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Abstract

Kaposi’s sarcoma is a common AIDS-defining cancer that has continued to afflict

patients living with HIV-1, especially, individuals who are currently not on HAART

or whose HIV-1 status is not known. Even individuals who have had a prior HHV-8

infection and are on HAART are at an increased risk of developing KS whenever drug

failure occurs and when one develops drug resistance to the drugs being administered.

Like other herpesvirus, KS associated herpesvirus (KSHV), also known as human

herpesvirus-8 (HHV-8) is a lifelong infection in a host. The non-AIDS related KS is

less life threatening than the HIV related KS.

In this study, we first develop a mathematical model for the development of Classic

KS that involves the interaction of infected B cells, infected progenitor cells, KS

cells, HHV-8 virions and the innate immune response. The innate immune signalling

molecules generated in response to viral infection lead to the production of a broad

range of antiviral proteins and cytokines that generate the initial fight back against

the infection. From this model we shall show that KS therapy alone is capable of

reducing the HHV-8 load and consequently the tumor burden is diminished.
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The innate response above is followed by an adaptive immune response which is a more

robust response involving the killer T cells. The adaptive immunity is the second arm

of the immune response that is elicited following the failure of the innate immunity

to clear an infection. We have also incorporated three controls to explore the roles

of HAART and anti-KS therapy in reducing the burden of AIDS-KS infection. From

the model we show that if HAART is administered at optimal levels, both HIV-1 and

HHV-8 can be reduced to undetectable levels.

In the second model, we have developed a mathematical model for non-AIDS-related

KS (NAKS) that encompasses uninfected B and progenitor cells, HHV-8 specific

effector cells, immune response that is tailored toward viral suppression, latently and

lytically infected B cells, infected progenitor cells, Kaposi’s sarcoma cells and HHV-8.

The motivation of this study comes from the realization that little attention has been

paid towards finding treatment options to inhibit reactivation of lytic replication of

HHV-8 and other therapies to reduce infection of B cells by HHV-8. It is therefore

imperative that efficacious drugs are developed to ease the affliction of NAKS patients.

Unlike AIDS-related KS, NAKS variant normally results is an indolent tumor that

individuals can live with throughout their lives. However, sometimes the cancer

cells can spread to other internal organs in the host where metastasis can be life

threatening. Due to increasing cases being recorded in sub-Sahara Africa, there is an

urgency to develop new drugs and to recommend ways to increase the efficacies of

some already existing drugs for this cancer. This study has recommended the range
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of efficacies that we believe can adequately clear the KS infection, provided adherence

protocols are maintained to avoid the emergence of drug resistance.

The predictions of these mathematical model have the potential to offer more effective

therapeutic interventions in the treatment of NAKS or AIDS-related KS (AKS).
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Chapter 1

Introduction

1.1 Background of the study

Kaposi’s sarcoma (KS) is a multifocal malignancy mainly affecting elderly Mediter-

ranean men, individuals in sub-Sahara Africa with impaired immune systems, ei-

ther due to human immunodeficiency virus-1 (HIV-1) infection or immunosuppres-

sive drugs after undergoing organ transplantation or weakening immunity due to

old age. Human herpesvirus 8 (HHV-8) or Kaposi’s sarcoma-associated herpesvirus

(KSHV), is the etiological agent of KS [15], a neoplasm of endothelial origin that oc-

curs in four distinct epidemiologic forms [17]: classic or Mediterranean KS, epidemic

or AIDS-related KS (AIDS-KS), endemic or African KS, and iatrogenic or organ

transplant-associated KS. Although the incidence of AIDS-KS has declined due to

increased access to highly active antiretroviral therapy (HAART)[90], the disease

1
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burden remains significantly high in sub-Sahara Africa and continues to be a source

of morbidity and mortality in areas where co-infection of HIV-1 and HHV-8/KSHV is

high [46]. With a high possibility of HIV-1 sufferers developing drug resistance, due

largely to non adherence to HAART treatment protocols, there is fear that this could

eventually trigger an increase in the number of cases of AIDS-related KS as a result of

deteriorating immunocompetence among HIV-1 suffers co-infected with HHV-8 [31].

The success of ART in treating HIV-1-associated KS has also been countered by the

occasional occurrence of an immune reconstitution inflammatory syndrome, a condi-

tion characterized by severe, temporary enhancement of KS lesions due to an increase

in inflammation and immunologic recovery after ART [27].

The discovery of HHV-8 and its contribution to KS development opened the potential

for prophylaxis and treatment of the infection and cancer with antiviral drugs, and

prevention of them with a vaccine. Strategies to achieve these ends require an inti-

mate knowledge into the pathogenesis and immune surveillance of HHV-8 infection

[54].

1.2 Statement of the problem

At the end of the 20th century, more than 21 million individuals worldwide had suc-

cumbed to AIDS, over 34 million had HIV infection, and over 95% of HIV infected

persons resided in developing countries. Nine countries in Southern Africa, with 2%
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of the world’s population, accounted for one third of all HIV-infected persons [52].

In some countries of sub-Sahara Africa, the seroprevalence of HHV-8 suggests that

more attention should be paid to this infection. For example, in Zambia, HHV-8

prevalence is estimated to be 37.5%, in Botswana the prevalence ranges between

54.7%− 90% depending on the test used [23, 79]. These prevalence levels are compa-

rable if not higher than HIV-1 prevalence [22], yet little attention has been paid to

containing this infection.

In 2018, KS was estimated to be the second most common cancer in Malawi, ac-

counting for 20.5% of all the cancer cases diagnosed. In Uganda about 13% of all

the cancer cases diagnosed were associated with KS. In Zimbabwe about 9% of all

the cancer cases diagnosed regardless of one’s HIV status [34], were associated with

HHV-8 infection.

Kaposi’s sarcoma occurrence in AIDS patients not receiving highly active antiretro-

viral therapy (HAART) is estimated to be 20000 times more likely than in the gen-

eral population [40]. A number of studies [54, 63] have provided evidence to show

that the incidence of AIDS-related KS has declined drastically since HAART became

more accessible to HIV patients. Numerous studies, for example Krown S.E. [56],

have documented the benefits of HAART measured by regression of KS tumor upon

commencement of HAART and drug-mediated HIV-1 viral suppression and profound

immune reconstitution.

In the quest to finding the solution to the burden imposed by HHV-8 infection on
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KS patients in sub-Sahara Africa and the world, there is an urgent need to develop

mathematical models that elucidate the in host dynamics of HHV-8 and how the

infection progresses to KS in immunosuppressed patients especially those co-infected

with the human immunodeficiency virus-1 (HIV-1).

This study seeks to develop mathematical models incorporating infected B cells, in-

fected progenitor cells, KS cells, HHV-8 virions and the immune response with a view

to determining the efficacy threshold of the immune response that can impede a po-

tential classic KS from developing into a clinical KS. We consider two types of the

immune response, the initial innate response and if this fails to clear the infection, to

consider the more robust adaptive response.

The adaptive immune response is categorized into humoral and cell-mediated immu-

nity. Humoral immunity is concerned with extracellular pathogens and comprise the

antibody production by B cells which later mark the infected cells for destruction. In

contrast, the cell-mediated immunity involves the cytotoxic T lymphocytes (CTLs)

and the activated natural killer (NK) cells.

The current study will focus on the cell-mediated immunity driven by C8+ T cells,

which upon antigenic stimulation activates into specific effector T cells normally re-

ferred to as cytotoxic T lymphocytes(CTLs). The CTL response is triggered after

naive C8+ T cells are primed following recognition of foreign peptides bound on ma-

jor histocompatibility complex class I (MHC I) molecules presented by the antigen

presenting cells, e.g dendritic cells together with a co-stimulatory signal.
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In the event that the innate immune response fails to halt the development of the

infection, we seek to extend the model to include the co-infection of HHV-8 with

HHV-1 and explore the level of the adaptive immune response that can clear the

infection. We shall consider the interactions of CD4+ T cells and HIV-1, and how

this relationship enhances the relationship between B cells and HHV-8, and the role

of viral specific CD8+ T cells. We also consider the progression of infected progenitor

cells into KS cells. An optimal control approach is adopted with a view to deter-

mining the drug efficacy level of HAART alone or a combination of HAART and KS

chemotherapy capable of clearing the infection.

1.3 A Dissection of Research Problems

The brief introduction above has led us to address the following:

1. We want to formulate a within-host model for non-AIDS Kaposi’s Sarcoma (NAKS)

that mimics the dynamics of NAKS and investigate various therapies that can clear

the infection.

2. We want to formulate a model of AIDS-KS and investigate two immunological

responses, the innate and adaptive responses. Specifically, we want to investigate the

conditions under which the adaptive response can control the viral escape.

3. We want to determine the conditions under which HAART alone can control the

infection and the drug efficacy levels under which combined HAART and chemother-



6 CHAPTER 1. INTRODUCTION

apy can reduce or stop the AIDS-KS infection.

4. We want to formulate a within-host model for a non-AIDS related KS that ac-

counts for B cells latently and lytically infected with HHV-8 as well as the innate

and adaptive arm of the immune system. We will then employ an optimal control

strategy to obtain treatment efficacies for therapeutic approaches aimed at blocking

viral entry and impeding the reactivation of lytic replication.

1.4 Objectives

Our objectives in this thesis are:

1. To construct an in host model for NAKS that mimics the dynamics of NAKS and

explore various therapies that are potent in clearing the infection.

2. To develop a model of AIDS-KS and explore two immunological responses, the

innate and adaptive stages. We want to investigate conditions under which the adap-

tive response controls the viral escape in the absence of treatment.

3. To develop and analyse an optimal control model of AIDS-KS that includes

HAART and chemotherapy as controls.

4. To formulate an in-host model of NAKS that includes blocking of B cell infection

by HHV-8 and suppression of lytic reactivation of latently infected B cells.



Chapter 2

Literature Review

In this chapter, we review literature related to the dynamics of Kaposi’s sarcoma and

how Kaposi’s sarcoma associated herpesvirus (KSHV) initiates the infection.

2.1 Vital statistics concerning AIDS-KS and non-

AIDS-KS

Kaposi’s sarcoma was first reported in 1872 by Moritz Kaposi, a Vienna-based Hun-

garian physician and dermatologist. He observed numerous cases of a multifocal

pigmented sarcoma of the skin in elderly European men, who all died within 2 years

of diagnosis [48]. The first variant of Kaposi’s sarcoma identified by Moritz Kaposi

was named classic KS or sporadic KS. From 1947, many reports documented cases

of this tumor in Africa together with a lymphadenopathic form of KS in children.

7
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This form of KS has now been called endemic or African KS [19]. KS, especially in

sub-Sahara Africa, attracted attention from the 1980’s when the AIDS pandemic was

announced and an aggressive form of KS was reported among gay men [36]. This

variant of KS is now called AIDS-related Kaposi’s sarcoma(AIDS-KS) or epidemic

KS.

The AIDS-KS, unlike the other variant (non-AIDS related KS), is associated with se-

vere morbidity and mortality. This has prompted significant research efforts into

its etiology which ultimately culminated into the discovery of Kaposi’s sarcoma-

associated herpesvirus (KSHV) or human herpesvirus-8 [15]. The risk for developing

KS in the setting of HIV-1 has been reported to be amplified by 3,640-fold over the

general population in the United States [24, 25, 38, 57, 76], however, this risk has

drastically reduced due to immune reconstitution as a result of highly active antiretro-

viral therapy (HAART)[24, 41].

From the epidemiological point of view and as mentioned earlier, there are four vari-

ants of KS: Classical Kaposi’s sarcoma (CKS) or sporadic, African (endemic), Iatro-

genic or Transplant KS and acquired immune deficiency syndrome (AIDS)-related

Kaposi’s sarcoma (AIDS-KS). It is now known that the development of each form is

dependent on prior infection with Kaposi’s sarcoma-associated herpesvirus (KSHV)

or the human herpesvirus-8 (HHV-8) [20]. However, for AIDS-KS and iatrogenic

KS, HHV-8 infection only is insufficient for the development of KS, some form of

immunodeficiency is required [20]. There are exceptional cases, for example, not ev-
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ery AIDS patient develops KS despite profound immunodeficiency and only a few

KSHV-infected transplant patients develop iatrogenic KS [20]. Moreover, classic and

endemic KS patients are not necessarily immunosuppressed [49, 61]. Hence, the co-

factors of endemic African KS are yet to be understood. Some of the causal factors

implicated in its development are environmental, genetic, immunosenescence, sex and

malnutrition [20].

In the context of the acquired immunodeficiency syndrome (AIDS), KS is the most

common neoplasm and is one of the AIDS defining cancers (cancers that signal the

initiation of AIDS), besides non-Hodgkin’s disease and cervical cancer [35]. In HIV

seropositive patients, KS lesions are widely spread in the skin and in most cases

involve the visceral such as the lungs, gastrointestinal tract [44].

In contrast to the classic KS, iatrogenic KS is more aggressive with a widespread

involvement of the visceral. Discontinuation of immunosuppressive treatment can

sometimes lead to improvement in the immune response and can lead to tumor lesion

regression [11].

KSHV/HHV-8 is a double stranded DNA virus with two transcriptional replication

programmes namely, the latent and lytic phases [64, 85]. In the latent stage, only a

handful of the viral genes are expressed [45, 88], for: maintenance of the viral genome,

impediment of lytic reactivation and evasion of immune surveilliance to protect the
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latently infected cells from being recognised by the cellular-mediated immunity [8, 84].

Infection with HHV-8 is in many cases a life-long persistent infection in immunocom-

petent individuals. However, when there is disruption in latency triggered by factors

such as environmental factors then latent infection can switch to the lytic phase [2].

When a virus enters a susceptible B cell it reproduces forms of the genome by using

the cell genome and it eventually bursts to release the virions.

To the best of our knowledge, the studies by Nani, et al., [72] and Lungu, et al.

[95] are some of the few published mathematical studies modeling HIV-KS dynam-

ics. However, the development of within-host models of AIDS-KS incorporating and

addressing HAART and chemotherapy efficacies are still open problems.

In 2011, Nani and Jin [72] developed a mathematical model for AIDS-associated Ka-

posi’s sarcoma(AIDS-KS) incorporating highly active antiretroviral therapy (HAART)

treatment. Nani and Jin [72] model is among the first few models incorporating and

studying the impact of CD8+ T cells on AIDS-KS during HAART treatment. The

model included uninfected CD4+ T cells, HIV-1 infected CD4+ T cells, HIV-1 virions

in blood plasma, HIV-1 specific CD8+ T cells, concentration of drug molecules of the

HAART treatment protocol and KS cells in the patient undergoing HAART treat-

ment. In this model, the interaction between HHV-8 and the B cells was not explored

in spite of the study being on Kaposi’s sarcoma. According to Foreman [32] HHV-8
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can persist in latently infected B cells in immunocompetent individuals. This sce-

nario has the effect of maintaining the production of HHV-8 to low levels. However,

in immunoincompetent individuals the latently infected B cells may be reactivated a

scenario which can increase the production of HHV-8. According to Foreman [32] KS

can result from a process of erroneous infection of activated progenitor endothelial

cells by HHV-8 which ultimately transform into KS cells. In this model, the authors

did not distinguish between the CD8+ T cells that were responsible for killing infected

CD4+ T cells and infected B cells by specific cytotoxic T lymphocytes. In spite of

these shortcomings this study concluded that HAART therapy had the potential to

reduce the HIV viral load to undetectable levels and observed that ex-vivo infused

IL-2 incubated specific CD8+T cells had the capacity to decrease the HHV-8 viral

load and consequently to annihilate the tumor cells.

In 2013, Lungu et al.[60] formulated a deterministic mathematical model to quan-

tify HAART treatment levels for patients co-infected with HIV-1 and HHV-8 in high

prevalence settings. The study revealed that approximately 87% of the AIDS popu-

lation could acquire protection against co-infection with HIV-1 and KS simplify by

providing treatment to 10% of the HIV population. The study further observed that

since the majority of sub-Sahara African nations had already embraced HIV screening

and counselling, such services could be extended to HHV-8 testing and KS disease

counselling.

In 2014, Szomolay and Lungu [95] developed a mathematical model, at cellular level,
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to study the dynamics of HIV-1-related KS pathogenesis. In that model which was

based on the review by Foreman et al.[32], the authors [95] modeled KS progres-

sion as a dual process encompassing the primary infection of B cells, that reinforces

HHV-8 replication and the secondary infection of endothelial progenitor cells, which

reinforces the KS propagation. The study concluded that HAART administration

to people co-infected with HIV-1 and HHV-8 viruses could significantly amplify the

therapeutic response of low dose therapies. The study concluded that adherence lev-

els above 85 percent were necessary for a substantial reduction in the risk of KS and

HIV-1 for treatment periods of less than a year, but at least a 90 percent adherence

level was recommended for longer treatment periods.

In another study, Nani and Jin [73] developed and analysed an within-host math-

ematical model for HIV-1-associated KS during HAART and adoptive cellular Im-

munotherapy (ACI). The same state variables as in [72] were investigated. However,

the constant source for CD8+ T cells included ex-vivo incubated lymphocytes besides

the one that were replenished by the thymus. The study showed hypothetically that

HAART had the potential to annihilate HIV-1 actively infected CD4+ T cells and

HIV-1 virions without necessarily clearing the KS cells. The study further concluded

that ACI had the capacity to bring KS into remission for AIDS patients who were

on HAART and that a combined therapy of ACI and HAART had the potential to

reconstitute the CD4+ T cell numbers to pre-HIV levels.



2.1. VITAL STATISTICS CONCERNING AIDS-KS AND NON-AIDS-KS 13

Herpesviruses, like human herpesvirus-8 (KSHV or HHV-8), are incredibly successful

parasites - once the infection is established, the individual can become a virus carrier

for life. The invasion success of HHV-8 is attributed to the virus’ ability to enter

host cells, establish latent infection and efficiently reactivate upon stimulation caused

by immunodeficiency. Therapeutic interventions of any of these steps is vital to

break the viral life cycle and is being targeted as effective strategies for treatment of

herpesvirus-associated cancers. Compared to AIDS-related KS, no much attention

has been paid to the non-AIDS related variant that has three main subtypes: classic

KS, African endemic KS and iatrogenic KS. This is likely due to the fact that the

HHV-8 sequences were identified by Chang et al. [15] during the same period the

HIV/AIDS pandemic was peaking globally [51]. Moreover, compared to some HIV-

related comorbidities such as tuberculosis and pneumonia, HIV/AIDS related KS

yields fewer deaths.

As mentioned above, HHV-8 can establish a latent infection in immunocompetent

patients [16, 32]. However, under certain conditions such as immunosuppression

[53], latency can be disrupted and virions can be released from their reservoirs for

dissemination [37]. HHV-8 reactivation is often induced by co-infection with other

viruses, such as human immunodeficiency virus or human cytomegalovirus (HCMV).

Although highly antiretroviral therapy (HAART) is the first-line therapy for AIDS-

KS, currently there is no definitive cure for its non-AIDS related variant.

Non-AIDS related KS therapies include surgical excision, radiotherapy and chemother-
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apy [3], depending on the size of the lesions. The Food and Drug Agency(FDA)-

approved chemotherapeutics, such as liposomal doxorubicin or interferon-α are also

available [83]. However, these therapies do not target the virus per se and their

anti-tumor effect is only transient. In the past two decades several studies have inves-

tigated alternative antiviral therapies that have shown promise to block the HHV-8

entry into its target cell [97] or to inhibit lytic replication from latently infected host

cells [16]. Chemical inhibitors used in virus entry studies have common side effects,

although recombinant viruses in animal models have shown some promise [100]. A

recent study has shown that tyrosine kinase inhibitors, already in clinical use for hu-

man malignancies is capable of inhibiting lytic reactivation and the development of

HHV-8-infected tumors in mice [7]. These novel therapeutics for HHV-8 infection are

known to cause less side effects than the traditional treatments [7, 16] and will most

likely serve as potential therapeutic avenues due to their relative drug safety. Never-

theless, there is a need to explore the drug safety of these therapeutics in randomized

clinical trials [74] and this is where in silico studies may help.

2.2 Basis of Mathematical Modelling of KS

The mathematical models in this thesis are based on the pioneering work of Foreman

et al. [32]. In Foreman et al. [32], the proposed schematic diagram [Figure 2.1],

begins with cytokines and growth factors produced by HIV-1 infected cells or other

activated immune cells. These cytokines and growth factors stimulate the endothelial
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progenitor cells (EPC), which are thought to be the precursors of the KS cells (spin-

dle cells). The stimulation of EPC leads to the activation and proliferation of these

precursor cells which ultimately transform them into pre-KS. The activation of EPC

predisposes them to an erroneous infection by HHV-8 as more virions are produced

as a result of reactivation of the latently infected B cells. KSHV normally establishes

a latent infection in B cells and only allows a transient lytic replication in a way

that spares the host cell. However, with HIV-1 infection, the increase in the cytokine

production and HIV-1 Tat protein, the lytic reactivation of latently infected B cells

is triggered. This scenario leads to the mass production of HHV-8 virions which ulti-

mately begin to infect the already activated progenitor cells using the newly acquired

receptors.

For more details we refer the reader to the schematic diagram below that we have

adapted from [32].

Foreman Proposed Model of AIDS-KS
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Figure 2.1: Model for the pathogenesis of AIDS-KS. Adapted from [31]



Chapter 3

Preliminary Definitions and

Concepts

In this chapter we review some of the concepts used in this thesis. This review will

make it easier to shorten some of the Lemmas and proofs developed in this thesis.

17
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3.1 Some Defintions

Definition 3.1.1 [13] Consider a general system of the form x′ = f
(
x, t
)
, where

x ∈ Rn is a vector of unknowns and

f
(
x, t
)

=



f1

(
x1, x2, . . . , xn, t

)
f2

(
x1, x2, . . . , xn, t

)
...

fn
(
x1, x2, . . . , xn, t

)


is a vector-valued function f : Rn+1 → Rn. The system x′ = f

(
x, t
)
, is said to be

autonomous if f does not explicitly depend on t. That is, the system has the form

x′ = f
(
x
)
.

Definition 3.1.2 [13] Suppose f : Rn → Rn is written in terms of its components

and further suppose that the first partial derivatives of each component function exist.

That is, ∂fi/∂xj exists for 1 ≤ i, j ≤ n. Then the Jacobian of f is the matrix

Jf
(
x
)

=



∂f1
∂x1

∂f1
∂x2

. . . ∂f1
∂xn

∂f2
∂x1

∂f2
∂x2

. . . ∂f2
∂xn

...
...

. . .
...

∂fn
∂x1

∂fn
∂x2

. . . ∂fn
∂xn


(3.1)
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3.2 Existence and Uniqueness Theorem

Theorem 3.2.1 (Existence and Uniqueness of Solutions) [13] Consider

ẋ = f(x), (3.2)

and f : Rn → Rn, and x0 ∈ Rn. Then, there is a δ > 0, such that there is a unique

solution x(t) to the differential equation with x(0) = x0 for the interval [0, δ] with

t ∈ [0, δ].

Definition 3.2.2 [13] An equilibrium solution of ẋ = f
(
x
)

is any constant vector x∗

such that f
(
x∗
)

= 0.

Note that x∗ is also referred to as a steady state.

3.3 The next generation operator approach for

computing the basic reproduction number, R0

The basic reproduction number, R0, is often determined by considering the signs

of the eigenvalues for the Jacobian matrix evaluated at the disease free equilibrium.

Diekmann et al. 1990 [18] proposed a new method which they called the next gen-

eration operator approach. The determination of R0 is briefly presented below. The

reader is referred to Diekmann et al.1990 [18] for details.
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Consider a scenario where heterogeneity is discrete implying that the groups com-

prising the population have fixed characteristics.

Let X ∈ Rr,Y ∈ Rs,Z ∈ Rn, r, s, n ≥ 0. Define the component of X to be the num-

ber of susceptibles, recovered, and other classes of non-infected individuals. Let Y

represent the number of infected individuals who do not transmit the disease (various

latent or non-infectious stages), and let Z represent the number of infected individuals

capable of transmitting the disease (e.g., infectious and non-quarantined individuals).

Define a function h
(
X,Y,Z

)
such that h

(
X,0,0

)
= 0.

Let an epidemiological model be represented in the form given below.

dX

dt
= f

(
X,Y,Z

)
,

dY

dt
= g

(
X,Y,Z

)
,

dZ

dt
= h

(
X,Y,Z

)
,

Let U0 =
(
X∗,0,0

)
∈ Rr+s+n denote the disease-free equilibrium, that is,

f
(
X∗,0,0

)
= g
(
X∗,0,0

)
= h

(
X∗,0,0

)
= 0. (3.3)

Assuming that the equation g
(
X∗,Y,Z

)
= 0 implicitly determines a function Y =

g̃
(
X∗,Y

)
. Let A = DZh

(
X∗, g̃

(
X∗,0

)
,0
)

and further assume that A can be written

in the form A = M − D, with M ≥ 0 (that is, mij ≥ 0) and D > 0, a diagonal

matrix.

The basic reproductive number is defined as the spectral radius (dominant eigenvalue)
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of the matrix MD−1, that is,

R0 = ρ
(
MD−1

)
.

3.4 A technique for establishing global stability

of the disease-free equilibrium when R0 < 1.

The method outlined below is based on the works of Diekmann et al.[18].

Here we list two conditions that if met, guarantee the global asymptotic stability of

the disease-free state. First, the given system must be written in the form:

dX

dt
= F

(
X,Z

)
,

dZ

dt
= G

(
X,Z

)
, G
(
X,0

)
= 0,

(3.4)

where X ∈ Rm denotes (its components) the number of uninfected individuals and

Z ∈ Rn denotes (its components) the number of infected individuals including latent,

infectious, etc. U0 =
(
X∗,0

)
denotes the disease- free equilibrium of this system.

The conditions (H1) and (H2) below must be met to guarantee local asymptotic sta-

bility.

(H1) For dX
dt

= F
(
X,0

)
,X∗ is globally asymptotically stable (g.a.s.),

(H2)G
(
X,Z

)
= AZ−Ĝ

(
X,Z

)
, Ĝ
(
X,Z

)
≥ 0 for

(
X,Z

)
∈ Ω, where A = DZG

(
X∗,0

)
is an M-matrix (the off diagonal elements of A are nonnegative) and Ω is the region
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where the model makes biological sense.

If system (3.4) satisfies the above two conditions then the following theorem hold:

Theorem. The fixed point U0 =
(
X∗,0

)
is a globally asymptotically stable (g.a.s.)

equilibrium of
(
3.4
)

provided that R0 < 1 and that assumptions (H1)and (H2) are

satisfied.

3.5 Routh-Hurwitz Criteria

A method is devised for establishing stability of the steady states for large systems

where direct computation of eigenvalues may not be easy. We follow closely the work

presented in [67].

Let the following characteristic polynomial be taken from a Jacobian matrix.

λn + a1λ
n−1 + a2λ

n−2 + ...+ aj−1λ
n−j+1 + ajλ

n−j + ...+ an = 0. (3.5)

The Routh-Hurwitz criteria give the information about the signs of the real parts of

eigenvalues and this is all that is needed to decide on the stability of an equilibrium

point for a system of ordinary differential equations.

Let the entry in the lth row and mth column of the Hurwitz matrix, Hj, j =



3.6. OPTIMAL CONTROL PROBLEM 23

1, 2, 3, ..., n, be denoted by hlm. We define hlm as

hlm =



a2j−m if 0 < 2l −m ≤ n

1 if 2l = m

0 if 2l < m or 2l > n+m

(3.6)

All eigenvalues have negative real parts if and only if the determinants of Hj are

positive, i.e.,

detHj > 0, j = 1, 2, 3, ..., n (3.7)

We can also reformulate these conditions in more simpler terms for n = 2, 3, 4, 5.

n = 2 : a1 > 0, a2 > 0,

n = 3 : a1 > 0, a3 > 0, a1a2 > a3,

n = 4 : a1 > 0, a3 > 0, a4 > 0, a1a2a3 > a2
3 + a2

1a4,

n = 5 : ai > 0(i = 1, 2, 3, 4, 5), a1a2a3 > a2
3 + a2

1a4,
(
a1a4 − a5

)(
a1a2a3 − a2

3 − a2
1a4

)
> a5

(
a1a2 − a3

)2
+ a1a

2
5.

3.6 Optimal Control Problem

We review some concepts pertaining to optimal control theory as presented in [1].

Consider a system 
ẋ = f

(
x(t),u(t), t

)
,

x(0) = x0,

(3.8)
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The objective functional (cost functional), which is a measure of evaluating the

system’s performance, is given by:

J
(
u
)

= h
(
x(tf )

)
+

∫ tf

0

g
(
x,u, t

)
dt, (3.9)

where xT = (x1, x2, ..., xn) ∈ A ⊂ Rn is the state vector, uT = (u1, u2, ..., um) ∈ U ⊂

Rm is the control input vector (A and U designates the sets of admissible state tra-

jectories and admissible controls, respectively), fT = (f1, f2, ..., fn) is a continuously

differentiable vector-valued function in each of its arguments, h is a differentiable

scalar function, and g is a continuously differentiable function in each of its argu-

ments.

The first term on the right side of (3.9) denotes a function value on the boundary

called the payoff term and the second term indicates the performance of the system

over the whole time interval, [0, tf ]. When a control input is added, the system fol-

lows some state trajectory, and the objective functional, J
(
u
)
, assigns a unique real

number to the state trajectory. Hence, an optimal control may be defined as:

find an admissible control u∗ ∈ U (and the associated admissible trajectory x∗ ∈ A)

that minimizes the performance measure J
(
u
)
:

min
u
J
(
u
)
, (3.10)
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subject to

ẋ = f
(
x(t),u(t), t

)
, (3.11)

x(0) = x0, (3.12)

u(t) ∈ U, for all t ∈ [0, tf ]. (3.13)

The constraint in (3.11) can be transferred to the objective functional, J
(
u
)
, by

introducing Lagrange multiplier λT (t) = (λ1(t), λ2(t), ..., λn(t)) (also called the co-

state vector):

J
(
u
)

= h
(
x(tf )

)
+

∫ tf

0

(
g
(
x,u, t

)
+ λT (t)

(
f(x,u, t)− ẋ

))
dt

We now define the Hamiltonian function, H, as:

H
(
x,u,λ, t

)
= g
(
x,u, t

)
+ λT (t)f

(
x,u, t

)
, (3.14)

Pontryagin’s minimum principle (PMP) specifies the necessary conditions for u(t) to

be an optimal control, where the terminal time tf and the terminal state x(tf ) are

considered to be fixed and free (not restricted), respectively: let u∗ : [0, tf ]→ U ⊂ Rm

be an optimal control, and let x∗ : [0, tf ] → A ⊂ Rn (and λ∗) be the corresponding

optimal state (and co-state) trajectory. Then, the optimality set (i.e., u∗,x∗, and λ∗)

satisfies simultaneously the set of the following conditions.

(i) the state equation

dx∗

dt
=
∂H

∂λ

(
x∗,u∗, t

)
, ∀ t ∈ [0, tf ], (3.15)
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with initial conditions on the state vector x∗(0) = x0;

(ii) the co-state equation

dλ∗

dt
= −∂H

x

(
x∗,u∗,λ∗, t

)
, ∀ t ∈ [0, tf ], (3.16)

with terminal conditions on the co-state vector (transversality conditions):

λ∗
(
tf
)

=
dh

dx

(
x∗(tf )

)
, (3.17)

(iii) optimality condition (i.e. the optimal control u∗ minimizes the Hamiltonian

function):

H
(
x∗,u∗,λ∗, t

)
≤ H

(
x∗,u,λ∗, t

)
, ∀ t ∈ [0, tf ], ∀ u ∈ U, . (3.18)



Chapter 4

AIDS-related Kaposi’s sarcoma

Pathogenesis

4.1 Introduction

Despite significant progress made in ending the HIV/AIDS epidemic, an estimated

38 million people were living with HIV at the end of 2018, resulting in about 2% of

them dying. The African region remains to be the most affected, accounting for two

third of the people living with HIV worldwide [98]. Although HIV-positive people

who start antiretroviral therapy (HAART) have the same life expectancy as their

HIV negative peers, they develop co-morbidities on average 16 years earlier than HIV

negative people [75]. Kaposi’s sarcoma (KS) is one of the most common malignan-

cies causing co-morbidity in patients with human immunodeficiency virus-1 (HIV-1)

27
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infection, especially at the later HIV stage (AIDS). Most of AIDS-related cancers are

caused by oncogenic viruses such as Epstein Barr virus (EBV), Kaposi’s sarcoma-

associated herpesvirus (KSHV or HHV-8) and Human papillomavirus (HPV) [10].

There are four different forms of Kaposi’s sarcoma: Classic or sporadic KS, African or

Endemic KS, AIDS-associated or epidemic KS, and Transplant or Immunosuppression-

associated or Iatrogenic KS [32]. The development of each of these forms is dependent

on prior infection with HHV-8. However, HHV-8 infection alone is insufficient for the

development of KS and some form of immunodeficiency is necessary for disease pro-

gression [95].

Most individuals infected with African KS and Classic KS but with strong immune re-

sponses have remained latently infected with HHV-8 throughout their lifetime [31, 32].

The co-factors involved in the development of Classic and Endemic KS are not fully

understood although environmental and genetic factors such as age, sex, malnutri-

tion, etc have been implicated [32]. Progression from HHV-8 infection to KS is

a complex process. For instance, not every AIDS patient develops KS even in the

face of profound immunosuppression, only a minority of HHV-8-infected transplant

recipients develop iatrogenic KS, and that people with Classic or Endemic KS are not

typically immunosuppressed [50, 62].
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Whether HHV-8 infection develops into an asymptomatic or symptomatic KS, de-

pends on the interplay between KSHV and the host immune system. When HHV-8

infection occurs, the immune system promotes an environment where cellular prolifer-

ation, cell migration, angiogenesis and cytokine/chemokine production are enhanced

[32]. The immune response occurs in two stages: first by triggering the innate re-

sponse and secondly, if the infection persists, the adaptive response [94]. A review

by Foreman et al [32] has suggested how infection of progenitor cells by HHV-8 can

initiate the development of all forms of KS. For individuals dually infected with both

HIV-1 and HHV-8, the HHV-8 infection is enhanced by the HIV-1 growth factors

which stimulate both uninfected and infected B cells to proliferate in response to T

cell signals [32]. The T cell signals stimulate the latently infected B-cells. These

cells that were dormant are now capable to proliferate and increase the population of

HHV-8 producing cells.

HAART has proved to be effective in maintaining low viremia in HIV-1 infected in-

dividuals. In patients dually infected with HIV-1 and HHV-8, HAART has proved

to be effective in clearing KS infections [9]. For many diseases such as malaria and

many childhood diseases prevention is given priority over treatment. For example,

individuals going to malaria Endemic areas are advised to take malaria prophylaxis

drugs one week before departure. These drugs activate their immune system to fight

and clear the infection before it develops into active disease. This approach can be



30 CHAPTER 4. AIDS-RELATED KAPOSI’S SARCOMA PATHOGENESIS

mimicked and applied to the case of AIDS-KS.

When a pathogen invades the body, the body triggers an innate, non-specific immune

response to clear the infection. This response consists of cellular (immune cells) and

chemical (e.g. cytokines) defenses to reduce the growth of the population of infected

cells and to eliminate the pathogens. The innate immune response may be viewed as

a way to suppress and control HHV-8 infection before the adaptive immune response

characterised by the clonal expansion of lymphocytes is activated.

Using mathematical modelling, we show that a dynamic motif in Figure 1 comprising

of interactions between infected B cells, infected progenitor cells, KS cells, HHV-8

virions and the innate immune response, is able to prevent a potentially Classic KS

from developing into a clinical disease. This has twofold implications. First, key

innate immune signaling molecules induced by viral infection lead to the production

of a broad range of antiviral proteins and cytokines. Uncontrolled release of these

cytokines can lead to cytokine storm, causing tissue damage or indirectly causing

pathology even before the initiation of HAART [66]. Second, antibody test can de-

tect HIV infection as early as 1-2 weeks after exposure and testing after 2 or 3 weeks

is not very useful [43]. Hence, it is essential to understand at what level to deem the

innate immune response or cytokine therapy to be safe.
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If the infection progresses despite the innate response, the immune system mounts a

more robust, longer lasting adaptive or acquired immune response. Hence, we con-

struct a second model that mimics the body’s adaptive immune response by including

the interactions as in Figure 4 between HIV-1 virions, HIV-1- and HHV-8-specific ef-

fector cells, infected CD4 T cells, uninfected B and CD4 T cells. The initial condition

of the extended model will be determined by the equilibrium states of the model

with innate mechanism, whereby assuming an advanced stage of HIV-1 and HHV-8

co-infection. We will take an optimal control approach to determine the drug efficacy

level of HAART alone or combined HAART and chemotherapy. This is motivated by

the fact that HAART should be the first step therapy in optimal control of HIV in-

fection for AIDS-KS. However, patients with high-risk KS rarely respond to HAART

alone and hence, chemotherapy is recommended which requires balancing the im-

munosuppressive effects of chemotherapy with its potential benefit.

HHV-8/KSHV is primarily transmitted to human hosts via saliva. The replication of

the virus, in the early stages of the infection, takes place in the epithelial cells of the

oropharynx and subsequently targets B cells which are the primary reservoirs. The

B cell infection normally results in latent infection in which only a handful of the

viral genes are expressed principally for maintaining the viral DNA in an episomal

form (the DNA is never integrated into the host cell genome but tethered to the host

cell chromosome ) and evading the host immune surveillance. Trafficking of the B
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cells to the lymphoid tissues allows more infections of the B cells as viral lytic cycle

is triggered. Latently infected B cells can disseminate to other parts of the body via

blood. As more and more of these latently infected B cells are stimulated to activate,

say due to inflammatory environment , created by the cytokines secreted from the

HIV-1 infected cells, HHV-8 lytic replication cycle is triggered. This results in the

release of more HHV-8 progeny virions in the host. This heightened viremia leads

to the erroneous infection of activated endothelial progenitor cells (the precursors of

the KS tumor cells). The infection of endothelial cells normally result in latency.

However, these latently infected cells have very high proliferative potential and have

the ability to transform into the spindle shaped cells. These cells have the ability

to secrete more inflammatory cytokines in the microenvironment that promote their

growth and enhance proliferation of these cells.

(a) HHV-8/KSHV is primarily transmitted to human hosts via saliva. The replication

of the virus, in the early stages of the infection, takes place in the epithelial cells of

the oropharynx and subsequently targets B cells which are the primary reservoirs.

The B cell infection normally results in latent infection in which only a handful of the

viral genes are expressed principally for maintaining the viral DNA in an episomal

form (the DNA is never integrated into the host cell genome but tethered to the host

cell chromosome ) and evading the host immune surveillance. Trafficking of the B

cells to the lymphoid tissues allows more infections of the B cells as viral lytic cycle

is triggered. Latently infected B cells can disseminate to other parts of the body via
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blood. As more and more of these latently infected B cells are stimulated to activate,

say due to inflammatory environment , created by the cytokines secreted from the

HIV-1 infected cells, HHV-8 lytic replication cycle is triggered. This results in the

release of more HHV-8 progeny virions in the host. This heightened viremia leads

to the erroneous infection of activated endothelial progenitor cells (the precursors of

the KS tumor cells). The infection of endothelial cells normally result in latency.

However, these latently infected cells have very high proliferative potential and have

the ability to transform into the spindle shaped cells. These cells have the ability

to secrete more inflammatory cytokines in the microenvironment that promote their

growth and enhance proliferation of these cells.

There are several lines of evidence that indicate that KS oncogenesis is associated

with the inability of the T-cell mediated immunity to control the KSHV infection.

KSHV can establish life-long asymptomatic infection in immune-competent individ-

uals. However, when T cell-immune control declines, for instance, through AIDS or

treatment with immunosuppressive drugs, both the prevalence of KSHV infection and

the incidence of KS in KSHV carriers dramatically increases. This is supported by the

fact that the KS situation improves upon immune restoration due to HAART treat-

ment or cessation of immunosuppressive treatment in the case of organ transplant

KS. Due to the foregoing, we shall restrict our modelling to T-cell immune control

and ignore the humoral arm of immunity.

To develop these models, we shall apply the Foreman et al [32] approach. According
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to this hypothesis, AIDS-KS arises from the erroneous infection of progenitor cells

by HHV-8 which is enhanced by action of HIV-1 infected host cells. These HIV-1

infected cells produce cytokines and growth factors that stimulate the progenitors of

the KS cells which makes them susceptible to HHV-8 infection. In summary, we will

show that early HHV-8-specific intervention is important as it can control the HHV-8

infection from developing into a progressive KS. We also determine efficacy levels for

cART therapy at which HIV-1 and HHV-8 co-infection can be kept under control,

thus providing valuable testable predictions for clinical researchers.

4.2 Model 1: KS model with innate mechanism

4.2.1 Model Formulation and Description

We present a model with innate mechanism that mimics HHV-8 infection dynam-

ics leading to KS progression as suggested by Foreman et al, [32]. We simplify the

model by considering the dynamics of infected states with source terms for infected

progenitor cells dependent on HHV-8 levels and we have assumed a logistic growth

for infected B cells. The model incorporates interactions between infected progenitor

cells X1, KS cells X2, infected B cells X3, HHV-8 virions X4 and the innate immune

response X5. The equations are as follows:

Ẋ1(t) = K1

(
1− X5

θx5 +X5

)
X4

(
1− X4

x4max

)
− µx1X1. (4.1)
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Eq. (4.1) describes the dynamics of the infected progenitor cells, X1. The first term

represents a source term which grows logistically with respect to the viral level, X4,

and is moderated by the innate immune response X5. The effect of the innate immune

response X5 is moderated by the efficacy threshold for the innate immune response

θx5 . We note that as θx5 approaches zero, the innate immune response has substantial

effect on blocking the growth of infected progenitor cells. The second terms represents

the natural death of these cells.

Ẋ2(t) = µ̂x1X1 − µx2X2. (4.2)

Eq. (4.2) represents the concentration of KS. The first term designates the growth of

KS as the infected progenitor cells transform into cancerous cells. The second term

is natural death of KS at a constant rate µx2 .

Ẋ3(t) = K2

(
1− X5

θx5 +X5

)
X3

(
1− X3

x3max

)
− µx3X3. (4.3)

Eq. (4.3) describes the dynamics of the infected B cells. These are assumed to grow

logistically but this growth is regulated by the efficacy threshold for the innate im-

mune response and the last term is natural death of infected B cells at a constant

rate µx3 .

Ẋ4(t) = Nx4µx3X3 − µx4X4. (4.4)
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Eq. (4.4) represents the dynamics of HHV-8. The first term represents the production

of these virus from the dying infected B cells, where Nx4 is the maximum carrying

capacity of infected CD4 T cells. The last term represents the clearance of HHV-8 at

a constant rate µx4 .

Ẋ5(t) = K3
X3

θx3 +X3

−K3X5 (4.5)

Eq.(4.5) represents the innate immune response X5. The first term represents the

stimulation of the innate immunity due to the presence of infected B cells, X3. It

is assumed that X5 is stimulated by the infected B cells, X3, in a saturable manner

with the scaling constant, θx3 , and decays at a constant rate K3 [6].

Figure 4.1: Schematic diagram of the model with innate mechanism, describing in-

teractions for Classic KS.
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Variable Definition Initial Value Reference

X1 Infected progenitor cells 0 cell mm−3 [80]

X2 KS cells 0 cell mm−3 Estimated

X3 Infected B cells 0 cell mm−3 Estimated

X4 HHV-8 viral load 0 cell mm−3 Estimated

X5 Innate immune response 10−2 Estimated

Parameter Definition Value Reference

K1 Infected progenitor cell proliferation rate 0.2 day−1 Estimated

K2 Infected B cell proliferation rate 0.36 day−1 [95]

K3 Innate immune response activation rate 0.01 day−1 [95]

θx3 Innate immune response activation threshold 200 cell mm−3 Estimated

θx5 Efficacy threshold for innate immune response 0.08 Estimated

x3max Infected B cell carrying capacity 400 cell mm−3 [95]

x4max HHV-8 carrying capacity 5× 105 virions mm−3 [95]

µx1 Blanket death rate of infected progenitor cells 0.1 day−1 [95]

µx2 Death rate of KS cells 0.03 day−1 [95]

µ̂x1 Progression rate of KS 0.09 day−1 [95]
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µx3 Death rate of infected B cells 0.33 day−1 [95]

µx4 Clearance rate of HHV-8 0.57 day−1 [95]

Nx4 Maximum carrying capacity of infected B cells 700 [95]

Table 4.1: Parameters of the model with innate mecha-

nism and their definitions.

4.2.2 Analysis of the Model

Positivity and Boundedness of Solutions

We denote by R5
+ the set of points Xt =

(
X1(t), X2(t), X3(t), X4(t), X5(t)

)
in R5

with positive coordinates and consider the system (4.1)− (4.5) with initial values

X0 =
(
X0

1 , X
0
2 , X

0
3 , X

0
4 , X

0
5

)
∈ R5

+.

In this section we prove the following theorem

Theorem 4.2.1 If X0
i ≥ 0, then Xi(t) ≥ 0 for all t > 0.
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Before we prove Theorem 4.2.1, we rearrange the system into a subsystem of infected

progenitor and infected B cells, W =
(
X1(t), X3(t)

)
, written in matrix form as

Ẇ = MwW +KF (q), (4.6)

where

Mw =

−µx1 0

0 −µx3

 , F (q) = h(X5)

f4(X4)

f3(X3)

 , and W =

X1

X3

 .

K =

K1 0

0 K2

 , q =
(
X3, X4, X5

)
, fj(Xj) = Xj

(
1− Xj

xjmax

)
, j ∈ {3, 4}.

(4.7)

and a subsystem consisting of KS and HHV-8, Y =
(
Y2(t), Y4(t)

)
=
(
X2(t), X4(t)

)
written in matrix form as

Ẏ = MyY + εW, (4.8)

where

My =

−µy2 0

0 −µy4

 , Y =

Y2

Y4

 , and ε =

µ̂x1 0

0 Nx4µx3

 .



40 CHAPTER 4. AIDS-RELATED KAPOSI’S SARCOMA PATHOGENESIS

The proof of Theorem 4.2.1 is done in three steps. First, we prove that the source

terms in (4.6) are nonnegative, that is, F (q) ≥ 0. Second, we will show that Xi(t) ≥

0, i = 1, 3, t > 0 and finally, we conclude that Yi(t) ≥ 0 for t > 0.

Proof 4.2.2 From equation (4.5) we can deduce that X(t) ≥ X(0) exp(−K3t) ≥ 0.

Now, the source terms in (4.6) can be written as

F (q) =
(

1− X5

θx5 +X5

)
fj(Xj), where j ∈ {3, 4}.

Notice that f5(X5) = 1 − X5

θx5+X5
=

θx5
θx5+X5

> 0, for θx5 > 0. The function fj(Xj) in

(4.7) has zeros at Xj = 0 and Xj = xjmax , has a peak at Xj =
xjmax

2
and is positive

in the interval 0 < Xj < xjmax . Hence, F (q) := f5(X5)fj(Xj) ≥ 0.

The matrix Mw in (4.6) is a Mertzler matrix and since F (q) ≥ 0, the solution of (4.7)

is nonnegative for all t > 0. The matrix ε ≥ 0 since xi ≥ 0 for i = 1, 3. The matrix

My is a Mertzler matrix and hence, the solution of (4.8) is nonnegative for t > 0. We

conclude that if x0
i ≥ 0, i = 1, 2, 3, 4, 5, then the solution of the system (4.1) − (4.5)

remains in R5
+.

4.2.3 Steady States and the Basic Reproduction Number

The virus free equilibrium of the KS model with innate mechanism given by Equations

(4.1) − (4.5) is ε0 =
(
X0

1 , X
0
2 , X

0
3 , X

0
4 , X

0
5

)
=
(

0, 0, 0, 0, 0
)

. In what follows, we will
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calculate the basic reproduction number of the system (4.1) − (4.5) using the next

generation operator method [14]. The basic reproduction number is determined by

the number of newly infected B cells. Using this approach, we first assume that the

model system (4.1)− (4.5) can be written in the form.

dX

dt
= f(X,Y,Z),

dY

dt
= g(X,Y,Z),

dZ

dt
= h(X,Y,Z),

(4.9)

where X ∈ R,Y ∈ R and Z ∈ R3, and h(X,0,0) = 0. Assuming that the equa-

tion g(X∗,Y,Z) = 0 implicitly determines a function Y = g̃(X∗,Z). We let A =

DZh(X∗, g̃
(
(X∗,0),0) and further assume that A can be written in the form A = M−D,

with M ≥ 0 (that is mij ≥ 0) and D ≥ 0, a diagonal matrix.

In system (4.9), X denotes the innate immune response, Y represents the HHV-8 viri-

ons and the components of Z represent the HHV-8-associated cells, i.e., X = X5,Y =

X4,Z =
(
X1, X2, X3

)
,. Let U0 =

(
X∗,0,0

)
denote the virus free equilibrium, that

is,

f(X∗,0,0) = g(X∗,0,0) = 0, and h(X∗,0,0) = 0, with Y = g̃(X∗,Z),

where
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g̃(X∗,Z) =
Nx4µx3X3

µx4
.

We compute A = DZh(X∗, g̃
(
(X∗,0),0) and get

M =



0 0
K1Nx4µx3

µx4

µ̂x1 0 0

0 0 K2


and D−1 =



1
µx1

0 0

0 1
µx2

0

0 0 1
µx3


The reproduction number is given by the next generation spectral radius ρ

(
MD−1

)
to be

R0 =
K2

µx3
.

4.2.4 Local Stability of the Virus Free Equilibrium, ε0

Lemma 4.2.3 The virus free equilibrium point ε0 is locally asymptotically stable if

R0 < 1.

Proof 4.2.4 We consider the Jacobian matrix of the system (4.1)− (4.5), evaluated

at the virus free steady state denoted by J(ε0).
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J(ε0) =



−µx1 0 0 K1 0

µ̂x1 −µx2 0 0 0

0 0 K2 − µx3 0 0

0 0 Nx4µx3 −µx4 0

0 0 K3

θx3
0 −K3


The eigenvalues are

λ1 = −K3, λ2 = −µx1 , λ3 = −µx2 .

The other two eigenvalues are obtained from a 2× 2 sub-matrix given by:

B =

 K2 − µx3 0

Nx4µx3 −µx4



For existence of negative eigenvalues of this sub - matrix, Tr(B) < 0 and Det(B) > 0.

We observe that

Tr(B) = µx3

(
R0 − 1

)
− µx4 < 0, if R0 < 1,

Det(B) = −µx3µx4
(
R0 − 1

)
> 0, if R0 < 1.
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4.2.5 Existence of the Endemic Infection Equilibrium, ε∗

Setting the system (4.1)−(4.5) to zero and solving the resulting system simultaneously

yields:

X3 = 0 or K2

(
1− X5

θx5 +X5

)(
1− X3

x3max

)
− µx3 = 0,

Suppose X3 6= 0. Then,

K2

(
1− X5

θx5 +X5

)(
1− X3

x3max

)
− µx3 = 0, (4.10)

Using (4.5) to solve for X5 and replacing in (4.10) yields

A2X
2
3 + A1X3 + A0 = 0,

where A2 = K2θx5 , A1 = µx3x3max + K2θx3θx5 + µx3θx5x3max

(
1 − R0

)
and A0 =

µx3θx3θx5x3max

(
1 − R0

)
. To establish the existence of a positive root for g(X3) =

A2X
2
3 + A1X3 + A0, say X∗3 , we argue as follows:

Note that g(0) = µx3θx3θx5x3max

(
1−R0

)
< 0 if R0 > 1 and by continuity of g, we

have

lim
X3→∞

g(X3) = +∞.

This implies that there is a positive number, X∗3 ∈ (0,+∞) such that g(X∗3 ) = 0.
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Hence, we obtain the following coordinates for the endemic infection equilibrium, ε∗ :

X∗1 =
K1Nx4µx3X

∗
3

µx1µx4

(
θx5
(
θx3 +X∗3

)
θx5
(
θx3 +X∗3

)
+X∗3

)(
1− Nx4µx3X

∗
3

µx4x4max

)
, (4.11)

X∗2 =
K1µ̂x1µx3Nx4X

∗
3

µx1µx2µx4

(
θx5
(
θx3 +X∗3

)
θx5
(
θx3 +X∗3

)
+X∗3

)(
1− Nx4µx3X

∗
3

µx4x4max

)
(4.12)

X∗4 =
µx3Nx4X

∗
3

µx4
, X∗5 =

X∗3
θx3 +X∗3

. (4.13)

Lemma 4.2.5 Consider the system (4.1)− (4.5). Then the following holds:

(i) If R0 ≤ 1, then the virus free equilibrium, ε0, is the only equilibrium.

(ii) If R0 > 1, then there are two equilibria: the virus free equilibrium, ε0, and the

virus present equilibrium, ε∗.

Proof 4.2.6 Suppose X1
3 , X

2
3 are two roots of the equation g(X3) = 0, then

X1
3 +X2

3 =
−µx3x3max −K2θx3θx5 − µx3θx5x3max

(
1−R0

)
K2θx5

, X1
3X

2
3 =

µx3θx3θx5x3max

(
1−R0

)
K2θx5

.

Since A1 ≥ 0 for R0 ≤ 1, it follows that X1
3 + X2

3 ≤ 0 and X1
3X

2
3 ≥ 0 and so

X1
3 , X

2
3 ≤ 0. Hence, the system (4.1)−(4.5) has only one equilibrium point, ε0 and this

concludes (i). Now, suppose R0 > 1, then −µx3θx5x3max

(
1−R0

)
> 0 and X1

3X
2
3 < 0

indicating that g(X3) = 0 has a unique positive root. This completes the proof of (ii).
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4.2.6 Numerical Simulations of the Model with Innate Mech-

anism

The parameter values used in Figure 4.2 are given in Table 4.1. Numerical simula-

tions in Figure 4.2 show the effect of parameter θx5 on the components of the model

with innate mechanism. We found a critical value of the efficacy threshold for the

innate immune response θ∗x5 ≈ 0.0205, below which the HHV-8 infection clears even if

R0 > 1. This has important implications for a potential anti-KS therapy, whereby the

effect of pro-inflammatory cytokines such as IL-2, which stimulate type 1 immunity

and were shown to have anti-KS potential [92, 93], can be associated with small θx5 .

4.2.7 Sensitivity and Uncertainty Analysis

The choice of model parameters is never free from uncertainties. It is therefore nec-

essary that a sensitivity analysis is conducted to explore simultaneously the whole

parameter space rather than just using the nominal values. To achieve this we em-

ploy the Latin Hypercube sampling (LHS) scheme which is described in great detail

in [70, 71].

The results of the sensitivity analysis can help us identify which of the model pa-

rameters have a bearing on the infection process. Such parameters must estimated

with great precision. The sign of the PRCC identifies the specific qualitative rela-
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tionship between the input parameter and the output variable. The positive value of

the PRCC of a variable indicates that enhancement of the processes described by a

variable makes the infection process worse. On the other hand, enhancing processes

described by parameters with negative PRCCs would have a substantial effect on

improving the prognosis.

Figure 4.3 shows the sensitivity analysis of parameters from Table 7.1 on R0. In

particular, the rate of infected B cell proliferation K2 is strongly correlated with the

reproduction number. This is in line with experimental observation that the immune

activation may be also a factor in KS, driven by the initiation of HHV-8 infected cell

proliferation by HIV-tat protein [65]. In what follows, we will study the more severe

form of KS, AIDS-KS.
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(a) Infected progenitor cells (b) KS cell dynamics

(c) HHV-8 dynamics (d) Infected B cells dynamics

(e) Innate immune response

Figure 4.2: Dynamics of the individual components of the model with innate mech-

anism for different values of the efficacy threshold θx5 . The HHV-8 infection clears

for θx5 < θ∗x5 even if R0 > 1.
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(a) Scatter plot for R0 (b) PRCCs for the model

Figure 4.3: PRCCs for parameters of the innate model and log(R0) as a function of

the most sensitive parameter, K2.

4.3 MODEL 2: AIDS-KS Model with Adaptive

Mechanism

4.3.1 Model Formulation and Description

In case of HIV-1 and HHV-8 co-infection, a more robust adaptive immune response

is developed which includes virus-specific effector cells. When a cell is infected by a

virus, it begins to display the viral proteins on its cell membrane. This cell is later

recognized by the immune response as being nonself and can now be killed through

the action of activated CD8+-T lymphocytes. The CD8+-T cells that are equipped

with the cytotoxic role are referred to as the effector cells. Each pathogen can only be
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dealt by a specific subset of T cells that were previously primed by antigens derived

from that pathogen.

Their interaction with the infected and uninfected cell and virus populations is mod-

elled below. For simplicity of notation, we denote

xi : = xi(t), and x0
i := xi(0), i = 1, 2, ..., 10, (4.14)

where x1, x2, x3, x4 in order denote the uninfected CD4 and B cell populations and

the HHV-8 and HHV-1-specific effector cells, x5, x6, x7, x8 denote the infected CD4 T

cell, B cell, progenitor cell populations and KS cells, and finally, x9, x10 are the HIV-1

and HHV-8 virions.

We have formulated the adaptive immune response described by the following system

of equations:

ẋ1 = Π1

(
1 +

α5x9

x9 + S9

+
α6x10

x10 + S10

)
− µ1x1 − β1x1x9. (4.15)

Eq. (4.15) describes the dynamics of the susceptible CD4 T cells, x1. The first term

in (4.15) represents the constant natural replacement of the CD4 T cells, x1, the

second term represents proliferation of a proportion of circulating x1 cells due to the

presence of HIV-1 virions and the third term represents proliferation of a proportion

of circulating x1 cells due to the presence of HHV-8. The fourth term is the natural

death of these cells at a constant rate, µ1, and the fifth term represents infection of
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x1 cells by HIV-1 at a constant infection rate β1.

ẋ2 = Π2

(
1 +

α5x9

x9 + S9

+
α6x10

x10 + S10

)
− µ2x2 − β2x2x10. (4.16)

Eq. (4.16) describes the dynamics of the susceptible B cells, x2. The first term repre-

sents the constant natural replacement of the B cells, x2, the second term represents

proliferation of a proportion of circulating x2 cells due to the presence of HIV-1 viri-

ons and the third term represents proliferation of a proportion of circulating x2 cells

due to the presence of HHV-8. The fourth term is the natural death of these cells at

a constant rate, µ2, and the fifth term represents infection of x2 cells by HHV-8 at a

constant infection rate β2.

ẋ3 = Π3

(
1 +

c10x10

x10 + f10

)
− µ3x3. (4.17)

Eq. (4.17) describes the dynamics of HHV-8 specific effector cells, x3. The first term

represents constant replenishment of these cells from precursors. The second term

represents the proliferation of a proportion of circulating x3 cells due to the presence

of the HHV-8 pathogen. The last term represents natural death of HHV-8 specific

effector cells at the constant death rate, µ3.

ẋ4 = Π4

(
1 +

c9x9

x9 + f9

)
− µ4x4. (4.18)

Similar to above, Eq. (4.18) describes the dynamics of HIV-1 specific effector cells,

x4.

ẋ5 = Π1

(
α5x9

x9 + S9

+
α6x10

x10 + S10

)
+ β1x1x9 −m4x4x5 − µ5x5. (4.19)
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Eq. (4.19) represents a class of infected CD4 T cells, x5. The first term represents

proliferation of a proportion of circulating x5 cells due to the presence of HIV-1 virions

and the second term represents proliferation of a proportion of circulating x5 cells due

to the presence of HHV-8 virions. The third term is the gain from infection of T cells

by HIV-1. The fourth term is the lysing of infected CD4 T cells by HIV-1 specific

effector cells and the last term represents natural death of these cells at a constant

rate, µ5.

ẋ6 = Π2

(
α5x9

x9 + S9

+
α6x10

x10 + S10

)
+ β2x2x10 −m3x3x6 − µ6x6. (4.20)

Similar to above, Eq. (4.20) represents a class of infected B cells, x6.

ẋ7 = r7x10

(
1− x10

x10max

)
− µ7x7 − d3x3x7. (4.21)

Eq. (4.21) represents the dynamics of infected progenitor cells. The first term ac-

counts for the logistic growth rate of these cells that is assumed to depend on HHV-8.

The second term is the progression of these cells to KS at a constant rate µ7 [32].

The third term represents the killing of these cells by HHV-8 specific effector cells at

a constant rate d3.

ẋ8 = µ7x7 − µ8x8. (4.22)

Eq. (4.22) represents the dynamics of KS. The first term represents the source from
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infection of progenitor cells. The second term represents natural loss of KS cells.

ẋ9 = N9µ5x5 − µ9x9. (4.23)

Eq. (4.23) represents the dynamics of HIV-1. The first term represents the produc-

tion of virions from the bursting of the infected CD4 T cells. The parameter N9

represents the maximum carrying capacity of infected CD4 T cells. The second term

is the clearance rate of HIV-1.

ẋ10 = N10µ6x6 − µ10x10. (4.24)

Eq. (4.24) represents the rate of change of HHV-8. The first term represents the rate

at which HHV-8 is produced from bursting of the infected B cells and the last term

accounts for the clearance rate of HHV-8.

Figure 4.4: Schematic diagram for AIDS-KS model with adaptive immunity.
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4.3.2 Analysis of the Model

Variable Definitions Initial Value Reference

x1 Uninfected CD4 T cells 105 cell ml−1 [80]

x2 Uninfected B cells 104 cell ml−1 Estimated

x3 HHV-8 effector cells cell ml−1 Innate model

x4 HIV-1 effector cells 104 cell ml−1 Estimated

x5 Infected CD4 T cells 300 cell ml−1 Estimated

x6 Infected B cells 32.4 cell ml−1 Innate model

x7 Infected progenitor cells 61.3 cell ml−1 Innate model

x8 KS cells 30.1 cell ml−1 Innate model

x9 HHV-1 virions 100 virions ml−1 Estimated

x10 HHV-8 virions 83.6 cell ml−1 Innate model

Table 4.2: Initial values of the model with adaptive mechanism and their definitions.

Parameter Definitions

α5 HIV-1-dependent enhancement of CD4 T cell proliferation

α6 HHV-8-dependent enhancement of CD4 T cell proliferation

β1 Infection rate of CD4 T cells by HIV-1
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β2 Infection rate of B cells by HHV-8

Π1 Source of new CD4 T cells from the thymus

Π2 Source of new B cells from the bone marrow

Π3 Constant source of HHV-8 specific effector cells

Π4 Constant source of HIV-1 specific effector cells

S9 Half saturation for HIV-1-stimulated CD4 T cell proliferation

S10 Half saturation for HHV-8-stimulated CD4 T cell proliferation

µ1 Death rate of CD4 T cells

µ2 Death rate of B cells

µ3 HHV-8 specific effector cell death rate

µ4 HIV-1 specific effector cell death rate

µ5 Lytic death rate of infected CD4 T cells

µ6 Death rate of free HHV-8 virus

µ7 KS progression rate

µ8 Natural death rate of KS cells

µ9 Clearance rate of HIV-1 virions

µ10 clearance rate of HHV-8 virions
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N9 Maximum carrying capacity of infected CD4 T cells

N10 Maximum carrying capacity of infected B cells

m3 Killing rate of HHV-8 infected B cells

m4 Killing rate of HIV-1 infected CD4 T cell

c9 Proliferation rate of HIV-1 specific CTLs

c10 Proliferation rate of HHV-8 specific CTLs

d3 Killing rate of infected progenitor cells

r7 Maximum proliferation rate of infected progenitor cells

f9 Half saturation for proliferation of HIV-1 specific CTLs

f10 Half saturation for proliferation of HHV-8 specific CTLs

x10max Maximum HHV-8 load

Table 4.3: Parameters of the model with adaptive mech-

anism and their definitions.

Parameter Value Reference

α5 0.013 Estimated
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α6 0.045 Estimated

β1 2.4× 10−8 ml virion−1 day−1 [95]

β2 1.5× 10−7 ml virion−1 day−1 [95]

Π1 104 cell ml−1 day−1 [95]

Π2 48000 cell ml−1 day−1 [95]

Π3 5× 103 cell ml−1 day−1 Estimated

Π4 2× 104 cell ml−1 day−1 [95]

S9 3× 105 virions ml−1 Estimated

S10 2× 105 virions ml−1 Estimated

µ1 0.01 day−1 [95]

µ2 0.24 day−1 [95]

µ3 0.1 day−1 [95]

µ4 0.1 day−1 [95]

µ5 0.24 day−1 [95]

µ6 0.33 day−1 [95]

µ7 0.1 day−1 [95]

µ8 0.21 day−1 [95]
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µ9 3 day−1 [95]

µ10 0.57 day−1 [95]

N9 1000 virions cell−1 [95]

N10 700 virions cell−1 [95]

m3 1.08× 10−4 ml cell−1 day−1 Estimated

m4 2× 10−7 ml cell−1 day−1 Estimated

c9 0.03 [95]

c10 0.047 [95]

d3 5× 10−4 ml cell−1 day−1 Estimated

r7 0.33 cells virion−1 day−1 [95]

f9 3× 105 virions ml−1 Estimated

f10 2× 105 virions ml−1 Estimated

x10max 8× 109 virions ml−1 Estimated

Table 4.4: Parameter values of the model with adaptive

mechanism.
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Positivity and Boundedness of Solutions

To prove the positivity and ensure that the model (4.15) − (4.24) is well-posed, we

assume the following:

(A1) : f(x9, x10) =
x9

x9 + S9

+
x10

x10 + S10

≥ 0, ∀ (x9, x10) ∈ R2
+.

(A2) : g(x) = rx
(

1− x

xmax

)
≥ 0, for 0 ≤ x ≤ xmax

2
.

Lemma 4.3.1 Consider the system (4.15) − (4.24) and assume that (A1) and (A2)

hold.

(a) If xi(0) ≥ 0, i = 1, 2, 3, . . . , 10, then the solution xi ≥ 0, ∀ t > 0.

(b) Moreover, xi(t) <∞, i = 1, 2, . . . , 10, ∀ t ≥ 0.

First we will rearrange the system (4.15)− (4.24) into a subsystem of uninfected (S1)

states (Eqns 4.15-4.18) and infected (S2) states (Eqns 4.19-4.24). It will be shown

that if the noninfected states in (S1) are non-negative for all t ≥ 0, then the infected

states in (S2) are non-negative for all t ≥ 0.

Proof 4.3.2 (Proof of Lemma 4.3.1(a)) The subsystem of uninfected states (S1) can

be written as a system of differential inequalities
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dxi
dt
≥
(
Ai −

10∑
j=1

Bijxj

)
xi + Π̂i (4.25)

where Bij ≥ 0, Π̂i = Li
(
x9, x10

)
, for i = 1, 2, 3, 4. The last component is defined as

Π̂
(
x9, x10

)
=
(
L1, L2, L3, L4

)T
,

L1 = Π1

(
1 +

α5x9

x9 + S9

+
α6x10

x10 + S10

)
, L3 = Π3

(
1 +

c10x10

x10 + f10

)
L2 = Π2

(
1 +

α5x9

x9 + S9

+
α6x10

x10 + S10

)
, L4 = Π4

(
1 +

c9x9

x9 + f9

)
.

Clearly, Π̂
(
0, 0
)
>
(
0, 0, 0, 0

)T
by virtue of (A1). Suppose the assertion xi(t) ≥ 0 for

i = 1, 2, 3, 4 is not true. Then there exists a smallest number t0, such that

xi(t) < 0 for 1 ≤ i ≤ 4, 0 ≤ t ≤ t0

xi(t0) = 0 for at least one i, say i0.

Then, xi0 is a decreasing function and we would have

dxi0(t0)

dt
≤ 0.

However, from the differential inequality (4.25) for xi0(t) we get

dxi0(t0)

dt
≥ π̂i > 0

which is a contradiction. Hence, if xi(0) ≥ 0, i = 1, 2, 3, 4 then, xi(t) ≥ 0 for all

t > 0, i = 1, 2, 3, 4.
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The subsystem of infected states (S2) can be written in the matrix form Ẏ (t) = MY,

where Y =

(
x5 x6 x7 x8 x9 x10

)T

, and

M =



−M11 0 0 0 M15 M16

0 −M22 0 0 M25 M26

0 0 −M33 0 0 M36

0 0 µ7 −µ8 0 0

N9µ5 0 0 0 −µ9 0

0 N10µ6 0 0 0 −µ6


with entries

M11 = µ5 +m4x4, M22 = µ6 +m3x3, M33 = µ7 + d3x3, M15 =
α5Π1S9

(x9 + S9)2
+ β1x1,

M16 =
α6Π1S10

(x10 + S10)2
, M25 =

α5Π2S9

(x9 + S9)2
, M26 =

α6Π2S10

(x10 + S10)2
+ β2x2, M36 = r7

(
1− 2x10

x10max

)
.

By virtue of (A1) and (A2), M is a Metzler matrix. Hence, the infected states xi(t) ≥

0 for all t > 0, i = 5, 6, 7, 8, 9, 10

The proof of Lemma 4.3.1(b) is given in Lemma 4 in the Appendix.

Virus Free Equilibrium and the Basic Reproduction Number

The system (4.15)− (4.24) has a virus free equilibrium, ε0, given by

ε0 =
(Π1

µ1

,
Π2

µ2

,
Π3

µ3

,
Π4

µ4

, 0, 0, 0, 0, 0, 0
)
·
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Applying the next generation matrix-approach [96], the basic reproduction number

for model (4.15)− (4.24) reads as follows:

R0 =
1

2

[
RV1 +RV8 +

√(
RV1 +RV8

)2

+ 4RV1RV8

(
Φ− 1

)]
, (4.26)

where

Φ =
µ1µ2α5α6

K1K2

=
µ1µ2α5α6

µ1µ2α5α6 + µ1α5β2S10 + µ2α6β1S9 + β1β2S9S10

, 0 ≤ Φ < 1,

and

RV1 =
µ4µ5N9Π1

(
α5µ1 + β1S9

)
µ1µ9S9

(
µ4µ5 +m4Π4

) , RV8 =
µ3µ6N10Π2

(
α6µ2 + β2S10

)
µ2µ10S10

(
µ3µ6 +m3Π3

) , (4.27)

are the reproduction numbers attributed to HIV-1 and HHV-8 infections, respectively.

Note that the effect of virus-specific effector cells in (4.27) varies from weak to perfect

as mj changes. It readily follows that

RV1 <
N9Π1

(
α5µ1 + β1S9

)
µ1µ9S9

=: R1, RV8 <
N10Π2

(
α6µ2 + β2S10

)
µ2µ10S10

=: R8, (4.28)

where R1, R8 are the reproduction numbers when the virus-specific effector cells are

dysfunctional.

Given (4.26)− (4.27) we make the following observations:

Observation 4.3.3 If α5 = 0 or α6 = 0, then Φ = 0 and the model reproduction

number is given by R0 = max
{
RV1 ,RV8

}



4.3. MODEL 2: AIDS-KS MODEL WITH ADAPTIVE MECHANISM 63

Observation 4.3.4 Decreasing/increasing α5 or α6 decreases/increases the repro-

duction number. Since α5 and α6 are the proliferation terms of the uninfected/infected

B and T cell populations, an optimal control approach will be necessary that will bal-

ance the level of proliferation during a potential chemo- or immunotherapy.

Observation 4.3.5 When Φ = 1, the reproduction number reduces to

R0 =
1

2

[
RV1 +RV8 +

√
(RV1 +RV8)

2
]

= RV1 +RV8 (4.29)

It is possible in this case for the infection to persist if RV1+RV8 > 1, even if RV1 < 1

and RV8 < 1·

Global Stability for the Virus Free Equilibrium, ε0

Theorem 4.3.6 Decompose the system (4.15) − (4.24) as in 7.0.1 in the Appendix.

Then the steady state U0 =
(
X∗,0

)
of the system (4.15)-(4.24) is globally asymptot-

ically stable for α5 = α6 = 0 and R0 < 1.

Proof 4.3.7 Denote X∗ =

(
Π1

µ1
, Π2

µ2
, Π3

µ3
, Π4

µ4

)
. Then following (7.1), we set X =
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x1, x2, x3, x4

)
and Y =

(
x5, x6, x7, x8, x9, x10

)
and define

F
(
X, 0

)
=



Π1 − µ1

Π2 − µ2

Π3 − µ3

Π4 − µ4


, G

(
X, Y

)
=



m4

(
x∗4 − x0

4

)
x5 + β1

(
x0

1 − x∗1
)
x9 + Π1Σ6

j=5δjxj+4

m4

(
x∗3 − x0

3

)
x6 + β2

(
x0

2 − x∗2
)
x10 + Π2Σ6

j=5δjxj+4

d3

(
x∗3 − x0

3

)
x7 + r7

x210
x10max

0

0

0



,

where

δj = αj

( 1

Sj+4

− 1

xj+4 + Sj+4

)
, j = 5, 6.

The global stability of the system (4.15) − (4.24) at ε0 requires that Ĝ
(
X, Y

)
≥

0 [14]. Moreover, x∗i > x0
i , for i = 3, 4 and x0

j > x∗j , for j = 1, 2. Then X∗ is a

globally asymptotically stable solution of the system dX
dt

= F (X, 0) since F (X, 0) is

the limiting function of dX
dt

= F (X(t), Y (t)), that is, limt→∞X(t) = X∗. It follows

that Ĝ(X, Y ) ≥ 0 and so ε0 is globally asymptotically stable.
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4.3.3 Numerical Simulations of the Model with Adaptive

Mechanism

(a) Uninfected CD4 T cells and infected CD4 T

cells

(b) Uninfected B cells and infected B cells

(c) Infected progenitor cells and KS cells

Figure 4.5: Dynamics of the individual components of the model with adaptive mech-

anism for R0 = 1.7902.
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(a) HIV-1 and uninfected CD4 T cells (b) HHV-8 and uninfected B cells

Figure 4.6: Comparison of the long term dynamics of the uninfected CD4 T cell and

B cells with regards to HIV-1 and HHV-8 load.

(a) HIV-1 and uninfected CD4 T cells (b) KS cells,HHV-8 and infected B cells dynamics

Figure 4.7: (a) Same as Figure 4.6(a) but for the first 300 days. Figure 4.6(b) The

long term dynamics of infected B cells and KS cells with regards to HHV-8 load.
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(a) Scatter plot for R0 (b) Scatter plot for R0

(c) PRCCs for the model

Figure 4.8: PRCCs for parameters of the adaptive model and log(R0) as a function

of the two most sensitive parameters, N10 and β2.

The parameter values used in Figures 4.5 − 4.7 are given in Table 4.4. Assuming

an advanced HIV-1 and HHV-8 co-infection stage, the initial condition of the sys-

tem (4.15)-(4.24) was chosen to be the equilibrium point of the system (4.1)-(4.5).

Figure 4.5 shows the dynamics of the uninfected/infected B-cells and CD4 T cells,
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infected progenitor cells and KS cells for a period of 300 days. The population of

infected CD4 T cells reaches a peak at 100 days by then the population of infected B

cells have already reached a steady state. These results, in line with experimental ev-

idence, support the fact that KS may accelerate the clinical course of HIV-1 infection.

Figures 4.6 compares the long term dynamics of HIV-1 and HHV-8 populations with

uninfected CD4 T and B cells. The uninfected CD4 T cell population starts rapidly

declining after about 300 days and the HIV-1 population switches from a stable to

an exponential growth after about 6 years. For the infected B cell population this

switch occurs after about 8 years. The delay in the switching time from a stable to

exponential growth between the HIV-1 and HHV-8 viral load indicates that HHV-1

supports the clinical course of KS. Figure 4.7 shows that the uninfected CD4 T cell

population peaks at about 60 days, 40 days before the HIV-1 peak and that the KS

cell population will have a steeper rise than the relatively stable infected B cell pop-

ulation. This suggests that at later stages of AIDS-KS, the reservoirs of HHV-8 will

be predominantly the infected progenitor cells.

4.3.4 Sensitivity and Uncertainty Analysis

The choice of model parameters is never free from uncertainties. It is therefore nec-

essary that a sensitivity analysis is conducted to explore simultaneously the whole
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parameter space rather than just using the nominal values. To achieve this we em-

ploy the Latin Hypercube sampling (LHS) scheme which is described in great detail

in [70, 71].

The results of the sensitivity analysis can help us identify which of the model pa-

rameters have a bearing on the infection process. Such parameters must estimated

with great precision. The sign of the PRCC identifies the specific qualitative rela-

tionship between the input parameter and the output variable. The positive value of

the PRCC of a variable indicates that enhancement of the processes described by a

variable makes the infection process worse. On the other hand, enhancing processes

described by parameters with negative PRCCs would have a substantial effect on

improving the prognosis.

Figure 4.8 shows the sensitivity analysis of parameters from Table 7.2 on R0. The

maximum carrying capacity of infected B cells is strongly positively correlated with

R0, whereas the HHV-8 clearance rate has the opposite effect. The logarithm of

the reproduction number as a function of these two parameters is also shown. For

small values of N10, the increase is fast, implying that one can overestimate the

severity of the infection. For large values of N10, the increase is slow, implying that

disease progression is stable and the conclusions are not adversely affected. The

relationship between the log(R0) and the clearance rate of HHV-8 virions is almost

linear, suggesting a moderate negative correlation with the progression of AIDS-KS.
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4.4 Optimal Control Applied to the Model with

Adaptive Mechanism

We now apply an optimal control approach to the system (4.15) − (4.24). In order

to determine the optimal strategy for controlling AIDS-KS with cART, we introduce

three time dependent controls: u1(t), u2(t) and u3(t). The control u1(t) is the efficacy

of HAART for preventing the infection of CD4 T cells by HIV-1 and u2(t) is the

efficacy of HAART in preventing the infection of B cells by HHV-8. The third control

u3(t) represents the efficacy of an anti-KS therapy by enhancing the proliferation of

CD4 T and B cells.

ẋ1 = Π1 +

(
α5(1− u3(t))

)
x9

x9 + S9

Π1 +

(
εα5(1− u3(t))

)
x10

x10 + S10

Π1 − µ1x1 −
(
1− u1(t)

)
β1x1x9.

(4.30)

Eq. (4.30) describes the dynamics of the uninfected CD4 T cells. The meanings

of the various terms are given in Eq.(4.15). However, the proliferation constants,

αi, i = 5, 6 in (4.15) are now replaced by
(
α5(1−u3)

)
and

(
εα5(1−u3)

)
, respectively.

Note that α6 is here assumed to be a multiple of α5 which is purely done for technical

reasons. The infection coefficient, β1, is replaced by
(
1− u1(t)

)
β1, where u1(t) is the

efficacy of HAART in preventing the infection of healthy CD4 T cells and hence, u1(t)

could represent treatment with either the fusion inhibitor or the reverse transcriptase
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inhibitor.

ẋ2 = Π2 +

(
α5(1− u3(t))

)
5x9

x9 + S9

Π2 +

(
εα5(1− u3(t))

)
x10

x10 + S10

Π2 − µ2x2 −
(
1− u1(t)

)
β2x2x10.

(4.31)

Eq. (4.31) describes the dynamics of the susceptible B cells. The meanings of the

various terms are given in Eq.(4.16). The second and third terms are explained in E

(4.30). The first and fourth terms are explained in Eq (4.16). The infection coefficient,

β2, is replaced by
(
1−u1(t)

)
β2, where u1(t) is the efficacy of HAART in preventing the

infection of healthy B cells. It is well documented that AIDS-KS patients undergoing

HAART treatment undergo remission and hence, we assume that HAART treatment

reduces the infection rate of B cells by HHV-8.

ẋ3 = Π3 +
c10Π3x10

x10 + f10

− µ3x3. (4.32)

Eq. (4.32) describes the dynamics of HHV-8 specific effector cells, x3. The terms are

as explained in Eq. (4.17).

ẋ4 = Π4 +
c9Π4x9

x9 + f9

− µ4x4. (4.33)

Eq. (4.33) describes the dynamics of HIV-1 specific effector cells, x4.The terms are

as explained in Eq. (4.18).

ẋ5 =

(
α5(1− u3(t))

)
x9

x9 + S9

Π1 +

(
εα5(1− u3(t))

)
x10

x10 + S10

Π1 +
(
1− u1(t)

)
β1x1x9 −m4x4x5 − µ5x5.

(4.34)
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Eq. (4.34) represents a class of infected CD4 T cells, x5. The first two terms are as

explained in (4.30) and (4.31) above. The third term is the gain from eqn. (4.30) and

the other terms are as explained in Eq. (4.19).

ẋ6 =

(
α5(1− u3(t))

)
x9

x9 + S9

Π2 +

(
εα5(1− u3(t))

)
x10

x10 + S10

Π2 +
(
1− u1(t)

)
β2x2x10 −m3x3x6 − µ6x6.

(4.35)

Eq. (4.35) represents a class of infected B cells, x6. The first two terms are as

explained in (4.34) above. The third term is the gain from eqn. (4.31) and the other

terms are as explained in Eq. (4.20).

ẋ7 =
(
1− u1(t)

)
r7x10

(
1− x10

x10max

)
− µ7x7 − d3x3x7. (4.36)

Eq. (4.36) represents the dynamics of infected progenitor cells. In the first term the

logistic growth rate r7 is reduced by a factor (1−u1(t)) due to the action of HAART in

blocking the infection of progenitor cells by HHV-8. The other terms are as explained

before in Eq. (4.21).

ẋ8 = µ7x7 − µ8x8. (4.37)

Eq. (4.37) represents the dynamics of KS. The terms are already explained in Eq.

(4.22).

ẋ9 = N9µ5

(
1− u2(t)

)
x5 − µ9x9. (4.38)
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Eq. (4.38) represents the HIV-1 dynamics. The first term is decreased by a factor

1−u2(t) to reflect the action of HAART in blocking the production of infectious and

mature HIV-1 virions. The other term is explained in Eq. (4.23).

ẋ10 = N10µ6

(
1− u2(t)

)
x6 − µ10x10. (4.39)

Similar to Eq. (4.38), Eq. (4.39) represents the HHV-8 dynamics.

To this end, we consider the objective (or cost) functional

J
(
u1, u2, u3

)
=

∫ T

0

[
A1x5 + A2x6 + A3x7 +

1

2
B1u

2
1 +

1

2
B2u

2
2 +

1

2
B3u

2
3

]
dt,(4.40)

where the control functions u1(t), u2(t) and u3(t) are bounded, Lebesgue integrable

functions on
[
0, Tf

]
and Ai, Bi, i = 1, 2, 3 are positive constants.

4.4.1 Existence of Optimal Control

Our control problem is formulated by minimising the functional J subject to the

system (4.30) − (4.39). That is, we seek to find optimal controls u∗1, u
∗
2 and u∗3 such

that

J
(
u∗1, u

∗
2, u
∗
3

)
= min

{
J
(
u1, u2, u3

)
|u1, u2, u3 ∈ U

}
(4.41)

where

U =
{(
u1, u2, u3

)
such that u1, u2, u3 are measurable with 0 ≤ ui ≤ 1, for t ∈

[
0, Tf

]}
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is the control set.

The necessary conditions that an optimal solution must satisfy come from the Pon-

tryagin et al [82] Maximum principle. This principle converts the system (4.30) −

(4.39) with Eq. (4.40) into a problem of minimizing pointwise a Hamiltonian H, with

respect to u1, u2 and u3. The Hamiltonian function of the optimal problem is given

by:

H
(
x,u, λx, t

)
= A1x5 + A2x6 + A3x7 +

1

2
B1u

2
1 +

1

2
B2u

2
2 +

1

2
B3u

2
3

+λx1

(
Π1 + α5

(
1− u3

)
Π1

( x9

x9 + S9

+
εx10

x10 + S10

)
− µ1x1 −

(
1− u1

)
β1x1x9

)

+λx2

(
Π2 + α5

(
1− u3

)
Π2

( x9

x9 + S9

+
εx10

x10 + S10

)
− µ2x2 −

(
1− u1

)
β2x2x10

)

+λx3

(
Π3 +

c10Π3x10

x10 + f10

− µ3x3

)
+ λx4

(
Π4 +

c9Π4x9

x9 + f9

− µ4x4

)

+λx5

(
α5

(
1− u3

)
Π1

( x9

x9 + S9

+
εx10

x10 + S10

)
+
(
1− u1

)
β1x1x9 −m4x4x5 − µ5x5

)

+λx6

(
α5

(
1− u3

)
Π2

( x9

x9 + S9

+
εx10

x10 + S10

)
+
(
1− u1

)
β2x2x10 −m3x3x6 − µ6x6

)

+λx7

((
1− u1

)
r7x10

(
1− x10

x10max

)
− µ7x7 − d3x3x7

)
+ λx8

(
µ7x7 − µ8x8

)

+λx9

(
N9µ5

(
1− u2

)
x5 − µ9x9

)
+ λx10

(
N10µ6

(
1− u2

)
x6 − µ10x10

)

where, x =
(
x1, x2, . . . , x10

)
, u =

(
u1, u2, u3

)
, λx =

(
λx1 , λx2 , . . . , λx10

)
and λxi , i =

1, 2, . . . , 10 are the adjoint or co-state variable corresponding to the state variable xi.

The system of equations is found by taking appropriate partial derivatives of the
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Hamiltonian with respect to the associated state variable, xi.

Theorem 4.4.1 Given optimal controls u∗1, u
∗
2, u
∗
3 that minimize J

(
u1, u2, u3

)
over

U , and the solutions x1, x2, . . . x10 of the corresponding state system (4.30) − (4.39)

with Eq. (4.40), then there exist adjoint variables λxi satisfying

∂H

∂xi
= −dλxi

dt
, λxi(Tf ) = 0, i = 1, 2, . . . , 10

and

u∗i = min

{
1,max

(
0, ûi

)}
, i = 1, 2 u∗3 = min

{
0.5,max

(
0, û3

)}

where u∗i , i = 1, 2, 3 are given by

û1 =
x1λx1 + β1x1x9

(
λx5 − λx1

)
+ β2x2x10

(
λx6 − λx2

)
+ r7x10

(
1− x10

x10max

)
λx7

B1

,

û2 =
N9µ5x5λx9 +N10µ6x6λx10

B2

,

û3 =
( α5x9

x9 + S9

+
εα5x10

x10 + S10

)(Π1

(
λx1 + λx5

)
+ Π2

(
λx2 + λx6

))
B3

.

Proof 4.4.2 Corollary 4.1 of Fleming and Rishel [30] gives the existence of an opti-

mal control due to the convexity of the integrand of J with respect to u1, u2 and u3.

In addition, it also guarantees a priori boundedness of the state solutions and the

Lipschitz property of the state system with respect to the state variables. The differ-

ential equations governing the adjoint variables are obtained by differentiation of the

Hamiltonian function, evaluated at the optimal control. Then the adjoint differential
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equations can be written as

dλx1
dt

= µ1λx1 −
(
1− u1

)
β1x9

(
λx5 − λx1

)
,

dλx2
dt

= µ2λx2 −
(
1− u1

)
β2x10

(
λx6 − λx2

)
,

dλx3
dt

= µ3λx3 +m3x6λx6 + d3x7λx7 ,

dλx4
dt

= µλx4 +m4x5λx5 ,

dλx5
dt

= −A1 +
(
µ5 +m4x4

)
λx5 −N9µ5(1− u2)λx9 ,

dλx6
dt

= −A2 +
(
µ6 +m3x3

)
λx6 −N10µ6(1− u2)λx10 ,

dλx7
dt

= −A3 +
(
µ7 + d3x3

)
λx7 − µ7λx8 ,

dλx8
dt

= µ8λx8 ,

dλx9
dt

= −
(
1− u3

)
α5S9(

x9 + S9

)2

(
Π1

(
λx1 + λx5

)
+ Π2

(
λx2 + λx6

))
+

(
1− u1

)
β1x1

(
λx1 − λx5

)
− c9Π4f9(

x9 + f9

)2λx4 + µ9λx9 ,

dλx10
dt

= −
(
1− u3

)
εα5S10(

x10 + S10

)2

(
Π1

(
λx1 + λx5

)
+ Π2

(
λx2 + λx6

))
+

(
1− u1

)
β2x2

(
λx2 − λx6

)
− c10Π3f10(

x10 + f10

)2λx3 + µ10λx10 −
(1− u1)r7

(
x10max−2x10

)
x10max

In what follows, we differentiate the Hamiltonian H with respect to ui(t), i = 1, 2, 3

to obtain

u∗i = min

{
1,max

(
0, û1

)}
, i = 1, 2. u∗3 = min

{
0.5,max

(
0, û3

)}
.
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By standard control arguments involving the bounds on the controls, we conclude

u∗i =



ûi, if 0 < ûi < 1;

0, if ûi ≤ 0;

1, if ûi ≥ 1.

which can be compactly written as

u∗i = min
{

1,max
(

0, ûi

)}
, i = 1, 2 and u∗3 =



û3, if 0 < û3 < 0.5;

0, if û3 ≤ 0;

1, if û3 ≥ 0.5.

Analogously, this can be written as

u∗3 = min
{

0.5,max
(

0, û3

)}

(a) Control profiles of optimal controls, u∗
1, u

∗
2, u

∗
3

Figure 4.9: Optimal controls in the first 20 days.
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(a) Infected T cells with u2 = 0.48, u3 = 0.25 (b) Infected B cells with u2 = 0.48, u3 = 0.25

(c) Infected progenitor cells with u2 = 0.48, u3 =

0.25

(d) KS cells with u2 = 0.48, u3 = 0.25

(e) HIV-1 with u2 = 0.48, u3 = 0.25 (f) HHV-8 with u2 = 0.48, u3 = 0.25

Figure 4.10: Population dynamics of infected cells and viruses during 300 days for

varying values of the infected CD4 T cell-specific HAART efficacy u1.
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Figure 4.9 shows the profiles of the optimal variables u∗1, u
∗
2 and u∗3 in the first 20 days.

The initial values u∗i (20), i = 1, 2, 3 are used in an iterative procedure for periods much

longer than 20 days. Figure 4.10 depicts the dynamics of the infected cell populations

and viral loads for fixed values of u2 and u3 during 300 days for different values of the

HAART efficacy parameter u1. For optimal efficacy u∗1 ≈ 0.79, the HIV-1 and HHV-8

populations drop below the level of detection. This parameter combination, however,

is not unique as illustrated in Figure 4.11. Figure 4.11 shows that reduced infected

CD4 T cell-specific HAART efficacy (from u∗1 ≈ 0.79 to u∗1 ≈ 0.67) and increased

infected B cell-specific HAART efficacy (from u∗2 ≈ 0.48 to u∗2 ≈ 0.68) in combination

with reduced KS therapy-specific efficacy (from u∗3 ≈ 0.25 to u∗3 ≈ 0.15) is also able

to control HIV-1 and HHV-8 co-infection.
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(a) Infected T cells with u2 = 0.68, u3 = 0.15 (b) Infected B cells with u2 = 0.68, u3 = 0.15

(c) Infected progenitor cells with u2 = 0.68, u3 =

0.15

(d) KS cells with u2 = 0.68, u3 = 0.15

(e) HIV-1 with u2 = 0.68, u3 = 0.15 (f) HHV-8 with u2 = 0.68, u3 = 0.15

Figure 4.11: Population dynamics of infected cells and viruses during 300 days for a

new combination of optimal controls.



Chapter 5

Non-AIDS-related Kaposi’s

Sarcoma: Role of Lytic Replication

5.1 Introduction

The human herpesvirus-8 (HHV-8) is a gammaherpesvirus first reported by Cheng

and Moore [15]. HHV-8 causes Kaposi’s sarcoma (KS) in humans, a form of skin

cancer that can spread to internal organs [10].There are four types of this cancer,

namely classical KS (sporadic), African KS (endemic), AIDS-related KS (epidemic),

and Transplant (Iatrogenic) KS [5].

In the past 10 years very few mathematical models of within-host dynamics considered

KS and only in the context of HIV co-infection [72, 73, 95]. In this study we present a

81
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mathematical model of non-AIDS related KS that takes into account the latently and

lytically HHV-8-infected B-cells. Several studies demonstrated the importance of T-

cell immunity in controlling HHV-8 reactivation [68] in different phases of the HHV-8

infection [86]. Hence, our model accounts for the effect of the innate and adaptive

immune responses. We consider a drug therapy that accounts for (1) inhibiting viral

entry and (2) blocking the production of actively infected B-cells due to transition

from the latently infected class. The latter drug therapy corresponds to blocking

lytic HHV-8 replication in the literature since the latent/lytic phase of the viral cycle

is described by the latently/actively infected B-cells. We employ optimal control

approaches to determine treatment efficacies for the two novel therapeutics and make

in silico comparisons between them. Our results have the potential to better inform

preclinical drug safety decisions for non-AIDS related KS (NAKS).

5.2 Model Development and Analysis

5.2.1 Model formulation

We construct an in host model that includes the following populations: Uninfected

B cells, (x1), latently infected B cells, (x5), productively infected B cells, (x6), un-

infected progenitor cells, (x2), infected progenitor cells, (x7), HHV-8 specific effector

cells, (x3), innate immune response, (x4), Kaposi’s sarcoma cells, (x8), and HHV-8

virions, (x9). The dynamics of these populations are depicted in the schematic dia-
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gram represented by Figure 5.1.

In order to study the effects of antiviral drugs, we introduce two time dependent con-

trols, u1(t) and u2(t), in our system to determine the optimal strategy for controlling

NAKS. u1(t) is the effectiveness of the endocytic pathway inhibitors [33] that block

the mechanism that HHV-8 virus uses in infecting the activated B cells and u2(t) is

the effectiveness of celecoxib in blocking reactivation of latently infected B cells [16].

We present a mathematical model for the infection of progenitor and B cells by HHV-

8. We explore the dynamics of infected cells with the objective of making recommen-

dations regarding treatment that would prevent B cell activation and ultimately delay

the development of the disease.

The dynamics of the various classes are described below:

ẋ1 = Π1 −
(
1− u1(t)

)
β1x1x9 − µ1x1. (5.1)

Eq. (5.1) describes the dynamics of the target B cells, x1. The first term represents

the constant source, Π1, of these cells from the bone marrow. The second term denotes

the reduced infectivity of these cells at the rate
(
1− u1(t)

)
β1x9 due the HHV-8 and

the last term is the death of these cells at a constant rate µ1.

ẋ2 = Π2 − β2x2x9 − µ2x2. (5.2)

Eqs. (5.2) represents the dynamics of the target progenitor cells. The first term is

the constant source of these cells from the bone marrow. The second term represents



84CHAPTER 5. NON-AIDS-RELATEDKAPOSI’S SARCOMA: ROLE OF LYTIC REPLICATION

the erroneous infectivity of these precursors by HHV-8 at the rate β2x9 [32] and the

last term is the death of these cells at a constant rate µ2.

ẋ3 = Π3 + r3x3x6 − µ3x3. (5.3)

Eq.(5.3) represents the dynamics of the HHV-8 specific effector cells. The first term

represents a constant source from the memory pool with the host and the second

term depicts the proliferation of effector cells due to the presence of infection. The

third term is the natural death at a constant rate, µ3.

ẋ4 =
r4x6

1 +mx6

− µ4x4. (5.4)

Eq. (5.4) represents the dynamics of immune response. The first term represents

the production of the hormone that triggers the immune response. The production

is induced by the actively infected B cells. The last term represents the decay of the

immune response at a constant rate, µ4.

ẋ5 =
(
1− u1(t)

)
ρβ1x1x9 −

(
1− u2(t)

)
γx5 − µ5x5. (5.5)

Eq. (5.5) represents the dynamics of latently infected B cells. The first term depicts

a proportion of the infection of B cells that goes into latency. This term is further

reduced by the activity of the control, u1(t). The second term represents removal of

these cells due to activation. This removal is further heighten by the activity of the

control,u2(t), and the last term is the natural death at a constant rate, µ5.

ẋ6 =
(
1− u1(t)

)(
1− ρ

)
β1x1x9 +

(
1− u2(t)

)
γx5 − α6x3x6 − µ6x6. (5.6)
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Eq. (5.6) represents the dynamics of productively infected B cells. The first term

depicts a proportion of original infections that become productive immediately fol-

lowing the infection by HHV-8. The second term is the gain due to activation of

latently infected B cells. The third term is the killing of the these cells by HHV-8

specific cells and the last term is the natural death at a constant rate, µ6.

ẋ7 = β2x2x9 − α7x3x7 − µ7x7. (5.7)

Eq. (5.7) represents the dynamics of infected progenitor cells. The first term depicts

the infections resulting from HHV-8 erroneous infection of progenitor cells and the

second term is killing of these cells by HHV-8 specific effector cells. The last term

represents the progression to KS at a constant rate, µ7.

ẋ8 = µ7x7 − α8x3x8 − µ8x8. (5.8)

Eq. (5.8) describes the dynamics of KS cells. The first term is generation of KS cells

at a constant rate, µ7. The second term is the killing of these cells by HHV-8 specific

cells and the last term is the loss due to apoptosis.

ẋ9 =
N9µ6

1 + θ4x4

x6 − µ9x9. (5.9)

Eq. (5.9) describes the dynamics of HHV-8 virions. The first term is the production

of these virions resulting from the lysis of productively infected B cells that is opposed

by the immune response and the last term is the decay at a constant rate, µ9.

For a comprehensive list of parameters with their definitions the reader is referred to

Table 5.2.
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Figure 5.1: Schematic diagram of the non-AIDS KS model with immune response
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Variable Definitions Value Source

x0
1 Initial target B cells 2× 105 cells ml−1 [58, 59].

x0
2 Initial target progenitor cells 105 cells ml−1 [58, 59].

x0
3 Initial HHV-8 specific effector cells 500 cells ml−1 [58, 59].

x0
4 Initial amount of immune response 0 Estimated.

x0
5 Initial latently infected B cells 0 Estimated.

x0
6 Initial productively infected B cells 0 cells ml−1 Estimated.

x0
7 Initial infected progenitor cells 0 cells ml−1 Estimated.

x0
8 Initial KS cells 0 cells ml−1 Estimated.

x0
9 Initial HHV-8 viral load 1 virion ml−1 [58, 59].

Table 5.1: Initial values for the model state variables

Parameter Definitions

Π1 Source of new B cells from bone marrow

Π2 Source of new progenitor cells from bone marrow

Π3 Production rate of healthy CD8+ T cells from natural sources e.g thymus

µ1 Death rate of B cells

µ2 Death rate of healthy progenitor cells
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µ3 Death rate of HHV-8 specific effector cells

µ4 Waning rate of immune response

µ5 Death rate of latently infected B cells

µ6 Death rate of productively infected B cells

µ7 KS progression rate constant

µ8 Death rate of KS due to apoptosis

µ9 Decay rate constant of HHV-8

β1 Infection rate of B cells by HHV-8

β2 Infection rate of progenitor cells by HHV-8

r3 Antigenic proliferation of HHV-8 specific CD8+ T cells

r4 Production rate of immune response

m Strength of immunosuppression

ρ Proportion of infections that result in latently infected B cells

γ Activation rate of latently infected B cells

θ4 Efficacy threshold constant

α6 Killing rate of productively infected B cells

α7 Killing rate of infected progenitor cells
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α8 Killing rate of KS cells

N9 Maximal carrying capacity of productively infected B cells

Table 5.2: Model parameters and their definitions

Parameter Range/Value Source

Π1 [16800, 102600]48000 cell mL−1 day−1 [95]

Π2 [859,2659]2000 cell mL−1 day−1 [95]

Π3 [2,20]10 cell mL−1 day−1 [95]

µ1 0.24 day−1 Estimated.

µ2 [0.005,0.024] day−1 Estimated.

µ3 0.01 day−1 [95].

µ4 0.0001 day−1 Estimated.

µ5 0.30 day−1 Estimated.

µ6 0.33 day−1 [95]

µ7 0.1 day−1 Estimated.

µ8 5× 10−6 day−1 Estimated.
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µ9 0.57 day−1 [95]

β1 [4.75× 10−9, 4.75× 10−7]2.4× 10−8 mL virus−1 day−1 [95]

β2 [4.75× 10−9, 4.75× 10−7]2.4× 10−8mL virus−1 day−1 [95]

r3 6× 10−7 mL cell−1 day−1 Estimated.

r4 0 - 10 day−1 Estimated.

m 0.8 Estimated.

ρ 0.001 day−1 Estimated.

γ 1.1 day−1 Estimated.

θ4 0.8 Estimated.

α6 [5.47× 10−5, 1.09× 10−4] mL cell−1 day−1 [95]

α7 5× 10−4 mL cell−1 day−1 [95]

α8 5× 10−4 mL cell−1 day−1 [95]

N9 [600, 1000] virions cell−1 [95]

Table 5.3: Model parameters and their ranges
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5.2.2 Analysis of the uncontrolled model where u1(t) = u2(t) =

0.

We first begin by analysing the model in the absence of the controls, u1(t) and u2(t).

Positivity and boundedness of solutions

We now show that our model is well posed in the sense that the populations do not

become negative and are always bounded.

Denote by R9
+ the set of points

xt =
(
x1, x2, x3, x4, x5, x6, x7, x8, x9

)
∈ R9

+

with positive coordinates and consider the system with initial values as in Table 5.1.

x0 =
(
x0

1, x
0
2, x

0
3, x

0
4, x

0
5, x

0
6, x

0
7, x

0
8, x

0
9

)
∈ R9

+

Lemma 5.2.1 If x0
i ≥ 0, i = 1, 2, 3, · · · , 9, then the solution xi(t) ≥ 0, ∀ t > 0.

Proof 5.2.2 The system (5.1) to (5.9) can be written as a system of differential

inequalities

dxi
dt
≥
(
Ai −

9∑
j=1

Bijxj

)
xi + Πi (5.10)
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where Bij ≥ 0,

Π =

(
Π1 Π2 Π3 0 0 0 0 0 0

)T

≥

(
0 0 0 0 0 0 0 0 0

)T

,

A = diag
{
−µ1,−µ2,−µ3,−µ4,−

(
µ5 + γ

)
,−µ6,−µ7,−µ8,−µ9

}

B = diag
{
β1x9, β2x9, 0, 0, 0, α6x3, α7x3, α8x3, 0

}
Suppose the assertion xi(t) ≥ 0, i = 1, 2, 3, · · · , 9 is not true. Then there exists a

smallest number t0, such that

xi(t) > 0 for 1 ≤ i ≤ 9, 0 ≤ t ≤ t0,

xi(t0) = 0 for at least one i, say i0.

Then, xi0 is a decreasing function and

dxi0(t0)

dt
≤ 0.

From the differential inequality (5.10) for xi0(t), we get

dxi0(t0)

dt
≥ πi ≥ 0

which is a contradiction. Hence, if xi(0) ≥ 0, i = 1, 2, 3, · · · , 9 then, xi(t) ≥ 0 for all t >

0, i = 1, 2, 3, · · · , 9.

Lemma 5.2.3 Consider the system (5.1) - (5.9).

If x0
i ≥ 0, i = 1, 2, 3, . . . , 9, then xi(t) <∞, ∀ t ≥ 0.
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Proof 5.2.4 To establish that every solution of system (5.1) − (5.9) is bounded, it

suffices to show that there exists M such that xi(t) ≤ M for all i. Define i ∈

{1, 2, 3, 5, 6, 7, 8} and let

y =
∑
i

aixi

where

ai =



1 if i = 1, 2, 5, 6, 8

α6

r3
if i = 3

1
4

if i = 8

It can be verified that for all times, t,

y(t) ≤ y
(
0
)

+
r3

(
Π1+Π2

)
+α6Π3

r3µ̂
= M1, µ̂ = min

{
µ1, µ2, µ3, µ5, µ6,

3
4
µ7, µ8

}
x4(t) ≤ x4

(
0
)

+ r4
mµ4

= M2,

x9(t) ≤ x9

(
0
)

+
µ6N9

(
r3

(
Π1+Π2

)
+α6Π6

)
r3µ̂µ9

= M3.

We can choose

M = max
1≤k≤3

{
Mk

}
such that xi < M, i = 4, 9 and y < M.

5.2.3 Equilibria and the basic reproduction number, R0.

To determine the equilibria we set the right hand side of (5.1) − (5.9) to zero and

solve the resulting equations simultaneously and obtain the following infection free

equilibrium, denoted by E0.
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Infection free equilibrium (IFE), E0

E0 =
(
x1

0, x
2
0, x

3
0, x

4
0, x

5
0, x

6
0, x

7
0, x

8
0, x

9
0

)
=
(Π1

µ1

,
Π2

µ2

,
Π3

µ3

, 0, 0, 0, 0, 0, 0
)

where xi0, i = 1, 2, . . . , 9 is the ith coordinate of the virus free equilibrium, E0.

We calculate the basic reproduction number of our model given by equations (5.1)−

(5.9) using the next generation operator method [14]. We define the basic reproduc-

tion number as the number of newly infected B cells arising from an HHV-8 infected

B cell where the entire population of B cell is totally susceptible to the infection. Our

model can be re-written in the form:

dX

dt
= f(X,Y, Z),

dY

dt
= g(X,Y, Z),

dZ

dt
= h(X,Y, Z),

where X ∈ R4, denotes the number of susceptibles, recovered and other classes of non-

infected individuals, Y ∈ R4 denotes the number of HHV-8 infected cells and Z ∈ R,

represents the number of HHV-8 virions. Note that the equation g(X∗,Y, Z) = 0

implicitly determines a function Y = g̃(X∗, Z). We let A = DZh(X∗, g̃
(
(X∗,0), 0)

and further assume that A can be decomposed as A = M−D, with M ≥ 0 (that is

mij ≥ 0) and D ≥ 0, is a diagonal matrix.

The component, Z represent the number of HHV-8 virions. Therefore, we set X =(
x1, x2, x3, x4

)
,Y =

(
x5, x6, x7, x8

)
, Z = x9 and let U0 =

(
X∗,0, 0

)
denote the infec-
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tion free equilibrium, that is

f(X∗,0, 0) = 0, g(X∗,0, 0) = 0, and h(X∗,0,0) = 0, with Y = g̃(X∗,Z),

where

g̃(X∗, Z) =



g̃1(X∗, Z)

g̃2(X∗, Z)

g̃3(X∗, Z)

g̃4(X∗, Z)


=



ρβ1x01x9
γ+µ5(

µ5+γ
)(

1−ρ
)
β1x01x9+γρβ1x01x9(

µ5+γ
)(
µ6+α6x03

)
β2x02x9
µ7+α7x03

µ7x07
µ8+α8x03


.

We compute A = DZh(X∗, g̃
(
(X∗,0),0) and get

M =
N9µ3µ6β1Π1

(
γ + µ5

(
1− ρ

))
µ1

(
µ5 + γ

)(
µ3µ6 + α6Π3

) and D−1 =
1

µ9

The basic reproduction number, R0, is given by the next generation spectral radius

ρ
(
MD−1

)
to be

R0 =
N9µ3µ6β1Π1

(
γ + µ5

(
1− ρ

))
µ1µ9

(
µ5 + γ

)(
µ3µ6 + α6Π3

) ,

Theorem 5.2.5 Consider the non-AIDS related KS(NAKS) transmission model (5.1)−

(5.9) . The infection free equilibrium point, E0, of (5.1)−(5.9) is locally asymptotically

stable if R0 < 1, but unstable if R0 > 1.



96CHAPTER 5. NON-AIDS-RELATEDKAPOSI’S SARCOMA: ROLE OF LYTIC REPLICATION

5.2.4 Global stability of the infection free equilibrium (IFE)

point, E0

In this section, we state the two conditions that, if met, will guarantee the global

asymptotic stability of the IFE point. Let the model (5.1)− (5.9) be rewritten as in

the appendix A. We can state the global stability of IFE as follows:

Lemma 5.2.6 In the absence of reactivation of latently infected B cells ,(γ = 0), the

infection free equilibrium point, E0, is globally asymptotically stable if R0 < 1.

Proof 5.2.7 We observe that

G(X0, 0) = 0 and
(
x1(t), x2(t), x3(t), x4(t)

)
→
(Π1

µ1

,
Π2

µ2

,
Π3

µ3

, 0
)

= X0 as t→∞.

We therefore conclude that, irrespective of the initial conditions, the solution converges

to X0. Thus, X0 is g.a.s. The condition (H1) is satisfied.

We now verify (H2).

A =



−
(
µ5 + γ

)
0 0 0 β1ρx

1
0

γ −
(
µ6 + α6x

3
0

)
0 0 β1(1− ρ)x1

0

0 0 −
(
µ7 + α7x

3
0

)
0 β2x

2
0

0 0 µ7 −
(
µ8 + α8x

3
0

)
0

0 µ6N9 0 0 −µ9


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and

Ĝ
(
X, Y

)
=



β1ρ
(
x1

0 − x1

)
α6x6

(
x3 − x3

0

)
+ β1(1− ρ)

(
x1

0 − x1

)
x9

α7x7

(
x3 − x3

0

)
+ β2x9

(
x2

0 − x2

)
α8x8

(
x3 − x3

0

)
µ6N9

1+θ4x4
x6



Since xi0 ≥ xi, i = 1, 2 and x3 ≥ x3
0, we conclude that Ĝ

(
X, Y

)
≥ 0.

5.3 Numerical Simulations and Sensitivity Analy-

sis

To illustrate the results obtained for the system (5.1)−(5.9), we give some simulations

using the parameters values in Table 5.3. Numerical results are displayed in the

following figures.

Figure 5.2 shows the partial rank correlation coefficients (PRCCs) for R0. The sen-

sitivity analysis shows how the model reproduction number is affected by changes in

the model parameters. We see that R0 is positively and significantly correlated to

β1 and Π1. Changes in these two parameters could overestimate the severity of the
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infection. Hence, it is important to estimate these two parameters accurately. The

reproduction number is negatively correlated to µ1 but this is not significant.

In Figure 5.3(a)− 5.3(f), we simulate the various populations of the model (5.1)−

(5.9) for R0 = 0.9181. We see that the introduction of HHV-8 fails to establish a per-

sistent infection in the host. Notice that the infected populations eventually decay to

low levels while the uninfected B cells decline by only 8%, the uninfected progenitor

cells declined by 31.7%.

In Figure 5.4, we simulate the different model populations for R0 = 1.2242 for the

purpose of obtaining the initial steady state values for the model with controls. We

investigate how the disease prognosis is altered by introduction of treatment rep-

resented by u1(t) and u2(t). For this case without treatment, we observe that the

growth of the infection is gradual initially but accelerates towards a steady state.

Figure 5.4(a), 5.4(b) and 5.4(c) have provided the initial steady state values used in

the model with controls u1 6= 0 and u2 6= 0, representing drugs that block the infection

of B cells and drugs that inhibit lytic activation, respectively.

5.4 Model with Optimal Control

Following techniques outlined in [69], we have formulated the objective (or cost)

functional for our problem of the type

J
(
u1, u2

)
=

∫ Tf

0

[
A1x5 + A2x6 +

1

2
B1u

2
1 +

1

2
B2u

2
2

]
dt, (5.11)
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where the control functions u1(t) and u2(t) are bounded, Lebesgue integrable func-

tions. Because of the need to cater for a large section of the population, we have

assumed a quadratic cost function where Tf is the final time and the constants

Ai, Bi, i = 1, 2 differentiate between the types of intervention strategies.

5.4.1 Existence and characterization of optimal control solu-

tion

For the system (5.1)− (5.9), we can state the optimal control problem as follows:

Theorem 5.4.1 Suppose the objective functional

J
(
u1, u2

)
=

∫ Tf

0

[
A1x5 + A2x6 +

1

2
B1u

2
1 +

1

2
B2u

2
2

]
dt,

is minimized subject to the controls and state variables given in the model (5.1)−(5.9)

with

xi(0) = xi0, i = 1, 2, 3, . . . , 9

as initial conditions. Then, there exists optimal controls u∗1, u
∗
2 ∈ U such that

J
(
u∗1, u

∗
2

)
= min

{
J
(
u1, u2

)
|u1, u2 ∈ U

}
where

U = {
(
u1, u2

)
such that u1, u2 are measurable with 0 ≤ ui ≤ 1, for t ∈

[
0, Tf

]
}

is the control set. The details of the proof of Theorem 5.4.1 are included in the

Appendix. We summarize the steps of the proof as follow:
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Proof 5.4.2 The existence of the solution can be shown using the results obtained in

[30] since

(a) the class of all initial conditions with controls u1 and u2 in the control set U are

nonnegative values as stated and proved in Lemma 5.2.1 and non-empty.

(b) The integrand, A1x5 + A2x6 + 1
2
B1u

2
1 + 1

2
B2u

2
2, in the objective functional is

convex on Ω ⊆ R4
+ as proved in Appendix C)

(c) The right hand side of system (5.1) − (5.9) is bounded by a linear function of

the state and control variables and the solutions exist as demonstrated in the

appendix D.

(d) The control set U is convex and closed as demonstrated in appendix E.

This completes the proof of Theorem 5.4.1.

From the Pontryagin et al [82] Maximum principle, we can convert the systems

(5.1) − (5.9) and Eq. (5.11) into a problem of formulating and minimizing point-

wise a Hamiltonian H, with respect to u1 and u2. The Hamiltonian function for our
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optimal problem is given by:

H
(
x,u, λx, t

)
= A1x5 + A2x6 +

1

2
B1u

2
1 +

1

2
B2u

2
2 + λx1

(
Π1 −

(
1− u1

)
β1x1x9 − µ1x1

)

+λx2

(
Π2 − β1x2x9 − µ2x2

)
+ λx3

(
Π3 + r3x3x6 − µ3x3

)

+λx4

(
r4x6

1 +mx6

− µ4x4

)
+ λx5

((
1− u1

)
ρβ1x1x9 −

(
1− u2

)
γx5 − µ5x5

)

+λx6

((
1− u1

)(
1− ρ

)
β1x1x9 +

(
1− u2

)
γx5 − α6x3x6 − µ6x6

)

+λx7

(
β2x2x9 − α7x3x7 − µ7x7

)
+ λx8

(
µ7x7 − α8x3x8 − µ8x8

)

+λx9

(
N9µ6x6

1 + θ4x4

− µ9x9

)
(5.12)

where, x =
(
x1, x2, . . . , x9

)
, u =

(
u1, u2

)
, λx =

(
λx1 , λx2 , . . . , λx9

)
and λxi , i =

1, 2, . . . , 9 are the adjoint variables corresponding to the state variable xi ∈ x.

We can state the minimizing optimal control problem as follows:

Theorem 5.4.3 Given optimal controls u∗1, u
∗
2 that minimize J

(
u1, u2

)
over U , and

the solutions x1, x2, . . . , .., x9 of the corresponding state system (5.1) − (5.9) and Eq.

(5.11) , then there exist adjoint variables λxi , i = 1, 2, . . . , 9 satisfying

∂H

∂xi
= −dλxi

dt

and with transversality conditions

λxi(Tf ) = 0, i = 1, 2, . . . , 10.
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and

u∗i = min

{
1,max

(
0, ûi

)}
, i = 1, 2

where û∗i , i = 1, 2 are given in appendix (B).

Proof 5.4.4 The existence of an optimal control solution is proved and given by

Fleming and Rishel [30]. The reader is referred to that study for details. For our

problem, the differential equations governing the adjoint variables are obtained by

differentiating the Hamiltonian in (5.12) with respect to the state variables xi and

evaluated at the optimal control. This gives

dλx1
dt

= λx1

(
µ1 +

(
1− u1

)
β1x9

)
− λx6β1

(
1− ρ

)(
1− u1

)
x9 − λx5ρβ1

(
1− u1

)
x9,

dλx2
dt

= λx2
(
µ2 + β2x9

)
− λx7β2x9,

dλx3
dt

= λx3
(
µ3 − r3x6

)
+ λx6α6x6 + λx7α7x7 + λx8α8x8,

dλx4
dt

= λx4µ4 +
λx9N9µ6θ4x6(

1+θ4x4

)2 ,
dλx5
dt

= −A1 + λx5

(
µ5 + γ

(
1− u2

))
− λx6γ

(
1− u2

)
,

dλx6
dt

= −A2 + λx6
(
µ6 + α6x3

)
− λx4r4(

1+mx6

)2 − λx3r3x3 −
λx9µ6N9(
1+θ4x4

) ,
dλx7
dt

= λx7
(
µ7 + α7x3

)
− λx8µ7,

dλx8
dt

= λx8
(
µ8 + α8x3

)
,

dλx9
dt

= λx9µ9 + β2

(
λx2 − λx7

)
x2 + β1

(
1− u1

)(
λx1 − λx6

)
x1 + β1ρ

(
1− u1

)(
λx6 − λx5

)
x1
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Next, we differentiate the Hamiltonian H in (5.12) with respect to ui(t), i = 1, 2 to

obtain

u∗i = min

{
1,max

(
0, ûi

)}
, i = 1, 2

where u∗i is obtained from ûi in Appendix B. By standard control arguments involving

the bounds on the controls, we conclude

u∗i =



ûi, if 0 < ûi < 1;

0, if ûi ≤ 0;

1, if ûi ≥ 1.

which can be compactly written as

u∗i = min
{

1,max
(

0, ûi

)}
for i = 1, 2.

5.5 Numerical Simulations and Sensitivity Analy-

sis

In Figures 5.5−5.8, we illustrate the effect of drug efficacy on the dynamics of various

state variables. The initial values, used to plot the figures, are taken from Figure 5.4

of the uncontrolled system between day 400 and 600 where we observed changes in

the state variables from the primary stage to the stable chronic stage. Figure 5.5
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shows the impact of control for a scenario ρ = 0.90, that is, when 90% of the cells

are latently infected and drug efficacies are specified for three different regimens as

follows:

(i) The efficacy of the drug that reduces the infectivity of susceptible B cells and

the efficacy of the drug that inhibits the reactivation of latently infected B cells

are of high efficacy, assumed in this study to be ui ≥ 0.8, i = 1, 2.

(ii) when the efficacies of the drug reducing the infectivity of susceptible B cells and

that inhibiting the reactivation of B cells are moderate, assumed to be in the

range 0.5 ≤ ui < 0.7 and

(iii) when there is no treatment at all, that is, ui = 0, i = 1, 2.

From figures 5.5(a) and 5.5(b), we can see that when the efficacies of both drugs are

high, the infection does not develop. At the end of the infection period (adaptive

stage), 80% of B cells and 90% of progenitor cells are uninfected. The infected B and

progenitor cells decline to below detectable levels (Figures 5.5(c)(i), 5.5(d)(i), 5.5(e)(i)),

Kaposi’s sarcoma cells (Figure 5.5(f)), and the HHV-8 die out (Figure 5.5(g)). For

the same parameter values but for drugs of moderate efficacies, the susceptible B

cells and progenitor cells decline by 40% for B cells (Figure 5.5(a)(ii)) and 90%

for progenitor cells (Figure 5.5(b)(ii)). The infection in this case persists (Figures

5.5(c)(ii), 5.5(d)(ii), 5.5(e)(ii)). We can see from Figure 5.5(f)(ii) that the possibil-

ity for Kaposi’s sarcoma to develop for drugs of moderate efficacy is as high as that
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for no treatment at all.

Figure 5.6 illustrates a scenario for ρ = 0.10, that is, when only 10% of the B cells

are latently infected. We can see that while the loss of susceptible B cells is 15%

(Figure 5.6(a)(i)), the loss of susceptible progenitor cells is very high at 89% (Figure

5.6(b)(i)). For ρ = 0.10 the possibility of Kaposi sarcoma developing is equally the

same for all drug efficacies (Figure 5.6(f)). The population of HHV-8 in this case is

significantly reduced (Figure 5.6(g)(i)) for drugs of high efficacies suggesting that the

growth of KS cannot be sustained.

We conclude from the two values of ρ that drugs that reduce the infectivity may be

more beneficial than drugs that reduce lytic activation.

Figures 5.7 and 5.8 illustrate scenarios for ρ = 0.1 and ρ = 0.9, respectively when

one of the drugs is of high efficacy and the other of moderate efficacy. From Figure

5.7 (ρ = 0.1) we can see that the susceptible progenitor cell population declines

significantly when only one drug is of high efficacy. The susceptible B cell population,

on the other hand, declines by only 20% when the efficacy of the drug that reduces

the infectivity of B cells is of high efficacy. When the drug that reduces infectivity is

of moderate efficacy, even if the drug that inhibits lytic activation is of high efficacy,

the B cell population declines significantly (by 65% (Figure 5.7(a)(ii))).

Figure 5.7(f) shows that, for ρ = 0.1, regardless of which drug is of high efficacy, the

chances of KS developing in the long run remains the same. The conclusion when

ρ = 0.9 is that the likelihood of KS not developing is the same so long as one of the
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drugs is of high efficacy (Figures 5.8(b) and 5.8(f)).

5.6 Summary of Results

Kaposi’s sarcoma (KS) is a malignant disorder of lymphatic endothelial origin that

can have two main variants: AIDS-related KS (AKS) and non-AIDS related KS

(NAKS) that all share a causal relationship with the human herpesvirus-8 (KSHV

or HHV-8). We develop a mathematical model that accounts for B-cells latently and

lytically infected with HHV-8 as well as the innate and adaptive arms of the immune

system. As a sequel to numerous studies that have investigated the inhibition of

HHV-8 endocytosis and reactivation of HHV-8 replication, we employ optimal control

strategy to obtain treatment efficacies for these two therapeutic approaches. We have

shown that when 90% of the B-cell infections result in latency, administration of high

efficacy drugs that inhibit entry and reactivation of latently infected B-cells leads

to the clearance of KS as the population of infected cells cannot be sustained. Our

results also reveal that at 90% latency of B-cells, the therapy could produce similar

results if the drug that targets viral entry is of moderate efficacy but the efficacy

of the drug inhibiting reactivation is considerably more than 0.8. Administration of

the same drugs but both at moderate efficacy levels leads to the depletion of both

uninfected B- and progenitor cells, a scenario which can lead to the growth of KS

variants. When 10% of the B-cell infections result in latency, administration with

high efficacy drugs reduces the viral entry of HHV-8 but as 90% of the infected B-
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cells are productive, this event leads to production of HHV-8 which ultimately results

in more progenitor cells getting infected and the growth of KS. Our findings have the

potential to offer more effective therapeutic approaches in the treatment of NAKS.
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Sensitivity Analysis of R
0

(a) PRCCs for R0

Figure 5.2: R0 and PRCCs
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Figure 5.5: Population dynamics for the uncontrolled and controlled systems. In

this figure we have used: ρ = 0.90. We have set u1 = 0, 0.50, 0.80 and u2 =

0, 0.53, 0.87. The initial values in our simulation are B(0) = 1.968 × 105, P (0) =

8.994 × 104, BiL(0) = 678.9, Bia(0) = 1418, Pi(0) = 2144, V8(0) = 4.483 × 105, E8 =

759.3, K(0) = 629.9. The rest of the parameters are as indicated in Table 3.
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Figure 5.6: Population Dynamics for the uncontrolled and controlled systems. In

this figure we have used: ρ = 0.10. We have set u1 = 0, 0.50, 0.80 and u2 =

0, 0.53, 0.87.The initial values in our simulation are B(0) = 1.968 × 105, P (0) =

8.994 × 104, BiL(0) = 678.9, Bia(0) = 1418, Pi(0) = 2144, V8(0) = 4.483 × 105, E8 =

759.3, K(0) = 629.9. The rest of the parameters are as indicated in Table 3.
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Figure 5.7: Population Dynamics for the uncontrolled and controlled systems. In

this figure we have used: ρ = 0.10. We have set u1 = 0, 0.50, 0.80 and u2 =

0, 0.50, 0.90.The initial values in our simulation are B(0) = 1.968 × 105, P (0) =

8.994 × 104, BiL(0) = 678.9, Bia(0) = 1418, Pi(0) = 2144, V8(0) = 4.483 × 105, E8 =

759.3, K(0) = 629.9. The rest of the parameters are as indicated in Table 3.
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Figure 5.8: Population Dynamics for the uncontrolled and controlled systems. In

this figure we have used: ρ = 0.90. We have set u1 = 0, 0.50, 0.80 and u2 =

0, 0.50, 0.90.The initial values in our simulation are B(0) = 1.968 × 105, P (0) =

8.994 × 104, BiL(0) = 678.9, Bia(0) = 1418, Pi(0) = 2144, V8(0) = 4.483 × 105, E8 =

759.3, K(0) = 629.9. The rest of the parameters are as indicated in Table 3.



Chapter 6

Discussion, Future Work and

Recommendation

6.1 Discussion

In this chapter, we present main conclusions, interpretations and significance of our

results. Understanding and controlling the HIV-1 and HHV-8 infections is critical to

resolving a huge burden on health and social care settings and systems especially in

developing countries. The models developed in this thesis would have been theoretical

and speculative a few years back but now we know there are efforts towards finding a

cure for non-AIDS related KS. Our models can be used to find optimal efficacy levels

of treatment.

Currently, there is no treatment available to eradicate HHV-8 infection of B cells and

119
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the erroneously infected progenitor cells. The purpose of our work was to give insight

into the efficacy of the anti-KS therapies required to slow down disease progression

and hopefully KS development, the most common neoplasm associated with AIDS. It

is not surprising that most therapies at the moment emphasize the effective adminis-

tration of HAART in AIDS-KS patients. This may be due, in part, to the fact that

AIDS affects most countries globally whereas KS affects mostly the poor nations.

The two models presented in this thesis have presented how viral infections develop

during the two stages of the immune response, the innate and adaptive stages. This

approach is aimed at finding early therapies to stop the infection from developing

during the innate phase. We have also presented detailed analysis and explored how

immune response can be supported and at what levels of drug efficacy during the

adaptive phase.

Some evidence suggests that immune activation is a requisite for development of

Classic KS [29, 65]. Hence, we included the effect of the immune response in the

model with innate mechanism and showed that in silico treatment of Classic KS can

significantly reduce HHV-8 infection. We determined a critical value of the efficacy

threshold for the innate immune response below which KS burden is diminished even

if R0 > 1. This is completely novel to the best of our knowledge and has important

implications, since therapies involving cytokines such as IL-2 [92] may have adverse

side effects. Because it is not known how long the innate response for HIV-1 and
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HHV-8 co-infection lasts, this study is not able to suggest the dosage and frequency

of treatment regimen. It is hoped a clinical study can explore the potential suggested

by this study.

About 30% of Classic KS patients develop a second malignancy like non-Hodgkin

lymphoma [26], hence, an early diagnosis that may prevent second malignancies is es-

sential. The model with innate mechanism demonstrated the potential for controlling

HHV-8 infection and consequently, also HIV-1 and HHV-8 co-infection. Currently,

there are early HIV-1 tests capable of revealing that an individual has been in contact

with someone infected with HIV-1 [42].

The strategy described in this study can be used to prevent HIV-1 infections before

they develop for example in rape victims who are treated with antiretroviral drugs

for 28 days immediately after the crime [78].

In the absence of any treatment the long term prognosis of AIDS-KS is poor. This is

shown by Figures 4.6−4.7 of the model with adaptive mechanism. However, if cART

(e.g. HAART plus KS therapy) is administered at optimal levels, both HIV-1 and

HHV-8 infection can decline to undetectable levels (Figures 4.10 − 4.11). The sim-

ulations indicate that HAART at suboptimal levels cannot eradicate the viral load,

a scenario which can possibly lead to the emergence of drug-resistant mutations [4].

For cART, when the efficacy of a potential fusion inhibitor or reverse transcriptase
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inhibitor is kept at optimal level, a very low level efficacy for KS therapy is sufficient

to control the HHV-8 infection. This result has important implications for patients

with more than one underlying conditions as it helps them to take fewer drugs, a

strategy which can protect their kidneys [39].

The implications of our study are two-fold. First, early intervention in the form of

KS-therapy can control HHV-8 infection from developing into KS and possibly also

slow HIV-1 infection to develop into AIDS. Second, optimal control of HIV-1 infection

using HAART is an integral part of a successful AIDS-KS therapy and should be used

in combination with low-level KS therapy. These recommendations have the potential

to impact the therapeutic goal in KS, by focusing on short term control and thus,

aiding long term remission.

The innate immune response model has revealed that externally administered cy-

tokine drugs can reduce the chances of Kaposi Sarcoma developing. This is supported

in part by a study by [93, 99] involving IL-2 and IL-12 which showed that adminis-

tration of cytokines can prevent or delay the development of infection. However, to

the best of our knowledge there are no clinical studies that have determined the safe

levels of these cytokine drugs that can be taken.

The model system (4.30)− (4.39) shows that treatment with sub-optimal drugs can

lead to endemic infections and possibly to drug resistance. By including dual therapy
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such as chemotherapy with cytokine based drugs together with HAART treatment,

the adaptive phase has revealed that treatment at optimal and super- optimal levels

can clear the KS infection. Based on this result, we recommend HAART treatment

for KS infection to be enhanced with chemotherapy treatment.

In our future works we intend to address the problem of incomplete eradication of

HIV-1 in patients currently accessing HAART [56]. It is a well known fact that, in

spite of having the viremia brought down below the level of detection, a complete

eradication of HIV-1 is still not possible. This phenomenon is attributed to the pres-

ence of certain reservoirs in which the HIV-1 virus can remain in latency, and it is

known that latently infected CD4+ T cells are never affected by HAART due to non

expression of viral proteins [91]. Can innovators develop a device that can detect

latently infected CD4+ T and B cells?

Currently there is no definite cure for non-AIDS related KS and the purpose of anti-

viral therapies is aimed at slowing down KS progression without targeting the virus

as an etiological agent. Unlike traditional therapeutic approaches that may have

adverse side effects, novel anti-viral therapies are now being studied and already they

are showing promise with regard to relative drug safety. The therapies include, but

are not limited to, the use of chemical inhibitors that block virus endocytosis and

lytic reactivation of HHV-8 [16, 33].
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6.2 Future Work

In all our models we have assumed that proliferation of different effector cell popu-

lations continues indefinitely and that these cells remain potent for all future time.

This may not be realistic in the case of HIV-1 infection. The continual antigen stim-

ulation as a result of the infection should lead to effector cell dysfunctionality [28].

As an extension of the AIDS-KS model with adaptive immune response we intend to

explore the role of CD8+ T cell dysfunctionality and how this phenomenon worsens

the prognosis of KS.

The cellular-mediated immune response is regarded as the most powerful weapon of

fighting any viral infection. As a future assignment we intend to explore the potency

of adoptive cellular immunotherapy in the fight against both non-AIDS-related KS

(NAKS) and AIDS-related KS (AKS).

6.3 Recommendation

We recommend the exploration of the role of reactivation of lytic replication in the

case of AKS and determination of efficacy levels for drugs that can block the entry of

HHV-8 into the susceptible B and progenitor cells and reactivation of lytic replication

of HHV-8.



Chapter 7

Appendix

AIDS-KS MODEL

Lemma 7.0.1 The lemma is based on the work of Castillo-Chavez et al [14]. Con-

sider the system

dX

dt
= F

(
(X, I)

)
,

dI

dt
= G

(
(X, I)

)
, G
(
X,0

)
= 0, (7.1)

where X ∈ Rm denotes the components of the uninfected states, I ∈ Rn denotes the

components of the infected states and U0 =
(
X∗,0

)
denotes the disease-free equilib-

rium of (7.1). Assume the conditions (H1) and (H2) below are satisfied

(H1) For
dX

dt
= F

(
X,0

)
,X∗ is globally asymptotically stable (g.a.s) ,

(H2) G
(
X, I

)
= AI− Ĝ

(
X, I

)
, Ĝ
(
X, I

)
≥ 0 for

(
X, I

)
∈ Ω,
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where A = DIG
(
X∗,0

)
is an M-matrix (the off diagonal elements of A are nonnega-

tive) and Ω is the region where the model makes biological sense. Then U0 is globally

asymptotically stable.

Proof 7.0.2 (Lemma 4.3.1(b)) Let y1(t) = x1(t) + x5(t) and y2(t) = x2(t) + x6(t)

denote the total sub - populations of the CD4+T cells and B cells at time t, respec-

tively, where xi(t) ≥ 0 by Lemma 1(a).

Adding equations (4.15) and (4.19), and then (4.16) and (4.20) we get.

dyj(t)

dt
≤ Πj

(
1 + 2α5

x9

x9 + S9

+ 2α6
x10

x10 + S10

)
− µjxj − µj+4xj+4, j = 1, 2.

≤ Πj

(
1 + 2(α5 + α6)

)
︸ ︷︷ ︸

Mj

−µ̂jyj(t), where µ̂j = min{µj, µj+4}

It is easy to show that as t→∞, yj(t) ≤ Mj

µ̂j
, j = 1, 2. Equations (4.23) and (4.24)

can be represented by

dxj(t)

dt
= Njµj−4xj−4 − µjxj ≤ Njµj−4

Mj−8

µ̂j−8

− µjxj j = 9, 10.

It is easy to show that



127

lim sup
t→∞

xj(t) ≤
Njµj−4Mj−8

µjµ̂j−8

, j = 9, 10,

lim sup
t→∞

Z(t) ≤
Π3

(
1 + c10

)
+ Π4

(
1 + c9

)
ξ

, where ξ = min{µ3, µ4} and Z(t) = x3(t) + x4(t), }

lim sup
t→∞

x7(t) ≤ µ6r7N10M2

µ̂2µ7µ10

(
1− µ6N10M2

µ̂2µ10x10max

)
lim sup
t→∞

x8(t) ≤ µ6µ7r7N10M2

µ̂2µ8µ9µ10

(
1− µ6N10M2

µ̂2µ10x10max

)
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Non-infected States:

ẋ1 = Π1

(
1 +

α5x9

x9 + S9

+
α6x10

x10 + S10

)
− µ1x1 − β1x1x9, (7.2)

ẋ2 = Π2

(
1 +

α5x9

x9 + S9

+
α6x10

x10 + S10

)
− µ2x2 − β2x2x10, (7.3)

ẋ3 = Π3 +
c10Π3x10

x10 + f10

− µ3x3, (7.4)

ẋ4 = Π4 +
c9Π4x9

x9 + f9

− µ4x4, (7.5)

Infected States:

ẋ5 = Π1

( α5x9

x9 + S9

+
α6x10

x10 + S10

)
+ β1x1x9 −m4x4x5 − µ5x5, (7.6)

ẋ6 = Π2

( α5x9

x9 + S9

+
α6x10

x10 + S10

)
+ β2x2x10 −m3x3x6 − µ6x6, (7.7)

ẋ7 = r7x10

(
1− x10

x10max

)
− µ7x7 − d3x3x7, (7.8)

ẋ8 = µ7x7 − µ8x8, (7.9)

ẋ9 = N9µ5x5 − µ9x9, (7.10)

ẋ10 = N10µ6x6 − µ10x10, (7.11)

RV1 =
N9Π1

(
α5µ1 + β1S9

)
µ1µ9S9

.
µ4µ5

(µ4µ5 +m4Π4)
<
N9Π1

(
α5µ1 + β1S9

)
µ1µ9S9

= R1. (7.12)

RV8 =
N10Π2

(
α6µ2 + β2S10

)
µ2µ10S10

.
µ3µ6

(µ3µ6 +m3Π3)
<
N10Π2

(
α6µ2 + β2S10

)
µ2µ10S10

= R8.

(7.13)

From (7.13) we can deduce that
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• RVi , i = 1, 8 are the reproduction numbers when virus i specific effector cells

are active but their effect varies from being weak to perfect as mj, j = 3, 4,

increases ·

• Ri, i = 1, 8 are the reproduction numbers when virus i specific effector cells

are dysfunctional.

1. Let x = (x5, x6, x7, x8, x9, x10)T , y = (x1, x2, x3, x4)T . The system (4.15) − (4.24)

can be written as

dx

dt
= F(x, y)− V(x, y),

dy

dt
= gj(x, y)

The matrices for new infections and other class transition, respectively given by F
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and V, are

F =



0 0 0 0 Π1K1

µ1S9

α6Π1

S10

0 0 0 0 α5Π2

S9

Π2K2

µ2S10

0 0 0 0 0 r7

0 0 µ7 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0



, V =



a11
µ4

0 0 0 0 0

0 a22
µ3

0 0 0 0

0 0 a33
µ3

0 0 0

0 0 0 µ8 0 0

−N9µ5 0 0 0 µ9 0

0 −N10µ6 0 0 0 µ10



FV −1 =



µ4µ5N9Π1K1

µ1µ9a11S9

µ3µ6α6N10Π1

µ10a22S10
0 0 Π1K1

µ1µ9S9

α6Π1

µ10S10

µ4µ5α5N9Π2

µ9a11S9

µ3µ6N10Π2K2

µ2µ10a22S10
0 0 α5Π2

µ9S9

Π2K2

µ2µ10S10

0 µ3µ6r7N10

µ10a22
0 0 0 r7

µ10

0 0 µ3µ7
a33

0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


K1 = α5µ1 + β1S9, K2 = α6µ2 + β2S10, a11 = µ4µ5 +m4Π4, a22 = µ3µ6 +m3Π3,

a33 = µ3µ7 + d3Π3

(7.14)
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Variable Initial value Source

x1(0) 105 cell ml−1 [80]

x2(0) 104 cell ml−1 Estimated

x3(0) 50 cell ml−1 Estimated

x4(0) 104 cell ml−1 Estimated

x5(0) 300 cell ml−1 Estimated

x6(0) 20 cell ml−1 Estimated

x7(0) 50 cell ml−1

x8(0) 18 cell ml−1

x9(0) 100 virion ml−1

x10(0) 40 virion ml−1

Parameter Value Source

α5 0.013 Estimated

α6 0.045 Estimated

β1 2.4× 10−8 ml virion−1 day−1 [95]

β2 1.5× 10−7 ml virion−1 day−1 [95]

Π1 104 cell ml−1 day−1 [95]
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Π2 48000 cell ml−1 day−1 [95]

Π3 5× 103 cell ml−1 day−1 Estimated

Π4 2× 104 cell ml−1 day−1

S9 3× 105 virions ml−1 Estimated

S10 2× 105 virions ml−1 Estimated

µ1 0.01 day−1 [95]

µ2 0.24 day−1 [95]

µ3 0.1 day−1 [95]

µ4 0.1 day−1 [95]

µ5 0.24 day−1 [95]

µ6 0.33 day−1 [95]

µ7 0.1 day−1 [95]

µ8 0.21 day−1 [95]

µ9 3 day−1 [95]

µ10 0.57 day−1 [95]

N9 1000 virions cell−1 [95]

N10 700 virions cell−1 [95]
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m3 1.08× 10−4 ml cell−1 day−1 Estimated

m4 2× 10−7 ml cell−1 day−1 Estimated

c9 0.03 [95]

c10 0.047 [95]

d3 5× 10−4 ml cell−1 day−1 Estimated

r7 0.33 cells virion−1 day−1 [95]

f9 3× 105 virions ml−1 Estimated

f10 2× 105 virions ml−1 Estimated

x10max 8× 109 Estimated

Table 7.4: Estimation of parameters.

Non-AIDS KS MODEL

(A) 
dX
dt

= F
(
X, Y

)
,

dY
dt

= G
(
X, Y

)
, G

(
X, 0

)
= 0.

(7.15)

where X ∈ Rm denotes the number of uninfected individuals and Rn denotes

the number of infected individuals or components including latent, infectious
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etc. In our case, the two new classes for the model system are represented as

follows: 
X =

(
x1, x2, x3, x4

)
,

Y =
(
x5, x6, x7, x8, x9

)
.

(7.16)

The conditions (H1) and (H2) below must be met for our model to be globally

asymptotically stable (g.a.s).
(H1) For dX

dt
= F (X, 0), X∗ is g.a.s.

(H2) G(X,Z) = AY − Ĝ(X, Y ), Ĝ(X, Y ) ≥ 0 ∀ (X, Y ) ∈ Ω,

(7.17)

where A = DYG(X, 0) is an M- matrix (that is, the off diagonal elements of A

are nonnegative) and Ω is the region where the model makes biological sense.

(B) Next, we differentiate the Hamiltonian, H, with respect to ui, i = 1, 2 and set

the result to zero. Solving the resulting equations yields

û1 =
β1

(
−λx1 + λx5ρ+ λx6

(
1− ρ

))
x1x9

B1

, (7.18)

û2 =
γ
(
λx6 − λx5

)
x5

B2

. (7.19)

(C) Recalling that a function f is convex on a set Df if for all X, Y ∈ Df , we have

f
(
αX + (1− α)Y

)
≤ αf(X) +

(
1− α

)
f(Y ) with α ∈ [0, 1].

Let

X =
(
x5, x6, u1, u2

)
and Y =

(
x

(1)
5 , x

(1)
6 , u

(1)
1 , u

(1)
2

)
and

L
(
X
)

= A1x5 + A2x6 +
1

2
B1u

2
1 +

1

2
B2u

2
2, (7.20)



135

Then,

αX +
(
1− α

)
Y =

(
αx5 +

(
1− α

)
x

(1)
5 , αx6 +

(
1− α

)
x

(1)
6 , αu1

+
(
1− α

)
u

(1)
1 , αu2 +

(
1− α

)
u

(1)
2

)
,

Hence, Eqn (7.20) gives

L
(
αX +

(
1− α

)
Y
)

= A1

(
αx5 +

(
1− α

)
x

(1)
5

)
+ A2

(
αx6 +

(
1− α

)
x

(1)
6

)
+

1

2
B1

(
αu1 +

(
1− α

)
u

(1)
1

)
+

1

2
B2

(
αu2 +

(
1− α

)
u

(1)
2

)
≤ α

(
A1x5 + A2x6 +

1

2
B1u1 +

1

2
B2u2

)
+
(
1− α

)(
A1x

(1)
5 + A2x

(1)
6

+
1

2
B1u

(1)
1 +

1

2
B2u

(1)
2

)
= αL(X) +

(
1− α

)
L(Y ) (7.21)

(D) By definition, each fi, i = 1, 2, 3, . . . , 9 of system (5.1) − (5.9) is continuous

where fi is the ith function representing the right hand side of the system. fi

can be rewritten as a linear function of u =
(
u1, u2

)
with coefficients depending

on time and state. Moreover, all the state and control variables, xi, i =

1, 2, 3, . . . , 9 and uj, j = 1, 2 are bounded on [0, Tf ]. In particular, the control

system (5.1)− (5.9) with initial conditions ,xi0, of the respective variables can

be written in the form:

Ẋ = AX + F (X), (7.22)
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where

X =

(
x1 x2 x3 x4 x5 x6 x7 x8 x9

)T

, (7.23)

is the vector of the state variables and A and F (X) are defined in the Eqns.

(7.24) and (7.25), respectively

A =



−µ1 0 0 0 0 0 0 0 0

0 −µ2 0 0 0 0 0 0 0

0 0 −µ3 0 0 0 0 0 0

0 0 0 −µ4 0 0 0 0 0

0 0 0 0 −
(
µ5 + γ

(
1− u2

))
0 0 0 0

0 0 0 0 γ
(
1− u2

)
−µ6 0 0 0

0 0 0 0 0 0 −µ7 0 0

0 0 0 0 0 0 µ7 −µ8 0

0 0 0 0 0 0 0 0 −µ9


(7.24)
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F
(
X
)

=



Π1 −
(
1− u1(t)

)
β1x1x9

Π2 − β2x2x9

Π3 + r3x3x6

r4x6
1+mx6(

1− u1(t)
)
ρβ1x1x9

(
1− ρ

)(
1− u1(t)

)
β1x1x9 − α6x3x6

β2x2x9 − α7x3x7

−α8x3x8

N9µ6x6
1+θ4x4


(7.25)

The system (7.22) is a non-linear system with a bounded coefficient.

Let

B(X) = A(X) + F (X), . (7.26)

Following a similar technique in [69], it follows that the function B(X) is uni-

formly Lipschitz continuous.

From the definition of the controls u1 and u2 and the restrictions on the non-

negativeness of the state variables, then the solutions of the system (7.22) exists.

(E) To show that the set U is convex, let ui, uj ∈ U with ui =
(
u

(1)
i , u

(2)
i

)
and
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uj =
(
u

(1)
j , u

(2)
j

)
. Suppose α ∈ [0, 1]. Then,

αui +
(
1− α

)
uj = α

(
u

(1)
i , u

(2)
i

)
+
(
1− α

)(
u

(1)
j , u

(2)
j

)
=

(
αu

(1)
i +

(
1− α

)
u

(1)
j , αu

(2)
i +

(
1− α

)
u

(2)
j

)
∈ U.

Hence, U is convex.

To establish that U is closed, it suffices to show that U contains any convex

combination

y =
n∑
i=1

αiui (7.27)

of vectors ui ∈ U. We establish the result via mathematical induction on n. For

n = 1, it is evident. The only one term convex combinations are of the form

1.u1 = u1 ∈ U.

We suppose any convex combination of n − 1 vectors for n ≥ 2, taken from

U is an element of U, we proceed to verify that the statement holds for any

convex combinations of n vectors in U . Let Eqn. (7.27) be such a combination.

We suppose that 1 > αn, otherwise there is nothing to prove (note that when

αn = 1, then the other α′is should vanish, because each α is nonnegative and

their sum is unit, and we thus have y = yn ∈ U).

Assuming αn < 1, we can write

y =
(
1− αn

){n−1∑
i=1

αi
1− αn

yi

}
+ αnyn,

the sum in the parenthesis is clearly a convex combination of n− 1 points from

U and thus, by the inductive assumption, there is a point, let it be called z,
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from U , we have

y =
(
1− αn

)
z + αnyn,

(7.28)

with z and yn ∈ U, and y ∈ U by the definition of a convex set U.
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Parameter Range Units

K1 0.11− 0.39 day−1

K2 0.0154− 0.0193 day−1

K3 0.013− 0.054 day−1

θx3 100− 500 cell mm−3

θx5 0.002− 0.069

x3max 200− 650 cell mm−3

x4max 104 − 5.1× 105 virions mm−3

µx1 0.1− 0.3 day−1

µx2 0.001− 0.067 ml day−1

µx3 0.2− 0.5 day−1

µx4 0.45− 0.65 day−1

Nx4 100− 1000 virions cell−1

Table 7.1: Range of parameters for sensitivity analysis for the innate model.
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Parameter Range Units

N9 100− 1000 virions cell−1

N10 100− 1000 virions cell−1

Π1 103 − 104 cell ml−1 day−1

Π2 70× 103 − 4.275× 105 cell ml−1 day−1

Π3 102 − 103 cell ml−1 day−1

Π4 104 − 3× 104 cell ml−1 day−1

r7 0.045− 0.055 cells virion−1 day−1

d3 5.47× 10−5 − 1.09× 10−4 ml cell−1 day−1

m3 5.47× 10−5 − 1.09× 10−4 ml cell−1 day−1

m4 10−7 − 10−5 ml cell−1 day−1

α5 10−2 − 1.5× 10−4

α6 1.4× 10−2 − 5.5× 10−2

S9 2× 105 − 5× 105 virions ml−1

S10 105 − 3× 105 virions ml−1

β1 2.4× 10−8 − 2.5× 10−7 ml virion−1 day−1

β2 4.75× 10−9 − 4.75× 10−7 ml virion−1 day−1

µ9 2− 5 day−1

µ10 0.45− 0.65 day−1

Table 7.2: Range of parameters for sensitivity analysis for the adaptive model.
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