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Abstract

In this thesis, we use the theory of minimal Sullivan models in rational homotopy theory to
study the partial computation of the Lie bracket structure of the string homology on a for-
mal elliptic space. In the process, we show the total space of the unit sphere tangent bundle
sem=1 _ p B Gk »(C) over complex Grassmannian manifolds Gy ,(C) for 2 <k <n/2,
where m = k(n — k) is not formal. This is done by exhibiting a non trivial Massey triple
product. On the other hand, let ¢ : (AV,d) — (B, d) be a surjective morphism between com-
mutative differential graded algebras, where V is finite dimensional, and consider (B,d) a
module over AV via the mapping ¢. We show that the Hochschild cohomology HH*(AV; B)
can be computed in terms of the graded vector space of positive ¢-derivations.

Given a Koszul Sullivan extension (AV,d) 1 (AV @AW, d) = (C,d), we show that if
(AV,d) is an elliptic 2-stage Postnikov tower Sullivan algebra, and if the natural homo-
morphism of the differential graded algebras (C,d) — (AW,d) is surjective in homology,
then the natural graded linear map HH*(f) : HH*(AV;AV) — HH*(AV;C), induced in
Hochschild cohomology by the inclusion (AV,d) 2 (C,d), is injective. In particular, if X
is an elliptic 2-stage Postnikov tower, and (AV,d) is the minimal Sullivan model of X, then
HH*(f) : H, (XSL;@) — HH*(AV;C) is injective, where x5' is the space of free loops on

X, and Hi, XSI;Q is the loop space homology.
g



1 Introduction

1.1 Rational homotopy theory

We begin by reviewing some basic facts of rational homotopy and notations that will be
used throughout. After that, we continue reviewing some topics that are more specific to
this work. We also state problems and significance of the study.

In this thesis, all topological spaces should be of the rational homotopy type of simply con-
nected CW-complexes of finite type. One of the main problems in topology is to understand
when two topological spaces X and Y are similar or dissimilar. Intuitively, two topological
spaces X and Y are similar if there are continuous maps f : X < Y : g such that both com-
positions are equal to the identities. In other words, f is an homeomorphism. The problem
then is to describe the equivalence classes of spaces under homeomorphism, which is re-
ferred to as a classification problem (see (Gallier & Quaintance, 2016)). Classification of
all topological spaces or continuous maps between them is a very difficult task (Dieudonné,
1989; Gallier & Quaintance, 2016). However, the reaction to this fundamental difficulty
was the creation of algebraic topology, whose main role is to associate “algebraic invari-
ants”to different types of spaces, so that homeomorphic spaces have “isomorphic”algebraic
invariants. If two spaces X and Y happen to have some different algebraic invariant objects,
then they are not homeomorphic. Typical examples of such algebraic invariants are the

singular homology groups H;(X) and cohomology groups which are abelian groups aris-



ing from a possibly infinite sequence called a chain complex that is built from singular
chains and cochains, and the homotopy groups ,(X ). Of interest are the homotopy groups
of spheres T, (S¥). Despite their well-known definition, the groups 7,(S¥) are not easy to
compute and most of them are still unknown. Although they are hard to compute, these
algebraic invariants provide an accurate and deep understanding of the geometric and ana-
lytic behavior of topological spaces and the continuous maps between them. For example,
the notion of a fibration where one of the main properties is the long exact sequence of
homotopy groups which relates homotopy groups of different topological spaces.

On the other hand, in the rational homotopy setting, the computations of these algebraic
invariants are simplified. The coarser rational homotopical classification is somewhat eas-
ier. According to (Félix, Halperin, & Thomas, 2001), rational homotopy theory is the study
of algebraic invariants and properties of topological spaces X and continuous maps f that
depend only on the rational homotopy type of the space and the homotopy class of the map.
That is, one studies topological spaces with rational homotopy equivalences. Hence, the
equivalent spaces will have equal algebraic invariants.

In this paragraph we recall some useful definitions and notations on continuous mappings.
Let I denote the unit interval [0, 1]. Given two maps f,g : X — Y, they are said to be ho-
motopic, denoted by f ~ g if there is a continuous map that is referred to as a homotopy
H :X xI—Y such that H(x,0) = f(x) and H(x,1) = g(x). Basically, a homotopy is a

continuous one-parameter family of maps from X to Y. That is, we imagine a parameter ¢



as representing time, then f deforms continuously into g, as t goes from zero to one. A map
f: X — Y is a homotopy equivalence if it has a homotopy inverse A, that is, if ho f ~ idx
and foh ~idy. A map f is said to be null-homotopic if it is homotopic to a constant map,
f =~ c. A space X is contractible if it is homotopy equivalent to a point, that is, if the re-
traction X — * is homotopic to the identity. The fundamental group 71 (X, xg) is the group
of homotopy classes of paths Y from 7 — X such that y(0) = y(1) = x¢. Given points x and
y of the space X, a path in X from x to y is a continuous map f : I — X such that f(0) =x
and f(1) =y. A space X is said to be path-connected if every pair of points of X can be
joined by a path in X. A space X is said to be simply connected if it is a path-connected
space and if ; (X, xp) = 0, for every xo € X. The free path space of a topological space X
is the mapping space PX = {y: 1 — X }. The based path space of a based space (X,xp) is
the mapping space P.X = {y:I — X : y(0) = xo} of paths in X that start at the base point.
Let S' = R/Z and let X be a topological space with basepoint xo. The based loop space is
QX = {y: S' — X : y continuous, (1) = xo}, and the free loop space of X is the mapping
space xS = {y:S'" = X}.If f: X — Y is a map between topological spaces, then the
space of mappings from X to Y is denoted by map(X,Y), and the component of f in the
space of mappings from X to Y is denoted by map(X,Y; f). In the case where X and Y have
basepoints, then the associated mapping space is map, (X,Y).

Now that the notation has been established, we shall continue with the classical algebraic

invariants, but instead of considering H;(X) and m,(X), n > 2, we consider the rational



homology groups H;(X;Q) (and cohomology groups) and the rational homotopy groups
7, (X) ® Q. These groups are Q-vector spaces and they contain no torsion information.
This disadvantage of losing some information is compensated by the fact that these alge-
braic invariants are easier to compute. The first steps towards this theory date back to the
work of Serre in the 1950s when he successfully computed the torsion-free part of 7, (S¥)
for all n and k (Serre, 1953). The results were remarkably easy and structured. The fact that
the rational homotopy groups of spheres are so easy to compute led other mathematicians
to believe that there could be a simpler, more explicit, and more complete description for
all of the rational homotopy theory. The first success stories are the discoveries by Quillen
(1969) and D. Sullivan (1977) that associate to a simply connected CW-complex X of fi-
nite type an explicit algebraic model. This gave computational power to rational homotopy
theory. Sullivan algebras and models make the computational approach to rational homo-
topy theory effective, wherein the rational homotopy type of a simply connected space is
identified with minimal Sullivan models. More precisely, if (AV,d) is a Sullivan model for
a space X then we have an isomorphism of graded algebras H*(AV,d) = H*(X;Q) (Félix
etal., 2001, §Introduction). The theory of Sullivan algebras and models is the main subject

of this thesis.



1.1.1 Formality and fibrations

Here we state the notion of formality and study the lifting problem of a map to lead into

the concept of a fibration.

Definition 1.1.2. (Félix, Oprea, & Tanré, 2008a) A simply connected space X of finite
type over Q is called formal if there is a quasi-isomorphism (AV,d) — H*(AV,d), where

(AV,d) is the minimal Sullivan model of X.

Examples of formal spaces include spheres, projective complex spaces, homogeneous
spaces G/H where G and H have the same rank and compact Kihler manifolds (see (D. Sul-

livan, 1977)).

Definition 1.1.3. (Félix et al., 2008a) Let (A,d) be a commutative differential graded alge-
bra (cdga for short) with cohomology H*(A,d). Let a, b, and ¢ be cohomology classes in
H*(A,d) whose products a-b = b-c = 0. Choose cocycles x, y and z representing a, b and ¢
respectively. Then there are elements v and w such that dv = xy and dw = yz. The element
vz—(—1) Hxw is a cocycle whose cohomology class depends on the choice of v and w. The
set (a,b,c) of all cohomology classes vz — (—l)mxw is called the triple Massey product of
a, b and c. The triple Massey product is trivial if 0 € (a, b, c). Let I be the ideal generated by
a and ¢ in H*(A,d). The set (a,b,c) projects to a single element in H*(A,d)/I. Moreover,

this element is zero if and only if the triple Massey product is trivial.

Theorem 1.1.4. (Félix et al., 2008a) If X has a non-trivial triple Massey product then X is

6



not formal.

The definition of a fibration begins from an important problem of algebraic topology

called the lifting problem.

Definition 1.1.5. Suppose that p: E — B and f : X — B are maps and there is a continuous

map fo: X — E suchthat pfy = f

then we say that f can be lifted to E and we call fj a lifting of f.

Definition 1.1.6. Suppose that p : E — B is a map. Then p is said to have the homotopy
lifting property with respect to a space X if given maps go: X x {0} - FEand F : X xI — B
such that F(x,0) = p(go(x)) for x € X, then there is a map G : X x I — E with G(x,0) =
go(x) for x € X and pG = F where I is the unit interval [0, 1].

The commutative diagram below visualizes this situation.

Xx02 o F

XXI?‘B

We are now in a position to define a fibration.

Definition 1.1.7. A map p : E — B is called a fibration if p has the homotopy lifting prop-

7



erty with respect to every space X. The fibration is sometimes called Hurewicz fibration.
Furthermore, if the mapping p has the homotopy lifting property with respect to CW-
complexes then it is called Serre fibration. Here E 1is the fotal space and B is the base

space of the fibration p.
In the sequel, a fibration will mean a Serre fibration.
Definition 1.1.8. If p : E — B is a fibration then for b € B, p~!(b) is the fibre of p over b.

Example 1.1.9. Let p : B X F — B be the projection. Then p is the canonical example of a

fibration, called the trivial fibration.

Example 1.1.10. (Félix et al., 2008a, Page 79) Define p : P.X — X by p(y) =7y(1). Itis a

fibration of fibre QX that is called the path space fibration.

Definition 1.1.11. Suppose f : X — B is a continuous map and p : E — B a fibration. The
pullback of p over f is defined by letting E be the set {(x,y) € X x E : f(x) = p(y)}.

Projection maps of Ey give the following diagram

Ef——E
[
X——B8B
f
Ifa:Z— X, and B:Z — E are such that foo = pof, there is a unique map y: Z — Ey

such that all triangles and squares in the diagram below commute.



o

X ——8B

Proposition 1.1.12. (Félix et al., 2001, Page 24) The induced map py : Ey — X is a fibra-

tion.

Definition 1.1.13. (McCleary, 2001, Page 148) A fibration X —l> E 2 Bis said to be totally
non cohomologous to zero (TNCZ for short) if the induced map in rational cohomology
H*(i): H*(E;Q) — H*(X;Q) is surjective. It is equivalent to the fact that the Serre spectral
sequence (E,,d,) collapses at the E>-level, i.e., H(E;Q) 2 H*(B;Q) @ H*(X;Q) as graded
vector spaces. Moreover, H*(p) : H*(B;Q) — H*(E;Q) is injective. If p is trivial then
H*(E;Q) =2 H*(B;Q) ® H*(X;Q) as an algebra and H*(i) is the projection on the second
factor, hence H*(i) is surjective. The TNCZ condition is a way of expressing that a fibration

is close to being trivial.

1.1.14 Free loop space homology

The main point of this section - and of this thesis - is the free loop space X = map(S', X).
Free loop spaces are certainly not as popular, but it has become increasingly clear over the
recent years, following the seminal work of Chas and Sullivan (1999), that they play a vital

role in rational homotopy theory with a viewpoint to string topology, a field of research



that uses most of the modern techniques of algebraic topology and relates them to several
other areas of mathematics influenced by theoretical physics (see (Cohen & Voronov, 2005;
Roger, 2009)).

Let X be a closed, simply connected manifold of dimension m and map(S',X) the space
of free loops on X. The loop space homology of X denoted by H., (XSI) is the ordinary
homology of X5 with a shift of degrees by m, i.e., ]I-]I*(XS1 )= H*er(XS1 ) equipped with an
associative and graded commutative product u : H, (X Sl) QH, (X Sl) — Hpg(X s! ), called
loop product (Chas & Sullivan, 1999). In addition, the action of § Uon X5 : by rotation, @ :
St x X5 — x5, (8,¥(-)) — Y(- +6) also induces an operator of degree +1, A: H,(XS') —
Hyr(X%),  A(u)) = ¢.([8"] @ [u]).

In their seminal paper, Chas and Sullivan (1999) discovered a wealth of structure on the
shifted homology H., (X Sl) =H,m(X s! ). They showed that the loop product together with
A makes H, (XSI) = H*+m(Xsl) a Batalin-Vilkovsky algebra (BV algebra for short). In
particular H, (X 1 ) is a Gerstenhaber algebra. On the other hand, if A is a differential graded
algebra, then the Hochschild cohomology of A, denoted by HH*(A;A), is a Gerstenhaber
algebra (Gerstenhaber, 1963). Cohen and Jones (2002) showed that, when coefficients
are taken in a field k, there is an isomorphism of graded vector spaces ® : H, (XSI) —
HH*(C*X;C*X), where C*X is the algebra of singular cochains of X. In Félix, Thomas,
and Vigué (2004); Félix and Thomas (2008); Félix, Thomas, and Vigué (2008), the authors

showed that & is an isomorphism of Gerstenhaber algebras when X is simply connected

10



CW-complex of finite type and k = Q. Furthermore, Félix and Thomas (2008) showed
that & is an isomorphism of BV-algebras. If (AV,d) is the minimal Sullivan model of X,
then there is an isomorphism of Gerstenhaber algebras (Félix, Menichi, & Thomas, 2005)

HH*(C*X;C*X) 2 HH*(AV;AV).

1.2 Statement of Problem

In this section, we give brief introductions of the minor problems and the main problem of

study in this thesis.

1.2.1 On unit sphere tangent bundle over complex Grassmannians

Here we state our first minor problem on the formality of the total space of the unit sphere
tangent bundle over complex Grassmannian manifolds.

Let Gy ,(C) denote the complex Grassmann manifold of k-dimensional vector subspaces
of C". In (Banyaga, Gatsinzi, & Massamba, 2018), it has been shown that for k = 1, which
corresponds to the complex projective space CP(n), the total space of its unit sphere tangent

bundle is formal. We show that this result is no longer true when 2 < k < n/2.

1.2.2 Hochschild cohomology of a Sullivan model of mapping spaces

Here we state our second minor problem on the Hochschild cohomology of a Sullivan
model of mapping spaces.
Let f: X — Y be a continuous map between simply connected CW-complexes of finite

11



type, and ¢ : (AV,d) — (B,d) a surjective Sullivan model of f. In (Gatsinzi, 2010), it has
been shown that there is an isomorphism HH*(AV;AV) 2= H,(Any (s~ DerAV),d"), where
s~ Der AV is the desuspended differential graded Lie algebra of derivations of (AV,d). If
V is finite dimensional, we show that HH*(AV; B) can be computed in terms of the graded

vector space Der(AV, B; ) of positive ¢-derivations.

1.2.3 Loop space homology of elliptic spaces

Here we state our main problem on the loop space homology of elliptic spaces.

Let (AV,d) be a Sullivan algebra. The Hochschild cohomology space HH*(AV; AV) has
the well-known cup product operations under which it is a graded commutative algebra, and
a graded Lie bracket making it a graded Lie algebra of degree -1. These turn HH*(AV;AV)
into a Gerstenhaber algebra (Gerstenhaber, 1963). On the other hand, let X be a closed,
simply connected manifold of dimension m and X ' the space of free loops on X. If (AV,d)
is the minimal Sullivan model of X where V is finite dimensional, then there is an isomor-
phism of Gerstenhaber algebras HL, (X Sl;@) — HH*(AV;AV) (Gatsinzi, 2016). In addi-
tion, let (AV,d) 2 (C,d) be a morphism of cdga’s. Then C is considered as a AV-module
by the action induced by f. One would like to understand the structure of HH*(AV;AV)
as a graded vector space, as a ring, and as a graded Lie algebra, and also the structure of
HH*(AV;C). In turn, such information about cohomology sheds light on the structure of

the algebra AV itself and on its bimodules C. Therefore, under some assumptions, we show

12



that there is an injective natural graded linear map HH*(f) between the Hochschild coho-
mologies HH*(AV;AV) and HH*(AV;C).
Moreover, if X)§l is the pullback of the fibration p : X St X , where p(y) = y(0) along the

inclusion Y — X, as shown in the diagram below;

X‘Yg] éXSl

)

Y — =X,

then we get a morphism of algebras (Félix et al., 2004)
H,(XS') 5 HH*(C*X;C*X) — HH*(C*X;C°Y) S HL(X] ).

Let h: Y — X be a map between simply connected spaces and f a cdga model of h. The
computation of HH*(AV;C) and the study of HH*(AV;AV) — HH*(AV;C) is a tool to

understand the morphism H.,(X5') — H, (X5 ).

1.3 Significance of the Study

The result on unit tangent sphere bundles over complex Grassmannians together with the
result shown by (Banyaga et al., 2018) completes the study of the formality of the total
spaces of the unit sphere tangent bundles over complex Grassmann manifolds. The result

on the Hochschild cohomology of a Sullivan model of mapping spaces will be useful for

13



computations for homotopy theorists in general and rational homotopy theorists in partic-
ular. In addition, the result on the natural graded linear map induced in the Hochschild
cohomology by a certain Koszul-Sullivan extension is interesting and it should have appli-
cations in rational homotopy theory from a string topology perspective. The study mainly
acknowledges the developments and applications of algebraic models to geometry in gen-

eral, and this has been an important goal in algebraic topology in recent years.

14



2 Literature review

We begin this chapter with a review of basic definitions and notations. We refer to (Félix

et al., 2001, 2008a) for details.

2.1 Basic Definitions and Notations

In this section, all vector spaces and algebras are taken over the field Q of rational numbers.

Definition 2.1.1. A lower or homologically graded vector space V is a direct sum of vector
spaces, that is, V = @;V;, where i € Z. If V = @;>¢V;, then we say V is non negatively
graded. Likewise, V* = @,V' is called cohomologically graded. The elements of V' are
homogeneous elements of degree i and we write |x| = i if x € V. We say V is of finite type

if each V' is finite dimensional. We use the standard convention Vi :=V._;.

Definition 2.1.2. The suspension sV of the graded vector space V is the graded vector space

defined by (sV )" = V"*! or (sV), = V,,_1 for all n.

Definition 2.1.3. A graded algebra A is a sum A = @ A’ together with a graded multipli-
i>0

cation A’ ® A7 — A™J such that x®y — xy and has 1 € A%, Tt is graded commutative if for
any homogeneous elements x and y,

15



If A is a graded algebra equipped with a linear differential map d : A” — A"*! such that

dod =0 and

d(xy) = (dx)y+ (—1)x(ay),

then (A,d) is called a differential graded algebra and d is called a differential. Moreover,
if A is also a graded commutative algebra, then (A,d) is a commutative differential graded

algebra. It is said to be connected if A = Q.

Definition 2.1.4. Let A be a graded algebra. A (left) A-module M is a sum M = ® M,
i>0

where M' is a vector space, together with an action A’ ® M/ — M/, x®m +— xm, such that

x(ym) = (xy)m and 1m =m for all x,y € A and m € M. Analogously, M is a (right) A-module

if the associative multiplication M’ ® A/ — Mt/ m ® x — mx, satisfies (mx)y = m(xy).

Moreover, if x(my) = (xm)y, then M is an A-bimodule.

Example 2.1.5. If V = @Vi is a graded vector space, then the tensor algebra T'(V) =
1
©n>0T"(V) defined by setting T"(V) =V ®---®V for n > 1 factors and T(V) = Qis a

graded algebra.

Definition 2.1.6. A free commutative graded algebra A is the quotient of the tensor al-
gebra T(V) on the graded vector space V by the ideal generated by the elements x ®y —

(—=1)Mly @ x where x and y are the homogeneous elements of 7' (V).

Definition 2.1.7. A morphism of differential graded algebras f : (A,d) — (B,d) is a family
of linear maps f : A" — B" such that fd = df and f(ab) = f(a)f(b). It induces a mor-

16



phism H*(f) : H*(A) — H*(B) of graded algebras, where H(A) is the homology algebra

H(A,d) =kerd/Imd of the differential graded algebra (A,d).

Definition 2.1.8. A (left) module M over a differential graded algebra (A,d) is an (A,d)-

module M equipped with a linear differential map d : M" — M"! withdod = 0 and

d(xm) = (dx)m+ (—1)*x(dm),

forxc Aandme M. If f: (A,d) — (B,d) is a morphism of differential graded algebras,
and (M,d) is a differential (B,d)-module, then (M,d) is an (A,d)-module via the action
induced by f. That is, if we define a-m = f(a)-m for all a € A and m € M, we obtain an

(A,d)-module structure on (M,d).

Let A be a commutative graded algebra and M a Z-graded A-module. Denote by
Tp(M) the A-tensor algebra. The symmetric algebra A4M is the commutative graded al-
gebra obtained as the quotient of 74 (M) by the ideal generated by elements of the form
XRy— (—1)|x”y ly ®x, where x,y € Ty (M) are homogeneous elements. The symmetric
product induces a graded commutative algebra structure on A4(M). Moreover, if Z is a

Q-vector space, then there is a canonical isomorphism of commutative graded algebras

(O /\A(A®Z) — AR NQZ.

Definition 2.1.9. Let (A,d) be a differential graded algebra. A differential graded module
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(M,d) over (A,d) is said to be free if it is free as an A-module, and the basis is made up of

cycles.

Definition 2.1.10. A differential (A,d)-module (M,d) is said to be semi-free if there is a

filtration FpM C FiM C --- C M such that each F;M /(F;_M) is free on a basis of cycles.

Definition 2.1.11. A graded Lie algebra is a graded vector space L = @©L;,i € Z equipped
1
with a bilinear map

[—,—]:Li®L; = Liy;
such that
(1) [r,y] = —(=1)"PI[y, 2], (antisymmetry).
@) (=D)ME e [y, 2]+ (=) EP [z, [, y]) 4 (= 1) PPy, [z,2]] = 0, Jacobi identity).

Example 2.1.12. (D. Sullivan, 1977) ©.(QX) ® Q endowed with the Samelson product is

a graded Lie algebra.

Definition 2.1.13. Let L be a graded Lie algebra. If L is equipped with a linear map

O:L; — L;_1 such that 308 = 0, then (L, d) is called a differential graded Lie algebra.

Definition 2.1.14. The cohomology ring of a topological space is usually defined by means

of the chain complex generated by singular k-simplices A¥ — X. Recall that a singular -
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simplex in a space X is a continuous map A* — X, where k > 0 and

AY = {x = (xo,x1,%2,..., ) € R ix; > 0and Ty =1}

= {Z-xivi7xi 2 0 and le' = 1}7

where vo = (1,0,...,0),v; = (0,1,0,...,0),...,v = (0,0,...,1) are the vertices of A
Moreover, AX is simply written as [v, ..., Vg].

Let S (X) for k > 0 be the set of singular k-simplices on a space X. Denote by CSi(X;Q),

the free Q-module with basis Si(X), and the singular chain complex of X is the chain
complex CS,(X;Q) = @;>0CSk(X;Q), with differential d = ¥ ;(—1)'d;. The set maps 0; :
CSk(X;Q) = CSk—1(X;Q) and §; : CSk(X;Q) — CSk+1(X;Q) are called the face and de-
generacy maps (see (Félix et al., 2001, §4)). Let DSy (X; Q) be the submodule of CSy41(X;Q)
spanned by degenerate singular k-simplices. Since DS, (X;Q) is a subcochain complex of
CS.(X;Q) and H(DS.(X;Q)) = 0 (see (Félix et al., 2001, §4)). Then, the quotient chain
complex

C.(X:Q) =CS.(X:Q)/DS.(X:Q)

is called the normalised singular chain complex of X. Its homology, denoted H,(X;Q),
is the singular homology of X with Q-coefficients. In particular, the normalised singular

cochain complex of a topological space X is the cochain complex

C*(X;Q) = Hom(C:(X;Q),Q),

19



where for f € CK(X;Q), then C*¥(X;Q) = Hom(C(X;Q),Q) and df = —(—1)//Ifd. Its
cohomology, denoted as H*(X;Q) is known as the singular cohomology of X with coeffi-
cients in Q. It turns out that it is a graded ring with respect to the well-known cup product
operations, and it is called the cohomology ring of the topological space X.

The algebra C*(X;Q) is almost never commutative, since the singular cochains over Q are
not commutative. However, since Q is a field of characteristic zero, it turns out that we
may replace C*(X;Q) by a genuinely commutative cochain algebra in which all torsion
and divisibility phenomena have been removed, allowing one to focus on the rational in-
formation in the original space (Griffiths & Morgan, 1981; Félix et al., 2001, §1 and §10).
More precisely, there is a naturally defined commutative cochain algebra Apy,(X) of rational

polynomial differential forms on X and natural cochain algebra quasi-isomorphisms

C*(X;Q) = D(X) < Ap(X;Q),

where D(X) is a third natural commutative cochain algebra. Thus, C*(X;Q) is homo-

topy commutative, and there is a natural isomorphism of graded algebras H*(X;Q) =

H*(APL(X;Q)).
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2.2 Review of current status of research problems

In this section, we give reviews of the current status of our research problems. We begin

with two minor problems and the main problem.

2.2.1 Sphere bundles over Kéihler manifolds

Here we review our first minor problem based on unit sphere bundles over Kéhler mani-
folds studied in (Banyaga et al., 2018).

The authors consider the sphere bundle $?"~! — E — X% where the base X is a Kihler
manifold and determine a suitable condition on X to make the total space E formal. Thus,
it is shown that the sphere bundle over the complex projective space CP(n) = Gy 5+1(C) is
formal. We also mention here that there is much of work in the literature on formality or
non-formality relations amongst spaces involved in a fibration sequence (see for example,
(Blair, 2010; Biswas, Ferndndez, Muioz, & Tralle, 2016; Boyer & Galicki, 2008; Hajduk
& Tralle, 2014; Hatakeyama, 1963; Muifioz & Tralle, 2015; Tievsky, 2008)). However,
according to the result of (Banyaga et al., 2018), the case on the unit sphere tangent bundle
§2m=1 — E — Gyn(C), for 2 < k < n/2, is not known. Here m = k(n — k). Therefore,
we study the case for 2 < k < n/2. On one hand, since complex Grassmann manifolds are
symplectic manifolds, and Kéhler manifolds are the well-known example of symplectic
manifolds. For a more general result, one can use the same approach to study the formal-

ity of the unit sphere bundle over Kihler manifolds with non-monogenic cohomology in
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place of the complex Grassmann manifolds. Thus, our study provides another addition to
the already existing results on formality relations amongst spaces involved in a fibration

sequence.

Remark 2.2.2. Following the result of (Banyaga et al., 2018), we might expect to do more

by considering the following cases:

(i) Is it possible to indicate more general results or more general classes of space like
complex flag manifolds, or maybe products of complex projective spaces, in place of

complex Grassmann manifolds for which the same approach might work?

(i1) Are there any kinds of spaces that the current approach does not work for?

2.2.3 Hochschild cohomology of Sullivan algebras and mapping spaces

Here we review our second minor problem based on Hochschild cohomology of Sullivan
algebras and mapping spaces studied in (Gatsinzi, 2019).

Let f : X — Y be a map between simply connected CW-complexes of finite type, where
H*(Y;Q) is finite dimensional and ¢ : (AV,d) — (B, d) a Sullivan model of f, with (B,d) as
amodule over AV via the mapping ¢. In (Gatsinzi, 2019), it was shown that there is a canon-
ical injection m.(Qmap(X,Y; f)) ® Q — HH*(AV;B). In addition, m,(Qmap(X,Y;f)) ®
Q — H.(s~'Der(AV,B;0)) is an isomorphism. The result is a generalization of the in-
clusion 7, (Qmap(X,X; 1x)) @ Q — HH*(AV;AV) (see (Félix & Thomas, 2004, Theorem
2) and (Gatsinzi, 2013, Theorem 1.1)). However, to our knowledge, it is not known in
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the literature whether the injection H, (s~ ! Der(AV,B;0)) — HH*(AV;B) extends to an
isomorphism of graded commutative algebras H, () : H.(Anys~ ! Der(AV,B;0),dy) —
HH*(AV;B). It turns out that this happens when ¢ is surjective. More precisely, we show
that if ¢ is surjective, then the Hochschild cohomology HH*(AV;B) can be computed in

terms of the graded vector space of positive ¢-derivations.

Remark 2.2.4. (i) Here we illustrate the reason why ¢ surjective works. The neces-
sity of ¢ being surjective is shown by the following counterexample. Let ¢ : AV =
(Ax3,0) = (A(y3,¥7),0) = B, where ¢(x3) = y3. This is a Sullivan model of the
projection 83 x §7 5 §3. As all differentials are zero HH*(AV;B) = Homuy (AV ®
AsV,B). Moreover, s~ Der(AV,B;0) =< s !(x3,1) >=< 2o >, and Apys~ ! Der(AV,
B; ) = Ax3 ® Azp. This implies that Im¥W = Homuy (AV ® AsV, Ay3). Hence, W is

not surjective.

(ii) On the other hand, let ¢ : (AV,d) — (B,d) is a surjective morphism between cdga’s
where V finite dimensional and / = ker¢. Then, we do not know if the isomorphism

s~ Der(AV,B;¢) = (AV /I) @ s~ 1V* extends into an isomorphism of cdga’s

(Anvs~ ' Der(AV,B;0),do) — (AV/I) @ As~ 'V, dy),

where V* = Hom(V, Q) denotes the dual space of V.
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2.2.5 Rational string topology

Here we review our main problem based on Hochschild cohomology of a Sullivan algebra
studied in (Félix et al., 2005; Gatsinzi, 2010).

The cohomology theory of algebras associated to a space X was introduced by Hochschild
(1945) as a tool for studying the homological properties of algebras. The right setup for
this is the language of algebraic deformation theory, which is governed by the Hochschild
cohomology as a graded Lie algebra under the Gerstenhaber bracket. Therefore, the first
step towards understanding an algebra’s deformation theory begins with a depiction of the
Gerstenhaber bracket (Shepler & Witherspoon, 2012).

Recall that if (AV,d) is the minimal Sullivan model of X, then there is an isomorphism
of Gerstenhaber algebras (Félix et al., 2005) HH*(C*X;C*X) = HH*(AV;AV). Hence,
HL, (XSI) can be computed in terms of (AV,d). In Gatsinzi (2010), if (AV,d) is the min-
imal Sullivan model of X where V is finite dimensional, then the Gerstenhaber struc-
ture of HH*(AV;AV) can be computed in terms of derivations of (AV,d). Moreover, if
V is finite dimensional, then HH*(AV;AV) is the homology of a Gerstenhaber algebra
(AV @ As~1V* d), where V* is a positively lower graded dual of V, and it is isomorphic
to the loop space homology HL, (X Sl) (Gatsinzi, 2016). Hence, there are isomorphisms of

Gerstenhaber algebras

H,(X5';Q) 5 HH*(AV;AV) & Hy(ArvL,do) = H(AV @ AZ,d),
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where L = s !'Der AV and Z = s~!V*. On the other hand, a given Koszul Sullivan ex-
tension (AV,d) 2 (C,d) induces a natural graded linear map HH*(f) : HH*(AV;AV) —
HH*(AV;C). The algebraic structure of HH*(AV; AV as a graded vector space, as a ring,
and as a graded Lie algebra is well understood. In the same way, one would be interested
in understanding the structure of HH*(AV;C). Following this line of thinking, we are in-
terested in examining HH*(f) because to our knowledge not much is known about the
Hochschild cohomology of Koszul-Sullivan extensions.

Therefore, we study the properties of the natural graded linear map HH*(f). More pre-
cisely, we show that, if F — E 2 X is a TNCZ fibration, where X is an elliptic 2-stage
Postnikov tower and f : (AV,d) — (C,d) a KS-model of p, then the induced map in
Hochschild cohomology HH*(f) : HH*(AV;A\V) — HH*(AV;C) is injective. In partic-
ular, since HH*(AV;AV) and H, (XSI;Q) are isomorphic, where (AV,d) is the minimal

Sullivan model of X, we deduce that HH* : H, xS :Q) — HH*(AV;C) is injective.
i

Remark 2.2.6. It is not known whether HH*( f) is injective when X is an n-stage Postnikov

tower, where n > 3.
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3 Methodology

In this thesis, we rely on the theory of minimal Sullivan models in rational homotopy
theory, spectral sequences, L.-models of function spaces and Hochschild cohomology of
an algebra for which (Félix et al., 2001, 2008a; McCleary, 2001; Lada & Markl, 1995;
Buijs, Félix, & Murillo, 2011, 2013; Burghelea & Vigué, 1985; Félix et al., 2004; Gatsinzi,

2010, 2016) are our main references.

3.1 Sullivan algebras and models

Here we introduce the theory of Sullivan algebras and models.

Sullivan algebras and models resemble some ideas from de Rham cohomology (D. P. Sul-
livan, 2005), which has a more geometric approach. That is when de Rham proved that
H*(Apr(M)) = H*(M;R) for the differential algebra of C*-differential forms Apg(M) on
a smooth manifold M, it immediately provided a link between the C*-differential forms on
a smooth manifold to algebraic invariants of the smooth manifold. It is noted in Félix et
al. (2008a, §Preface) that in his seminal paper D. Sullivan (1977) suggests in his remark
that even within the world of topology, there is more topological information in Apg(M).
It is difficult to detect this information, since in the de Rham algebra, we might suspect
that some information is contained in two different entities; that is, the product of forms

and the exterior derivative of a form. However, for easier detection of the corresponding
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topological information in the de Rham algebra, one looks for a simplification M), of the
de Rham algebra with an explicit differential graded algebra morphism My, — Apg(M) in-
ducing an isomorphism in cohomology. This was motivated by the fact that for a compact
connected Lie group G there is a subdifferential algebra of bi-invariant forms Q(G), inside
the de Rham algebra Apg(M) such that the canonical inclusion Q(G) — Apg(M) induces
an isomorphism in cohomology.

In his seminal paper, D. Sullivan (1977) successfully constructed a cdga of the form (AV,d).
The cdga (AV,d) is called a Sullivan algebra. It is a commutative cochain algebra with
V= kLZJOV(k), where V(0) C V(1) C --- suchthatd(V(0)) =0and d(V(k)) CAV(k—1).1t
is minimal if dV C AZ%V := ATV. AT V. This means that the differential d of any element
of V is a “polynomial”’in AV with no linear term (Félix et al., 2001, §12). There is also the
smallest possible sub-differential algebra of forms with the same cohomology as the model
(AV,d) (see (Félix et al., 2008a, §Preface)). It is a minimal model, in which we may ask
what geometrical invariants can be detected in it. This is a functor from algebra to geometry
that together with forms, serves as a dictionary between the algebraic and the geometrical
worlds. However, it is studied over the rationals and not over the reals. As a result, the de
Rham algebra is being replaced by other types of forms. This new construction is of great
advantage since it allows for an extension of the usual theory from manifolds to topologi-
cal spaces (Félix et al., 2008a, §Preface). The right setup for this is found in the work of

(D. Sullivan, 1977) who constructs a contravariant functor X ~» Apy(X) from the homo-
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topy category of simply connected rational spaces of finite type to the homotopy category
of simply connected rational cgdas of finite type. It is a commutative differential graded
cochain algebra of rational polynomial differential forms on X that uniquely determines the

rational homotopy type of X.

Definition 3.1.1. Two commutative cochain algebras (A,d) and (B,d) are weakly equiva-

lent if they are connected by a chain

(A,d) = (C(0),d) & --- = (C(k),d) < (B,d)

of quasi-isomorphisms of commutative cochain algebras. Such a chain is called a weak

equivalence between (A,d) and (B,d).

Definition 3.1.2. A commutative model for X is a commutative cochain algebra (A,d)

which is weakly equivalent to Apz(X;Q).

If (A,d) is a commutative differential graded algebra of which the cohomology is con-
nected and finite in each degree, then there is a homomorphism m : (AV,d) — (A,d) which
induces an isomorphism in cohomology. A minimal Sullivan model of a simply con-
nected space X is a minimal Sullivan model of Apy (X) (D. Sullivan, 1977). More precisely

H*(X;Q) = H*(AV,d)as graded algebras, and V" = Hom(m,(X),Q)as graded vector spaces.

Example 3.1.3. (Félix et al., 2008a)
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(i) The minimal Sullivan model of an odd dimensional sphere $>'*! is given by (Ax,0)

for |x| =2n+1.

(ii) The minimal Sullivan model for an even dimensional sphere $?" is given by (A(x,y),d)

for |x| =2n, |y| =4n—1,dx =0, and dy = x°.

(iii) The Sullivan minimal model of CP(n) is given by (A(x,y),d) with |x| =2, |y| =

2n+1, and dx = 0,dy = x"*1

Definition 3.1.4. (Félix et al., 2008a) Let (A,d) be a commutative model for a closed,
simply connected n-dimensional manifold X. A Poincaré duality model for X is a cdga

(A,d) that satisfies the following properties.
1. A» =0forall p > n,
2. A=QandA! =0,

3. the bilinear form A’ ®Q A" 5 A" a®b— abisnon degenerate, that is, an element

a € Al is zero if and only if ab = 0 for all b € A" .

Moreover, if (A,d) is a Poincaré duality model for a closed, simply connected n-
dimensional manifold X, then there is an element ® € A” such that A" = Q®. Such an

element is called the fundamental class of A.

Definition 3.1.5. A commutative cochain algebra of the form (B® AV,d) is a relative

Sullivan algebra whenever
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(a) (B,d) = (B®1,d) is a sub-cochain algebra, and H°(B) = Q.
(b) 1V =V =@,enV?.

(c) V =UroV (k) where V (k) is an increasing sequence of graded subspaces such that

d:V(0)—Bandd:V(k) >BAV(k—1), fork > 0.

Definition 3.1.6. Let (B® AV, d) be a relative Sullivan algebra, then we say (B® AV,d) is

minimal if Imd C BT @ AV +B® AZ2V.

Definition 3.1.7. A morphism of commutative differential graded algebras (B,d) — (B®

AV,d) — (AV,d) is called a Koszul Sullivan extension (KS-extension for short) if (B®

AV,d) is a relative Sullivan algebra.

In general, for any morphism of commutative cochain algebras

¢:(B,d)— (C,d)

with H%(B) = H°(C) = Q, and H!(¢) is injective, there is a KS-extension (B,d) — (B®
AV,d) and a quasi-isomorphism y : (B® AV,d) — (C,d) such that the following diagram

commutes (see (Félix et al., 2001, Prop 14.3))




we call y a relative Sullivan model of ¢. Moreover, (B® AV, d) can be chosen to be min-
imal and a minimal relative Sullivan model unique upto isomorphism (see (Félix et al.,
2001, Prop 14.12)).

Note that, if F —l> ElXisa fibration, where X is simply connected, then the KS-extension
(B,d) 1 (B®AV,d) is called a Koszul Sullivan model of p (Félix et al., 2001, §15). If the
fibration p is trivial, then (B® AV, d) is quasi-isomorphic to (B,d) ® (AV,d).

By analogy, we will call E a rational 2-stage Postnikov tower if there is a non trivial fibra-

tion F -5 E 5 X where F and X are products of Eilenberg-Mac Lane spaces. In this case,

a Koszul Sullivan model of Apy (p) is of the form (AV,0) — (AV @ AW,d).

Definition 3.1.8. Let (A,d) be a differential graded algebra. A derivation 6 of A of degree

k is a linear mapping 0 : A" — A"* such that 8(ab) = 6(a)b+ (—1)Kad(b).

Denote by Der; A the vector space of all derivation of degree k and DerA = & Der; A.
The Lie bracket induces a graded Lie algebra structure on DerA. On the other hand,
(DerA,d) is a differential graded Lie algebra (D. Sullivan, 1977) with the differential &

defined in the usual way by
80 =1[d,0] =do®—(—1)*0od.

Furthermore, DerA is a differential graded A-module via the action (a6)(x) = a6(x). If

0; € DeryA and a € A’, then aB; € Dery_;A. That is, DerA is a graded A-module which
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satisfies the relation

d,a8] = (da)0 + (—1)1a[d, ).

Let 01,6, € DerA and a € A. Then

[01,a602] = 01 (a)0, + (—1)\914[0;,6,] (1)

(see (Gatsinzi, 2016, 2017)). Let (AV,d) be a Sullivan algebra where V is spanned by
{vi...,w}. Consider 8; = (v;, 1) the unique derivation of AV defined by 8;(v;) = §;;. Then

the graded AV-module Der AV is spanned by {01,...,6;}.

3.2 Spectral sequences

Here we introduce the study of spectral sequences.

Definition 3.2.1. A bigraded module is a family M = @, 4)czxzMp,q of modules over a

commutative ring k indexed by pairs of integers (p,q).

Definition 3.2.2. A differential bigraded module (M, d) is a bigraded module M = ®,, \czx2Mp 4
together with a bigraded map d : M — M called the differential, such that dod = 0 and d

has bidegree (—r,r — 1) for some r.

Definition 3.2.3. The homology H(M,d) of a differential bigraded module (M,d) is de-

fined by:

kerd
Hy (M ,d) = ﬁ
p—a.q—
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where (a,b) is the bidegree of the differential d.
Combining these notions, we can now define spectral sequences.

Definition 3.2.4. A homology spectral sequence starting at E" is a sequence

(Eradr)rzn

in which E” = {E}, , } is a bigraded module, d" is a differential in £” of bidegree (—r,7 — 1)
and H(E") S E™lisan isomorphism of bigraded modules.

A cohomology spectral sequence is a sequence (E,,d,),>, in which E, = {Ef ’q}, d a

differential of bidegree (r,—r+ 1) and H(E,) S E.

Definition 3.2.5. A first quadrant cohomology spectral sequence is a sequence of differ-
ential bigraded modules (E,,d,) in which each E, = {E?} 50 ;>0 for r=1,2,3,..., is

equipped with a differential, d, od, = 0, of bidegree (r,—r+ 1),

. P9 ptrgt+l—r
dy : EPT — EX .

Thus, for all » > 1, Ef:l =~ H(E,",d,). That s,

EPf = (Kerd, : EPY — EPYH4HI7) /(Imd, : EP~747 147 — EP4).

We call the r? stage of such an object its E,-level. Moreover, consider EP4 for r >
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max(p,q+ 1), then for k > 0 we have Effk = EP? see (McCleary, 2001). We denote this

common graded module by EZ.

Definition 3.2.6. (McCleary, 2001; Félix et al., 2001). A filtration 3 on an A-module M is

a family of submodules {F”M} ,c7 of M, such that

o CFP'MCcFPMCcFPf M. .cM

1s an increasing sequence of submodules or

o CFPH'MCcFPMCFP M- cM

is a decreasing sequence of submodules. Then, M is called a filtered graded module, and
denoted by (M,3). We can collapse the filtered module (M, 3) to its associated bigraded

module Ey" (M) given by

EDI(M) = FPMP+‘1/FP+1MP+‘1’

where p is the filtration degree, q is the complementary degree and 3 is decreasing or

increasing respectively

Example 3.2.7. (Félix et al., 2001) Relative Sullivan algebras.
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Let (B® AV,d) be a relative Sullivan algebra, filtered by the degree of B, that is

FP(BRAV) =B @AV, p>0.

The associated bigraded module is given by

Ey"(B&AV,d) = (B,0) @ (AV,d).

We now define the notion of convergence.

Definition 3.2.8. (McCleary, 2001; Félix et al., 2001) Consider a cohomology spectral

sequence (EP9 d,). If for each (p,q) there is an integer s such that

then the spectral sequence (EX*,d,) is convergent. In this case the bigraded module E24
is defined by E2? = EP*9 r > 5. The spectral sequence collapses at E,-level if d; =0,i > r.

In this case E. is defined and E, = E...
The spectral sequence converges to H* if there is a filtration on H* such that E2? = EJ!(H*).

Theorem 3.2.9. (McCleary, 2001; Félix et al., 2008a) (The cohomology Serre spectral
sequence) Let k be a field. Suppose F — E X isa fibration, where X is simply connected

and F is path connected. There is a first quadrant spectral sequence of algebras (E,”" ,dr)

35



such that

EV?~ HP(X;k) @ HI(F;k),

converging to H*(E;Kk) as an algebra.

3.3 L.-models of function spaces

L. algebras were introduced by Lada and Markl (1995) and L., models of function spaces
were studied by Félix et al. in Buijs et al. (2011, 2013). Here we provide details on their

notion.

Definition 3.3.1. Let S; be the symmetric group. A permutation 6 € Sy is called an (i,k — i)
shuffle if 6(1) < --- < o(i) and 6(i+ 1) < --- < 6(k) where i = 1,... k. The Koszul sign

(o) of a permutation 6 € Sy is determined by

XIA - AXp = S(G)xc(l) /\"'/\xc(k)a

where the subscripts indicate the degrees of the graded objects xi, ..., xx.

Definition 3.3.2. (Buijs et al., 2011) An L. algebra or a strongly homotopy Lie algebra is

a graded vector space L = @;L; endowed with a collection of linear maps

O L% > L
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of degree k — 2 for k > 1, called brackets, such that

(1) ¢; are skew-symmetric, that is, for any k-permutation G

U(Xs(1)s -+ Xo(k)) = 5g0(0)€(0) i (Xg5(1)5 - - - s Xo(k) )

where sgn (o) is the sign of G.

(2) The Jacobi identities are generalised as follows;

Y Yosan(0)e(0)(— 1)Vl (Ci(xo(1); - X)) X (it 1) - - - Xol)) = O,

i+j=k+1 0
where ¢ € S(i,k—1).

In particular, if ¢ = 0 for kK > 3, we recover the notion of a differential graded Lie al-
gebra where [x,y] := ¢>(x,y) and dx = ¢; (x).
There is a bijection between L. structures on L and codifferentials dj : AP (sL) — AP~*F1(sL)
of degree -1 on the coalgebra AsL such that d> = 0 where d = dy +--- +d; +--- (Lada &

Markl, 1995).
Definition 3.3.3. Let ¢ : (A,ds) — (B,dp) be a morphism of cdga’s. A ¢-derivation of

degree k is a linear mapping 0 : A" — B" ¥ for which 8(ab) = 0(a)0(b) + (— 1)Kl (a)0(b).

Denote by Der, (A, B; 0) the vector space of ¢-derivations of degree n and by Der(A, B; ) =

@, Der, (A, B; ) the graded vector space of all ¢-derivations. We consider only derivations
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of positive degree. The differential graded vector space of ¢-derivations is denoted by
(Der(A,B;),0), where the differential 9 is defined by 06 = dpb — (—1)118d,. If AV = B
and ¢ = 1.y, then we get the Lie algebra of derivations Der AV. Moreover, whenever
A = (AV,d) is a Sullivan algebra, we note that, there is an isomorphism of graded vec-
tor spaces

Der(AV,B;¢) = Hom(V,B).

If {v;} is a basis of V, and {b;} is a basis of B, then the graded vector space Der(AV,B;¢)

is spanned by the unique ¢-derivation 0 denoted by (v;,b;) such that

Moreover, let A = (AV,d) be a minimal Sullivan algebra where V is finite dimensional. A

morphism of cdga’s ¢ : (AV,d) — (B,d) induces a linear mapping

® : Der AV — Der(AV, B;0),

by post composing by ¢.
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Define If)\e/r(A,B;q)) as follows (Buijs et al., 2013),

- Der;(A,B;0), i>1,
Der;(A,B;$) =

{6 € Der;(A,B;$): 00 =0}, i=1.

Let (AV,d) be a Sullivan algebra and 81, ..., 6; € Der(AV, B; ) be ¢-derivations of respec-

tive degrees ny, ..., ng, we define their bracket [01,...,0;] € ]/)\e/r(/\V,B;({)) of length k by

61,8 () = (=DTY ¥ e0(vi-.vi Vi va)O1 (viy) - B(viy),

i],...,lk

where dv =Y vi...v,, N =n1 +---+n,_1 and € is the suitable sign given by the Koszul
convention. These operations may be desuspended to define linear maps ¢; for kK > 1 each

of degree k —2 on s_lﬁe/r(/\V,B;(b) by

0(s710) = —s7108, Li(s10r,..., s 0 = (= DPs[0y,..., 6],

where B = k22—’k + Y= (k—1i)|8;| (Buijs et al., 2013). It is shown that (s~! Der(AV, B; ),

/i) is an L., algebra (Buijs et al., 2013). Also, an L. algebra is an L. model of a simply
connected space X, if it is a model of the differential graded Lie algebra C,(X). Here C.
denotes the Quillen functor that associates to any simply connected space X, a differential

graded Lie algebra C,(X), which yields an equivalence between the homotopy category of
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simply connected rational spaces and that of reduced differential graded Lie algebras over

the rationals (Félix et al., 2001, Chapter 22).

Proposition 3.3.4. (Buijs et al., 2013) Let f : X — Y be a map between simply connected
spaces having the rational homotopy type of a CW complex of finite type and ¢ : (AV,d) —

(B,d) a Sullivan model of f. Then (s~'Der(AV,B;0), ) is an L.. model of map(X.,Y f).

3.4 Hochschild cohomology

Here we give details on the Hochschild cohomology of an algebra.

Let (A,d) be an augmented differential graded cochain algebra over a field k of char-
acteristic zero and A = ker(¢ : A — k). The Hochschild cohomology of A with coeffi-
cients in A is defined as Extgc(A,A) where A is an A° = A ® A°’-module under the action
(a®b)c = (—1)\Plach for a,b,c € A (see (Gatsinzi, 2019)). If (P,d) is a right differential
graded A-module and (N.d) a left graded differential A-module, the definition of the two
sided (normalised) bar construction on (A,d) is as follows (see for instance (Félix et al.,

2005, 2004)). It is the complex

(B(P;A;N),D) = (®xBr(P;A;N),D)

with

Bi(P;A;N) = PR TH(sA) @ N, k> 1.
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A generic element plaj|az|- - - |ax]n in By (P;A; N) has (upper) degree | p| + |n| + X5, (|sai]).
Ifk=0,then p[Jn=p1®nc PRT(sA)®N. The differential D decomposes into two

terms D = dy +d as follows, dy : By (P;A;N) — By (P;A;N), with

k
do(plailaz|---|a|n) = d(p)lai|az]| - - |ak|n ; ‘plailaz|---|d(ai)| - |lax]n

+ (=1)** plai|az|-- - |a]d (),

and d; : By (P;A;N) — By_1(P;A;N), is given by

di(plai|az|---|ax]n) = (—=1)P pay[ay| -- |akn+z ‘plailaz|---|ai—1ai| - - |ag]n

— (=D)%plai|az|-- - lax—1]axn,

where €; = |p|+ ¥ ;<i(sa;). There is a canonical projection @ : B(A;A;A) — A defined by
¢([]) =1 and @([a1]|---|ax]) = 0 if k > 0 which provides a semi-free resolution of A as an
A¢-module (Félix, Halperin, & Thomas, 1995). Thus, HH*(A;A) is the homology of the

normalized Hochschild cochain complex

(C*(A;A),D) = Homye (B(A;A;A),A) = (Hom(T*(sA),A), Dy + D).
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The differential Dy + D is defined as follows (Félix et al., 2005).

k =/
(Dof)(latlaz|---|ax]) = d(f ([ar]az] - - - |a])) +;(—1)8(’)(f([allaz|'“|ak])

1

and

(D1f)([ar]az] -+ [ar]) = =(=1)F Wy f([az] - a]) + (=)W f([ar |- a1 ]+

(i)f([a1| |al-_1a,~| |ak]>7

—~
|
p—
N—
facll

where €(i) = | f| + |sa1| + - - - [sai—1]-
As Tk(sA) is a graded coalgebra, the complex C*(A;A) is endowed with a product,

making it a differential graded algebra. For f € C”(A;A) and g € CY(A;A),

(fog)ar]-lap+q) = (—1)8(p)f(al‘ lap) -glapsil -+ lapq),

where €(p) = |g|(|sa1|+- - -+|sa,|). This product induces a well-defined product in Hochschild
cohomology —: HH?(A;A) @ HHY(A;A) — HHP9(A;A) which turns the graded k-vector
space HH*(A;A) = ©,>0HHP(A;A) into a graded commutative algebra HH*(A;A) (see

(Gerstenhaber, 1963, Corollary 1)).

Definition 3.4.1. (Félix et al., 2005) A (graded) Gerstenhaber algebra is a commutative
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graded algebra A equipped with a bracket

Ai®Aj = Aiyjr1, x®y > {x,}

such that

(1) the suspension of A is a graded Lie algebra with bracket

(5A); ® (5A)j — (sA)itj, SXQ Sy — —(—1)|x|s{x,y},

(i1) the product is compatible with the bracket, i.e. for a,b,c € A,

{a,bc} = {a,byc+ (—1)PIIdNpig )

Moreover, Gerstenhaber (1963) defined a bracket called the Gerstenhaber bracket on
C*(A;A), inducing a graded Gerstenhaber algebra structure on HH*(A;A) (Gerstenhaber,

1963). The bracket is defined by the formula

{f.8} = fog— (—1)lElgaf,
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where

(Fog)(larlaz--la) = Y. (=1 f(lar]--lailg((air]---laj])aji]- - |ai)),

0<i<j<k

and €(i) = |g|(|sai|+ - --+|sai|]) on C*(A;A).

Example 3.4.2. Exterior algebra of a graded Lie algebra. If L is a graded Lie algebra, then
A« (L) is naturally a Gerstenhaber algebra, for exterior product and natural prolongation of

the bracket of L (see, (Roger, 2009)).

Definition 3.4.3. (Félix & Thomas, 2008) A Batalin-Vilkovisky algebra is a commutative

graded algebra, A together with a linear map (called a B V-operator)
A:A— Ak—H

such that
(1) A>=0

(2) A 1s a Gerstenhaber algebra with the bracket defined by

{a,d} = (—1) (A(aa') —Aa)d' — (—1)|a|aA(a')> :
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3.5 Hochschild cohomology of a Sullivan algebra

Here we provide details on Hochschild cohomology of a Sullivan algebra.

As HH*(A;A) := Extye(A,A), therefore in order to compute the Hochschild cohomology
of a differential graded algebra A, it suffices to find a free resolution of A as an A ® A°P-
module. In particular, for any commutative differential graded algebra (AV,d) and any
differential graded AV-module B, the Hochshild cohomology HH*(AV;B) is computed
with ease using technical tools introduced in rational homotopy theory. This was first
observed by Burghelea and Vigué (1985) and enhanced by Burghelea and Vigué-Poirrier
(1988). Many other authors have made use of this material. In Félix et al. (2001), for the
minimal Sullivan algebra (AV,d), one considers a relative Sullivan model of the multipli-
cationm : (A\V@AV,d ) = (AV,d), where d =d ®1+1®d. Such a model is given by the

following commutative diagram

(AVQAV,d ) —" (AV,d) ,
(AV@AV ®@ AsV,D),

where sV = V.1 In (Félix et al., 2001, §15), the differential in AV ® AV ® AsV is defined

by

Diyvelel)=dvelel, DIovel)=10dvel,
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and D(1 ® 1 ® sv) is defined by induction on the degree of v by the formula

(sD)’

i!

DI®lesw) =v®lel-1evel+), (vel1e1). (2)
i=1

Here, s is the derivation of degree -1 on AV ® AV & AsV defined as
sOR1R1) =s(10vel)=101®sv, s(101®sv) =0.

Example 3.5.1. (Félix et al., 2001) Consider X = CP(2) of which the minimal Sullivan

model is (A(x2,x5),d), dx; =0, dxs = x%. Then using (2) we have;

DIRI®sx) =011 -110xn®1,

DIR1®sx5) =x501Q01 —1@x5@ 14+ 1@ x5 @512 +x2 @x2 @ 533 + X3 1 @ 5x5.

Proposition 3.5.2. (Félix et al., 2001) @ : (AV ® AV & AsV,D) 5 (AV.d) is a semi-free

resolution of (AV,d) as a AV ® AV differential module.

Therefore, the Hochschild cohomology HH*(AV; AV) is given by the homology of the

following complex

(C*(AV;AV),D) = (Hompaygay (AV @ AV @ AsV,AV), D).
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Thus, for any for any AV-module B, HH*(AV;B) is the homology of a complex of the
form (Hompygay (AV @ AV & AsV,B), D). Moreover, (Hompygay (AV @ AV & AsV,B), D)
is isomorphic to Homay (AV ® AsV, B), where (AV @ AsV, D) is a Sullivan algebra such that
Dv =dv, D(sv) = —S(dv) and § is the unique derivation on AV ® AsV defined by Sv = sv
and Ssv = 0. If (AV,d) is the minimal Sullivan model of X, then (AV ® AsV, D) is a Sullivan
model of the free loop space X5 l (Félix et al., 2001, §15). It is obtained as a push out in the

following diagram.

(AVRAV,d) —2 (AV,d)

S

(AV @AV @ AsV,D) —= (AV @ AsV, D).

The composition with m' gives an isomorphism of complexes Homuy (AV @ AsV,AV) —
Hompygay (AV @AV @ AsV, AV ). Moreover, the differential D satisfies the condition D(AV &
N'sV) C AV & A"sV. Hence each subspace (Homay (AV @ A"sV,AV),D) is a sub cochain
complex of (Homuy (AV @ AsV,AV),D). This gives a Hodge type decomposition of the
Hochschild cohomology HH* (AV;AV) = Onz0HH, (AV;AV). In particular, for any AV-

module B, HH*(\V;B) = @nZOHH(*n) (AV;B) (see (Loday, 1998, Page 184) and (Gatsinzi,
2010, 2019)). There is also an isomorphism of graded vector spaces Homay (AV @V, AV ) =

Der AV, and Hom,y (AV ® sV, B) = Der(AV, B;0) (see (Gatsinzi, 2010, 2019)).

47



3.6 Gerstenhaber structure on the Hochschild cohomology

Here we review the Gerstenhaber structure on HH*(AV;AV).

Let A = (AV,d) be a Sullivan algebra. The Gerstenhaber bracket on HH*(AV;AV) is de-
fined by identifying the homology of (C*(A;A),D) with the exterior algebra of the desus-
pended differential graded Lie algebra of derivations of A (Gatsinzi, 2010, 2016). The

following are more general results.

Theorem 3.6.1. (Gatsinzi, 2010) If A = (AV,d) is a Sullivan algebra, and L = s~ DerA,
then there is a mapping ¢ : (AaL,dy) — (C*(A;A),D) which induces an isomorphism of

graded Gerstenhaber algebras in homology.

Theorem 3.6.2. (Gatsinzi, 2016) Let A = (AV,d) be a minimal Sullivan algebra where
V is finite dimensional and Z = s~'V*. Then, ¢ : (AsL,do) — (A ® NZ,D) extends to an

isomorphism of differential graded Gerstenhaber algebras.

3.7 The free loop space homology spectral sequence

We review here a spectral sequence that is useful to compute the loop space homology of
certain spaces as given in (Gatsinzi, 2016).

Let X be a simply connected closed manifold of dimension m of which V is finite di-
mensional and (AV,d) = (A(Vo&---&V,_1),d) its minimal Sullivan model, where dV; C

ANVo@---@Viy). Let Z=Zy®--- B Z,, Where Z; = s_IVnﬂk. Filter AV ® AZ by F, =
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NV QNZyD---DZpy). . It verifies

ANV=FCFC---CF,=ANVRQANZ.

This filtration yields a spectral sequence of Gerstenhaber algebras for which E! = H*(AV) ®

AZ and which converges to H.(AV @ AZ,d) = H, (XSl ;Q).
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4 Preliminary results

In this chapter, we study the following problems.

(i) The partial computation of the Lie bracket structure of the string homology on a

formal elliptic space.

(ii) The formality of the total space of the unit sphere tangent bundle S>"~! — E 2
Gk (C) over complex Grassmannian manifolds Gy ,(C), for 2 < k < n/2, where

m = k(n— k), by exhibiting a non trivial Massey triple product in H*(E;Q).

(i11)) The Hochschild cohomology of a Sullivan model of mapping spaces.

4.1 On the Lie bracket structure of the string homology on a formal
elliptic space

In this section, we consider the Chas-Sullivan loop space homology H, (X l) of a formal
elliptic space X and show that the centre of the graded Lie algebra sH, (XSI;Q) is non

trivial.

Definition 4.1.1. A Lie group G is a group that is also a smooth manifold such that the

1

multiplication u: G X G — G and the inverse map g+ g~ are both smooth.

Example 4.1.2. (i) The general linear group GL(n;C), which is the group of n x n in-

vertible matrices with entries in C under matrix multiplication, is a Lie group of
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dimension (2n)?.

(ii) A matrix A € M,,(C) is unitary, if AA* = I, where A* = AT . The subgroup of GL(n;C)
consisting of all unitary matrices is a compact Lie group called the unitary group, and

denoted by U (n).

The subgroup of U(n), of matrices with determinant 1 is called the special unitary

group, and it is denoted SU (n).

(iii) The n X n quarternionic symplectic group, Sp(n) is defined by

Sp(n) ={A € GL(n;H) : AA* =1}.

Observe that both U (n) and SU (n) are subgroups of Sp(n).

Definition 4.1.3. Let G be a compact connected Lie group with a closed subgroup H. The

coset space G/H admits a differentiable structure and it is called a homogeneous space.

Example 4.1.4. The quaternionic Grassmannian Gy ,(H) of k-dimensional vector sub-
spaces of H" is a homogeneous space as Gy ,(H) = Sp(n)/(Sp(k) x Sp(n —k)) for 1 <

k < n.

Below we compute the free loop space homology for some homogeneous spaces. Recall

that, if X is homogeneous space, then its minimal Sullivan model is given by

(A7d) = (/\(b17'"7bn7a17'-'aam>7d)7
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where db; =0 and da; € A\(by,...,by) (see (Félix et al., 2008a)). Thus, to compute the loop
space homology of X we consider a complex of the form (A ® A(z1,...,Zm,U1,...,Un),d)
—1, % —17.% E)f J . . .
where z; = ai, uj=s b;,dzj =0 and du; = Za_bff with f; = db;. Further, if A is a
minimal Sullivan model of a simply connected compact oriented m-manifold X of which
7.(X) ® Q is finite dimensional, then there is a filtration on A ® A(z1,...,Zm, U1, .., Un)
which yields a spectral sequence of Gerstenhaber algebras for which E! = H*(A) ® A(z1,. . .,
Zm,U1,--.,Uy) and which converges to H.(A ® A(z1,...,Zmy U1, .. Upn),d) = IHI*(XSI;@)
(see (Gatsinzi, 2016)). In particular, if X = G/K is a homogeneous space of which G

and K have an equal rank, then
H, (XS';Q) = H.(H*(A) ® A(Zo ® Z1),d),

where dZy =0 and dZ; C H™ ® Z; (see (Gatsinzi, 2016)).

Example 4.1.5. (Félix et al., 2008a; Gatsinzi, 2016) Let X = CP(n) of which the minimal

model is A = (A(b2,a2n+1),d), dby = 0, dag, 41 = b3 ™. Thus,
H. (CP(n),Q) = H.((Ab2)/(b5") @ A(z1,220),d), dzan = 0, dz1 = (n+ 1)D322,.
Homology classes are

{0/, bz, b1, k>0,0<j<n—1,1<i<n}.
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Example 4.1.6. We consider the Sullivan minimal model of

X =5p(5)/(Sp(2) x Sp(3))

which is given by

A = (A(b4,bs,a15,a19),d)

where db; = 0, and das = 2bgh3 + b — b3, dayg = 2bsb; + b3by. Consider the ideal I =
(2bgb3 + b} — b3, 2bsb; + b3by). 1t follows thus, H*(AV,d) = A(ba,bs)/I. Hence, there is

a quasi-isomorphism

£ (MN(ba,bs,ars,a10),d) = H*(AV,d).

Thus, Sp(5)/(Sp(2) x Sp(3)) is formal. The rational cohomology is given by classes of

{1,b4,b3,bg, b3, babg, bgb3, b}, [2bgh] + b] = [b3],

(3] = [~203bs] = [b§bal, [b§] = [b30%] = [b3]}-

Thus, to compute the loop space homology of X = Sp(5)/(Sp(2) x Sp(3)) we consider a
complex of the form

(A® A(z14,218,u3,u7),d),
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where dz; = 0, and

duz = (4bybg +4b3)z14 + (6bgh3 + b})z18, duz = (2b3 — 2bg)z14 + (2b3 + 2babg)z1s.

In some lower degrees, the loop space homology is given by classes of

{1,214,218, ba, b3, by, b3, bybg, bgh3, b}, [2bgh] + bi] = [b3], baz1a,b3214, bsz14,b3z14,

babsz14,bgbiz14,b3z214, (D3] = [~2b3bs) = [b§ba), (bS] = [b3b3] = [b3), b3z14,b3z14, b§z14,
baz1s,biz18, bszis, bizis, babszis, bsbizis, bizis, b3zis, biz1s, bSz1s,
(4b4bg + 4b3)z14, (6bgh] + b3 )z18, (2b5 — 2bg)z14, (23 + 2bsbsg)z18}.

Definition 4.1.7. Let L be a Lie algebra. The centre Z(L) is defined by

Z(L)={xeL:[x,y]=0,Vy e L}.

In (Gatsinzi, 2016, Theorem 13), it is shown that, if X is a simply connected ho-
mogeneous space of which 7, (X) ® Q is finite dimensional, then the graded Lie algebra

sHL, (XS l ;Q) is not nilpotent. In addition, we establish the following result.

Theorem 4.1.8. If X is a simply connected formal homogeneous space of which w,.(X) ® Q

is finite dimensional, then the centre of sHL.(X5 ; Q) is non trivial.
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Proof. Let X be a homogeneous space of which (AV,d) = (A(Vo @ V1),d) is its mini-
mal Sullivan model, where V is finite dimensional and dVy = 0, dV; C AVy. Denote by
< V1,V2,...,v, > the vector space generated by a finite basis {v;} of V. Write V" = Q <
Pls---,Pg >=P, VOOdd =Q<wy,...,w, >=W, and VlOdd =Q <yi1,...,yp >=7Y, so that
(AVo@®WV1),d) = (ANP®Y),d)® (AW,0), and dP = 0, d¥ C AP. The associated minimal
Sullivan model (AV,d) is called a pure Sullivan algebra. Homogeneous spaces are pure.

Moreover, since X is a formal homogeneous space, then p = ¢, and we have

Api,...,
H (V)= DPLPo)
(Ot,...,0p)
where (0, ...,0,) is a regular sequence in AP. Hence, X as a formal homogeneous space

admits a minimal Sullivan model of the form A = (AV,d) = (A(P®Y),d) ® (AW,0), where
dP = 0, dyy = oy. Further, there is filtration (see (Gatsinzi, 2016)) on (A ® /\s’lV*,d)
which yields a spectral sequence of Gerstenhaber algebras for which E! = H*(A) ® AZ,
where Z = Zy @ Z;, and Zp = s 'V}, Zy = s7'Vj. Let L = s ' DerA. Given a € AL =

A, 01,0, € DerA, and for x, 3 € L, and using

[01,a602] = 01 (a)0, + (—1)\914[0;,0,] (3)

we have

{x,a} = —(=1)1(sx)(a). 4)
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Hence

{x.ap} = {x,a}p+ (=) Vafx, B}, (5)

(see (Gatsinzi, 2017)). Moreover A4L and (A® A(Zy®Z, ),d) are isomorphic as differential
Gerstenhaber algebras. It is sufficient to check that AZj is abelian in (H*(A) ® AZ,d). It

follows from equation (4), that for all z;,z; € Zy we have

{zi,2;} = —(=1)¥ls(z)(z;) = 0.

Furthermore, using (5), for all a; 20 € H*(A), vi #0 € H* (AR N(Zy®© Zy)) and z; € Zy,

one gets

{aiZi; Vi} = ai{Zi; Vi} + (—1)|ai|(|vi|+1)2i{ai,Vi}7

=0, as{v;,z;} = {ai,vi} =0, using (4).

Also, using (4), if x; # 0 is a cocycle in H*(A) @ AT (Zy © Zy), then {Zy,x;} = 0. Hence

AZj is abelian. Thus, the algebra AZ is in the centre of sHL (X5 1 ;Q). [l

Remark 4.1.9. The formality condition on X is necessary for AZj to be in the centre of

sHL (X SI;Q). We consider the minimal Sullivan model of the non formal homogeneous
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space X = Sp(6)/SU(6) which is given by

A = (A(x6,x10,b15,b19,b23),d),dx; = 0,dbys = x6x10,db19 = X3¢, db23 = x3.

The rational cohomology is given by classes of

2 3 2
{1,x6,X10,X5,Xg, X6b19 — X10b15,X5P19 — X6X10D15,

3 3 2 4 3
Xgb1s — x10b23,Xgb19 — Xgx10b15,X6b19 — XgX10D15 } -

The loop space homology of X = Sp(6)/SU(6) is computed from the complex

(A® (214,218,222, b5,b9),d),dz; = 0,dbs = x10214 +4xg 220, dby = X6214 + 2X10218,

which is isomorphic to (A® (Zo®Z;),d), where dZp =0,dZ; C AR Zy. It contains H*(X) ®
N(z14,218,222) /1 where is I is the ideal generated by {dbs,dbg}. In some lower degrees,

the loop space homology is given by classes of

2 .3
{17Z147Z1872227x67x107x67x67

2
x6b19 — x10b15,x5b19 — X6X10b15,

3 3 2 4 3
Xgb15 — x10b23,x¢b19 — xgxX10b15,X6D19 — X¢X10D15,
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2
X6214,X6218,X6222,X10214,X10218,X10222, X614

2 2 3 3 3 3
x6Z187x6Z227x6Z]47x6Z]87x62227-x]OZ]47 4X6ZZZ,X6Z]4, 2x]0Z187

xbs — (z14b15 + 4220b23), x10b5 — (214b19 + 4x2220b15),

x10b9 — (z14b15 +2218b19) }.

Then for z; € Zp, x; #0 € H*(AQ N(Zo D Z1),d). The non zero brackets for k > 1 include

{z14, (x6b19 — x10b15)2 } = x1025, {214, (6215 — x10b23) 2K} = —x32F,

{z18, (x6b19 — x10b15)25 } = —x625, {218, (xEb19 — x6x10b15) 7k } = —x22F,

{z18, (xgh1o — x2x10b15)2F } = —x2¥, {222, (xeb15 — x10b23) 28 } = X102

Hence A\Zj is not in the centre of (H*(AQ A (Zy B Zy1)),d).

Definition 4.1.10. (Kirillov, 2008, §5.4) Let L be a Lie algebra. Set L(®) := L and, for k > 1,
define the k-th derived algebra of L as L®) := [L*~1) L*=1] Then L is called solvable if

L*) = 0 for some k.

Proposition 4.1.11. Let L = (A(wy,...,w,) @ A(z1,...,2r),d = 0) C (H*(A) ® N\Z,d),

where |w;| is odd, and z; = s~'w?. Then L is solvable.
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Proof. Leta,b € L. Then we have

{a,b} = Z 1)l

(ab).
Wl Zl )

Hence, if a € AY(w1,...,w,) ® A(z1,...,2,), and b € Al(wy,...,

k+41<r Then, {a,b} C N*=1(wy,...,w,)®A(z1,...,2z). Thus,

= {L,L} C A" Nwy,...,w) @ A(z1, ..
={LD LY C A2 (wy,...,w) Azl ..

:{L( }C/\<r 3(w1,...,w,)®/\(Z17---

Continuing iterating this process yields L") = {L r=1 LU ’1)} C Az, -

plies that LU+1) = {L() L[} =0, and L is solvable.

In conclusion, we have the following result.

wr) @Azt

er)7
,Zr),

V2r)-

,2r), With

,Zr), which im-

]

Corollary 4.1.12. If X is a simply connected formal homogeneous space of which 7, (X) ®

Q is finite dimensional, then
(1) sH,(X5';Q) is not nilpotent,

(2) the centre of sH, (X5';Q) is non trivial.
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4.2 On the unit sphere tangent bundles over complex Grassmannians

Let G »(C) denote the Grassmann manifold of k-dimensional vector subspaces of C". In
(Banyaga et al., 2018), it was shown that the total space of the unit sphere tangent bundle
over the complex projective space CP(n) = G1,(C) is formal. As Gy ,(C) = G,—.,(C),
we will assume k& < n/2. In this section, we show that the total space of the unit sphere
tangent bundle over Gy ,(C) is not formal, for 2 <k <n/2.

The complex Grassmannian Gy ,(C) is a homogeneous space as Gy ,(C) = U (n) /(U (k) x
U(n—k)) for 1 <k < n, where U(n) is the unitary group. It is a symplectic manifold
of dimension 2m, where m = k(n — k). The method to compute a Sullivan model of the
homogeneous space Gkﬁ((C) is given in details in (Greub, Halperin, & Vanstone, 1976;
Murillo, 1999). Let 27! — E 5 Gy »(C) be the unit sphere tangent bundle and (AV,d) a

Sullivan model of Gy ,(C). A relative minimal model of p is given by

(AV,d) = (AV @ Axa1,d") = (Axam—1,0),

with d'v=dv forv €V and d'xp,,—1 = z, as [z] is the Euler class of the tangent bundle (Félix
et al., 2008a, Page 82). Moreover, if (0] € H*"(AV,d) is the fundamental class of Gy ,(C),

then [z] = X(Gr.(C)) - [®], where X(Gy,,(C)) is the Euler characteristic of Gy ,(C) (see

60



(Bott & Tu, 1982, Proposition 11.24)). As x(Gk»(C)) # 0, there is a quasi-isomorphism

(AV @ Axam_1,d') — (AV & Axppm_1,D),

where Dv = dv forv € V and Dxy,,,_ 1 = ©.

Remark 4.2.1. For the general case, a Sullivan model of Gy ,,(C) for 1 <k < n is given by

(see (Murillo, 1999))

(A(b27b47 cee ,bZk,Xz,X4, cee 7x2(nfk)7ylay37 cee 7y2n71)7d> (6)

with

dbi=0=dxj, dysp-1= Y, byp x2p,, 1<p<n.
p1+p2=p

Lemma 4.2.2. Where 2 < k <n/2, the minimal Sullivan model of G ,(C) is given by

(A D2y -3 boks Yo(n—ic)+15 - +»Y2n—1),d), dyan—1 = boxr

where r & (by).

Proof. Consider a Sullivan model of G, x(C) from (6)

(/\(b27b47 e 7b2k;x27x47 e 7x2(n—k)7y1;y37 cee >y2n—l)7d)~
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Then

dyy =by+x2, dy3 = ba+xa+baxa, ..., dymm—1 = bapXp(u_p)-

The model is not minimal as the linear part is not zero. To find its minimal Sullivan model,
we make a change of variable t, = b, 4+ x, and replace x» by #, — b, wherever it appears in

the differential. This gives an isomorphic Sullivan algebra

(A(b2,t2,b4, .. Dok, Xay - o Xo (k)5 V1, V35 -+ 5 Y2n—1), d)

where

dy1 =ty, dys = bs+x4+ba(t2 —b2),...,dyon—1 = buXs(m—p)-

As the ideal generated by y; and 7, is acyclic, the above Sullivan algebra is quasi-isomorphic

to

(/\(b27b47 ey bogy g, 3 X2 (n—k)s Y35+ 7y2n71)7d)

where

dys = bs+x4—b3,...,dyou—1 = bakXo(n—r)-
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One continues in this fashion to get the minimal Sullivan model

(/\(b27 ce 7b2k7y2(n—k)+] PRER 7y2n—1)7d)

with

dyan—1 = byr

where r € A(ba,...,by) and [r] # 0 in H*(Gy,(C),Q) as |r| = 2(n — k) and there is no

coboundary of degree less than 2(n — k). In particular, [r] # [by]- O

Theorem 4.2.3. If 2 < k <n/2 and m = k(n — k), then the total space of the unit sphere
tangent bundle

§*"1 5 E — G a(C)

is not formal.

Proof. The minimal Sullivan model of Gy ,,(C) is given by

(AV,d) = (A(b2,- - b2 Ya(nt)+15-- - Y2n-1),d) and (Axz—1,0) is the model of $2~1.
Let [b%,] in H2""F)(AV,d) be the Poincaré dual of [by] in H*(Gy,(C),Q) and @ = [byb3,]
the fundamental class of Gy ,(C). Since the Euler characteristic of Gy ,(C), x(Gi.(C)) #
0, a relative minimal model for the unit sphere tangent bundle $*"~! — E — G, ,(C) is
given by

(AV,d) = (AV @ Axam-1,D) = (Axzm-1,0),
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with Dv = dv for v € V and Dxy,,_ | = ®. By Lemma 4.2.2, there is [r] € H*"2X(G}.,(C),Q)

)

the class of smallest degree such that H*(1)([bx]) - H*(1)([r]) = 0 in H*(E;Q), where
r & (byk). We show that the triple Massey product (H*(1)([5,]), H*(1)([ba]), H*(1)([r]))

in H*(E;Q) is not trivial. It is represented by the cocycle
y

rXom—1— by yoan—1-

To show that it is not a coboundary, we use an argument in the Leray-Serre spectral se-
quence for the unit sphere tangent bundle $*"~! — E — Gi»(C). In (Félix et al., 2001,
Chapter 18), the Leray-Serre spectral sequence is obtained by filtering (AV ® Axap,—1,D)

by the degree of AV; that is,

FP(AV @ Axam—1) = (AV)ZP @ Axam—1, p=0,1,2,...

and the associated bigraded module is given by

EpY = (AV)ZP @ Mo 1/ (AV)Z 0D @ Aoy

= (AV)P @ Axgpm—1.-

Moreover, dy : EJ'? — E{;”q+1 is zero and d; : (AV)P @ Axap_1 — (AV)PHL @ Axgp_1 is

d ® 1. Therefore, Ef’* = HP(AV,d) ® Nxop—1. Thus, [rxom—1 — b3 yon—1] = [rxom—1] at
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Ezz(nfk)’q and we have E; = E3 = - - - = Ey;,,. In particular, E;Slnfk)’zm*l > f2(n—k) (AV,d)®
2(n—k),2m—1 2(n—k)+2m,0 .
Q < x2m—1 > . Moreover, da,, : E2}$1" k) 2m=1 _, E2;§1n )+2m0 ¢ zero, for degree reasons.
2(n—k),2m—1 . .
Hence, the element rx;,, | € E;,, is a da;y-cocycle. Moreover, it cannot be a do,,-

2(n—k)—2mA4m—2

coboundary because E, = 0. Hence the class [rxp,_1] is not zero at Ey 4 =

E... This is a non zero triple Massey product in H*(E; Q). Therefore, E is not formal. [

Remark 4.2.4. We recall here that Kéhler manifolds are the best known example of sym-
plectic manifolds X = M?". Therefore, one might conclude that the cocycle rxs,_; —
b3;y2n—1 represents a non-zero cohomology class by considering the bigraded model

(A(Dby,... D2k Yo (n—t) 15+ - \Y2n—1,%m—1),d), where xa,,—1 is the only generator of lower
degree 2 (see (Halperin & Stasheff, 1979, §3)). As rx2,,—1 — b5, y2,—1 is a sum of elements
of respective degrees lower than 2 and 1, it cannot be a coboundary. Hence, the same ap-
proach can be applied to show that the total space of the unit sphere tangent bundle over a

formal symplectic manifold X is not formal if H*(X;Q) is non-monogenic.

Example 4.2.5. The minimal Sullivan model of G, 4(C) is given by (A(b2,b4,ys,y7),d),
where dby, = dby =0, dys = —b% +2byby, dy; = b‘z1 — 3b%b4 —l—bf1 as hj is the 2 j-th degree
term in the Taylor expansion of (14 b, +b4)~! (Hoffman, 1982; Charkaborty & Sankaran,
2014). With x(G2.4(C)) = 5, the total space of the unit sphere bundle " — E — G .4(C)
will have a relative minimal model of the form (A (b2, b4,ys,y7,a7),D) with Db; =0, Dys =
by (b3 — 2bs), Dy7 = b3 — 3b3bs + b3 and Day = b3. Take a = H*(1)([b3]), b = H*(1)([b2])
and ¢ = H*(1)([b3 — 2b4]) cohomology classes in H*(E,Q). The products a-b =b-c = 0.

65



The triple Massey product set (a,b,c) is represented by the cocycle (b3 — 2bs)a; — b3ys
of degree 11 which cannot be a coboundary for degree reasons. Thus, the triple Massey

product set {a, b, c) is non-trivial.

4.3 Hochschild cohomology of a Sullivan model of mapping spaces

Let¢: (AV,d) — (B,d) be a surjective morphism between commutative differential graded
algebras, where V is finite dimensional. We consider (B,d) as module over AV via the
action induced by the mapping ¢. In this section, we show that the Hochschild cohomology
HH*(AV;B) can be computed in terms of the graded vector space of positive ¢-derivations.

We begin with the following results for ¢-derivations.

Proposition 4.3.1. If ¢ : (AV,d) — (B,d) is a morphism of cdga’s, then Der(AV,B;0) is a

graded differential module over (AV,d).

Proof. Let a € AV and 6 € Der(AV,B;0). Define af by (aB)(x) = ¢(a)0(x). This action

makes Der(AV,B;¢) a graded module of AV. Then

(3(aB)) (x) = d((aB)(x)) — (—1)"“*Plap(dx)
= (da)0(x) + (—1)1/a(do(x)) — (—1)19+1®lg0(ax)
= (da)8(x) + (=1 (adb(x) — (—1)®1a0(dx))

= (da)B(x) + (—1)1a(0) (x).
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Hence 9(aB) = (da)0 + (—1)1%a(38), that is, Der(AV, B;0) is graded differential module

over (AV,d). O

Proposition 4.3.2. (Gatsinzi, 2019) Let ¢ : (AV,d) — (B,d) be a surjective morphism be-
tween cdga’s where V is finite dimensional and / = Ker ¢. Then Der(AV,B; ) = (AV /1) ®

V.

On the other hand, consider the desuspension s~'0 € s~! Der(AV, B; ¢). We note there is

an induced AV-module structure on s~ Der(AV, B;¢) defined by a(s—'8) = (—1)l4ls~! (a0).

Proposition 4.3.3. Let ¢ : (AV,d) — (B,d) be a surjective morphism between cdga’s where
V is finite dimensional and 7 = Ker¢. Then s~! Der(AV,B; ) = (AV/I) @ s~'V* as AV-

modules.

Proof. If {vy,...,v,} is a basis of V, then in Der(AV,B; ) we denote the derivation (v;, 1)
by vi. As ¢ is surjective, there is a; € AV such that ¢(a;) = b;, where b; € B. Let 6 €
Der(AV,B;¢). Then, 6 = Y a;v}. Therefore, Der(AV,B;0) is generated by V*. This gives
a surjective linear map AV ® V* — Der(AV,B;0) of which the kernel is I ® V*. Hence
by the first isomorphism theorem Der(AV,B;0) = (AV/I) @ V*. We have that, s~'6 =

Y (—1)l4la;s=1v¥. Therefore, s~ Der(AV,B;0) = (AV/I) @ s~ 'V*. O

In (Gatsinzi, 2019, Lemma 15), it is shown that there is an isomorphism of differential

graded vector spaces Homuy (AV ® sV, B) = Der(AV, B; ). We recall the following result.
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Theorem 4.3.4. (Gatsinzi, 2019) Let f : X — Y be a map between simply connected spaces
having the rational homotopy type of a CW complex of finite type and ¢ : (A\V,d) — (B,d)

a Sullivan model of f. Then there is a canonical injection

1 (Qmap(X,Y;f)) @Q — HH*(AV;B).

Moreover, there is a natural isomorphism T, (Qmap(X,Y;f)) @ Q — HH, (AV;B).

Moreover, let ¢ : (AV,d) — (B, d) be a surjective morphism between cdga’s where V is

finite dimensional. Consider the commutative differential graded algebra

Anvs ™' Der(AV,B;0) = Thy (s~ Der(AV, B ))/I

where [ is the ideal generated by elements of the form x®y — (—1)‘x||y ly®x for x,y €
Try (s~ ! Der(AV,B;0)). The differential o’ on s~! Der(AV, B;¢) extends to the differential

dp on

Apys”! Der(AV,B;0) = AV & 5! Der(AV,B;0) ® /\ivs_1 Der(AV,B;0) @ - -

by the Leibniz rule. Our aim is to relate the commutative graded algebra
H.(Anys~ ! Der(AV,B;0),do) to HH*(AV;B). In particular, the following result extends

Theorem 4.3.4.
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Theorem 4.3.5. If ¢ : (A\V,d) — (B,d) is a surjective morphism between cdga’s, where V is
finite dimensional, then there is an algebra isomorphism ¥ : (Anys~! Der(AV, B;¢),do) —

(Homuy (AV ® AsV,B),D).

The proof is given by the following Lemmas. Let ¢ : (AV,d) — (B,d) be a morphism
of cdga’s. Assume V is finite dimensional and let {v;,...,v,}, be a homogeneous linear

basis of V. Define the map

v : (s ' Der(AV,B;0),d") — (Homuy (AV @sV,B), D)

by w(s~'8)(sv) = (—1)I®lo(v) for v € V.
Lemma 4.3.6. The map y commutes with differentials.

Proof. Lets~'0 € s~ ! Der(AV,B;¢). Then o'(s~'0) = —s~'00 and |06| = |8] — 1. Hence

V(s ~16)(5v) = w(—s~130) (s
= (1)1 @0)()

= (=1)°l@8(v) - (~1)"8(av)).
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Moreover,

D(w(s™'8))(sv) = dw(s~'0)(sv) + (—1)hy(s~'0) (dsv)
= (=1)Pla8(v) - (—1)Phy(s~'8)(Sav)

= (=1)°@8(v) — (~1)"8(av)).

Therefore

Dy(s~'0) = y(d's'0).

Thus, y commutes with differentials. [

Further, we follow (Cattaneo & Felder, 2007, §4) and (Gatsinzi, 2010) for this con-

struction. The map

v : s Der(AV,B;0) — Hompy (AV ® sV, B)

can be canonically extended to

v, : (Ahys ! Der(AV,B;0),dy) — (Homuy (AV ® A'sV,B),D)
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for r > 1 by the formula

V(o A A (st A Asx) = Y e(0)W(on) (sxorn) - W(e) (s%an), (D)

cEeS,

where €(0) is the Koszul sign of the permutation 6 € S,. Put yo = 1oy, ¥ = ¥ and define
W : (Anys ' Der(AV,B;0),dy) — (Homuy (AV ® AsV,B), D)

by Y= @rz()\lfr.
Lemma 4.3.7. The map ¥ is a morphism of graded algebras.

Proof. Recall that if V' 1s a graded vector space, then AsV is a cocommutative coalgebra

under the comultiplication A defined by

A(sxy A=+ Asxy)

1
= Zom Z S(G)sxc(l) N NSXg(p) @ SXg(pr1) N A SXg(r)
p: r

(Félix et al., 2001, §22). As B is a graded algebra with multiplication u then for x,y €
Hom,y (AV & AsV, B) the product, x -y given by the composition AsV A AV @Ay
B®BL B, endows the graded module Homuy (AV @ AsV, B) a structure of a graded algebra
(see, (Félix et al., 2005)). For simplicity, let f =0 A--- A, € A’A’Vs_l Der(AV,
B;0)and g = dpiy A+ Ao, € AL Ps™I Der(AV, B; ) for oy € s~! Der(AV, B;0). To show
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that y, is a morphism of graded algebras we only need to show that y,(f)y,—,(g) =
V,(fg). Applying the multiplication u via the composition po (Y,(f) @ W,—p,(g)) oA and

using (7) one gets

Wp(f)wr—p(g) (s21 A= Asxy)

1
= m Z (o)W, (f) (ch(l) AN Asxc(p))“’rfp(g) (ch(p+l)

' GES,
AREE /\SXG(,,))
1
= =) T;,pS(G)E(T)III(OH)(er(c(l))) o y(0p) (Xe(o(p))) -
Y. e(0)e()W(0p 1) (sXg(a(p1))) - V(O (SX(o(r)))
KES,—p
1

= m rezs'p 8(0)8(1)8(]{)“](0‘1)(sxr(c(l)))"'W(ap)(sxr(c(p)))
KES,—p
W01 1) (SX((pr1))) - W0 (SXi(o(r)))]
= Y e(o)wlon)(sxe(1)) - - W(0p) (X6 () W(Qp 1) (X (1) -
o’eS,

y(0)(sxg/(y)), whereo' = (txk)oc andTx K €S, XS, C S,

— () (31 A+ Asx,).

Hence ¥, (f)W,—p(g) = W¥,(fg). Thus, y, is a morphism of graded algebras. O
Lemma 4.3.8. The map y, commutes with differentials.

Proof. Denote by f =0 A--- AN, € /\f\vs_lDer(/\V,B;q)) for a; € s~ Der(AV,B; ).
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Then

dof = Z DMy A~ A A Act,

where [N;| = Yo |o|. Let & = Z};ll |$Xg() |- Then,

W, (dof)(sxp A~ Asxy)

i

=, (Z(—l)'"i|(x1 /\--~/\8’0c,~/\---/\(xr> (sx1 A=+ Asxy)

—Z DMy (0 A A0 A+ Adt) (51 A+ Asxy)

=Xenn ZS &(0) (—1)Sw(eu) (sx6(1)) -+ W(9'et) (3xo(5)) -+ W(0t) (s
= LD B e(o)(=Fw(en)stor) - [Dw(en)s5o)] -+ (o) 5500
S Ggs £(0) (— 1S w(ou) (o)) -+ | d(W(o) (s36(9)) + (— 1)
V() (D)) -+ W0t (5%6)
= LM B e(o)(-D5wan(stan)- [dv(@) (sxap)) — (<)
() (Sdxgp)] - w(ow) (sxo(r))
S 2 £(0) (— )3 (e ) (s¥g(1)) - (W(a) (53(9)) -+ W(ct)
(s5007) = (=D (- '“f'GEZSrew)(—l)ifw(on><sxc<1)>---w(oco(wxc(,-))
S (0 (X)) -
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Moreover,

DO, (f) (551 A+ As))

= <Z g(o ) (sxg(1)) *- W(Oﬂr)(sxc(r))) + (=DM () (D(sx1 A -+ Asixy))
cES,
=Y (- Zg e(o wlou)(sxg(1)) - - d (W) (sxs(1))) - - W(etr)
i [SIShYA
(sxs(r i |Z DY g(o W(ou)(sxg(1)) - W(0w) (Sdxgiy)
cES,
) '\If((xr) (sxc(r)>-
Therefore
v (dof) = D(w:(f))-
We deduce that y, commutes with differentials. 0

Lemma 4.3.9. If ¢ : (AV,d) — (B,d) is a surjective morphism between cdga’s where V is

finite dimensional, then

W, : (Ahys™ ! Der(AV,B;0),dy) — (Homuy (AV ® A'sV,B),D)

is bijective.
Proof. Let{vi,...,v,} be abasis of V. Consider the ¢-derivation 8; = (v;, 1) € Der(AV,B;0)
and the corresponding 8; = s~'0; € s~! Der(AV, B;0). Assume {sv;, A...Asv; } is a basis

of N"sV for iy <ip <--- <i, and r > 1. We denote by Y (svi, A--- Asv;,bj ...;) the
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element f € Hom,y (AV ® A"sV,B) such that f(sv; A--- Asv;) = bj,...; and zero on
other elements of the basis of A"sV. As ¢ is surjective, there exists a;, ...;, € AV such that

(1)(a,~1 .. 'ir) = b,’l ..., . Let 0= Zil..lir aj, .-, - é,’] VARRRWAN éir S /\;\VS_1 Der(/\V7B;(I)). Define

Y, : (Hompay (AV @ A"sV,B),D) — (AlLys~ ! Der(AV, B;0),do)

by Y.(f) =X ai, --i,-0;; A---AB;.. It is easily verified that both compositions of y, and
Y equal to the identities. Hence, v, is the inverse of y,, and we deduce that each v, is

bijective, for each r > 1. ]

As an application of Theorem 4.3.5, we show that Hochschild cohomology algebra of
a surjective Sullivan model ¢ : (AV,d) — (B,d) of a based map f : X — Y between simply

connected finite CW-complexes contains a polynomial algebra.

Definition 4.3.10. (Lupton & Smith, 2007) Given a commutative differential graded alge-
bramap ¢ : (AV,d) — (B,d), post-composition by the augmentation € : B — Q gives a map
of chain complexes €, : Der(AV,B;0) — Der(AV,Q;€) given by €.(¢)(v) = €(@(v)) for
¢ € Der(AV,B; ). We define the evaluation subgroups of ¢ by G,(AV,B;0) = Im{H (&) :

H,(Der(AV,B;$)) — H,(Der(AV,Q;€))}.

Moreover, if ¢ is a Sullivan model of a based map f : X — Y between simply connected
finite CW-complexes, then G,(AV,B;0) = w.(ev) ® Q, where ev : map(X,Y; f) — Y is the

evaluation at the base point (Félix et al., 2001; Lupton & Smith, 2007).
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The following result extends (Gatsinzi, 2010, Theorem 11).

Theorem 4.3.11. If ¢ : (AV,d) — (B,d) is a surjective Sullivan model of a based map
f X =Y between simply connected finite CW-complexes, then the commutative graded

algebra HH*(AV; B) contains a polynomial algebra as a graded sub algebra.

Proof. Let (AV,d) = (A(v1,...,vn),d) be a minimal Sullivan model with |vi| < |va| <
-+ < |vp|. In Der(AV,B;¢), let vi = (v;,1). Since Y is a finite CW-complex, then |v,|
is odd (Félix et al., 2001, §29). Thus, in this case v; is odd and a simple calculation
shows that dv; = 0. Further, v} cannot be a boundary for degree reasons. Hence [v}]
represents a non zero homology class in H,(Der(AV,B;¢)) and H(e.)([v}]) # 0. More-
over, let s~1v* € s~ ! Der(AV,B;¢). Then [s~!v!] represents a non zero homology class
in H,(s~' Der(AV,B;0)). Further, let 8; = y(s~'v*) € Hom,y (AV ® sV, B). Define 6; €
Homuy (AV @ A¥sV, B) by 6;(sv, A--- Asv,) = 1 and zero on other elements of a basis of
A¥(sV). Then, we claim by contradiction that [;] € Hom,y (AV ® AksV,B) is a non zero

cohomology class. Assume there exists Yy € Hompy (AV ® NEsV, B) such that Dy, = 6.

Hence,

ek(svn)k = DYk(SVn>k

= de(SVn)k - (_I)Wk"yk(D(svn)k) =1
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Moreover, dy;(sv,)* € B=2. If dv # 0, then dv € A=?V. Hence, S(dv) € ATV @ sV. There-
fore, YiD(sv)* = Y (—=Sdvy Asva A~ Asvy) C ATV @ AK(sV). Thus, 1 (D(sv,)¥) € B=2.
Hence a contradiction. Therefore, 0, is a non zero cohomology class. Moreover, 6’{ =
k!0 # 0. We deduce that HH*(AV; B) contains a sub algebra Q[0 ] isomorphic to A(s~!v¥).

]

Remark 4.3.12. The proof of the above result could be adapted to show that HH*(AV; B)

contains a polynomial algebra over s ' G, (AV, B; ).
The following Example illustrates the result above.

Example 4.3.13. Consider the inclusion G 4(C) — G 5(C) between complex Grassman-

nians. A Sullivan model of the inclusion is given by

¢ : AV = (AN (az,as,a7,a9),d) — (A\(b2,bs,bs,b7),d) = B,

where day = day = 0, da7 = a3 — 3a3a4 + a3, day = 4a3as — 3aral — a3, and dby = dby =

0, dbs =2byby — b%, dby; = bi — 3b%b4 + b‘z‘. Further, consider the ideal

I = (2byby — b3, b3 — 3b3bs +b3).

Then, H*(B,d) = A(by,bs) /1. Hence, there is a quasi-isomorphism

0 : AV = (AN (az,as,a7,a9),d) — H*(B,d),
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where ¢(az) = ba,0(as) = by,0(a7) = 0 and ¢(ag) = 0. Thus ¢ is surjective. Moreover,
define 07 = (a7,1),089 = (ag, 1) € Der(AV,H*(B);0). One verifies that 067 = 009 = 0.
Thus, [07] and [B9] are non zero cohomology classes in H,(Der(AV,H*(B);9)). A sim-
ple calculation shows that 8, = (ay,1),04 = (a4, 1) are not cocycles in Der(AV,H*(B);®).
Let & = 57187, then y(8") is a non zero cohomology class in Homuy (AV ® AKsV,B),
for all k > 1. It cannot be coboundary because for B; € Homuy (AV ® /\ksV,B), then
DBy (saz A---Nsa7) = (8K (saz A --- Nsa7) € (saz), where (sa7) is the ideal generated by
sa7. But y(8%)(sa7 A--- Asaz) = k!. In a similar way, (s~!09)* # 0. Therefore, HH* (A\V; B)

contains a polynomial algebra isomorphic to A(s~107,57109) = A(s~ G, (AV,B;0)).
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5 Main result

We begin this chapter by providing details on main result which extends (Gatsinzi, 2016).
A space X and its model (AV,d) are called elliptic, if and only if V and H*(AV,d) are
both finite dimensional. Topologically, this means that both 7, (X) ® Q and H*(X;Q) are
finite-dimensional Q-vector spaces (Félix et al., 2001, §32). For instance homogeneous
spaces are elliptic. Let X be an elliptic space. A space X is an n-stage Postnikov tower
and its minimal Sullivan model is given by (AV,d) = (AN(Vo @ -+ @ V,—1),d), where dV; C
AVo@---@®V;_1). Homogeneous spaces are elliptic 2-stage Postnikov towers. Our aim
is to study properties of the map induced in Hochschild cohomology by a Koszul Sullivan
model (KS-model for short) of a TNCZ fibration with base an elliptic 2-stage Postnikov

tower. Hence, our main result reads as follows.

Theorem 5.0.1. If F — E 2 X isaTNCZ fibration, where X is an elliptic 2-stage Postnikov
tower and f : (A\V,d) — (C,d) a KS-model of p, then the induced map in Hochschild

cohomology

HH*(f) : HH*(AV;A\V) = HH*(A\V;C)

is injective.
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5.1 Hochschild cohomology of certain Koszul Sullivan extensions

We present some results about Hochschild cohomology for the kind of commutative differ-
ential graded algebras that arise as minimal models in rational homotopy theory.

Let (AV,0) be a Sullivan algebra where V is finite dimensional. We consider a KS-model
f 1 (AV,0) — (AV & Axprr1,d) = C of commutative differential graded cochain algebras,
where dxpi1 € AV is non zero. It induces a homomorphism of Hochschild cochain com-
plexes

@ : Hompy (AV @ AsV,AV) — Hompy (AV ® AsV,C).

If g € Hompy (AV ® AsV, AV), then ®(g) is the composition of AV-modules
S
(AV @ AsV,0) 5 (AV,0) = (AV @ Axasr,d).
Moreover, for g € Homuy (AV ® AsV,C)

(Dg)(sv) = dc-g(sv) — (= 1)¥lg(D(sv)),
= dcg(sv) — (=1)¥lg(=Sdv),
= deg(sv) — (=1)¥1g(0),

=dcg(sv).
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Hence, g is a cocycle if and only if dc(g(sv)) = 0.

Theorem 5.1.1. Let f: (AV,0) — (AV & Axogr1,d) = C be a KS-model, where dxpy| €

AV is non zero. Then,

HH*(AV;C) = Hompy (AV @ AsV,H*(C)).

Proof. We consider the complex

Homuy (AV ® AsV,C).

Let g be a cocycle in Homuy (AV ® AsV,C). Given a homogeneous basis {w;} of AsV and

g(w;) = b;, we have that,

(Dg)(wi) = dcg(wi) = dc(bi) =0.

Therefore, g is a cocycle if and only if each b; is a cocycle in C. We show that, g is not a
coboundary. We claim this by contradiction. Assume g is a coboundary, then there is a g;

such that Dg; = g. Hence

(Dg1)(wi) = dcg1(wi) = g(wi) = b;.

Thus, b; is a coboundary, this is a contradiction. Hence, g is a coboundary if and only if
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each b; is a coboundary. Conversely, if b; € C is a cocycle if and only if g is a cocycle.
Hence,

HH*(AV;C) = Hompy (AV @ AsV,H*(C)).

In particular,

HH(*U(/\V;C) =~ Hom(sV,H*(C)).
[

Theorem 5.1.2. Let f: (AV,0) — (AV ® Axoxr1,d) be a KS-model, where dxy1 € AV
is non zero. Then, the induced homomorphism of Hochschild cochain complexes @ :

Homuy (AV @ AsV,AV) — Hom,y (AV @ AsV,C) satisfies

ker H(®) = Homuy (AV @ AsV,PNAV)

where P is the subspace of coboundaries of C.

Proof. We consider

@ : Hompy (AV @ AsV,AV) — Homuy (AV @ AsV,C).

Assume, ®(g) = fog is a coboundary in Homuy (AV @ AsV,C). That is, f o g = dg’ where
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g € Hompy (AV ® AsV,C). Then for a homogeneous basis {w;} of AsV,

(Dg")(wi) = dc(g'(wi)) = dc (o),

where o; = g'(w;). Hence, (f o g)(w;) = dc(oy). Thus, fog € Hompy (AV @ AsV, PN
AV). Conversely, if fog € Homay (AV @ AsV,PNAV), then H(®)([g]) = 0. Thus, [g] €
ker H(®) and

ker H(®) = Homuy (AV @ AsV,PNAV).

]

Theorem 5.1.3. If f : (AV,d) — (AV,d) ®@ (A\W,d) = (C,d) is a trivial KS-model, where

W is finite dimensional, then

HH*(f) :HH*(AV;A\V) — HH*(A\V;C)

is injective.

Proof. Consider the induced map

¥ : Homuy (AV @ AsV,AV) — Homuy (AV @ AsV,C).
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If g € Hom,y (AV ® AsV,AV), then W(g) is the composition

f -
(AV @ AsV,D) 55 (AV,d) » (AV,d) @ (AW, d).

Let [g] € ker HH*(f), we have that f o g € Hom,y (AV ® AsV,C) is a coboundary. That is,
there is ¢’ € Homuy (AV ® AsV,C) such that Dg’ = f o g. For a homogeneous basis {w;} of

AsV we have (Dg')(w;) = (fog)(w;).

Hence

(Dg')(wi) = d(g'(wi)) — (—1)¢'lg'(D(wy))

= (fog)(wi).

We can decompose g’ as g'(w;) = a; ® 1 +a,, where o, € AV @ ATW and a; € AV. Hence

d(g' (wi)) = da; ® 1 +do,. Therefore,
da;® 1 +doy, — (=1)¥1g' (D(wi)) = (f o) (w). ®)
Moreover, consider the projection

(AV,d) @ (AW, d) B (AV,d).
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Define

g’ (AV@AsV,D) — (AV,d)

by ¢’ (wi) = (pog’)(wi) = a;. We show that (Dg")(w;) = g(w;).

(Dg")(wi) = d(g"(wi)) — (—1)¥"lg" (D(w)),

//|

=d(pog)(w;)— (~1)l(pog" (D)),
= p(fog)(wi>7 USing (8)7

= g(wi).

We have that, (Dg”)(w;) = g(w;), which implies that g is a coboundary in Homuy (AV ®

AsV,AV). Therefore, [g] = 0. Hence, HH*(f) is injective. O

5.2 Mapping spaces and fibrations over spheres

In this section, for simplicity, we consider a based map p : E — S, together with certain
fibrations over spheres, and show that they yield injective maps in Hochschild cohomology.
Let p: E — S?" be a based map and f : (AV,d) = (A(x2n,X4n—1),d) — (B,d) a Sullivan
model of p. We study the following induced homomorphism of Hochschild cochain com-
plexes

@ : Hompy (AV ®@sV,AV) — Homay (AV @ sV, B).
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We prove the following.

Theorem 5.2.1. Let p : E — S** be a based map and f : (N(xon,X4n_1),d) — (AV,d) =

(B,d) a Sullivan model of p. Then

fi : Der A(xan, Xan—1) — Der(A(x2n,X4n—1), B; f)

is injective in homology.

Proof. Consider the minimal Sullivan model of S?* given by (A (x2,,,%4n_1),d) where dxo, =
0 and dx4,—1 = x%n. The Lie algebra (Der A(x2;,,x4,—1),0) is generated (as a vector space)

by the derivations 0, = (x2,1), 02,—1 = (X4n—1,%21), O4n—1 = (x4p—1,1). A straightfor-

ward calculation shows that the differential is given by 805, | = 804,_1 = 0, 80,, =

205,_1. Thus

H.(Der A(x2,Xan—1),0) =< [Oan—1] > .

Therefore, H;(Der A(x2,,X4n—1),0) = Q for i = 4n — 1 and vanishes in all other degrees. If
0 € Der A(x2,X1n—1), then f,(0) is the composition A(x2,,X45—1) 5, (A(x20,Xan—1),d) i>

(AV.d). So, f«(04n—1) = (Xan—1,1) = O4p—1. Moreover, 04,1 cannot be a boundary for

degree reasons. Hence H (fi)([04,—1]) # 0, which implies H(f,) is injective. O

Let (AV,d) be a minimal model of X. If 4 : X — Xg is the rationalization of X, then
G«(NV) = G.(Xg) (Félix et al., 2001, Proposition 29.8). In the proof of Theorem 5.2.1, it
shown that H,(Der AV) = G, (S*"). Moreover, if 7 is odd, then H,(Der AV) = G, (S").
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Theorem 5.2.2. (D. Sullivan, 1977; Lupton & Smith, 2007) Let p : E — B be a map be-

tween simply connected CW-complexes of finite type and f : (AV,d) — (C,d) a Sullivan

model of p. Then there are natural isomorphisms

H,.(DerA\V) = . (aut; (B)) @ Q

H.(Der(AV,C; f)) = m.(map(E, B; p)) ® Q,

where aut| (B) denotes the monoid of self homotopy equivalences of B which are homotopic

to the identity.

We deduce the following result.

Corollary 5.2.3. Let p: E — S" be a based map. The map p* : aut; (S") — map(E,S"; p)

induces an injective map of rational homotopy groups

T, (aut; (8")) @ Q — m.(map(E,S"; p)) @ Q.

Proof. The proof follows immediately from Theorem 5.2.2 and Theorem 5.2.1. [

Further, we remind here that in 1977, S. Halperin (Halperin, 1977) formulated a conjec-
ture saying that every fibration with fibre an elliptic space X with evenly graded cohomol-
ogy (equivalently, with positive Euler characteristic) is TNCZ. This conjecture has been

verified in the following cases: if H*(X,Q) has at most three generators (Lupton, 1990;
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Thomas, 1981), if X is a flag manifold and X = G/H is a homogeneous space, where G
and H have equal rank (Meier, 1981; Shiga & Tezuka, 1987). The following result uses

some of these ideas supported by an example.

Theorem 5.2.4. Given a TNCZ fibration X — E Ly §2n ith

f: (/\V,a') = (/\(X2n,X4n_1),d) — (/\(X2n,X4n_1) ®/\W,D) = (C,d)

a KS-model of p, then the induced map in Hochschild cohomology

HH*(f) : HH*(AV;AV) — HH*(AV;C)

is injective.

Proof. Let (AV,d) = (A(x2n,Xan—1),dx2n = 0,dxap—1 = x%n) be the minimal Sullivan model

of §2. The complex (Hom,y (AV ® AsV,AV), D) is isomorphic to

(AV @ A((sx4n-1)", (5x20)%), D(sX4n-1)" = 0,D(sx20)" = —2x25(5X4n—1)"),

where {(sx4,—1)%, (sx2,)*} is a basis of the dual vector space (sV)* = Hom(sV, Q). More-

over, define g € Hom,y (AV ® AsV, AV) by

g(sx2n) = Xxon,  g(SXan—1) = 2x4p—1.
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A simple computation shows that g is a cocycle and [g] is non zero in HH*(AV;AV).
Then, HH*(AV;AV) is given by H*(AV,d) & AT (sxan—1)*® < [g] > . Moreover, for i >
1, ((sx4n_1)*)" is represented by ¢; € Homuy (AV ® AsV, AV) such that ¢;((sx4,-1)") = 1
and zero otherwise. We claim: HH*([¢;]) # 0 in HH*(AV;C). By contradiction, assume

there exists & € Homuy (AV ® AsV,C) such that DE; = ¢;. Hence

(DE;) (sx4n—1) = DEi(sx4n-1) — (—1)51E; (dsxgn1)
= D%i(SX4n71) - (—l)mi‘&i(zxZnstn)

= DEi(sxan_1) — (—1)512x0,&i (s5302,) = 1.

But DE;(sx4,1) € C=2. In the same way, 2x2,&;(sx2,) € C=2, which is in contradiction with
(DE;)(sx4n—1) = 1. Hence HH*(f)([¢;]) # 0. Further, assume there is g’ € Homy (AV ®
AsV,C) such that Dg’ = f o g. But (Dg')(sx2,) = Dg'(sx2,,) = x2,. This implies there is y €
AW such that dy = x,, which is a contradiction as the fibration is TNCZ. Thus, HH* (f)([g])
# 0. Therefore, HHZ | (f) is injective. Finally, HH(*O) (f)=H*(f): H(AV,d) — H*(C) is

injective as H*(p) is injective. N

Example 5.2.5. Consider the KS-model f : AV = (A(x2n,X4n-1),d) — (AVRA(x2,x20—1),
Dxy = 0,Dx2,—1 = x5 +x2,,), where f(x2,) = x2, and f(x4,—1) = X4,—1. This is a model
of a fibration CP(n— 1) — E — $*'. Moreover, H*(CP(n— 1);Q) = Axy/(x4~"). Thus,

the cohomology H*(CP(n — 1);Q) is monogenic, i.e., it has a single even generator, so
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this fibration is TNCZ (see (Thomas, 1981)). Recall that,, HH*(AV;A\V) =2 H*(AV.,d) @
AT (5%x4n-1)*® < x20(5x20)* — 2%x4n—1(sX4n—1)* > . Moreover, HH* (f)([((sx4n—1)*)']) # 0
and HH* (f)([x2n (sx21)* — 2X45—1(sx4n—1)*]) # O for degree reasons. Further, H* (f)([x2,]) =

[x5] # 0. Thus, HH*(f) is injective.

5.3 Proof of the main result
We remind here the main result.

Theorem 5.3.1. If F — E L X isaTNCZ fibration, where X is an elliptic 2-stage Postnikov
tower and f : (A\V,d) — (C,d) a KS-model of p, then the induced map in Hochschild

cohomology

HH*(f) : HH*(\V;AV) — HH*(AV;C)

is injective.

Proof. Let ‘B be an elliptic 2-stage Postnikov tower of which the minimal Sullivan model
is given by (AV,d) = (A(Vo ®V)),d) with dVy = 0 and dV; C AVy. Then, HH*(AV;AV)

will be computed from a complex of the form

(Hompy (AV @ AsV,AV),D) = (AVRNZy® Z1),d),

where Zy = (sV1)* =571V}, Zy = (sVp)* = s~ 1V, and dZy = 0, dZ; C AV ®Zp. Let
C = AV @ AW. In the same way, HH*(AV;C) is computed by the complex (AV @ AW ®
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N(Zo @ Z1),d). The Hochschild complex inclusion C*(AV;AV) — C*(AV;C) is modelled
by (A\VRN(ZoBZ1),d) A (ANVRAW RN(Zy®Z1),d). Our goal is to show that HH* (f) =
H,(0) is injective. We begin by filtering (AV & A(Zo @ Z1),d) with the wedge degree in

Zy. Thatis, F, = (AV ® AZy) @ ASPZ;. We get an increasing filtration

S H=NVRNZYCFHC---CF,CF,;1 C:---CAVRNZY®NZ,

where dF, C F,,_. This yields a spectral sequence such that

Ep,=(A\VRAZ)@NZ,

E),=H"(A\V®AZ)@N'Z = H (A\V)RNZyR N Z).

As (AV,d) = (A(Vo®V1),d) with dVy = 0 and dV| C AVp, then the above spectral sequence

collapses at E 2_level. The E!-term, together with differentials, is pictured below

1
Ep7>k p 1,%

H*(AV) ® AZo @ ANPZy —2 H*(AV) @ AZy @ AP~ Z4.

Likewise, we filter (A\V @ AW @ A(Zo@® Z,),d) by the wedge degree in Z;, which gives rise

to a spectral sequence {E,}. Then ¢ : (AV @ A(Zo B Z1),d) — (A\V QAW QA (Zy & Zy),d)
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induces a morphism of spectral sequences as shown below.

d d d
1 1 1 1 1 1 1
Ep,* Epfl 0 El,* EO,*
L‘]’l » lqh p—1 lq)l.l th 0
_ dy = d _ d —
1 1 1 1 1 1 1
Ep,* Epfl,* ) El,* 0,%"

Now, to show that HH*(f) is injective, it is enough to show that ¢2 . = H. (¢ ) is injective.

Consider the following commutative diagram

di

H*(A\V)®NZy@ AP Z, H*(A\V)® AZy R NPZ)

l¢1,p+1 L¢1,p

——=H (A\VRAW) @AZy@ A\PT1Z d—‘>H*(/\V®/\W) QRNZyRNPZ| —

As H*(p) is injective, then @1 p is injective for each p. Let x # 0 € H*(A\V ® AZg) @ A\PZ;
be a dj-cocycle. We show by contradiction that H, (¢ ,([x])) # 0 in H,(H*(A\V @ A\WW) ®
NZo @ NPZy,dy). Assume 01 ,(x) is a coboundary. Hence, there is y € H*(AV ® AZp) ®
APT1Z, such that dyy = 0 (x). Let A = ImH*(¢) C H*(AV @ AW) and A’ its complement.
Then y = y; +y2, where y; EARAZy@APTLZ and ys € A’ @ AZo @ ANPTIZ1. As 91 ,(x) €
AR NZy® NPZy, and dyy, € A’ @ NZy @ NPZy, then dyy, = 0. Moreover, there is x| €
H*(AV ® AZy) @ APT1Z; such that &1 p+1(x1) = y1. As the diagram above commutes, one

gets

01,p(d1(x1)) = diyr = ¢1,p(x).
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But ¢; , is injective, so we deduce that x = d;(x1). Hence H.(¢1,)([x]) # 0. Therefore,

H. (¢ p) is injective. O

As HH*(AV;AV) and Hi, (XS1 ;Q) are isomorphic, where (AV,d) is the minimal Sulli-

van model of X, we deduce the following result.

Corollary 5.3.2. If F - E L, X is a TNCZ fibration, where X is an elliptic 2-stage Post-

nikov tower and f : (AV,d) — (C,d) a KS-model of p, then the natural graded linear map
HH*(f) : H.(XS';Q) — HH*(AV;C)

is injective.

Example 5.3.3. Given the KS-model f : AV = (A(x2,x5),d) — (AV @ A(y2,y3),

Dy, = 0,Dy3 = x5 —y3). It is a model of a fibration CP(1) — E — CP(2) which is TNCZ,
as the cohomology H*(CP(1);Q) = Ay,/(y3) is monogenic (see (Thomas, 1981)). More-
over, H,(CP(2);Q) & H,((Ax2/(x3) ® A(z4,21),d),dzs = 0, dz) = 3x324. Here Z; (resp.
Zy) is spanned by z4 = (sxs)* (resp. z1 = (sx2)*). The non-zero homology classes are repre-
sented by {xé,xézl,xézlz’j, k>0,0<j<1,1<i<2} (see, (Gatsinzi, 2016)). Moreover,
at the E!-level of the spectral sequence, we have --fll—> EI;* qlf E ;7* —>d1- -~ and ¢ ) are
injective because the fibration is TNCZ. So, for every non zero homology class y € E ;7*,

we have that H,(¢1,,)([y]) # O for degree reasons. Hence, HH*( f) is injective.
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5.4 Conclusion and Future Work

As we couldn’t find, to the best of our knowledge, the precise references in the literature
that extend some of the work of Banyaga et al. (2018) and Gatsinzi (2019, 2016), the focus
of this thesis research is to serve as an extension to the work of Banyaga et al. (2018) and
Gatsinzi (2019, 2016).

On the other hand, the study of Hochschild cohomology of C = (AV,d) ® (AW,d) is also
an interesting research subject and should have an application to rational homotopy theory
with a viewpoint to string topology. Here, we consider the following problem recom-
mended for future work. To introduce the difficulties once at a time, one should begin to
establish an explicit isomorphism between HH*(C;C) and the product HH*(AV;A\V) ®
HH*(AW;AW) as graded algebras, furthermore, as Gerstenhaber algebras (we could not
obtain a specific reference of this in the literature). Secondly, one should use what is
proved in (Gatsinzi, 2017) that for minimal Sullivan algebras, the cochain complex (AV ®
As~1V*.d) computing Hochschild cohomology is a differential BV algebra which ex-
tends the Gerstenhaber structure. In particular, let (AV,d) and (AW,d) be two commu-
tative differential graded algebras, where V and W are finite-dimensional. Then (AV,d) ®
(AW.d) = (AN(V @& W),d) should have also a relative Sullivan model. Hence, one should
show that there is an isomorphism of differential BV algebras (A\V @ As~!'V*,d) @ (A\W ®

As~IW* d) =2 (ANVOW)@As H(V O W)*,d).
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