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Abstract

This thesis presents several new generalized classes and families of distributions, namely, the log-
logistic modified Weibull power series (LLoGMWPS) class of distributions, type II Topp-Leone
exponentiated half logistic-G power series (TII-TL-EHL-GPS) class of distributions, Harris-
odd Burr type X-G (Harris-OBX-G) family of distributions, Marshall-Olkin Exponentiated Half
Logistic-Type II Topp-Leone-G (MO-EHL-TII-TL-G) family of distributions, and Topp-Leone
Harris-G (TL-Harris-G) family of distributions. These classes and families of distributions are
developed using different combinations of generators and existing distributions. The mathemati-
cal and statistical properties of these new classes and families of distributions, including moments
and moment generating functions, distribution of order statistics, probability weighted moments,
and Rényi entropy, are derived and thoroughly examined. Additionally, the identifiability issue,
concerning whether the parameters of the proposed models can be uniquely determined from
observed data is investigated using mathematical functions for each class of distributions and

family of distributions.

Finally, the flexibility and applicability of these new classes and families of distributions are
demonstrated by fitting them to various real datasets. Several goodness-of-ft statistics and
graphical plots are utilized to assess the adequacy of the models in capturing the complex

characteristics of datasets across different domains.
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1. Introduction and Literature Review

1.1 Introduction

The development of new families of distributions has been driven by the need to overcome
the limitations for continuous families of distributions and accurately model complex real-life
datasets from various fields of study, including economics, engineering, finance, insurance, de-
mographics, biology, environmental, and medical sciences. Many existing classical distributions
exhibit complex behavior, which makes them unsuitable for capturing the characteristics of real-
world datasets. In many of these fields, the data typically exhibit complex behavior and distinct
shapes associated with a non-monotonic hrf, varying degrees of skewness (SK), and kurtosis
(KS). In response to these challenges, researchers have proposed several techniques to enhance
the flexibility of classical distributions and develop new families of distributions. Some of these
techniques include the method of generating skewed distributions, the transformed-transformer
method, compounding method, TL-G, Half-Logistic-G, Exp-G, Marshall-Olkin-G, Burr-X-G,

type II transformation and Harris-G.

For example, to address the issue of non-monotonic hrf, modifications of classical distributions
have been proposed. Murthy et al. [82] discussed that distributions with bathtub-shaped fail-
ure rate are sufficiently complex and, therefore, difficult to model. The distribution proposed
by Hjorth [53] is such an example. Rajarshi and Rajarshi [112] presented a revision of these
distributions, and Haupt and Schébe [52] developed a new lifetime model with bathtub-shaped
failure rates. Unfortunately, these models are insufficient to address various practical situations,
so new families of distributions based on modifications of the Weibull distribution have been
discussed. For a comprehensive review of these models, please refer to Mudholkar and Srivas-
tava [80] and Pham and Lai [108], where the authors summarized some generalizations of the
Weibull distribution. The development and applications of generalized distributions have led
to important and useful contributions to the statistical literature in recent times. For instance,
Oluyede and Yang [103] introduced the beta generalized Lindley distribution, Oluyede et al. [98]
discussed the gamma-Dagum distribution, as well as a general family of univariate distributions
generated from Weibull distribution that was introduced by Gurvich et al. [49]. There are other
generalizations that include the MW distribution by Lai et al. [65] and the beta exponential
distribution presented by Nadarajah and Kotz [85]. Some more recent extensions are the gener-
alized MW distribution studied by Carrasco et al. [23], the beta MW distribution reported by
Silva et al. [124], Nadarajah et al. [83], and the gamma-exponentiated Weibull distribution by
Pinho et al. [109].

Compounding methods have also been employed to generate new distributions by combining
well known continuous distributions such as the exponential, Weibull, Burr XII and exponenti-
ated exponential distributions with the power series distributions, which includes the Poisson,

logarithmic, geometric and binomial distributions as particular cases. This approach has led to
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the development of generalized distributions, such as the Weibull-power series CoD by Morais
and Barreto-Souza [79]. Silva et al. [125] examined the extended Weibull power series CoD,
which includes the exponential power series and Weibull power series distributions as special
models. Silva and Cordeiro [126] introduced a new family of Burr XII power series distributions,
and Oluyede et al. [92] further proposed the Burr-Weibull power series CoD. Oluyede et al.
[102] proposed the LLoG-Weibull Poisson distribution which has applications in several areas
including lifetime data analysis, reliability and economics. A number of generalized power se-
ries distributions have been proposed in the literature, including: Burr XII-Weibull-logarithmic
distribution by Oluyede et al. [99], exponentiated generalized power series CoD proposed by
Oluyede et al. [100], exponentiated extended Weibull power series CoD proposed by Tahmasebi
and Jafari [130], exponentiated odd exponential half logistic-G power series CoD introduced by
Rannona et al. [113], odd power generalized Weibull-G power series CoD proposed by Oluyede
et al. [94], odd Lindley-G power series CoD by Chipepa et al. [29], Dagum-Poisson distribution
by Oluyede et al. [101], exponentiated power Lindley-Poisson distribution by Pararai et al. [105],
Ristic and Balakrishnan Lindley-Poisson distribution by Fagbamigbe et al. [43], generalized Burr
XII power series CoD by Elbatal et al. [40], TR Y power series CoD by Osatohanmwen et al.
[104], and inverse Lindley power series CoD by Shakhatreh et al. [121].

Additionally, techniques like the Marshall-Olkin transformation have been utilized to extend
existing classical distributions by introducing additional shape parameters. The Marshal-Olkin
FoD (Marshall and Olkin [74]) has some appealing properties that can add flexibility to any
existing classical distribution. The Marshall-Olkin technique has been applied to develop the
following generalized distributions: Marshall-Olkin Lehmann Lomax distribution by Aboraya
[3], alpha power Marshall-Olkin-G FoD by Eghwerido et al. [38], Marshall-Olkin Kumaraswamy
exponential distribution by Almarashi et al. [11], Marshall-Olkin Gompertz distribution by Egh-
werido et al. [37], Marshall-Olkin half logistic-G FoD by Makubate et al. [69], Marshall-Olkin
logistic-exponential distribution by Mansoor et al. [73], Marshall-Olkin alpha power FoD by Nas-
sar et al. [86], extended Marshall-Olkin Burr IIT distribution by ul Haq et al. [135], Marshall-
Olkin extended inverted Kumaraswamy distribution by Usman and ul Haq [136], Marshall-
Olkin-Odd Weibull-G FoD by Makubate et al. [68], exponentiated Marshall-Olkin exponential
distribution by Tharu et al. [132], Marshall-Olkin Burr X FoD by Jamal et al. [58] and Marshall-
Olkin Lindley log-logistic distribution by Moakofi et al. [78].

Furthermore, the exponentiation method (Mudholkar and Srivastava [80]) has been employed
to generalize distributions such as the Weibull distribution. Gupta et al. [46], Gupta and
Kundu [47], Gupta and Kundu [48], and Kang and Seo [60] applied the exponentiated method.
Generalizations via the EHL distribution are of tremendous practical importance, resulting in
the development of distributions like the EHL-odd Burr III-G FoD by Oluyede et al. [96], EHL-
power generalized Weibull-G FoD by Oluyede et al. [90], EHL-odd Lindley-G FoD by Segweni
et al. [120], and EHL-logistic Weibull distribution by Chamunorwa et al. [25].

Other approaches, such as type II transformations, Harris-G and TL-G distributions, have
also been explored to extend existing distributions and develop new generalized families of

distributions with improved flexibility. The type II transformations including the type II-EHL-
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TL-Marshall-Olkin-G FoD by Moakofi et al. [76]. Additionally, Alyami et al. [15] developed
the type II half logistic odd Fréchet CoD, ZeinEldin et al. [142] introduced the type II-TL-
inverted Kumaraswamy distribution, ZeinEldin et al. [141] introduced the type II half logistic
Kumaraswamy distribution, Bantan et al. [19] introduced the type II power-TL-generated FoD,
Oluyede and Moakofi [93] introduced the type II-EHL-Gompertz-TL-G FoD, Al-Jadaani and Al-
Saiary [5] proposed a type II-TL-generalized inverted exponential distribution, Al-Mofleh et al.
[6] developed the type II-EHL-generated FoD. TIIHL-G FoD was proposed by Soliman et al.
[128], type IT half logistic Exp-G FoD by Bello et al. [22], new TITHL-G FoD by Altun et al. [13]
and TIIGIE FoD by Jamal et al. [56].

Pinho et al. [110] presented the Harris extended CoD. This CoD was generated using the generic
construction method described by Aly and Benkherouf [14]. Aly and Benkherouf [14] extended
the Marshall-Olkin FoD by considering the pdf of the Harris distribution (Harris [51]). They
considered the special case of the Harris extended FoD, then Batsidis and Lemonte [21] con-
sidered Harris extended FoD as a proportional hazard rate distribution. Sandhya et al. [118]
discussed the Harris family of discrete distributions. Additional work on the Harris distribution
include: Harris generalized linear exponential distribution by Paula and Joseb [106], Sivadasa
and Joseb [127] introduced Harris extended Burr XII distribution, Harris extended two parame-
ter Lindley distribution by Thomas et al. [133], and Harris extended power Lomax distribution
by Ogunde et al. [88].

The TL distribution by Topp and Leone [134] has a closed-form cdf, bathtub-shaped hrf, and
J-shaped pdf. It is, however, not a very adaptable distribution due to its domain constraint,
(0,1). As a result, numerous researchers amended the TL distribution to increase its flexibility.
Al-Shomrani et al. [8] developed a new FoD using the cdf of the TL distribution. Moments of
J-shaped distributions were obtained by Nadarajah and Kotz [84]. Tahir et al. [129] obtained
a bounded FoD, namely, the TL-G FoD. Rasheed [114] developed the TL Dagum distribution.
Chipepa et al. [28] introduced the TL-Marshall-Olkin-G FoD, Chipepa and Oluyede [27] pre-
sented the TL-odd exponential half logistic-G FoD, Burr III TL-G FoD by Chipepa et al. [30],
EHL-odd Weibull-TL-G FoD by Chipepa et al. [31], and TL-Gompertz-G FoD by Oluyede et al.
[89].

In addition to the works listed above, researchers developed and presented new families of
distributions using various techniques to extend existing distributions such as Weibull, LLoG,
Burr type X, uniform, Lomax, and so on. Some generalizations of the Burr type X distribution
include: odd-LLoG Burr type X FoD by Karamikabir et al. [61], Weibull Burr type X distribution
by Ibrahim et al. [55], Burr type X exponentiated Weibull distribution by Khalil et al. [62], Burr
type X generator distribution by Yousof et al. [140], Burr type X exponential distribution by
Pelumi et al. [107], Burr X-Topp-Leone distribution by Usman et al. [137], Poisson Burr type
X inverse Rayleigh distribution by Abdelkhalek [2], generalized Burr type X FoD by Jamal and
Nasir [57], Burr type X exponentiated exponential distribution by Refaie [115], Marshall-Olkin
Burr type X FoD by Jamal et al. [58], and type I half-logistic Burr type X distribution by
Shrahili et al. [123], type I half logistic Burr X-G FoD by Algarni et al. [10], Weibull Burr X
distribution by Ibrahim et al. [55] and beta Kumaraswamy Burr type X distribution by Madaki
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et al. [67].

1.2 Some Generators

In this section, we will discuss the various generators used to develop new generalized classes

and families of distributions in this thesis.

1.2.1 Competing Risk Method

The competing risk method arises when individuals or systems face multiple causes of failure,
with the occurrence of one type of failure potentially precluding others. In real-world appli-
cations such as medical studies or engineering systems, multiple factors can lead to failure
(Mukhopadhyay and Basu [81]). By using competing risk methods as one of the generators in
our study, we aim to improve the reliability and applicability of our results by adding parameters
that account for the shape of the hazard function. Extensive research has been conducted into
statistical inference for competing risks models, with contributions from a variety of researchers.
For example, Kundu et al. [64] introduced new methodologies and applications for competing
risks models, focusing on areas such as survival analysis and event history modeling. Freels
et al. [44] discussed recent developments and applications of statistical inference for competing
risk method. From these studies, researchers gain a more comprehensive understanding of the
competing risk method. This comprehensive perspective not only emphasises the importance
of these contributions, but also clarifies their relevance in guiding future research efforts and

practical applications.

We assume a series system with the components’ lifetimes as follows: Fi(t) and Fy(t) distribu-
tions with survival functions Ry (t) = 1 — Fi(z) and Ra(t) = 1 — F5(t), respectively. The survival
function R(t) = P(T > t) of the system is given by

R(t) = HRi(t). (1.1)

The resulting cdf is given by F(t) = 1 — R(t). In terms of reliability, a series model is referred
to as a competing risk model and has the pdf obtained by differentiating F'(t).

1.2.2 Compounding Method

The compounding method combines discrete distributions, such as the power series distributions
which includes binomial, Poisson, geometric and logarithmic distributions (Noack [87]), with
continuous distributions. This method is used in many applications, including income modeling,
finance, and lifetime analysis. Compound distributions accurately model real-world data that

exhibit complex behavior and unique shapes.

Let X;, i=1,2,...... ,N be iid random variables with cdf G. Assuming, N be a discrete random
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variable, which is zero truncated with a power series distribution, then the pmf is given by
——n=12,3,.., (1.2)

where C'(6) = > | ap0™ is finite, 6 > 0 and {a, },>1 a sequence of positive real numbers. Table

1.1 shows some useful quantities for some power series distributions.

Table 1.1: Useful Quantities for Some Power Series Distributions

Distribution c(6) C’'(6) C’(0) o)) an, Parameter Space
Binomial 1+0)m—1 m1+0)™t mm-1)1+0)™2 @-1Vm-1 (7 (0,1)
Poisson e —1 e? e? log(1+6) (n)~1 (0,00)
Geometric o(1—6)~! (1-6)2 2(1—6)73 0(1+06)"! 1 (0,1)
Logarithmic —log(1—60)  (1—6)7! (1-6)2 1—ef nt (0,1)

1.2.2.1 Case 1l

Let X(1) = min(Xy, Xo, ..., Xn), then the cdf of X(1)|N = n is given by

Fx ) n=n(z) =1 = (1= G(z))",n > 1. (1.3)
The marginal distribution of Xy, is given by,

Fx, (z) = Y P(N=n)P(X,<z|N=n)
n=1

2. apd" n
. 2 IS0) (1-G(x))
_ C((1-G@))
= c) ,x > 0. (1.4)

1.2.2.2 Case 2

Let X(;) = max(X1, Xa, ..., Xn), then the cdf of X(1)|N = n is given by

Fx,yn=n(z) = (G(z))" ,n > 1. (1.5)
The marginal distribution of X(y), is given by,

Fx, (z) = > P(N=n)P(X,<z|N=n)
n=1

o0
an 0™

= > G C@)r
n=1

_ C(6G(2))
= W,ac>o. (1.6)
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1.2.3 Exponentiated-G Generator

The exponentiation method is one of the most popular method that has been widely considered
when extending existing classical distributions in-order to improve their flexibility and applica-

bility. Lehmann [66] first introduced the Exp-G generator with the cdf and pdf given by

FE‘a:p—G(x; >\7 ¢) = GA('% TZJ), (17)

and

SBap-c(w3 A, 0) = Ag(a;9) (Glas )" (1.8)
respectively, for x > 0, A > 0 and parameter vector 1.

Gupta et al. [46] proposed the Exp-G generator as a proportional hazard rate family having the
cdf and pdf given by

FE:vp—G(:E; >\7¢) =1- [1 - G(il?ﬂﬁ)]/\, (19)

and

Frop—c (@ A, 9) = Ag(@;9) [1 — Gla; )M, (1.10)

respectively, for z > 0, A > 0 and parameter vector .

1.2.4 Half-Logistic-G Generator

The half-logistic distribution (Balakrishnan [18]), with its simple pdf and cdf, is tractable but
limited in its ability to capture complex data characteristics. The HL-G generator adds flexibility
by accommodating skewed and bimodal data modeling, and different hrf shapes. Cordeiro et al.
[34] proposed the TTHL-G FoD with the cdf given as

Fz; = B L—
(-’E;’Y’w) /(; (1 +€_7t)2

1= [1 — G(x;w)]’y
- T cwel (1.11)

where x > 0, G(z; %) is the baseline cdf depending on a parameter vector 1) and an additional
shape parameter v > 0. If we take v = 1, then the TIHL-G reduces to the HL-G FoD with cdf

oy G
Fa;y) = w0 (1.12)
where G(z;1) = 1 — G(x;1).
The corresponding pdf to equation (1.12) is given by
flz39) = 2g(;9) (1.13)

[1 4+ G(a; )]



Chapter 1. Introduction

for z > 0, and parameter vector 1, G(z;1) and g(x;%) are the survival function and pdf of the
baseline distribution, respectively.
1.2.5 Topp-Leone-G Generator

The TL distribution (Topp and Leone [134]) was modified by Al-Shomrani et al. [8]. The TL
distribution has domain restriction of (0,1) and a bathtub shaped hrf. The generalizations of

the TL distribution enhance its flexibility and allow it to model different non-monotonic hrf.
The TL-G FoD (Al-Shomrani et al. [8]) cdf and pdf are given by

Fri—clab.) = [1 - C(asw)] (1.14)

and
b—1

fri-clwbg) =20 [1=C@v)|  Glasv)g(a:v), (1.15)

respectively, for x > 0, b > 0 and parameter vector .

1.2.6 Burr-X Generator

The Burr-X generator (Yousof et al. [140]) is commonly used to model heavy-tailed datasets.
The cdf and pdf of Burr X-G FoD are given as follows:

N 2) 18
F(z;0,9) = [1 — exp {— (ggi;) }] (1.16)
and

. _ W9(@y)Glziy) ) (Glay) : Cexnd _ (E®Y) 17
T8 = ) p{ <G<x;w>> }[1 p{ <G<m;w>) H > (L17)

for x > 0, 8 > 0, and baseline parameter vector ).

1.2.7 Gamma-G Type I and Type II Transformations

Zografos and Balakrishnan [143] proposed the Zografos-Balakrishnan-G FoD. This transfor-
mations provide flexibility in modeling long-tailed, short-tailed, heavy-tailed data, as well as

non-monotonic hrf. The cdf and pdf are given by

—log[1—G(x:6)] ’Y( —log [1 — G(x;¢)] ,5>
FZB_G(I; 0, f) = 11(15) /0 O le~tdt = F(5)
and
fzp-cla:6.€) = F(lé) (~log[1 — G(:€)]) g (w56),

(1.18)
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respectively, for x > 0, § > 0, where I'(§) = fooo t9le~tdt and v(d,2) = foz t9=le~tdt is the

incomplete gamma function.

Ristic and Balakrishnan [117] introduced gamma-G type II family known as the Ristic-Balakrishnan-
G FoD with pdf and cdf, respectively given by

~log [G(a:€)] ,5>
()

1 [ loglG(@:g)] v <
FRgfg(JJ;é, f) =1- / t6_16_tdt =1-
0

G (1.19)

and
g (z;)
INE))

frE—c(7:0,€) = (—log[G(z; &))", (1.20)

for z > 0, 6 > 0 and parameter vector &.

1.2.8 Harris-G Generator

The Harris distribution (Harris [51]) has been discussed in various studies. Extending the Harris-
G allows it to capture different properties of data, such as monotonic, non-monotonic shapes,
SK, and KS. This ability to capture a wide range of data characteristics makes the extended
Harris distribution versatile in many different applications. Pinho et al. [110] developed the
Harris-G FoD with the cdf given by

FHarris—G(x;v7c7 ’l/}) = ]‘ . <1

(1.21)

for x >0, v,c >0,¢=1—c¢, G(x;9) = 1 — G(x;%), where G(z;1) is the baseline cdf with

parameter vector . The corresponding pdf is given by

cv g(z; )
[1— cG(a; )]

flzyv,e,0) =

(1.22)

forx >0, v,¢> 0, and ¢ =1 —¢. When v = 1, equation (1.21) reduces to the Marshall-Olkin-G
FoD.

1.2.9 Marshall-Olkin-G Generator

Marshall and Olkin [74] proposed a method for adding extra parameters to a FoD. Several
authors have extended existing classical distributions using the Marshall-Olkin method. This
resulted in increased flexibility in modeling complex behaviors and distinct shapes of data. The
cdf and pdf of Marshall-Olkin-G FoD are given by
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Flzia)=1- % (1.23)
and
fz:a) = ag(@;§) (1.24)

(1 —aG(x;6)?
forz >0, a>0,a=1-a«aand G(z;¢) =1 — G(x;¢), where G(z; &) is the baseline cdf. Note
that when a = 1, we have G(z;v¢) = F(z;£), the baseline distribution function.

Marshall and Olkin called the additional shape parameter «, the tilt parameter, since for all
x > 0, the hrf of the new FoD are ordered based on the values of «, that is, hg(z) < hp(x)
when a > 1, and hg(z) > hp(x), when 0 < o < 1.

1.3 Mathematical and Statistical Properties

1.3.1 Survival Function

The survival function is pivotal in determining the probability of survival or reliability of systems,
and is given by S(z) = P(X > x) = 1 — F(x). The survival function is used to estimate the

probability of surviving beyond a certain time.

The survival function is particularly useful in fields such as medicine, where it can be used
for obtaining the probability of a cancer patient surviving a certain length of time after start-
ing chemotherapy treatment. Other applications of the survival function include engineering,

finance, forensic science, and ecology.

1.3.2 Hazard Rate Function

The hrf is a non-negative function of time, x, that represents the instantaneous risk of an event
occurring at time z. The hrf is given by hp(z) = f(x)/S(z). The hrf can take on a variety of

forms, including monotonically increasing, monotonically decreasing, and non-monotonic.

In practice, the hrf is applied in a variety of fields, including medicine, finance, engineering,
insurance, and actuarial science. In medicine, a monotonically increasing hrf can be used to
model the increased risk of mortality as people age. A monotonically decreasing hrf can be used
to model the decreasing risk of infant mortality as infants grow. A non-monotonic hrf can be
used to model situations where the risk of an event varies over time, such as the ’bathtub curve’
in medical research, which shows an initial decrease in event risk followed by a constant hrf, and

then an increase over time. For example a population being studied from infancy to old age.

1.3.3 Quantile Function

The QF is the inverse of the cdf. The algorithm for obtaining random samples from the derived

continuous distribution using the inverse cdf is:
e Define the random variable X with the cdf F(z).

e Obtain the QF: F~!(u) =inf{z: F(z) >u},0<u < 1.
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e Solve the non-linear equation to find the QF, which represents the inverse cdf of the

distribution.

Thus, random numbers can be generated by applying the inverse cdf to uniform random vari-

ables. The QF is used for generation of random numbers during simulation studies.

1.3.4 Distribution of Order Statistics

Let X1, Xo,..., X,, be a random sample from a distribution. These random variables are iid,
with pdf f(x) and cdf F(z). The pdf of the ht" order statistic Xj.,, is given by

n!f(x)

(h—1)!(n — h)! [F(x)]hfl[l — F(x)]n—h.

fh:n(x) =

Order statistics have many real-world applications, including engineering, survival analysis, fi-
nance, and social science. For example in engineering, order statistics are used to determine the

probability that the system will fail under a given load.

1.3.5 Rényi Entropy

In information theory, entropy is a measure of the uncertainty or randomness of a system. RE
(Rényi [116]) is defined by

Tn(p) = (1 - p)~log [ I fﬂ(m)dx] , (1.25)

where p > 0 and p # 1, and Shannon entropy (Shannon [122]) is given by E {—log[f(X)]}.

Shannon entropy is a special case of RE.

RE has been applied in many different areas, including finance, geography, machine learning,
physics, medicine and game theory. For example in physics, RE is used to measure the amount

of information that is lost when a system undergoes a transformation.

1.3.6 Probability Weighted Moments

In probability theory, probability weighted moments (PWMs) are a generalization of the classical
moments, which are defined as the expected values of powers of a random variable. The PWMs

are defined as follows:

.

2, = BQCPO) = [ 2P @) @)

The PWMs have a wide range of applications in statistics and engineering. The PWMSs approach
is a useful alternative to traditional moment-based approaches when estimating distribution
parameters, especially when the inverse form of the distribution is unknown. The PWMs method
is more accurate than traditional moment-based approach and is often used in cases where ML

estimates are not possible or are computationally difficult to obtain.

10
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1.4 Maximum Likelihood Estimation Method

In statistics, ML estimation is a popular method for estimating the parameters of a distribution.
ML estimation is based on the assumption that the data follows a given probability distribution.
By finding the values of the parameters that maximize the likelihood function, which is the
probability of observing the given data, we can obtain the estimate of the parameters. The
total likelihood function for a given pdf is L(6;x) = [[;-, f(zi;0). The elements of the vector
of parameters 6 are optimized by setting the partial derivatives of the log-likelihood function

equal to zero.
The total FIM nI(A) can be approximated by

0%¢

J.(A) = | — —— . 4,7=1,2,3,4.....,q. 1.2
&)~ |~ 507 7= 12,34 (1.26)

A—A:| qXq

The total FIM (1.26) can be obtained numerically using MATLAB, SAS, or R. This matrix
is used to estimate the asymptotic covariance matrix of the ML estimates. Under the usual
regularity conditions and assuming that the parameters are located within the interior of the

parameter space, though not on the boundary, we observe the following asymptotic result:

V(A - A) - N0, 1(A)Y,

where I(A) denotes the expected FIM. This asymptotic behavior remains valid even when I(A)
is replaced by the observed information matrix evaluated at A, denoted as J (A) Consequently,
we can utilize the multivariate normal distribution AV (0, J=*(A)) to construct CI and confidence

regions for the individual model parameters as well as for the survival function and hrf.

The likelihood function is maximized using NLmixed in SAS, as well as the function nlm in
Team [131]. The application of these functions to different initial values frequently results in
multiple maxima, and if none are found, additional initial values are used to ensure a maximum
is obtained. We use profile log-likelihood plots to determine the existence and uniqueness of ML
estimates. In these plots, a clear peak at a specific parameter value indicates the presence of
an ML estimation, whereas ”plateaus” where the ML is achieved at multiple parameter values
indicate the absence of a single ML estimation. As profile log-likelihood plots rely on the shape
of the likelihood function, using them to identify the uniqueness and existence of ML estimation

could potentially offer a more efficient and reliable alternative.

Although ML estimation is a widely used method, it has some limitations that should be taken
into consideration such as the potential for not obtaining global optima and difficulties in dealing
with constraints in the parameter space. However, despite these limitations, ML estimation re-
mains a popular method of estimation because of its desirable properties such as the consistency

and efficiency of the ML estimates.

11
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1.5 Methods for Assessing GoF

The new generalized classes and families of distributions are compared to the nested and non-
nested models using several GoF statistics. We use the following GoF statistics: —21n(L),

AIC =2p—2In(L), BIC = pln(n)—21In(L) and CAIC=AIC + 222 'where L = L(A) is the

value of the likelihood function evaluated at the parameter estimates, n is the total number of
observations, and p is the number of estimated parameter. Some additional useful GoF statistics
include CVM, AD, K-S and its corresponding PV, and SS from the PPs. Chen and Balakrishnan
[26] discussed CVM and AD GoF statistics. The SS from the PPs is defined as

" i—0.375\1>
$5=2 [F(I“))_ <n+0.25>] ’
=1

where i = 1,2,....,n, and z(; are the observed data with ordered values (Chambers et al. [24]).
The model with the smallest GoF statistics value and the highest PV for the K-S statistics is
regarded as the best fitting model.

1.6 Likelihood Ratio Test

The LRT statistic is commonly used to compare the fit of proposed distributions with its sub-
models. The LRT statistic is given by:

A=2 [m (L(él)) —In (L(éo))] :
where 6, represents the parameter estimates under the unrestricted model, and 90 represents

the parameter estimates under the restricted model.

The LRT statistic rejects the null hypothesis if A > Xi;p, where Xi;p denotes the upper 100,%
point of the x? distribution with p degrees of freedom, where p is the difference in the number

of parameters between the unrestricted and restricted models.

1.7 Aims and Objectives

1.7.1 Main Objectives

The main goal of this work is to use several new combinations of generators in the literature for
the development of new, generalized and flexible classes and families of distributions that are

suitable for modeling data in different application domains.

1.7.2 Specific Objectives
1. To develop the following generalized classes and families of distributions:
e LLoGMWPS CoD.

e TII-TL-EHL-GPS CoD.

12
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e Harris-OBX-G FoD.
e MO-EHL-TII-TL-G FoD.
e TL-Harris-G FoD.

2. To derive some of the statistical and mathematical characteristics of these new generalized

classes and families of distributions.

3. To estimate the parameters of these classes and families of distributions via the ML esti-

mation technique.
4. To illustrate the consistency of ML estimates through simulation experiments.

5. To demonstrate the utility and applicability of these new generalized classes and families

of distributions by fitting them to real-life datasets from a variety of fields.

1.8 Motivations

The development of generalized classes and families of distributions that are adaptable to both
monotonic and non-monotonic hrfs are of tremendous practical importance in probability and
statistics. Our main motivation in developing new classes and families of distributions lies in
the ability of the hrfs to exhibit different shapes such as increasing, decreasing, UBT, BT, BT-
UBT and UBT-BT. This flexibility allows for more accurate representation of real-life situations

where the hrf may exhibit complex shapes.

The limitations of classical distributions and existing families of distributions in modeling dif-
ferent hrf emphasize the need to continue developing new classes and families of distributions
that can adequately represent the complexities of real-world data. These proposed classes and
families of distributions are designed to overcome the limitations of classical and existing distri-
butions, with the aim of providing improved modeling capabilities and increased reliability. By
accurately representing real-life situations, these new classes and families of distributions can

lead to more effective decision-making across variety of lifetime situations.

Unlike classical and some existing distributions, which are typically restricted to modeling either
right-skewed or left-skewed data, the new generalized classes and families of distributions can
accommodate wide range of shapes including almost symmetric, negative-skewed or positive-
skewed, J and reverse-J. This flexibility of the proposed distributions overcome that of classical
and existing distributions, making the new generalized classes and families of distributions more
flexible in capturing extreme events and rare occurrences. Such adaptability enhances their
applicability and suitability in many applications. These new classes and families of distributions
were developed through different generators that introduced additional parameters serving as
scale and shape parameters to introduce SK for symmetrical distributions and modulate the

weight of the tails of any extended classical distribution.

The applicability of the new classes and families of distributions through real datasets showcase
their usefulness in solving practical problems. This bridges the gap between theoretical develop-

ments making the research relevant and needful to the current societal needs. These new classes

13
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and families of distributions provide researchers with the ability to better capture lifetime data
from different domains. The special cases of the new generalized classes and families of dis-
tributions demonstrate superior fit compared to parent distributions and other existing models

available in the literature.

1.9 Outline of Thesis

The structure of this thesis is as follows: Chapter 2 presents development of the LLoGMWPS
CoD. Chapter 3 introduces the CoD known as TII-TL-EHL-GPS distribution. The Harris-
OBX-G FoD is presented in Chapter 4. In Chapter 5, we present the MO-EHL-TII-TL-G FoD.
Chapter 6, presents TL-Harris-G FoD. We finally give conclusions and areas of further study
under Chapter 7.

14



2. A New and Generalized Class of
Log-logistic Modified Weibull Power

Series Distributions

This paper is published by the Scopus indexed Thailand Statistician Journal. Thailand Statis-
tician Journal, 22(2), 237-273, (2024). https://statassoc.or.th.

2.1 Introduction

Compound CoD are important because of their flexibility in modeling distributions with both

monotonic and non-monotonic hrf which are encountered in real-life data.

A new generalized CoD is obtained by combining the LLoGMW distribution (Oluyede et al. [97])
with the power series distribution (Noack [87]). The new CoD has added dispersion parameter,
depending on the overall form that accounts for the scale of the underlying random variable and
has exponential dumping in the upper tail making the distribution suitable for modeling samples
that display power behaviour for intermediate observations and a decrease in tail probability
for large observations or beyond a certain threshold or specified value. The proposed CoD
offer superior flexibility in comparison to existing distributions, such as the Weibull, log-normal,
gamma, Rayleigh, and exponential distributions, due to the inclusion of an additional dispersion
parameter. This additional parameter allows for greater control over the shape of the distribution

and the ability to capture a wider range of data shapes and behaviors.

The mathematical properties of the LLoGMWPS CoD, along with its special cases (LLoGMWP
and LLoGMWL distributions), are comprehensively explored. The LLoGMWPS CoD general-
izes several existing distributions, encompassing variations such as the LLoGEPS, LLoGWPS,
LLoGRPS, LLoGPS CoD, as well as other related distributions like LLoGMW, LLoGW, and
LLoG distributions. These generalizations enhance the modeling capabilities of the new CoD,
enabling it to effectively represent a wide range of data encountered across various fields. To
illustrate the flexibility of LLoGMWP and LLoGMWL distributions, we present plots of the
pdf and hrf, as well as the 3D plots of SK and KS. We apply the method of ML estimation to

estimate the parameters of this new distribution.

Real-world applications of the LLoGMWP and LLoGMWL distributions are demonstrated
through case studies drawn from fields such as reliability and biology. These applications show-
case the practical utility and effectiveness of the proposed distributions in modeling complex
data scenarios. The results of the LLoGMWP and LLoGMWL distributions are compared with
nested and non-nested models. Comparative analyses with nested and non-nested models, in-

cluding five-parameter distributions and those generated via similar transformation techniques,
further highlight the superiority and uniqueness of the LLoGMWP and LLoGMWL distributions
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in capturing the underlying characteristics of diverse datasets.

2.2 The Log-Logistic Modified Weibull Power Series Class of

Distributions

In this section, the LLoGMWPS CoD and some of its statistical properties are presented. We
first of all present the LLoG and MW distributions. The cdf and pdf of the LLoG distribution
are given by F,, (z) =1— (1+ 2%t and f,, .(z) = cz®}(1 + 2¢)72, for ¢ > 0 and x > 0.
The MW distribution by Lai et al. [65] has pdf given by

Fuw (@ a, B,0) = am’B_leM(ﬁ + \x) exp(—amﬁe)‘x),

forz > 0, « > 0, > 0, and A > 0. Note that the parameter o control the scale of the
distribution, 8 controls the shape, whereas A can be considered to be an accelerating factor in
the imperfection time and a factor of fragility in the survival of the individual as time increases.
When A = 0, we obtain the Weibull distribution. The Weibull distribution is well known
and has been extensively used for modeling data in several areas including reliability. Weibull

distribution is particularly useful for modeling monotone failure rates.

Consider a sequence of N iid random variable, say X;, ¢ =1,..., N, from the LLoGMW distri-
bution developed by Oluyede et al. [97] with cdf given by

F

LLoGMW

(x;c,a,8,\) =1—(1+ xc)_l exp(—azPel),

and the corresponding pdf given by

-1 c—1
_azBere e 1 )z cx
fLLgGMW (.’L‘, c, /6, )\) = e (1 + xr > {Oé,’]jﬁ 16/\ (6 “l‘ )\:L‘) + M})

for ¢, a, 8 >0, A >0, and = > 0. The survival function and hrf are given by

Stpoanw (@360, B,A) =1 =F, | oy (T30, 8,A) = (1+ xc)il exp(—axﬂe’\m)
and
f (.’L‘;C,OZ,B,)\) —1. ) C.%‘c_l
hivo T, B, N) = G = az? TP+ Ax) + ————,
rrocani | ) Sppeamw (T3¢, B, A) ( ) (1 + z°)
respectively.

Now, let N be a discrete random variable that follows a power series distribution assumed to be

truncated at zero, whose pmf is given by

where C'(0) = > 7 | an0" is finite, § > 0, and {a,}n>1 a sequence of positive real numbers.

Considering X(;) = min(Xy, ..., Xxy) and conditioning upon N = n, the conditional distribution
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of X(1y given N = n is obtained as
n
GxIn=n(z) =1~ H(l = Fppponw () = 1= 87, (@) = 1= (1+29) 7" exp(—naz’e™).

i=1

Theorem 1. The cdf of X (1), say Frrocmwps, is given by

0(9(1 + €)1 exp(—awﬁe)‘x)>

Frroamwes(z;c,a, 8,0,0) =1 —

C(0)
Proof. Note that
Frroomwrps(;c,a, 8,0,0) = Y Gy, in=n(z)P(N = n) (2.1)
n=1
S c\—n x nen
= 7; [1 — (1 + 2°) " exp(—naz’ et )] aC’(H)
= apf” B =L ap [0(1 + 2¢) " exp(—azPer?)]”
B ; C(6) ; C(o)
Clo(1+ x¢)~1 exp(—amﬁe)‘x))
= 1- o0 (2.2)

Theorem 2. ghm+ Frroamwps(z;e, o, 8,0, 0) = F, | ouw (@60, B, X, 0).
—0

Proof. Recall that C(0) = >>°  a,0". Then,

n=1

S0 L an [0(1 + 2¢) "L exp(—azPer®)]"

Frroamwes(z;c,a, 8,0,0) = 1— oS
Yoy G
- 1_ ZZO:I anenSZLoGIWW (x)
Zzozl ant"

Letting # — 0T, the second term to the right of this equation is undetermined. Thus, applying

I’Hopital’s rule, we have

Yoy na, " 18" (z)

lim F; r;c,a,B,N,0) = 1— lim LLoGMW
6—0+ LLoGMWPs(; ¢, B, 2, 6) 0—0+ Yol naydnt
S -1
= 1— lim alSLLOGMW (:E) + 2"22 nay " SZLoGMW (‘T)
90+ ai + Y o0y nafnt
= 1- SLLOGMW(x;CaO‘757>\)

Firoamw (w5¢,0, 8, N).

O
Remark 1. Let C'(6) be the derivative of C(6), that is, C'(0) = > .o na,0" . Then the
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density of FLroGMwPs, 84y fLLoGMWPS, 1S given by

dFLroamwps(T; ¢, a, B, A, 0)
dx
efLLoGMW(x; ¢, Ba A)C’/(QSLLOGMVV(:L.; ¢, 57 )‘))
C(9) '

frroamweps(xic, o, B,N,0) =

2.3 Some Generalized Sub-Classes of Distributions

In this section, we present several new and known sub-classes of distributions including the
LLoGPS, LLoGMEPS, LLoGRPS, and other sub CoD.

e If A =0, we obtain the LLoGWPS CoD.

e If A\ =0, and 8 = 1, we obtain the LLoGEPS CoD.
e When a — 07, we have the LLoGPS CoD.

e If A =0 and 8 = 2, we have the LLoGRPS CoD.

e If B =1, we obtain the LLoGMEPS CoD.

e If 5 =2, we have the LLoGMRPS CoD.

e Several new classes of distributions can be readily obtained by setting c=1; c=1, f=1;

c=1, f=2; ¢ =1, 8=1, A=0; c=1, A=0; a — 0", c=1 and c=a=1, respectively.

2.4 Hazard Rate and Reverse Hazard Rate Functions

We present the hrf and reverse hrf of the proposed LLoOGMWPS CoD in this section. The hrf

is given by
G sS\Z; ¢, >>‘a9
hrroamwps(w;c,a, B, A, 0) = éiionZ};s((x_c - g 3 9))7 (2.3)

where Sproarmps(w;c, . 8,A,0) =1 — Frroauwps(x; ¢, o, 3, A, 0). Explicitly,

C'(05(x))

hrroamps(z;c,a, B, A, 0) = af(l’)m,

where f,, .uw(2) = f(z) is the LLoOGMW pdf. On the other hand, the reverse hrf,

TLLoaMwPs(z; e, o, B, N, 0) = frroamwres(x;c, o, B, N, 0)/Frroamwps(z; ¢, o, 5, A, 0), is given
by

C'(0S(x))
C0) - C(9S(x))

TLLoGMWPS(T5¢, 0, B, A, 0) = 0 f(x)
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2.5 Identifiability

To assess the identifiability of the LLoGMWPS CoD, we considered two parameter sets A; =
(c1,01, P1,A1,01) and Ag = (co, g, B2, A2, 62). The likelihood ratio is expressed as follows:

. - J@n

fa)

91 -2 2 _ B1eAiT BaeA2z
- 2t 1+$c1 1—|—{ECQ e ai1xlFle +agxlF2e

02

—1

X (alxﬁl_le’\lx(ﬁl + Nz) (14 2%) + clxcl_l) <a2x62_16)\2$(/52 + Xox) (14 29) + czxc2_1>
X (C' (61 (1+ 2°) 7 exp(—alxﬁleklx))0(91)> (C" (62 (1 + z°2) ! exp(—agmﬁ%)‘ﬂ))(}'(eg)) B

Taking logarithm of likelihood, we get

6
Log(L) = log (0;) + a2 — 0 2P1eMT — 2log(1 4+ ) + 2log(1 + x°2)

+ log (alxﬁl_lehx(ﬂl +Mz) (14 2) + 01:1:61_1>
— log (agscﬁrle)‘”(ﬂg + Aox) (14 2%) + 02$62_1>

+ log(C' (01 (1 + 2) " exp(—a1z™eM)) + log (C(61))
— log (C' (0 (1 + %)~ exp(—az?e*2)) — log(C(62)).

Now, the derivative of the log-likelihood with respect to x is

1 1

2c1~ n 20012~
(T+zr) (14 x2)
21T (B 4 Ayx) [M (14 29) + crz@~h) + (B — 1P —2eM® 4+ Aq (1 + 2]

dlog(L)
dz

= 0426)\2$ (ﬁglﬂz_l + .TBQ)\Q) — Oéle)qw (512:51—1 + Iﬁl)\l) —

+ (aqzPr—LeMz(B) + \iz) (1 + 2) + cpxer—1)
227102 (By + Agw) [Ag (14 22) + oz~ 1) + (B — 122726227 4 Ao (1 + 22
(apzP2—Ler2r(By + \ow) (1 + 2¢2) + cowc2—1)
010015 poanw (73 A1) fLrocmw p (25 A1) N 02C" (025, ocrrw (T3 A2)) fLLocrw p(25 A2)
C(015, ogrw (73 A1) C(025, onrw (T3 A2)) ‘
dlog(L)

Therefore, —2=> = 0, implying that the parameters uniquely determines the LLoGMWPS CoD
if A = As.

2.6 LLoGMW Poisson, Geometric, Logarithmic and Binomial

Distributions

The cdfs, pdfs and hrfs of the LLoGMWP, LLoGMWG, LLoGMWL and LLoGMWB distribu-

tions are presented in this section.
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Chapter 2. The LLOGMWPS Class of Distributions

2.6.1 Log-Logistic Modified Weibull Poisson (LLoGMWP) Distribution

The LLoGMWP distribution is a special case of the LLoGMWPS CoD with C(6) = e — 1 and

an = % The cdf is given by

0(1+z°) ! exp(—azPer?)) _ 1

el —1 ’

el

Frroamwp(z;c, 0, B,A,0) =1 —

for x > 0, ¢,ar, 3,60 > 0, A > 0. The associated pdf is

oo’ (1 4 2¢)2H) e

e —1
X (ca:c_l + az? e (B + \x) (1 + xc)> )

frroamwp(xic, o, B,A,0) =

and the hrf is given by

feaa" e (1 4 ) ~2ef0+a) e

h ryc,on BN 0) =
LLoGMW P(T; ¢, 0, B, A, 0) B(1tae)le—arPT ]

X (c:z:cfl + az? 1 (B + \x) (1 + xc)> ,

respectively.

(2.4)

2.6.2 Log-Logistic Modified Weibull Geometric (LLoGMWG) Distribution

The LLoGMWG distribution is obtained from the LLoGMWPS CoD with C() = 0(1 — §)~!

and a, = 1. The cdf of the LLoGMWG distribution is given by

(1 - 9)(1 + :Ec)flefowcﬁek“C
1= 0(1 + 2¢) Te-owPer

Frroamwea(z;c,a, 5,0, 0) =1 —

for x > 0, ¢,, 8,0 > 0 and X\ > 0. The corresponding pdf is given by
(L= 6) (e (1 +2) )
(1 —0(1 4 z¢)~le—az’er®)2
X (cxc_l + az’ e (B + Ax)(1 + {EC)> ,

frroamwa(x; e, a, B, X, 0)

and the hrf is given by

(1+ 297t (cacC*1 + a7t (B + M) (1 + wc))

hrrogmwa(z;c, o, B,A,0) = 1—0(1 + a¢)~le-axer

respectively.

20

Y



Chapter 2. The LLOGMWPS Class of Distributions

2.6.3 Log-Logistic Modified Weibull Logarithmic (LLoGMWL) Distribution
The LLoOGMWL distribution is obtained from the the LLoGMWPS CoD with C'(6) = — log(1—6)
and a, = % The cdf is given by

log(1 —0(1 + xc)*le*mﬁem)
log(1 —6) ’

Frroauwr(xic,a, B,0,0) =1 — (2.7)

for x > 0, ¢,a, 3,0 > 0 and X\ > 0. The corresponding pdf is given by

fe= o7 (1 4 2¢) 72 (e + axP 1M (B 4 Ax)(1 + 2°))
o se,a, BN, 0) = ’
frrocmwr(x;c, o, B ) —(1 —0(1 + z¢)~le—az?e ") Jog(1 — )

(2.8)

and the hrf is

96_‘”66”(1 + x¢) 72 (cxc_l + axP1eM (B + M) (1 + mc))
—(1—-6(1+ xc)—le—axﬁe/\w) log(1 — (1 + xc)—le—axﬁe/\l‘) ’
(2.9)

hrrogmwr(x;c o, B, A, 0) =

respectively.

2.6.4 Log-Logistic Modified Weibull Binomial (LLoGMWB) Distribution
The LLoGMWB distribution is a special case of the LLoGMWPS CoD with C'(0) = (1+6)™ —1,
(n <m), and a, = (). The cdf is given by

(1 4 9(1 4 l,c)—le—axﬁe“)m 1
1+6)m—1 ’

Frroamwa(x;c, o, B,X,0) =1 —

for x > 0, ¢,ar, 8,0 > 0 and A > 0. The corresponding pdf and hrf are given by

frroamws(wic,a, B0, 0) = e (14 2%) 72 (Cxc_l +ax’ T eN (B4 Ax)(1+ xc))
L mt e (14 ae) Ry
(14+0)™—1 ’
and
hrroamwn(x;c,a, B, 0) = e_axﬁ(l + mc)_2 (c:rc_1 + aacﬁ_le)‘x(ﬁ + Az)(1+ mc)>

m(1+ Qe_axﬁem(l + x¢)~hym-1
(1 + ge—oz?e (1 4 ge)=Lym — 1’

respectively.

2.7 Quantile Function

Let X be a random variable with cdf as in Theorem 1. The QF is obtained by solving non-linear

equation
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Chapter 2. The LLOGMWPS Class of Distributions

Frrocmwps(x;c,a, B, A, 0) = u, 0 < u <1, Thus, we solve the equation
-1 _q u U
c<9 (14 Qo (w)7) @ MO ”) —C(O)1—u) =0,

equivalently

=0,  (2.10)

-l [1+<QX(1><U>>C]—a(QxU)(u))ﬁe“QXu%“”_m[c <C<96><1 >>}

which can be done using numerical methods. Consequently, random number can be generated
based on Equation (2.10).

2.8 Moments, Order Statistics and Entropy

In this section, moments, order statistics and RE from LLoGMWPS CoD are presented. We
note that using the result of a power series distribution raised to a positive integer, (Gradshteyn
and Ryzhik [45]), that is,

S
o0 o0
doad | =D by,
=0 =0

where the coefficients b, ; for (j = 1,2, ...) are determined by the recurrence equations bs; =

(jao) ™' 20 _i[m(s + 1) = flambs j—m, and by = a.

2.8.1 Moments

Moments of the LLoGMWPS CoD are presented in this subsection. The 7" raw moment, u; of
the LLoGMWPS CoD is given by

= B = [ OO0,

Note that

C'O1+29) e ) = 3 nan[0(1 4 a¢) e

= Y+ Dapaaff(1 4 2) "l
n=0
> A

= 3 balf(1 +a¢)temee ),

n=0

where b, = (n+ 1)ap41, and (302 bpy™)" = > 0% o dvny™, where y = (1 + mc)*le*arﬁ, dyn =
1

Y2 —
05 and dv,m = mbo

Soio(gv = m + §)bjdym—j. So, when using transformation y = (1 + 2¢)~!,
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1
T = (1_79> “ and dz = W. Therefore,
e = B(X7)
B H”H > afﬁ i 1dad (n+1)72™(j + 1)™
- c Jim!
7,m=0
1 1
X B(n+c—c(m+r+ﬁ(]+) 1), (m+r+5(]+1)—1)—c+2>

ad o (=DFaF(n 4+ )P K+ 1))P
c k!p!

c
k,p=0

X B(n—l—c—i(p—kr—!—ﬁ(k—i—l)),i(p+r+/3(k+1))—c+2)

n i (=DF(n + D*(A(K))

kq!

k,q=0

1
X B <n+c—c(q+r+6(k)+c—1)—c+2 —(p+r+pk )—c+2)> },
where B(a,b) = fol t2=1(1 — t)*~1dt is the complete beta function.

2.8.2 Order Statistics
The pdf of the i** order statistic from the LLoGMWPS CoD is given by

fin(z) = %mwg—%x)(l—F9<x>>"—l

B(i,n —i+1)
<";1> D

:B(zn—z+12< >

[
M‘

B(i,n—i—l—l
=0

<1 _ 0(9(1 +x )_ exp(_amﬂe)\x))>j+i—1
c6) .

Using binomial expansion

<1_0(9(1+:L‘C)Cl’(e;()p(—a:cﬁe)“"))>j+i1 _ J‘:il <j+z—1>
(c

(14 29 Lexp(—a Be/\‘r))>s
C() ’

the pdf of the i*" order statistics can be written as

fin(@) = Blion—it 1) nﬂ+ nz;j:i:l <n—@> <j+i_1>(_1)j+s

(0(9(1 + )‘Cfg)p( Be”))y :
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Note that,
(€O + 2" exp(~aa?e)))" = (Z a1+ 27! exp(—axﬁem)
w=0
= Z €sw (9(1 + 29)71 exp(—oz:z:ﬁe)‘x))w ,
w=0

where If €5, = (wag) 1Y% _ [m(s + 1) — w]ames.w—m, and eso = aj, so that the pdf of the it"

order statistic can be written as

finla) = Z“i(”;) () e

- Pobs (n; ) <j L 1) (w+ 1)1(92,):i65 e @

where

@) = (w+D)[A+a9) te o) (2)
= (w+1)[(1+a¢) e e
X [e‘amﬂekz(l + acc)_Q(c:zrc_l +(1+ wc)aﬁxﬂ_le)‘x(ﬁ + Ax))].

The corresponding cdf is given by

Fi:n(x) -

(O(1 4 2¢)~1 exp(—awﬁe/\x))>m
C(0) ’

where Fy(z) =1 — C(Q(HIC)AC‘S(?))(—WB@“)), and

C(O(1 + %)~ exp(—azPe?) Za] [ 14 29 7L exp(—az’er?) !

24



Chapter 2. The LLOGMWPS Class of Distributions

2.8.3 Rényi Entropy

The most widely used information measures are RE (Rényi [116]) and Shannon entropy (Shannon

[122]). Statistically, RE is an expansion of Shannon entropy and is given as

Ta(v) = — log</ooo[f(xcaﬁ,)\9)] )v;«élv>0

1—wv

RE tends to Shannon entropy as v — 1. With

/00 f(z;c,a, 8, A, 0)dx = /00 fo(x)dz
0 0

written as
0 \" [ ,
[ @ = (a) [ u@ceseyr.
and
C/(e(l_f_xC)—le—a:cﬁeM) _ Znan -1 —oaa:ﬁ M] -1

o
Z(n + 1)an+1[9(1 + mc)_le—axﬁe)\w]n
n=0

o
Z bnlO(1 + 2° le—axﬁe)\z]n

Tl Y

where b, = (n + 1)api1, and (307 1 bay™)” = >0 o dvny™, where y = 0(1 + mc)*le*amﬁ,
dv,n = bg, and dv,m = ZTZO(]’U -—m +j)bjdv7m_j, we have

mbg

/Ooofev(x)dx _ (C?g)ygdv’n/ooo[e(uxc)lealﬁekz]n

X [(1 +a0) Tl (aﬁxﬁle”(ﬁ + A\z) + fi:)] dx
- () e )y

n,p,k,l,s=0

X

Hndv e O[U k‘)\S/B’U k— s/ ck—l—v,@—kﬁ—v—i—s—i—l(l+xc)—n+v—k—2vdx.
0

Now, let y = (1 4+ 2¢)~!, and set 6* = ck +v8 — kB — v+ s + 1+ 1, then RE for LLoGMWPS
CoD is given by

v o0 . pan P v !
T(v) = 110g<(6> 3 Wl P Bt = k)

1—w C(0) o e e p! !

—k 0 +1 0" +1
> <U> <U >9ndnckavk)\56vksB <n +uo+k— + , + ) > ’
k s c c

for v # 1, and v > 0.
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2.9 Estimation

Let X ~ LLoGMWPS(c,a,B,),0) and A = (c,a,B,),60)7 be the parameter vector. The

log-likelihood function ¢ = ¢(A) based on a random sample of size, n is given by

n

(=10,(A) = nln(d) —nln(C(0)) + Zln(f(xz)) + Zln(C’(@S(mi)))
i=1

1=1

= nln(@) —nln(C(9)) + Zn:(—axfemi) -2 zn:ln(l + z7)
i=1 i=1

n
+ S Infer !+ (14 af)aa] 1N (B + )]
=1

Az

+ 3 (O (B (1 4 af) 7)),
1=1

The equations obtained by setting the partial derivatives to zero are not in closed form and
the values of the parameters ¢, o, 5, A and 8 must be found via iterative methods. The ML
estimates of the parameters, denoted by A is obtained by solving the nonlinear equation
(%, g—f;, g—g, %, %)T = 0, using a numerical method such as Newton-Raphson procedure. The
FIM given by I(A) = [Iy, 9,]5x5 = E(—%{f@j), i,j =1,2,3,4,5, can be numerically obtained by
MATLAB or NLMIXED in SAS or R software. The total FIM nI(A) can be approximated by

A o4
n(A)~ | —
Tn(A) [ 00,00;

For a given set of observations, the matrix given in Equation (2.11) is obtained after the conver-
gence of the Newton-Raphson procedure via NLMIXED in SAS or R software. Note that the
expectations in the FIM can be obtained numerically. Let A= (¢, &, B , ;\, 9) be the ML estimate
of A = (¢, e, B, A, 0). Under the usual regularity conditions and that the parameters are in the in-
terior of the parameter space, but not on the boundary, we have: /n(A—A) 4, N5(0,1(A)7Y),
where I(A) is the expected FIM. The asymptotic behaviour is still valid if I(A) is replaced by
the observed information matrix evaluated at A, that is J(A). The multivariate normal distri-
bution N5(0, J 1(A)), where the mean vector 0 = (0,0,0,0,0)%, can be used to construct CI
and confidence regions for the individual model parameters and for the survival function and
hrf. That is, the approximate 100(1 — )% CI for ¢, A\, «, 5 and 6 are given by:

} , 1,5 =1,2,3,4,5. (2.11)
A=Al5X5

_ =
and 0+ Z3\/T,)(A),

respectively, where I_1(A), I-1(A),I

r oo

5/81(5),1;/\1(3) and 1591(3) are the diagonal elements of
I-'(A) = (nI(A))~! and Z 1 is the upper gth percentile of a standard normal distribution.

n

26



Chapter 2. The LLOGMWPS Class of Distributions

2.10 Some Special Cases of the LLoGMWPS CoD

Two special cases of the LLoOGMWPS CoD, namely, the LLoOGMWP and LLoGMWL distribu-
tions are presented. We will examine their properties, including pdfs, cdfs, hrfs, and QFs. Plots
of the pdf and hrf for selected values of the model parameters are given. The method of ML
estimation is used for estimating parameters. A simulation study is conducted to illustrate the
performance of the two special cases of the LLoGMWPS CoD. Real-life datasets are applied to
demonstrate the flexibility and applicability of the two special cases.

2.11 Log-Logistic Modified Weibull Poisson (LLoGMWP) Dis-
tribution

The cdf and pdf of the LLoOGMWP distribution are given by Equations (2.4) and (2.5). Plots
of the LLoOGMWP pdf for selected values of the model parameters are given in Figure 2.1.

N - - 620.922.0,0=4.0,0=0.38=2.0 N - - §22.0120.3,024.0,0=2.06=0.9
- ~ = 6=10/=05.c=05a=10=50 6=05=1.0,=10.0=2.0,6=05
\ 6=10/=04.020,6=03p=10 6=04=2.0.6=0.05,0=0.7 p=0.4
\
24 1A 29
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Figure 2.1: Pdf Plots of LLoGMWP Distribution

Figure 2.1 shows that the plots of the pdf can be positive-skewed, reverse-J and decreasing

among many potential shapes. The density can exhibit different shapes depending on the values
of the parameters as shown in Figure 2.1.

2.11.1 Hazard Rate Function

The hrf of the LLoOGMWP distribution is given in Equation (2.6). Plots of the hrf for selected

values of the model parameters are also given in Figure 2.2.
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Figure 2.2: Hrf Plots of the LLoGMWP Distribution

The graphs in Figure 2.2 exhibit decreasing, UBT, UBT-BT and BT-UBT shapes for the selected
values of the model parameters. This very attractive flexibility makes the LLoGMWP hrf useful

and suitable for non-monotonic empirical hazard behaviours that are commonly observed in
real-world applications.

2.11.2 Quantile Function

The QF of the LLoGMWP distribution can be obtained by inverting F,, .., up(2) = u, 0 <
u < 1, where

69((1_’_.1.0)—16—()¢ac’6e>‘z

) ]
el —1 ’

FLLoGMWP($) = 1-

The QF of the LLoGMWP distribution is obtained by the solving non-linear equation

~a(Quy ()PP ~log(1-+ (@ (1)) o ( (1o (1= (1= wi =) ) ) <o
(2.12)

using numerical methods. Consequently, random numbers can be generated based on Equa-

tion (2.12). Table of quantiles from the LLoGMWP distribution for selected values of model
parameters are given in Table 2.1.
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Table 2.1: LLoGMWP Quantile for Selected Values

u

(0.1,0.2,2.8,0.4,0.5) (2.8,3.5,4.0,3.0,1.0)

(1.0,0.9,1.0,1.0,1.0)

(1.0,1.0,1.0,0.6,1.0)

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

0.0732
0.2539
0.4259
0.5736
0.7138
0.8611
1.0327
1.2619
1.6561

(e, N\, 0,a,8)

(2.0,1.0,1.0,1.0,0.3)
0.0964 0.1241
0.1417 0.0642
0.1740 0.1390
0.2007 0.2258
0.2249 0.3222
0.2484 0.4296
0.2730 0.5532
0.3011 0.7045
0.3391 0.9191

0.0846
0.1677
0.2505
0.3344
0.4215
0.5145
0.6181
0.7418
0.9137

0.1067
0.2123
0.3174
0.4231
0.5310
0.6439
0.7667
0.9093
1.1009

The first five moments, SD, CV, SK and KS for selected values of the parameters
LLoGMWP distribution are listed in Table 2.2.

Table 2.2: LLoGMWP Moments for Selected Values

(C70!A7a7/3)

Moments (1.0,3.0,2.0,3.0,1.0)

(1.0,3.0,1.0,1.5,2.0)

(1.0,3.0,0.9,1.5,1.0)

(0.9,2,0.8,0.5,2.0)  (0.4,1.0,1.0,3.0,1.0)

1 4.3759
s 6.1566
s 2.7520
iy 3.0311
15 6.4121
SD 6.5129
cv 1.4883
cs 7.6433
CK 1.4500

1.5883
2.8842
6.1940
6.4748
7.0603
0.6011
0.3784
2.1399
12.9121

1.4355
2.1994
3.6307
6.5323
12.9794
0.3723
0.2593
1.4564
7.2475

1.0340
0.4162
0.5738
0.9791
1.9405
0.2541
0.1212
1.3556
6.4151

Figure 2.3:

LLoGMWP(c, 0.5, B, 0.2, 0.5)

LLoGMWP(c, 0.5, B, 0.2, 0.5)

of the

SK and KS Plots of the LLoGMWP Distribution, when o« = 0.5, 5 = 0.2 and § = 0.5.
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LLoGMWP(1, o, 1.2, 2, 0.35) LLoGMWP(1, o, 1.2, 2, 0.35)

Figure 2.4: SK and KS of LLoGMWP Distribution, when ¢ = 1.0, 5 = 1.2 and 6 = 0.35.

The 3D plots of SK and KS for the LLoGMWP distribution are given in Figure 2.3 and 2.4. We

observe that

e When we fix the parameters a, A and 6, the SK and KS of LLoOGMWP distribution decrease

then increase as ¢ and [ increase.
e When we fix the parameters ¢, 5 and 6, the SK and KS of LLoGMWP distribution increase
as a and A increase.
2.11.3 Estimation

Let X ~ LLoGMW P(c,a, 3,\,0) and A = (c,a, 3, \,0)T be the parameter vector. The log-

likelihood function ¢ = ¢(A) based on a random sample of size, n is given by

¢ = nln(d) —nln(C(0)) + Z In(g(z;)) + Z In(C’(0S(z;))
= nln(g) —nln(e? — 1) —1—2 axﬁeml - 2iln(1 + )

i=1

+ Z In[cxs™! + (1 + xf)aﬁxf_le’\xi(ﬁ + Az;)]

+ Y- e (L))
=1

We obtain the ML estimates of parameters denoted by A by solving the nonlinear equation

(@ ot ot ot @)T—O
dc> Do’ BB OX> B/ -

(See elements of Score vectors in the appendix)

2.11.4 Simulation Study

In this section, the performance of the ML estimates is examined by conducting simulation
studies for different sample sizes, n. We examine the performance of the LLoGMWP distribution

by conducting various simulations for different sample sizes (n=25, 50, 100, 200, 400, 1600) via
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the R package. We simulate N = 1000 samples for the true parameters values [ : § = 0.5,¢c =
0.5,0a=0.1,6=05Ax=12,1:0=12,c=12,aa=1.2,8 =0.5,A = 0.9. Additionally, to
generate these samples, we employed an algorithm based on the inverse cdf of the LLoGMWP
distribution. The random numbers were generated based on the derived QF, enabling the
simulation of samples from the LLoGMWP distribution. The mean, ABias and RMSE were
computed to assess the performance of ML estimates under different sample sizes and sets of
parameters. Table 2.3 lists the mean ML estimates of the parameters along with the respective
ABias and RMSE.

The results in Table 2.3 shows that the mean ML estimates converge to the true values as sample
sizes, n increases. The ABias and the RMSE decay towards zero as the sample sizes, n increases
for all the sets of parameter values. Consequently, the simulations affirm the consistency of the
ML estimation method and support the suitability of the LLoGMWP distribution for modeling

real-world data.

Table 2.3: MCS Results: Mean, ABias and RMSE

T IT

Parameter 1 NMean RMSE ABias NMean RMSE ABias
[ 25 0.9575 1.5802 0.4523 2.3700 1.6334 1.1700
50 0.7539 0.5933 0.2539 2.3089 1.5417 1.1089

100 0.6183 o.4247 0.1183 1.9789 1.2970 O0.7789

200 0.5425 0.3424 0.0425 1.6310 1.0121 0.4310

400 0.4845 0.2698 -0.0154 1.4045 0.8311 0.2045
1600 0.4983 0.0528 -0.0016 1.1603 0.5396 -0.0496

< 25 0.5686 0.2964 0.0686 1.7323 0.7665 0.5323
50 0.5410 O.1724 0.0410 1.6534 0.6235 0.4534

100 0.5288 0.0994 0.0288 1.5430 0.4700 0.3430

200 0.5211 0.0627 0.0211 1.4458 0.3353 0.2458

400 0.5208 0.0467 0.0208 1.3948 0.2519 0.1948

1600 0.5167 0.0168 0.0167 1.3351 0.1788 0.1351

v 25 0.1792 0.2468 0.0792 2.0741 A4.6995 0.8741
50 0.1642 0.1543 0.0642 2.0009 1.6220 0.8009

100 0.1338 0.0955 0.0338 1.7908 1.2870 0.5908

200 0.1187 0.0634 0.0187 1.6558 1.2655 0.4558

400 0.1050 0.0420 0.0050 1.3432 1.2107 0.1432

1600 0.1037 0.0041 0.0037 1.2828 1.1935 0.0828

3 25 1.2602 1.2992 0.7602 5.1485 5.2093 4.6485
50 1.1215 1.1941 0.6215 A. 7931 4. 4139 4.2931

100 0.9277 1.0101 0.4277 A4.5573 4.1493 4.0573

200 O0.7493 0.7232 0.2493 4.2198 3. 7370 3.7198

400 0.7333 0.7094 0.2333 2.1840 1.6840 1.6840

1600 0.5132 0.0521 0.0132 0.5530 0.0530 0.0530

BN 25 0.9752 0.8024 -0.1195 1.2360 0.5183 0.3360
50 0.0804 0.6738 -0.2247 1.1751 0.4138 0.2751

100 1.0338 0.5376 -0.1661 1.0995 0.3055 0.1995

200 1.0936 0.3791 -0.1063 1.0235 0.1883 0.1235

400 1.1255 0.3376 -0.0744 0.9859 O0.1311 0.0859

1600 1.2005 0.0140 0.0005 0.91419 0.0652 0.0419

2.11.5 Applications
In this section, we present applications of LLoGMWP distribution to real data.

The ML estimates of the LLoGMWP parameters A = (¢, «, 5, \, §) are computed by maximizing
the objective function via the subroutine NLMIXED in SAS as well as the function nlm in R
Team [131]. The estimated values of the parameters (SE in parenthesis), (—21In(L)), AIC, BIC,
and CAIC, are presented. Additionally, the CVM and AD GoF statistics, as described by
Chen and Balakrishnan [26], are also presented. These statistics serve to assess the GoF of the

distribution to the data, with smaller values indicating a better fit.
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Furthermore, the SS (Chambers et al. [24]) from the PPs and K-S statistics, along with their
associated PV, are used for model comparison. It is worth noting that a model with the smallest
value of GoF statistics and highest PV for the K-S statistic is considered the best fitting model.

We use the LRT statistic to compare the fit of the LLoGMWP distribution with its sub-models
for a given dataset. For example, to test A = 1,a = 1,8 = 1, the LRT statistic is w =
2[In(L(¢, &, B, é)) —In(L(¢,1,1,1, é))], where ¢, &, 3, \, and 0 are the unrestricted estimates,
and ¢, and 0 are the restricted estimates. The LRT rejects the null hypothesis if w > Xf, where
XE denote the upper 100¢% point of the x? distribution with 3 df.

We compare the LLoOGMWP distribution with the GD distribution by Oluyede et al. [98], EKD
distribution by Huang and Oluyede [54], BWLLoG distribution by Makubate et al. [71], EKW
distribution by Eissa and Abdulaziz [39], LLoGWP distribution by Oluyede et al. [102], and
BrWLn distribution by Oluyede et al. [99]. The pdfs of the GD, EKD, BWLLoG, EKW,
LLoGWP, and BrWLn distributions are given by

201 a—1
fop(x) = /\‘;‘((504)90‘(1 + )\af‘s)fﬁfl ( —log[l — (1 + )\$5)B]>

% [1 1+ /\x—(S)—ﬁ](l/@)—l7

for a, A\, 90,8,0 >0, x > 0,

Foro(@) = 0ddghe~ (14 20~ [1 - (14 20"

-1
X [1 L [1 - (1+Ax*5)*0‘] }
for a, \,6,¢,0 >0, z > 0,

[1— (1429717
[(1+ )77
X exp {—ab [(1+2° — 1]5}

[1 —exp {—oz [(1+2°) — 1]ﬁHa_1 ,

fBWLLoG (:L’) = 55071(1 + xc>72

X

for a,b,c,a, 3 >0, z > 0,

forw (@) = OabeXaexp — (Ax)°[1 — exp — (Ax)9)* !
b—1 6—-1
X |[1—[1—exp— ()\x)c]a] [1 —[1—[1 —exp— (Az)])° ,

for a,b,c, \,0 >0, x > 0,
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for s,c,a, 3,0 > 0, x > 0, and

fe—oo’ (14 2¢) "1 (kexe™t + aBa?~1 (1 + 29))
- <1 —0(1+a0)7" e“mﬁ> log (1 —0)

Soewin (r) =

for k,c,a, 3,0 >0, x > 0.

2.11.5.1 Failure Rates of Components Data

The first set of data represent failure rates of fifty (50) components from Chipepa et al. [33].
Figure 2.5 shows the boxplot and violin plots of failure rates of components data. The violin
plot for the data has a wider base and narrows at the top, with few outliers, indicating that the

data is skewed and has light tails.

Failure Rates of Components
Failure Rates of Components

Figure 2.5: Boxplot and Violin Plots of Failure Rates of Components Data

The asymptotic Var-Cov matrix of the ML estimates for the LLoGMWP distribution is given
by

0.0739 0.0134 0.0004 —0.4383 —0.0170
0.0134 0.0157 —0.0011 —0.0156 —0.0144
0.0004 —0.0011 0.0007 —0.0418 0.0054
—0.4383 —0.0156 —0.0418 4.7653 —0.1960

—0.0170 —0.0144 0.00542 —0.1960 0.2903

and the approximate 95% CI for A, ¢, a, 8 and 0 are given by 0.2478 +0.5329, 0.7776 + 0.2459,
0.0066 + 0.0523, 0.7740 + 4.2786, and 0.3708 + 1.0560, respectively.
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The Table 2.4 provides estimates of the parameters, along with their SE in parenthesis.

Table 2.4: Estimates of Models for Failure Rates of Components Data

Estimates
Model A c « e o
LLoGMWP 0.2478 0.7776 0.0066 0.7740 0.3708
(0.2719) (0.1246) (0.0267) (2.1832) (0.5388)
LLoGP - 0.9098 - - 0.9558
- (0.1029) - - (0.4911)
LLoGEP - 0.7372 0.7800 - 3.6898 x 10798
- (0.1238) (0.3954) - (0.2131)
« A 5 %) o
EKD 1.0279 1.846 1486.00 0.7485 9250.1000
(0.3081) (0.0000014) (0.7378) (0.000002) (1.5469)
A 3 5 « o
GD 0.0004 0.5934 1.2483 12.5790 0.6682
(0.0018) (0.2332) (0.6123) (0.0391) (0.3247)
c a b 0 A
EKW 0.5110 10.0989 7.1749 0.1173 0.2359
(0.3118) (9.7929) (11.3697) (0.1166) (0.2870)
c a b « yei
BWLLoG 0.4256 1.4584 13.3910 0.0709 1.2299
(2.4626) (3.2680) (56.1346) (0.2913) (7.1157)
s c « B o
LLoGWP 1.6389 0.6939 0.0268 1.5685 5.5051 x 1079
(0.8462) (0.1230) (0.0457) (0.6521) (0.2441)
k c « 63 o
BrwWLn 1.051 x 10—1© 1.2728 0.2679 0.6168 5.3097 x< 10799
(1.0310 x 10796) (0.6154) (0.04024) (0.0721) (0.0107)

The GoF statistics AIC, CAIC, BIC, CVM, AD, K-S and its PV in Table 2.5 shows that the
LLoGMWP distribution fits the data better than the sub-models, and the non-nested models.

Table 2.5: GoF Statistics of Models for Failure Rates of Components Data

Statistics
Model —2log (L) AIC CAIC BIC CVM AD SS K-S PV
LLoGMWP  197.6134 207.6134 208.9771 217.1735 0.0941 0.6137 0.0853 0.0994 0.6696

LLoGP  210.9849 214.9849 215.2402 218.8089 0.2140 1.3296 0.5448 0.1372 0.2774

LLoGEP  206.2124 212.2124 212.7342 217.9485 0.1523 0.9451 0.3066 0.1839 0.0592

EKD  204.7135 214.7135 216.0771 224.2736 0.1499 0.9460 3.4806 0.1331 0.3101

GD  208.2542 218.2543 219.6179 227.8144 0.2148 1.3219 0.2162 0.1606 0.1359

EKW  202.8997 212.8998 214.2634 222.4599 0.1318 0.8531 0.1353 0.1363 0.2845

BWLLoG  204.6975 214.6975 216.0612 224.2577 0.1549 0.9658 0.1616 0.1187 0.4475

LLoGWP  200.4967 210.4967 211.8603 220.0568 0.1123 0.7305 0.0970 0.1075 0.5723

BrWLn  228.4620 238.4625 239.8261 248.0226 0.1524 0.9498 1.8593 0.2750 0.0007
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The LRT for the following hypothesis testing Hy : LLoGP against H, : LLoOGMWP and Hj : LLo-
GEP against H, : LLoOGMWP are 13.3715 (PV=0.0038) and 8.599 (PV= 0.0136). We conclude
that there are significant differences between the nested models and LLoGMWP distribution.
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Figure 2.6: Fitted PDF and PPs for Failure Rates of Components Data

Plots of the fitted densities and PPs are given in Figure 2.6. For PPs figure, the plot with the
smallest SS value corresponds to the model with points that are closer to the diagonal line. See
Table 2.5 for the SS values. Figure 2.7 shows the TTT scaled plot with a BT hrf.
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Figure 2.7: Fitted TTT and Hrf Plots for Failure Rates of Components Data

The K-M survival and ECDF curves for the failure rates of components data are shown in Figure
2.8. The fitted ECDF curve and K-M survival curve are closer to the empirical curve, indicating
a better fit of the data.
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Figure 2.8: Fitted K-M Survival and ECDF Plots for Failure Rates of Components Data

We present the profile log-likelihood functions of the ML estimates of the LLoGMWP distribu-
tion for failure rates of components data in Figure 2.9. The ML estimates for the LLoGMWP

distribution from failure rates of components data exist and can be obtained uniquely.
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Figure 2.9: Plots of the Profile Log-Likelihood Function of the Parameters of the LLoGMWP
Distribution on Failure Rates of Components Data

2.11.5.2 Aircraft Windshield Failure Data

The dataset analyzed in Tables 2.6 and 2.7 represents the dataset for a particular aircraft
windshield reported by Anabike et al. [16]. The dataset is divided into two different sets of
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data being the 88 observations that are classified as failed windshields and the 65 observations
which are service times of windshields that had not failed at the time of observation. The
measurement unit is 1000 hours. The violin shape indicates that the data has outliers at the
edges and a concentration of observations in the middle range. The box plot in this data have

have whiskers that are long at the top and bottom.

odels.

m

Failure Rates of Aircraft Windshield
Failure Rates of aircraft Windscreen

Figure 2.10: Boxplot and Violin Plots of Aircraft Windshield Failure Data

The estimated Var-Cov matrix for the LLoGMWP distribution is given by

0.0152  0.03261 —0.1009 —0.0025 —2.9859
0.03261 0.1696 —0.1149 —0.06028 —2.8573
—0.1009 —0.1149 0.9210 —0.0891 28.9171 |, (2.13)

—0.0025 —0.0603 —0.0891  0.0489 —3.282

—2.9858 —2.8573 289171 —3.2824 924.5021

and the approximate 95% CI for A, c, a, 3 and 0 are given by 0.3222 4+ 0.2416, 0.1024 + 0.8072,
1.1776 + 1.8810, 0.0691 + 0.4337, and 25.0918 4+ 59.5950, respectively.

Table 2.6 provides the parameter estimates for various models used in aircraft windshield failure
data.
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Table 2.6: Estimates of Models for Aircraft Windshield Failure Data

Estimates
Model A c « B 4
LLoGMWP 0.3222 0.1024 0.1776 0.06971 25.0918
(0.1233) (0.4118) (0.9597) (0.2213) (30.4056)
LLoGP - 2.3891 - - 5.6505
- (0.1737) - - (0.76491)
LLoGEP - 0.4780 0.2590 - 1.2934X10°08
- (0.5083) (0.1490) - (0.0090)
A B £} @ 0
GD 5.0919 6.6830 0.7827 0.4698 0.0010
(0.0101) (0.0038) (0.2214) (0.1492) (0.0016)
«@ A 5 &b o
EKD 2.8909 16.1328 1.9388 10.5093 0.4057
(1.4745) (12.3388) (0.4457) ( 5.4744) (0.2462)
c a b 0 A
EKW 1.8858 3.6003 1.53512 0.3442 0.34900
(0.5653) (2.2276) (1.1677) (0.2446) (0.0721)
c a b @ B
BWLLoG 5.8439 0.2885 5.3215 0.0005 2.5840
(0.0018) (0.0307)  (2.0250x107%)  (1.12492109) (0.0113)
s c « B 0
LLoGWP 2.5559 4.3028 0.0714 0.8998 0.3062
(0.6394) (0.5457) (0.1189) (0.6295) (2.8061)
k c @ 5] 0
BrWLn 1.7919 x 1079 1.9719 0.5418 0.4345 1.8402 x 10799
(1.0310 x 10796)  (2.3539 x 10796) (0.0250) (0.0459) (0.0052)

Table 2.7 shows that the LLoGMWP distribution fits the data better than the non-nested

and the nested models.

Table 2.7: GoF Statistics of Models for Aircraft Windshield Failure Data

models

Statistics
Model —2log (L) AIC  CAIC BIC CVM  AD K-S PV SS
LLoGMWP  253.6165 263.6165 264.3857 275.7706 0.0469 0.5376 0.0642 0.9689 0.0728
LLoGP  286.4005 290.4005 290.5487 295.5622 0.3113 2.2440 0.1304 0.1147  0.2087
LLoGEP  419.3331 425.3331 425.6333 432.6257 0.1512 1.3009 0.1785 0.5743  0.3222
GD  260.4438 270.4440 271.2132 282.5981 0.0658 0.6310 0.0775 0.6934  0.5995
EKD  261.9840 271.9840 272.7532 284.1381 0.0649 0.6581 0.0756 0.7224  0.0881
EKW  261.1730 271.1730 271.9422 283.3271 0.0643 0.6435 0.0753 0.7278 0.0843
BWLLoG ~ 255.4797 265.4797 266.2490 277.6338 0.1185 0.7838 0.0680 0.9421 7.8727
LLoGWP  258.8826 268.8826 269.6519 281.0367 0.0770 0.5822 0.0770 0.5822 0.0877
BrWLn  450.7534 460.7547 461.5239 472.9088 0.3257 2.4118 0.3257 2.591 x 10710 1.8593
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The following hypothesis were tested using the LRT. The values for LRT statistic for testing
Hy : LLoGP against H, : LLoOGMWP and Hy : LLoGEP against H,: LLoGMWP are 32.7840
(PV<0.00001) and 165.7166 (PV<0.00001). We conclude that there are significant differences
between LLoGP, LLoGEP and LLoGMWP distributions. The PPs and fitted densities are given

in Figure 2.11.
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Figure 2.11: Fitted Densities Plots and PPs for Aircraft Windshield Failure data

Figure 2.12 shows the TTT scaled plot with an increasing hrf.
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Figure 2.12: Fitted TTT and Hrf Plots for Aircraft Windshield Failure Data

In Figure 2.13, the K-M survival and ECDF curves for the aircraft windshield failure data are
shown. The fitted ECDF curve and K-M curve are closer to the empirical curve, indicating a
better fit of the aircraft windshield failure data.
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Figure 2.13: Fitted K-M Survival and ECDF Plots for Aircraft Windshield Failure Data

We present the profile log-likelihood functions of the parameter of the LLoGMWP distribution
on aircraft windshield failure data in Figure 2.14. Figure 2.14 shows that the ML estimates of
the LLoOGMWP distribution can be achieved uniquely.
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Figure 2.14: Plots of the Profile Log-Likelihood Function of the Parameters of the LLoGMWP
Distribution on Aircraft Windshield Failure Data
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2.12 Log-Logistic Modified Weibull Logarithmic (LLoGMWL)
Distribution

The cdf and pdf of the LLoOGMWL distribution are given by Equations (2.7) and (2.8), respec-
tively. Plots of the pdf of the LLoGMWL distribution are given in the Figure 2.15.
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Figure 2.15: LLoGMWL Density Function Plots

Figure 2.15 shows that plots of the the LLoGMWL pdf can be decreasing, increasing-decreasing,

right-skewed, uni-modal and reverse-J shapes for different selected values of the parameters.

2.12.1 Hazard Rate Function

The hrf of the LLoGMWL distribution is given in Equation (2.9). Figure 2.16 show the hrf of
LLoGMWL distribution in different shapes.
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Figure 2.16: LLoGMWL Hrf Plots

Figure 2.16 exhibit increasing, decreasing, BT and unimodal shapes of the hrf for the selected
values of the model parameters.
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2.12.2 Quantile Function

The QF of the LLoGMWL distribution can be obtained by inverting

u < 1, where

F

LLoGMW L

() =1

log(1 —6(1+ mc)*le*“xﬁem)

log(1 —0)

F

LLoGMW L

The QF of the LLoGMWL distribution is obtained by solving the non-linear equation

—log(1 + (Qx, (1)) — a(Qx, (u))?eM@x1 (W) _1og

1 — e(l—u) log(1-0)

=0.

0

(x) =u, 0 <

Quantiles of the LLoGMWL distribution are presented in Table 2.8 for selected values of the

model parameters.

Table 2.8: LLoGMWL Quantiles for Selected Parameter Values

u

(e, N\, 0, 8)

(0.1,0.2,2.8,0.4,0.5)

(0.1,3.5,4.0,3.0,0.8)

(0.2,1.0,1.0,1.0,0.3)

(0.1,0.9,1.0,1.0,0.5)

(0.9,1.0,1.0,0.6,1.0)

0.1
0.2
0.3
0.4

0.6
0.7
0.8
0.9

0.0607
0.2236
0.3921
0.5388
0.6777
0.8230
0.9918
1.2166
1.6030

0.0134
0.0318
0.0524
0.0748
0.0989
0.1254
0.1555
0.1917
0.2422

0.0003
0.0043
0.0182
0.0476
0.0967
0.1691
0.2716
0.4194
0.6565

0.0083
0.0312.
0.0674
0.1167
0.1810
0.2636
0.3715
0.5191
0.7484

0.0182
0.0418
0.0727
0.1135
0.1681
0.2423
0.3457
0.4959
0.7369

The first six moments, SD, CV, SK and KS for selected values of the parameters
LLoGMWL distribution are listed in Table 2.9.

Table 2.9: LLoGMWL Moments for Selected Parameter Values

(¢,0,\, 0, B)

Moments (1.0,1.0,1.0,1.0,1.0) (0.2,0.0,0.1,1.0,0.2) (1.0,1.0,1.0,0.9,1.0) (0.6,0.6,0.5,0.5,0.05) (0.3,1.0,1.6,1.0,0.1)
/.L,1 0.0802 0.0530 0.0288 0.0319 0.0996
/L,Q 0.0567 0.0360 0.0194 0.0213 0.0707
/_Lé 0.0443 0.0275 0.0147 0.0160 0.0560
[L; 0.0365 0.0222 0.0120 0.0128 0.0451
/_Lg—, 0.0310 0.0188 0.0102 0.0107 0.0382
[Lé 0.0271 0.0162 0.0088 0.0092 0.0332
SD 0.2243 0.1821 0.1363 0.1425 0.2465

(6AY 2.7982 3.4367 4.7233 4.4695 2.4747
CS 2.8062 3.6496 5.2023 4.8617 2.3936
CK 9.6071 15.5148 30.1957 25.5557 7.3354
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LLoGMWL(c, ., 1.5, 8.8, 0.9) LLoGMWL(c, o, 1.5, 8.8, 0.9)

Figure 2.17: SK and KS Plots of the LLoGMWL Distribution, when § = 1.5, = 8.8 and
0 =0.9.

LLoGMWL(5.5, 0.05, B, %, 0.1) LLoGMWL(5.5,0.05.p. 1. 0.1)
.9, V. , P UL

Figure 2.18: SK and KS Plots of LLoGMWL Distribution, when ¢ = 5.5, « = 0.05 and 6§ = 0.1.

The 3D plots of SK and KS for the LLoGMWL distribution are given in Figure 2.17 and 2.18.
We observe that

e When the parameters 5, A and 6 are fixed, the SK and KS of LLoGMWL distribution

increase as ¢ and « increase.

e When the parameters ¢, and 6 are fixed, the SK and KS of LLoGMWL distribution

decrease as 8 and A increase.

2.12.3 Estimation

Let X ~ LLoGMW L(c,c, 3,),0) and A = (c,a, 3,,0)" be the parameter vector. The log-
likelihood function ¢ = ¢(A) for a single observation x of X is given by

¢=1log(L) = In(@) —2In(1+ 2°) — az’e’ +In (cx'c_1 + az?1e (B + )\33)>

— In < - (1 —6(1 429" e*“x%“j > —In(In(1—9)).

(See Elements of the score vector are given in appendix).
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2.12.4 Simulation Study

A simulation study was conducted to check the performance of the ML estimates. The simulation
study was repeated N = 1000 times each with n = 25,50, 100, 200, 400,800 and with the true
parameters values I : § = 0.6,A = 0.5,¢ = 0.8, =4.0,6 =18, and Il : 0 = 0.5, = 0.5,¢c =
0.5,a = 1.2, 8 = 3.5, The Table 2.10 shows the mean ML estimates with their respective ABias
and RMSE. The simulation study generated random samples from derived distributions using
the QF. The ML estimates were computed for each simulated dataset, mean, ABias, and RMSE

of these estimates were calculated across all iterations.

The results in Table 2.10 show that the mean ML estimates converge to the true value whereas
the RMSE and ABias decay towards zero as the sample size, n increases. The simulations
results demonstrate that the ML estimation method is consistent. Therefore, the LLoGMWL

distribution is good for modeling real-world data.

Table 2.10: MCS Results: Mean, ABias and RMSE

T IT

Parameter n Mean ABias RMSE NMean RMSE ABias
12 25 0.6977 0.0977 0.3026 1.7553 1.6827 1.2553
50 0.6474 0.0474 0.2564 1.1745 0.9477 0.6745

100 0.6337 0.0337 0.2398 0.9082 0.7045 0.4082

200 0.6242 0.0244 0.2333 0.6353 0.3810 0.1353

400 0.6127 0.0127 0.2285 0.5025 0.3038 0.0025

S800 0.6079 0.0079 0.2252 0.4950 0.2933 -0.0150

BN 25 1.2407 O0.7407 2.5277 0.8747 0.5599 0.3747
50 0.9818 0.4818 1.7046 0.7523 0.5599 0.2523

100 0.7942 0.29422 0.8581 0.6944 0.2434 0.1944

200 0.7169 0.2169 0.8580 0.6519 0.1749 0.1519

400 0.6039 0.1039 0.6147 0.6318 O.1441 0.1318

S00 0.4540 -0.0454 0.4992 0.5591 0.0638 0.0591

< 25 0.9122 o0.1122 0.4366 7T.6618 16.0246 7. 1618
50 0.8915 0.0915 0.2559 T.A830 13.4181 6.9830

100 0.8635 0.0635 0.1838 5.3290 8.9145 4.8290

200 0.8630 0.0630 0.1410 4.9502 T.5622 4.4502

400 0.8382 0.0382 0.1032 3.5074 5.5076 3.0074

S800 0.8309 0.0309 0.0882 0.5938 0.0999 0.0938

<x 25 T.37TT5 3.3776 13.5132 3.3944 3.2655 2.8944
50 5.3212 1.3212 4.8617 2.8797 2.4745 1.6797

100 4.6752 0.6752 3.0319 2.5477 2.0223 1.3477

200 4.3856 0.3856 2.4560 2.4353 1.9064 1.2353

400 4.1856 0.1856 2.1026 2.4097 1.6373 1.2097

S800 4.0351 0.0350 1.7837 1.2587 0.2387 0.0587

s 25 2.0542 0.2542 3.2785 4.6865 A.57T7TT 1.1865
50 1.9266 0.1266 0.6707 4.4325 4.2237 0.9325

100 1.9225 0.1225 0.5261 4.4027 3.9167 0.9027

200 1.9138 0.1138 0.4689 3. 7454 2.4708 0.2454

400 1.9116 0.1115 0.4215 3.6065 2.1832 0.1065

S800 1.8273 0.0270 0.3901 3.5868 1.4612 0.0868

2.12.5 Applications

In this subsection, some datasets are used to illustrate the usefulness and applicability of
the LLoGMWL distribution. The LLoGMWL distribution is compared with its sub-models:
LLoGW, LLoGR and LLoG distributions. We also compare the LLoGMWL distribution with
GD distribution by Oluyede et al. [98], EKD distribution by Huang and Oluyede [54], EKW
distribution by Eissa and Abdulaziz [39], LLoGWP distribution by Oluyede et al. [102], and
BrWLn distribution by Oluyede et al. [99].
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2.12.5.1 Caterpillar Body Mass Data

The first dataset comes from R software package ”Stat2Data” Caterpillars data, consisting of
267 observations corresponding to body mass (in grams) of Manduca Sexta caterpillars. The

violin and boxplot in Figure 2.19 suggests that the data is right-skewed and have outliers

Caterpillar Body Mass
Caterpillar Body Mass

—

Figure 2.19: Boxplot and Violin Plots of Components Data

rrrrr

The estimated Var-Cov matrix of the LLoOGMWL distribution is given by

0.01584  0.00108 —0.00016 0.00014  0.00096
0.00108  0.00140 —0.00001 0.00009  0.00106
—0.00016 —0.00001 0.000001 —0.00001 —0.00001
0.00145 0.00009  —0.00001 0.00013  0.00008
0.00096  0.00106 —0.00001 0.00008  0.00169

and the approximate 95% CI for A, ¢, a, 5 and 0 are given by 0.5371 4+ 0.2467, 0.5722 + 0.0735,
0.0008 + 0.0025, 0.5926 + 0.0227, and 0.8651 + 0.0806, respectively.
We present the parameter estimates of the models and their SE in Table 2.11.
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Table 2.11: Estimates of Models for Caterpillar Body Mass Data

Estimates

Model A c « B 6
LLoGMWL 0.5371 0.5723 0.0008 0.5926 0.8651
(0.1259) (0.0375) (0.0013) (0.0116) (0.0412)
LLoGMWL(\, ¢, 1, 3, 6) 0.0147 0.4505 - 0.3880 9.1888 x 10799
(0.0102) (0.0452) - (0.0326) (0.0085)
LLoGMWL(\, 1, «, 3, 6) 0.1803 - 0.1797 0.1688 8.4552 x 10799
(0.0245) - (0.0351) (0.0216) (0.0057)
LLoGMWL(\, 1, ,1,0) 0.0100 - 0.0644 - 5.3589 x 10799
(0.0651) - (0.0302) - (0.0046)
A 38 5 o 0
GD 3.3889 3.0748 0.0612 3.0667 0.0015
(0.000009) (0.00005) (0.0027) (0.00001) (0.00001)
o A 5 ¢ [
EKD 0.0050 312.5400 2.3520 2.0050 22.2950
(0.3081)  (0.0000014) (0.7378) (0.000002) (1.5469)
c a b 0 A
EKW 0.8727 3.7969 0.9770 0.0891 0.2629
(0.7512) (3.4702) (0.8459) (0.0807) (0.2582)
s c « B 0
LLoGWP 0.2276 0.4769 0.0975 1.0561 1.7582 x 10799
(0.0553) (0.3135) (0.0385) (0.1771) (0.0020)
k c « B 4

BrWLn 1.6843 0.4602 1.8759 x 1079  4.67796.4784 x 10793
(0.0553) (0.3135) (0.0385) (0.1771) (0.0020)

Table 2.12 shows that the LLoGMWL distribution outperforms the nested and non-nested mod-
els in-terms of the CVM, AD and SS values.
the LLoGMWL distribution provides a better fit than the non-nested distributions. Thus, the
LLoGMWL distribution can be considered as the best-fitting model for the caterpillar body

mass dataset.
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Table 2.12: GoF Statistics of Models for Caterpillar Body Mass Data

Statistics
Model —2log(L) AIC  CAIC BIC CVM AD K-S PV SS
LLoGMWL  281.2231 291.2231 291.4530 309.1594 0.3005 1.9010 0.0606 0.9779  0.2747

LLoGMWL(\,¢,1,8,6) ~ 373.4067 381.4067 381.5504 395.7557 0.5787 0.3932 0.1920 55510 x 10°%  2.3202
LLoGMWL(\, 1,0, 3,0)  472.6697 480.6691 480.8218 495.0181 1.6186 9.9862 0.2552 1.5540x107"  5.0552

LLoOGMWL(A, 1,0, 1,6)  649.9628 655.9627 656.0540 666.7245 0.7415 4.8965 0.3544  2.2000x107'6  10.9931

GD  341.9914 351.9913 352.2211 369.9275 0.5309 3.6239 0.1064 0.0046  0.5396

EKD 3244124 3344124 334.3423 352.3486 0.4682 3.2383 0.0912 0.0235 0.5282

EKW  357.6407 447.8232 448.1462 469.3467 1.1149 7.2879 0.1504  2.574x10™%  0.3250

LLoGWP  322.8534 332.8395 333.0694 350.7757 0.4386 3.0787 0.0732 0.1136  0.2969

BrWLn 2920598 302.0598 302.2897 319.9961 0.3701 2.4162 0.0814 0.5770  0.3097

The LRT for the following hypothesis tests are: Hy: LLoGMWL(A, ¢, 1, 8, 0) against H,: LLoGMWL,
Hy: LLoGMWL(\, 1, o, 8,0) against H,: LLoGMWL, and Hy: LLoGMWL(A, 1, «, 1, 0) against
H,: LLoGMWL yield test statistics of 92.1836 (PV< 0.00001), 191.4466 (PV< 0.00001), and
368.7397 (PV< 0.00001), respectively. We conclude that there are significant differences be-
tween the selected nested distributions and LLoGMWL distribution. The fitted densities plots
and PPs are given in Figure 2.20.

Fitted PDF Probability Plots

1.0

|~ LLoGMWL (SS=0.2747)
~e— GD (SS=0.5396)
~e— EKD EKD (S5=0.5282)

== LLLoGMWL
GD

EKW EKW (S8=0.9779)
~e— Brwln == BrWLn(SS=0.3097)
LLoGWP LLoGWP(SS=0.2969)

08

06

Density

Expected Probability
04

02
1

0.0

8 10 12 0.0 02 04 06 08 10

X Observed Probability

Figure 2.20: Fitted Pdf Plots and PPs for Caterpillar Body Mass Data

Figure 2.21 shows the TTT scaled plot with a UBT-BT hrf.
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Scaled TTT-Transform Plot

hix)

10

08

04

Figure 2.21: TTT Plots and Hrf for Caterpillar Body Mass Patients Data

The closeness between the fitted K-M survival and ECDF curves and the empirical curve, as

shown in Figure 2.22, suggest a good fit of the model to the caterpillar body mass data.

Kaplan-Meier Survival Plot
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Figure 2.22: Fitted K-M Survival and ECDF Plots for Caterpillar Body Mass Data

We present the profile log-likelihood function of the parameters of the LLoGMWL distribution
on caterpillar body mass data in Figure 2.23. Figure 2.23 shows that the ML estimates of the
LLoGMWL distribution can be achieved uniquely.
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Figure 2.23: Plots of the Profile Log-Likelihood Function of the Parameters of the LLoGMWL
Distribution on Caterpillar Body Mass Data

2.12.5.2 Survival Years of Chemotherapy Patients Data

The dataset is a part of the data reported by Moakofi et al. [77], and it relates to the survival
years of a group of patients who received chemotherapy alone. The data include the survival
times for 46 patients. The data observations are: 0.047, 0.115, 0.121, 0.132, 0.164, 0.197, 0.203,
0.260, 0.282, 0.296, 0.334, 0.395, 0.458, 0.466, 0.501, 0.507, 0.529, 0.534, 0.540, 0.641, 0.644,
0.696, 0.841, 0.863, 1.099, 1.219, 1.271, 1.326, 1.447, 1.485, 1.553, 1.581, 1.589, 2.178, 2.343,
2.416, 2.444, 2.825, 2.830, 3.578, 3.658, 3.743, 3.978, 4.003, 4.033. The data is right skewed with

outliers.
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of Chermotherapy Patients

Survival Years

Survival Years of Chemotherapy Patients

Figure 2.24: Boxplot and Violin Plots of Survival Years of Chemotherapy Patients Data

The estimated Var-Cov matrix of the LLoOGMWL distribution is given by

0.25478 0.00105 —0.01485

—0.22855 —4.62249x107%3 0.01203

0.00105 0.03562 —5.07652x10~%

—0.01485 —5.07652x1079%  9.84519x10~%4

0.00012  5.98563x10~%°  —1.37706x10~%

—0.22856  1.25722x10%4

—0.00462  5.98563x1079°

—0.00013  2.99234x10~04

0.01202  —1.3771x107%

0.28076  —1.39966x10~%4

and the approximate 95% CI for A, ¢, «, 8 and 6 are given by 0.9694 + 0.9893, 1.2068 + 0.3699,
0.0221 + 0.0614, 0.1463 & 1.03854, and 9.8566 x 107% 4 0.0339, respectively.

Table 2.13 gives the parameter estimates and their SE in parenthesis.
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Table 2.13: Estimates of Models for Survival Years of Chemotherapy Patients Data

Estimates
Model A c feY B 4
LLoGMWL 0.9694 1.2068 0.0221 0.1463 9.8566 x 10709
(0.5047) (0.1887) (0.0313) (0.5298) (0.1729)
LLoGMWL(\, ¢, 1, 3, 6) 0.1389 0.2295 - 0.0298 2.8004 x 10799
(0.0570) (0.1245) - (0.0834) (0.0082)
LLoGMWL(\, 1, «, 3, 0) 0.2347 0.0752 0.1285 9.3559 x 1099
(0.7503) - (0.1797) (0.7691) (0.0239)
LLoGMWL(A, 1, , 1, 6) 0.1385 - 0.1122 1 1.4395 x 10798
(0.1384) - (0.1223) - (1.4395 x 10798)
A i ) o 0
GD  23.8726 1.8234 0.3988 1.9918 0.0015
(0.0136) (0.6666)  (0.1641) (0.1211) (0.0035))
« A ) ¢ 0
EKD 0.8742 0.0035 0.9229 1419.3000 1.6138
(0.2161)  (1.0938 x 10795)  (0.4773) (2.8032 x 107%) (1.9805)
c a b 0 A
EKW 5.2827 0.0354 2.0262 8.8587 0.1795
(5.4515) (0.0663)  (1.1080) (15.6819) (0.0811)
s c « 5 ]
LLoGWP 1.0942 1.1595 0.1031 1.8544 6.3799 x 10708
(0.7657) (0.2863)  (0.3325) (2.1447) (0.0325)
k c « B ]
BrWLn 1.1598 1.5476 0.0236 2.5852 9.0726 x 10799
(0.2242) (0.2477)  (0.0590) (2.4566) (1.5184)

According to the values of CVM, AD, SS, AIC, CAIC, and BIC in Table 2.14, the LLoGMWL
distribution outperforms the nested and non-nested models. Therefore, it can be concluded that
the LLoGMWL distribution is the best-fitting model for the survival years of chemotherapy

patients dataset.
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Table 2.14: GoF Statistics of Models for Survival Years of Chemotherapy Patients Data

Statistics
Model —2log (L) AIC  CAIC BIC CVM AD K-S PV SS
LLoGMWL  111.3002 121.3002 122.8386 130.3335 0.0549 0.3834 0.0772 0.9319 0.0364

LLoGMWL (A, ¢, 1,6,0)  197.9248 205.9248 206.9248 213.1515 0.0931 0.6160 0.62563 0.2300 6.2472

LLoGMWL(A, 1,0, 8,6)  131.3158 139.3158 140.3158 146.5424 0.0694 0.4807  0.1575 0.1922 0.1936

LLoGMWL(A, 1,a,1,0)  119.0507 125.0507 125.6362 130.4708 0.0553 0.3881  0.0926 0.8013 0.0714

GD  116.0515 126.0515 127.5900 135.0848 0.0657 0.4510 0.0959 0.7661 0.0697

EKD  116.0872 126.0872 127.6256 135.1205 0.0691 0.4705 0.1003 0.7176 0.0722

EKW  113.5734 123.5734 125.1119 132.6067 0.0737 0.4961  0.1058 0.6563 0.0793

LLoGWP  114.5491 124.5490 126.0875 133.5823 0.0652 0.4466 0.0937 0.7892 1.1895

BrWLn  116.3818 126.3818 127.9197 135.4145 0.0625 0.4279 0.1123 0.5822 0.1434

The LRT conducted for the following hypothesis comparisons: Hy: LLoOGMWL(A, ¢, 1, 3, 0) ver-

sus H,: LLoGMWL, Hyp: LLoGMWL(A, 1, «, 8, 0) versus H,: LLoOGMWL, and Hy: LLoGMWL(A, 1, a,1,6)
versus H,: LLoGMWL, resulted in test statistics of 86.5246 (PV< 0.00001), 20.0156 (PV<

0.00001), and 7.7505 (PV= 0.020749), respectively. These result indicate that there are signifi-

cant differences between the non-nested models and the LLoGMWP distribution.

To support the results in Table 2.14, we provide fitted density plots and PPs. These plots
demonstrate that the LLoGMWL distribution offers a superior fit compared to other models

considered for comparison.
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Figure 2.25: Fitted Pdf Plots and PPs for Survival Years of Chemotherapy Patients Data

Figure 2.26 shows the TTT scaled plot with a bathtub hrf.
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hix)
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Figure 2.26: TTT Plots and Hrf for Survival Years of Chemotherapy Patients Data

The empirical curve, as displayed in Figure 2.27 is closer to the fitted K-M survival and ECDF

curves, suggest a good fit of the model to the survival years of chemotheraphy data.
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Figure 2.27: Fitted K-M Survival and ECDF Plots for Survival Years of Chemotheraphy Patients
Data

The profile log-likelihood function of the LLoGMWL distribution on survival years of chemother-
apy patients data, as shown in Figure 2.28, demonstrates the existence and uniqueness of the
ML estimates of the distribution.
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Figure 2.28: Plots of the Profile Log-Likelihood Function of the Parameters of the LLoGMWL
Distribution on Survival Years of Chemotherapy Patients Data

2.13 Concluding Remarks

We have presented a new class of generalized distributions called the LLoGMWPS distribution
that is suitable for applications in various areas including reliability, survival analysis, just to
mention a few areas. The structural properties including hrf, QF, moments, RE, distribution
of order statistics, ML estimates, and asymptotic CI are presented. Two special cases of the
LLoGMWPS CoD, namely, LLoGMWP and LLoGMWTL distributions are considered in details.
Applications of these two special cases to real datasets are given in order to illustrate the

applicability and usefulness of the proposed CoD.

The LLoGMWPS CoD’s flexibility and ability to model non-monotonic hrf significantly improve
reliability and survival analysis in critical infrastructure sectors like transportation, energy,
and healthcare. It enhances decision-making, safety measures, and risk assessments, enabling
accurate modeling of component failure rates and effective maintenance planning. By accurately
modelling the shape of the hrf, we can identify critical failure points and plan maintenance

activities accordingly.
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3. The Type II Topp-Leone Exponentiated
Half Logistic-G Power Series Class of
Distributions with Applications

This paper is accepted by the Scopus Indexed Pakistan Journal of Statistics and Operation

Research.

3.1 Introduction

The introduction of compounded distributions represents a significant advancement in statistical
theory, particularly with the development of power series CoD. These classes combine established
generalized families of distributions with discrete distributions, offering greater flexibility and

applicability compared to existing distributions.

Despite the flexibility of existing distributions like TII-TL-G (Elgarhy et al. [41]) and EHL-G
(Cordeiro et al. [35]) families of distributions, they often struggle to capture all the characteristics
of real-world datasets. This limitations becomes apparent when the data deviates significantly
from the assumptions of these distributions. In such cases, alternative models might be more
appropriate. The new CoD offers an adequate parametric fit to skewed and heavy-tailed data
than the non-nested distributions used for comparisons. Moreover, it outperforms the nested

and non-nested models in terms of fit.

To illustrate the usefulness of the new CoD, we provide recent examples of compounded dis-
tributions such as the TII-EHL-TL-GPS CoD by Moakofi et al. [75], EHL-TL-G power series
CoD by Chipepa et al. [32], EHL power series CoD by Esmaeili and Niaparast [42], TL-G power
series CoD by [50], type II TL-G power series CoD by Makubate et al. [70], odd Weibull-TL-G
power series CoD by Vasileva et al. [138], new class of TL-G power series CoD by Volodin [139],
odd Weibull-TL-G power series CoD by Oluyede et al. [91], and TL-G power series CoD by
Makubate et al. [72].

Motivated by the limitations of existing distributions, we propose and present a new CoD re-
ferred to as the TII-TL-EHL-GPS distribution. The TII-TL-EHL-GPS CoD can be obtained by
compounding TII-TL-EHL-G FoD with power series distributions. The special cases of the new
CoD such as TII-TL-EHL-LLoGL distribution, TII-TL-EHL-LLoGP distribution, TII-TL-EHL-
WL distribution, and TII-TL-EHL-WP distribution, are discussed. Therefore, we show plots of
the pdf, hrf, SK, and KS to demonstrate the effect of the extra parameters. The model param-
eters are estimated using the ML estimation technique and the consistency of ML estimators
are evaluated by conducting a simulation study. To demonstrate the flexibility and versatility
of the TII-TL-EHL-GPS CoD, we apply one of its special cases (TII-TL-EHL-WL distribution)

to reliability and health sciences datasets. Also, in applications, we use the GoF statistics to
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compare the TII-TL-EHL-WL distribution with the non-nested models and LRT to compare
the TII-TL-EHL-WL distribution with the nested models.

3.2 The Model, Sub-Classes and Some Properties

In this subsection, we develop the TII-TL-EHL-GPS CoD. Some sub-classes and statistical

properties for this new CoD are also presented.

3.2.1 The Model

Elgarhy et al. [41] introduced the TII-TL-G FoD. The cdf and pdf of the TII-TL-G FoD are
given by
F(z:b,6) =1 - [1 - GX(z;6)]" (3.1)

and

Flab, &) =2 [1 — G2(2; )] G(a;€)g(w; €),

respectively, for b > 0, x > 0, and parameter vector £.

Cordeiro et al. [35] presented the EHL-G FoD. The cdf and pdf of the EHL-G FoD are given by

oo (G \°
and
. | . a—1 g(;lj; f)
f(ma b7 5) =2« (G(Qf, 5)) [1 4 é( \ é.)] (a41)?

respectively, for o > 0, x > 0, and parameter vector &.

Note that the TII-TL-EHL-G FoD is developed using the Equation (3.1) and taking Equation
(3.2) as the parent distribution. The resulting cdf and pdf of TII-TL-EHL-G FoD are given by

2 b
F(z:b,a,€) = 1—[1—(%) ] (3.3)

and

(G(a; )%

. 2c
flzsb,a,€) = 4dab [1—(%)

respectively, for b,a > 0, x > 0, and parameter vector &.

Let N be a discrete random variable assumed to be zero truncated with a power series distri-

bution, whose pmf is given by

a, 0"

P(N:n):@

n=123,.., (3.5)
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where C'(0) = > o7 a,0" is finite, § > 0 and {a,}n>1 a sequence of positive real numbers.
Noack [87] noted that the power series CoD include binomial, Poisson, geometric and logarithmic

distributions.

Suppose we have a sequence of N iid random variable from the TII-TL-EHL-G FoD whose cdf
and pdf are given by Equations (3.3) and (3.4), respectively. Let X(;) = min(Xy, Xo, ..., Xn),
then the cdf of X()|N = n is given by

n

2a b
G(z;§) )> , (3.6)

FX(1)|N:n(x;b7a7£) =1- [1 - (1 —I—é(l‘,f

for b,a > 0, x > 0, n > 1 and parameter vector £&. The TII-TL-EHL-GPS CoD is defined by the
marginal distribution of X (1), that is,

(o]~ ()] )

c(9) ’

Fy,(z) = 1- (3.7)

for b,a,6 > 0, x > 0, and parameter vector . Note that

FX(I)(LIJ) = iFX(l)N_n(w)P(N:n)
n=1
& G \*]"
- nz_:l 1_[1_<1+G<w;£)>
(6% b "
o (01 (252"

an, 0™

C(0)

o g 2
N ,;cw)‘n:l c(9)

207%
L clp-GEET)
- C(6)

The pdf of the TII-TL-EHL-GPS CoD is given by

: e \2]"
G(z:€) 20701 N C (9 {1— (W) ] >
1_(1—|—G($;£)> (G(a;€))*! o)

9(x;§)

[1 + G(x; f)] 2t

fxo (@) = 4dabd

(3.8)

for b,a,0 > 0, and parameter vector £, where C’(6) is the derivative of C(f), such that,
C'(0) = Y00 nap" L.
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The hrf is given by hFx(l) (z) = fx.) (@)/Sx,, (z), where Sx, (z)) =1 — Fx,,(2).

Explicitly,
C'(05(x))
h =40 —_—
where f(2) = f,,; ro_pus_o(®) is the TII-TL-EHL-G FoD pdf and S(x) is the survival function

of the TII-TL-EHL-G FoD. The TII-TL-EHL-GPS CoD hrf is given by

G(z;6) \™ " (;€) 20—
1_<1+GM> ] [1+é($;€)]2a+1 (Gla; €))7
ab
o (o~ (22" )
22710\
(o~ ()] )

for a, b,6 > 0 and parameter vector £.

hFx(l) (x) = 4dabl

X

Table 3.1 below presents the special classes of TII-TL-EHL-GPS CoD when C() is specified in
Equation (3.7).

Table 3.1: Special Classes of the TII-TL-EHL-GPS CoD

Distribution C(6) C (9) cdf
- 2 b
| \ o (o[1- (:5555) "] )
TII-TL-EHL-G Poisson e —1 (n)~t 1 PO

al?b
oo [-(:5%5)"T)

G(z:€) 2°“

(1_9<[1 1+G(z; 5) ))
G(z;8) b

log (1—0<|: T30 E) )

log(1—6) )

(v40( [~ (222)™] ) ) -

A1) —1

TII-TL-EHL-G Geometric 0(1—0)! 1 1-

TII-TL-EHL-G Logarithmic —log(1—6) n~!  1-

TII-TL-EHL-G Binomial 1+om-1 () 1

3.2.2 Sub-Classes of TII-TL-EHL-GPS Class of Distributions

e When b =1, we obtain a new CoD with the cdf

. 2
Pl o) — 1 0(9 {1_(1+Gc(:<f;)§>> D
(LU,OC, 75) - - C’(G) )
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for x > 0, o, 0 > 0, and parameter vector &.

e When a =1, we get the TII-TL-HL-GPS CoD with the cdf

(o)1~ (5

c(o) ’

for x > 0, b,0 > 0, and parameter vector &.

e When aa = b =1, we get a new CoD with the cdf

o(o)- () )

0 ’

F(x:6,8) =

for x > 0, # > 0, and parameter vector &.

e When 6 — 0", we get a TII-TL-EHL-G FoD with the cdf

(52T

respectively, for x > 0, b, @ > 0 and parameter vector &.

F(.fL';b,O[,g) = 1-

e When b =1 and § — 0T, we obtain a new FoD with the cdf

ren=1- - (75 85)" | - ()

respectively, for x > 0, a > 0 and parameter vector &.

e When oo =1 and § — 07, we get a TII-TL-HL-G FoD with the cdf

respectively, for x > 0, b > 0 and parameter vector &.

e When a =b=1 and 6§ — 0", we get a new FoD with the cdf

for x > 0 and parameter vector £.
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3.3 Identifiability

Identifiability ensures model parameters can be determined uniquely based on observed data.
In this proof, we demonstrate the identifiability of the TII-TL-EHL-GPS CoD. We consider two
sets of parameters for the TII-TL-EHL-GPS CoD. Let

@1:(b1,a1,91,§1 and @2 (b2, 2,62, &2).

The likelihood ratio is given by:

b1
/ [ _G(=61) 2oy
w0 1= (%25)])

C(61)

f(@l) _ <a1b191> 1_<%®)>2a1

f( 2) 1+é(x;€1

oy —(b2—1)
. [1_( o) Y’ ] c()
+ Gl &) (z:t2)

cr (92 [1 - <1fG(:c§)>2a]b>

[1 n G(I 13 )] (20i1+1) [ +é(1‘;52)]2a2+1 [G(I;fl)]zalil

. (2a2—1) 9(x;61)
(G )] 9(x:62)

The logarithm of the likelihood ratio is
f(®1)> _ <04151(91> _ ( (z;&1) )20‘1
o (f( )/ o 22t (br ~ 1) log |1 1+ G(x;6)
(m 52) >20¢2
— (b2 —1)log |1 —
(b2~ [ ([1+G<x,£2>]

€ 2a1_b1
' T;5G61
+MGGI(HM&>_»
< by
) x£2 200
b 5T

X

(2a1 + 1) log [ + Gz & ] (2ag + 1) log [1 —1—5(93;52)]
+ (2o — 1)1og [G(z;&)] — (202 — 1) log [G(z; &2)] -
+ log[g(z; &1)] — log[g(z; &2)]-

Now, the derivative of the log-likelihood with respect to x is
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d A A
_ lOg <f<®1)> = _(bl — ]_) ! e + (b2 - 1) 2 200 ]
[1 B ( G(w:€1) ) 1] [1 _ (%) ’
1+G(z:61) 1+G(z;€2) |
by
G 2011
o (o 1~ (s5gs)™]" o

. 20 ]
B / [1 _ (1 G(Cfvé-l) > Al
G(z;¢1) +G(2:6) i

2ai1 |1
¢ (91 [1_<1+G(m;&)> ] >
b
1" _( _G(z:¢2) 2az
¢ (92 [1 <1+6<a:;52>> } >9sz

G;) \*]"
+ 1— (52
. 2a b [ <1+G(1‘;€ )) ]
o (o1~ (2™ ]") 2
o 4 1) IEE) oo gy 9@8) o, ) 9@6)
t P Seay P i ewea) TP T Vewa)
C (90 9@ &) J@&)  g(2:6)
(202 1)G<33§f2) " g(z;&)  g(x;&2)”
(3.10)

. 2aq—1 . 2a9—1
where A; and A, are defined as: A; = %g(m;&) and Ay = %g(x;@).

Therefore, when the derivative of the logarithm of the likelihood ratio with respect to x is equal

d, g(f(@p) 8

— 10,
dz =\ f(H),)
it suggest that the TIL-TL-EHL-GPS CoD is identifiable if and only if (), = (),.

to zero, that is,

3.4 Statistical Properties

In this section, we present the statistical properties of TII-TL-EHL-GPS CoD.

3.4.1 Quantile Function

Let X be a random variable with cdf defined by Equation (3.7). The QF (Qx,,(u)) is defined
by Fx ., (@x,(v)) =u,0 <u < 1. Note that

o(oft- (%))

1-— = u,

C(9)
c (9 -

so that

b
G(z;6) \™ _ o
(o) ]) A AE
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which further simplifies to

2 ([1 - A]i>

G(w;8) = ([1 I 1>,

=

where A = [W] . Therefore, the QF of the TILTL-EHL-GPS CoD is given by,
2 ( n— A]%)
i . (3.11)
([1 ~ Al 1)

It follows therefore that random numbers can be generated from the TII-TL-EHL-GPS CoD
using Equation (3.11), for specified baseline cdf and function C(6).

QX<1) (u) = Gt

3.4.2 Expansion of Density

Expansion of the pdf of the TII-TL-EHL-GPS CoD is presented in this sub-section. Equation

(3.8) can be written as
Ix,(x) = i na, 0" [1 - ( G ;) )21 N\
M — c(9) 1+ G(x;€)

(G \* Ya epy2a-1 9(z;€)
! <1+G<x;§>) L) Gz

1+G
bn—1

(G \* " 2 £))20-1 9(z;§)
<1+G<x;§>> ] (Glaid) Gl

Using the generalized binomial series expansion

bn— 0o a
1_< G(x;€) )20‘ Z<bn—1> k( G(2;€) >2 .
1+ G(x;€) — 1+ G(a;6))
we write the pdf of the TII-TL-EHL-GPS CoD as

_ bn —1 knangn en2a(kl)—1 g(w;§)
fX(l - 4ab922< ) C(6) (Glz38) ' [1+é(m;§)]2a(k+l)_1

Considering the following series expansions:

14 Gl )] ~Qa(k+1)-1)  _ i ((Qa(k +1) +p)> (1) (2:6)
p=0 p
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and

w9 => 1 (1)emwo.

m=0

we can write

@ = 4ab9nan Z i <bn—1)<2a(k+1)+p>>(_1)k+m+p<sl>

n=1k,p,m=0 D
g(w;fo(x;s>>2a<k+1>+m*1

o
= Z wkvmgQQ(k+1)+m (x’ 5)’ (312)

k,m=0

X

where g, 1) m (z:6) = 2a(k+1) + m) (G(z; 5))2a(k+1)+m_1 g(z;€) is an Exp-G distribution
with power parameter (2a(k + 1) +m) and

o Z Z (bn LY 1) ( 2a(k ﬂ;l) +p)) (i) (_1)k+m+p”g7(1g)n (20[(]{45‘?? - m) .

n=1 p=0
(3.13)

Thus, the pdf of TII-TL-EHL-GPS CoD can be written as an infinite linear combination of
Exp-G distribution.

3.4.3 Moments and Generating Function

If X follows the TII-TL-EHL-GPS CoD and Y ~ Exp— G(2a(k+1)+m). Then using Equation
(3.12), the *" raw moment, ! of the TII-TL-EHL-GPS CoD is obtained as

po=E(X") = / x)dx = Zwkm E(YY),

k,m=0

where E(Y?) is the i moment of Exp-G distribution and wg , is given by Equation (3.13).

The MGF, Mx(t) = E(e!X) is given by:

= Z Wk:,mMY (t)

k,m=0

where My (t) is the MGF of Y and wy, »,, is given by Equation (3.13).
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3.4.4 Distribution of Order Statistics

In this subsection, we present the distribution of the i*" order statistic of the TII-TL-EHL-
GPS CoD. In many areas of statistical theory and application, order statistics are essential.
Let X1, Xo, ..., X,, be a random sample from TII-TL-EHL-GPS CoD. The pdf of the i** order

statistic is given by

:|i+l—1

finl) = G n_l,z( )0 @) [Py 2) (3.14)

Using Equations (3.7) and (3.8), we note that

bn—1

G(z;€) \™ o £)y20-1
- (e) ] (SEEN
g(z; )

5 b i+l—1
_{_G=x:8) @
(o]t ()"
X 1-— .

[1+G(z;6)]™ " C(9)

:|i-|—l—1

fX(1>(=T) [FX(Q(I) = 4dabt Z nanen

~—~

Using the generalized binomial expansion

cae) V] an cae V"
O<9 {“(HGG;&)) ] ) o 11 C(‘g {“(HG(;;&)) ] )
> (e

b o) - o) /

S

S
s=0

and the series expansion

c (9 [1_( G(a:¢) )21 b) S
1+G(x;€)

 w w 1 (G \*
o) = 2 e G ll <1+G<x;5>> 1 |

bw

obtained by applying the power series distribution raised to a non positive integer (Gradshteyn and

Ryzhik [45]), where dyy s = (wbo) "L >0 _ [s(m + 1) — w]bmdy—m s and do s = bf, we get

i+l—1 XX /i — Napdy 07T o
P @ [Py @] 7 = S (V) e G

b(n+w)—1

X
W
Q
[y
D
| —— | E
—
VN
—
+1a
Qls
\-& y
N——
K
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Using the generalized binomial series expansion

G(7;€)
1+ G(x;¢

8

we can write

P @) [P @]

X

201 b(nt+w)—1
)]

i( n—l—w 1)(_1)k<

k=0

G(x;€) )M
1+ G(x:¢) ’

ntw) =1\ (i+l- 1>mdw9+w
nzlkzw: 0< >< s (o) !
4abO(—1)"+F (G (z; €)) 2 k+D-1 9(x;€) '
abf(—1) (G(z:€)) [1+é(m;§)]2a(k+1)+1

Furthermore, considering the expansion

1+ G(z; g)}

we obtain

]i+lfl i

Fxe @) | Fx, @)

n=1 s,k,p,w=0

(2a(k+1)+1)

p:0
b(n +w) i+1—1\2ak+1)+p

> )

et )

n+w
sthtp Mnduw 50

k

s p

X 4abf(—1) P (Gl ) T G g )
DS (b(n+;u> - 1) <z’+z8— 1) (Za(kzl) +p>
n=1 &,k,p,m,w=0
X 4a59(—1)8+k+p+mW <2a(k :11) - 1>Gp+m(a:; &)g(w;€)
- gwpgiwo <b(n +;v) - 1) <z + i— 1) <2a(k: +1) +p>
X 4ab0(—1)s+k+p+m+qW <204(7<? —:n > (p m)
X Cz;’(w;ﬁ)gf;ﬁ)
_ 712_:187,671,7%71[}_0 <b(n +;v) > (z +1- 1) < +p>
X dabf(—1)FHhtrmtq W <20<(k :Ln 1) ) <p m)
" <311)G%x§><;a

q=0

Therefore, the distribution of the "

>,

+19q+1(x;§).

order statistics from the TII-TL-EHL-GPS CoD is given
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by
n! R
fzn(x) = m ;q_zo ( l >(_1)qu+1gq+1($§f)a (3-15)

where gg1(2;€) = (¢+1)g(z;§)GY(x; €) is an Exp-G distribution with power parameter (¢ + 1)

and the linear component

Cor1 Z Z <b(n+;v) - 1) <i+ lS— 1> <2a(k‘4;)1) +p>

n=1 s,k,p,m,w=0

% (_1)s+k:+p+m+q nandw,sei:w <2a(k +1) - 1> (p + m) (404176) '
()" m q ¢+1

3.4.5 Rényi Entropy

RE (Rényi [116]) quantifies the uncertainty or randomness of a system. It is well known that
RE generalizes Shannon entropy (Shannon [122]). RE for the TII-TL-EHL-GPS CoD is given
by

Ir(v) = ! v 108 (/Ooo[me(x?baaﬁ?ﬁ)]”dx> v #10> 0. (3.16)
Note that
¢ ="
[fX(l)(I; b, «, 975)]1} = (40£9b)v |:]_ — (]M) ] (G(Z’, 6))1}(204—1)
/ Glaze) |2 Y
C (9 [1 — <1+§(x;€)> ] ) ¥ (3 €)
X 0 [1+ Gl )] P

and by applying the power series distribution raised to a positive integer (see Gradshteyn and
Ryzhik [45] for details)

, (eweo \*]"
o (o]~ (%2)"7)

C(0) - ;) dz.00

v

bz

o - (250 T

where d, , = (2bo) ' Y7 _ [v(h+ 1) — 2]bpd,—p ., and dy,, = by, we have

b(v+z)—v
o0 Gz \*
[qu)(CL’ b 6 0 5 Z;) 4ab <1+CTY(.T,£)> ]
G(x: v(2a—1) 9" (z;§) .
X ( (J; 5)) [1 +é(x;€)]v(2a+1)
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Considering the generalized binomial series expansion

. 9o b(v+2)—v N Y 4 ; 2ad
o) e ()

we have

[fX(1) (IE, b7 «, 9) g)]v

J=

e v+ 2) nd, ,0°1*
ZZ( Y >(‘” GO

z=0 35=0

<.

R . ¢t N
x  (G(x;6)) [1+é(m;£)]2a(v+])+v

Furthermore, considering the expansion

[1 + G(x; 5)]

we write

[fX(l) ([E, ba «, 97 6)]1}

—a(v+i)+v) i (2a v+j)+uv—1+ p> & (:6)

p=0 p

v+ 2) ond, 0V
a ZZ( i )(—D”p(c(e)) (4ab)”

2=0 j7,p=0

20(v+j)+v—14+p e £)) 200+~ .
< ! ) Gl & (@ )g" (:6)
_ . b(v+2) —v J+P+kM o
- 2_( ) gy ey

y <2a(v+j v—1+p>< v+j >Gp+k( )9 (2 €)

U+Z j p qndz n0't
- 5 3 ()T e ey

2=0 j,p,k,q=0

y <2a(v+] v—1+p)< v+] ><pzk>G(;£)gU(x;£)_

Therefore, RE for TII-TL-EHL-GPS CoD is given by

where Irgpg = flv log (fooo[(

rameter (¢/v + 1) and

1 o0
Ir(v) = T log < E w;e(l_”)IREG> , (3.17)
q=0

1+ q/v)g(x;%)GQ/”]de) is RE for an Exp-G distribution with power pa-

z)jg_o (b(v +jZ) - v>( 1)J+p+k+q%(4ab)
(204(1) +j);v— 1+p> <2a(v Zj) —v> <p—(|]-k>(1+;;/y)v 19

Consequently, RE for TII-TL-EHL-GPS CoD can be obtained from RE of the Exp-G distribution.
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3.5 Some Special Cases of the TII-TL-EHL-GPS CoD

In this section, we study some special cases of the TII-TL-EHL-GPS CoD. The plots of the pdfs and
hrfs as well as plots of SK and KS for some selected values of parameters are exhibited in Figures: 3.1
to 3.12 to illustrate the versatility and flexibility of the special cases of the TII-TL-EHL-GPS CoD.
Though we can generate several new distributions, here we will consider only two parent distributions,
namely, LLoG and Weibull distributions. Among the power series CoD, we will consider the Poisson and
logarithmic distributions. The LLoG distribution has cdf and pdf given by G(x;¢) =1 — (1 +z¢)~! and
g(z;c) = cx* 11+ 2¢)72, for ¢ > 0 and > 0. The Weibull distribution have cdf and pdf given by
G(z; ) =1- e~ and g(z; A) = Azrle=2" for A > 0 and z > 0.

3.5.1 Type Il Topp-Leone Exponentiated Half Logistic-Log-Logistic Loga-
rithmic (TII-TL-EHL-LLoGL) Distribution

The cdf and pdf of TII-TL-EHL-LLoGL distribution are respectively, given by,

cy—1 2ab
10g<1—9{1—(m) } )

Fxg (@) =1~ log(1 — 6) 7 (319)
and
1— (14291 )2 ’
— aebg |1 (o) 2R <10[1(H(1”C)_1> J)
fxo (@) = 4a - <1+(1+w)1) —log(1 —0)
" ez 1+ 2¢) 72 (1-(1+ xc)—1)20*1 ’ (3.20)

[1+4 (14 zc)-1]2**!

for z > 0, b,, c,0 > 0.
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Figure 3.1: Pdf and Hrf Plots of the TII-TL-EHL-LLoGL Distribution

Figure 3.1 shows the plots for the pdf and hrf for the TTI-TL-EHL-LLoGL distribution for selected values
of parameters. The density function has reverse-J, uni-modal, negative-skewed, positive-skewed and J
shapes, while the hrf exhibits BT, UBT, BT-UBT, decreasing and increasing shapes.
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T -TL-EHL-LLoGL(c. b, 0.1, 4) TH-TL-EHL-LLoGL(a, b, 0.1, 4)

Figure 3.2: SK and KS Plots of the TII-TL-EHL-LLoGL Distribution

TI-TL-EHL-LLoGL(a, 1,0.8,¢) TH-TL-EHL-LLoGL(«., 1,0.8,¢)

Figure 3.3: SK and KS Plots of the TII-TL-EHL-LLoGL Distribution

3D plots of SK and KS for the TII-TL-EHL-LLoGL distribution are given in Figures 3.2 and 3.3. We
observe that
e When the parameters  and c are fixed, the SK decrease and the KS increase as « and b increase.

e When the parameters 6 and b are fixed, the SK decrease and the KS increase as a and ¢ increase.

3.5.2 Type II Topp-Leone Exponentiated Half Logistic-Log-Logistic Poisson
(TII-TL-EHL-LLoGP) Distribution

The cdf and pdf of TII-TL-EHL-LLoGP distribution are respectively given by,

1 2« b
1+2°)~
eXp<0|:1_<1+(§—(1+)93")1)) ])‘1

FX(1)(x) =1- eXp(e) 1 )

(3.21)
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and
20 b—1
1—(1+a297! _1y2a-1
b
ey—1\ 2¢
01— (M)
X 69510( [ TH{+e) ™ cxt 1+ x¢)72
exp(f) — 1 [1+ (14 a¢)-12>
(3.22)
for z > 0 and b, a, ¢, 0 > 0.
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Figure 3.4: Pdf and Hrf Plots of TII-TL-EHL-LLoGP Distribution

In Figure 3.4, we presents the plots of the pdf and hrf of the TII-TL-EHL-LLoGP distribution. The pdf
has different shapes comprising of almost symmetric, reverse J-shaped, right and left-skewed. The hrf of
the TII-TL-EHL-LLoGP distribution shows BT, BT-UBT, UBT, decreasing and increasing shapes.

Tl -TL-EHL-LLoGP(c, b, 0.9, 4.5) Tl -TL-EHL-LLoGP(a, b, 0.9, 4.5)

Figure 3.5: SK and KS Plots of the TII-TL-EHL-LLoGP Distribution
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TI-TL-EHL- LLoGP(a, 5.5, 0.001, c) TII-TL-EHL- LLoGP(a, 5.5, 0.001, c)

Figure 3.6: SK and KS Plots of the TII-TL-EHL-LLoGP Distribution

3D plots of SK and KS for the TII-TL-EHL-LLoGP distribution are given in Figures 3.5 and 3.6. We

observe that

e When the parameters ¢ and 6 are fixed, the SK and KS increase as o and b increase.

e When the parameters 6 and b are fixed, the SK and KS decrease then increase as o and ¢ increase.

3.5.3 Type II-Exponentiated Half Logistic- Weibull Logarithmic (TII-TL-
EHL-WL) Distribution

In this subsection, we present the TII-TL-EHL-WL distribution. The cdf of TTI-TL-EHL-WL distribution

is defined by,
1—@71A 2ce b
log[1—-6|1-— (71+e—m*>

Fxa (=G log(1 —6) ’
and the corresponding pdf is given by
Agr—le—a 1— e\ ! A 21
fxo (@) = 4ab0m 1- (W) (1 —e® )
A 2a70 -t
RN
X “Tog(1=0) , (3.23)

for x > 0 and b, o, 0, X > 0.
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Figure 3.7: Pdf and Hrf Plots of the TII-TL-EHL-WL Distribution

Figure 3.7 shows the graphs of the pdf and hrf of the TII-TL-EHL-WL distribution. The pdf shapes
of the TII-TL-EHL-WL distribution are negative-skewed, positive-skewed, reverse J-shape and almost
symmetric. The hrf has different shapes including the BT, UBT, UBT-BT, increasing and decreasing.

TI-TL-EHL-WL(o, b, 0.5, 1) TI-TL-EHL-WL(c, b, 0.5, 1)

Figure 3.8: SK and KS Plots of the TII-TL-EHL-WL Distribution

TH-TL-EHL-WL(c, 0.5,1,2) T -TL-EHL-WL(a,0.5,1,2)

Figure 3.9: SK and KS Plots of the TII-TL-EHL-WL Distribution

3D plots of SK and KS for the TII-TL-EHL-WL distribution are given in Figures 3.8 and 3.9. We observe
that the TII-TL-EHL-WL distribution can accommodate various levels of SK and KS.
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3.5.4 Type II Topp-Leone-Exponentiated Half Logistic-Weibull Poisson (TII-
TL-EHL-WP) Distribution

The cdf of TII-TL-EHL-WP distribution is given by

exp (9 [1 _ (ﬂ)zar> 1

exp(f) — 1 ’

Fx,(z) =1— (3.24)

and the corresponding pdf is given by

2070
207 01 exp |0 |1— (keimi)

fx (@) = 4abld |1 1—e (1 ﬂ;x)?“*l e Agr—le—e

X&) = 2 14 e2* © exp(f) — 1 1+ e—xk]m*l’

(3.25)

for x > 0 and b,a, A\, 0 > 0.
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Figure 3.10: Pdf and Hrf Plots of TII-TL-EHL-WP Distribution

Figure 3.10 shows the pdf and hrf of the TII-TL-EHL-WP distribution. We have various shapes for the
pdf including the symmetric, U-shape, right-skewed, increasing and reverse-J shapes. The hrf in Figure

3.10 shows bathtub, decreasing and increasing shapes.

TI-TL-EHL-WP(a, b, 5.5,5.5) TI-TL-EHL-WP(c, b, 5.5, 5.5)

Figure 3.11: SK and KS Plots of TII-TL-EHL-WP Distribution
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TI-TL-EHL-WP(c, 0.5,6,1) TI-TL-EHL-WP(a, 05,6, 1)

Figure 3.12: SK and KS Plots of TII-TL-EHL-WP Distribution

3D plots of SK and KS for the TII-TL-EHL-WP distribution are given in Figures 3.11 and 3.12. We
observe that
e When we fix the parameters 6 and A, the SK and KS increase as o and b increase.

e When we fix the parameters A and b, the SK and KS decrease and then increase as o and 6 increase.

3.6 Maximum Likelihood Estimation

Here we use the ML estimation technique to find the estimates of the parameters of the TII-TL-EHL-
GPS CoD. Let X; ~TII —TL — EHL — GPS(b,,0,¢) and A = (b, ,0,€)T be the vector of unknown
parameters. The total log-likelihood ¢ = ¢(A) function is given by

K(A) — nln(4ab9)+(b_1>iln |:1_(G<mi;€)£)>2a

1+ G(z;
: w9 V1)) o
+ ;111 (C’ (0 1-— <1+GE;Ji;§)> )) 7;111(0(9))

n

- (2a+41) Zln (14 G(zi;6)] + Zln (9(zi;€)) -

i=1 =1

+(2a—-1) Zln (G(x4;8))

Elements of score vectors are given in the Appendix. The FIM of the TII-TL-EHL-GPS dis-

tribution is a (g + 3) x (¢ + 3) matrix given by J(A) = [Jg, 0,](g+3)x(q+3) = E(—%;eg@),
i,j =1,2,.....; (¢ + 3). The total FIM nJ(A) can be approximated by
0%0(A
L( )z[— (2) } i =1,2 (g + 3). (3.26)
9000 | A=Al (q13)x(q+3)

For a given set of observations, we obtain the total FIM nJ(A) after the convergence of the
Newton-Raphson technique. When the conditions for parameters in the interior of the parameter
space, but not on the boundary, are met, the asymptotic distribution becomes \/ﬁ(ﬁ - A)
is Ngt3(0, J(A)™1), where J(A) = lim, oo n 11, (A) is the unit information matrix. This
asymptotic behavior remains valid if the unit information matrix is replaced by the average
sample information matrix evaluated at 3, say n_lln(ﬁ). The estimated asymptotic multivariate

normal Ngy3(A, In(ﬁ)*l) distribution of A can be used to construct CI for the parameters. An
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100(1 — ¢)% asymptotic CI for each parameter A, is given by

o~

ACI = (A, — 2o\ Ir, Ay + 26\ Tor ), (3.27)
2 2

where I, is the (r,r) diagonal element of I,(A)~! for r = 1,2,...., (¢ + 3) and z, is the 1 — %
2

quantile of the standard normal distribution.

3.7 Simulations

The efficiency and consistency of the ML estimators are assessed by conducting a simulation
study. We use R software to obtain the numerical values of the ML estimators. To investigate
the behavior of the ML estimators for the TII-TL-EHL-WL distribution, we simulated N=1000
times with sample sizes, n= 50, 100, 200, 400, 800 and 1600. We computed the mean ML
estimates, ABias and RMSE, respectively.

In Tables 3.2 and 3.3, we give the MCS results for the TII-TL-EHL-WL distribution. We
note that when sample size, n increases, the mean estimates converges to the true parameter
values, and the ABias and RMSE of the estimated parameters decrease. The simulation results
demonstrate the accuracy of the ML estimation method for estimating the parameters of the T1II-
TL-EHL-WL distribution, and support its reliability for modeling real-world data. The results
also suggest that the TII-TL-EHL-WL distribution can be used in a variety of applications.

Table 3.2: MCS Results for TII-TL-EHL-WL Distribution

(0.4,0.7,0.4,0.4) (2.0,2.0,2.4,0.9) (0.2,0.7,0.7,1.0)

parameter n Mean RMSE ABias | Mean RMSE ABias | Mean RMSE ABias
b 50  0.5121 0.3093 0.1121 | 2.1570 0.5432 0.1570 | 1.1866 4.7556 0.9866
100 0.4779 0.2952 0.0779 | 2.1020 0.5336 0.1020 | 0.7972 2.3363 0.5972

200 0.4414 0.1666 0.0414 | 2.0911 0.4263 0.0911 | 0.4532 1.2037 0.2532

400 0.4121 0.0916 0.0122 | 2.0862 0.3439 0.0862 | 0.3108 0.4093 0.1108

800  0.4077 0.0631 0.0077 | 2.0431 0.2742 0.0431 | 0.2277 0.0833 0.0277

1600 0.4057 0.0529 0.0057 | 2.0388 0.2551 0.0388 | 0.2101 0.0469 0.0101

o 50  2.1563 0.9174 1.4563 | 2.1835 0.5775 0.1835 | 1.2074 0.9824 0.5074
100  1.0888 0.7575 0.3883 | 2.1638 0.5133 0.1638 | 1.0241 0.7307 0.3241

200  0.9459 0.6973 0.2459 | 2.1563 0.4218 0.1563 | 0.8570 0.5316 0.1570

400  0.8706 0.5865 0.1706 | 2.1485 0.2957 0.1485 | 0.7870 0.2730 0.0870

800  0.7440 0.3003 0.0440 | 2.1178 0.2455 0.1178 | 0.7281 0.0991 0.0281

1600 0.7139 0.1387 0.0139 | 2.0956 0.2141 0.0956 | 0.7031 0.0448 0.0031

4 50  0.6428 0.3573 0.2428 | 2.9083 1.7623 0.5083 | 0.6049 0.2506 -0.0950
100 0.5988 0.3130 0.1988 | 2.8930 1.5268 0.4930 | 0.6050 0.2276 -0.0949

200  0.5568 0.2799 0.1568 | 2.7875 1.4745 0.3875 | 0.6116 0.1962 -0.0883

400  0.5024 0.2539 0.1024 | 2.7604 1.2393 0.3604 | 0.6210 0.1958 -0.0789

800  0.4606 0.2309 0.0606 | 2.6699 1.0650 0.2699 | 0.6247 0.1753 -0.0752

1600 0.4208 0.1902 0.0208 | 2.4358 0.7464 0.0358 | 0.6582 0.1274 -0.0417

A 50  0.7386 0.3974 0.3386 | 0.8291 0.1958 -0.0708 | 0.8613 0.2843 -0.1387
100 0.6531 0.3697 0.2531 | 0.8395 0.1718 -0.0604 | 0.8784 0.2463 -0.1215

200 0.6316 0.3301 0.2316 | 0.8561 0.1557 -0.0438 | 0.9374 0.1706 -0.0626

400  0.6004 0.3196 0.2004 | 0.8842 0.1061 -0.0157 | 0.9310 0.1489 -0.0690

800  0.5374 0.2634 0.1374 | 0.8915 0.0762 -0.0084 | 0.9702 0.0792 -0.0298

1600 0.4806 0.2286 0.0806 | 0.8941 0.0529 -0.0058 | 0.9864 0.0441 -0.0136
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Table 3.3: MCS Results for TII-TL-EHL-WL Distribution

(0.4,1.9,0.7,2.0) (0.9,0.6,0.6,0.9) (1.8,0.9,0.6,2.0)

parameter n Mean RMSE ABias | Mean RMSE ABias | Mean RMSE ABias
b 50  2.8927 10.5524 2.4927 | 0.7616 0.2828 -0.1383 | 2.2479 0.9523 0.4479
100 2.0506 8.6979 1.6506 | 0.7813 0.2607 -0.1186 | 2.0549 1.2847 0.2549

200 1.4856 6.6262 1.0856 | 0.7978 0.2350 -0.1021 | 2.0225 1.2091 0.2225

400 1.1231 3.4609 0.7231 | 0.8310 0.1846 -0.0689 | 2.0076 0.9201 0.2076

800 0.5357 0.9713 0.1357 | 0.8410 0.1573 -0.0589 | 1.8810 0.9192 0.0810

1600 0.4241 0.3080 0.0241 | 0.8710 0.1012 -0.0289 | 1.8596 0.6092 0.0596

« 50 2.3186 0.7308 0.4186 | 0.5215 0.3005 -0.0784 | 0.8359 0.2313 -0.0640
100  2.2354 0.6726 0.3354 | 0.5735 0.2970 -0.0264 | 0.8448 0.1844 -0.0551

200 2.1791 0.6592 0.2791 | 0.5850 0.2774 -0.0149 | 0.8493 0.1922 -0.0507

400  2.1246 0.6106 0.2246 | 0.5848 0.2403 -0.0151 | 0.8539 0.1679 -0.0460

800  2.0892 0.5545 0.1892 | 0.5797 0.2165 -0.0202 | 0.8671 0.1252 -0.0328

1600 2.0714 0.4708 0.1714 | 0.5928 0.1752 -0.0071 | 0.8717 0.1003 -0.0282

0 50  0.6735 0.2053 -0.0264 | 0.7927 0.3496 0.1927 | 0.6824 0.2731 0.0824
100 0.6745 0.1912 -0.0254 | 0.7620 0.3477 0.1620 | 0.6528 0.2466 0.0528

200 0.6776 0.1778 -0.0223 | 0.6761 0.2865 0.0761 | 0.6348 0.2308 0.0348

400  0.6780 0.1615 -0.0219 | 0.6756 0.2425 0.0756 | 0.6194 0.2174 0.0194

800  0.6843 0.1316 -0.0156 | 0.6529 0.2209 0.0529 | 0.6074 0.2018 0.0074

1600  0.7050 0.0893 0.0050 | 0.6447 0.1748 0.0447 | 0.5952 0.1718 -0.0047

A 50  2.2384 1.0161 0.2384 | 0.7864 0.2366 -0.1135 | 2.2893 1.5705 0.2893
100 2.1726 0.7442 0.1726 | 0.8102 0.2154 -0.0897 | 2.2740 1.5533 0.2740

200  2.1640 0.5908 0.1640 | 0.8645 0.1325 -0.0354 | 2.2601 1.3300 0.2601

400  2.1235 0.4642 0.1235 | 0.8801 0.0938 -0.0198 | 2.2001 1.3300 0.2001

800 2.0661 0.3653 0.0661 | 0.8954 0.0651 -0.0045 | 2.1343 1.1212 0.1343

1600 2.0282 0.2780 0.0282 | 0.8987 0.0504 -0.0012 | 1.9845 0.7634 -0.0155

3.8 Applications

In this section, we use two real datasets to illustrate the applicability and flexibility of the
TII-TL-EHL-WL distribution. The ML estimation technique is used to estimate the model pa-
rameters via the mle function and the goodness.fit function in R software which provides the
GoF statistics.

To verify which distribution fits better to these datasets, we use the following GoF statistics,
namely, the AIC, BIC and CAIC. The CVM and AD GoF statistics, reported by (Chen and
Balakrishnan [26]) are also presented. The model with smaller values of these GoF statistics is
regarded as the best fitting model. The K-S GoF statistic, its associated PV and SS (Chambers
et al. [24]) from the PPs are also used to assess the model performance. The model with the
smaller K-S value and the highest PV for the K-S statistic, is regarded as the best fitting model.

We also utilize the LRT statistic to assess the TII-TL-EHL-WL distribution and compare it
with its nested models, as presented in Tables 3.6 and 3.9. For example, when testing for b = 1,
the LRT statistic is A = 2[In(L(b, &, 0, \)) — In(L(1,,6,)))], where b, &, 6, and \ are the
unrestricted estimates, and i,&,é, 5\, are the restricted estimates. The LRT test nullifies the
hypothesis if A > x?, where x? signifies the upper 100a% point of the x? distribution with 1

degree of freedom.

We compare the TII-TL-EHL-WL distribution to several non-nested models. The non-nested
distributions are: TIIEHLW distribution presented by Al-Mofleh et al. [7], TIIGIE-BIII distri-
bution introduced by Jamal et al. [56], EMW distribution proposed by Carrasco et al. [23], and
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OEHLBXII distribution given by Aldahlan and Afify [9]. The density functions of TIIEHLW,
TIIGIE-BIII, EMW and OEHLBXII distribution are given by

1—[1— e 0P
L+ =P

A-1
frireaow (T o, M, 7,68) = 2aAdyx? e % [1 B 6,5337} [

for a, A\,y,6 >0, z > 0,

Mckz=¢ 11+ 271 — (1 +2—¢) )91
(1= (o))

=tz =k
X e 17[17(1+m_0)_k]9’ (3.28)

frircie—Brr(z; A, 0,¢,k) =

for X\,0,¢c,k >0, x > 0,

-1
femw (237,6,0,0) = 7<6+>\6A> A1 (62+62)*) (1_ef<ax+el->k)>7 7

for v,6,A,0 >0, z > 0,

and

2arabze—1eM(1-(1+2)") (1 = e’\(l—(lﬂza)b))a_l
formaxiirie ka4 ¥ e, (329)
(1 + za)—b—ﬁ—l (1 + BA(l_(l'H”a)b))

for a, A\,a,b > 0 and x > 0.

3.8.1 Aircraft Windshield Data

In this section, the aircraft windshield dataset is used to assess the applicability of the TII-TL-
EHL-WL distribution compared to the nested and non-nested models. This dataset represent
the failure rates of 84 aircraft windscreen models and it was used in the literature by Anabike
et al. [16]. The non-structural outer layer is damaged and the heating system fails to function
when the aircraft windscreen fails. The data observations are: 0.040, 1.866, 2.385, 3.443, 0.301,
1.876, 2.481, 3.467, 0.309, 1.899, 2.610, 3.478, 0.557, 1.911, 2.625, 3.578, 0.943, 1.912, 2.632,
3.595, 1.070, 1.914, 2.646, 3.699, 1.124, 1.981, 2.661, 3.779, 1.248, 2.010, 2.688, 3.924, 1.281,
2.038, 2.823, 4.035, 1.281, 2.085, 2.890, 4.121, 1.303, 2.089, 2.902, 4.167, 1.432, 2.097, 2.934,
4.240, 1.480, 2.135, 2.962, 4.255, 1.505, 2.154, 2.964, 4.278, 1.506, 2.1902, 3.000, 4.305, 1.568,
2.194, 3.103, 4.376, 1.615, 2.223, 3.114, 4.449, 1.619, 2.224, 3.117, 4.485, 1.652, 2.229, 3.166,
4.570, 1.652, 2.300, 3.344, 4.602, 1.757,2.324, 3.376, 4.663. The data have whiskers that are long

at the top and bottom, suggesting potential of outliers.
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The estimated Var-Cov matrix is

0.0039  0.0107 —0.0030 —0.0233
0.0107  0.0411 —0.0046 —0.0652
—0.0030 —0.0040 0.0294  0.0141

—0.0233 —-0.0652 0.0141  0.1466

and the approximate 95% CI for b, «,0 and \ are given by 0.1408 4 0.1224, 0.3565 + 0.3974,
1.5188x107%640.3361 and 2.136140.75006, respectively. In Table 3.4, we present the parameter

estimates of the models and their SE in parenthesis.

Table 3.4: Estimates for Aircraft Windshield Data

Estimates
Model b « %] A
TII —TL— EHL —WL(b,«,6,)\) 0.1408 0.3565  1.5188 x 1079 2.1361
(0.0543) (0.7691) (0.2193) (0.3212)
TII —TL - EHL —WL(1,0,0,\) - 0.9564 9.562 x 1076 0.9877
(0.1061) (0.0113) (0.4965)
TII -TL— EHL —WL(b,1,0,)) 0.4531 - 8.7407 x 10799 1.2539
(4.0244) - (0.0108) (0.1420)
TII -TL—~ EHL — WL(b,«,0,1) 0.8916 1.4777 3.718 x 10707 -
(0.1324) (0.2280) (0.1538) -
TII —TL - EHL —WL(1,1,0,\) = - 1.3236 x 10798 0.9158
(0.0132) (0.0488)
TII -TL—-EHL—-WL(1,,6,1) A 0.1209 4.619 x 10711 -
(0.0131) (0.0008)
TIIEHLW a A 5 v
1.2762 1.5300 7.3129 0.0346
2.0347 x 10796 1.6970 x 10796 (0.0253) (0.0026)
TIIGIE-BIII A 0 c k
2.8818 0.2172 8.5710  2.5263 x 109
(8.0559 x 10796) (0.0162)  (3.6472 x 107%)  (2.6534 x 107%)
EMW v 5 A 0
3.5605 0.7579 17.0010 0.0001
(0.6110) (0.0769)  (4.6677 x 10717)  (7.9358 x 10~!2)
OEHLBXII « A a b
0.1903  2.5052 x 107 4.6048 1.6549
(0.0218)  (5.2166 x 10799) (0.0010) (0.0024)

Table 3.5 demonstrates that the TII-TL-EHL-WL model exhibits superior fit to the aircraft
windshield data, as indicated by its smaller values of the AIC, BIC, and CAIC, AD and CVM in
comparison to the other models. These results suggest the effectiveness of the TII-TL-EHL-WL

distribution.
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Table 3.5: GoF Statistics for Aircraft Windshield Data

GoF Statistics
Model —2log(L) AIC  CAIC BIC CVM AD SS K-S PV
TII-TL-EHL-WL(b,a,0,)) 256.9335 264.9335 265.4398 274.6567 0.0452 04648 0.0754 0.07251 0.6869

TII-TL-EHL-WL(1,a,8,)) 2915790 2975790 297.8793 304.8717 0.1158 10518 2.8602 0.2057 8279 x 107"
TII-TL-EHL-WL(b,1,0,)) 271.3606 277.3606 277.6602 284.6527 0.1287  1.1414 02474 0.1118 0.1921
TII-TL-EHL-WL(ba,0,1) 2729926 2789926 279.2926 286.2850 0.1448  1.2570 0.2335  0.1138 0.2267
TII-TL-EHL-WL(1,1,6,)) 2863563 290.3563 290.5045 205.2180 0.1207  1.1543 1.8282 02515 4.857x 107%

TII-TL-EHL-WL(l,a,6,1) 552.0824 556.0824 556.2318 560.9453 0.0563  0.5885 20.3361 0.7835  2.2x 1071

TIEHLW 2734006 281.4006 281.9070 291.1239 0.1452  1.2577 0.1421  0.0963 0.4169

TIGIE-BIT  201.2455 299.2455 299.7518 308.9688 25.6811 163.8699 23.8512 0.999%4  2.2x 1076

EMW  279.6810 287.6810 288.1874 297.4043 02106  1.6946 5.6282  0.1209 0.1712

OEHLBXII ~ 267.3613 275.3613 275.8676 285.0846 02278 13241 4.2449  0.1066 0.2952

The fitted pdf plots and PPs for the aircraft windshield dataset are shown in Figure 3.13. These
fitted plots shows that the TII-TL-EHL-WL distribution fits the data better than the non-nested

models.

Fitted Densities Probability plots
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Figure 3.13: Fitted Pdf Plots and PPs for Aircraft Windshield Data

Table 3.6: LRT Results for Aircraft Windshield Data

Aircraft Windshield Data
Model df 2 (p — value
TII -TL—-FEHL—-WL(1,a,0,\) 1 34.2485(< 0.00001
TII-TL—FEHL—-WL(b1,0,)) 1 14.0301 (0.00018
TII -TL—-FEHL—WL(b,a,0,1) 1 15.6621 (0.00076
TII-TL—FEHL—-WL(1,1,6,)\) 2 29.0256 (< 0.00001
TII-TL—-FHL-WL(1,a,0,1) 2 294.7519 (< 0.00001

—_— — " — [ —
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Table 3.6 shows the LRT results for testing selected nested models against TII-TL-EHL-WL
distribution. Based on the LRT results, we conclude that there are significant differences between
each of the sub-models and the main distribution. Figure 3.14 suggest the TTT scaled plot with

an increasing hrf.
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Figure 3.14: Fitted TTT and Hrf Plots for Aircraft Windshield Data

The closeness observed between the fitted K-M survival and ECDF curves, as depicted in Figure
3.15, indicates that the model fits well with the aircraft windshield data.
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Figure 3.15: Fitted K-M Survival and ECDF Plots for Aircraft Windshield Data

We present the profile log-likelihood function of the ML estimates of TII-TL-EHL-WL distribu-

tion on Figure 3.16 for aircraft windshield data.
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Figure 3.16: Profile Log-Likelihood Function Plots of the Parameters of the TII-TL-EHL-WL
Distribution on Aircraft Windshield Data

Figure 3.16 shows the ML estimates for TII-TL-EHL-WL distribution exists and can be obtained

uniquely.

3.8.2 Growth Hormone Data

The second dataset represent the time from when the growth hormone medication is administered
to children until they reach the target age. The dataset was applied by Oluyede et al. [95]. The
data are: 2.15, 2.20, 2.55, 2.56, 2.63, 2.74, 2.81, 2.90, 3.05, 3.41, 3.43, 3.43, 3.84, 4.16, 4.18, 4.36,
4.42, 4.51,4.60, 4.61, 4.75, 5.03, 5.10, 5.44, 5.90, 5.96, 6.77, 7.82, 8.00, 8.16, 8.21, 8.72, 10.40,
13.20, 13.70. The data is right-skewed.
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Growth hormone (time)

Growth Hormone

Figure 3.17: Boxplot and Violin Plots of Growth Hormone Data

The estimated Var-Cov matrix is given by

0.0516 —0.2712
—-0.2712  5.8117
—0.0024 0.0411
—0.4383  0.4998

and the approximate 95%

—0.0024 —0.0831
0.0411  0.4998
0.0297  0.0020 ,
0.0020  0.1381

8.7308 x 10797 £ 0.3382 and 1.1933 4 0.7284, respectively.

CI for b,a,60 and A are given by 0.2157 4 0.4453,5.2318 + 4.725,

Table 3.7 shows the estimates of parameters and their SE in their parenthesis.

Table 3.7: Estimates for Growth Hormone Data

Estimates
Model b a 0 A
TII —TL— EHL — WL(b,a,6,\) 0.2157 5.2318  8.7308 x 10797 1.1933
(0.2272) (2.4108) (0.1725) (0.3716)
TII —TL—-EHL — WL(1,,0,\) - 0.5017  6.5456 x 10~12 0.1074
(0.0855) (0.0011) (0.0179)
TII —-TL—~ HL—WL(b,1,0,)) 0.2973 - 1.0197 x 10798 0.9676
(4.0244) - (0.0108) (0.1420)
TII -TL— EHL — WL(b,«,0,1) 0.9853 0.1272  1.1975 x 1079 -
(0.9992) (0.1299) (1.0060) -
TII —TL - EHL —WL(1,1,0,\) - - 1.8615 x 10799 0.8954
- (0.0075) (0.040)
TII -TL - EHL -~ WL(1,,6,1) 1.002 3.5213 x 1079 -
(0.1694) (0.0115) -
TI-EHLW a A 5 v
40302.0000 2341.0000 5.0264 0.0362
(6.3713 x 107%8)  (1.7885 x 1079°) (0.0421) (0.0040)
TIIGIE-BIII A 6 c k
2.8653 0.1125 8.2200 0.1214
(0.9874) (0.0400) (2.7417) (0.0966)
EMW v 5 A 0
6.5130 0.4820 17.0010 0.0001
(2.2629) (0.0798)  (1.7949 x 10716)  (3.0495 x 10~1)
OEHLBXII « A a b
0.4336 0.0042 14.1603 0.1912
(0.1786) (0.0091) (0.0007) (0.0594)
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Table 3.8 shows that the TII-TL-EHL-WL distribution has the smallest values for the AIC,
CAIC, BIC, CVM, and AD, compared to the values for the other models considered. The
TII-TL-EHL-WL distribution also has the highest PV for the K-S statistic. Hence, the TII-TL-
EHL-WL distribution is the best-fitting model for the growth hormone dataset, based on these
GoF statistics.

Table 3.8: GoF Statistics for Growth Hormone Data

Statistics
Model —2log(L) AIC CAIC BIC CVM AD SS K-S PV
TII-TL—EHL-WL(ba,0,)) 1551309 163.1309 164.4642 169.3522  0.0401  0.2823  0.0453  0.0830 0.9693

TII-TL-FEHL-WL(1l,o,0,)) 324.2835 330.2835 331.0662 334.9580 0.0602 0.4129  2.4827  0.4939 7.6710 x 10~

TII-TL—-HL-WL(b,1,0,)) 171.3356 177.3356 178.1099 182.0017 0.0751  0.5036  0.5009  0.2531 0.0225

TII-TL—FEHL-WL(b,a,0,1) 414.4252 420.4252 421.1992 425.0910 0.13653  0.8652 10.8531 0.93975 2.2 x 10716

TII-TL-EHL-WL(1,1,6,)\) 240.3300 244.3300 244.7062 247.4419 0.0861 0.5691  5.9052 0.6148  6.444 x 1072

TII-TL—EHL-WL(1,0,0,1) 281.4692 285.4692 285.8413 288.5770  0.0913  0.6002 7.1196 0.6736  3.231 x 10714

TI-EHLW  162.6945 170.6945 172.0528 176.9409 0.1346  0.8534  0.1226  0.1369 0.5278

TIIGIE-BIIT  178.7655 186.7655 187.6124 192.5005 12.1159 70.4451  7.5697 0.8367 < 2.2x 10716

EMW 1581951 166.1951 167.5284 172.4165 0.0703  0.4747  0.1358  0.1013 0.8656

OEHLBXII  183.2824 191.2824 192.6157 197.5038  0.2655 1.6321  0.3454  0.1966 0.1337

The fitted pdf plots and PPs support the GoF statistics presented in Table 3.8 and confirm
that the TII-TL-EHL-WL distribution fits the growth hormone data better than the nested and

non-nested models.

Fitted Densities Probability plots
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Figure 3.18: Fitted Pdf Plots and PPs for Growth Hormone Data
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Table 3.9: LRT Results for Growth Hormone Data

Growth Hormone Data Set

Model

TII —-TL—-FEHL —-—WL(1,a,6,)\) 1
TII —TL—FEHL —WL(b,1,0,)) 1
TII —TL— FEHL —WL(b,1,,0,) 1
2

2

X2 (p — value)

169.1526 (< 0.00001)
16.2047 (0.00057)
259.2943 (< 0.00001)
85.1991 (< 0.00001)
126.3383 (< 0.00001)

TII —TL— EHL—WL(1,1,60,\)
TII —TL— EHL —WL(1,0,0,1)

Table 3.9 gives the LRT results for the growth hormone data. We conclude that there are
significant differences between each of the sub-models and TII-TL-EHL-WL distribution based
on the LRT tests at 5% level of significance. Figure 3.18 gives the TTT scaled plot with an

increasing hrf.

hix)

Scaled TTT-Transform Plot

Figure 3.19: Fitted TTT and Hrf Plots for Growth Hormone Data

The fitted K-M survival and ECDF are shown in Figure 3.19.
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Figure 3.20: Fitted K-M Survival and ECDF Plots for Growth Hormone Data

The ML estimates of the TII-TL-EHL-WL distribution exists and can be uniquely obtained, as

shown in Figure 3.20.
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Figure 3.21: Profile Log-Likelihood Function Plots of the Parameters of the TII-TL-EHL-WL
Distribution on Growth Hormone Data

3.9 Conclusions

We proposed and presented the TII-TL-EHL-GPS CoD. The statistical properties of the new
CoD are derived and these include the QF, moments, distribution of order statistics, and RE.
The model parameters are estimated using ML estimation technique. The MCS was conducted
to assess the performance of the ML estimates. Two real datasets are applied to a special case,
the TII-TL-EHL-WL distribution to demonstrate the usefulness and flexibility of the proposed
CoD. The TII-TL-EHL-GPS CoD has significant potential for fulfilling current societal needs,
particularly in the fields of aviation safety and growth hormone research. Aircraft windshields
are essential for safe air travel, and the TII-TL-EHL-GPS CoD can accurately capture almost
symmetric data, which can improve the analysis and modeling of these aircraft windshields.
This leads to more accurate assessments of the lifespan and durability of aircraft windshields,
informing more effective maintenance schedules and reducing the risk of failure during flight.
Growth hormone data is right skewed distributed, and the flexibility of the TII-TL-EHL-GPS
CoD enables better analysis and interpretation of such data. The TII-TL-EHL-GPS CoD en-
hance the ability to model growth hormone data and can advance personalized approaches to

hormone-related therapies and treatments.
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4. The Harris Odd Burr Type X-G Family
of Distributions with Applications

The paper is accepted by the Scopus Indexed International Journal of Operational Research.

4.1 Introduction

In recent years, researchers have been developing generalized families of distributions by com-
bining existing models. In this chapter, we combine the Harris-G FoD (Aly and Benkherouf
[14]) with the Burr type X-G FoD (Yousof et al. [140]). This combination creates a model
with greater adaptability and flexibility, allowing it to capture the complexities of real-life data
more effectively. This expanded capability is valuable given the widespread use of the Burr type
X distribution in diverse fields such as agricultural production, health, income, and reliability

analysis.

The cdf and pdf of the Harris-G FoD (Pinho et al. [110]) are given in Equation (1.21) and
Equation (1.22), respectively.

The cdf and pdf of the odd Burr type X-G FoD are given

o (- (20 o

Fopx_c (z; 8,9¢) =

and

G(x; 2\ 17 G(x; 2\ @ x;
fox_c(®;B,9) =28 [1 — €xp <_ <GE£B,$§> )] exXp <_ <GEZE,2;) > G((x;j))gg(fﬂ;w,

for x > 0, > 0, and parameter vector ).

The introduction of the new FoD, Harriss-OBX-G, presents several advantages over existing
distributions, particularly in terms of flexibility and applicability. The Harriss-OBX-G FoD
inherits the advantageous properties of both families, while offering unique features tailored to
specific data characteristics. For instance, it provides a wide range of hrf shapes, including
monotonic, BT, UBT, and UBT-BT, making it suitable for modeling almost symmetric, right-
skewed, and left-skewed datasets. This versatility allows for more accurate representation of

real-world data scenarios compared to distributions limited in their hrf shapes.

The special cases under this new FoD is obtained when the baseline distribution is changed to
existing distribution, say LLoG, Weibull, and uniform distribution. In this chapter, we discuss
three special cases of Harris-OBX-G FoD namely, the Harriss-OBX-LLoG distribution, Harris-
OBX-W distribution, and Harris-OBX-U distribution. We also provide the plots of the density
functions, hrf, as well as SK and KS to illustrate the nature of shapes that the Harris-OBX-G
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FoD can accommodate when modeling different datasets. We use the ML estimation technique
to estimate the model parameters, and the consistency of the ML estimators is evaluated using
simulations. The applicability and versatility of the Harriss-OBX-G FoD are demonstrated by
applying one special case (Harris-OBX-W distribution) to two real datasets from different areas.
The Harris-OBX-W distribution outperforms the models used for comparisons in all the selected

datasets.

4.2 The New FoD

In this section, we develop the new FoD. Inserting Equation (4.2) into Equation (1.21), we obtain
the new Harris-OBX-G FoD. The cdf of the new Harris-OBX-G FoD is given as

v

$(1-1— e (K@) ]’
15 (1-[1 - exp (K (@) )

FHarm‘s—OBX—G(w; 57 v, 5: w) =1-

9 (4'2)

a2 _
where K(x;v) = (%) , for §,v,6 >0,z >0, =1— ¢ and parameter vector 1. The pdf

corresponding to Equation (4.2) is

[Harris—oBx -G (x;0,v,6,¢) = 286% (1 < -3 (1 —[1 —exp(—K(x ;1/)))]5>U>(11’+1)

X [1—exp(—K(z;9))]" " exp (— K (z;9))

Glzy)
7@(% w))gg( ;) (4.3)

L 2 _
where K (z;1) = (ggi;) , for ,v,8 >0, 2 >0,0 =1—9 and parameter vector 1. The hrf of

the Harris-OBX-G FoD is given by

h(z;0,v,B,9) = 25(1— <1—[1—exp
X [1—exp (=K (x;9))]7

exp
X (1—[1—exp )

))

K(x:
&
i ¢ <o),
)

¥))]
K(a;
1 Gz
(G(z

a2 _
where K(z;1¢) = (ggz;) , for 9,v,8 >0,z >0,0 =1— ¢ and parameter vector .
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4.3 Identifiability

To establish identifiability of the Harris-OBX-G FoD, let Ay = (01, v1, 51, %1) and Ag = (d2, v2, B2, 12).

The likelihood ratio are given

_ a2\ 1) )
(sl fre (D)) )
e\ Gl \P\ ]

: ll_exp <_ G(mﬁ)) )] ll_eXp <_ (G( ;w;) )]

exp (-~ (820" Giasvatain)
" G )’
y (Gl:42))° ‘

exp (— (ggii%f) G (25 ¥2)g(x; 1b2)

The log-likelihood ratio is

(55) - |

1
B101 1
1

B202 72

f1(Ar)
f2(Ag)

+ (61 - 1) hl [1

o

_ 1 n — 0 — _ —ex o G(x§7/}1) 277"
(e)m-m (o[- (G2 ) )
1 S v\ ")
s (sl foe () ) )
B D 11— exn [ — G(x;4ha) \*\ | [ Gl;¢) 2 (Glav))?
(%2 =11 [1 p( (Ges) ] (Gevd) * (G
T+ In[G (i n)] + Infg(ws )] — 3[G (w5 ¥1)] — (G o)

In[g(z;v2)] + 3 In[G(z;2)].
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The derivative of the log-likelihood ratio is

Dq

i (ay) - (51‘”{1_@@( (gzea)

G(z;91)

}
( D1(51U1 <1 1_exp( ; o
R e
( )

D252v2 <1 1 —exp [ — (g(xf%))z

( G(z2)
+
U2+1 ) 9\ 152 v2
(-5 (- e (- )] 7))
G(x;91) Y2) g(x;31)
— 2—————g(x;) + 2——=g(x;92) +
oo 2 G
L ) | ge(@ivn)  glwye)  g@ide) gy
glz;h) " G(xyn)  Glaie)  glwivn) G(wse)

iln (fl(A1)> =0,
dx fg(Ag)
it implies that A; = Ao, that is, the parameters of the HarrissOBX-G FoD exist and can be

uniquely determined based on a given dataset.

4.4 Quantile Function

The QF of the Harris-OBX-G FoD can be obtained by solving the non-linear equation:

(ol

FHarris—OBX—G($§ 5,U75,w) =1- = u,

1—5(1—{1—@@( (g(iw) )ﬁ>v
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0 <wu <1, that is, (after some simplifications)

—1 -1
(1 u) 115\ °
ch) = —1 1—|1-— 1
Glwv) " =) ] §
Therefore, the QF of the Harris-OBX-G FoD is given by

acw VPN L)
=Gt “In|1-]1- —u ’ 1 . 4.4
Q) =G n [ e + (4.4

It follows therefore that random numbers can be generated via Equation (4.4) for a given parent
cdf G.
4.5 Linear Representation

This subsection is devoted to expressing the pdf of Harris-OBX-G FoD as an infinite linear

combination of Exp-G distribution, using the generalized binomial series expansion

1=0

which is valid for |a| < 1 and ¢ > 0. If § € (0,1), we can obtain

Sttarris—oBx—-c (36,0, 8,¥) = fopx_a(; 8,9) Z bm onx—a (% B, w)) (4.5)
=0

b mic 11)) (Z) (4.6)

(2

where

For 6 > 1, we write Equation (4.3) as

Trarris—onx-c (16,0, 8,0) = fopx_o (T 8,9) Z Cm onx—a( va))ma (4.7)
m=0

0]

where

N\

R P .
Cm _ ST [ZZ l+m )z

1=0 [=0

=

where 6§ = % and 0 =
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Considering

fopx_c (@ B,9) (Fosxfc(flx 5,1/)))m = 2p [1 — exp <_

o [ (C0)V) _Glw)
X p( <G($, ) )(G(x’¢))39(7 )
— (Bm+1)—1 - G(z;v)
= 2 1)’ x;
6j20< j )( e
(0

00 . k
_ 93 Z (5(m +.1) — 1> (1) (—(j+1))

. J k!
7,k=0
(Gla;))* !
* Gl
_ 93 i <5(m +1) - 1>( s (26 + 1)
7,k,s=0 J k!
% + 1\ — .
< () @) g
7,k,s,p=0 J k!
< (I N ewngen, a9
for § € (0,1), Equation (4.3) can be written as
fHarris—OBX—G (33, 57 U, /87 T/f) = Z dp+1gp+1 (LE, 'l/}), (410)
p=0
where
d,,, 28 mjzkjo b, < ; (—1) NS
(Qk + 1) <s -3+ 2k)>7 (4.11)
s p

bm is given by Equation (4.6) and g,,, (z;v) = (p+ 1)GP(x;)g(x; 1) is the Exp-G distribution
with the power parameter (p + 1).

Furthermore, for § > 1, Equation (4.3) can be written as

(o)

fttarris—onx-c (36,0, B,9) = d*+19p+1 (z;9), (4.12)

p
k,l=0
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where

|
m,j,k,s=0 (p T 1)k

(2k: 1) <s — (3p+ 2/f)>7 (4.13)

where C, is given by Equation (4.8) and g,,,(2;9) = (p + 1)GP(x;%)g(w;4) is the Exp-G
distribution with the power parameter (p + 1).

4.6 Moments and Generating Functions

Let X ~ Harris — OBX — G(6,v,8,%) and Y, | ~ Exzp— G(p+ 1,v), then the r'" raw mo-

ment, y, can be obtained from Equations (4.10) and (4.12). For § € (0,1),

0o
pe=E(X") =Y d, E(Y),
p=0

where d

is as defined in Equation (4.11) and E(Y ) is the r'" moment of an Exp-G distri-
bution with power parameter (p 4+ 1). For § > 1,

’u Z d* PT+1

where d* | is as defined in Equation (4.13) and E(Y ) is the " moment of an Exp-G distri-

+1

bution with power parameter (p + 1). For ¢ € (0,1), the MGF of X is given by:

deHE eMrit)

where E(e'Y»+1) is the MGF of the Exp-G distribution with power parameter (p 4+ 1) and d,.
is as defined in Equation (4.11). For § > 1, the MGF is

p+1
Z dz>+1

where E(e"»+1) is the MGF of the Exp-G distribution with power parameter (p 4+ 1) and .,
is as defined in Equation (4.13).
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4.7 Distribution of Order Statistics

The pdf of the h* order statistic Xj., from Harris-OBX-G FoD with pdf f(z;6,v,3,v) = f(x)
is given by

n—nh P
Frnlsb,0,5.9) = nif(0) 3 o (P (414)
2=0

If 6 € (0,1), we have

[1—6(F OBX - G(x B, w)) ] v

_ i z+h—1> )q

q=0

f) Pt = I om0 (1_ ’
1 [_

( ; )(FOBX—G(:vaw))
[1—6(F oy G<a: B,))

- ZRmeBX—G B, l/J)( OBX— G( ;@w))m
m=0

(4.15)
where )
R, — grm gLt z+h—1>< +z)gz(vz+Q> .

qﬂzo( 1) < . . . (4.16)

For 6 > 1, we replace 6 = %. Then, we can write

f(x)[F( Z+S b= ZR*fOBXG /8¢)( OBX— G(xﬁ¢))
(4.17)
R — m 1 > & g7 th—1 +q+1 i\ [lv+q
=D [ D0 D (D) . ) DR U, ) @)
q,i=0 =0

Now, we follow the steps leading to Equation (4.9), for 6 € (0,1), by substituting Equation
(4.15) into Equation (4.14), we get

n—h oco o0 —_1)?
frnlastob ) =nt 303 S S R, g, (w50,
2=0 p=0 m=0

where R, is given by Equation (4.16), d_,, is given in equation (4.11) and g ., (z;%¢) = (p +

p+1

1)GP(x;¢)g(x; 1) is the Exp-G distribution with the power parameter (p+ 1). Furthermore, for
0> 1, we get

n—

h oo oo
1Z * *
frnlaitob, ) =nt -3 S o SR g, (i),
m= 0

l
z=0 p=0 (
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where R} is given by equation (4.18), dr | is given in Equation (4.13) and g, (z;%) = (p +

+1

1)GP(x;¢)g(x;1) is the Exp-G distribution with the power parameter (p 4+ 1). (See appendix
for details).

4.8 Rényi Entropy

In this subsection, RE for Harris-OBX-G FoD is presented. An entropy is a measure of uncer-
tainty or variation of a random variable. RE for ¢ € (0, 1) is given by

oo . k
In(w) = (-woglzs Yo o (VT yren EED

m,j.k,s,p=0
Ot [ (b % o) o

= (1- w)_1 log |:ZTp+1 exp ((1 —w)Irpa) |,
p=0

for v > 0, v # 1, where

) . k
Tptl = 25 Z b:n <B(m +-1) - 1) (_1)j+s+p (_(] + 1))

k!
m,j,k,s=0 J

. (%;1) <s—(3p+2k)) [Hiﬂw’

w i w
by = 0% (1) 02 (“0FH (%), and Tnea = glog ([ ([1+ 28] & (gl ) de)
is the RE of the Exp-G distribution with power parameter (Pwi +1). See appendix for details.

Furthermore, for 6 > 1, RE is given by

[ee} - ) _(a k
Ip(w) = (1—w) tlog {25 kz: _OC’;(B(mzl) 1)(_1>]+5+p( (];1))

(2/{;1)(3—(?2/{)) [Hiﬂw

S WW]

e
= (1-w llog[i Lrexp (1 - w)lree) |,

X

X
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where

T;.H = 20 i C;«n(ﬁ(m+'1)_1>(_1)j+s+p(_(j+1))k

. s =0 J

<2k:1><s—(?;+2k)>[1+1z1}w,

. . 1N, .

Co = (—1)™ g [0 Tioo (DO - (" () ()] o =4,

and Irpg = ﬁlog (fooo ([1 + pwil] GPTH(x; V) g(x; w))w dx) is the RE of the Exp-G distribu-
tion with power parameter (% +1).

As a result, RE for Harris-OBX-G FoD can be obtained from RE of the Exp-G distribution.

(See appendix for more information).

4.9 Some Special Cases

In this section, we look at the LLoG, Weibull, and uniform distributions as parent distributions
for the Harris-OBX-G FoD.

4.9.1 The Harris Odd Burr Type X-Log-Logistic (Harriss-OBX-LLoG) Dis-
tribution

Suppose that the LLoG distribution is used as the parent or baseline distribution with the pdf
and cdf given by g(z;c) = cz* (1 +2¢) 72, and G(x;¢) = 1 — (1 + 2¢) 7L, respectively, for ¢ > 0
and z > 0, then the cdf and pdf of the Harris-OBX-LLoG distribution are given by

v

3(1- - ez a)P) 1"
1-6 (1 —[1 —exp (—Z(m;c))]’g>v

FHarris—OBX—LLoG(UC; 9,0, 3, C) =1-

)

and

11— (142971
fHarristBXfLLoG(x;57'07/6’0) = 2ﬂ6vm

X (1 —4 (1 —[1—exp (—Z(m;c))]ﬁ)v)_
x [ —exp(=Z(z;¢))]"

cx® (1 4 %) 72

(2+1)

v

x exp(—Z(x;c)),

h o) = (=0t 5_ i< o
where Z(x;¢c) = )T , for 6,v,8,¢ >0, x>0, and § =1 — §. The hrf is given by
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1

h(z;0,v,8,¢) = 28 (1 -6 <1 —[1 —exp (—Z(x;c))]ﬁ)v)_
x [1—exp(—Z(z;c)]" " exp (—Z(x;))
—1
X (1 1 —exp (—Z(z; c))]'B>
1— (142671

ranp T

1 2 _
Z(z;c) = (%) , for 6,v,68,¢>0,x>0,and § =1 — 4.

e —— 5=2.0v=0.1,3=1.8,c=0.8 2 — 5=03y=1.0,8=15c05
—— 5=1.9v=0.8,8=1.0,c=1.7 —— 5=0.8v=1.8,8=0.4,c51.0
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Figure 4.1: Pdf and Hrf Plots of Harris-OBX-LLoG Distribution

Figure 4.1 shows the plots of the pdf and hrf of the Harris-OBX-LLoG distribution. The pdf
shows almost symmetric, negative-skewed, positive-skewed, and reverse-J shapes. The hrf has

various shapes such as decreasing, increasing, UBT, BT, and UBT-BT.

Harris -OBX - LLoG(1. 3, B, ¢) Harris -OBX - LLoG(1. 3, ., ¢)

Figure 4.2: SK and KS Plots of Harris-OBX-LLoG Distribution
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Harris - OBX -LLoG(0.9, v, 3, ¢) Harris -OBX - LL0G(0.9, v, 3, ¢)

Figure 4.3: SK and KS of Harris-OBX-LLoG Distribution

Figures 4.2 and 4.3 show 3D graphs of SK and KS for the Harris-OBX-LLoG distribution. We

notice that

e When the parameters § and v are fixed, the SK and KS of Harris-OBX-LLoG distribution

increase as [ and c¢ increase.

e When the parameters § and g are fixed, the SK and KS of Harris-OBX-LLoG distribution

increase as v and c¢ increase.

4.9.2 The Harris Odd Burr Type X-Weibull (Harris-OBX-W) Distribution

If the Weibull distribution is considered as the parent distribution with the pdf and cdf given
by g(z; \) = A le=® and Glx;\)=1- e*xk, respectively, for A > 0, then the cdf and pdf of
the Harriss-OBX-W distribution are given by

Q=

( —[1 —exp( W(fC;A))]B)U
FHarristBXfW(x;éavaﬁv)‘) =1- 5

(1= —exp (W N))?)

and

fHams—oBX_W(:l:; o,v, 3, )\) = 255% <1 -9 (1 _ [1 — exp (—W(:c; )\))]B>v>—(i+1)

[1— exp (=W (3 X))" " exp (=W (25 1))
—z
X 1me Al

)’

X

2
where W(x; \) = (1;1; , for 8,v,6,A > 0, x > 0, and 6 = 1 — 4. The hrf of the Harris-
OBX-W distribution is given by
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s = 29(1-3(--ow W)}

oM 2
X [1—exp (=W (z;\)]" exp | - (W)

x (1= [1-exp (W N)))

e

2
_oA _
where W (z; \) = (16“) , for ,v,8,A >0,z >0,and 6 =1— 6.
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Figure 4.4: Pdf and Hrf Plots of Harris-OBX-W Distribution

Figure 4.4 shows the plots of the pdf and hrf of the Harris-OBX-W distribution. The pdf shows
almost symmetric, negative-skewed or positive-skewed, and reverse-J shapes. The hrf comes in
a variety of shapes, including increasing, BT, UBT-BT and BT-UBT.

Harris—OBX -W(1, 1. B, %) Harris—OBX -W(1, 1, B. %)

Figure 4.5: SK and KS Plots of Harris-OBX-W Distribution
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Harris - OBX-W(3, v. 2.5, 1.2) Harris - OBX-W(3, v, 2.5, 1.2)

Figure 4.6: SK and KS Plots of Harris-OBX-W Distribution

Figures 4.5 and 4.6 show 3D graphs of SK and KS for the Harris-OBX-W distribution. We

notice that

e When the parameters § and v are fixed, the SK and KS of Harris-OBX-W distribution

increase as 3 and \ increase.

e When the parameters § and A are fixed, the SK and KS of Harris-OBX-W distribution

increase as 0 and v increase.

4.9.3 The Harris Odd Burr Type X-Uniform (Harris-OBX-U) Distribution

Taking uniform distribution as the parent distribution with the pdf and cdf given by g(z;0) = %
and G(x;0) = , respectively, for > 0 and = > 0, then the cdf and pdf of the Harris-OBX-U

distribution are given by

Frarris—oBx—v(z;6,v,5,0) =1 —

and
fHarris—OBfo({E;(s,’U,ﬁ, 9) = 255% (1 -5 (1 . [1 —exp (—Q(CU; 9))]5>U)_(v+1)
X [1—exp (—Q(x;0)))" " exp (—Q(x36))
7 1

(1-5)""
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x

z 0\ 2 _
where Q(z;0) = (ﬁ) , for 5,v,3,0 >0, z >0, and 6 = 1 — . The hrf of the Harris-OBX-U
distribution is given by

has0,0.5,0) = 26 (13 (1- 1 e (@ 0))")")
X [L—exp (-Q(w:0))]° " exp (- Q(x:0))

M —exo (—O(mond) T8 L

x (11— exp (-Q;0)))") oG

x

2 _
where Q(z;0) = (ﬁ) , for 6,v,6,0 >0,z >0,and 6 =1 — 9.
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Figure 4.7: Pdf and Hrf Plots of Harris-OBX-U Distribution

Figure 4.7 shows the plots of the pdf and hrf of the Harris-OBX-U distribution for selected values
of the model parameters. The pdf shows almost symmetric, negative-skewed or positive-skewed,

and reverse-J shapes. The hrf comes in a variety of shapes, including increasing, decreasing,
UBT, BT, and UBT-BT.

Harris—OBX -U(3, 2.5, 1.2, 8) Harris—OBX -U(3, 2.5, 1.2, 6)

Figure 4.8: SK and KS of Harris-OBX-U Distribution
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Harris - OBX-U(0.3,1.2, B, 8) Harris - OBX-U(0.3, 1.2, B, 6)

Figure 4.9: SK and KS Plots of Harris-OBX-U Distribution

Figures 4.8 and 4.9 show 3D graphs of SK and KS for the Harris-OBX-U distribution. We notice
that

e When the parameters 8 and v are fixed, the SK and KS of Harris-OBX-U distribution

decrease as § and 6 decrease.

e When the parameters § and v are fixed, the SK and KS of Harris-OBX-U distribution

decrease as 8 and 6 increase.

4.10 Maximum Likelihood Estimation

Let A = (6,v,3,9)T be the parameter vector from Harris-OBX-G FoD. Then the log-likelihood
¢ =((A) of the Harris-OBX-G FoD is given by

¢ = nln(2b5+) ( +1>Zln(1— (1- [ —exp (~K(:))7))
5—1)Zln[1—exp K(x;9)] —2Z<gi:z>
+ iln g(zi —SZln (xi30)),
i=1

. 2 "
where K(z;1) = (g(:m/))) . The ML estimates of the parameters, denoted by A is obtained

G(zs)
by solving the non-linear equation (%, %, g—é, %)T

= 0. These partial derivatives and the
equations derived from them are not in closed form, but they can be solved using R, MATLAB,
and SAS software using an iterative method such as the Newton-Raphson procedure for a given
baseline cdf G(z;v). The multivariate normal distribution N,3(0, (J(A))~') , where 0 is the
zero mean vector and (J(A))~! is the observed FIM evaluated at A, can be used to construct
CI and confidence regions for the individual model parameters as well as survival function and

hrf. The elements of score vector are given in the appendix.
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4.11 Simulation Study

In this section, we examine the performance of the Harris-OBX-W distribution. The MCS
results for various sample sizes (n = 25, 50, 100, 200, 400, and 800) are presented, in order to
evaluate the accuracy of the ML estimates. We run the simulations N=3000 times and calculate
the mean estimates, ABias, and RMSE. The ABias and RMSE, for an estimated parameter 7,

are given by:

it i
ABias(ﬁ):%—n, and RMSE(#)) =

respectively. The Equation (4.4) can be used to generate random samples for the simulation
study. The QF, which provides the inverse mapping of the cdf, can be utilized to convert uniform
random variables into random variables following the Harris-OBX-W distribution. This allows

for the generation of random samples necessary for conducting the simulations.

Tables 4.1 and 4.2 shows the results of the MCS study for selected parameter values obtained with
the statistical computing software R. The MCS results shows that as sample size, n increases,
the mean parameter estimates tend to approach the true parameter values. The RMSE and

ABias are observed to decrease as sample size, n increases.

Table 4.1: MCS for Harris-OBX-W Distribution

(0.5,0.5,0.5,1.0) (2.0,0.7,2.0,0.2)

parameter n Mean RMSE ABias Mean RMSE ABias
1 25  0.4016 0.2877 -0.0983 | 3.7262 13.8376 1.7262
50 0.4184 0.2235 -0.0815 | 3.4295 6.2526 1.4295

100 0.4407 0.1497 -0.0592 | 2.7715 2.9104 0.7715

200 0.4615 0.1204 -0.0384 | 2.5315 1.5950 0.5315

400 0.4735 0.1138 -0.0264 | 2.2495 0.8030 0.2495

800 0.4815 0.0939 -0.0184 | 2.0431 0.2973 0.0431

v 25  0.9819 0.9877 0.4819 | 0.9389 1.1283 0.2389
50 0.8791 0.8701 0.3791 | 0.9017 1.0785 0.2014

100 0.7893 0.6804 0.2893 | 0.8857 1.0453 0.1857

200 0.6500 0.4341 0.1500 | 0.8769 0.7562 0.1769

400 0.5869 0.3138 0.0869 | 0.8035 0.5310 0.1035

800 0.5383 0.2404 0.0383 | 0.7164 0.2927 0.0164

B 25 0.7123 0.4938 0.2123 | 1.8049 1.3061 -0.1950
50 0.6760 0.3365 0.1760 | 1.8347 0.9450 -0.1652

100 0.6280 0.2245 0.1280 | 1.8513 0.6951 -0.1486

200 0.6022 0.1676 0.1022 | 1.8771 0.5145 -0.1228

400 0.5886 0.1224 0.0886 | 1.9384 0.3476 -0.0615

800 0.4987 0.0898 -0.0012 | 1.9853 0.1904 -0.0146

A 25 1.5229 1.3085 0.5229 | 0.2591 0.1202 0.0591
50 1.3122 0.9347 0.3122 | 0.2279 0.0678 0.0279

100 1.2906 0.7413 0.2906 | 0.2104 0.0443 0.0104

200 1.2026 0.5175 0.2026 | 0.2038 0.0335 0.0038

400 1.1434 0.3781 0.1434 | 0.2001 0.0232 0.0007

800 1.0616 0.2337 0.0616 | 0.1995 0.0183 -0.0005
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Table 4.2: MCS Results for Harriss-OBX-W Distribution

(1.3,0.5,1.2,1.0) (0.5,0.5,1.0,1.0)

parameter n Mean RMSE ABias Mean RMSE ABias
[ 25  2.9703 8.1558 1.6703 | 0.3889 0.2214 -0.1110
50 2.5723 5.2248 1.2723 | 0.4178 0.1765 -0.0821

100 2.1274 2.8450 0.8274 | 0.4411 0.1438 -0.0588

200 1.8042 1.5116 0.5042 | 0.4692 0.1098 -0.0307

400 1.5771 0.7132 0.2771 | 0.4821 0.0884 -0.0178

800 1.3835 0.2580 0.0835 | 0.4888 0.0774 -0.0111

v 25 1.1318 1.0870 0.6318 | 1.0706 1.0304 0.5706
50 0.9883 0.9109 0.4883 | 0.9408 0.8648 0.4408

100 0.9200 0.7581 0.4200 | 0.6671 0.4228 0.1671

200 0.7813 0.5778 0.2813 | 0.5844 0.3227 0.0844

400 0.7063 0.4593 0.2063 | 0.5480 0.2637 0.0480

800 0.5428 0.2456 0.0428 | 0.5296 0.2321 0.0296

B 25 1.5733 2.1885 0.3733 | 0.7365 1.5659 -0.2635
50 1.3480 1.6083 0.1480 | 0.8409 0.5363 -0.1591

100 1.2704 0.5080 0.0704 | 0.9578 0.2991 -0.0421

200 1.2609 0.3572 0.0609 | 0.9685 0.2281 -0.0314

400 1.2472 0.2777 0.0472 | 0.9942 0.1718 -0.0057

800 1.2018 0.1647 0.0018 | 0.9971 0.1214 -0.0029

A 25 1.7213 1.9267 0.7213 | 1.8199 2.0033 0.8199
50 1.5717 1.5072 0.5717 | 1.3945 0.9332 0.3945

100 1.3757 0.9104 0.3757 | 1.2611 0.6446 0.2611

200 1.2424 0.5677 0.2424 | 1.1491 0.3636 0.1491

400 1.1455 0.3390 0.1455 | 1.0651 0.2203 0.0651

800 1.0663 0.2094 0.0663 | 1.0195 0.1348 0.0195

4.12 Applications

In this section, we apply the Harriss-OBX-W distribution as outlined in Subsection 4.9.2 to two
real-world datasets to illustrate its applicability and utility. The mle() function in the stats4
package is used to fit the model parameters via the method of ML estimation by maximizing

the log-likelihood. The AdequacyModel package is used to assess performance of the model.

The GoF statistics of the Harris-OBX-W distribution are compared to the nested and several
non-nested distributions. The parameter estimates (SE in parentheses) are provided. We use the
following GoF statistics: (—21n(L)), AIC, BIC and CAIC. Some additional useful GoF statistics
are: CVM, AD, K-S, its associated PV, and SS ([24]) from the PPs. Chen and Balakrishnan
[26] discussed CVM and AD GoF statistics. The model with the smallest GoF statistics value
and the highest PV is considered the best fitting model.

The LRT statistic is used for assessing the Harris-OBX-W distribution against its sub-models.
The null hypothesis is rejected if the value of the LRT statistic is greater than the critical value
of the x? distribution, with the appropriate degrees of freedom.

The TTT scaled plots was presented. We also present plots of the fitted pdfs, ECDF plots, PPs,
K-M survival plots, and hrf plots to compare the flexibility of the Harriss-OBX-W distribution

to competing models.

The Harris-OBX-W distribution is compared to the following non-nested models: the Harris-EW
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distribution by Pinho et al. [111] with pdf given as,

F0. k5. %ﬁ)\(i)\x)ﬁ_lewp(—(/\ﬂf)’
[1— Bexp(—k(Az)B)] ¥+

for 6,k,5,\ > 0 and x > 0, the Harris-EL distribution by Pinho et al. [111] with pdf given as,

0% By (1 + fa)t1!
[(1+ By — g] 71

f(@:0,k,8,7) =

for 6,k,5,v > 0 and x > 0, the TL-MO-W distribution by Ahmed et al. [4] with pdf given as,

o ba B 2002 BN 2P~ exp(—2(\x)?) (1 — gexo(—(\z) 2\ o1
faban ) = B WEEEI) (1 (1 aen(-(n)") (419)

for by, A\, 8 > 0 and = > 0, the TL-GW distribution by Aryal et al. [17] with pdf given as,

f@ia,0.0,8) = 2008\ 2" exp(—(Aa)?)(1 — exp(—(Az)?))?* ! [1—(1—eXp(—()\a:)ﬁ)r

« fa—@- exp(—()\x)ﬁ))e]a_l , (4.20)

for a,0,\,8 > 0 and x > 0, and the MO-OW-LLoG distribution by Makubate et al. [68] with
pdf given as,

BAScxe™ (1 + 2¢) 72 (1 -1+ xc)_l)ﬁ_1
(1 + z¢)=(B+1)

1—(1429) =117
exp (‘A ] )
cy-172 ’
1— [(1 — §) exp <—)\ [%} >}

f(:L‘;/B’57)\7C) =

X

for 5,9, A\,¢ >0 and =z > 0.

4.12.1 Bladder Cancer Remission Data

The Harriss-OBX-W distribution was fitted the remission times (months) of 128 individuals
diagnosed with bladder cancer. Chamunorwa et al. [25] used this data. The observations are as
follows: 0.08, 4.98, 25.74, 3.7, 10.06, 2.69, 7.62, 1.26, 7.87, 4.4, 2.02, 21.73, 2.09, 6.97, 0.5, 5.17,
14.77, 4.18, 10.75, 2.83, 11.64, 5.85, 3.31, 2.07, 3.48, 9.02, 2.46, 7.28, 32.15, 5.34, 16.62, 4.33,
17.36, 8.26, 4.51, 3.36, 4.87, 13.29, 3.64, 9.74, 2.64, 7.59, 43.01, 5.49, 1.4, 11.98, 6.54, 6.93, 6.94,
0.4, 5.09, 14.76, 3.88, 10.66, 1.19, 7.66, 3.02, 19.13, 8.53, 8.65, 8.66, 2.26, 7.26 ,26.31, 5.32, 15.96,
2.75, 11.25, 4.34, 1.76, 12.03, 12.63, 13.11, 3.57, 9.47, 0.81, 7.39, 36.66, 4.26, 17.14, 5.71, 3.25,
20.28, 22.69, 23.63, 5.06, 14.24, 2.62, 10.34, 1.05, 5.41, 79.05, 7.93, 4.5, 2.02, 0.2, 7.09, 25.82,
3.82, 14.83, 2.69, 7.63, 1.35, 11.79, 6.25, 3.36, 2.23, 9.22, 0.51, 5.32, 34.26, 4.23, 17.12, 2.87, 18.1,
8.37, 6.76, 3.52, 13.8, 2.54, 7.32, 0.9, 5.41, 46.12, 5.62, 1.46, 12.02, 12.07. The data is skewed to
the right, with a few outliers at the high end.
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Figure 4.10: Boxplot and Violin Plots of Bladder Cancer Remission Data

The estimated Var-Cov matrix is

0.6478  0.3744  2.5827  —00030
0.3744  0.2888  1.4937 —0.0031
2.5827  1.4937 10.2970 —0.0212
—0.0030 —0.0031 —0.0122 0.00004
and the approximate 95% CI for 0,v, 8 and A are given by 25.5265 4+ 1.5775, 1.7000 + 1.0527,

11.6932 + 6.2894 and 0.0813 + 0.0137, respectively. Table 4.3 gives the parameter estimates of
the models and their SE in parenthesis.

Table 4.3: Estimates for Bladder Cancer Remission Data

Estimates
Model 1 v B A
Harris — OBX — W (68,0, 8, \) 25.5265 1.7000 11.6932  0.0813
(0.8078) (0.5371)  (3.2088) (0.0069)
Harris — OBX — W(1,v,3, ) - 0.0198 50.4305  0.0705
- (57259 x 10713)  (5.1680) (0.0033)
Harris — OBX — W (6,1, 3, ) 0.0055 - 0.0351  0.0938
(4.5032 x 10798) - (0.0071) (0.0040)
Harris — OBX — W(8,v,1, ) 11.0089 0.0848 - 0.1433
(11.0089) (0.0848) - (0.1433)
TL — GW(a,0, ), ) 900.4500 0.0154  0.0325  1.0810
(9.6316 x 1079) (0.0062) (0.0096) (0.3416)
MO — OW — LLoG(B, A, 6, c) 0.0362 1.4222  28.9037 12.7954
(0.0034) (0.1327)  (0.0031) (0.7570)
TL— MO —W(b,6,7v,\) 3.2159 3.1049 x 10%  0.1137 6.431

(1.1027) (7.6784 x 107%)  (0.0168) (0.4241)

Harris — EL(6, B, k,~) 2.6414 x 10%7 1.7064 x 10°®  0.2862  3.9266
(1.4754 x 10799)  (2.6316 x 10797)  (0.0350) (0.4455)

Harris — EW(0,k, 3, \) 0.0085 0.0351  1.0004  0.0009
(0.1059) (0.3989) (0.2036) (0.0276)
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Chapter 4. The Harris-OBX-G Family of Distributions

The Harris-OBX-W distribution has the smallest values of all the GoF statistics, indicating that
it fits the bladder cancer remission data better than the nested and non-nested models used for
comparison, as shown in Table 4.4. The PV of the K-S statistic is also the highest, and the
SS value from the PPs is the lowest for the HarrissOBX-W distribution. This suggest that it

outperforms the nested and non-nested models.

Table 4.4: GoF Statistics for Bladder Cancer Remission Data

Statistics
Model —2logL AIC  CAIC BIC CVM AD K-S PV SS
Harris — OBX — W(é,v,8,\) 818.4059 826.4059 826.7311 837.8140 0.0128 0.0795 0.0297 0.9999 0.0123
Harris — OBX — W(1,v,6,)) 835.2582 841.2582 814.8143 844.7346 0.1782 1.1789 0.0798 0.3876  0.2196
Harris — OBX —W(6,1,8,\) 824.7552 830.7552 830.9487 839.3113 0.0913 0.5386 0.0524 0.8731 0.0551
Harris — OBX — W(3,v,1,A) 8751950 881.1950 881.3898 889.7524 0.2827 1.6761 0.2440 4.8060 x 1077 1.9496
TL—-GW(a,0,\,5) 824.1344 832.1344 832.4596 843.5425 0.0695 0.4664 0.0535 0.8568  0.0655
MO — OW — LLoG(f, A, 0,c) 826.5262 834.5662 834.8914 845.9743 0.1182 0.6938 0.0666 0.6199 0.0777
TL—MO—-W(b,0,7,A) 822.8106 830.8401 831.1653 842.2482 0.0446 0.3196 0.0471 0.9389 2.0032
Harris — EL(0, B, k,v) 824.1733 832.1733 832.4985 843.5814 0.0348 0.2196 0.0836 0.3326  0.1500
Harris — EW(0,k,5,\) 827.9063 835.9063 836.2315 847.3145 0.0983 0.5919 0.0909 0.2400  0.2062

Figure 4.11 shows the fitted pdf and PPs for the bladder cancer remission dataset. These fitted
plots support the GoF statistics in Table 4.4, indicating that the Harris-OBX-W distribution

outperforms other models fitted to the bladder cancer remission dataset.
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Figure 4.11: Fitted Densities Plots and PPs for Remission Times of Cancer Patients Data
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Chapter 4. The Harris-OBX-G Family of Distributions

Figure 4.12 illustrates the TTT scaled plot with an UBT hrf, indicating the suitability of the
Harris-OBX-W distribution for fitting the bladder cancer remission dataset.
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Figure 4.12: Fitted TTT and Hrf Plots for Bladder Cancer Remission Data

The K-M survival and ECDF curves for the bladder cancer remission dataset are shown in Figure
4.13. We conclude that our model outperforms the other models since the empirical and fitted

K-M survival curves are close to each other.
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Figure 4.13: Fitted K-M Survival and ECDF Plots for Bladder Cancer Remission Data

We also conducted the LRT in Table 4.5 to compare the performance of Harris-OBX-W distri-

bution with the nested models.

Table 4.5: LRT For Bladder Cancer Remission Data

Model df X2 (p — value)
Harris — OBX — W(1,v,8,\) 1 16.8523 (0.00004)
Harris — OBX — W (5,1,8,\) 1 6.3493 (0.011741)

Harris — OBX — W (S,v,1,\) 1 56.7891 (< 0.00001)

According to the LRT results in Table 4.5, we conclude that there are significant differences
between the nested models and the HarrissOBX-W distribution. Consequently, the Harris-
OBX-W distribution outperforms its nested models at 5% level of significance. The profile
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log-likelihood function of the ML estimates of §, v, 8, and A on bladder cancer remission dataset

are presented in Figure 4.14.
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Figure 4.14: Plots of the Profile Log-Likelihood Function of the Parameters of the Harris-OBX-
W Distribution on Bladder Cancer Remission Data

In Figure 4.14, we observe that the ML estimates for the Harris-OBX-W distribution exists and

can be obtained uniquely on bladder cancer remission data.

4.12.2 Guinea Pigs Data

In the final dataset below, 72 guinea pigs exposed to virulent tubercle bacilli are given the
survival times (measured in days). These dataset was obtained from Anabike et al. [16]. The
data are as follows: 12, 15, 22, 24, 24, 32, 32, 33, 34, 38, 38, 43, 44, 48, 52, 53, 54, 54, 55, 56,
57, 58, 58, 59, 60, 60, 60, 60, 61, 62, 63, 65, 65, 67, 68, 70, 70, 72, 73, 75, 76, 76, 81, 83, 84, 85,
87, 91, 95, 96, 98, 99, 109, 110, 121, 127, 129, 131, 143, 146, 146, 175, 175, 211, 233, 258, 258,
263, 297, 341, 341, 376. The data is skewed to the right with outliers.
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Figure 4.15: Boxplot and Violin Plots of Guinea Pigs Data

The estimated Var-Cov matrix is given by

2.5251x107%  —0.0190 5.3609x10"% 5.2375x10~9
—0.0190 1.4414 —0.0040 —0.0039
5.3609x107% —0.0040 1.1381x107% 1.1119x—05
5.2375x—05 —0.0039 1.1119x107%  1.2072x—05
and the approximate 95% CI for J,v, 3, and A\ are given by 20.3150 + 0.0310, 3.0110 + 2.3532,

325.0200 +£ 0.0066 and 0.0627 4 0.0068, respectively. In Table 4.6, the estimated parameters are

accompanied by their SE in parenthesis.

Table 4.6: Estimates for Guinea Pigs Data

Estimates

Model 0 v B A
Harris — OBX — W (5,0, 8, \) 20.3150 3.0110 325.0200 0.0627
(0.01589) (1.2006) (0.0033) (0.0034)
Harris — OBX —W(1,v,,)\) - 0.0198 885.9500 0.0614
- (4.0644 x 10719)  (1.3033 x 10~%) (0.0012)
Harris — OBX —W(5,1,8,\) 8.4139 x 10% - 0.0799 0.0737
(3.5580 x 107%) - (0.0374) (0.0030)
Harris — OBX — W(6,v,1,)) 47.2859 0.1234 - 0.1056

(9.3815)(0.0682) - (0.0136)
TL - GW(a,0,),B) 900.5600 0.0746 0.01693 0.5825
(8.9988 x 107%) (0.0765) (0.0240) (0.3061)
MO — OW — LLoG(B, \, 4, c) 0.0578 0.6155 99.2290 8.0155
(0.0055) (0.1309) (0.0004) (1.7627 x 107%)
TL— MO —W(b,d,7,\) 4.5534 3.0435 x 109 0.0966 8.6491
(3.0599)  (1.6793 x 1079%) (0.0201) (1.0744)
Harris — EL(, 8, k,7) 1.1739 x 1007 29.1430 0.7776 2.6554
(6.5472 x 107%) (15.4530) (0.1131) (0.3256)
Harris — EW(0,k, 8,)\) 371.6700 94.4230 1.1138 0.0098
(2.5740 x 1079%)  (7.9918 x 107%) (0.0918) (0.0010)
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Chapter 4. The Harris-OBX-G Family of Distributions

According to Table 4.7, the HarrissOBX-W distribution has the largest PV for the K-S statistic
and the smallest values of the GoF statistics. Thus, in the case of the guinea pigs dataset, the

Harris-OBX-W distribution stands out as a better fit compared to other distributions examined.

Table 4.7: GoF Statistics for Guinea Pigs Data

Statistics
Model —2loghL AIC  CAIC BIC  W* A* K-S P-VALUE S8
Harris— OBX = W(b,v,8,A) 777.5322 785.5322 786.1293 794.6389 0.0777 0.4572 0.0768 0.7894  0.0742
Harris—OBX = W(1,v,5,\) 7821969 788.1969 788.5498 795.0269 0.1345 0.7716 0.1207 0.2446  0.1369
Harris— OBX - W(4,1,5,A) 786.0623 792.0623 792.4153 798.8923 0.2511 1.3959 0.0968 0.5086  0.1765
Harris— OBX - W(4,0,1,)) 825.5378 831.5378 831.8913 838.3683 0.6025 3.3371 0.2851 0.0001 23.9441
TL-GW(a,0,),5) 780.3251 7883251 788.9222 T797.4318 0.1446 0.7883 0.1001 0.4655  0.1371
MO - OW — LLoG(B, A\, 8,¢) 791.4526 799.4526 800.0497 808.5593 0.3331 1.8615 0.1201 0.2494 02477
TL-MO-W(b,d,7,A) 779.8760 787.8760 788.4731 796.9827 0.1200 0.6665 0.0934 0.5554  0.1127
Harris — EL(6, 8,k,~) 7824166 790.4166 791.1093 799.6189 0.1569 0.8629 0.1025 04347 01715
Harris— EW(0,k,8,A) 7915002 799.5002 800.0972 808.6069 0.3086 1.6661 0.1415 0.1118  0.4122

The smaller SS value observed in Figure 4.16 suggests that the Harris-OBX-W distribution

provides a better fit for the guinea pigs data compared to both the nested and non-nested

04

models.
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Figure 4.16: Fitted Densities Plots and PPs for Guinea Pigs Data

The TTT scaled plot with an UBT hrf, as depicted in Figure 4.17, illustrates the suitability of
the Harriss-OBX-W distribution for fitting guinea pigs data.
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Figure 4.17: Fitted TTT and Hrf Plots for Guinea Pigs Data

Figure 4.18 displays the K-M survival and ECDF curves for the guinea pigs data. We draw the
conclusion that the Harriss-OBX-W distribution outperforms the other models, as evidenced by

the close alignment between the observed and fitted K-M survival curves.
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Figure 4.18: Fitted K-M Survival and ECDF Plots for Guinea Pigs Data

For the guinea pigs dataset, we run the LRT to assess how well the Harris-OBX-W distribution
and its nested models fit the data.

Table 4.8: LRT Results for Guinea Pigs Data

Model df x2(p — value)
Harris — OBX — W (1,v,8,\) 1 4.6647 (0.030789)
Harris — OBX — W (5,1,8,\) 1 8.5301 (0.003493)

Harris — OBX — W (S,v,1,\) 1 48.0056 (< 0.00001)

From Table 4.8, we conclude that there are significant differences between Harris-OBX-W
(1,v, 8,\) and Harris-OBX-W distributions, Harris-OBX-W (4, 1, 5, \) and Harris-OBX-W dis-
tributions as well as between Harris-OBX-W (4, v, 1, \) and Harris-OBX-W distributions at the
5% level of significance. The profile log-likelihood function for the ML estimates of 9, v, 3, and
A for the guinea pigs data is shown in Figure 4.19.
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Figure 4.19: Plots of the Profile Log-Likelihood Function of the Parameters of the Harris-OBX-
W Distribution on Guinea Pigs Data

Figure 4.19 shows that the ML estimates for the Harris-OBX-W distribution from guinea pigs

data exist and can be achieved uniquely.

4.13 Conclusions

This chapter examines the HarrissOBX-G FoD in detail. Some statistical and mathematical
properties of the new FoD are obtained. The ML estimation method was used to estimate and
evaluate the unknown parameters of the new FoD. Among the three special cases of the Harris-
OBX-G FoD, we applied the Harriss-OBX-W distribution to MCS studies and applications. Two
real-world datasets are used to assess the utility and adaptability of the Harris-OBX-W distri-
bution. According to the simulation results, the ML estimation method performs admirably in
estimating the parameters of the Harris-OBX-W distribution. Our applications also demonstrate
that the HarrissOBX-W distribution is more efficient than other models in capturing the non-
monotonic hrf of the datasets. These results demonstrate the potential of the Harris-OBX-W

distribution for modeling real-world survival data and its applicability in medical research.
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5. The Marshall-Olkin-Exponentiated Half
Logistic-Type 11 Topp-Leone-G Family of
Distributions with Applications

This paper is accepted by Scopus Indexed International Journal of Mathematics in Operational

Research.

5.1 Introduction

The Marshall-Olkin method have been widely used in modeling various real-life situations due
to its ability to add flexibility by incorporating additional parameters. We introduce a new
family of flexible distributions to model various lifetime datasets, based on the generalization
proposed by Marshall and Olkin [74] and adopting the EHL-TII-TL-G FoD as the baseline
distribution. This generalization makes the distribution more flexible, especially when analysing
the tail properties, and it is also useful in improving the GoF. The primary motivation lies in
the new FoD’s capability to accommodate both monotonic and non-monotonic hrf in practical

applications.

The mathematical and statistical properties of MO-EHL-TII-TL-G FoD are explored. Statistical
properties of the new FoD considered are the QF, moments and MGF, distribution of the order
statistics and RE. The ML estimation technique is used for estimating the model parameters and
MCS experiments are carried out to evaluate the performance of the ML estimators. Finally,
we give examples of real-life data to demonstrate the usefulness and suitability of the MO-EHL-
TII-TL-G FoD.

Existing distributions often exhibit limitations in their ability to adequately capture the com-
plexity of real-world data due to their constrained parametrization. The proposed MO-EHL-TII-
TL-G FoD offers enhanced flexibility for accurate representation of diverse datasets, particularly

those with long- tailed, heavy-tailed, short-tailed, as well as non-monotonic hrf.

5.2 The Model, Sub-Families and Some Statistical Properties

This section is concerned with some statistical properties of the MO-EHL-TII-TL-G FoD in-

cluding sub-families, hrf, QF, density expansion, moments, MGF, order statistics and RE.
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5.2.1 The Model

The cdf and pdf of the EHL-TII-TL-G FoD are given by

T o o 1_[1_G2(x;§)]b a
F( ) 7ba£) o (1+[1_02(x’€)]b> (51)
and
flz;a,b,€) = dabg(z; §)G(; ) [1 — G2(x;§)]b—1 (1 _ [1 — G2($;§)]b)a_l
» @, 0, (1—|—[1—G2(m;€)]b>0‘+1 )
(5.2)

respectively, for a,b > 0, £ > 0, and parameter vector &.

Considering the cdf given in Equation (5.1) and the pdf given in Equation (5.2), and inserting
them into Equations (1.23) and (1.24), we obtain the MO-EHL-TII-TL-G FoD with the cdf

given by
_ 1—[1—02(;c;5)]b ¢
L, 5[1 (1+[1—G?<x;g>1”) ]

F($;57a7b7 g) g 1—[1—GQ(I€)]b (0% I (53)
S {1 a (1+[1—G2<a:;o1*’> }
for 6,a,b > 0, x > 0, and parameter vector £. The corresponding pdf is given by
_ a—1
rmsang o bEOCEO[ -G O (1- [ -G 0)")
x;0, = .
) Uy &y Uy a+1 . __Zm.baQ
(1ri-e@or) (1-3[1- (Fser) )
(5.4)

The hrf is given by
dabg(x: )G(a:) [1 - ()] (1 - [1 - 2@ 9)")"
I =)
[1_ (1— [1:(;2(1?,5)]:)&] _17 (5.5)
1+ [1—G?(x;8)]

for §,a,b >0, 2 >0, =1—§ and parameter vector &.

h’F(z) =

X
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5.2.2 Identifiability

We demonstrate the identifiability property for the MO-EHL-TII-TL-G FoD. We consider A1 =
(61, 1,b1,&1) and Ag = (02, g, by, &2). The likelihood ratio is

f1(Ar) _ (51a1b1
f2(A2) docabo

) [1 o GQ(mél)} b1—1 [1 . GZ(SU;fg)] —(b2—1) (1 B [1 B GQ(x;fl)} b1>a1—1

—(a1+1)

X

( - 1—G2 > (a2—1) (1+[1_G2($;§1)]b1)
<1+ [1 - G*(x;6)] > et (1—6 [1_ <1_ [1—G2(x;€1)]b1>a1]>2
2 1 L+ 1= G )]”

« [1- [ (1— 1 G2 éﬂ”)”
L+ [1— G2(a; &))"

X (Glx;6)) " (9(@:62) 7"

X

2
> G(x;&1)9(w;61)

The log-likelihood ratio is
NECES RS BIPSY SRP F UL T
! <f2(A2)> - <52a2b2> < (1 2L (1 +[1 = G2(x; )]
s 1-[1-G¥z;6)]”\ ™ )
+ 2In (1 — % [1 - <1+E1 —GQEx;ZHbQ ) ) + (b — 1) In [1 — G (2;6)]
— (b= 1)In[1-G*2;&)] — (a1 +1)In [1 +(1- Gz(ﬂf;fl))bl}

+ (ag+1)In [1 + (1 - G? x;&))bz} + (a1 —1)In [1 — (1 — Gz(x;fl))bl]

(
— (ag—1)In [1 -(1- GQ(x;gg))bQ} +InG(x; &) +Ing(x; &)
— InG(x;&) +Ing(z; &).
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Take the derivative of the log-likelihood ratio, we get

A (LGN _ 2 @e)e@e)
i [ (an)] = VRIS e
2571K1 2572}—(2

= 1-[1-G2(;61)]"1 \ ™ = 1-[1-G2(x362))°2 \ ¥

(- - (GhEseem) ) (-2 - (Geeek) )
2b1 [1 - G2(z;61)]" " Gla; €1)g(x;61)

(1-1-c@a))
2by [1 — G2(x; 52)]b2_1 G(z;82)g(z;&2)

(1-1-@e))
2by [1 — G?(a; f2)]b2_1 G(7;82)g(w; &2)

(1+1-@e))
2b1 [1 - G2(2;6)]" " G(a:&1)g(:61)

(140 - e

n g9(z;&1) n (&) g(3;&)  g(7;6)

G(z;61)  g(x:&)  G(a:&)  glw;6)’

+ (a1 —1)

- (a2 —1)

— (a2 +1)

+ (al —|—1)

(5.6)

where

darbyg(a; €)G(w;61) [1 — G2(a;€0)] (1 — [1 - G?*(x; &)}bl)al_l

1= o1+1 ’

(1+01-c@a)”)

and
as—1

dasbag(; £2)Gl; &) [1 — G2(m;62)] " (1 - [1-G*(x; éz)]bz)

fe = (1 +[1 = G?(x; 52)]b1)a2+1

When % [ln <£§§;;)] = 0, the parameters of the MO-EHL-TII-TL-G FoD exist and can be

uniquely determined, if A; = As.

5.2.3 Sub-Families of MO-EHL-TII-TL-G Family of Distributions

This subsection introduces some new and well-known sub-families of the MO-EHL-TII-TL-G
FoD.

e When § = 1, we obtain the baseline EHL-TII-TL-G FoD with the cdf given in Equation
(5.1).

e When a = 1, we obtain MO-HL-TII-TL-G FoD with the cdf
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. 5{1_<1+[1 G(z )}
- ()]

for ,b > 0, x > 0, and parameter vector &.

F(x;0,0,€)

e When b = 1, we obtain the new FoD with the cdf

5|1~ (iceitre) |
1—5[1— (%)1 |

for 6, > 0, z > 0, and parameter vector &.

F(z;d,0,8) =1—

e When aa =b =1, x > 0, we obtain the new FoD with the cdf

5[1— (%ﬂ
1_5[1— <%ﬂ,

for 6 > 0, x > 0, and parameter vector &.

F(z;6,§) =1—

e When § = a = 1, we obtain the new HL-TII-TL-G FoD with the cdf

11— G260

L+ [1 - G(z;6))

for b > 0, x > 0, and parameter vector &.

e When § = b =1, we obtain the new FoD with the cdf

| B G2(z;€) "
F(z;0,8) = <1+[1—G2(9:;5)]> ’

for @« > 0, x > 0, and parameter vector &.

e When § = a = b =1, we obtain the new FoD with the cdf

o G?(z;¢)
F(x;6) = <1+[1—G2(a:;§)]>’

for x > 0, and parameter vector &.

5.2.4 Quantile Function

Let X be a random variable with cdf defined by Equation (5.3). The QF (Qx(u)) is defined by
Fx(Qx(u)) =u,0 <wu < 1. Assuming,

1—u

(5+(1—u) )’

|
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then the QF of the MO-EHL-TII-TL-G FoD is given by,

1

Ox(w) =G 1| |1- (M) aNE (5.7)
14 (1— A

It follows therefore that random numbers can be generated from the MO-EHL-TII-TL-G FoD
using Equation (5.7), for specified baseline cdf G.

5.2.5 Expansion of Density Function

In this subsection, we derive the statistical properties of the MO-EHL-TII-TL-G FoD using
general results for the Marshall and Olkin’s FoD by Barreto-Souza et al. [20]. Considering

z;0,b,§)

5fEHL7T117TL7G (

;0,0,0,8) = == , 5.8
f]\/IO—EHL—TII—TL—G (:;C «Q 6) (1 o 5FEHL7T117TL7G (x,o(,b’ §)>2 ( )
we can write Equation (5.4) as
;a, b,
fro-sur-rir-ri-¢(%;6,0,b,§) = Jomrirae (0 0) (5.9)

5[1 - 6%51FEHL—T117TL—G (x3 a,b, 5)]2 7

where Fy ) rirorno(@iab, &) and [, 1o (@@, b, &) are as given in Equations (5.1) and

(5.2), respectively. We apply the series expansion
o0 .
I'(k -
L-2)*=> LE+7) 5 (5.10)

which is valid for |z| < 1 and k£ > 0. If 6 € (0, 1), we can obtain

fuo-prL-ri-rr-c(x;6,0,b,§) = fenr—rir-11-6 (750, ,8)
oo j
j—k
X Zzwjlk (FEHLlelfTLfG(x;avlL g))J )
7=0 k=0
(5.11)
where w; ;= w; x(8) = 6(j + 1)(1 — ) (=1)77*({).
For § > 1, we have
fymo-eHL-TII-TL-G(%;0,0,0,8) = fopr rrrrr_o(T50,0,8)
x ZUjFéHLfTHfTLfc (l‘, «, b7£)7 (512)
=0

where v; = v;(d) = w‘
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For ¢ € (0,1), Equation (5.4) becomes
—k + a(j—k+1)-1
fyo-gar-rir-ri-c(z;6,a,0,§) = Z ngk( / ) ( / >
2
P 2

Jst,q,p=0 k=0
b(i+qg+1)—1 ; (p+1)
( >( 1) +‘Jﬂ’llozb( w +1>>
X g(a; §)GPH (3€)
- ZCQ(erl)gﬂerl)(x;é)? (5.13)

where g, ., (2:§) = (2(p+1)) (G(z; €)1 g(x; €) is the Exp-G distribution with power param-
eter (2(p+ 1)) and

Oy = Z ZIW( j—kz+1)+>(a(j—k:+1)—1>

J5,9=0 k=0 !
(b(i + q; 1) - 1) (1)t (%) (5.14)

Thus, the pdf of MO-EHL-TII-TL-G FoD can be written as an infinite linear combination of
Exp-G distribution. Furthermore, for § > 1, Equation (5.4) can be written as

fvo-prL-ti-Ti-c(r;6,0,0,8) = Y v](a(j +'1)+z'> (a(j +1)—1)

J»2,q,p=0 L q
(b(i teth) 1) (—1)i T+ P4qh <2(p+1)>
p 2(p+1)
X G (z;6)g(x; )
- Z Oy i1y Gapen) (3 €); (5.15)
p=0

where g, ., (z;§) = (2(p+1)) (G(z; €)1 g(x; €) is the Exp-G distribution with power param-
eter 2(p + 1) and

T i": o (a(j +¢1)+i> <a(j +q1)—1>

J>%,¢=0

<b(i+q;—1) — 1>(_1)¢+q+p<2(§0f1)>. (5.16)

Thus, the pdf of MO-EHL-TII-TL-G FoD can be written as an infinite linear combination of
Exp-G distribution with a power parameter (2(p+1)). See Appendix for derivations.
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5.2.6 Moments and Generating Functions

Let X ~ MO —FEHL—TII —TL - G(x;0,a,b,8), Y, ~ E—G(2(p+1),€) then the n't

2(p+1)

raw moment, “77 moment can be obtained from Equations (5.13) and (5.15). For ¢ € (0, 1),

Z Copry BV, )

where Cy(,41) is as defined in Equation (5.14) and E(Y;(’pﬂ)) denotes the 7! moment of an
Exp-G distribution with power parameter (2(p + 1)) > 0. For § > 1,

where by, 1) is as defined in Equation (5.16) and E(Y7(7 » )) denotes the 7' moment of an

Exp-G distribution with power parameter (2(p + 1)) > 0. The MGF of X is given as follows:
For ¢ € (0,1),

Mx(t) = Y Cogeny B 200),
p=0

where E(etY2(P+1J) is the MGF of the Exp-G distribution with power parameter (2(p 4+ 1)) > 0
and Cy(,41) is as defined in Equation (5.14). For 6 > 1,

o0
Mx(t) = Z b2(p+1)E(€tY2(”“))a
p=0

where E(ety2<P+1)) is the MGF of the Exp-G distribution with power parameter (2(p + 1)) > 0
and by(p41) is as defined in Equation (5.16).

5.2.7 Distribution of Order Statistics

In this subsection, we present the distribution of the i*” order statistic. Suppose that X1, X, ..., X,,
are iid random variable distributed according to Equation (5.4). The pdf of the i*" order statistic
X;.n is given by

fi:n(l';(s,a,b g Zez(p.t,.l)gZ(p-‘rl xZ; 5)
p=0
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for § € (0,1), where, g, , (z;§) = (2(p+1)) (G(x;6))*t g(x; €) is the Exp-G density function
with power parameter (2(p 4+ 1)) > 0 and linear component

Ea L aG+1—k+D)+q\ [a(+l—k+i)—1
Capey = D > Uik o
7,9,m=0 =0 k=0 q
(b(q+m+1)—1>(_1)q+m+p< sab )
p 2(p+1)

Furthermore, for § > 1, we get

fin(@;6,0,0,8) = Y dy 1 Gy (356),

m=0

where g, (2:§) = 2(m + 1) [G(2; €)™ g(a;€) is the Exp-G density function with power

parameter (2(m + 1)) and linear component

2R (alGHl+i)+q) [a+1+i) -1 fbm
Ayiry = Z CjJ( q >< k (=1

bq+k+1)—1) (2(40;1)1))

Please see the appendix for further details on how the distribution of the order statistics is

X

derived.

5.2.8 Rényi Entropy

RE from the MO-EHL-TII-TL-G FoD is presented in this section. Entropy is a measure of

uncertainty variation for a random variable X with pdf, f(z). RE is defined as

In(v) = (1= v) " log [ / f”(sc)dx] ,
0
where v > 0 and v # 1. Using the expansion in Equation (5.10), for ¢ € (0, 1),

0" f, (@50, b, §) &

f]l\jIO—EHL—TII—TL—G (z;0,0,0,§) = EHL?THIT(TZLI;)G Z(l - a>jr(2l/ +7)
j=0

[1 - FE‘HL—TII—TL—G (x; @, b7 5)]3

J!
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and for § > 1,
Fown oz o (@, 0,8) & : .
fl\l:[OfEHLlelfTLfG (‘r; 5’ @, b’ 5) = e TH(SVT]_‘L‘(QGV) 2(5 - 1)]F(2V + ‘7)
7=0

X g‘HLfTIIfTLfG(m;Oé?b’ f)

4!

Thus, RE for 6 € (0,1) and ¢ > 1 are given by

In(y) = (1—u>—llog<zej RS T Y
=0 70

X (1 - FEHLlelfTLfG (13; a, b, é))]d@') (5.18)
and
Ir(v) = (1-v)"tlog (Z hj/o Irr (T3 0,0,8)
7=0
X F o riorn_(Tanb, é)dw>, (5.19)
where - 5)‘ ( |
(1 =6 T2v+j
¢ =€) = T(20);!
and

(6 —1)T(2v + j).

hi = hil0) = 5T )y

Now, for § € (0, 1), and using Equation (5.18), we have

)

Ir(v) = (1- y)_l log [ZC;MV exp(l — v)Igpq
q=0

where

Ciry = i €j<a(u+j)—|l;1/+k—1)<a(u+ﬂf)—u>

7,k,m=0
" (b(m+k+1/)—u
q

1

k+m-+q ab)’
)(—1>+ 40 e

(5.20)

and Irpg = [y ((2":”’ + 1) g(z;€)[G(; f)]2qjy> dz is the RE of the Exp-G distribution with
power parameter (m]% +1).

Consequently, RE for MO-EHL-TII-TL-G FoD can be obtained from RE of the Exp-G distri-
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bution. Furthermore, for § > 1, we note that

o0
Ir(v) = (1-v)tlog [Z b5+ exp(1 — I/)IREG],
q=0

where

- Z / <;>< V—i—p)—;l/—i—k—l)(a(u—i—nf)—l/)

7,0,k,m=0
1

b(k+m+v)—v
( W’ (5.21)

. ) (_ 1)p+k+m+q(4ab)v

and Inpe = [ ((2+ T 1)g(a: O[C(x:6))

power parameter (2‘1# +1).

0 V) dx is the RE of the Exp-G distribution with

Consequently, RE for MO-EHL-TII-TL-G FoD can be obtained from RE of the Exp-G distri-
bution. See appendix for detailed derivation of the RE.

5.3 Maximum Likelihood Estimation

Let X; ~ MO — EHL —TII —TL — G(6,,b,&) and ¢ = (6, ,b,&)T be the vector of unknown
the parameters. The total log-likelihood function is given by

U¢) = nln(4abd) + (b—1) Zln [1-G*(@;6)] + (a—1)

X

zn:m (1-[1-G@:9)") ~ (@+1) ﬁjln (1+[1- G2(w;£)]b)

i=1

|
N
(]
—_
]
VR
—_
|
>
| —
—_
|
VN
—
\
e
\
QD
[V} no
8|8
OON

T
Solving the non-linear system equations, U:(%Lg, %Lg, %Lg, %) = 0 yields the ML estimates.

These equations can be obtained numerically via iterative methods such as Newton-Raphson

technique using statistical software. The FIM of the MO-EHL-TII-TL-G FoD is a (3+¢) x (3+¢)
. . 2 le) ..

matrix given by J(6) = [Jo,6,](31q)x(344) = E(—%;iag(,f), i,j=1,2,3,...,(3+¢q). The total FIM

Jn(¢) can be approximated by

2
~ [ oL . i,j=1,2,3,..(3+q). (5.22)

<25—<J (3+9)x(3+q)

For a given set of observations, we obtain the total FIM Jn(QAﬁ) after the convergence of the
Newton-Raphson technique. See elements of score vectors Uz(%ig, %La", %;L, %) in the ap-

pendix.
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5.4 Some Special Cases of MO-EHL-TII-TL-G Family of Distri-

butions

Here, we consider three special cases of the MO-EHL-TII-TL-G FoD. The baseline distributions
used are LLoG, Weibull, and Lindley distributions.

5.4.1 Marshall-Olkin Exponentiated Half Logistic-Type II Topp-Leone Log-
Logistic (MO-EHL-TII-TL-LLoG) Distribution

Consider the baseline distribution as the LLoG distribution with cdf and pdf given by G(z;¢c) =
1— (14 2%t and g(x;¢) = cz® 1 (1 + 2¢) 72, for ¢ > 0 and = > 0, respectively. The MO-EHL-
TII-TL-LLoG distribution has cdf, pdf and hrf respectively given by

(e
F(SU767 a7 ba C) — 1 - — 1—[(1+x5)*2]b (6% I
1-0 [1 B <1+[(1+xc)72}b) }

(5.23)

Laber (14+09) 21— (1+2) ) [1+297 (1= [0 +2977")"

f(x;0,a,b,¢) = - h\a )
(10 e92)" (151 ()]
(5.24)
and
e U el it i (et M Uil G M

Co TR

oo (elaee N (5.25)
K1+w92]

for é,a,b,¢ > 0, and = > 0.
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Figure 5.1: Plots of the Pdf and Hrf of the MO-EHL-TII-TL-LLoG Distribution

For given parameter values, Figure 5.1 shows the various shapes of the pdf and hrf for the
MO-EHL-TII-TL-LLoG distribution. The pdf exhibits reverse-J shape, unimodal, right and
left-skewed. The BT, UBT, increasing, and decreasing are some of the shapes that the hrf can
take.

MO-EHL-TII-TL-LLoG(4, b, &, 0.2) MO-EHL-TII-TL-LLoG(4, b, o, 0.2)

Figure 5.2: Plots of SK and KS of the MO-EHL-TII-TL-LLoG Distribution

MO-EHL-TII-TL-LLoG(c,0.2,25,5) MO-EHL-TII-TL-LLoG(c,0.2,25,5)

Figure 5.3: Plots of SK and KS of the MO-EHL-TII-TL-LLoG Distribution

3D plots of SK and KS for the MO-EHL-TII-TL-LLoG distribution are given in Figures 5.2 and
5.3. We observe that
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e [f we fix the parameters ¢ and 9, the SK and KS of MO-EHL-TII-TL-LLoG distribution

increase as b and « increase.

o [f we fix the parameters b and «, the SK increase and KS decrease then increase as ¢ and

0 increase.

5.4.2 Marshall-Olkin Exponentiated Half Logistic Type II Topp-Leone Weibull
(MO-EHL-TII-TL-W) Distribution

Consider the baseline distribution as the Weibull distribution with the cdf and pdf given by
G(z;A) =1 — e and g(z;\) = Az* e for A > 0 and = > 0. The MO-EHL-TII-TL-W
distribution has cdf, pdf and hrf respectively given by

().

F(x;0,a,b,\) =1— R (5.26)
SR
1+[e*12>‘]
- a-1
i)™ (5 () ]
(5.27)
and
4 a-1
h.(x;6,0,b,\) = 4O‘b>‘l’A_1€_xA(1 e‘xk) {e_x%]b 1 (1_ [e_j lb>
ey (o= () )
IPRUNC R
o 1; tngb : (5.28)

for 6,a,b, A > 0, and x > 0.
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Figure 5.4: Plots of the Pdf and Hrf of the MO-EHL-TII-TL-W Distribution

The pdf and hrf for the MO-EHL-TII-TL-W distribution for various parameter values are shown
in Figure 5.4. Among other shapes, the pdf can be almost symmetric, reverse J-shaped, right-
skewed, or left-skewed. The hrf of the MO-EHL-TII-TL-W distribution exhibits increasing,
decreasing, UBT, and BT shapes.

MO-EHL-TII-TL-W(2,2,1.2,3) MO-EHL-TII-TL-W(2, 2,1.2,5)

Figure 5.5: Plots of SK and KS of the MO-EHL-TII-TL-W Distribution

MO -EHL-TII-TL-W(1, o, b, 0.005) MO -EHL-TII-TL-W(1, o, b, 0.005)

Figure 5.6: Plots of SK and KS of the MO-EHL-TII-TL-W Distribution

3D plots of SK and KS for the MO-EHL-TII-TL-W distribution are given in Figures 5.5 and
5.6. We observe that
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e When we fix the parameters a and b, the SK and KS of MO-EHL-TII-TL-W distribution

increase as § and )\ increase.

o If we fix the parameters A and ¢, the SK and KS of MO-EHL-TII-TL-W distribution

decrease as b and « increase.

5.4.3 Marshall-Olkin Exponentiated Half Logistic-Type II Topp-Leone Lind-
ley (MO-EHL-TII-TL-L) Distribution

Taking baseline distribution to be the Lindley distribution with cdf and pdf given by G(z;\) =
1—(1+ H_)\)e_)‘”“" and g(z;\) = (1+)\) (14+z)e?* for A > 0, the MO-EHL-TII-TL-L distribution
has cdf, pdf and hrf respectively given by

oo (i) |

F(2:8,0,b,0) = 1 — — {1 - (;E 8 S:H)ii}:)a} : (5.29)
f(x:6,a,b,)) = 45ab(1)j)\)(1 + z)e <1 —(1+ 1YA)e—”)
X [1— (1— (1+ 1YA) ”f)r_l
(1 _ [1 _ (1 — (14 2% )e ‘mﬂb)al
(1 i [1 . (1 — (1+ 2%)e ‘”“fﬂb>a+l
1
(bGP
(5.30)
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and

b—1
hp(z;6,0,b,\) = 4dabg(z;€) (1 —(1+ 1?‘?)\)6%) [1 _ (1 a4 l)fA)e_ZAwﬂ

(1 - {1 - <1 —(1+ ﬁm)\)e_ﬂxﬂb)aﬂ

x b\ a1
(1 + [1 - <1 1+ %)e,mﬂ )
x [1=0|1- 1_[1_<1_(1+ﬁ3)6_2”>]: e
bt [1 B (1 -1+ %)e—zxxﬂ
A m)emﬂz : (5.31)
- b [1 - (1 -1+ %)e—wxﬂ

for 6,a, b, A > 0, and x > 0.
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Figure 5.7: Plots of the Pdf and Hrf of the MO-EHL-TII-TL-L Distribution

The pdf and hrf for the MO-EHL-TII-TL-L distribution for various parameter values are shown
in Figure 5.7. Among other shapes, the pdf can be almost symmetric, reverse J-shaped, and
right-skewed. The hrf of the MO-EHL-TII-TL-L distribution exhibits increasing, decreasing,
BT, UBT, and UBT-BT shapes.
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MO -EHL-TI-TL-L(1.b, &, 1.5) MO-EHL-TH-TL-L(1,b, o, 1.5)

Figure 5.8: Plots of SK and KS of the MO-EHL-TII-TL-L Distribution

MO-EHL-TII-TL-L(%, b, 1,0.05) MO-EHL-TII-TL-L(%. b, 1,0.05)

Figure 5.9: Plots of SK and KS of the MO-EHL-TTI-TL-L Distribution

3D plots of SK and KS for the MO-EHL-TII-TL-L distribution are given in Figures 5.8 and 5.9.
We observe that

e When we fix the parameters § and A, the SK and KS increase as b and « increase.

e [f we fix the parameters o and ¢, the SK and KS decrease then increase as A and b increase.

5.5 Simulation Results

The consistency of the ML estimates of the parameters d,a, b and A is obtained using a MCS
experiment in this section. We use R software to assess the performance of ML estimators for
the MO-EHL-TII-TL-W distribution. We obtain the mean ML estimates, ABias, and RMSE.

In simulation studies, the QF is used to generate random samples from a probability distribution.
Specifically, the QF provides the inverse mapping of the cdf, allowing us to convert uniformly

distributed random variables into random variables following the desired distribution.
1. First, generate n independent uniform random variables for 0 < u < 1.

2. Apply the inverse QF to each of the uniform random variables to obtain random variables
following the MO-EHL-TL-W distribution.

3. Repeat steps 1 and 2 to generate multiple sets of random samples.
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The non-linear Equation (5.7) is solved to find the QF, and then random numbers are gener-

ated based on this function to conduct simulation studies and evaluate the performance of ML

estimates.

Tables 5.1 and 5.2 shows that the ML estimation method performs well in estimating the pa-
rameters of the MO-EHL-TII-TL-W distribution. As the sample size increases, n the estimates
of each parameter converge to the true value, demonstrating consistency. In addition, as the

sample size, n increases, the RMSE and ABias of each parameter tend to zero, indicating that

the ML estimates are accurate and precise.

Table 5.1: MCS Results for MO-EHL-TII-TL-W Distribution

(0.2, 1.0, 1.0, 0.5) (1.0, 3.0, 0.2, 0.5) (1.0, 3.0, 1.0, 0.5) (0.5,0.5,7.5,2.1)

parameter Sample Size  Mean RMSE ABias | Mean RMSE ABias Mean RMSE  ABias | Mean RMSE ABias
) 50 0.9255 1.5942 0.7255 | 2.2623 3.3920 1.2623 2.0259 24754 1.0259 | 3.1355 12.5521 2.6355
100 0.5356  0.7252  0.3356 | 2.1824 3.0586 1.1824 1.6323 17785 0.6323 | 1.7574  7.2020 1.2574

200 0.3184 0.2321 0.1184 | 1.8123 2.2393 0.8123 1.2865 11639 0.2865 | 1.0070  4.2526 0.5070

400 02712 0.1370  0.0712 | 15170 1.5638 0.5170 1.1264 0.7542  0.1264 | 0.5964 0.3810 0.0964

800 02246 0.0650 0.0246 | 1.2132 0.9617 0.2132 1.0417 05172 0.0417 | 0.5401  0.1898 0.0401

1600 0.2197 0.0445 0.0197 | 1.0407 0.6114 0.0407 1.0240 0.3603  0.0240 | 0.5237  0.1300 0.0237

o 50 07722 0.3431 -0.2277 | 3.5319 2.1391 0.5319 3.2316 16782 0.2316 | 0.7677  2.7590 0.2677
100 0.8078 0.2642 -0.1921 | 3.2101 1.7392 0.2101 3.1915 14523 0.1915 | 0.5548  0.3539 0.0548

200 0.8940  0.1650 -0.1059 | 3.1356 1.5266 0.1356 3.1689 12071 0.1689 | 0.5264 0.2418 0.0264

400 0.9256 0.1235 -0.0743 | 3.1234 1.2732 0.1234 3.1561 0.9598  0.1561 | 0.5085 0.1791 0.0085

800 0.9679  0.0650 -0.0320 | 3.0798 1.0157 0.0798 3.1542 0.7405  0.1542 | 04973 01291 -0.0026

1600 0.9760 0.0481 -0.0239 | 3.0510 0.7798 0.0510 3.0762 0.5236  0.0762 | 0.4963 0.1022 -0.0003

b 50 3.5222 6.6327 25222 | 2.3184 19.4767 2.1184 4.9998 24.6344 39998 | 94297  6.3244 1.9297
100 1.8104 24473 0.8104 | 1.0350 4.4040 0.8350 2.7849 10.3407  1.7849 | 8.8589  5.3240 1.3589

200 12630 0.5926  0.2630 | 0.6565 3.4624 0.4565 1.5317 26236 0.5317 | 8.2301  3.0656 0.7301

400 11346 02994 0.1346 | 0.3557 1.2244 0.1557 1.1700 0.6805 0.1700 | 8.1450  2.5606 0.6450

800 1.0481 0.1625 0.0481 | 0.2680 1.0926 0.0680 1.0705 0.3531  0.0705 | 8.0568 2.3572 0.5568

1600 1.0186  0.1505 0.0786 | 0.2140 0.0481 0.0140 1.0291 0.2012  0.0291 | 7.5524  1.7677 0.0524

A 50 0.7460 1.0761 0.2460 | 0.8238 2.2084 0.3238 0.7353 24931 02353 | 6.3559 44.7919 5.8559
100 0.6021 0.1923 0.1021 | 0.7540 0.9591 0.2540 0.5617 0.3264  0.0617 | 3.2518 34710 11518

200 0.5405 0.1103  0.0405 | 0.6360 0.4874 0.1360 0.5208 0.2105  0.0208 | 2.8223  2.5020 0.7223

400 0.5248  0.0691  0.0248 | 0.5919 0.3446 0.0919 0.5081 0.1515  0.0081 | 2.2336  1.1998 0.1336

800 0.5122 0.0433  0.0122 | 0.5309 0.2423 0.0309 0.4961 0.1096  -0.0038 | 2.1310  0.8847 0.0310

1600 0.4990 0.0271  0.0009 | 0.5253 0.1463 0.0253 0.4998 0.0798 -0.0002 | 2.1193  0.6892 0.0193
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Table 5.2: MCS Results for MO-EHL-TII-TL-W Distribution

(0.1,0.8, 1.0, 1.2) (1.2,058, 1.0, 1.2) (1.0, 0.8, 1.2, 1.0)

parameter Sample Size Mean RMSE ABias | Mean RMSE ABias | Mean RMSE ABias
0 50 2.9345 14.4266 2.8345 | 8.4268 27.1005 7.2268 | 9.1651 40.0673 8.1651
100 1.3979  4.9160 1.2979 | 5.6039 22.8246 4.4039 | 5.7877 30.1724 4.7877

200 1.0436  4.1723  0.9436 | 2.7370 9.0097 1.5370 | 2.6377 10.9462 1.6377

400 0.4950 1.9140 0.3950 | 1.6276 1.7639 0.4276 | 1.4400 2.0011 0.4400

800 0.1989  0.5284  0.0989 | 1.3687 0.9477 0.1687 | 1.1777  0.9004 0.1777

1600 0.1293  0.1187  0.0293 | 1.2703 0.4075 0.0703 | 1.0613  0.3461 0.0613

« 50 1.9454  4.6877 1.1454 | 2.8357 21.6069 2.0357 | 1.5100 5.5162 0.7100
100 1.8016 4.0059 1.0016 | 1.0742 1.5974 0.2742 | 1.0793  1.8196 0.2793

200 1.6933  3.1188  0.8933 | 0.8899 0.7780 0.0899 | 0.8553  0.4886 0.0553

400 1.3292  2.0970  0.5292 | 0.8728 0.6358 0.0728 | 0.8097 0.2778 0.0097

800 0.9577  0.8254  0.1577 | 0.8092 0.2577 0.0092 | 0.7963 0.1935 -0.0036

1600 0.8753  0.3992  0.0753 | 0.8018 0.1308 0.0018 | 0.7995 0.1409 -0.0004

b 50 2.8547  4.6831 1.8547 | 2.1824 3.0116 1.18246 | 2.4611  3.2431 1.2611
100 2.6421 4.2069 1.6421 | 1.8354 2.3396 0.8354 | 2.1227  2.5878 0.9227

200 2.6267 3.9217  1.6267 | 1.3821 1.5179 0.3821 | 1.6301 1.7141 0.4301

400 2.0982 29755 1.0982 | 1.1601 0.9232 0.1601 | 1.3870  1.1108 0.1870

800 1.4867 1.7419  0.4867 | 1.0524 0.6202 0.0524 | 1.2835 0.7493 0.0835

1600 1.0741  1.2775 0.0741 | 1.0400 0.4297 0.0400 | 1.2371  0.4995 0.0371

A 50 1.4581 0.9802 0.2581 | 1.2912 0.6272 0.0912 | 1.2410 0.7434 0.2410
100 1.3852 0.8714  0.1852 | 1.2898 0.5550 0.0898 | 1.1995 0.6306 0.1995

200 1.2889  0.5237  0.0889 | 1.2858 0.4564 0.0858 | 1.1228  0.5339 0.1228

400 1.2329  0.7096  0.0329 | 1.2857 0.3853 0.0857 | 1.1090  0.4388 0.1090

800 1.2292  0.5947  0.0293 | 1.2656 0.2929 0.0656 | 1.0679  0.3216 0.0679

1600 1.2194  0.4119 0.0194 | 1.2260 0.2090 0.0260 | 1.0371  0.2312 0.0371

5.6 Applications

In this section, we use two real-world datasets to assess the utility of the proposed distribution.
We obtain the best-fitting model of the proposed distribution using several GoF, which include:
—2In(L), AIC, BIC and CAIC. Furthermore, we use CVM and AD statistics, given by Chen
and Balakrishnan [26]. The K-S statistic, its PV, and SS (Chambers et al. [24]) from the PPs

were used to assess the GoF statistics of the model. The model with the smallest values of the

GoF statistics and a bigger PV for the K-S statistic is regarded as the best model.

The density functions of the following non-nested models were used for comparisons in this

section.

The pdf of the MOKA distribution was introduced by Javed et al. [59] and given as,

for a,b, 8, A >0 and

fMO*KA(m; a, ba /87 )‘)

x>0,
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the pdf of the MOMW distribution was introduced by Santos-Neto et al. [119] and given as,

exp [Ar — axVexp (Az)]

fuomw (za, 8,0, %) = daly+ Ax)z? ! — (5.32)
(1 - dexp [—azTexp(Iz)])
for a, 0, A,y >0 and = > 0,
the pdf of the KwW distribution was introduced by Cordeiro et al. [36] and given as,
fla;0,0,0,8) = abfalzP~lemoe”
x (1 —e o@ya=1(] _ (1 — ¢—oa’yayb—1 (5.33)

for o, 0, A, 8 >0 and = > 0, and

the pdf of the TIHEHL-W distribution (Al-Mofleh et al. [7]) is given in Equation (3.28), pdf of
the TL-GW distribution (Aryal et al. [17]) is given in Equation (4.20), and the pdf of OEHLBXII
distribution (Aldahlan and Afify [9]) is given in Equation (3.29).

The LRT statistic compares the fit of the MO-EHL-TII-TL-W distribution against its sub-
models using a dataset. For example, when assessing 6 = 1, the LRT statistic, A is calculated
by comparing the log-likelihoods of the unrestricted and restricted estimates. If A exceeds a
critical value x2, representing the upper 100a% of the x? distribution with 1 degree of freedom,

the null hypothesis is rejected.

We use a standard graphical approach for data analysis to compare theoretical and empirical
distributions, which allows us to determine whether the data can be used for a specific distri-
bution or not. In data fitting, we also show estimated densities, ECDF, PPs, TTT scaled plot,
K-M curves and fitted hrf plot to compare the flexibility of the MO-EHL-TII-TL-W distribution

to competing models.

Tables 5.4 and 5.6 present the results of data analysis, parameter estimates (SE in parentheses),

and GoF statistics for the various models used in this chapter.

5.6.1 Remission Times Data

This dataset represents the remission times (in months) of a random sample of 128 bladder
cancer patients. The dataset was extracted from Klakattawi [63]. The data is skewed to the

right, with a few outliers at the high end.

The estimated Var-Cov matrix is given by:

7.234x1079%  1.0107x107% —0.0013 1.7956x10~%
1.0107x107%  1.4121x107% —0.0017 2.5086x10°
—0.0013 —0.0017 0.2164 0.0031

1.7956x10~% 2.5086x10~% —0.0031 5.8096x10~%
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and the approximate 95% CI for J, o, b and A are given by 322.1300 + 0.0053, 237.6200 + 0.0074,
17.8210 + 0.9118 and 0.0994 + 0.0149, respectively. The parameter estimates and their SE for

the models used are given in Table 5.3.

Table 5.3: Parameter Estimates for Remission Times Data

Estimates
Model 5 « b A
MO — EHL —TII —TL — W (5, a,b,\) 322.1300 237.6200 17.8210 0.0994
(0.0026) (0.0037) (0.1465) (0.0076)
MO — EHL —TII —TL — W(5,1,b,)\) 1.0645 - 0.3390 0.7478
(1.7411) - (0.5792) (0.3458)
MO — EHL —TII —TL —W(5,,1,\) 0.5371 0.8145 - 0.3854
(0.0601) (0.0754) - (0.3854)
MO — EHL —TII —TL — W(5,1,1,\) 0.9358 - - 0.4352
(0.1119) - - (0.0201)
MO —EHL —TII —TL—W(1,1,1,\) - - - 0.4426
- - - (0.0186)
KwWwW a b « s
0.4974 330.1900 0.0040 2.0958
(0.0303)  (1.3702 x 10797)  (1.3617 x 107%4) (0.0072)
THEHL-W a A 5 ~
2060.4000 54.7750 1.7135 0.0603
(7.3009 x 107°7)  (3.1053 x 10791)  (1.8786 x 10792) (3.8735 x 10°3)
TL-GW @ 0 A B8
0.0961 52.0982 0.6751 0.46471
(0.0657) (0.0024) (0.7464) (0.1395)
OEHLBXII « A a b
0.3925 0.0242 3.6828 0.3659
(0.0648) (0.0018) (1.0211) (0.0957)
MOMW ] A «@ ¥
0.0018 0.0325 0.0001 1.4654
(0.0067) (0.0014) (0.0037) (0.0014)
MOKA @ 0 5 Ié]
1.8509 1.1009 3.0349 3.8919
(0.8780) (0.6176) (9.8636) (7.1463)

The MO-EHL-TII-TL-W distribution outperforms the non-nested models in terms of the GoF.
This is evidenced by the smaller values of the -2log (L), AIC, CAIC, BIC, CVM, AD, and K-S
statistics, and the larger value of the PV for the K-S statistic. According to the measures of
GoF statistics, the MO-EHL-TII-TL-W distribution is the best-fitting model.
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Table 5.4: GoF Statistics for Remission Times Data

Statistics
Model —2log(L) AIC  CAIC BIC CVM AD K-S PV SS
MO-FEHL-TII -TL-W(é,a,b,A) 8189434 826.9434 827.2686 838.3516 0.0135 0.0942 0.0296 0.9999  0.0117
MO-EHL-TII-TL-W(4,1,b,\)  824.1342 830.1342 830.3277 838.6903 0.0862 0.5200 0.0650 0.6513  0.1884

MO~ EHL-TIT-TL-W(6,a,1,))  965.8650 971.8650 972.0585 980.4210 0.0470 0.3206 0.4836 2.2000 x 1076 11.4834
MO -EHL-TIT-TL-W(§,1,1,)) 872.7307 876.7308 876.8268 8824348 0.0388 0.2548 0.2874 1.3100 x 107  3.8965

MO-EHL-TII-TL-W(1,1,1,)) 867.7488 869.7488 869.7806 872.6009 0.0389 0.2530 0.2742 8.7270 x 10~  20.6256

KwW 828.3340 836.3340 836.6592 847.7421 0.1322 0.7918 0.0700 0.5561  0.1529
TIEHL-W 823.7092 831.7091 832.0343 843.1172 0.0794 0.4866 0.0571 0.7979  0.0812
TL-GW 823.2468 831.2468 831.5720 842.6549 0.0643 0.4199 0.0514 0.8880  0.0591
OEHLBXII 881.8121 889.8121 890.1373 901.2202 0.3274 1.9124 0.1165 0.0616  0.5482
MOMW 819.2511 827.2511 827.5763 838.6592 0.0212 0.1480 0.0329 0.9891  42.6244
MOKA 819.3114 827.3117 827.6369 838.7198 0.0159 0.0989 0.0308 0.9897  1.8130

Based on the LRT results given in Table 5.5, there are significant differences between nested
models and the MO-EHL-TII-TL-W distribution. We, therefore, conclude that MO-EHL-TII-

TL-W model performs better than its nested models on the remission times data.

Table 5.5: LRT Results For Remission Times Data

Remission Times Data

Model df (p - value)
MO~ EHL~TII - TL-W(5,1,,)) I 51908 (0.0227)
MO~ EHL~TII ~TL-W(5,a,1,)) 1 146.9216 (< 0.00001)
MO~ EHL~TII ~TL-W(5,1,1,) 2 537873 (< 0.00001)
MO~ EHL~TII - TL-W(1,1,1,)) 3 488054 (< 0.00001)

Figure 5.10 shows that the MO-EHL-TII-TL-W distribution is the best fit for the remission

times data as compared to the selected models.
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Figure 5.10: Estimated densities and ECDF for Remission Times Data

The PPs and TTT scaled plots for the proposed model are given in Figure 5.11.
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Figure 5.11: PPs and TTT Scaled Plot for Remission Times Data

Based on the TTT scaled plot there is an indication that the hrf of the proposed model exhibits
an UBT shape in these data. The K-M Survival and hrf plots for the proposed model are given

in Figure 5.12.
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Figure 5.12: Fitted K-M Survival and Hrf for Remission Times Data

Figure 5.13 shows that the ML estimates for the MO-EHL-TII-TL-W distribution exists and

136



Chapter 5. The MO-EHL-TII-TL-G Family of Distributions

are obtained uniquely.
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Figure 5.13: Plots of the Profile Log-Likelihood Function of the Parameters of the MO-EHL-
TII-TL-W Distribution on Remission Times Data

5.6.2 Coronavirus Mortality Rate Data

This data represents the Coronavirus mortality rate data for 108 days in Mexico. The data was
recorded from 4 March to 20 July 2020. Almongy et al. [12] applied this data to a new extended
Rayleigh distribution. The data has few outliers and the most of the observations are clustered

in the central values.

wirus Mortalty Rate for Days in Mexico
wirus Mortalty Rate for Days in Mexico

Coronay
Coronay

Figure 5.14: Boxplot and Violin Plots of Coronavirus Mortality Rate Data
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The estimated Var-Cov matrix is given by:

0.0770  —0.0003 0.0281 —0.0298
—0.0003 0.2650  0.0639 —0.1183

0.0281  0.0639  0.0274 —0.0434 ’
—0.0298 —0.1183 —0.0434 0.0747

and the approximate 95% CI for §,«,b and A\ are given by 0.3510 £ 0.5441, 1.8916 + 1.0090,
0.1880 + 0.3246 and 1.1517 + 0.5357, respectively. The parameter estimates and their SE are

given in Table 5.6.

Table 5.6: Parameter Estimates for Coronavirus Mortality Rate Data

Estimates
Model 9 a b A
MO — EHL —TII —TL — W (6, a,b,\) 0.3510 1.8916 0.1880 1.15170
(0.2776) (0.5148) (0.1656)  (0.2733)
MO — EHL —TII —TL — W(6,1,b,\) 2.1751 - 0.4538 0.8931
(0.7461) - ( 0.1038)  (0.0696)
MO — EHL —TII —TL — W (S, a,1,) 3.3183 1.8257 - 0.7483
(0.8157) (1.7094) - (0.0606)
MO — EHL —TII —TL —W(,1,1,)\) 2.0451 - - 0.5000
(0.4576) - - (0.0375)
MO — EHL —TII —TL—W(1,1,1,)) - - - 0.5606
- - - (0.0249)
KwwW a b « B
0.3744 478.9600 0.0034 4.2708
(0.043) (1.3419 x 1079%) (0.0011)  (0.4896)
TIIEHL-W a A ) %
392.1800 7.0410 1.9519 0.1127
(6.3210 x 10796)  (4.3279 x 1079%) (0.0328)  (0.0079)
TL-GW « [ A B
6.4034 0.6732 0.1649 1.0315
(13.6113) (1.6186) (0.1765)  (0.7012)
OEHLBXII « A a b
0.3385 9.5194 x 1094 73.4560 0.0432
(0.0614) (0.0010)  (1.4620 x 10°~°)  (0.0057)
MOMW « 5 A v
12.7610 181.7500 0.0039 0.1538
(0.4033) (2.1935 x 109%) (0.0039)  (0.1538)
MOKA @ 0 ) 8
0.5040 5.8166 314.6575 0.6993
(1.2929) (14.9141) (0.1274)  (0.1159)

Table 5.7 shows that the MO-EHL-TII-TL-W distribution outperforms the other non-nested
models considered. Specifically, it has the smallest values for -2log(L), AIC, CAIC, BIC, CVM,
AD, and K-S GoF statistics, and the highest value for the PV of the K-S statistic. Therefore,
the MO-EHL-TII-TL-W distribution is the most suitable.
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Table 5.7: GoF Statistics for Coronavirus Mortality Rate Data

Model —2log(L) AIC  CAIC BIC CVM AD K-S PV 5SS
MO - EHL-TII -TL-W(§,a,b,A) 532.6811 540.6811 541.0696 551.4098 0.0642 0.3491 0.0629 0.7854  0.0595

MO -EHL-TII -TL-W(§,1,b,)) 5481621 554.1622 554.3930 562.2086 0.0936 0.5732 0.1009 0.2207  0.6247

MO—-EHL-TII-TL-W(5,a,1,)) 536.6721 542.6721 542.9028 550.7184 0.0997 0.6004 0.0806 0.4850  0.0849

MO—-EHL-TII-TL-W(5,1,1,))  609.6720 613.6720 613.7863 619.0363 0.0656 0.3759 0.1991 0.0004 27.8210

MO—-FEHL-TIT-TL-W(1,1,1,A)  627.7503 629.7503 629.7880 632.4324 0.0620 0.3445 0.3762 0.0001 34.2998

KwW 542.9947  550.0187 550.4070 560.7472 0.0915 0.5755 0.0898 0.3478  0.1200
TIEHL-W 533.9266 541.9260 542.3143 552.6545 0.0737 0.4454 0.0758 0.5633  0.0694
TL-GW 532.2276  545.4991 545.8874 556.2276 0.1076 0.6895 0.0767 0.5528  0.1006
OEHLBXII 578.6627 587.0510 587.0510 597.3912 0.2920 1.8555 0.1234 0.0745  0.5096
MOMW 536.9594 553.9464 554.3347 564.6749 0.0922 0.5263 0.1141 0.1202 35.9577
MOKA 538.0226  546.0226 546.4109 556.7511 0.1143 0.6466 0.0739 0.5964  0.0957

Table 5.8 shows that there are significant differences between nested models and the MO-EHL-
TII-TL-W distribution. We conclude that MO-EHL-TII-TL-W model performs better than its

nested models on the Coronavirus mortality rate dataset.

Table 5.8: LRT Results For Coronavirus Mortality Rate Data

Coronavirus Mortality Rate Data

Model f v(p -~ value)
MO-FEHL-TIT-TL-W(0,1,b,A) 1 15.4810 (0.000083)
MO~ BHL-TI ~TL-W(5,a,1, ) 1 39910 (0045744)
MO~ EHL-TI -TL-W(5.1,1,) ) TI111 (< 0.00001)
MO~ EHL~TI-TL-W(L,11,) 3 95,9804 (< 0.00001)

Figure 5.15 represent the plots of estimated densities, and ECDF.
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Figure 5.15: Estimated Densities and ECDF for Coronavirus Data

The PPs for the models and the TTT scaled plots are given in Figure 5.16.
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Figure 5.16: PPs and TTT Scaled Plot for Coronavirus Mortality Rate Data

The K-M survival and hrf plots for the proposed model are given in Figure 5.17. Based on the
TTT scaled plot, the hrf of the MO-EHL-TII-TL-W distribution have an increasing shape.
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Figure 5.17: Fitted K-M Survival and Hrf for Coronavirus Mortality Rate Data

We observe that the ML estimates for the MO-EHL-TII-TL-W distribution exist and can be

obtained uniquely, as shown in 5.18.

140



Chapter 5. The MO-EHL-TII-TL-G Family of Distributions

= o =

2 &7 .

2 i 2 &

:l 8 :I '_

S & 7 S g

o — o o

5 o] 5 7

T & -
T T T 1T T 1 T T T T T
0.2 0.6 1.0 14 10 15 20 25 30

delta alpha

-268
|

Profile_log_likelihood
272
|

Profile_log_likelihood
-380 -340 -300
|

-276
|

T T T T T 1
1.00 1.10 1.20 1.30

b lambda

Figure 5.18: Plots of the Profile Log-Likelihood Function of the Parameters of the MO-EHL-
TII-TL-W Distribution on Corona Virus Mortality Rate Data

5.7 Conclusions

We have developed and studied the statistical properties of the new FoD called the MO-EHL-
TII-TL-G distribution. Statistical properties including the pdf, cdf, hrf, QF, moments, MGF,
order statistics, RE, and ML estimates were presented. Some special cases of the MO-EHL-TII-
TL-G FoD were also considered. We ran a MCS study to see how consistent the ML estimates
were. Two real-life datasets from various areas are used to test the GoF of the MO-EHL-TII-
TL-W distribution. The model can be used to explain real-life phenomena in a variety of fields.
For example, the MO-EHL-TII-TL-W distribution can model rising COVID-19 mortality rates,
indicating possible increases due to healthcare system overload, new variants, and delays. This
hrf can help governments allocate resources, implement targeted interventions, and strengthen

public health measures to combat the rising mortality rate.
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6. TL-Harris-G Family of Distributions with
Applications

This paper is published by Scopus Indezed International Journal of Mathematics in Operational
Research, 24(4), 554-582, (20283). https://www.researchgate.net/publication/368322158,
doi:10.1504/IJMOR.2022.10054027.

6.1 Introduction

The Topp-Leone distribution (Topp and Leone [134]) is characterized by a bathtub-shaped hrf.
This distribution is defined on the interval (0,1). The result obtained by Al-Shomrani et al. [§]
expanded the Topp-Leone distribution to improve its flexibility when modeling data. In this
chapter, we combine the TL distribution (Al-Shomrani et al. [8]) and Harris distribution (Harris
[51]) to develop the TL-Harris-G FoD.

The motivation for developing this new FoD is based on the increased flexibility acquired by
combining the Harris distribution and the TL-G distributions in modelling real-world datasets.
This new FoD can be used with heavy-tailed, right or left-skewed datasets. In comparison
to the Harris-G distribution, the TL-Harris-G FoD has multiple shapes of the hrf, such as
monotonic, BT, UBT, and UBT-BT. The TL-Harris-G FoD can be expressed as an infinite linear
combination of the Exp-G distribution and other statistical characteristics can be deduced using

this property.

We examine some structural properties, such as moments, MGF', distribution of order statistics,
entropy, and PWMs of the new FoD. Some special cases, such as TL-Harris-LLoG, TL-Harris-U
and TL-Harris-W distributions are given. We exhibit plots of the pdfs and hrfs, as well as SK and
KS to illustrate the shapes that TL-Harris-G FoD can accommodate when modeling different
datasets. The ML estimation method is used to estimate model parameters. To illustrate the
consistency and efficiency of parameter estimations, simulations are conducted, and real-world
datasets are used to demonstrate the applicability of the proposed model. The proposed model
proves to be a better alternative to some well known models. The results show that the special

case of the TL-Harris-W distribution captures right-skewed datasets very well.

6.2 The Model, Sub-Models and Properties

This section introduces the TL-Harris-G FoD, as well as its sub-models and a detailed develop-

ment of its statistical properties.
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6.2.1 The Model

The cdf of the new TL-Harris-G FoD is given by

2\ b

cé(az;ﬁ))v v
I;b7v7c7 = - — v 3 .
Hlrtned) (1 (u(%;@))) o

for v,e >0,¢=1—c¢, x > 0, and parameter vector £&. The corresponding pdf is given by

- LS
flx;byv,¢,8) = 2bcs [1( C(G(j;g)) )v> ]

1-¢(G(x€)
< (1-2(@6)") T G gl e). (6.2)
The hrf is given as
b1

(1-2(@(:)") G

2 c é($§f))v g
h(x;b,v,c, = 2bcv — — =
( £) 2 {1 (1_0((}(% ) )

29 b -1
c(G(x:9)" \"
N (1_C(G<x; ))”) ] ’ (63)

for v,e >0,¢=1—c¢, x > 0, and parameter vector &.

G(z;8)g(x;8) [ 1-

X

6.2.2 Identifiability

Identifiability ensures model parameters can be determined uniquely based on observed data.
We demonstrate that the TL-Harris-G FoD is identifiable. We let ¥y = (b1, v1,¢1,&1) and
Wy = (b, v2, 2, &2). The likelihood ratio is given as:

2 17b1—1

nep |1- (252 )Y - a Gwe)™) ) Gmet a)

f(\Ij2) 2 [ = vo % b2—1 2
bacs? |1~ (;2@%” ) (1-7 (@:6)"™) 5 B a6
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Taking the logarithm of the likelihood ratio, we have:
2 o " 2
v1 G . vl
m(f(%)) = In b1012 + (-1 |1- Cl£ (f’&)) -
f(22) baci? 1= (Clr:61)

2 (é(ac;fg))v2 " 2 e\ V2
= G-l (1 - (1 —CQ((;(@«;&))”) ) + (31 m-m @
- <2+Qhwummmaa»)+m<mgm+m@m&»

U1

— In(G(z;&)) — In(g(x; &)).

The derivative of the log-likelihood ratio is given as

Es

2
1_ c2(G(wi€2)) %\ 2
1-e3(G(x:62))

i(ln@i;)) B (bll)<1<q ) ))
o

_ (24, aul [G(z; )] Tg(x;61) v2[Gla:€)]" g(: &)
(U ) (1 -2 (G(z;:6))") <U2 1> (1-2 (G(z:£))™)
_o9wm&) g (fE &), 9@8)  g@:6)
G(x;6)  9(@:81)  Gls&)  g9(@:é2)’
(6.4)
where B /
By =267 (1- (Gw:0)") ) G gl ),
and
By = 26} (1-e (a(x;iz))m)_(%H) Gla;62)g(: &)

Therefore, -4 o <ln ( Ag;;)) = 0, implying that the TL-Harris-G FoD is identifiable and can be

uniquely determined if and only if ¥ = Ws.

6.2.3 Sub-Families of TL-Harris-G FoD
This section introduces some new and well known sub-families of TL-Harris-G FoD.

e When b =1, we get a new FoD with the cdf:

Flziv,c,§) = [1<1C(( ( )>) )]

for v,e >0, x >0, ¢ =1 — ¢, and parameter vector &.

e When v = 1, we get the TL-MO-G FoD by Chipepa et al. [28] with the cdf:
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_ 97 b
Fz:be&) = |1- <C G(@“"ﬁ))»)

for b,¢ >0, x > 0, ¢ =1 — ¢, and parameter vector &.

e When b =v =1, we get the new FoD with the cdf:

F(z;¢,8) = 1 (1 ))>

forc >0,z >0, ¢=1— ¢, and parameter vector &.

e When b =c =1, we get the FoD with the cdf:

F(z;v,8) = [1—(5(90;5))2}

for v > 0, £ > 0, and parameter vector &.

e When v =c¢ =1, we get the TL-G FoD with the cdf:

F(z;b,§) = {1—(5(90;5))2]6

for b > 0, x > 0, and parameter vector &.

e When b=v =c =1, we get the FoD with the cdf:
— 2
F(z;:§) = [1-(Gl@;9)’]
for z > 0 and parameter vector €.

6.2.4 Quantile Function

Let X be a random variable with cdf defined by Equation (6.1). The QF (Qx(u)) is defined by
Fx(Qx(u)) =u,0 <wu < 1. Note that

so that

e =
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That is,

S |=

Therefore, the QF of the TL-Harris-G FoD is given by,

([(1—ui)g]_l+§)_l- U

C

Qx(u)=G"[1- (6.5)

It follows therefore that random numbers can be generated from the TL-Harris-G FoD using

Equation (6.5) for specified parent cdf G.

6.2.5 Expansion of Density

Expansion of the density function of the TL-Harris-G FoD is presented in this sub-section. Using

the generalized binomial series expansion.
b—1

(@) N & ey (@) )
! <1_C(G(x;£>))”) Z( k >( D (1—c(G(x; )')

k=0

we write the pdf of the TL-Harris-G FoD as

o~ (b1
f(:l:;b,v,c,f) = QbICZ_O( L )(—1)kc2(ljk>

vy = (2 1) <okt

x (1-¢(G(x:9))) G (x5 8)g(w5€).

Considering the expansion

2048) oo 2(1+k) —p

p=0

we write

146



Chapter 6. The Topp-Leone-Harris-G Family of Distributions

> - 2(1+k)
f(:L‘;b,U,C, é) = 2b Z <b k 1> ( v +p> (_1)k+pcwép

k,p=0 p
% éZk-&-”up-f—l( g) (:L‘, )

00 2(1+k)
-a 5 () e

k,p,u=0 p

X <2k " Zp " )G“(Z‘; §)g(;§)

00 2(1+k)
- n £ (1) e

k,p,u=0 p

y (2“”“1) (““)G“<x £)9(z:€)

u u—+1

- Zbqulgqul(x;{)a (66)

where gy11(2;€) = (u+ 1) (G(z;£))" g(2;€) is the Exp-G distribution with power parameter
(u+1) and

2(1+k)

-1 M—i—p ket 2k +ovp+1 bc™ v @
— v _ ptu
et =230 () (0, e () (M),

k,p=0

(6.7)

Thus, the pdf of TL-Harris-G FoD can be written as an infinite linear combination of Exp-G

distribution.

6.2.6 Moments and Generating Function

If X follows the TL-Harris-G FoD and Y ~ Exp — G(u+1). Then using Equation (6.6), the n'*

raw moment, u% of the TL-Harris-G FoD is obtained as

u% =EX") = / " f(x;b,v,¢,§) dac—ZbuHE Y,
B u=0

where E(Y™) is the n'* moment of Exp-G distribution and b, 1 is given by Equation (6.7). The
MGF M (t) = E(e!X) is given by:

t)=> bur1My(t)
u=0

where My (t) is the MGF of Y and b, is given by Equation (6.7).
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6.2.7 Order Statistics

In this section, we present the distribution of the i*” order statistic. Order statistics play a
significant role in many areas of statistical theory and practice. Let X1, X5, ..., X,; be a random

sample from TL-Harris-G FoD. The pdf of the i*" order statistic is given by

fim(z) = (z—l)T'L(‘n—z)' ; <n l— z) (=) f (2) [F(z)] T (6.8)

Using Equations (6.1) and (6.3), we note that
(7 ) 29 b(i+1)—1
-1 2| c(G(z;6)" \*

x (1 —2(G(x; ))U)_(%H)@(m;&)g(x; ).

Using the generalized binomial series expansion:

29 b(i+1)—1 2k
B c (é(x;g))“ ) g - b +1) -1 ok ( c (é(x;f))v > !
[1 (1 —e(G(x;9)" ] Z< q >( Ylicewey)

oy — (25 11) k41

G (38)g(w:€).

Considering the expansion

2(1+k > 2(1+k)
(1-e@@we)) ) = (T T

p=0

» )C”va(x;f),
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we have

@t = s () (54 7) ot

p
k,p=0
X G2k+vp+l(w;€)g(x; 6)

2(1+k)
p

k,p,u=0

g (””Z“ 1>G“<a:;s> (z:6)c 7 e

2(1+k)
o Z ( (i+1)— ><v+p>(_1)k+p+ucz<ljk>cp

k,p,u=0 p
2k 1 1
< () (M) et
= ZBquuH(l’;f)o (6.9)

Therefore, the distribution of the i* order statistics from TL-Harris-G FoD is given by
n—i 0o
fin(z) = G- D)) > < ) ) But1gus (:€), (6.10)
=0 u=0

where gy11(2;€) = (u+ 1)g(z; §)G(x; €) is an Exp-G with power parameter (u + 1) and linear

component

Buy1 = i (b(i +kl:) 2 1> <2(1v+k) +p>(_1)k¢+p+u

k,p=0 p

2(1+k)
2k +uvp+1 2bc” v P
u u+1 '

(6.11)

6.2.8 Rényi Entropy

RE by Rényi [116] is an extension of Shannon entropy (Shannon [122]). RE is defined to be

Ip(w) = L log (/Ooo[f(a:;b,v,c, 5)]wdx> ,w#£ 1, w > 0. (6.12)

1—w
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Note that

29 w(b—1)
. v () | [ _c(G@9)"

Using the generalized binomial series expansion:

29 w(b—1) 2k
[ c(@@:9)" \" (w1, [ e(G:9)" )
[1 (u(am»”)] - 2 (") (1—c<G<w;é>>“ |

we can write

st o) = @03 (MY ) ke
=0
(

— (ijw) +w) —2k+w

G () 9" (23 6).

Considering the expansion

2(k+w X (k+w) w —p
(1-e@@e)) ) = (T T e we),

p=0 -

we obtain

el = @ Y (Y07 ) caprette

k,p=0 k
x G (009" (w:€)
= @)" Y (w(bk_ 1)>< D

k,p,u=0

2k +w +vp M—i—w—i—p—l
u P

>G“(x;§)g”(w;§)-

Therefore, RE for TL-Harris-G FoD is given by

1 o
I(v) = {—log (Za;e(lwﬂ%c), (6.13)
u=0
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where ITrpa = [y [(1+ u/w)g(z; £)G¥|"dzx is RE for an Exp-G distribution with power pa-
rameter u/w + 1 and

00 2(k+w)
w 20wtk) wb—-1)\ /= 4w+p— 1> k
(2 ey v _1)ktptu
o B e kp:0< k )( p 1)

<2k+w+vp> 1

u (1+ u/w)w (614

Consequently, RE for TL-Harris-G FoD can be obtained from RE of the Exp-G distribution.

6.2.9 Probability Weighted Moments

The PWMs approach can be used to estimate parameters of a distribution whose inverse form is not ex-
plicitly defined. The PWMs based estimates are frequently thought to be superior to traditional moment-
based estimates. When ML estimates are unavailable or difficult to compute, they are occasionally used.
The PWNMs are defined as follows:

s

2, = B = [T olF @] (o

Using Equations (6.1) and (6.3), we note that

_ v % b(i+1)—1
f@) [F@)] = 2bev {1((“6)) ]

L I ) (A (S

S(RaER gy
( )G2+1(

X (1—6(5(:2;5))0) 7;8)g(7; ).

Considering the expansion
(2058 44)

00 2(1+k)
= Z<—1>p< ’ +p)cf”G””(:c;fs),

p=0 p

(1-2(@9)")

we have
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p
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-3 (0T, e
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2k 1 1
X ( +Zp+ )(1511)0“(%;5)9(56;5)
= ZDu+1gu+1($§§)- (6.15)
u=0

Therefore, the (n,7)!" PMWs of the TL-Harris-G FoD is given by

) 0 0 o0
Z, . = / x" Z Dyt1gu+1(z; §)dx = Z Dy / 2" Gut1 (w5 §)dx
u=0 u=0 0

0

where gy11(2;€) = (u+ 1)g(z;§)G¥(x;€) is an Exp-G with power parameter (u + 1) and D,41 is given
Equation (6.16) below .

0 b(i4+1) — 1) (2R 4 "
Du-l,-l _ Z ( ( k) >< v )(_1)k+17+
k,p=0 p

2k +vp+1 e
U u+1 y

(6.16)

6.3 Some Special Cases of TL-Harris-G FoD

In this section, we consider the LLoG, Weibull, and uniform distributions as baseline distributions of the
TL-Harris-G FoD.

6.3.1 Topp-Leone-Harris-Log-Logistic (TL-Harris-LLoG) Distribution

If the LLoG distribution is used as the baseline distribution with the pdf and cdf given by g(x;\) =
ArA (1 4+ 2M) 72 and G(2;0) = 1 — (1 +2*)~1 | respectively, for A > 0 and = > 0, then the TL-Harris-
LLoG distribution cdf and pdf are given by

b

| [ ey )
F(z;b,v,e,\) = |1 (1—0((14—35)‘)—1)”) (6.17)
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and
ey VT
' B 2 B c((14 2t Y v
flx;byv,e,N) = 2bcv |1 (1—0((1+x)‘)—1)v>
X (1—5«1+xw—5yj_€+9(1+xw—1
x A1+ at) 72, (6.18)

respectively, for z > 0, b,v,¢c, A > 0, and ¢ = 1 — ¢. The hrf is given by

c((1+ x*)’l)v
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(6.19)

forx >0,v,c,A>0andc=1—c.
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Figure 6.1: Pdf and Hrf Plots of TL-Haris-LLoG Distribution

The TL-Harris-LLoG pdf plots shows left-skewed or right-skewed, symmetric, reverse J-shape among
many other shapes, whereas the TL-Harris-LLoG hrf can be increasing, decreasing, BT, and BT-UBT

shapes, as shown in Figure 6.1.
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TL-Harris-LLoG(b,2.4,v,1.4) TL-Harris-LLoG(b,2.4,v,1.4)

Figure 6.2: SK and KS Plots of TL-Harris-LLoG Distribution for Fixed Values of Parameters ¢
and A

X TL-Harris—LLoG(c, 0.4, 0.8, )
TL-Harris-LLoG(c. 0.4, 0.8, 1)

Figure 6.3: SK and KS Plots of TL-Harris-LLoG Distribution for Fixed Values of Parameters b
and v

Figures 6.2 and 6.3 show 3D graphs of SK and KS for the TL-Harris-LLoG distribution. We notice that
e When the parameters ¢ and A are fixed, the SK and KS of TL-Harris-LLoG distribution decrease

then increase as b and v increase.

e When the parameters b and v are fixed, the SK and KS of TL-Harris-LLoG distribution decrease
as ¢ and A increase.

6.3.2 Topp-Leone-Harris-Weibull (TL-Harris-W) Distribution

Suppose that the Weibull distribution is considered as the baseline distribution with the pdf and cdf
given by g(z;\) = Az —le=" and G(z;A) =1-— e, respectively, for A > 0 and z > 0, we obtain the
TL-Harris-W distribution with cdf and pdf given by

F(x;b,v,e,\) = |1-— (6.20)
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and
) b—1
: ) )
f(x7 b,U,C, )\) = 2bcv |1- T _— /7 . \U
1-¢ (e‘m )
—(2+1
X (1 _z (e*“) ) G prm e (6.21)
for z > 0, b,v,c, A > 0, and ¢ = 1 — ¢, respectively. The hrf is given as
. b—1
2 () - (34)
h(z;b,v,¢,A) = 2bcv |1— > — (1*5(6_9: ) )
1-c¢ (e z )
v o b -t
A A c eizk) v
X (e_m ))\x)‘_le_x 1 1-— 7 ,
1—-¢ (e—x )
(6.22)

forz >0, v,c,A>0and c=1—c.
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Figure 6.4: Pdf and Hrf Plots of TL-Haris-W Distribution

The plots of the pdf and hrf of the TL-Harris-W distribution are shown in Figure 6.4. The pdf takes var-
ious shapes, including almost symmetric, positive-skewed, negative-skewed, or reverse-J. The hrf graphs

exhibit increasing, decreasing, BT, and UBT shapes.
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TL-Harris -W(c, 1.8,1,2) TL-Harris -W(c, 1.8,1,2)

Figure 6.5: SK and KS Plots of the TL-Harris-W Distribution for Fixed Values of Parameters
b and v

TL - Harris—-W(b, 0.9, 0.8, %) TL - Harris -W(b, 0.9, 0.8, %)

Figure 6.6: SK and KS Plots of the TL-Harris-W distribution for Fixed Values of Parameters b
and ¢

The 3D graphs of SK and KS for the TL-Harris-W distribution are shown in Figures 6.5 and 6.6. We
observed that

¢ When the parameters b and v are fixed, the SK and KS of TL-Harris-W distribution increase as ¢
and X increase.

e When the parameters ¢ and v are fixed, the SK and KS of TL-Harris-W distribution decrease then
increase as b and X increase.

6.3.3 Topp-Leone-Harris-Weibull (TL-Harris-U) Distribution

If we consider the uniform distribution as the parent distribution with the pdf and cdf given by g(x; 3) = %
and G(z;\) = %, respectively, for 5 > 0 and x > 0, we obtain the TL-Harris-U distribution with cdf
given by

29b
F(x;bﬂ)acaﬁ) = ll_ (%) ] 5 (623)

156



Chapter 6. The Topp-Leone-Harris-G Family of Distributions

for x >0, v,c> 0,8 and ¢ =1 — ¢. The corresponding pdf is given by

2 b—1
. _ 2bed c(l—z/8)" \*
f(z;b,v,¢,8) = 3 ll - (1—0(1—1/@”) ]

(1-z(1-2/8)") ") 1 —2/8).

X
(6.24)
The hrf is given as
) s b1
2 C<17%) ) _ 2\ G
h(z;b,v,¢,8) = 2bcv |1 — | ———F— l—-¢(1-~=
1-5(1—%) B
v ER !
o c 1—%
X 1—59(96;5) I—|1- 1 ((1 )x)v :
(11— =
B
(6.25)

forx >0,v,¢,8>0,andc=1-—c.

3.0
1
3.0
1

25
1
25
L

20
!
20
1

density
15
hix)
15

1.0
1.0

— b=0.1,c=1.0,v=0.1,5=4.0
— b=1.3,c=9.0v=6.55=2.1
— b=20,c=24yv=13p=24

05
05

— b=08c=09v=10.p=19

0.0
L
0.0
L

T T T T T T T T
0.0 05 1.0 15 0.0 05 1.0 15

Figure 6.7: Pdf and Hrf Plots of the TL-Haris-U Distribution

The plots of the pdf for the TL-Harris-U distribution for selected parameter values are shown in Figure
6.7. The pdf can be reverse-J shaped, uni-modal, or left-skewed. The hrf of the TL-Harris-U distribution
has increasing, decreasing, BT, UBT, and UBT-BT shapes.
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TL-Harris-U(b,c,1.5,10.0) TL-Harris-U(b,c,1.5,10.0)

Figure 6.8: SK and KS Plots of the TL-Harris-U Distribution for Fixed Values of Parameters v
and S

TL-Harris-U(b,0.8,v,15.0) TL-Harris-U(b,0.8,v,15.0)

Figure 6.9: SK and KS of the TL-Harris-U Distribution for Fixed Values of Parameters ¢ and

The three dimensional graphs of SK and KS for the TL-Harris-U distribution can be found in Figures
6.8 and 6.9. We observed that

e When the parameters v and g are fixed, the SK of TL-Harris-U decrease and increase and KS of
TL-Harris-U distribution decrease and then increase as b and c¢ increase.

e When the parameters ¢ and 3 are fixed, the SK of TL-Harris-U decrease and then increase and KS
of TL-Harris-U distribution increase and then decrease as b and v increase.

6.4 Maximum Likelihood Estimation

Here we use the ML estimation method to find the ML estimates of the parameters of the TL-Harris-G
FoD. Let X; ~ TL — Harris — G(b,v,¢, &) and A = (b, v, ¢, £)T be the vector of unknown the parameters.

The total log-likelihood ¢ = ¢(A) function based on a random sample of size n is given by

(A) = nln(2bc?)+(b—l);ln 1—<1

- (% + 1) iln (1 - (@(Q:;E)))U> + ' In (G(x;€)) + Zhl (9(x:;8)) -
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Elements of score vectors are presented in the Appendix. The FIM I(A), which is a (¢+3) x(g+3)
matrix:

Iy Iy Ipe Ipe
Ivb Ivv Ivc Iv§
ch ]cv Icc Ic§

Iep Iev Tee Ige

The ML estimate A converges in distribution to a multivariate normal distribution Ny+3(0, J(A)™Y),
where 0 denotes the zero mean vector and J(A) is the expected FIM. Therefore, under the usual
regularity conditions and assuming that the parameters are within the interior of the parameter

space (but not on the boundary), we have:

V(A = A) -% N0, 7(A)Y),

where, n represents the sample size. This convergence in distribution allows us to construct
asymptotic CI and confidence regions for the parameters of interest using the multivariate normal
distribution Ny45(0, J(A)™h).

6.5 Simulations

To assess the consistency of ML estimators, a simulation study was carried out. We ran the
simulation N=1000 times with sample size of n=25, 50, 100, 150, 200, 400 and 800. First, we
generated n uniformly distributed random variables, apply the inverse QF to obtain random
variables following the TL-Harris-LLoG distribution, repeated these steps to produce multiple
sets of random samples, solve the non-linear equation, and generate random numbers for the

purpose of simulation studies.

The ABias and RMSE are calculated. Tables 6.1 and 6.2 shows the results of the simulations.
Based on the MCS results, we conclude that the proposed model generates consistent results
when estimating the parameters. This is evidenced by the mean estimates approaching the true
parameter values as the sample size increases, as well as the RMSE and ABias for all parameter

values decreasing as the sample size increases.
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Table 6.1: MCS Results for TL-Harris-LLoG Distribution

(1.0,1.5,0.8,1.0)

(1.0,0.5,1.2,0.9)

Parameter n Mean RMSE ABias | Mean RMSE ABias
b 25  2.9504 4.0683 1.9504 | 4.4619 6.6750 3.4619
50 1.8383 3.3783 0.8383 | 1.8916 5.7008 0.8916

100 1.2534 1.3296 0.2534 | 1.1773 1.1748 0.1773

200 1.0782 0.3919 0.0782 | 1.0386 0.3978 0.0386

400 1.0579 0.2587 0.0579 | 1.0243 0.2339 0.0243

800 1.0304 0.1520 0.0304 | 1.0214 0.1823 0.0214

v 25  2.0248 1.3314 0.5249 | 1.1107 1.0040 0.6107
50  1.7278 0.6729 0.2278 | 0.9607 0.8091 0.4607

100 1.6197 0.3538 0.1197 | 0.8334 0.6037 0.3334

200 1.5804 0.2531 0.0804 | 0.7845 0.5041 0.2845

400 1.5475 0.1621 0.0475 | 0.6090 0.4625 0.1090

800 1.5389 0.1211 0.0389 | 0.5617 0.3010 0.0617

c 25  1.5987 3.8333 0.7957 | 4.9684 6.0506 3.7684
50  1.0956 1.6216 0.2956 | 3.1628 5.6715 1.9628

100 0.8545 0.3977 0.0544 | 1.6921 2.7889 0.4821

200 0.8433 0.2648 0.0433 | 1.4033 0.7547 0.2033

400 0.8061 0.1476 0.0061 | 1.2741 0.3180 0.0741

800 0.8001 0.1053 0.0001 | 1.2349 0.2142 0.0349

A 25 1.3373 0.8438 0.3373 | 1.3769 1.0940 0.4769
50 1.1319 0.4132 0.1319 | 1.1129 0.6550 0.2129

100 1.0636 0.2110 0.0636 | 0.9970 0.4041 0.0970

200 1.0447 0.1526 0.0447 | 0.9549 0.2586 0.0549

400 1.0242 0.1006 0.0242 | 0.9099 0.1263 0.0099

800 1.0158 0.0578 0.0158 | 0.9018 0.0971 0.0018
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Table 6.2: MCS Results for TL-Harris-LLoG Distribution

(1.0,0.5,1.2,1.0) (0.9,1.0,1.2,1.0)

Parameter n Mean RMSE ABias | Mean RMSE ABias
b 25  2.6246 6.1500 1.6246 | 5.3221 7.8135 4.8221
50 1.8014 5.2523 0.8014 | 1.5760 3.7731 0.6761

100 1.1741 1.3555 0.1741 | 1.0572 0.9610 0.1572

200 1.0263 0.3863 0.0263 | 0.9474 0.3830 0.0471

400 1.0224 0.2400 0.0224 | 0.9231 0.1967 0.0231

800 1.0146 0.1869 0.0146 | 0.9095 0.1383 0.0095

v 25 1.1388 1.0520 0.6389 | 3.7732 4.1272 2.7732
50 0.9711 0.7761 0.4711 | 1.9400 2.3545 0.9400

100 0.8591 0.6267 0.3591 | 1.6436 2.1951 0.6437

200 0.7875 0.5646 0.2875 | 1.3308 2.1194 0.3308

400 0.6131 0.5104 0.1131 | 1.1710 1.9333 0.1710

800 0.5427 0.4786 0.0427 | 1.0468 1.5977 0.0468

c 25  4.9616 5.1515 3.7617 | 4.5943 5.6578 3.3943
50  2.2359 4.0371 1.0359 | 2.9915 4.5990 1.7915

100 1.6848 2.7113 0.4848 | 1.6709 2.0438 0.4709

200 1.4234 0.8171 0.2234 | 1.4869 1.3106 0.2839

400 1.2874 0.4003 0.0874 | 1.3134 0.4687 0.1134

800 1.2440 0.2275 0.0440 | 1.2744 0.3202 0.0744

A 25  1.5294 1.2248 0.5294 | 1.4606 1.1456 0.4606
50 1.1936 0.6037 0.1936 | 1.1299 0.4971 0.1299

100 1.1123 0.4509 0.1123 | 1.0680 0.3108 0.0680

200 1.0663 0.2928 0.0663 | 1.0319 0.1908 0.0319

400 1.0131 0.1554 0.0131 | 1.0040 0.1070 0.0040

800 1.0068 0.1130 0.0068 | 1.0007 0.0856 0.0007

6.6 Applications

The flexibility and applicability of the proposed model are demonstrated in this section. The
TL-Harris-LLoG distribution is compared to the nested and non-nested distributions using two
real-world data examples. The mle() function in the stats4 package is used to fit model via
the ML estimation method by maximizing the log-likelihood. The AdequacyModel package

is used to assess performance of the model.

The following GoF statistics are taken into account: —21In(L), AIC, BIC and CAIC, CVM and
AD, are used to determine which distribution fits the data better. Chen and Balakrishnan [20]
discussed these GoF statistics measures. The K-S GoF statistic, its associated PV, and SS
(Chambers et al. [24]) are also utilized. The model with the smallest GoF statistics value and
the highest PV for the K-S statistic is considered the best fitting model.

The LRT statistic is used to assess the GoF of the TL-Harris-LLoG distribution against its sub-
models when analyzing empirical data. For example, when examining a parameter such as b = 1,
the LRT statistic is A = 2[In(L(b, 9, ¢, A)) —In(L(1,9, ¢ A))]. If the computed A value exceeds the
critical value derived from the y? distribution, representing the upper 100a% percentile with 1

degree of freedom, the LRT test rejects the null hypothesis.

The TTT scaled plots has been found to be useful in studying the ageing properties of the
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underlying distribution as well as in solving geometrically some stochastic maintenance problems.
According to Aarset [1], the hrf increases (decreases) when the curve is concave (convex); when
it is convex and then concave (concave and then convex), the hrf has a bathtub (inverse bathtub)

shape.

Tables 6.3, 6.4, 6.6 and 6.7 presents the results of data analysis, parameter estimates (SE in
parentheses), and GoF statistics for the various models taken into account in this paper. In
data fitting, we also show fitted densities plots and PPs to compare the flexibility of the TL-
Harris-LLoG distribution to competing models. The TL-Harris-LLoG distribution is compared
to the following models: the TIIGIE-BIII distribution (Jamal et al. [56]) is given in Equation
(3.28), the TL-MO-W distribution (Ahmed et al. [4]) is given in Equation (4.19), the MO-KA
distribution (Javed et al. [59]) is given in Equation (5.32) and the TL-GW distribution (Aryal
et al. [17]) is given in Equation (4.20).

6.6.1 Survival Years of Chemotherapy Patients Data

The data set contains survival times for 46 patients who received chemotherapy alone, it was
applied by Moakofi et al. [77]. The data is right skewed, with outliers.

The estimated Var-Cov matrix is

2.8408x10710  1.4919x10797  1.1278x107 %9  —2.3365x10~96
1.4919x10797  7.8350x10~%°  5.9223x10797 —1.2270x10~93
1.1278x107%0  5.9223x10797  1.7041x107% —9.2749x107% |,

—2.3365x107%  —1.2270x1079  —9.2749x107%  1.9217x10~%2

and the approximate 95% CI for b, v, c and \ are given by 66.8040+0.0003, 4.7268+0.0173, 0.0003+
0.0002 and 1.0941 +0.2717, respectively. Table 6.3 gives estimates of parameter and their SE in

parenthesis.
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Table 6.3: Estimates for Survival Years of Chemotherapy Patients Data

Estimates
Model b v c A
TL — Harris — LLoG(b,v, ¢, \) 66.8040 4.7268 3.2286 x 10794 1.0941
(1.6855 x 1079%)  (8.8516 x 10793)  (1.3054 x 1079%) (0.1386)
TL — Harris — LLoG(1,v, ¢, \) - 879.0919 1.0001 1.2517
- (0.0035) (3.1256) (0.1449)
TL — Harris — LLoG(b,v,1,\) 2.6984 0.0089 - 0.5000
(0.4209)  (7.3956 x 10711) - (0.0674)
TL — Harris — LLoG(b,1,1, ) 1.7845 - - 0.6828
(0.2801) - - (0.6828)
TL-GW @ 0 A B
0.0033 36.4550 0.2704 5.4045
(5.1366 x 107%%)  (8.9533 x 1079%) (0.0212)  (1.9046 x 107%%)
TL-MO-W b 5 ~ A
1.3838 5.1480 x 1096 0.0751 15.0720
(1.0893) (1.6106 x 107°7) (0.0288) (0.8979)
MO-KA @ 0 5 Jé;
58.6260 0.0036 801.9500 0.0522
(8.5743 x 1079%)  (6.9932 x 107%%)  (6.6699 x 10~96) (0.0382)
TIIGIE-BIII A 0 c k
7.8140 1.0893 1.4206 0.1206
(15.3760) (0.6432) (0.8140) (0.1898)

Table 6.4 shows that the TL-Harris-LLoG distribution performs better than the non-nested
models, since it has the smallest GoF statistics and the highest PV for the K-S statistic.

Table 6.4: Estimates and GoF Statistics for Survival Years of Chemotherapy Patients Data

Statistics
Model —2log(L) AIC CAICC BIC CVM AD SS K-8 PV
TL - Harris — LLoG(b,v,c,A)  117.7688 125.7688 126.7688 132.9954 0.0628  0.4474 0.0649 0.0856 0.8687
TL - Harris - LLoG(1,v,¢,))  130.3369 136.3369 136.9223 141.7569 1.0967 6.5998 1.6989 0.4222 8.6370 x 10~
TL - Harris — LLoG(b,v,1,))  139.8179 145.8179 146.4032 151.2379  0.0658  0.4773 0.5920 0.2709 0.0021
TL - Harris— LLoG(b,1,1,)) 1289924 132.9924 133.2781 136.6057 0.0664  0.4765 0.2387 0.1386 0.3228
TL-GW  118.0426 126.0426 127.0426 133.2693 0.1746  1.1279 0.2481 0.1535 0.2158
TL-MO-W 1182446 126.2446 127.2446 1334713  0.0741  0.5059 0.0699 0.0936 0.7900
MO-KA  129.0426 137.0427 138.0427 144.2693 0.1737 1.1164 0.1080 0.1126 0.5793
TIGIE-BIIT  119.8395 127.8305 128.8305 135.0661 15.8083 90.2799 0.0746 0.9912 2.2000 x 10716
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Figure 6.10 shows plots of the estimated pdf and cdf to support the results in Table 6.4, and it
is clear that the TL-Harris-LLoG distribution can be chosen as the best model among the fitted

models in this section.
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Figure 6.10: Pdf and ECDF Plots for Survival Years of Chemotherapy Patients Data

Table 6.5 gives the LRT results for survival years of chemotherapy patients data.

Table 6.5: LRT Results For Survival Years of Chemotherapy Patients Data

Survival Years of Chemotherapy Patients Data

Model df *(p — value)
TL - Harris — LLoG(1,v,¢,\) 1 12.5681 (0.00392)
TL - Harris — LLoG(b,v,1, ) 1 22.0491 (< 0.00001)
TL - Harris — LLoG(b,1,1,)) 2 11.2236 (0.003656)

There are significant differences between the nested models and the TL-Harris-LLoG distribu-
tion, according to the LRT results in Table 6.5. As a result, we conclude that the TL-Harris-
LLoG model outperforms its nested models on the survival years of chemotheraphy patients

dataset.

Figure 6.11 depicts the PPs and TTT scaled plot. Figure 6.11 depicts the TTT scaled plot for
the data, which suggests an UBT hrf shape. As a result, the TL-Harris-LLoG distribution may

be an adequate model for the data.
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Figure 6.11: PPs and TTT Scaled Plot for Survival Years of Chemotheraphy Patients Data

The K-M survival and hrf plots for the proposed model are displayed in Figure 6.12.
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Figure 6.12: K-M Survival and Hrf Plots for Survival Years of Chemotheraphy Patients Data

In Figure 6.13 we demonstrate the plots of the profile log-likelihood function of the ML estimates
of b, v, ¢, and A.
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Figure 6.13: Plots of the Profile Log-Likelihood Function of the Parameters of the TL-Harris-
LLoG Distribution on Survival Years of Chemotherapy Patients Data

From Figure 6.13, we observe that the ML estimates for TL-Harris-LLoG distribution are

achieved uniquely.

6.6.2 Airborne Communication Transceivers Data

The second set of data was presented in by Klakattawi [63]. The data consist of 40 observations
of active repair times for airborne communication transceivers. The time interval is expressed
in hours. The data points are: 0.50, 0.60, 0.60, 0.70, 0.70, 0.70, 0.80, 0.80, 1.00, 1.00, 1.00, 1.00,
1.10, 1.30, 1.50, 1.50, 1.50, 1.50, 2.00, 2.00, 2.20, 2.50, 2.70, 3.00, 3.00, 3.30, 4.00, 4.00, 4.50,
4.70, 5.00, 5.40, 5.40, 7.00, 7.50, 8.80, 9.00, 10.20, 22.00, 24.50. The data is right-skewed with

few outliers.
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Active Repair Times for Aitborne Communications Tranceivers
Active Repair Times for Aitborne Communications Tranceivers

Figure 6.14: Boxplot and Violin Plots of Airborne Communication Tranceivers Data

The estimated Var-Cov matrix is

0.0024  0.0006  0.0004 —0.0312
0.0006  0.0024  0.0019 —0.1263
, (6.26)
0.0004  0.0019  0.0016 —0.1095
—0.0312 —0.1263 —0.1095 7.2668
and the approximate 95% CI for b, v, ¢ and A are given by 0.3029+0.0971,0.1198+0.0968, 191.9118+
0.0796 and 9.9232+5.2835, respectively. The parameter estimates of the models for the airborne

communication transceivers data are given in Table 6.6.

Table 6.6: Estimates for Airborne Communication Transceivers Data

Estimates
Model b v c A
TL — Harris — LLoG(b,v,c, \) 0.3029 0.1198 191.9118 9.9232
(0.0495) (0.0494) (0.0406) (2.6957)
TL — Harris — LLoG(1,v,¢, \) - 879.0900 1.0001 0.7949
- (0.0037)  (3.3153) (0.1046)
TL — Harris — LLoG(b,v,1, ) 5.8179 0.0088 - 1.0000
(0.9221) (290.9100) - (0.1158)
TL — Harris — LLoG(b,1,1, ) 2.6118 - - 0.5277
(0.4153) - - (0.0717)
TL-GW « 0 A B
0.4743 13.7643 2.1959 0.3900
(3.3412) (95.3489) (3.5840) (0.1019)
TL-MO-W b feY A B
15.5130 7.2177 x 10°7 0.0380  18.8880
(12.7570) (2.2583 x 10799)  (0.0063) (0.5791)
MO-KA o 0 9 B
0.6971 2.4297 279.2439 0.0801
(2.2332) (7.7829) (0.0364) (0.0363)
TIIGIE-BIII A 0 c k
77.2007 18.1216 0.2011  2.37451
(0.0266) (21.0971) (0.1071) (0.5076)
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Table 6.7 demonstrates that the TL-Harris-LLoG distribution outperforms the non-nested mod-
els considered since it has the lowest GoF statistics and the highest PV for the K-S statistic.

Table 6.7: GoF Statistics for Active Repair Times for Airborne Communication Transceivers
Data

Statistics
Model  -2log(L) AIC  AICC  BIC W A 8§ K-§ Py
TL- Harris - LLoG(b,v,c,\) 1775611 185.5611 186.7039 1923166 0.0345 0.2757 0.0328 0.0734 0.9822

TL - Harris— LLoG(1,v,c,\) 2534207 2304207 260.0963 2644963 13758 78573 76082 06500 42190 x 1075

TL- Harris— LLoG(b,v,1,)) 1821691 1881601 188.8358 193.2358 0.0682 04447 0.1698 0.1386 0.4259
TL- Harris - LLoG(b,1,1,)) 2008566 213.8566 214.1809 217.2344 0.0660 04558 1.2265 0.3381 0.0002
TL-GW 1844911 1924911 193.6340 199.2466  0.0902 0.6519 0.1014 0.1388 0.4241

TL-MO-W  179.7750 187.7750 188.9179 1949179  0.0631 04123 0.0607 0.0946 0.8665

MO-KA 1835081 1915981 192.7410 198.3536  0.0861 0.5724 0.0903 0.1116 0.7015

TIGIE-BII  179.3263 1872638 188.4067 1940193 14.1785 804512 0.0665 0.9806 2.2000 x 10719

The estimated pdf and cdf are shown in Figure 6.15. Among the fitted models compared, the
TL-Harris-LLoG distribution is demonstrated to be the best model.

Table 6.8: LRT Results For Active Repair Times for Airborne Communication Transceivers
Data

Model df Y2(PV)
TL-Harris-LLoG(1,v,¢c,A) 1 75.8686 (< 0.00001)
TL-Harris-LLoG(b,v,1,\) 1 4.6080 (0.031823)
TL-Harris-LLoG(b,1,1,\) 2 11.2236 (< 0.00001)

According to the LRT results in Table 6.8, there are significant differences between nested models
and the TL-Harris-LLoG distribution. As a result, we conclude that the TL-Harris-LLoG model
outperforms its nested models on the active repair for airborne communication transceivers

dataset.
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Figure 6.15: Estimated Densities and Estimated Cdf Plots for Airborne Communication Tran-
ceivers Data

The PPs and TTT scaled plots are shown in Figure 6.16. The TTT scaled plot shows the hrf
with an UBT shape. As a result, the TL-Harris-LLoG distribution is a good fit for the airborne

communication transceivers data.
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Figure 6.16: PPs and TTT Scaled Plot for Airborne Communication Transceivers Data

The K-M survival and hrf plots for the proposed model are displayed in Figure 6.17.
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Figure 6.17: K-M Survival and Hrf Plots for Airborne Communication Tranceivers Data

We show the plots of the profile log-likelihood function of the ML estimates of the TL-Harris-
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LLoG distribution in Figure 6.18.
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Figure 6.18: Plots of the profile Log-Likelihood Function of the Parameters of the TL-Harris-
LLoG Distribution on Airborne Communication Tranceivers Data

According to Figure 6.18, the ML estimates for the TL-Harris-LLoG distribution can be obtained

uniquely.

6.7 Conclusions

The TL-Harris-G FoD is proposed and studied. The probability density function of the new
distribution can be expressed as an infinite linear combination of the Exp-G distributions. The
statistical properties such as: moments, MGF, distribution of order statistics, RE, and PWMs
were derived. The method of ML estimation was used to estimate the model parameters. The
ABias and RMSE of the ML estimators of the model parameters were evaluated using MCS
experiments. Furthermore, we showed that the parameters of TL-Harris-G FoD can be uniquely
determined from the data. To illustrate the practical utility of the TL-Harris-G distribution,
we fitted its special case, the TL-Harris-LLLoG distribution, to real-world datasets. The TL-
Harris-G FoD is a versatile and can be useful to model patient outcomes over time. It can
accurately capture various hrf shapes, including monotonic and non-monotonic patterns, as well
as different pdf shapes. This flexibility allows the TL-Harris-G distribution to represent the

failure of chemotherapy treatment of patient outcomes, from initial to long-term treatment.
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7. Conclusions and Areas of Further

Research

7.1 Conclusions

In this thesis, we introduced and presented five (5) new generalized classes and families of
distributions namely, the LLoGMWPS CoD, TII-TL-EHL-GPS CoD, MO-EHL-TII-TL-G FoD,
Harris-OBX-G FoD, and TL-Harris-G FoD. These new classes and families of distributions can
be expressed as linear combination of the Exp-G distribution, which allows for computations
of some statistical properties. We derived the mathematical and statistical characteristics of
these new classes and families of distributions, including moments and MGF, distribution of
order statistics, PWMs, and RE. We also, used the ML estimation method to estimate the
model parameters. Simulation experiments were used to illustrate the consistency of the ML
estimates. The suitability and applicability of these new classes and families of distributions for
some of the selected special cases are demonstrated by their successful fits to various real-world
datasets, surpassing the performance of both nested and non-nested models applied to the same

datasets.

7.2 Areas of Further Research

e Develop bivariate and multivariate generalisations of these new families and classes of

distributions.

e Consider different methods of parameter estimation including weighted least squares, max-

imum product of spacing, percentile and Bayesian estimation.

e Extend the proposed distributions for potential applications to rare events or extreme

value data sets via the use of heavy-tailed techniques.

e Apply the new distributions to censored data, including type-I and type-II progressive
hybrid censored data as well as carrying out inference for the parameters of the new

families of distributions based on the above mentioned types of data.

e Study characterizations of proposed distributions based on (i) truncated moments; (ii)
hazard rate functions; (iii) the reverse hazard functions and (iv) conditional expectation

of a function of the corresponding random variable.
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A. Chapter 2 Appendix

A.1 Log-Logistic Modified Weibull Power Series (LLoOGMWPS)

Class of Distributions

https://drive.google.com/file/d/1TLGwfa6Y5WdbLu7fPXkXh0dmrzCedx8s/view?usp=sharing

172


https://drive.google.com/file/d/1TLGwfa6Y5WdbLu7fPXkXhOdmrzCedx8s/view?usp=sharing

B. Chapter 3 Appendix

B.1 The Type II Topp-Leone Exponentiated Half Logistic-G

Power Series Class of Distributions

https://drive.google.com/file/d/18coDSic3H301SkdbqTzmX7 JnVgNYri_Y/view?usp=sharing
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C. Chapter 4 Appendix

C.1 Harris odd Burr-X-G Family of Distributions

https://drive.google.com/file/d/1XpnB156iligWKuxBFnbm83ZTVHeP4qWP/view?usp=sharing
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D. Chapter 5 Appendix

D.1 Marshall-Olkin-Exponentiated Half Logistic-Type II Topp-

Leone-G Family of Distributions

https://drive.google.com/file/d/1ZbevWBbW54anK7v1¥Xo012uljlxbrfer/view?usp=sharing
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E. Chapter 6 Appendix

E.1 Topp-Leone Harris-G Family of Distributions

https://drive.google.com/file/d/1FminXW08f6_9f0MZ953Lu-qp-KmyeWME/view?usp=sharing
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