, such as cancer and atherosclerosis, at their
early stages [228].

A fluid that does not obey the linear correlation between shear stress and rate of strain is known
as a non-Newtonian fluid (NNF). Non-Newtonian fluids (NNFs) have become an interesting area
of study because of their abundant applications in medical science, bioengineering, and industries.
Some examples are oil, blood at low shear rates in small vessels, toothpaste, gels, drilling mud,
and so on. Due to their complex nature, non-Newtonian fluid s are categorized into three types of
governing equations: rate, differential, and integral. Among the non-Newtonian fluid s, the one
that is described in relation to the relaxation and retardation time parameters is Jeffrey fluid. Jeffrey
fluid is a rate-type non-Newtonian fluid that can be analyzed in terms of the impacts of the ratio
between relaxation and retardation times, and the retardation time parameters [229 - 232]. One

important characteristic of the Jeffrey fluid model is that it can be reduced to other fluid models
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with the appropriate selection of Jeffrey fluid parameters. Having this in mind, various researchers
presented the behavior of Jeffrey fluid flow of blood through stenosis arteries subject to the impacts
of various physical parameters [233 — 236]. The study of fluid flow in porous vessels has gained
considerable interest from researchers due to its various practical applications. The flow in porous
media has various engineering applications, for instance, blood flow in capillaries, dialysis in
artificial kidneys, engine coolant systems, aircraft wings, the design of filters, and many others
[237, 238]. Excellent findings on flow in porous media can be found in refs. [239 — 242].

Fractional mathematical models containing time derivatives play an imperative role in the study
of fluid flow. Recently, mathematical models of fluid flow involving time fractional derivatives
have inspired the interest of various researchers due to the impact of time memory on the outcome
solution. The time fractional derivative model contains more information than the classical
derivative model of the same kind. Anwar et al. [243] presented the Caputo-Fabrizio (C-F) time
fractional derivative model and analyzed the influences of ramped velocity, Newtonian heating,
radiation, and magnetohydrodynamics (MHD) on Jeffrey fluid flow. Imran et al. [244]
demonstrated the impacts of radiation and chemical reactions on magnetohydrodynamics Jeffrey
fluid flow using the C-F time fractional derivative model without a singular kernel. Ali et al. [245]
demonstrated a comparative study on a generalized Jeffrey nanofluid employing C-F and
Atangana-Balaenu fractional order derivative models. Other findings on fractional Jeffrey fluid

models exist in references [246, 247].

The afore mentioned literature surveys show the intensive analysis of Jeffrey fluid flow using the
C-F fractional derivative. Jeffrey nanofluid flow has also been discussed by a few researchers.
However, the analysis of magnetic nanoparticle transport for drug delivery applications through
inclined porous arteries with mild stenosis by treating blood as a non-Newtonian Jeffery fluid
model theoretically in the C-F fractional sense has not been explored yet. As a result, the aim of

the present analysis is to fill this gap. The novelty of the present problem involves the following:

« The non-Newtonian visco-elastic Jeffrey fluid represents the rheology of blood.
e The C-F time-fractional derivative model is used to impose the memory effect.
e The blood flow and transport of magnetic nanoparticles take place through an inclined

artery with stenosis.
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e In the presence of a magnetic field, magnetic nanoparticles are used in drug delivery

applications.

First, the geometry of mild stenosis along with the governing equations of blood flow and transport
of magnetic nanoparticles are presented. These equations are transformed into dimensionless
forms using dimensionless parameters. The dimensionless governing equations are converted into
a C-F time-fractional derivative model [103]. Secondly, the analytic solutions for the velocities of
blood and magnetic nanoparticles are obtained using Laplace transform and finite Hankel
transform of order zero along with their inverses, and the solutions are written in the form of
Laplace convolutions. Finally, using the MATLAB software, the numerical results are plotted for
illustration. The study presents the effects of various parameters such as fractional parameter,
Darcy number, Jeffrey fluid parameter, stenosis height, inclination angle, Hartmann number, shape
parameter, and magnetic nanoparticles concentration parameter in the stenosis region. The
outcomes of the present study will give insight into understanding the transport of magnetic
nanoparticles during magnetic drug targeting and the dynamics of blood flow due to the presence

of atherosclerosis.

U]

Magnetic nanoparticles

Figure 6.1 Geometrical model of the problem.
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6.2. Problem formulation

In the present study, unsteady incompressible non-Newtonian Jeffrey fluid flow of blood along
with magnetic nanoparticles through an inclined artery with mild stenosis is considered (Fig. 6-1).
It is assumed that the flow field is unidirectional and that the magnetic nanoparticles are distributed
uniformly throughout the blood. Here, the vertical axis (r—axis) is the radial axis, and the artery

which makes an angle g with the horizontal, is taken along the z-axis while the uniform

magnetic field is applied in the vertical direction. At time t =0, there is no motion in the system.
Maxwell’s equations describe magnetic field strength, while Newton’s second law of motion
demonstrates the transport of magnetic nanoparticles. The momentum equation describes the flow

of blood along the flow axis.

The electromagnetic force is governed by Maxwell’s relations [129, 248]

.B=0, (6.1)

where, 4, E and j are the magnetic permeability, electric field intensity and the current density,
respectively.]§ = I§O +50 is magnetic flux intensity, B, is the applied magnetic field strength in

the radial direction and 50 is the induced magnetic field. j can be given by

J=o(E+VxB). (6.2)

The induced magnetic field 60 is negligible due to a very small Reynolds number. Moreover, it is
considered that there is no applied voltage and polarization in the system, as the result the electric

field E is disregarded. Having these assumptions, we define the electromagnetic force F, by

FmZjXBZG(VXB)XEZ—GBOZU(I’,t)E, (6.3)
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where o, V= u(r,t)lz, and k are the electrical conductivity, velocity field, the standard unit

vector in the z — direction, respectively.

The equation that describes radially non-symmetric and axially symmetric stenosis is [249, 250]

Ro+Rof[(z_a)w_t;w-n(z_a)] d<z<d+L,,

R(z)= (6.4)
R,. elsewhere,
_ é_‘w(w/(wfl)) _
where, Y—m, R(Z) is the radius of the stenosis, and R, is the radius of the vessel, d

RL

is the location of the stenosis and L, is its length, w>2 is the stenosis shape parameter (where

w=2 denote the symmetric stenosis), and & is the maximum height of the stenosis at

Z=d+

b)v_l)) with & <R

w

The unsteady Jeffrey fluid flow of blood in cylindrical polar coordinates (T,é,?) is governed by

the momentum equation [251 — 253].

o, 1 110, KN, o
a_t_( (r,t))—;ES:;Fa—r( ﬁ) B (v(r,t)—u(r,t))—l%ipu(r,t) -
P -8 47 £y gsing,
e,

where the extra tensor of the Jeffrey fluid §ﬁ is of the form

S,, = y(ﬁ}{u A, [U, (T, t_)% +a (T, t_)%ﬂ (%(Ur (r,0))+ a%(a(r, t_))j. (6.6)

The velocities T, (F,T), T(F,T), and V(F,T) are the radial and axial velocities of blood, and

velocity of magnetic nanoparticles, respectively. The constants o, Ky, and kp are the density

of blood, dynamic viscosity of blood, the Stoke’s constant, and the permeability of the porous

medium, respectively. N represents the number of magnetic nanoparticles per unit volume,
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KN
yo,

<

(v(r,T)-

(T,t_)) describes the force between magnetic nanoparticles and blood that

happens due to their relative motion, g is the acceleration due to gravity, 4, is the ratio between

relaxation and retardation times, 4, is the retardation time.

Taking into account the unidirectional flow and substitution of Eq. (6.6) into Eq. (6.5) yields

2 (a(r,))= _%ngl:ﬂl (%_ZZJ%@%]U(FI)JF K;N (v(F,E)-a(F.T)) o
—kLU(F,t_)+‘T’(t_)—MU(f,t_)+ gsin A,
pp

where V is the kinematic viscosity.

The transport of magnetic nanoparticles is described in accordance with Newton’s 2" law of

motion, which is given by

M, ait_(—(r,t—)) K, (0 (F,T)-v(F,T)), (6.8)

where M . represents average mass of magnetic nanoparticles.
The oscillating pressure gradient of blood flow in Eq. (6.7) has the form [144, 254, 255]
p

—Ezqoﬂjlcos(gﬁt_), t>o0, (6.9)

where 0, 0, and & represents the steady amplitude, amplitude of the transient part and the

frequency of pulsation, respectively.
The periodic body accelaration ¥(T)in Eq. (6.7) is given by [256, 257]

() =1, cos(k T+7,), (6.10)
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where zo, 7o and k are the amplitude, the difference with the pulsatile pressure gradient, and the

body acceleration frequency, respectively.

To introduce the C-F time fractional derivative to Eqgs. (6.7) and (6.8) we multiply the equations

by A= Rp [200] (with unit of time) which yields

do
dmae e N Av (0 10,
A Dtu(r,t):;(q0+qlcos((pt))+1+Z(F+Fa—rju(r,t)
4+ AN (\T(T,t_)—U(T,t_))—A—'uU(T,t_)+AZO cos(l?t‘+y0) (6.11)
p Ky
2
AGB SN (v )+ Agsin g,
yo,
M, A“DEV (T, T) = AK, (U (7, T)-v(T.T)), (6.12)

where, the C-F time fractional derivative model is given by [103]

t —_— J—
“FDfu(r,t) =ﬁ£exp{i(;r)}u'(r,r)dr, O<a<l. (6.13)

—a
The Laplace transform of Eq. (6.13) can have the form

L[ch Dt“u(r,t)] _ SL[U(I’,t)]—u(I’,O).

s+(1-s)x

(6.14)

Egs. (6.7) and (6.8) are subject to the following initial conditions (ICs) and boundary conditions
(BCs)

a(r,0)=0,v(F,0)=0,for T=0and T €[ 0,R], .
_ 15
3 (6.15)

u(r,t)=0,v(r,t)=0fort>0and F=

For dimensionless study, we use the following dimensionless parameters [126]
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— = — - 2= 2 2
r:L,t:t_,u:A_u,VzA_,g:A g ,qOZA qO’ql_A ql,(p:/\(ﬁ,
R, A R, R, R, PR, PR, (6.16)
- B _ _ - _ .
k = Ak, gozA [0,z=i,d=i,|_0_i,R=E,5=£_
Ry R, Ry Ro Ro Ro

Upon using Eq. (6.16) into Egs. (6.11) and (6.12), yields

Dfu(r.t)=d, +q, COS(cﬂt)er[%ﬁL%%ju(r,t)+£—2(v(r,t)—u (r.1))

u(r,t)+¢,cos(kt+y,)—Ha’u(r,t)+gsinf,

(6.17)

DaRe

P, DYV(r,t)=u(r,t)-v(r,t), (6.18)

2 2
. K.NR," . . .
where Re :A_Ov is the Reynolds number, pc=—2 Ry is the particle concentration parameter,

y7j
K. . R, . . M.,
Da = —% is the Darcy number, Ha = By+/o", [—2sin 8 is the Hartman number, and p,, =
R, ye) KA
is the mass parameter of particles.
The corresponding dimensionless ICs and BCs to Egs. (6.17) and (6.18) are
u[ﬁ,oj =o,v(i,oj=o, for t=0and - <[0,1],
R R R | (6.19)
u(Lt)=0,v(1,t)=0, for t>0 and %zl.
The stenosis equation in dimensionless form can be written as
w w-1
R(2)= 1+Y[(z—d) - Ly (z—d)],d<z<d+L0, (6.20)
1, elsewhere,
(wi(w-1)) L
with v =W z=d+ o and 5 <1
Ly (w—1) w
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Introducing the dimensionless radial transformation coordinate y =% , EQ. (6.19) takes the form

u(y,0)=0,v(y,0)=0, for t=0and y [0,1],

6.21
u(Lt)=0, v(1t)=0, for t>0and y =1. (6.21)

6.3.  Solution method

The two integral transforms, Laplace transform and finite Hankel transform, are used to find the
analytic solutions of the time fractional derivatives (6.17) and (6.18), subject to the initial
conditions and boundary conditions (6.21). The Laplace transform method is essentially used when
the fluid model is described as a function of time. Applying the Laplace transform to Eqgs. (6.17)
and (6.18), and using initial conditions from Eq. (6.21) yields

;U(y,s) (qo g, S j 1 (az +lﬁ]u(y,s)
s+a(l-s) s’+¢°) Re(l+4)R*(dy* yody

L Pe pc 1 2
*og v(y,s)- (Re+DaRe+Ha ju(y,s) (6.22)
+( (cos;/o zskz —siny, —— Tkl j+ gsin g,
S
pmmv(y,s)—u(y,s)—v(y,s), (6.23)
with u(1,s)=0,v(1s)=0. (6.24)

Solving for v(y,s) from Eq. (6.23) yields

V(y.s)= s+a(l-s)

a pms+s+a(1—s)u(y’s)' (6.25)

Upon substitution of Eq. (6.25) into Eq. (6.22), we get
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Sy s)—[ 1ig_S J+ L [2 12 Ly
s+a(l-s) A P P Re(1+4)R*\oy* yoy 4

pc s+a(l-s) _(E 1 2]
+(Re(pm8+5+a(1—s)j Re " Dare 1 | u(y:s) (6.26)

0, | cos 7, ————sin _k +£gsinﬂ
0 7/082+k2 7082+k2 S '

Transformation of Eq. (6.26) using finite Hankel transform of order zero and application of BCs
from Eq. (6.24) gives

2
o P swaled |,k PO L fu (v,.9)
s+a(l-s) Rel p,s+s+a(l-s)) Re(l+4)R’> Re DaRe
1 s s k 1 (.
[(q_q—CDjﬁ(y—ky—kjgﬂ] 1—(y !

n

(6.27)

1
where, uH(yn,s):fyu(y,s)Jo(yyn)dy is the HT of u(y,s), with y,(n=123,..) are the
0

positive roots of Jy(.). The functions J, (.) and J;(.) are the 0" and 1% order Bessel functions of

the 1% kind.

Rearranging the coefficients of U, (yn,s) in Eq. (6.27) yields

2
. . . . a, s’ +a, s+a
Applying the partial fraction decomposition of —'— 8,51 &y
a‘BnS +a9ns+a10n

in Eq. (6.28) and simplifying the

equation yields
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(g, +9gsing)= +ql%+€ C0S7, skz 3(%)
lm(yms):[ q: + %g ] ) 4 n (6.29)
S—a,, S- n : n
! 2 _EO SIn }/0 Sz—kz
Expanding the coefficients of Eq. (6.29) yields
: s st
(q0+gS|nﬂ)|:a13n _a11n+a14ns_a12n:|
1 S a 1 ‘a, 1
1 32 + 3n S— 4n 5—
Uy (¥,05) = d i fnd - 1000), (6.30)
+(,COS r 1 T
}/ 2+k2 a13n S_alln a14n 3_312n
—(,sin k ! + !
7/ 2+k2 a13n S_alln a14n S_a12n
where the corresponding parameters used in Egs. (6.28) and (6.29) are given by
a, =Re(p, —a+1)-pc(l-a)’,a, =a(Re-2pc(l-a)), &, =—pca’,
a,, = Re(pm (1-a)+(1-a) ) a;, =Rea(p, +2(1-a)), a,, =Red?,
’Da+(1+4)| R°Da(1+Pc+ReHa’
™= Re|:DaR2 (1+ﬂ1) ):| ' agn = aln + a4na7n’ a9n = aZn + a5na7n’ (631)
_ _ —8,, + \]afjn _4a8na10n _ —8, — a9n 4a'8 Qo
a'10n - a3n +a‘6na7n’ a11n - 2 ! a12n -
g 28y,
a,, = a4na121n — 35,8y, + 3, a,, = a4na122n —35,3p,, T3,
3n ' 4n .
A1, — gy, Qypn — a4,

To apply the inverse Laplace transform to Egs. (6.30), the following special functions are used
[75, 76]

(n+1)y/ -1

L{ ! } ni(l"(g(nﬂ ),(//>O, (6.32)

s +¢
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L‘{ s } (=c.t) :i c) "7 ") Re(y —£)>0, (6.33)

s +¢ ST ((n+)y-¢
where, F,(—,t) and R,,(—¢,t) are the Robotnov-Hartley and Lorenzo-Hartley functions,
respectively.

Upon the application of inverse Laplace transform to Eg. (6.30) with the help of Egs. (6.32) and
(6.33) yields

Uy (Vo) =[Gu (6)+ G (1) G (1) + G (11202 01, (6.34)
where,
G1ln (t) = (qo + g Sin ﬂ)(al?,anl(ailn’t)_'_ a14nR11 (a12n’t))’
G, (t) 0, (COS §0t I:a13n ailn’ )+a14n (a12n’ )])’ (6.35)
Gaan (t) =0, COS7(COS (kt) *[a13n (o t) + a3, F (2, t)]) |
G44n (t) _ﬁ Sln]/(SIn kt [al3n alln' +a14n a12n’t):|)
Applying the inverse HT to Eq. (6.34) yields the velocity of blood, which has the form
(YY)
zz [Guyn (1) + Gy (1) + Gy (1) + Gy (1) . (6.36)

n=1 yn‘] ( )

The magnetic nanoparticles velocity can be determined from Eq. (6.25) by using inverse Laplace

transform.

a+s(l-a)
a+s(p,+1-a)

L v(y.s)]=L"

u(y.s)|. (6.37)

Simplification of Eq. (6.37) yields
V(Y.t)=ay, (1-ag, ) F(-as,, *u(y,t)]|,0<a <l (6.38)

The constants used in Eq. (6.38) are
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A5y = )’ Uen =7~ (639)

pn+(1-a

The symbol * in Egs. (6.35) and (6.38) represents the convolution product, where

(h*g)(t)=

h(z)g(t—7)dz shows the convolution of two functions h and g.

O'—.r-*

The wall shear stress of the flow field can be calculated from

rwz—ﬁ(i](a—” J (6.40)
A\1+4 )| or| .

The skin friction of the flow field in dimensionless form is

Ty 2 -
Cf (Z’t) = puoz - RE(1+21) R ;[Glln (t) +GZZn (t) +GS3n (t) +G44n (t)]1 (641)

where, y, =R /A is the characteristic velocity.

The pressure drops between z =0 and z =L through the stenosis channel can be written as
L ap
Ap=||—— |dz. 6.42
o= -2 (6.42)

The flow rate Q and the impedance A (flow resistance) can respectively be written as follows:

R 1

Q(z.t)= Zﬂjru(r,t)dy:Znszyu(y,t)dy

0 ° (6.43)
_ 4ﬂRZZ%[GM (£)+ G (1) + Gz (1) + Gy (1)],
_ & 1 (Y M(‘a—pj L(-@j
/I(Z’t)_Q(z,t)_Q(z,t)H( GZJR—le—l_a[ = dz+d+IL0 pe R:1dz : (6.44)

Eq. (6.44) simplifies to
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A(z,t)= Q(Azrtt) = Q(;t) (L-Lo) (g +0 cos(got))R_l+dT(q0 +, cos(pt))dz |. (6.45)

6.4. Results and discussion

In the present study, the non-Newtonian Jeffrey fluid flow of blood with the transport of magnetic
nanoparticles is analyzed to explore meaningful interpretations. The governing equations are
solved by using integral transforms. Eqgs. (6.36), (6.38), (6.41), (6.43) and (6.45) represent the

velocity of blood u(y,t), velocity of magnetic nanoparticles v(y,t), skin friction C, (z,t),
volumetric flow rate Q(z,t), and flow resistance A(z,t), respectively. Corresponding to these

analytic solutions, we present the graphs for u(y,t), v(y.t), C,(zt), Q(zt) and A(zt) by

applying the use of MATLAB simulations, and the results are demonstrated in Figs. 6-3 — 6-13.
These graphs demonstrate the impacts of fractional patameter & , Darcy number Da, Jeffrey

fluid parameter A,, stenosis height &, inclination angle 4, Hartmann number Ha, shape

parameter W, and magnetic nanoparticles concentration parameter pC in the stenosis region. A

set of values for the parameters for the present study is considered from existing literature, and it

is shown in Table 6 -1.

Table 6 - 1 Physical parameter values with references.

Physical parameters  Values References
D, 0.8 Maiti et al. [129]
Yo 7l3 Maiti et al. [129]
pc 0.5 Maiti et al. [129]
@ wl4 Ali et al. [254]
Re 3 Ali et al. [254]
k wl4 Bansi et al. [126]
Da 0.8 Yadeta and Shaw [127]
W 2 Ponalagusamy [252]
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Figure 6.2 Comparison of velocity profile with the works of Shah et al. [258].

Table 6 - 2 Comparison of velocity profile with the works of Shah et al. [258].

Parameters A=p=0,=0, Da—>w, q,=05 0=06

P, =0.8, pc=05, Re=5, p=x/4, Ha=2, z=1

y Shah et al. [256] Present Study
0.00 0.182914 0.182916
0.10 0.180279 0.180281
0.20 0.172488 0.172490
0.35 0.151425 0.151427
0.50 0.122540 0.122541
0.59 0.102235 0.102236
0.60 0.099404 0.099405
0.70 0.074552 0.074553
0.80 0.049014 0.049014
0.90 0.023829 0.023829
1.00 0.000000 0.000000

105



To indicate the symmetric nature of stenosis the value of shape factor w=2 is used. Magnetic
nanoparticles concentration (pc = 0.5) is just used to keep the velocity of magnetic nanoparticles
at normal condition without causing exaggerated skin friction under applied magnetic field. The
physical meaning of the remaining parameters in the table are given in section 4.10. The validation

of the present result is in excellent agreement with the Newtonian fluid (works of Shah et al. [258])
for ﬂj :ﬂ:fo :O, Da — o, qO 20.5’ ql 20.6, pm :0.8, pc=0.5, Re=5, p=rl4,

Ha =2, z=1 and the results are shown in Fig. 6.2 and Table 6 -2.

6.4.1. Effect of fractional parameter

A time-variant C-F fractional derivative concept, which gives the memory impact, is utilized in
the governing equations of blood flow and transport of nanoparticles. The final solutions of the
flow pattern with the corresponding physical quantities are displayed along with the fractional

parameter. The present analysis considers a wide range of the values of parameter & with
(a =0.4, 0.6, 0.8,1.0). The lower value of @ (i.e, «=0.4) supports the lower memory effect,

while the larger value of & (& = 0.8) supports the higher memory impact. The general time

derivative is represented by « =1.0. In all the results displayed graphically, the effect of the
variation of fractional parameters is incorporated, which reflects a tremendous contribution to the
flow field and physical quantities. Figs. 6.3 and 6.4 show the impact of the fractional parameters

on the velocities of fluid and magnetic nanoparticles along with different values of Darcy number
Da, and Jeffrey fluid parameter A, . From the figures it is shown that the fractional parameters

support the flow of blood and the transport of magnetic nanoparticles. Hence, the velocities of
blood and magnetic nanoparticles increase with increase in & . It is seen that the larger value of

memory effect (o« =0.8) accelerates the flow of blood and the transport of magnetic

nanoparticles, and the phenomenon continues for the general time derivative with « =1.0. On the
other hand, a smaller value of & slows the velocities of both blood and magnetic nanoparticles,
and the velocities are quickly dropped. This phenomenon is supported by the behavior of fractional
parameters. Hence, a large value of & gives a quick response to the previous memories of blood
flow behavior and the transport of magnetic nanoparticles, whereas the lower value of & takes
some intermediate time to respond. Since, it is shown that & plays an imperative role in regulating

both the velocities. It is important to mention that although the velocity profile for magnetic
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nanoparticles shows the same trend as the velocity of blood, there is a significant difference in the
magnitude of the velocities. The transport velocity of magnetic nanoparticles is comparatively
lower when-compared to the velocity of blood. This happens due to the additional impact of
retarding and drag forces on the magnetic nanoparticles [254].

Fig. 6-.5 depicts the influence of the fractional parameters & on volumetric flow rate Q for

different values of stenosis height o . From the figure, the volumetric flow rate slows down for a
lower value of the fractional parameter and speeds up for a higher value of the fractional parameter,
which supports a long memory effect. This phenomenon happens due to the fact that the volumetric
flow rate has a positive correlation with the velocity of the fluid. Figs 6.6 and 6.7 depict the
influence of & on flow resistance A , for different values of Hartman number Ha and stenosis
height o , respectively. From both figures, it is shown that the flow resistance decreases with an
increase in the value of the fractional parameter. From Figs. 6-6 and 6-7, it is clearly indicated that
the larger fractional parameter that supports the long memory effect restricts the passage of fluid
through the stenosis region more than the lower fractional parameter that supports the short
memory effect. Hence, the flow resistance phenomenon is inversely proportional to the volumetric

flow rate, which is why the impact of fractional parameters shows such an inverse relation to flow

resistance. The impacts of & along with shape parameter W, Jeffrey fluid parameter 4, and

magnetic nanoparticles concentration parameter pc on skin friction C; of the inner arterial wall

are demonstrated in Figs 6-8, 6-9 and 6-10, respectively. From the figures, it is observed that the
value of skin friction is higher for the larger fractional parameter that supports the long memory
effect, whereas the lower fractional parameter that supports the short memory effect restricts skin
friction. In physical terms, the skin friction is supported by the increase in the velocity field of the
fluid, as observed in Fig. 6.3. One can clearly understand that the findings from Figs.6.3 — 6.10
show the advantage of using the time fractional derivative model in real-life applications. A proper
selection of fractional order parameter & which links to the flow of blood and the transport of
magnetic nanoparticles is a key factor that can be applicable in the medical science field for local
drug targeting purposes to treat diseases such as atherosclerosis and tumor cells. Further, the

application can reduce bleeding during surgery.
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Figure 6.3 Profiles of the velocities (a) u(y,t) and (b) v(y,t) for different Da and & when

4,=06,0,=02,0=03,(,=08, p=r/6,L=5,d=1, L, =2, §=0.08, t=0.3 and
g=9.81.

6.4.2. Distribution of velocities

Fig. 6-.3 demonstrates the impact of Darcy number Da and & on the velocities of blood and
magnetic nanoparticles. The Darcy number Da is related to the permeability nature of the vessel
and it significantly affects the velocities of blood and magnetic nanoparticles. From the figure, it
is illustrated that both velocities increase with an increase in Da . Physically, this condition is
associated with factors such as the permeability of the artery and the intravascular pressure, which
contribute to blood flow. On the other hand, when the permeability of the medium increases, the
drag force decreases, which in turn increases the velocities of blood and magnetic nanoparticles.
From these phenomena, it can be claimed that the arterial wall with lower permeability supports
the capture efficiency of the drug particles better than the artery with higher permeability. This
shows the importance of the permeability of the arterial wall in regulating the velocities to trap the
magnetic nanoparticles in the diseased region during drug targeting.

Visco-elastic fluids are non-Newtonian fluids that exhibit both viscous and elastic components in
nature. The viscous components arise due to the presence of plasma, while the presence of red

blood cells (RBCs) is responsible for the elastic nature [259]. Further, it is clear that the higher
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hematocrit (percentage of RBCs in the blood) enhances the elastic nature of the blood, particularly
in small blood vessels [65]. In the present study, Jeffrey fluid is used to define the rheology of

blood due to its viscoelastic nature. Fig. 6.4 demonstrates the impact of Jefferey fluid parameter
A, along with @ on velocities of blood and magnetic nanoparticles. From the figure, it is seen
that both the velocities of blood and magnetic nanoparticles increase with increases in the value of
A, . This means that larger value of A, leads to higher relaxation time that allows more time for

the fluid and magnetic nanoparticles to move faster. This parameter has a vital role in regulating

blood flow and can be applicable during drug delivery phenomena and surgery [241].
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Figure 6.4 Profiles of the velocities (a) u(y,t) and (b) v(y,t) for different 4 and @ when,

4,=02,0,=03, (,=08, p=r/6,L=5,d=1, L, =2, §=0.08, t=0.3 and g=9.81.

6.4.3. Distribution of volumetric flow rate

Figs. 6.5 and 6.6 display the graphs of volumetric flow rate @ with respect to the axial distance
for different values of stenosis height & (along with @), and inclination angle £, respectively.
The volume flow rate represents the volume of fluid that passes through a particular region of the
vessel per unit of time. It is well known that the volumetric flow rate is proportional to the cross-
sectional area of the vessel and the velocity of the fluid. Due to the presence of stenosis, the cross-
sectional area of the blood vessel changes. Furthermore, the volumetric flow rate through a blood
vessel is highly affected by the change in the radius of the vessel due to the existence of stenosis
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height. From Fig. 6.5, one can see that @Q significantly decreases with increase in stenosis height.

Hence, with an increase in & , the radius of the artery in the stenosis region decreases, and further,

the cross-sectional area of the artery decreases which is responsible for the reduction of Q. In

physical terms, a reduction in the volumetric flow rate of blood can cause complications in the
cardiovascular system, leading to stroke, heart attack, and so forth. The phenomenon can help
biomedical engineers develop suitable devices to diagnose and treat atherosclerosis during drug

targeting. From figure 6.6 it is shown that the volumetric flow rate enhances with increase in

inclination angle g from g = % to g = % . The volumetric flow rate is minimum when the

blood vessel has lower inclination; however, the flow rate attains its maximum value at the
maximum inclination angle. This phenomenon is related to the velocity of blood; hence, inclination

angle is positively related to the velocity of blood flow.

6.4.4. Distribution of flow resistance

Figs. 6.7 and 6.8 depict the influence of Hartmann number Ha and stenosis height & along with
& on the flow resistance A , respectively. Among the primary factors that describe the resistance
to the flow of blood is the change in vessel diameter. For example, vessel diameter changes when
the fatty substance is built up in the internal lining of the vessel, which causes a cardiovascular
disorder commonly known as stenosis. The presence of stenosis significantly enhances the flow
resistance of blood [260]. In both figures (Figs. 6.7 and 6.8), it is seen that the stenosis is
symmetric (with shape factor w=2) and hence the profile of the flow resistance is symmetric
along the center of stenosis (z =2). Since, we only considered the stenosis region in the figure to
show a clear impact of the flow resistance.
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Figure 6.5 Profile of volumetric flow rate @ for different 5 with 4,=0.6, ¢,=0.2,
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Fig. 6.7 depicts the graph of the flow resistance against the axial distance for different values of
Ha . When the fluid is under the impact of an applied magnetic field, the Hartman number Ha

is considerably increases when the intensity of the Lorentz force increases. The increase in Ha

tends to slow down the velocity of flow and enhance the flow resistance. Therefore, an essential,
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regulated magnetic field is required for therapeutic applications to increase the capture efficiency

of magnetic nanoparticles close to the atherosclerosis region [255].
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Figure 6.6 Profile of volumetric flow rate @ for different 2 when «=06, 4 =0.6, ¢, =0.2,

0, =03, 4,=08, p=r/6,L=5,d=1, L, =2, §=0.08, t=0.3, and g=9.81.

Fig. 6.8 shows the effect of stenosis height & on the flow resistance A . The flow resistance of a
fluid is inversely proportional to the flow rate of the fluid as shown in Eq. (6.45). From the figure
it is shown that the flow resistance A significantly increases with enhancement in stonesis height.
Hence, the flow resistance is considerably larger at the peak of the stenosis where the height of the
stenosis is maximum. Therefore, it is important to analyze and characterize the impact of & on
the flow resistance A , that will help the medical field to carry out further research to therapy

atherosclerosis.

Fig. 6.9 displays the graph of flow resistance with respect to axial distance for different values of

inclination angle . From the figure it is seen that the flow resistance significantly decreases with

enhancement in inclination angle. Hence, an opposite trend of inclination angle on volumetric flow

rate is observed.
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6.4.5. Distribution of skin friction

Basically, skin friction is a physical quantity that appears due to the viscous nature of the fluid and
measures the resistance of the fluid at the surface. It arises due to the wall shear stress formed by
the fluid flow tangential to the inner wall of the artery. For laminar fluid flow and without any

deformation of the artery, the skin friction is uniform. However, due to variations in wall thickness
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or the presence of stenosis, skin friction may significantly affect the arterial wall. The generation
of maximum shearing at the inner wall of the artery may lead to an aneurysm and damage the
arterial wall [253]. Therefore, it is beneficial to understand, analyze, and characterize the nature of

skin friction.
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114



3.5
3 P Tt
2.5F E
o
_____________ -= B=xl9 r— L
1 [ — B=xl6 7
........ ,3= 4
--=- B =13
0.5 L L L
1 1.5 2 2.5 3

Figure 6.9 Profile of flow resistance A for different 5 when «=0.6, 4, =0.6, ¢, =0.2,

0,=03, (,=08, g—r/6,L=5,d=1,L,;=2, §=008, t=0.3, and g=9.81.

Fig. 6.10 depicts the graph of skin friction C; versus axial distance for different values of stenosis

shape parameterw along with « . It is important to note that stenosis shows a symmetric shape
with w=2 and the non-symmetric nature is to appear for the other values of w. A symmetric
nature of the stenosis shows a higher skin friction, whereas the skin friction reduces with
enhancement in other values of the shape parameter W of the stenosis. Hence, the variation of the
stenosis shape significantly changes the value of skin friction. Moreover, the profile of the skin
friction resembles the shape of stenosis, and it is larger at the peak of the stenosis. On the other
hand, we may conclude that the blood flow restriction is more because of the symmetric nature of

stenosis than the non-symmetric shapes.

Fig. 6.11 depicts the graph of skin friction of the arterial wall with respect to axial distance for

different values of 4, . From the figure it is demonstrated that the skin friction c, decreases with

enhancement in Jeffrey fluid parameter. This happens due to the fact that the Jeffrey fluid
parameter is inversely proportional to skin friction. This phenomenon shows that blood rheology

significantly influences the skin friction of the arterial wall of the stenosis region. Fig. 6.12 shows
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the influence of inclination angle g on the skin friction of the arterial wall. It is demonstrated that

the skin friction of the arterial wall boosts with enhancement in inclination angle.
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Fig. 6.13 demonstrates the graph of skin friction ¢, with respect to axial distance for different

values of concentration of magnetic nanoparticles pc along with & . Nanoparticles have various

applications in medicine and the bioengineering fields. Some of the applications include tumor
destruction by means of heating (hyperthermia treatment) [260], separation and purification of
biological molecules and cells [261], and drug and gene delivery [263, 264]. During the drug
delivery phenomenon, the dose of drug concentration accumulated in the disease region plays a

117



crucial role in recovering the malignant tissue. In this direction, the controlled-release drug
delivery system has an advantage over the conventional drug delivery system. Because in
conventional drug delivery systems, the drugs are distributed randomly, are less absorbed, and
damage unaffected areas [265].
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Figure 6.12 Profile of skin friction ¢, for different 2 whena =06, 4 =0.6, ¢, =0.2,

0, =03, (,=08, p=r/6,L=5,d=1, L, =2, §=0.08, t=0.3 and g =9.81.

In our work, we would like to know the effect of magnetic nanoparticles concentration on the skin
friction of the arterial wall of the stenosis region. From Fig. 6.13, it is shown that the skin friction
significantly increases with a boost in magnetic nanoparticles concentration because, during the
application of a magnetic field, the particles concentration enhances the viscosity of the suspension
[253]. The increase in viscose force dominates the velocity of magnetic particles which decreases
due to this force and results in the enhancement of skin friction. Hence, this phenomenon tells us
the advantage of magnetic nanoparticles concentration in regulating the flow velocity during drug
transport through the artery and hence its capture efficiency in the stenosis region. In addition, it
is worth mentioning that the percentage of increase of skin friction at the midpoint of the stenosis
is 0.66%, 0.59%,0.42%, and 0.13% for the fractional parameters (memory effects) =04,
a=0.6, a=0.8 and integer order « =1.0, respectively. The percentage increase in skin friction
for the short memory effect is significantly higher than the long memory effect. On the other hand,

it is important to note that for a particular value of the magnetic nanoparticles’ concentration
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parameter, the skin friction outside the stenosis region in the artery remains constant without

variation.
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Figure 6.13 Profile of skin friction C; for different pc with 4 =0.6, q,=0.2, ¢, =0.3,
1,=08, p=r16,L=5,d=1, L, =2, 5=008, t=0.3and g=9.81 when (a) & =0.4,
(b) =06, (c) «=038, (d) a=1.0.
6.4.6. Conclusion
The findings of the present study are concerned with the flow of blood and the transport of

magnetic nanoparticles through an inclined porous artery with mild stenosis under the application

of a magnetic field. The Jeffrey fluid represents the rheology of blood flow through the artery. The
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magnetic nanoparticles are used as drug delivery applications for atherosclerosis therapy. The
governing equations are written in terms of a C-F fractional model and solved using integral
transforms. The presence of stenosis significantly impacts the flow of blood, which may be a cause
for diseases like heart attacks and strokes. From the present study, the important findings are as

follows:

e Increasing the memory effect increases the velocity of blood, the velocity of magnetic
nanoparticles, volumetric flow rate, and skin friction.

o The velocity of blood is significantly higher than the velocity of magnetic nanoparticles.

e The volumetric flow rate decreases with elevation in stenosis height. This phenomenon can
cause complications in the cardiovascular system, like stroke and heart attack.

e The flow resistance decreases with the enhancement of the memory effect.

e The velocity of blood and velocity of magnetic nanoparticles are boosted with
enhancement in the Darcy number and Jeffrey fluid parameter, which shows an important
application to the therapy of atherosclerosis.

o The flow resistance increases with an increase in stenosis height and Hartman number.

e The skin friction increases with an increase in magnetic nanoparticles concentration;

however, it decreases with an enhancement in stenosis shape and Jeffrey fluid parameters.

The present study is beneficial to the fields of medical science and biomedical engineering in
carrying out further research to treat atherosclerosis through nanoparticles based magnetic drug

targeting.
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/. Conclusions and future scope

In this chapter, various important observations on the trajectory as well as the capture efficacy of
drug carrier nanoparticles studied in chapters 4 - 6 are summarized. Further, the future scope of
the research related to the capture efficacy of drug carrier nanoparticles during magnetic drug
targeting is also described. The details are highlighted below.

7.1. Conclusions

In chapter 4, we focused on the trajectories of drug carrier nanoparticles towards the tumor region
in the microvessel during magnetic drug targeting. Various factors that influence the trajectory of
drug carrier particles, such as magnetic force, viscous drag force (fluidic force), particle-particle
interaction, and Saffman force, are considered. To incorporate the non-local nature of the fluid
flow, we introduced the Caputo-Fabrizio time fractional derivative into the momentum equation
to provide a better prediction of the trajectories. The velocity of fluid in series form is determined
analytically in terms of Bessel functions of the first kind with orders zero and one. The trajectories
of drug carrier magnetic nanoparticles and their total volume fraction are obtained numerically
using the fourth-order Runge-Kutta (RK-4) method. The controlling parameters such as the
particle position, fractional order parameter, magnetization parameter, radius of drug carrier,
Darcy number, tumor-magnet distance, Maxwell parameter, Reynolds number, Saffman force
parameter, and shape effect have a significant impact on the trajectories of drug carrier magnetic
nanoparticles and the total volume fraction of magnetic nanoparticles. An increase in the rheology
of blood decreases the capture efficacy of the drug carrier particles. However, the permeability of
the vessel that reduces the velocity of carrier particles increases the capture efficacy of the particles
near the tumor region. The Saffman uplift force that resists the downward trajectory of the carrier
particles reduces the capture efficacy of the particles near the tumor region. Further, larger carrier
particles require a smaller volume fraction of drug-carrier magnetic nanoparticles to ensure
capture. However, the opposite trend is observed in the case of Darcy number, tumor-magnet

distance, Maxwell parameter, Reynolds number, and Saffman force parameter.
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In chapter 5, magnetic drug targeting during Casson blood flow from the Caputo time fractional
derivative perspective is considered. We used the Laplace transform and Hankel transform of order
zero along with their inverse to obtain the analytic solution for the average velocity of fluid. The
velocity components of the drug carrier magnetic nanoparticles are calculated using the force
balance equation. The effects of biophysical parameters on the radial and axial trajectories of drug
carrier particles and on the total volume fraction of magnetic nanoparticles are observed. The
analysis demonstrates the impacts of magnetization, Darcy number, Reynolds number, pulsatile
frequency, tumor-magnet distance, Casson, and Hematocrit parameters on the capture efficacy of
noninvasive magnetic therapy for drugs targeting malignant tissue. The radial trajectories of carrier
particles require a higher fractional parameter, magnetization parameter, Darcy number, and
Reynolds number for capture near the tumor region; however, the opposite trend is observed during
axial trajectories of carrier particles. Total volume fraction of magnetic nanoparticles for capture
requires a higher pulsatile frequency, magnetization, Casson, and hematocrit parameters. On the
other hand, the total volume fraction of magnetic nanoparticles for capture requires a lower Darcy

number, Reynolds number, and tumor magnet distance.

In chapter 6, we focused on the transport of magnetic nanoparticles through an inclined porous
artery with mild stenosis. Magnetic nanoparticles are used as an application for the nanoparticle-
assisted drug delivery process in blood flow through microvessels to treat cardiovascular disorders
that may happen due to atherosclerosis. Atherosclerosis is the thickening or hardening of the
arteries, which leads to the blockage of blood flow to other parts of the body and can cause diseases
like heart attacks and strokes. In this study, the governing time fractional derivatives are solved
using integral transforms. So, the analytic solutions for the velocity of fluid, the velocity of
magnetic nanoparticles, skin friction, volume flow rate, and flow resistance are obtained. It is
observed that the magnitude of flow velocity of Jeffrey fluid is higher than that of magnetic
nanoparticles. Further, the two velocities boost with an increase in memory effect (fractional
parameter), Darcy number, and Jeffrey fluid parameter. The volumetric flow rate represents the
volume of fluid that passes through a particular region of the vessel per unit of time. It is a function
of the velocity of blood and cross-sectional area of the microvessel. Hence, a thorough
understanding of volumetric flow rate distribution in the stenosis region is essential to understand

complications in the cardiovascular disorder. It is of interest to mention that the volumetric flow

122



rate decreases with an increase in stenosis height. The flow resistance is one of the important
physiological flow variables that affects the blood flow in the stenosis region. It is observed that
the flow resistance increases with increasing of stenosis height and Hartman number; however, it
decreases with enhancing of the fractional parameter. The fluid flow tangential to the artery's inner
wall creates wall shear stress, which causes skin friction. Skin friction is consistent for laminar
fluid flow and without artery deformation. However, skin friction may have a major impact on the
artery wall because of differences in wall thickness or the existence of stenosis. It is seen that the
skin friction is found to be increased with increased magnetic nanoparticles concentration;

however, it decreases with increased stenosis shape and Jeffrey fluid parameters.

The present study sheds some light on the applications of magnetic drug targeting under controlled
release. Unlike drug targeting, some potential applications of the present work include desalination of
water and separation of mixtures using applied magnetic field. Applied magnetic field plays a vital role in
desalination processes, particularly by weakening bonds between salt ions and water molecules, improving
ion separation [266]. Further, Tauo, et al. [267] demonstrated the effectiveness of magnetic field in
separating magnetic particles from liquids by attracting and capturing them, a process known as
magnetic separation. Magnetic separation is useful in various industries like food processing,
recycling, and water treatment. Furthermore, nanoparticles have various applications including

separation and purification of biological molecules [261].

7.2. Future scope

In this thesis, we used the semi-analytic approach method to examine the trajectory and capture
efficiency of drug carrier nanoparticles near a diseased region during magnetic drug targeting in
axisymmetric and stenosed microvessels. One can extend the present investigation by considering
the following:

e The time fractional derivative models of non-Newtonian fluids (Maxwell, Casson, and
Jeffery fluid models) representing the rheology of blood are considered a single-phase flow

nature. Further, researchers may consider the two-phase model in the future. due to the
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presence of the glycocalyx layer with peripheral region, the flow nature of the blood
follows a two-phase fluid model.

In general, the dynamic viscosity of fluids is considered constant. However, due to the
temperature variation, presence of nanoparticles and the variation of the radius of the
microvssel, the viscosity of the blood significantly change which may considered as future
scope.

The flow of fluid is considered with no slip condition; interested researchers can employ a
slip boundary condition for the flow field for further investigations.

The capture efficacy of drug carrier magnetic nanoparticles during magnetic drug targeting
is considered. Researchers may consider tumor immunotherapy mechanisms for the
treatment of the tumor with magnetic controlled drug targeting phenomena.

The nature of blood vessel is not always straight cylindrical shape. Researchers may

consider curve artery and bifurcated artery in future.
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