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Abstract. The purpose of this paper is to propose and investigate an algorithm for solving a fixed point
of n-demimetric mappings. We establish the strong convergence of the proposed algorithm under some
mild conditions in Banach spaces. We apply these results to obtain new strong convergence theorems
which are connected with the 1-demimetric fixed point problems in Hilber/Banach spaces.
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1. INTRODUCTION

Let C be a nonempty subset of a real smooth Banach space E with its dual E*. Let n €
(—oo,1) and p € (1,00). A mapping T : C — E with F(T) # 0 is called n-demimetric (see,
[1,2]) if, for any x € C and x* € F(T), there exists jk(x — Tx) € J2(x — Tx) such that

-7
2

(x—x", jp(x—Tx)) > |lx—Tx|7, (1.1)

where JEp is the generalized duality mapping from E into 2£ defined by

Jp) = {f € B (x f) = P If 1 = el (1.2)

We note that, in (1.2), if p = 2, then Jé = Jg is called the normalized duality mapping. It is
well-known (see, for example, ([3, 4]) that if E is smooth, then JEp is one-to-one and single
valued and it also satisfies

Jg (@) = |*1P2Je(x),  x#0.
Furthermore, if E is uniformly smooth , then J% is uniformly continuous on bounded subsets of
E; if E is reflexive, strictly convex and smooth Banach space, then JZ, : E* — 2E is one-to-one,
surjective, and it is the duality mapping from E* into E. Thus, JEJL, = Ig« and JLJEL = I,
where ¢ is a real number satisfying %%— é =1 (see, e.g., [5, 6]). We also note thatif £ :=H, a
real Hilbert space, then Ji = I, where I is the identity mapping.
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We remark that inequality (1.1) is equivalent to

1-n

— Txl?
b7

(x—x*Jp(x—Tx)) >

forall x € Cand x* € F(T).

Let E be a reflexive, strictly convex, and smooth Banach space and let A : E — 2E" be a
maximal monotone mapping with A~'(0) # 0. Then, for each x € E and r > 0, consider the
mapping defined by JAx := {z € E : 0 € J(z—x) + rAz} (equivalently, J4 = (I+ (J5)~'A)~!:
E — E™), which is point-to-point and nonexpansive mapping (see, for example, Proposition
57.5(b) of [7]). Then, the resolvent J4 of A with A~!(0) nonempty is (—1)-demimetric (see,
for example, [8]). Let C be a nonempty, closed and convex subset of a strictly convex, reflexive
and smooth real Banach space E. Let Pc be the metric projection of E onto C. Then Pc is
(—1)-demimetric (see [9]). Other examples of 1-demimetric mappings in Hilbert spaces are
those mappings in a class of demicontractive mappings. A mapping T : C — H, where C is a
subset of a Hilbert space H, is called k-demicontractive if there exists k € [0,1) such that

17 = To*[[2 < [ =2 k| b — T 2,

for each x € C and x* € F(T). We note that the class of k-demicontractive mappings contains
the class of quasi-nonexpansive mappings, that is, F(7T') # @ and

||Tx—Tx*|| < ||x—x¥||, forall x € C,x* € F(T).

Several authors have studied various methods for fixed points of k-demicontractive mappings
(see, for example, [10, 11]). It was shown in [12] that k-demicontractive mappings are k-
demimetric.

In 2016, Hojo and Takahashi [13] used the shrinking projection method to approximate fixed
points of 1-demimetric mappings in Banach spaces. Indeed, they proved the following result.

Theorem 1.1. Let C be a nonempty, closed and convex subset of a uniformly convex and smooth
Banach space E. Let 1 be in (—oo,1). Let T : C — C be an n-demimetric and demiclosed
mapping with with F(T) # 0. Let x| € C, C; = C and {x,} be a sequence generated by

Iy = OpXp + (1 - an)Txna
Co={z€C:2(x,—2,Je(xn —20)) > (1 =N)||x0 — z|*},

On={z€C: (xn—2z,Jg(x1 —x,)) > 0},
Xn+1 = Pe,no,X1,n > 1,

(1.3)

where 0 < o, < a < 1 for some a € R. Then, the sequence {x,} converges strongly to a point
20 € F(T), where 2y = Pp(rx1.

We observe that Algorithms (1.3) requires to calculate C, and Q,, which are not easy at each
iterative step. This leads us to the following question.

Question: Can one obtain an iterative scheme which converges strongly to a fixed point of an
N-demimetric mapping and does not involve the calculation of C,, and Q,, for each iterative step
in Banach spaces?

Motivated and inspired by Hojo and Takahashi [13], we study a new iterative scheme for fixed
points of 1n-demimetric mappings. We obtain strong convergence of the scheme under some
mild conditions in the setting of Banach spaces. Our results provide an affirmative answers to
the above question.
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2. PRELIMINARIES

A real Banach space E is said to be smooth if lim;_,( Wﬂ exists for each x,y € S(E) :=

{x € E :||x|| = 1}. A space E is called g-uniformly smooth if there exist a constant ¢ > 0 and a
real number g € (1,e0) such that pg(7) < ¢79, where pg : [0,00) — [0, ) is defined by

X+y|+|x—y
pee) = sup { EEHIEI gy =),

E is called uniformly smooth if lim;_ pET(T) = 0. A Banach space E is called uniformly convex

if and only if o(g) > 0, for every € € (0,2], where o : (0,2] — [0, 1] is defined by
x+y

ote) =int{ 1~ 5211 1l = bl = 12 = =1

Let p > 0. Then, E is said to be p—uniformly convex if there exists a constant ¢ > 0 such that
o(€) > ceP, forall € € (0,2].

We remark that E is uniformly smooth if and only if E* is uniformly convex (see [14]). We
also know that E is g-uniformly smooth if and only if its dual E* is p-uniformly convex. The
examples of such spaces are the L,, [, and W, spaces for 1 < p < o (see, for example, [15]),
where

L, (1,) or W is {

The following result was proved by Xu [15] in g-uniformly smooth spaces.

2-uniformly smooth and p-uniformly convex if 2 < p < oo;
2-uniformly convex and p-uniformly smooth if 1 < p < 2.

Lemma 2.1. Let x,y € E. If E is g-uniformly smooth, then there is a c; > 0 such that
e+ Y119 < [[x]7+ q (3, £ (x) +cql ] 7. (2.1)

Let 1 < g,p < o with 117 + é = 1. The Bregman distance with power p is defined by

1 1
op(x,y) = glllxll”—(Jé’x,yH;llyllp- (2.2)

Lemma 2.2. [16] Let E be a real smooth and uniformly convex Banach space and let {x,} and
{yn} be two sequences of E. If either {x,} or {y,} is bounded and ¢,(x,,yn) — 0 as n — oo,
then x, — y, — 0 as n — oo,

Let C be a nonempty, closed and convex subset of a smooth and strictly convex real Banach
space E. The Bregman projection is the unique minimizer of the Bregman distance [17] given

by
IIcx = argmin @, (x,y),x € E.
yeC
If E = H, a Hilbert space, then the Bregman projection Il¢ reduces to the metric projection P

from H onto C.
We remark that the Bregman projection has the following properties (see [3]):

(J2(x) = JE(Iex),z —Tex) <0, Vz, € C, (2.3)
and

¢p(Iex,z) < ¢p(x,2) — ¢p(x,IIcx), Vz € C. (2.4)
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LetV,: E* X E — [0,+0c0) be defined by
1 1
Vp(%:2) = CIIIT = (5.x) ||, v € E, T € E7.

Then, we observe that V), is characterized by

Vp(%,%) = 0,((J5) ™ (2),), (2.5)
for all x € E and X € E*. V), is convex in the first variable, that is, for all z € E,

o ()" (i:;lwg(m),z) < éwpmz), .6)

N
where {x,-}fy:l C E and {¢; i-vzl C (0,1) with ¥ #; = 1 (see, e.g., [18]). Moreover, by the subd-
=1

1=

ifferential inequality, we have
Vp(ivx) SVP(X_{—)ZX)_<)77(‘]£)_1(i)_x>7 (2.7)

forall x € E and X,y € E* (see also [19, 20]).
We also need the following lemmas.

Lemma 2.3. [21] Let {a,} be a sequence of real numbers such that there exists a subsequence
{ni} of {n} such that a,; < a1 for alli € N. Then there exists an increasing sequence {my} C
N such that my — o and the following properties are satisfied by all (sufficiently large) numbers
ke N: ap, < am+1 and ay < am 1. In fact, my is the largest number n in the set {1,2,....k}
such that the condition a, < a, holds.

Lemma 2.4. [22] Let {a,} be a sequence of nonnegative real numbers satisfying the following
relation: ap+1 < (1 — o;)a, + &, 6,, n > ng, where {o,} C (0,1) and {8,} C R satisfying the
following conditions: Y| 0, = oo, and limsup,,_,., 6, < 0. Then, lim, e a, = 0.

Lemma 2.5. [2] Let C be a nonempty, closed and convex subset of a smooth and strictly convex
Banach space E. Let M be in (—oo,1). Let T be an M-demimetric mapping of C into E. Then
F(T) is closed and convex

3. MAIN RESULTS

Let C be a subset of a real Banach space E, and let 7 : C — E be a mapping. The mapping
(I—T) is called demiclosed at zero if for a sequence {x,} C C such that x, — x and x,, — T'x, —
0, then x = T'x. Throughout this section, unless otherwise specified, we assume that p > 1 and
q > 1 satisfying 5 + ¢ =1, and {0, } C (0,e) C (0,1) satisfying limy e 0ty = 0, L5y 0ty = oo,

We now in a position to prove our main theorem.

Theorem 3.1. Let C be a nonempty, closed and convex subset of a p-uniformly convex and
smooth real Banach space E. Let T : C — E be an N-demimetric mapping with F(T) # 0. For
arbitrary xo,u € C, define an iterative sequence by

{ Yn = (J2) " [I0xn — tad 5 (xn — Txn) ] 3.1
Xnp1 = He(J2) " HopdBu+ (1 — o) JEyn],

1
where 0 < 8 <t, <y< (%)qj,ﬁ)r all n > 0 and c, is the constant in (2.1). Then {x,} is
bounded.
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Proof. Fix x* € F(T). From (2.2), (3.1) and Lemma 2.1, we obtain
00 ") = 9y ()™ [Bxa = tadfan — T3] ")
1 * * 1 *
= ;IHJEXn — tuJ g (%0 — Txn) || = (Tpn, ") + ta (T (X — Txa), X") + I—?HX 1P

1
< (Bl — gt T on = T )+ a8l o = T 1) = e )

Lo
(T (o — T6), x7) + S

ticq

1
= 5llxnll” — tn (T (%0 — Txn) X0 — x") +

1 1— tlc
Sc}HanP—rn( M) |1, — T |7 4 28

1
[IE (e = Toxa) || = (T, x7) + ;IIX*II"

1
||xn - Txn| |p - <ngn7x*> + ;HX*HI):
which implies that

1—
) < 0plana®) —ta (U5 118 e, T . 62

Now, from (3.1) and (3.2), we derive

Op(Xn41,%") < O (u,x7) + (1= 04) G (Y, x7)
< an¢p(”=X*)+(1_O‘n)¢p(xn>X*)

~-an (U5 ) - 1y

Since
1—
( 277) _tg—lc_q >0,
it follows that

Op(nt1,57) < +0@p(u,x7) + (1 — ) Pp (2, x7).

Now, we show that {¢,(x,,x*)} is a bounded sequence. It suffices to show that ¢, (x,,x*) <M
for all n > 1, where M := max{¢,(u,x*),§,(xo,x*)}. Note that if n = 0, then ¢, (xp,x*) <M.
Assume that ¢, (x,,x*) <M, for n > 1. Then

(PP(X,H_],X*) S (1 - an)¢P(xn7X*)+an¢P(u7X*) S M.

This shows that {¢ (x,,x*)} is bounded and hence {x,} and {y,} are also bounded. O

Theorem 3.2. Let C be a nonempty, closed and convex subset of a p-uniformly convex and
smooth real Banach space E. Let 1 be in (—oo,1). Let T : C — E be an 1n-demimetric mapping.
Assume that I — T is demiclosed at zero and F(T) # 0. For arbitrary xo,u € C, define an
iterative sequence {x,} by (3.1). Then, {x,} converges strongly to X = g r)u.

Proof. From Theorem 3.1, we know that {x,} is bounded. Take X = I1g(7yu. Using (2.3), we
get

(Jou—JEx,z—x) <0,Vze F(T). (3.3)
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Now, from (2.5), (2.6), (2.7) and (3.1), we obtain
Pp(Xnt1,%) < ¢p((11§)71(0‘n]£”+ (1- an)JEp)’n)v)?)
= Vp(anJgu—f— (1— an)ngn,)?)
=V, (ot + (1 — 0y) IR yn — 04 (Jou — JEX),X)
+ (0 (Jpu — JEX), Xn g1 — %)
= Vp(anJgf—I— (1— ocn)ngn,)?) + 04 (Jou — JEX, x40 —X)
= 0p(UR) ™" (0uJEX+ (1 = &) Eyn) %)
+ 0 (Jou — JEX, Xy 1 —X)
< U (%, %) + (1= 0) 9p (¥, X) + O (Jpu — JEX, X1 —X)
= (1= 0)@p (Y, X) + O (JEu — JEX, X1 — X),
< (1= 0t) 9p (X0, %) + Otn<J§u _JEpfvan —X)

1— _qC
~ (= o (S - ) -

and hence
Op(Xnr1,X) < (1= 0)@p (o0, X) + O (Jpu — JpX, 3 — %)
||~ B s — |
—(1- an)tn(“;—") —g! %q) (=T P 34
Therefore,

Opins1,D) < (1= )60, ) O Tt — T 00— )
+ 0 || JEu — JEX|. || %01 — ] (3.5)

Next, we show that the sequence {¢,(x,,X)} converges strongly to zero. For this, we consider
two possible cases on {@,(x,,X)}.

Case 1. Assume that there exists nyp € N such that the sequence of real numbers {¢,(x,,X)} is
decreasing for all n > ng. It then follows that {¢,(x,,X)} is convergent. Since the sequences
{x,} is bounded, we conclude from (3.4) and the fact that o, — 0O that

lim ||x,, — Tx,|| = 0.
n—soo
It follows from (3.1) that
150 = JExal| = ta| pin — T [P~ = 0,
which together with the fact that (JE‘D)_1 is uniformly continuous yields that
lim ||y, — x,|| = 0. (3.6)
n—soo
Furthermore, from (3.1) and the fact that o, — 0 as n — oo, we have

¢p(xn+17yn) < ¢P((J£)7l(an~]£”+ (1 - an)ngn)ayn)
< OCn‘Pp(”v)’n) + (1 - an)(p(yny)’n) — 0 asn— oo.
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By using Lemma 2.2, we have x,,+1 —y, — 0 as n — o. Using (3.6) yields
lim ||x,+1 —x,|| = 0. (3.7)
n—oo

Since E is uniformly convex, which implies that it is reflexive, and {x,} is bounded in E, we
can find a subsequence {x;, } of {x,}, which converges weakly to X and
limsup (Jgu — JpX,x, —X) = lim (Jou — JPX, x,; — X). (3.8)
n—soo J—e°
Furthermore, the fact that / — T is demiclosed at zero yields that ¥ € F(T). Therefore, from
(3.3) and (3.8), we obtain

limsup(Jpu —JpX,x, —X) = lim(x,, —X,Jpu—Jpx)
n—oo J—reo
= (Jou—JEx,x—Xx) <0. (3.9)

In view of (3.5), (3.7), (3.9) and Lemma 2.4, we conclude that ¢,(x,,x) converges strongly to
zero as n — oo. Therefore, {x,} converges strongly to X = I1p(7)u.

Case 2. Assume that there exists a subsequence { @, (xp,,X) } of {@,(x,,X)} such that ¢, (x,,, %) <
¢p(xp+1,%) for all i > 0. In view of Lemma 2.3, we can define a nondecreasing sequence
{mi} C N such that my — o0 as k — co and @ (X, X) < @ (Xpm+1,%), and @ (xg, x) < @ (X, 41,%)
for all k € N. Since the sequences {x,, } is bounded, it follows from (3.4) and the methods in
Case 1 that ||x,, — T X, || = 0, [|Xp 41 —Xm, || = 0 as k — co and
limsup(JZu — JEX, xp, — ) < 0.
k—yo0
Finally, making use of ¢ (x,,,,X) < @, (%, +1,X) for all k € N, and rearranging terms in (3.5), we
derive
Oy O Xims X) < Op (X, X) = P (Ximy4-1,X) + Oy (Jpu — JpX, X, — X))
+ Oy || = TR X [ X1 = Xomg ]
Dividing by o, and passing to the limit as k — oo in the resulting inequality, we obtain
¢p(xm,,X) — 0. Hence, @, (xp,+1,X) = 0 as k — oo. Since @, (xx,X) < @p(Xm+1,%), we find
that @, (x,x) — 0 as k — oo and hence x; — X as k — co. Therefore, we have shown in both
cases that the sequence {x, } generated by (3.1) converges strongly to x € F(T'). This completes
the proof of this theorem. 0

If, in Theorem 3.2, C = E, then Il¢ is reduced to the identity mapping on E. We get the
following corollary.

Corollary 3.1. Let E be a p-uniformly convex and smooth real Banach space. Let T : E — E
be an n-demimetric mapping. Assume that [ — T is demiclosed at zero and F(T) # 0. For
arbitrary xo,u € E, define an iterative sequence by
{ yn = (JE) " IExy — tn B (xp — Txn)],
Xnt1 = (Jg)_l [Oﬂnfgqu (1 - an)JEpyn} )

1
where 0 < 6 <1, <y< (%) =1, for all n > 0 and c, is the constant in (2.1). Then, {x,}
converges strongly to the minimum norm x of F(T).

If, in Theorem 3.2, E = H, a real Hilbert spaces, then p = 2. Hence JZ is the identity mapping
and ¢, = 1. Thus, we get the following corollary.
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Corollary 3.2. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let N
bein (—oo,1). Let T : C — H be an n-demimetric mapping. Assume that [ — T is demiclosed at
zero and F(T) # 0. For arbitrary xo,u € C, define an iterative sequence {x,} by

Yn = Xn _tn(xn - Txn)a
X1 = Pelou+ (1= ot)yn],n > 1,

where 0 < 6 <t, <y<(1—m), forall n > 0. Then, {x,} converges strongly to an element

If, in Corollary 3.2, T is a self-mapping, then F¢ is reduced to the identity mapping on C.
Hence, we get the following corollary.

Corollary 3.3. Let C be a nonempty, closed and convex subset of a real Hilbert space H. Let N
be in (—oo,1). Let T : C — C be an n-demimetric mapping. Assume that [ — T is demiclosed at
zero and F(T) # 0. For arbitrary xo,u € C, define an iterative sequence {x,} by

Yn = Xp — ty(xn — Txp),
Xnt1 = Ouu~+ (1 —04y)yn,n > 1,

where 0 < 6 <t, <y<(l—n), forall n > 0. Then, {x,} converges strongly to an element
5C\: PF(T) (I/l)

4. APPLICATIONS

In this section, we present some applications of our results in the context of convex and
nonlinear analysis problems.
The following lemmas are needed.

Lemma 4.1. [23] Let H be a real Hilbert space and let C be a nonempty, closed and convex
subset of H. Let T : C — H be a k-strictly pseudo-contraction. If x, — z and x, — Tx, — 0 as
n— oo, then z € F(T), that is,  — T is demiclosed at zero.

Lemma 4.2. [24] Let H be a real Hilbert space and let C be a nonempty, closed and convex
subset of H. Let T : C — C be generalized hybrid mapping. If x, — z and x, — Tx, — 0 as
n— oo, then z € F(T).

Lemma 4.3. [9] Let C be a nonempty, closed and convex subsets of a uniformly smooth and
strictly convex Banach space E. Let Pc be the metric projection from E onto C. If x,, — z and
Xn — Pcxy — 0 as n — oo, then z € F(Fc), i.e., [ — Pc is demiclosed at zero.

Theorem 4.1. Let C be nonempty, closed and convex subset of a real Hilbert space H. Let
T : C — C be a k-strict pseudocontractive mapping with F(T) # 0. For arbitrary xo,u € C,
define an iterative sequence {x,} by

yn:xn_tn(xn_Txn)a 4.1
Xn+1 :anu+<1_an)yn7n2 17 ’

where 0 < 6 <t, <y <(1—k), foralln>0. Then, {x,} converges strongly to X = Pr(r)(u).

Proof. Note that 7" is k-demimetric and I — 7 is demiclosed at zero. From Corollary 3.3, we get
the desired conclusion immediately. U
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If, in Corollary 3.3, T is an (o, B)-generalized hybrid mapping, then we have the following
result.

Theorem 4.2. Let C be nonempty, closed and convex subset of a real Hilbert space H. Let
T:C — C bean (a,f) generalized hybrid mapping with F(T) # 0. For arbitrary xo,u € C,
define an iterative sequence {x,} by

{ Yn :xn_tn(xn_Txn)7

Xpt1 = Oyt + (1 - an)ymn > 17 4.2)

where 0 < 6 <t, <y <1, foralln > 0. Then, {x,} converges strongly to X = Pp(7)(u).

Proof. Note that T is O-demimetric. From Lemma 4.2, we have that / — T is demiclosed. Using
Corollary 3.3, we have the desired conclusion immediately. O

If, in Corollary 3.1, T = P¢, where C closed and convex subsets of a p-uniformly convex
Banach space E, then we get the following result.

Theorem 4.3. Let C be nonempty, closed and convex subset of a real p-uniformly convex Ba-
nach space E. Let Pc : E — C be the projection mapping. For arbitrary xo,u € E, define an
iterative sequence by

{ Vi = (Jg)_1 [ngn —thEp(xn — chn)] , 4.3)

Y1 = ) o+ (1 — )],

e
where 0 < 6 <t, <y< (Ciq)q‘l, for all n > 0 and c4 is the constant in (2.1). Then, {x,}

converges strongly to X = Pc(u).

Proof. Take T := Pc. Then, T is (—1)-demimetric and by Lemma 4.3, we have that (I —T) is
demiclosed at zero. From Corollary 3.1, we have the desired conclusion easily. O

Furthermore, from Theorem 3.2, we also have the following strong convergence result for
finding the zero of a maximal monotone operator in Banach spaces.

Theorem 4.4. Let C be a nonempty, closed and convex subset of a p-uniformly convex and
smooth real Banach space E. Let A be a maximal monotone mapping of E into 2F" and let
J4 = (14 AJg'A) be the resolvent of A with N(A) # 0. For arbitrary xo,u € C, define an
iterative sequence by

{ yn = (JB) " [IEx0 — tnd B (0 — Jxa) ], 4.4)

Xptl = chljl [Otn.lpu +(1— Ocn).lpyn} ,

e
where 0 < 6 <1, <y< (ciq)"“, for all n > 0 and c4 is the constant in (2.1). Then, {x,}
converges strongly to x € N(A).

Proof. Note that T := Jf is nonexpansive and (—1)-demimetric. Furthermore, from [13, Theo-

rem 4.6], we have that (1 — Jf) is demiclosed at zero. Using Theorem 3.2, we obtain the desired
conclusion immediately. 0

Conclusions. Theorem 3.2 provides an algorithm which converge strongly to fixed points of
n-demimetric mappings in the setting of Banach spaces. Theorem 3.2 improves the results
announced by Hojo and Takahashi [13] in the sense that our algorithm does not require the
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involvement of computation of C, and Q,, for each iterative setp. Our results provide affirmative
answers to the question raised in Section 1.
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