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Abstract

This thesis investigates the dynamics of blood nanofluid and hybrid nanofluid flow over a ver-
tical plate using fractional calculus, with radiation and vibration conditions. Two models are
presented for the simulations, using two different fractional definitions. In the first model the
Prabhakar fractional derivative is applied with blood as the base fluid and Single-wall carbon
nanotube (SWCNT) and Multi-wall carbon nanotubes (MWCNT) as the nanoparticles to form
the nanofluids. The second model applies the Atangana-Baleanu fractional derivative, with Cop-
per (Cu) and Aluminium Oxide (Al2O3) nanoparticles being used to form the hybrid nanofluid.
The governing equations for the blood nanofluid and hybrid nanofluid are derived and solved us-
ing the Laplace transform technique. Numerical computation of the inverse Laplace transform
was performed using the Tzou’s and Zakian’s algorithms. The effects of various parameters,
such as the fractional orders, and nanoparticle volume fraction, on the velocity and temperature
profiles are analyzed. The results show that the Prabhakar and Atangana-Baleanu fractional
derivatives can effectively model the behavior of the blood nanofluid and hybrid nanofluid, and
that the nanoparticle volume fraction has a significant impact on the fluid dynamics. Further-
more, the research investigates and discusses the effects of additional fluid parameters such as
the Prandtl number, Grashof number, Nusselt number, and Skin friction. The effects of applied
radiation and vibration is also analysed and discussed. The study concludes that the use of
fractional derivatives provides a valuable tool for analyzing complex fluid dynamics problems

and can be applied to a wide range of practical applications in engineering and medicine.
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1. Introduction

A fluid is a substance that continually deforms (flows) when acted upon by shear stress. Fluid
motion can manifest in different forms, including uniform or non-uniform flow, compressible or
incompressible behavior, viscous or inviscid nature, rotational or irrotational motion, and steady
or unsteady patterns. The behavior of fluids is determined by a fundamental set of essential
physical conservation laws. These laws are the basis of the governing equations in fluid mechan-

ics.

The demand for enhancing the thermal properties of heat transfer fluids has witnessed a sub-
stantial increase in the past century [1]. As a result, this has been a very active subject studied
by scientists and engineers. One of the most successful ways that this has been achieved is
through the use of heat transfer fluids called nanofluids (NFs) and hybrid nanofluids (HNF's).

This chapter highlights fundamental fluid conservation laws and properties, NFs and HNFs,
and gives a brief introduction to fractional order calculus. Subsequently, the aims of this re-

search will be examined.

1.1 Viscosity

Viscosity, denoted as u, quantifies the degree of resistance a fluid exhibits against deformation

due to shear or tensile stress.

1.2 Newtonian and non-Newtonian fluids

The behavior of a Newtonian fluid is characterized by the direct proportionality between the
viscous stress and the rate of deformation in the flow. This property is also known as Newton’s

Law of Viscosity. Mathematically, this is denoted:

TZM@a (1.1)

where 7 represents the viscous shear stress, p denotes the viscosity, and g—; signifies the shear
rate. If a fluid does not obey this property, then it is called a non-Newtonian fluid. In other
words, non-Newtonian fluids are fluids where the velocity gradient and shear stress are not
linearly proportional. This implies that the connection between shear stress and shear rate can

exhibit variability depending on the fluid being analyzed. In mathematical terms, it can be
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formulated as:

Figure (1.1) shows the behaviour of Newtonian fluids and various types of non-Newtonian fluids,
with respect to shear stress and shear rate. It is important to note that blood exhibits shear-

thinning flow (pseudoplastic properties).

Shear stress (T) [Pa]

Shear rate (y) [s?]

Figure 1.1: Shear stress/rate profile of Newtonian and non-Newtonian fluids [2]

1.3 Kinematic Viscosity

The quantity known as kinematic viscosity, symbolized by v, is obtained by dividing the dynamic

viscosity by the mass density. That is,

1.4 Conservation of Mass

The principle of mass conservation, also referred to as continuity, posits that in a closed sys-
tem, the total mass remains constant and cannot be created or destroyed. In fluid mechanics,
this means that the rate at which mass enters and leaves the system are equal. This can be

represented mathematically as the continuity equation in this manner:

ap B
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where the vector V' = (u,v,w) represents the velocity at time ¢. For a steady, incompressible

flow, density (p) is constant. Hence % = 0. Therefore:

V(pV) =0, (1.4)
which further simplifies to:
ou Ov Jw
du  ov ow_, 1.5
or + oy + 0z (1.5)
For a two-dimensional flow:
ou Ov
— 4+ —=0. 1.6
Ox + oy (1.6)

1.5 Conservation of Momentum

The total momentum within a closed system remains constant according to the law of conser-

vation of momentum. The general form for the momentum equation is given as:
v
P = pg — Vp+ V. (1.7)

The above equation can be represented in the form of Navier-Stokes equations. Figure 1.2 below

shows the shear stresses in a cube control volume using the Cartesian coordinate system.

X

Figure 1.2: Notation for stresses [3]
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The Navier-Stokes equations in the Cartesian coordinate system are given separately for the z,
y, and z directions as:

ou ou ou ou Op OTpw  OTyz . OTag
u P 1
(aﬁ Yar Ve T 8t> Pre T Be <8x+8y+82>’ (1.8)
v Ov v v dp OTyy = OTwy  OTzy
ov v [ 1
p<6t+ Yot TVar T 6t> PRyt 5, <8x+8y+6z ! (1.9)
ow ow ow ow\ Op 0T., 0Tz | 07y
<6t+ Yot TV 8t+w8t>_pFZ+8z_<8x+8y+8z>’ (1.10)

where F; is the body force (which includes gravitational force g), and 7;; are the shear stresses.

For incompressible flow, the above equations simplify to:

ou ou ou ou\ Op Pu  0%u  O%u
p( —i—u—i—v—i—w)—pr—i-m <8x2+8 +822>’ (1.11)

ov ov ov ov Op v 9% 0%
<8t+ aﬁ- 81& +w 8t> pF +8 (6:L’2+(9y2+622> (1.12)
ow ow ow ow\ Op Pw  Pw  Ow
(at+”at+”at+wat>—sz+ax‘“<ax2+ay2+az2)' (1.13)

1.6 Conservation of Energy

The conservation law of energy ensures that the total energy in a closed system remains un-

changed. For this instance, we consider temperature (7') as the form of energy. So:

or

T VAT + G+ ¢y (1.14)

where ¢ is the rate of internal heat generation and ¢, is the viscous dissipation rate.

In the Cartesian coordinate system, this equation is:

(8T> oT oT 8T k<82T o’T

o) T Ty Tz 022 a2>+q+¢ (1.15)

where ¢, is given by
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bp =2 ouy" @2+ Qw1 (Du ouyT
R R Yy 0z 2\ 0z Oy
ou u)’
0z Ox ’

(1.16)

N[

1.7 Nanofluids

A nanofluid (NF) is a heat transfer fluid consisting of a base fluid (e.g., Propylene carbonate, oil,
water, or ethylene glycol) and nanoparticles of size 10~%m. The nanoparticles typically consist
of metal nitrides such as Aluminium Nitride (AIN) and Titanium Nitride (TiV), as well as oxide
ceramics such as Zinc-Oxide (Zn0O), Aluminium-Oxide (Al303), and Copper-Oxide (CuO), just

to mention a few.

NFs have unique thermal, optical, and mechanical properties due to the presence of these
nanoparticles. The primary characteristics of NFs are their improved thermal properties. Table

1.1. shows the thermophysical properties of NFs.

Table 1.1: Thermophysical properties of NFs

’ Quantity Relation
Dynamic Viscosity g = pp(l—@)=25
Thermal Expansion (pB)ng = (1 = &) (pBr) s + ¢(PBT)s
Heat Capacitance (PCp)nf = (1 = )(pCp) s + d(pCh)s
Thermal Conductivity knp = ks Ezzzig:;:zgi;zg
Electrical Conductivity Ug"ff =1+ {3 (g—; — 1) qﬁ} {(g—; + 1) — (Z—; — 1) qb}_l

1.8 Hybrid Nanofluids

Hybrid nanofluids (HNFs) are heat transfer fluids that contain suspended nanoparticles of two
or more different materials. In comparison to conventional nanofluids, HNFs are distinguished
by their capacity to exhibit improved thermal conductivity, viscosity, and stability. The ther-

mophysical properties of HNFs with two nanoparticles are shown in Table 1.2.

1.9 Prandtl Number

The Prandtl number quantifies the relationship between the diffusion of momentum and the

diffusion of heat in a fluid, expressed as a dimensionless quantity. It is typically denoted Pr. It
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Table 1.2: Thermophysical properties of HNFs

’ Quantity Relation
Dynamic Viscosity P = pr(l— $1)720(1 — ¢p) 20
Thermal Expansion (0Bp)hng = (1 — 2)[(1 — 01)pBp)  + 01(pBp)n1) + d2(pBp)n2
Heat Capacitance (PCp)ng = (1 = ¢2)[(1 — $1)pCp) s + ¢1(pCp)n1] + ¢2(pCp)n2
Thermal Conductivity k’,;;f = knzljn ﬁf;’f‘;ﬁ,;ﬁ;ﬁf:;fﬁﬁ;’;”?)
FElectrical Conductivity Jg—;f =1+ $1017 03 02iﬁfﬁ;iﬁiﬁ;ﬁfiﬁ;ﬁiﬁw(¢1+¢2)) , Q= ¢1+ P2
is represented mathematically as:
Pr= g = i _ 0G), (1.17)

1.10 Grashof Number

The Grashof number, denoted Gr, is a dimensionless number that describes the relationship

between buoyancy and viscosity in a fluid flow system. It is formulated as:

_ 9lpBi)y(Tw ~ T
v3 '

Gr (1.18)

1.11 Nusselt Number

In heat transfer analysis, the Nusselt number is a dimensionless quantity that characterizes the
ratio of convective to conductive heat transfer across a fluid boundary. Mathematically denoted

as Nu, it is represented as:
LG

Nug = ———F—.
ke(Tw — Two)

(1.19)

1.12 Skin friction coefficient

The skin friction coefficient is a dimensionless parameter that quantifies the reduction of fluid
motion due to the presence of friction, typically denoted by C'y. It is represented mathematically

as:

Tw

Cp=—2_.
T 002

(1.20)
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1.13 Radiation

Radiation takes place through the emission of photons or waves from a surface or a volume
of space, and it can occur even in a vacuum, and at any temperature above absolute zero.
The Stefan-Boltzmann law is utilized for the computation of the quantity of energy that is

transmitted via radiation. Mathematically, it is represented as:

g=o"-T" (1.21)

1.14 Casson Fluid

According to the definition proposed by Casson in his research on flow properties, the Casson
fluid is a type of shear thinning liquid that demonstrates an infinitely high viscosity at zero shear
rate [4]. Although the Casson fluid model has its origins as modelling the flow of paints, gels, and
creams, it acts as an ideal model for various engineering disciplines and biological applications.
For example, biomedical engineering the Casson fluid model has been used for modelling the
flow of blood in narrow arteries. The Casson fluid has been studied extensively in different heat
conditions, surface conditions and various boundary conditions. An ideal model for a particular
situation is normally developed from the use of suitable initial conditions to solve the governing

equations.

Casson fluid shear stress can be described using the equation:

2 (,U,B + ﬁ) €ijs if m< 7,
Tij = (122)

2 (,uB + f—;—ﬂ) eij, ifm>m,

where p,, up, m. denote the yield stress, plastic dynamic viscosity, and product of up and p,

respectively, and ™ = e;;je;;.

1.15 Fractional Order Derivatives

Fractional calculus is a mathematical discipline that generalizes the concepts of differentiation
and integration to non-integer orders. Numerous disciplines use fractional calculus, including

physics, engineering, finance, biology, control systems, and many more.

There are different definitions of fractional derivatives, each with its own mathematical for-
mulation and properties. Some of the commonly used definitions of fractional derivatives are

discussed below.



Chapter 1. Introduction

1.15.1 Caputo fractional derivative

This definition was proposed by Michele Caputo in 1967 [5]. Mathematically, it is represented

as follows:

C nao _ 1 ! f(n)(T) /7_ -
D f(r) = F(an)/a el ()i (1.23)

1.15.2 Caputo - Fabrizio fractional derivative
This method was developed in 2015 by Michele Caputo and Mauro Fabrizio[6]. It is defined:

—a(t—T)

1 t
CF pa
D
S f(7) Oe:cp< T—a

:1—a

> f'(r)dr. (1.24)

1.15.3 Atangana - Baleanu fractional derivative (ABFD)

This method was suggested by Abdon Atangana and Dumitru Baleanu in 2016[7]:

AEDYf(r) = lia/o Eq (W) f(r)dr, (1.25)
where
> _ p\ak
Eo(—1%) = kzzo F((alfll) (1.26)

is the Mittag-Leffer function.

1.15.4 Prabhakar fractional derivative (PBFD)

This method finds its roots in the work of Tilak Raj Prabhakar, an Indian mathematician [8]. By
making use of the Mittag-Leffer function with three parameters, known as the Prabhakar func-

tion, the implementation of fractional calculus is achieved. The PBFD can be mathematically
defined as:

PB —
D29 = Eq . pa9(t)
— k
= ea};,—ﬂ(a; t) * g (t)

t
= [t=n B ale = 1))t ()
0 vy k)
The notation g* signifies the k' derivative of g(t) € AC¥(0,b), where AC*(0,b) represents a

real-valued function with continuous derivatives of order (k — 1) within the interval (0,b). The

Prabhakar integral is identified as:
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t
E;’Z,ag(t) = /0 (t— T)k_ﬂ_lE;zﬁﬂ’a(a(t — T)a)gk(T)dT,

and
iy = D(y+p)e?
Fobl®) = 2 Gt ap B

represents the three-parameter Mittag-Leffer function.

Fractional order derivatives have been successfully applied in many fields including physics,
electrochemistry,bio-engineering, signal processing, fluid mechanics and microbiology [9]. Frac-
tional differential equations are differential equations which involve fractional derivatives. These
differential equations can typically be solved using the Laplace transform method. The proce-
dure is in this manner: Derive the governing equations and corresponding IC and BC for the
problem, find the Laplace transformation of the equations, solve for the unknown function’s
transform, and finally find the inverse Laplace transform (analytically or numerically) to get the

required result. This is the method that we will employ in this thesis.

1.16 Objectives

The present study seeks to use two different definitions of fractional derivatives to study the

dynamics of Casson NF and HNF. The primary goals of this thesis are outlined as follows.

e To derive and solve the governing equations for the blood NF (with MWCNTs and SWC-
NTs) and blood HNF (Copper and Aluminium Oxide) flowing over a vertical plate with
applied thermal radiation, vibration condition, and oscillating plate using the Casson fluid

model.
e To use the PBFD and ABFD, respectively, to study the dynamics of the problems.

e To evaluate the effectiveness of these fractional order derivatives in modeling the behavior
of blood NF and HNF.

e To investigate how the velocity and temperature distributions of NFs and HNF's are in-
fluenced by various parameters, such as fractional orders, nanoparticle volume fraction,
Prandt]l number, Grashof number, Nusselt number, Skin friction, applied radiation and

vibration.

1.17 Thesis Outline

e Chapter 1 provides an introduction to fluid flow and the fundamental principles of conser-
vation laws, along with a concise overview of NFs and HNFs. The Casson fluid model and

key dimensionless fluid dynamics parameters are discussed, as well as the thesis objectives.
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e Chapter 2 presents a literature review summarizing the topics of NFs, effects of vibration
on the body, oscillating flow, nanoparticles, nanoparticle shape effects, and fractional order

calculus and its applications in fluid dynamics.

e Chapter 3 seeks to apply the PBFD to study the flow of SWCNT /Casson and MWCNT/-

Casson NFs flowing over a vertical plate with radiation and vibration condition.

e The investigation in Chapter 4 involves the implementation of the Atangana-Baleanu frac-
tional definition to analyze the flow properties of a Cu — AlsO3/Casson HNF subjected
to an oscillating surface with thermal radiation, with special consideration given to the

effects of nanoparticle shape.

e Finally, Chapter 5 outlines the conclusions drawn from the present research and discusses

future directions.

10



2. Literature Review

Nanotechnology is the science and discipline of the creation and use of nanometer sized particles
called nanoparticles. In recent years, research in nanotechnology has exploded as a result of the
vast range of its applications. Nanotechnology has improved our quality of life in many different
aspects. For instance nanotechnology has been applied successfully in manufacturing, biology,
industry and electronics. It has also been used in medicine and medical procedures in making

them safer, cheaper and easier to administer [10].

Nanofluids (NFs) are a key component of nanotechnology. NFs are a class of fluids that contain
suspended nanometer-sized (10~%m) particles, such as metal or oxide nanoparticles[11]. They
are obtained by dispersing nanoparticles in a typical base fluid such as Ethylene glycol, Propy-
lene carbonate, different types of oils, and water, to form a stable suspension. The pioneering
work of Choi et al. [12] introduced the term “nanofluid” and provided an initial understanding
of its properties. Nanoparticles are typically metals such as Copper (Cu), Silver (Ag), oxide
ceramics such as Aluminium Oxide (Al2Os3), Titanium Oxide (7%0), and nitride metals like
Titanium Nitride (7%N) and Aluminium Nitride (AIN), just to name a few [13]. The objective
of creating a NF is to improve the thermal characteristics of a regular base fluid. As a result,
NFs have unique physical properties of viscosity, specific heat, thermal conductivity and stabil-
ity. The ability to have better control of the thermal properties of NFs over typical base fluids
has led to NFs being a highly researched area. Furthermore, the unique characteristics of NFs
make them potentially helpful in a wide range of applications. NFs have been used successfully
in fields such as nanotechnology, bio-medical, automotive, manufacturing, plasma physics and
more [14]. In particular, the thermal properties of NFs are a popular research interest lately.
The reason for investigating NFs is mainly due to their superior thermal properties. As a result,
several authors have studied NFs and their applications in the fluid mechanics domain. Shaw et
al. [15] examined the impact of slip conditions on the nonlinear convection behavior of NF flow
over stretching sheets. Kumar et al. [16] analyzed the flow of an unsteady micro-polar NF flow
though a squeezing channel with activation energy with applications in drug delivery. Saeed
et al. [17] investigated the flow of blood based HNF with electromagnetic field condition and
coupled stresses. In their investigation, Sahu et al. [18] analyzed the thermal management of
SWCNT-MWCNT Cross HNF flow resulting from a vertically stretched cylinder, considering
situations with and without inertia effects. Noreen et al. [19] analyzed the blood flow consider-
ing the NF effects in a vertical channel. In their research, Shah et al. [20] examined the behavior
of micro-polar gold-blood NF flow in permeable channels, taking into account the influence of

radiative heat transfer.
Hybrid nanofluids (HNFs), on the other hand, are a recent development that combines the

advantages of two or more types of nanoparticles or base fluids to achieve superior thermal

properties. HNF's include typical base fluids with a combination of nanoparticles such as Multi-

11
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walled carbon nanotubes and copper oxide (MWCNT - CuO) [21], Graphene oxide and boron
nitride (GO - BN) [22], Titanium dioxide and carbon nanotubes (7703 - CNTs)[23] and Alu-
minium Zinc (Al - Zn) HNFs [24], just to name a few. HNFs are finding increasing applications
in various industrial processes, including cooling of electronic devices, heat exchangers, and solar
collectors [25]. As a result, the development and use of HNFs have also become an active area
of research in the field of nanotechnology and material science. In the field of fluid mechanics,
several authors have studied HNFs extensively. The magnetic flow of nanomaterials between
two parallel, permeable and stretching/shrinking surfaces was compared by Nayak et al. [26].
In their research, Shaw et al. [27] investigated the effect of entropy generation and nonlinear
thermal radiation on the Darcy-Forchheimer flow dynamics of MnFesO4-Casson/water NF in-

duced by rotating disks.

In the field of fluid dynamics, fluids are commonly classified as either Newtonian or non-
Newtonian fluids. Blood is a non-Newtonian fluid that exhibits shear-thinning behavior, which
means that its viscosity decreases as the shear rate increases. To model the rheological behavior
of blood, several mathematical models have been proposed, including the Casson fluid model
[4]. The Casson model assumes that blood consists of a suspension of non-deformable particles
in a fluid that behaves like a viscous liquid. This model has been used to study blood flow in the
human body and understand the mechanisms behind several cardiovascular diseases. The main
function of blood is to transport nutrients and oxygen to various parts of the body. The thermal
behavior of blood is governed by its components, which include platelets, plasma, red blood cells
and white blood cells. The concentration and size of these components are key factors. As a
result of this, blood exhibits some unique thermal characteristics. As such, several authors have
studies the thermal effects of blood as a base fluid. In their work, Alghamdi et al. [28] investi-
gated the flow behavior of a Casson HNF with copper aluminium nanoparticles as it reached a
stagnation point on a stretching surface. Saeed et al. [29] investigated the flow of HNF's with
blood as the base fluid, with couple stresses by the convergent as well as divergent channel, with
applications in drug delivery . They also investigated blood based HNF flow while considering

electromagnetic field and couple stresses, with carbon nanotubes as the nanoparticles [17].

Under whole-body vibration, the circulatory system’s blood flow is greatly disrupted. Instances
where such a situation can occur include flying in an aircraft, travelling in a vehicle on a bumpy
road, and working in any vibrating environment. Severe vibrating environments greatly affect
peripheral blood flow and muscle oxygenation [30]. Observed effects of being in a vibrating
environment include as fatigue, elevated blood pressure, headaches, vision loss and stomach
problems. In severe cases, vibration can damage the red blood cells and platelets, which can
lead to blood clogging. As a result, several studies have been made on the vibrational effect
of blood flow, in both normal and diseased pathological states. Maiti et al. [31] examined the
thermochemical flow of blood with magnetic and vibration environment, taking into account the
Dufour and Soret effects. Kadhim et al. [32] observed how induced vibration affects blood flow

properties in a mechanical aortic valve.
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A well-known cause of increased mass and heat transmission is oscillating flow. Oscillating
flow has proven to be useful as compared to non-oscillating flow. As a result, oscillating flow has
been used and applied in a massive range of medical and engineering domains [33]. Thus, many
authors have studied the effects of oscillating flow on different fluids with different conditions.
For instance, the research conducted by Ali et al. [34] examined the solutions of unsteady free
convection in a closed arrangement for the flow of second-grade fluids on a perpendicular plate
with oscillations. Shah et al. [35] used time-fractional Caputo-Fabrizio derivatives to observe
thermal analysis of second-grade fluids over an oscillation perpendicular flat plate. The MHD
free convective flow of Casson fluid through a porous medium, induced by a vertically oscillating
plate, was studied using the finite difference method in a recent study conducted by Goud et
al. [36]. Abdel-Gawad [37] did a stability analysis of steady and unsteady flows as well as heat

transfer in Casson fluid over a free stretching, oscillating surface.

Carbon nanotubes (CNTs) are formed by rolling graphite sheets into cylindrical shapes [38]
which possess incredible thermal properties. CNTs have a vast range of applications in many
different fields including electronics and microelectronics, optics, medicine, energy storage and
others [39]. They are particularly useful in medicine, for example for drug delivery and bio-
sensing equipment [40]. CNTs are classified into two main types being single-walled carbon
nanotubes (SWCNTs) and multi-walled carbon nanotubes (MWCNTSs). Researchers have in-
vestigated the flow behavior of CNT NFs in various contexts. Gul et al. [41] observed the flow
of NF over carbon nanotubes in the region between a disk and a cone in a spinning system. The
study by Wang et al. [42] focused on examining the flow characteristics of blood-based carbon

nanotubes under Newtonian heating conditions using the PBFD.

Aluminium oxide (Al2O3) and Copper (Cu) have been a popular choice for nanoparticles in
HNF's, mainly due to the excellent thermal properties of the individual nanoparticles. The per-
formance of these nanoparticles has been assessed in various settings by multiple researchers.
Moghadassi et al. performed a numerical investigation to analyze the influence of water-based
aluminium and aluminium-copper HNF's on forced convective heat transfer. Using the Caputo
fractional derivative, Ahmed [43] analyzed the convective flow in an inclined wavy vented cav-
ity filled with a porous medium containing AloO3 — C'u hybrid nanofluids. In a study by Ijaz
[44], the impact of wall characteristics on the shape factor and sphericity features of copper
and Cu — Al,O3 with blood in an atherosclerotic artery was investigated. On the other hand,
Alghamadi et al. [45] did an study on the magnetohydrodynamic flow of HNF comprising of
medication through a blood artery. Yasir et al. [46] performed a comparative analysis of hybrid
Cu-Al2O3 nanomaterials on the flow characteristics over a stretching/shrinking cylinder with
radiative effects. The work of these authors generally indicate that AlsO3 — Cu HNFs have

superior thermal properties as compared to many types of NF's.
In fractional calculus, the derivative and integral operations are extended to non-integer or-

ders, providing a more comprehensive framework for modeling intricate real-world phenomena.

As a result, it has been successfully applied across many fields such as fluid mechanics, physics,
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biomathematics, finance, signal processing and electrochemistry. The most popular fractional
calculus techniques are Caputo [5], Caputo-Fabrizio [6] and Atangana-Baleanu types. As such,
Yavuz and Ozdemir [47] did a comparison between Caputo-Fabrizio and Atangana-Baleanu frac-
tional (ABFD) operators with exponential and Mittag-Leffer kernel [47]. Their results indicated
a good stability for both methods when using the Laplace homotopy transformation method. A
very essential function in fractional calculus is the Mittag-Leffer function. In 1971, Prabhakar
introduced a three-parameter Mittag-Leffer function, commonly referred to as the Prabhakar
function [8]. Garra and Garrapa [48] studied the theory and applications of the Prabhakar
function extensively. The Prabhakar fractional derivative (PBFD) has been used successfully
by various researchers in fluid mechanics. The convective behavior of Casson fluid across an
oscillating surface was explored by Sarwar et al. [49] using PBFD simulations, with consid-
eration for the generalized Fourier law. The research conducted by Wang et al. [50] involved
studying the unsteady thermal transport flow of Casson NF's using the generalized Mittag—Leffer
kernel of Prabhakar’s type. The study by Jie et al. [51] focused on studying the thermal flow
of Brinkman type NF containing carbon nanotubes by utilizing PBFD simulations under sinu-
soidal oscillations. The ABFD is a relatively new type of fractional derivative that has been
introduced in recent years. It contains two parameters that control the order of the derivative
and the degree of the memory effect. It has also been used to study various fluid mechanics
problems, including flow through porous media and biofluids. The behavior and properties of
SWCNTs and MWCNTs nanoparticles in blood with ramped temperature were studied by Raza
et al. [52] using the ABFD.

The shape of nanoparticles has been shown to have a significant effect on the temperature
and velocity profiles of HNFs. In general, nanoparticles with more elongated or anisotropic
shapes, such as nanorods or nanowires, have been found to enhance thermal conductivity and
heat transfer in NF's more effectively than spherical nanoparticles due to their increased surface
area and enhanced interfacial interactions. However, the exact effects of nanoparticle shape on
NF properties can depend on a variety of factors, including the material composition of the
nanoparticles and the base fluid, as well as the concentration and size of the nanoparticles. As
a result, several authors have studied the effects of the shape of nanoparticles. Timofeeva et
al. [53] studied the effects of shape of particles on the thermophysical properties of alumina
NFs. Tripathi et al. [54] investigated the dynamics of nanoparticle shape on Copper and copper

oxide/blood flow in an electromagnetic field.

Based on the literature reviewed, it appears that no prior research has employed the PBFD to
investigate the behavior of thermal Casson NF flow in the presence of SWCNT and MWCNT,
subject to radiation and vibration conditions. Similarly, the utilization of the ABFD for the
study of Copper-Aluminium Oxide/Casson HNF flow over a vertical oscillating plate, with
radiation effects, taking into account the influence of particle shape, has not been explored in
the literature. The present study aims to address this research gap by employing these fractional

derivatives to investigate the aforementioned flow problems.
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3. Prabhakar fractional simulation of

thermal Casson nanofluid flow with
SWCNT and MWCNT in radiation and

vibrating conditions

3.1 Introduction

Using numerical techniques, this chapter investigates the flow and heat transfer behavior of
blood NF. The results are graphically presented, allowing for a comprehensive understanding of
the effects of different parameters on the temperature and velocity distributions. The Casson
fluid model is employed to simulate blood. The ILT will be computed numerically using Tzou

[55] and Zakian [56] schemes.
In view of the aforementioned literature and related articles (see Chapter 2), this chapter aims:

e To use fractional calculus to investigate the thermal and velocity outcomes of blood based
NF flowing within a magnetic field in carbon nanotubes with radiative heat flux and a

vibrating environment.

e To adopt the Casson fluid model to investigate the shear thickening and shear thinning

properties of blood as a base fluid.

e To utilize the PBFD technique and the Laplace transformation method to carry out the

fractional simulations.

e To find the solutions by simulating the inverse of the Laplace numerically using Tzuo’s

method and Zakian’s method, and analyse the physical interpretations of the results.

3.2 Mathematical Model

We consider the free convective flow of blood-nanoparticle over a permeable vertical plate with
radiative flux and vibration. Blood is considered as Casson fluid. A magnetic field of strength
By is applied at an angle . The temperature at the surface is represented by Ty, while the
ambient temperature is denoted as T,,. The nanoparticles of interest are Single-wall carbon
nanotubes and multi-wall carbon nanotubes (SWCNTs and MWCNTSs). The thermophysical
properties of the base fluid and nanoparticles are shown in Table (3.1). Initially, the fluid is at
rest and at ambient temperature. The velocity profile of the fluid is characterized by a power-law
dependence on time at the boundary, with the exponent p dictating the specific behavior of the
profile. This indicates the sudden motion of a boundary. It is also assumed that the applied
radiation is not affected by velocity. Figure 3.1 shows the geometry of the problem to be studied.
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y - axis
/ Nanoparticles

Momentum boundary layer

Magnetic field
By

Temperature boundary layer

MWCNT
X — axis
Figure 3.1: Geometry of flow
Table 3.1: Thermophysical properties of blood and carbon nanotubes
| Material | Blood | SWCNT | MWCNT |
p (kg/m3) 1053 2600 1600
Cp (J/kgK) 3594 425 796
o 0.8 [10°—10" | 1.9 x10~*
k (W/mK) 0.492 6600 3000
Br x107°(K~1) | 0.18 27 44
As noted in equation (1.22), the rheological properties of Casson fluid [4] are given as:
2 (MB + \/%) eij, if m < e,
Tij = (3.1)

2 (,uB + %) €ij, ifm>mg,
where the variables p,, up, and 7. represent the yield stress, plastic dynamic viscosity, and the
product of up and p, respectively.

The governing equations for the system, assuming the above conditions, can be formulated as:

e Momentum Equation

(anfBgsinQ + %) v

@— 1+i @_

9(pBr)ng(T" — Too) + KoCos(kot™ + o),

(3.2)
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Table 3.2: Thermophysical properties of NFs

’ Quantity Relation
Dynamic Viscosity g = pp(l—¢)=25
Thermal Expansion (PBT)nf = (1 = @) (pBr) s + &(pBT)s
Heat Capacitance (pCp)ng = (1 — @) (pCh) s + d(pCp)s

Thermal Conductivity bng = oy (vt

Electrical Conductivity | 228 =1 4+ {3 (ﬁ - 1) ¢} {(ﬁ + 1) - (& B 1) ¢}_1

9f 9f 9f

e Energy Equation
(PCpns =g =~ (33)

e Radiative Heat Flux under Rosseland approximation [57]

* 40" 0 *4

Employing the Taylor series expansion of T** about T, and neglecting the second- and higher-
order contributions in (7™ — Ty) (because they will have negligible influence on the overall

behavior of the expression), we arrive at the following expression:

T* ~ 4T3 T* — 3T . (3.5)

The specified IC and BC are given by:

v*(£%,0) =0, T*(£*,0) = Too, VE* >0,

mmxw:uMW,gglé;lr = STHE ), T >0,p>0 (3.6)
o€ ey K

V(€5 1) = 0, TH(E*,t°) = 0, & — oo, t* > 0.

To non-dimensionalise the above system, we introduce the following dimensionless variables:

2

vt =2, =L =2
Vo q0 vy (3 7)
Tw — Too vf 10 / vf '

Using (3.5) and (3.4) in (3.3), and using the above dimensionless variables, and dropping the *
sign, the equations eqgs. (3.2) to (3.4) simplify to:
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(&, t) _ m (1) , m
= 5 oe (ngMSan + ;) + n3GrT(&,t) + HCos(kot + ¢p), (3.8)
or(&,t) _ 0q(&,t)
774P7'T = —15 o (3.9)
_ pOT(E 1)
q(&,t) = —R o (3.10)
with conditions
U(f, 0) =0, T(fv 0) =0, V>0,
oT(&,t
v(0,t) = tP, (&) =—(1+Toy), t>0,p>0, (3.11)
o0& £=0
v(&,t) — 0, T, t) =0, &—o0,t>0,
where
v po 10TL
o oppd T Bk R
2 J—
k) o) v

represent the Magenetic parameter (M), Radiation number (R), Casson fluid parameter (/) ,
Prandt] Number (P,), permeability constant (k), Grashof number (Gr). The constants related

to volume fraction of the nanoparticles are 79,11, n2, 73,74, and 75 , and they are defined as:

Ps 1
770:(1—¢)+¢E> Ulzma
B S C s (1_¢)+2¢ slis In ks_kf
n3=(1—¢>+¢(;BT)) , n4=(1—¢)+¢(;CT)) o= kkskf (,fi;f)
T)f T)f (1—¢)+2¢ks—kfl”( o )

w1 (5 el ) - ()}

3.3 Prabhakar Fractional Order

The PBFD is implemented
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_PBgyY or

q(§>t) = a8,y 8767

(3.12)

PB@V

where By

symbolizes the regularised PBFD [48], which is defined:

PB -
D05,9t) =E_} _5,9(t)
= e plait)  g®)(2)

= [ =B et =g (o)

In this context, g(¥) represents the k** derivative of g(t) € AC*(0,b), with AC*(0,b) denoting
a real-valued function having continuous derivatives of (k — 1) order within the interval (0, b).
The Prabhakar integral is identified as:

t
E;Z’ag(t) = /0 (t— T)kiﬁ*lE;’z’_Bva(a(t — 1) g*(r)dr,

and

o0

v L(y+p)zP
Fasl?) = p;) p!-T(y)-T(am+p)’

represents the three-parameter Mittag-Leffer function. The Laplace of the Prabhakar operator
PB:D’Y

By 18 implemented as:

E[PB@’Y ]

apnl = LI (E) ey} glast)]

L™ (1)) - Lleg)_slast) (3.13)
L[h™ (t)]sﬁ_m(l —as™ )7,

where the Fourier’s law is obtained when v = 8 = 0.

3.4 Solution of the problem

3.4.1 Solution of the temperature profile [Equations (3.9) and (3.12)]

Here we suppose that 5 € [0, 1), and take m = 0in (3.13). By taking the Laplace transformations

of equations (3.9) and (3.12) and on its accompanying conditions, we get:

9q(&,1)

naPrsT(&,t) = —ns o

(3.14)
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7=s"(1—- ozs*a)fyRLT(g’ 2

) 3.15
o (315)
with the initial condition
oT R
875 = — (8 + T(075)> . (316)
Using (3.15) in (3.14) we obtain the differential equation
0’T(&,t)  mPr s _
L — T=0. 3.17
&2 nsR (1 — as™)Y (3:.17)
Applying the initial conditions (3.11) and (3.16), we obtain the solution to (3.17) as
= 1 &\
L) = ——\ © : (3.18)
nsR (1—as™2)7

where T is the solution of the temperature profile in the s-domain (Laplace domain).

3.4.2 Solution of the velocity profile [Equation (3.8)]

By employing Laplace transformations on (3.8) and considering its accompanying IC and BC,

we arrive at the resulting non-homogeneous differential equation.

5co08py + Kosingdg
s2 + K2

27
_ m O Vg, : N3\ — —
N0SV(e,s) = E o¢2 — (nngan + ?) V(e,s) T+ ngGrT(&S) + H

, (3.19)

pl

V(0,s) = Spﬁ; Vig,s) = 0 as & — oo.

Solving (3.19) using it’s accompanying initial conditions, we obtain solution in the s-domain as:

’U(&S) = (Sp-l-l — E - L—_B) € + E + IL_B € y (320)

with the constants B, C, D, and L defined in the Appendix A.

The inverse Laplace transformations (ILT) expressions of the temperature field and velocity
field are too complicated to so solve analytically. As such, we have implemented the ILT for
the temperature and velocity profiles numerically using Tzou’s algorithm [55] and Zakian’s al-
gorithm [56; 58].
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Tzou’s method [55] is given by

AT 1 N[ AT+ kmi
w(,t) = — 3" (&,5) + Re jgl(—l) w <r, t> , (3.21)
while Zakian’s method [56] is written as
t al Qo
_ 75 -J
w(é,t) = 5 jE_l Re [Kjw (f, . )} , (3.22)

where K; and «; are constants and Re denotes the real part of the w (¢, s) function. To ver-
ify our ILT solutions, the output from the two numerical approaches is graphically compared.
Notably, the overlapped nature of the plotted results indicates a significant level of agreement be-
tween the two methods. This agreement reinforces the confidence in the accuracy and reliability

of the inverse Laplace transform calculations performed using these numerical approaches.

3.5 Numerical Results and Discussion

In this chapter, we applied the PBFD to investigate the thermal and velocity dynamics of the
aforementioned problem. The problem geometry in this study involves the flow of blood over
a permeable vertical plate, with the inclusion of SWCNT and MWCNT nanoparticles, and
the presence of thermal radiation, an applied magnetic field, and vibration. The solution of
the temperature and momentum profiles are obtained with the use of Laplace transformations,
with the ILT computed numerically. The computation was conducted using MATLAB [59]. To
observe the effects of different parameters, we fix all parameters and vary only the parameter of

interest.

3.5.1 Comparison of Tzou and Zakian numerical schemes

A comparison between the ILT techniques of Tzou and Zakian for the temperature and velocity
profiles is illustrated in Figures 3.2a and 3.2b, respectively. Table 3.3 shows some numerical

values for the same techniques. The results presented exhibit a good level of accuracy.
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Figure 3.2: Tzou and Zakian method for temperature (a) and velocity (b)

Table 3.3: Evaluation of temperature and velocity distributions using distinct numerical schemes

‘ Parameter ‘ Temperature Profile ‘ ‘ Velocity Profile ‘
‘ xi ‘ Tzou Scheme ‘ Zakian Scheme ‘ ‘ Tzou Scheme ‘ Zakian Scheme ‘
0.1 5,3651 5,3684 0,8509 0,8623
0.3 4,2422 4,2445 0,6346 0,6400
0.5 3,3490 3,3503 0,4836 0,4840
0.7 2,6397 2,6403 0,3751 0,3739
0.9 2,0774 2,0776 0,2945 0,2933
1.1 1,6326 1,6325 0,2332 0,2324
1.3 1,2811 1,2809 0,1858 0,1854
1.5 1,0040 1,0036 0,1487 0,1484
1.7 0,7857 0,7854 0,1195 0,1193
1.9 0,6141 0,6138 0,0963 0,0962

3.5.2 Effect of fractional variables «, § and v

The impact of the fractional parameters «, £, and v on the temperature and velocity distribu-
tion is depicted in Figures (figs. 3.3 to 3.5). For larger values of these fractional parameters, an

increase in the temperature profile is observed.

Additionally, it is noteworthy that an increase in these fractional parameters yields a corre-
sponding increase in the velocity profile for both SWCNTs and MWCNTs.
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Figure 3.3: Variation of « on the temperature and velocity fields, while maintaining 8 = v = 0.8,
Pr=3,Gr=32¢=0.1, R=17and t = 0.6.
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Figure 3.4: Temperature and velocity distribution influenced by changes in 3, in the presence
of fixed values for a =v =08, Pr=3, Gr =3.2, ¢=0.1, R=1.7 and t = 0.6.

3.5.3 Effect of Nanoparticle Volume Fraction ¢

The variation in volume fractions is indicated in Figure 3.6 and its corresponding impact is
shown. Figure 3.6a shows that the temperature profile is positively correlated with the volume
fraction. An increase in the volume fraction is expected to produce a thicker temperature profile

owing to the enhanced interaction among carbon nanotubes.

Figure 3.6b shows the effect of various values of the volume fraction on the velocity profile. It is
noted that the velocity profile decays with increase in the volume fraction. The reason behind
this behavior can be attributed to the enhanced viscous effect of the NF, resulting in a decline

in the velocity profile.
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Figure 3.5: Temperature and Velocity field by variation of v while maintianing a = 8 = 0.8, Pr
=3,Gr=32,¢=01R=1.7,t=0.6.
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3.5.4 Effect of Radiation parameter R and Vibration

Figures 3.7a and 3.7b show the effect of radiation and vibration on the temperature and velocity
profiles, respectively. It is noted that an increase in the radiation parameter leads to a corre-
sponding increase in the temperature profile. This occurs because higher radiation parameters
affect the nanofluid’s ability to absorb and emit radiation, influencing the temperature profile.
Higher radiation parameter imply a greater capacity for the nanofluid to absorb and retain ther-

mal energy, which results in an increased temperature profile.

More vibration in the system leads to an increase in the velocity distribution of the system.

The vibrations stimulate fluid flow in a way that enhances the overall velocity of the fluid. Fur-
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thermore, the additional energy caused by the vibration increases the overall kinetic energy of

the particles in the system, leading to higher velocities.
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R = 1.7 Blood-SWCNT H =0.5 Blood-SWCNT
18 R = 1.9 Blood-SWCNT | 1 H = 3 Blood-SWCNT
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R = 1.9 Blood-MWCNT H = 3 Blood-MWCNT
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= 12} W
e >
=210 > 06 |
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£ 8 >
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Figure 3.7: Effect of Radiation and Vibration on Temperature and Velocity field respectively
witha=p8=~v=0.8, Pr =3, Gr = 3.2, t = 0.6.

3.5.5 Effect of Prandtl Number Pr and Grashof Number Gr

The Prandtl number Pr characterizes the correlation between thermal and momentum diffu-
sion. The effect of different values of Pr is demonstrated in Figures 3.8a and 3.8b. It is noted
that for higher values of Pr, the temperature distribution decreases. The higher diffusivity and
lower viscosity are likely contributors to this phenomenon, enhancing heat mixing in the fluid
and diminishing the overall thermal profile.The velocity profile exhibits an upward trend as the

Prandtl Number increases, primarily influenced by the amplified thermal diffusivity.

Figure 3.8c reflects the effect of different values of the Grashof number Gr on the velocity
distribution. We notice that for greater values of Gr, the velocity profile increases. This is
due to an increase in the buoyancy of the fluid. Both SWCNTs and MWCNTs exhibit this

phenomenon.
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Figure 3.8: Temperature and Velocity fields by variation of Pr and Velocity field by variation
of Gr witha=p=v=08,¢=0.1,t=06,R=1.7

3.5.6 Nusselt Number Nu and Skin friction Cy

Given the importance of these physical variables, the Nusselt number (Nu) is utilized to calculate
the heat transfer rate, and the skin friction coefficient (C't) is employed to evaluate the shear

stress. These are calculated using the following mathematical relations:

hq

Nu=
k(T — Too)

(3.23)
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where 5T
q= —knfa—§ . (3.24)
The skin friction is calculated thus:
Cy = ;;UUQ' (3.25)

Tables 3.4 and 3.5 display the calculated values of the Skin friction and Nusselt number, respec-

tively, under varying parameter conditions.

Table 3.4: Skin friction analysis for different parameter values with default values a = 0.5, 6 =
0.8,v=0.3,0=0.1,Pr=3,Gr =5.2

‘oz 15} v 10} Pr Gr Cy ‘

|05 0.8 03 01 3 5.2 273142 |
| 0.7 2,70349 |
| 0.9 2,71453 |
| 0.4 3,31541 |
| 0.6 3,11527 |
| 0.8 2,70545 |
| 0.3 2,70545 |
| 0.5 2,46196 |
| 0.7 2,16822 |
| 0.11 2,70545 |
| 0.13 3,86605 |
| 0.15 3,12718 |
|
|
|
|
|
|

7 2,70545 |
9 3,49771 |
12 3,58390 |
5.3 2,68503 |
55 2,60332 |
5.7 2,56247 |
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Table 3.5: Evaluation of the Nusselt number with default values o = 0.5, = 0.8,y = 0.3,¢ =
0.1, Pr=3,Gr =5.2

la[B [+ [ [Pr][Gr] Nu |
05 08 03 0.1 3 52 7,2288
0.7 7,2402
0.9 7,2613
0.3 7,2403

0.5 7,2563

0.7 7,3858

0.5 7,4346

0.6 7,4924

0.7 7.2736

0.1 7,2683

0.2 8,2165

7 7,2724

9 7,2103

3.6 Conclusions

In this chapter, we studied the flow nature of SWCNT and MWCNT imbedded in blood with
radiation and vibration conditions. The Casson fluid model is employed to simulate blood flow.
The PBFD was applied on the governing equations. Laplace transform was used to solve the
system. Numerical techniques, namely Tzou’s and Zakian’s schemes, were employed to obtain

the ILT numerically. The primary results of our study are as follows.

e Varying the fractional parameters and other parameters affects the temperature and veloc-
ity distributions in different ways for both SWCNTs and MWCNTs, by other increasing

or decreasing the distributions.
e Thermal radiation causes an overall increase in the temperature profile.

e The temperature and velocity profiles exhibit a downward trend as the fractional param-
eters increase and approach zero as & — oo, which is in accordance with the boundary

conditions.

e The PBFD is a valuable and effective tool for studying the dynamics of the aforementioned

problem.
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4. Atangana-Baleanu fractional simulation
of thermal C'u — Al;,O3/Casson hybrid NF
flow with radiation across an oscillating

surface considering shape effects

4.1 Introduction

This chapter presents numerical investigations conducted to analyze the flow and heat transfer
phenomena of blood HNF containing Cu — AlsOs nanoparticles. The mathematical results are
presented with consideration of the effects of various important parameters on the temperature
and velocity profiles. The Casson fluid model is employed to simulate blood. The inverse Laplace

will be computed numerically using Tzou [55] and Zakian [56] schemes.

Considering the aforementioned literature and related articles (Chapter 2), the aims of this

chapter are:

e To study the thermal and velocity effects of a blood-based HNF with Copper (Cu) and

Aluminium Oxide (Al2O3) with radiation and an oscillating plate using fractional calculus.

e To analyze the rheological properties of blood as a base fluid utilizing the Casson fluid
model, with a particular emphasis on understanding its shear thinning and shear thickening

nature.

e To perform the fractional simulations using the ABFD technique and Laplace transforma-

tion approach.
e To analyze how different nanoparticle shapes impact the temperature and velocity profiles.

e To find the solutions by simulating the ILT numerically by applying Tzuo’s method and

Zakian’s method, and analyse the physical interpretations of the results.

4.2 Mathematical Formulation

We consider the flow of Casson HNF over a vertical, permeable and oscillating plate with applied
radiative flux. The base fluid utilized in the study is blood, and the nanoparticles employed
consist of Copper (Cu) and Aluminium Oxide (Al2O3). Furthermore, a magnetic field of inten-
sity By is imposed at an angle of 6. Initially, the temperature of the fluid is at T,,. The fluid’s
temperature fluctuates from T, to Tt over time, while the plate vibrates with Uy H (t)cos(wt).
It is also considered that velocity does not influence the applied radiation. The flow geometry

is depicted in Figure 4.1.
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Y - axis

Cu + Al;03; Nanoparticles
. ‘%

Momentum boundary layer

Magnetic field

By

Temperature boundary layer

X — axis
Figure 4.1: Geometry of the problem

Table 4.1: Material Properties of base fluid and nanoparticles

’ Material ‘ Blood ‘ Cu ‘ AlyO3 ‘
p (kg/m3) | 1053 8933 3970
Cp (J/kgK) | 3594 385 765
o 0.8 |5.96x107 | 1.502 x10~10
k (W/mK) | 0.492 400 40

The Casson fluid model [4] is given thus:

2 (MB + J%) eij, if m < e,

7'@']' = (4.1)

2 (,uB + %) eij, ifm>m..

The symbols p,, up, and 7. represent the yield stress, plastic dynamic viscosity, and the product

of up and p, respectively. Table (4.1) outlines the material attributes of both the base fluid and

nanoparticles.

Table (4.2) provides the thermophysical properties of NFs, while Table (4.3) presents the prop-

erties of HNF's.
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Table 4.2: Thermophysical properties of NFs

‘ Quantity ‘

Relation

Dynamic Viscosity

fing = pp(1 —¢)~2°

Thermal Expansion

(PBr)ng = (1 = &) (pBr) s + ¢(pBr)s

Heat Capacitance

(pcp)nf =(1- ¢)(P0p)f + ¢(pCh)s

Thermal Conductivity

kng=ky

(k5—2¢)(kf—k:s)+2kf)
(k5+2¢(kf—k)s)+2kf)

9f

Electrical Conductivity | Z2f =1 4+

(a(z:-)ob (1)~ (z-

o}

Table 4.3: Thermophysical properties of HNF's

Quantity ‘

HNF

Dynamic Viscosity

fhng = pp(1 = @1) 722 (1 — o) =27

Thermal Expansion (PBp)hng = (1 = ¢2)[(1 = 61)pPp) s + P1(PBp)n1] + P2(pFp)n2

Heat Capacitance (PCp)ng = (1= 62)(1 — 61)0Cp) s + S1(pCp)ua] + 62(pCp)uz

Thermal Conductivity

king _ kn2t(m—Dkys—(m—1)¢2(kps —kn2)

ks

kna+(m—1)ky s +¢2(ke s —kn2)

hnf _

Electrical Conductivity o

3¢(¢1o1+d200—0pf (d1+62))

$101+¢2024+2001t —dop ¢ (101 +P202—0p s (d14+¢2) )

7¢:¢1+¢2

Particle Form Shapes Shape factor (m)
Bricks i 3.7
Cylinder @ 4.9
Platelet - 5.7
Blade / 8.9

Figure 4.2: Values of m corresponding to the different shapes of nanoparticles
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Expressed below are the governing equations for the model:

e Momentum Equation

ov* 1Y) 0% . 1\ Uanf®\ .
phnf% = Hhnf (1 + > (O-hnfBgSZne + (1 + > Zf % Jrg(pBT>hnf(T *Too),

Bo) 0€*2 Bo
(4.2)
e Energy Equation
or=(&,t*) _ 9q"(§",t")
Cp)hn =— , 4.3
e Radiative Heat Flux io* B
* g *4
q = —%%T(§*7t*), (44)
with the IC and BC set as:
’U*(f*v 0) =0, T*(£*7 0) =T, vé.* > 0,
v*(0,t") = UgH (t")cos(wt™), T*(0,t*) =Tw, t*>0, (4.5)
v* (€, %) = 0, T*(&*,t*) = 0, & — oo,t" > 0.
The dimensionless variables are defined in the following way:
2
o= ¢ =g t1 =20,
0 f f
4.6
proten = Te g (T = To)v o
Tw —Teo ’ q’ L vf

Using these variables, and expanding T4 about T, while ignoring the higher order terms and

subsequently dropping the * symbol, the above equations become:

ey m OPven oM
T (nQMsme + /-;> +n3GrT(e 1) (4.7)
e ) 9qe.1)
P LS 310} 4.
narr at 5 845 5 ( 8)
T e
Gen) = — % : (4.9)

accompanied by the relevant IC and BC:
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v(£,0) =0, T(,00=0, VE>0
v(0,t) = H(t)cos(wt), T(0,t)=1, t>0, (4.10)
v(&,t) — 0, T,t) —0, &—o0,t>0,
where
M= UfO‘fB(Q) R _16U*T§’O B — Bo
o oppo? ] 3k Y14 B
e L K% o — 9B (T — T)
K f’ vpg’ v3 '

The constants above represent the Magnetic number (M), Radiation parameter (R), Casson

fluid parameter (), Prandtl number (Pr), permeability constant k, and Grashof number (Gr).

The constants 7, 71,72, 73,74, and 75 are related to the volume fraction of the nanoparticles,

and are defined as:

o = Phnf — 1 Ny = Ohnf

Py (1= ¢1)*2(1 = ¢2)>>” o’

~ (pBT)hny ~ (PCp)hny Ky

N3 = —————, M=~ N5 = —-.
(pBr)s (PCp)# ky

4.3 Atangana-Baleanu Fractional Order

The ABFD is implemented

oT
aen = —*797 Rc’Tg’ (4.11)

where AB@f is the ABFD [7], which is defined:

t — )P 0h
ABo S _ 1 BT —1) () <8<
ch(gvt)_l_ﬁ/oEﬁ[ 1-8 or dr, 0<p8<1,

where
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is implemented as:

The Laplace of the Atangana-Baleanu operator 45 @tﬂ

PLheo) =hEQ) (412)

S e EE B

t

4.4 Solution of the problem

4.4.1 Solution of the temperature profile [Equations (4.8) and (4.11)]

For the solution to the temperature profile, taking the Laplace transformations of equations

(4.8) and (4.11) and on its accompanying conditions, we get

_ 0q
aPrsT ey = fWﬁ, (4.13)
23
T oT
T RGN (4.14)
1-8)s"+p ¢
Introducing (4.14) to (4.13) we obtain the differential equation
o*T P A —
L) g T =0. (4.15)
23 nsR (1 —B)s? + B
By imposing the initial conditions, we derive the solution to (4.15) as:
. 1 _f ng Pr B
T =—e V™8 a-pF+s (4.16)

S

where T is the solution of the temperature in the s-domain.

4.4.2 Solution of the velocity profile [Equation (4.7)]

Upon applying Laplace transformations to (4.7) in conjunction with the respective IC and BC,

we derive the following non-homogeneous differential equation:

0%7(¢ ) 1488 + 15\ _ _
02 < P + I )”@S) = 13T (g5); (4.17)

where
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lo = B I = naPr
m(l—p8)’ n5(1—8)
ly = B s = BinzGr
1—p mo
l4:@MSin7+&+lo, l5=l2<5m2+51>.
m k m k

Equation (4.17) has the solution

_f1gsB B e [lgsPrl B 1ysP
ey = 3¢ e Gl ) (6 Vo SM)' (4.18)

s + w? s((ly —14)sP —15)

The inverse Laplace transformations were implemented numerically using Tzou’s [55] and Za-
kian’s algorithms [56; 58].

Tzou’s method is given by

AT |1 £ AT + ki
=2 . |Zw —1)kw (o, 4.1
Wt = 5 | g+ Re LD (R 2T ] (4.19)
while Zakian’s method is written as
t ol o
wE) =5 lRe [K]w (g, t )} , (4.20)
j:

where K; and «; are constants and Re denotes the real part of the @ (¢, s) function.

4.5 Numerical Results and Discussion

This study utilized the ABFD to examine the thermal and velocity dynamics of a system con-
sisting of blood flowing over a vertical plate with copper (Cu) and aluminium-oxide (Al2O3)
nanoparticles, exposed to thermal radiation, a magnetic field, and vibration on the wall. We
obtained the thermal and momentum profiles using Laplace transformations and numerically
computed the inverse Laplace using Tzou and Zakian schemes. Our simulations involved hold-
ing all parameters constant except for the one being studied, in order to observe the effects of

varying that particular parameter.

4.5.1 Comparison of numerical schemes

To verify our solutions, the output from the two numerical approaches is graphically compared.
The overlap between the results from the two methods demonstrates the accuracy of our solu-

tions. The numerical solutions obtained are depicted as graphs. In Figures 4.3a and 4.3b we
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show a comparison between Tzou and Zakian techniques for the inverse Laplace for the tem-

perature and velocity profile respectively. Table 4.4 shows some numerical values for the same

techniques. The stated results have good accuracy.

g o
o =3}

Temperature T( £, t)

o
~

02

T T T 15
Tzou Method
= = =Zakian Method

0.1

0.3
0.2/

06 07 08 09

\

Velocity V(&,t)

05

0.5

Tzou Method
= = =Zakian Method

0.5
/ 0.4
03

24 26 28 3 32

Figure 4.3: Comparison of numerical schemes with Tzou and Zakian method for temperature
(a) and velocity (b)

Table 4.4: Comparative study of temperature and velocity profiles using different numerical

approaches
’ Parameter ‘ Temperature Profile Velocity Profile
£ Tzou Scheme | Zakian Scheme | Tzou Scheme | Zakian Scheme
0.1 0.8246 0.8265 1.0815 1.0816
0.3 0.5603 0.5630 1.3816 1.3818
0.5 0.3801 0.3822 1.4873 1.4876
0.7 0.2574 0.2588 1.4743 1.4747
0.9 0.1740 0.1748 1.3927 1.3931
1.1 0.1174 0.1178 1.2753 1.2757
1.3 0.0790 0.0792 1.1430 1.1433
1.5 0.0531 0.0532 1.0086 1.0090
1.7 0.0356 0.0357 0.8799 0.8802
1.9 0.0238 0.0239 0.7610 0.7612
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4.5.2 Effect of fractional parameter [

Figure 4.6a (top) illustrates the impact of the fractional parameter 5 on the temperature distri-
bution. As the fractional parameter increases, the thermal profile for both the NF and HNF is
seen to decrease. The fluid retains a greater memory of its previous temperature distributions
and thermal behavior. This memory effect leads to a dampening effect on the temperature vari-
ations and a decrease in the temperature profile. In Figure 4.6b (bottom), the velocity profile is
depicted, illustrating the impact of the fractional parameter 3. An inverse correlation between
the velocity profile and (§ is observed, suggesting a decrease in velocity as (3 increases. The
memory effect of the fractional paramenter affects the momentum conservation, resulting in a

gradual reduction in the velocity profile along the flow direction.
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——— (3= 0.3 Blood+Cu+Al,0,
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=
o
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o
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Figure 4.6: Temperature and Velocity field by variation of § with Pr=3, 0 = /4, ¢cy =
ba1,0, =0.09, R = 1.7, M=0.5, t = 0.6.
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4.5.3 Effect of Prandtl Number Pr and Magnetic Parameter M

The effect of different values of the Prandtl number is denoted in Figures 4.7a and 4.7b. It

is noted that increasing the Prandtl number results in an decrease in the temperature profile.

This is likely due to a higher diffusivity and lower viscosity which can result in a more efficient

mixing of heat within the fluid and a decrease in the overall thermal profile. As the Pr number

rises, the velocity profile shows a corresponding increase, primarily influenced by the heightened
thermal diffusivity of the fluids.

The velocity distribution represented in Figures 4.7c, highlights the effects of different mag-

netic parameter values (M) on the flow behavior. It is evident that larger values of M lead to

a reduction in the velocity profile.

Velocity V( &,

t
o o
» ©

Temperature T( £, t)
o
N

021
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Figure 4.7: Influence of Pr and M on the temperature and velocity profile with ¢cy, = ¢ 1,0, =
0.09,6=0.8,0 =n/4R=1.7,t = 0.6.
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4.5.4 Effect of Nanoparticle Volume Fraction ¢

The effects of various volume fractions are shown in Figure 4.8. A higher volume fraction of
copper in the HNF is linked with an decreased temperature profile. This can be attributed to
increased thermal conductivity and heat transfer rate of the HNF. The velocity profile exhibits
a diminishing trend as the volume fraction increases. The presence of nanoparticles leads to an

increased viscosity of the mixture, which is a likely cause of this phenomenon.
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Figure 4.8: Temperature and Velocity distribution by variation of volume fractions with 5 =
0.8,Pr=3R=1.7,t=0.6
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4.5.5 Impact of the shape of the nanoparticles

Figures 4.9a, 4.9b, demonstrate the effect of the shape of the nanoparticles on temperature
and velocity profiles, respectively. It is worth noting that Platelet shaped nanoparticles have
the lowest temperature profile for the Cu-Al3O3 / blood HNF. The presence of platelet-shaped
nanoparticles with their larger surface area enhances the heat transfer coefficient and facilitates

efficient heat mixing within the blood, giving rise to the observed effect.

Observations show that brick-shaped nanoparticles generate the lowest velocity profiles for both
Cu and Cu-Al203/blood HNF. This could be attributed to higher flow resistance of brick shaped

nanoparticles as compared to other shapes, leading to lower velocity profiles.
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Figure 4.9: Temperature and Velocity distribution by variation of shape factor (m) for 8 =
0.8andPr = 3,Gr =52, M = 0.5, ¢cy = dpa1,0, = 0.09,0 = /4 R=1.7,t = 0.6
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4.5.6 Effect of Radiation parameter R

Figure 4.10 depicts the effect of thermal radiation on the temperature distribution of both the
NF and HNF systems. With higher values of the radiation parameter, a corresponding increase
in the temperature in noted. This is due to the system’s increased capacity to absorb and retain

thermal energy due to applied radiation, which leads to higher thermal profiles.
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Figure 4.10: Temperature distribution by variation of radiation parameter R for § = 0.8 and
Pr=3,Gr =52 M= 0.5, ¢cu = da1,0, = 0.09,0 =7/4,t = 0.6

4.5.7 Effect of Grashof Number Gr and Angle ¢

The velocity profile’s response to variations in the Grashof number Gr and angle 6 is depicted in
Figures 4.11a and 4.11b, respectively. A higher Grashof number is associated with an increased
velocity profile, indicating enhanced fluid flow. The reason behind this behavior is that as the
Grashof number increases, the buoyancy force becomes more dominant compared to the viscous
force. As such, an increase of the Grashof number leads to a corresponding increase in temper-

ature and concentration gradient, which causes an increase in the velocity profile.

On the other hand, it is observed that decreasing the angle results in a slight increase in the

velocity distribution.
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Figure 4.11: Velocity field by variation of Gr and 6 for Pr = 3, 8 = 0.8, ¢cu = da1,0; =
0.09,R=1.7,t =0.6

4.5.8 Nusselt Number Nu and Skin Friction C}

Recognizing the importance of these physical parameters, the Nusselt number (Nu) is employed
to calculate the rate of heat transfer, while the skin friction coefficient (Cy) is used to determine

the shear stress. These are calculated using the following mathematical relations:

hq
Ny=——— 4.21
ke(Tw — Two) ( )

where oT
q = *knff . (4.22)
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The skin friction is calculated thus:
Tw

Cp=11v (4.23)
T

The Skin friction and Nusselt number outcomes for various values of the fractional parameter 3

and nanoparticle shapes can be observed in Tables 4.5 and 4.6, respectively.

Table 4.5: Assessment of the skin friction for the NF and HNF

’ I} \ o1 = P2 \ Pr \ Gr \ shape \ Casson + Cu \ Casson + Cu + AlyO3 ‘

0.3 0.09 5 13 Brick 1.3288 2.1589
0.5 1.5402 2.2916
0.7 1.8613 2.6460
0.5 0.09 5 13 Cylinder 1.7831 3.1363
Platelets 1.6336 2.8864

Blades 1.2181 2.6359

Table 4.6: Evaluation of the Nusselt number for the NF and HNF

’ B \ b1 = @2 ‘ Pr ‘ shape ‘ Casson + Cu ‘ Casson + Cu + Al2O3 ‘

0.3 0.09 5 Brick 8,0624 9,1251
0.5 8,0995 9,2062
0.7 8,1620 9,3420
0.5 0.09 5  Cylinder 8,0721 9,0748
Platelets 7,9144 8,2194

Blades 8,1851 8,9941

4.6 Conclusions

Our research in this chapter focused on studying the thermal flow properties of Cu/blood NF
and Cu-Al203/blood HNF flowing over an oscillating plate, in the presence of thermal radiation.
Blood behavior was simulated using the Casson fluid model. The ABFD was applied on the
governing equations. Laplace transform was used to solve the system. We also studied the effects
of different shapes of the nanoparticles. Different inverse approaches are used to numerically
compare and show the effects of various parameters with changed values for the temperature
and velocity profiles. Numerical methods based on Tzou’s and Zakian’s schemes were used to

obtain the inverse Laplace transform. The major deductions from this work are the following.

e Varying the fractional parameter (3 affects the temperature profiles for both Cu and
Cu — AlO3/blood HNF. In both cases, increasing the fractional parameter decreases

the temperature profile and velocity profile.

e Platelet shaped nanoparticles result in the lowest temperature profile, but brick shaped

nanoparticles result in the lowest velocity profile.

e Increasing the Prandtl number causes a reduction in the temperature profile and a simul-

taneous rise in the velocity distribution.
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e Variations in the fractional parameters lead to a decrease in both the temperature and
velocity distributions, eventually approaching zero as £ approaches infinity. These obser-

vations align with the specified boundary conditions.

e Comparison of the ILT numerical schemes shows an overlap of Tzou’s and Zakian’s method

certifies the accuracy of the obtained results.
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5.1 Conclusions

In this thesis, we used fractional order calculus to study the flow characteristics of SWCNT-
MWCNT/Casson NF and Cu — AlyOs/Casson HNFs over vertical plate with radiation and

vibration conditions.

In the first chapter, the fundamental conservation laws of bio-fluid dynamics, as well as the
definitions of important fluid parameters, are presented. The chapter also briefly introduces
fractional order calculus. The second chapter studies the dynamics of blood NF with Single-wall
carbon nanotube and Multi-wall carbon nanotubes (SWCNTs and MWCNTSs) as the nanopar-
ticles. The Prabhakar fractional derivative is applied. The influence of various parameters
on the temperature and velocity profiles is reflected through graphs. In general it is observed
that the fractional parameters of the Prabhakar function have effects on the temperature and
velocity profiles. An increase in the fractional parameters leads to an increased temperature
profile, and a corresponding increase in the velocity distribution. The temperature profile is
positively correlated with the volume fraction, whereas an increase in viscosity of the NF due to
the presence of nanoparticles leads to a decrease in the velocity distribution. Meanwhile, higher
values of the Prandtl number cause a decline in the velocity profile due to an increase in the
thermal diffusivity. Effects of the Grashof number are also observed and noted. Higher values
result in an increased velocity profile because of the increased buoyancy of the fluid. Higher
values lead to an increased temperature profile as a result of the heat introduced into the sys-

tem. The velocity distribution showed an increase with a corresponding increase in the vibration.

In the third chapter, the Atangana-Baleanu fractional derivative is applied and used to study
the flow of blood HNF. The nanoparticles used are Copper (Cu) and Aluminium Oxide (Al203).
The temperature and velocity profiles of the Cu — AloO3 HNF's are compared with those of just
Cu-blood NF. High values of the fractional variable S are associated with a decrease in both
the temperature and velocity distributions. It is noted that the shape of the nanoparticles have
a great effect on the temperature profile. Platelet shaped nanoparticles are observed to have
the lowest temperature profile for Cu — AloO3 blood HNF, attributed to the higher surface area
of the shape. Brick shaped nanoparticles cause the lowest velocity distribution as compared
to other shapes. Changes in the thermal diffusivity, as influenced by the Prandtl number, can
affect the velocity profile of a fluid. The Prandtl number has a significant impact on the velocity
distribution, with higher values of the Prandtl number leading to an increase in velocity. Ad-
ditionally, the Grashof number also influences the velocity profile, as higher Grashof numbers
correspond to higher velocity profiles. It is also noted that higher values of the radiation pa-
rameter R lead to an increase in the temperature distribution. Overall, the Cu — Al,O3 blood

HNF is noted to have a generally lower temperature profile, and higher velocity profile when
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compared with Cu-blood NF. These findings provide evidence and support for the enhanced
thermal performance of the HNFs; however, this comes with the drawback of increased viscous
effects resulting from higher volume fractions. The impact of the magnetic parameter M and

angle 0 are also evident from the observations made and noted.

The research concludes that fractional derivatives serve as a useful tool in the analysis of com-
plex fluid dynamics problems, offering practical applications in a variety of fields including

engineering and medicine.

5.2 Future Scope

The Casson fluid model is adopted in this work to capture the non-Newtonian properties of
blood as the base fluid. The nanoparticles considered are SWCNTs, MWCNTs, Copper(Cu),
and Aluminium Oxide (Al2O3). We also consider the fluid to be flowing over a vertical plate.

Consequently, the current study can be expanded in the following ways:

e The artery of the cardiovascular system are typically shaped in the form of cylinders. In
future, this problem can be extended to cylindrical shape and curved cylinder instead of

a plate.

e Models such as Herschel-Bulkely fluid model, Carreau and Carreau-Yasuda fluid model
can be used to model blood since they describe the behavior of the viscosity of blood in

different scenarios.

e Additional nanoparticles, such as Zinc Oxide (Zn0O), Titanium Dioxide (Ti02), and Silver
(Ag), can be investigated to develop novel blood HNFs. These new formulations can be
evaluated in comparison to the existing results, aiming to enhance the thermal properties
of blood.

e We can also consider using ternary hybrid nanofluids, with the aim of further improving

the thermal properties of hybrid nanofluids.

e New approaches for solving physics differential equation problems can be explored, such
as the use of artificial intelligence tools e.g. Physics Informed Neural Networks (PINNs),

which may give us new insights into fluid mechanics problems [69].
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A. Appendix for Chapter 3

A.1 Values of Constants for equation 3.20

H
blzw b2:M ngM b4:£
m m m m
) ba sCospg + kSingg 1 N Pr s1=8
B =b,MSinf + — + b C=b D=0b0Gr—— =
1 m +/~a+ 0S 4 521 52 3 rsﬁ—l R (1—as oy
A.2 Solution steps of Temperature profile
oT dq
C — = Al
__4oort
3K* o¢
or rather 5
16 o*T=. 0T
=————k, A2
q 3 K+ oend (A2)
From the energy equation, we have that
C T
(P P)nf (Pcp)f 07 = _@-
(vCr), T
It follows that 5T 5
q
Cp)y — = ——
na (p p)f o€ ¢’
where 9y = (1 — ¢) + qbigzgﬁ));
From the radiative heat flux, we have
16 o*T3 OT ky
— -7 "o ™M A3
q 3 K* o kf f ( )
which gives us
oT
q= —R775kf87€7 (A4)
(1—¢)+20 ke in( 21 .
where 75 = Fohy <k2f; ) and R = —16§K€g°
(1-9)+20 5 ln( i )
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We apply the Prabhakar fractional approach here thus:

T
q = —Rnsky %Zwﬁwa*g'

Taking the Laplace transform of (A.5), we get

oT
L{g}=CL {—Rn5kf %Zﬂﬁag} ,

q = —Rnsky [— (85 (1- ozsfa)'yﬂ ?9?

Taking the Laplace transformation of the energy equation, we get

9q

sTn (pcp)f = _875'

Equation (A.6) implies that

gz = —Rnsky (3’8 (1- as_o‘)'y> — e

Substituting (A.8) into (A.7), we get:

— _ 0°T
NasT (pCp)f = —Rnsky <s’3 (1—as )7) ek
Dividing by kj gives
_(pCp); o\ O°T
NasT o = —Rn (sﬁ (1 —as )7) er”
or rather -
nasT Pr = —Rnj <85 (1 — as_a)7> g;;,

where Pr = (pi:)f is the Prandtl Number.

Rewriting this, we get the homogeneous differential equation:

0’T _ mPr 518
02 msR (1 —as™ )7

=0

The characteristic polynomial of this differential equation is

r2—M =0,
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_ mPr 18
where M = o (—as=a)""

This has a solution r1 = —vM and r9 = +V M.

So the general solution is given by

T = C1etVM 4 Che VM, (A.12)

Now, implementing the initial conditions:
® Tie) — 0as § — oo means that C; = 0.

Hence

T = Coe VM, (A.13)
e T(o,5) = C2. At the same time, 82 —VMChe VM 3o %T(at()) /M,

Hence we have

1 _
—VMCQ - — <S +T(O,s)> (A14)
or rather,
1
ei=— (1), a9
Solving for Cy, we get
Cy = 0| (A.16)
S s(VM—1) '
Therefore, the solution of the differential equation is
. 1 nsPr s1=8
T = eV sl (1masmOT (A.17)

A.3 Solution steps for Velocity Profile

Given the momentum equation

Ov 1Y\ 0% o f
Pt gy = Hnf (1 + 50) o <UnfBOSm9 + > v+ 9 (pBr),; (T — T) + KoCos (kt + ¢o) ,

(A.18)

We multiply each thermophysical quatity by 1 = ?7 where z ¢ is the corresponding base fluid

thermophysical quantity, in this manner:
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) = (o) (1) g~ (5 o) s
rmy P N ol 7 + — )= — || = -0 | B§Sind
(pf & ) ot wy M Bo) 92 o )70

n 1
4 (Mf . Mnf) ;fu + Q(PBT>nf (T — Too) + KoCos (/{?t + ¢0)

which leads us to

ov 1\ 0% .
Mooy e = Mg <1 ta ) o ~(moo s B3Sin0 +m L) v-ng (pBr) (T — Tuo)+KoCos (Kt + o).

e =060+ 65 = b 1=+ o (3 - )b (5 41) - (1) e}

of oy
. ks —k
(1-0)+20 e ln( i

ms = (1=)+ o, s = (1— ¢>+¢§zg’;§;,n5=

ks+k s

(1—¢)+2¢ks’“_skf zn(W

) , Dividing throughout

by pr, we get

ov 0% osB2Sind g (pBr); (T — Two)
no— = mﬂ (1 + ) Yol (TZQ il + 771/~Lf> v+13 ! = +n4KoCos (kt + ¢p) .
ot Bo) 0§ Pf KPf Pf
(A.19)
We introduce the following non-dimensional variables:
* * Te,)—Too * Tw —Too .
=g, =g gty prolen o g g gl gy
Introducing these non-dimensional variables into equation (A.19), we obtain:
3(% 1 1)3 9v* ngafBgSinH m .
noiat*: B 28 2 +— vov
10§ 08 Pf
9 (pBr); (Tw —Too) T" 4+ Too — T
+n3 fow = > = + naKoCos (kt + ¢p) -
Pf
Multiplying throughout by é, we get:
ov* 1 90%v* o1 B2Sind v 9 (pBr); (T — Too) T™ vrK
Uy = A= 2 <7]2 ! > 2 f)” +1 L w3 e ]; 2 Cos (kt + o) .
ot B pf g 08 PG K3 PrUy v

ov* ,,71 a2 *
0 Ot* - /6 85*2

(ngMSinB + %) v* +n3GrT* + HCos (kt + ¢p) .
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where M = %, Gr = g(pBT)f(T;)FTOO)T* , H =M1 a5 keeping in mind that vy = ”—f.
PV Yo g Pf
Dropping the * sign for simplicity,
G ( MSing + ’71) +13GrT + HCos (kt + ¢o)
= = i — v ) :
8t = B 02 2 K 3 0
Now we take the Laplace transform of the above differential equation thus:
ov m 0%v . m
L {770 T } L {&@52 — (772M5’m0 + ?) v+ n3GrT + HCos (kt + ¢g) ¢ ,
which gives us
. m 0% . my\ _ — sCosgg + kSingg
NoST = 5 0 (nQMSan + ?> U+ n3GrT + H [ 121 52 (A.20)
Multiplying throughout by %
0*v 1 H C kSi
b 7121 _ (77251MS g+ 10 1351 > 77451G T Sl [s os<Z>(2)+ : m(bo} C(A21)
m og m K m m k% +s

By letting by = T’%—?l, by =128 py = "ffl, b = 17;‘7—?1 and by = % , the above differential

equation simplifies to

_ 0% , bo\ _ — sCospg + kSingg
boS’U = 8752 — (blMSZTl@ + K) U+ b3G7’T + b4 [ kj2 n 82 :| (A.22)
Re-arranging this, we get:
0%*v b sCospg + kSingg —
% (blMSan + 174 + b08> U+ by [ 124 2 ] = —b3GrT, (A.23)

which is the equation to be solved.

By letting A =1, B =bMSind+ % +bys, C=by [%} and D = —byGrT,

the above differential equation is simply

0%
Agg — Bo+C = DT(E). (A.24)

First we solve the homogeneous version of the differential equation,
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v __

This has the general solution

C
T=c1eVE tope VP 4 B

Now we find the solution of the non-homogeneuos differential equation.

Let
v = nceffﬁ

v =n. (L) 6*5‘@,

_ nsPr__ s'=#

where L Py m.

Substituting into (A.24), we get
nCLe_fﬁ - ncBe_f‘E = De~¢VL

ncL - ncB =D
ne(L—B) =D
Ne = LE)B
Therefore,

. D VL
oo (125) e

And finally, the solution of the velocity equation is:

D
v = cleg\/g + 026_5\/E + g + < ) e_gﬁ.

B L-B

Now we apply the initial conditions.

7 —0as & — oo

means that ¢; = 0.

Voo = Gt =2t T p
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_p! C D
Cy = W — E — ﬁ (A27)

As a result, the final velocity solution is given by:

- P C D\ 5 (C. D\ s
“Z(W‘E‘ﬁ)“ eriog)e" (A.28)
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B.1 Solution steps of Temperature profile

Given the equations

oT 0q
(Pcp)fmf 875 = _675

4 o* 9T
3K* o¢

or rather
16073 0T
q= 3 K+ (95 hnf-

From the energy equation, we have that

(Pcp)hnf or dq

Gy, Yo = Tae

It then follows that 5T 5
q
N4 (Pcp)f 875 = _875’

Cp)hn
where 74 = (’(’pgz]gff .

From the radiative heat flux, we have

16 o*T2 T k
q~ _707007Lfkf,

which gives us
oT
~ —Rnskr—,

ks—k
(1—¢)+2¢ ks’“_skf ln( ;kff

) _ 160*T3
(1-¢)+2¢ 2= ln( ke ) and B = =T
ks—ky 2k

where n5 =

Now, we apply the Atangana-Baleanu fractional approach here thus:

oT
dig) = —ABQtﬁRa*E

Taking the Laplace transform of (B.5), we get
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L{gy =L {—ABQfRaT} .

23
But
cpmod = P Eten) ~ heo)

! (1-p)s?+ 5

Therefore
a _ SBT 8T(€7t)

(1-pB)sP+p " 05 7’

and

G (¢ 1)
oc

naPrsT ey = —ns

(Pcp)f

(B.6)

(B.7)

(B.8)

where Pr = TR is the Prandtl Number. Substituting B.7 into B.8, we get the homogeneous

differential equation:

827(5@ - 774PT‘ Sﬁ T _
0¢? sk (1-p8)s" + 8

0.

The characteristic polynomial of this differential equation is

r?2—M=0,

_ maPr sP
where M = R (1=F)s71h"

So the general solution is given by
T = Clegm + Cgefém.

Now, implementing the initial conditions:
e Ti¢y — 0 as & — oo means that Cp = 0.
L] T(O,t) =1 = T(O,s) = % As such, Cy = %

Finally, we have the solution of the temperature profile as:

1 _6 ngq Pr B
T= ¢ 15 (1-p)sP+8
s
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This has a solution 1 = —vM and r9 = +vV M.
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B.2 Solution steps of Velocity profile

The process for non dimensionalisation is similar to that of the velocity profile of Chapter 3.

So, given the dimensionless differential equation for momentum:

v n 0%v (
5 T B ae

N M Sinf + %) v+ 773T(§,t)- (B.13)

We introduce the Atangana-Baleanu time fractional derivative

AB m &v , m
Mo @t’l)(&t) = 5875_2 — (T]QMSlne + ?) v+ 773T(§,t)' (B14)

Taking the Laplace transform of the above equation we get,

AB m 626 . m\ _ _
7706[ :Dt'l)(g,t)] = Ea—gz — (T]QMSZNH + ?> U+ 773T(§,t)7 (B15)
which gives us
S"L(ven) —veo) | _ m 0% D T
0 [ 1-B)sP+B8 | BoE (WMSZ”H + ?) U+ 13T ¢4, (B.16)

by definition of the Laplace of the Atangana-Baleanu time fractional derivative. Since v(¢ o) =0

by the initial conditions, (B.16) becomes:

_@826

ey | _mo*®
o ( B 02

1-pB)sf+p

. (ngMSz'n@ + %) T+ 5T () (B.17)

Dividing throughout by %, and rearranging, we get:

0%V (¢ o) las® + 15\ _ =
gt < B0y )U(as) = —13Te.s): (B-18)
Solving the homogeneous equation first,
V(e ) las” + 15 _

g < 1, ) Vie,s) = 0. (B.19)
Characteristic polynomial is r? — Q = 0, where Q = l‘;‘f}ﬁ%
Therefore the general solution is:

Tie,s) = C1e5V0 + Cpe V0. (B.20)
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The particular solution of B.18 is

_ 1/ —b3 N
= - B.21
Up s <M + Q) € ( )
Hence the solution is given by:
_ _ 1/ —0b3 _
/U(S,S) = Clef\/@ + 026 e + ; <M> (& f\/M (B22)

Now implementing the initial conditions,

e 7 — 0, therefore Ch7 =0

s _
s24w?

® V) = H(t)Cos(wt), so V(o) = ﬁ Therefore Cy =

After rearranging, we get the solution:

5P 4 u
. _\/ﬁ L b+l (e‘g\/ﬁ et Slﬁlw). (B.23)
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