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Abstract

As new viruses and new pandemics emerge we face the question as to whether
our global health systems are well prepared to deal with them. Non pharma-
ceutical measures are a key control measure in the battle against infectious
diseases especially in the absence of vaccines or when available vaccine
quantities are not sufficient. The 2014-2016 West African outbreak of Ebola
Virus Disease (EVD) was the largest and most deadly to date. Contact tracing,
following up those who may have been infected through contact with an infected
individual to prevent secondary spread, plays a vital role in controlling such
outbreaks. Our aim in this work was to mechanistically represent the contact
tracing process to illustrate potential areas of improvement in managing
contact tracing efforts. We also explored the role contact tracing played in
eventually ending the outbreak. We presented a system of ordinary differential
equations to model contact tracing in Sierra Leonne during the outbreak.
We included the novel features of counting the total number of people being
traced and tying this directly to the number of tracers doing this work. Our
work highlighted the importance of incorporating changing behavior into one’s
model as needed when indicated by the data and reported trends. Our results
showed that a larger contact tracing program would have reduced the death
toll of the outbreak. Counting the total number of people being traced and
including changes in behavior in our model led to better understanding of

disease management.

Viral outbreaks differ in many ways, despite these differences policy responses
used to tackle viral epidemics tend to be similar across time and countries.
Substantial progress has been made since the 2014-2016 Ebola outbreak with
lessons learnt from previous and ongoing outbreaks followed by significant
investments into surveillance and preparedness and this has been of help in

dealing with the COVID-19 pandemic. We formulated a mathematical model

xiil



for the spread of the coronavirus which incorporated adherence to disease
prevention. The major results of this study were: first, we determined optimal
infection coefficients such that high levels of coronavirus transmission were
prevented. Secondly, we found that there existed several optimal pairs of
removal rates, from the general population of asymptomatic and symptomatic
infectives respectively that could protect hospital bed capacity and flatten
the hospital admission curve. Of the many optimal strategies, this study
recommended the pair that yielded the least number of coronavirus related
deaths. The results for South Africa, which is better placed than the other
sub-Sahara African countries, showed that failure to address hygiene and
adherence issues will preclude the existence of an optimal strategy and could
result in a more severe epidemic than the Italian COVID-19 epidemic. Relaxing
lockdown measures to allow individuals to attend to vital needs such as food
replenishment increases household and community infection rates and the

severity of the overall infection.

Although the tobacco epidemic is one of the biggest health threats, responsible
for more than 8 million deaths annually with 15% of these caused by second
hand smoke , only a few mathematical models have addressed smoking in the
context of lung cancer. In our work we present two models, a stochastic model
and a deterministic model both of which are fitted to actual smoking data. The
expected solution of the stochastic model predicts a steady state solution in the
long run for the moderate and heavy smokers with proportions of these popu-
lations remaining to sustain the habit contrary to the trend in the actual data
which suggests extinction of these populations. The deterministic model, re-
vealed that the presence of highly quantifiable efficacious control measures can
reduce the lung cancer load by 50% although the number of lung cancer deaths
would remain the same for sometime. These results confirm the conclusions
of the stochastic model and reveal further that these control measures can re-
duce the lung cancer load and lung cancer deaths by about 50% if there is a
reduction of at least 20% in the population of susceptible individuals taking up

smoking. Specifically, if the number of new potential (susceptible) smokers ex-
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ceeds a quantifiable threshold, A*, then even if R, < 1 there is persistence of

the epidemic.

Keywords: Contact tracing; Hospital capacity; Lung cancer; Optimal con-

trol; Smoking; Bifurcation analysis
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Chapter 1

Introduction

1.1 Introduction

Epidemiological studies in the twentieth century were dominated by studies of
infectious diseases but as lifestyles have changed due to improved standards of
living which ushered in processed food stuffs, laid back lifestyles etc., it has be-
come apparent that non-communicable diseases (NCDs) have overtaken infec-
tious diseases in terms of number infected and mortality [1, 2]. The dominance
of NCDs is being challenged by the SARS-2 viral infections currently known as
COVID-19 and its variants which is highly infectious and spreads in a variety
of ways including close contact with contaminated surfaces, air, etc [3]. Luck-
ily, humanity has been spared of the worst effects of the current pandemic due
to tremendous scientific improvements in pharmacology, virology amongst other
things. The rapid development of the vaccines (developed within 1 year) reduced
the full effect of the SARS-2 virus in human beings [4].

The burden of NCDs on healthcare systems and generally economies, es-
pecially chronic diseases such as diabetes, cardiovascular diseases, cancers,
asthma etc., is a growing concern for all nations. What is more worrying is
how individuals infected with these diseases will fare if they are co-infected
with SARS-2 virus (COVID-19) [5].

The World Health Organization (WHO), report of 2017 on NCDs shows that
these diseases kill about 40 million people each year, equivalent to 70% of all

deaths globally. The report shows that of these deaths, cardiovascular diseases



account for the most with 17.7 million deaths annually, followed by cancers (8.8
million), respiratory diseases (3.9 million) and diabetes (1.6 million) [6]. It is
important to point out that in the 18 months of SARS-2, a respiratory disease,
over 4 million individuals have lost their lives [7]. This is a warning to humanity
as this respiratory disease (COVID-19) has contributed over 50% per annum to
the 2017 mortality total of 3.9 million (for respiratory diseases).

The four diseases, cardiovascular, cancers, asthma and diabetes, account for
over 80% of all premature NCDs deaths and constitute a threat to missing the
2030 targets of the Sustainable Development Goals (SDGs) of reducing prema-
ture NCDs deaths by one third [8]. Achieving the SDGs is dependent on re-
ducing some of the most prominent risk factors such as tobacco use, physical
inactivity, harmful use of alcohol and unhealthy diets.

Tobacco use is linked to severe COVID-19 but not COVID-19 deaths, an as-
sertion which is disputed [9]. In any case, tobacco use is a preventable habit.
However, in developing countries the argument against tobacco use appears to
be a lost cause as advertising of tobacco products is associated with the high
standard of living in the Western countries [10]. The use of alcohol is another
habit which is popularized by lucrative advertizing and sponsorship of popular
activities such as sport by breweries and the movie industry [11, 12].

Ozturk and Fidanci [13] have given the statistics on tobacco use which
show that more than one billion people and a quarter of the adult popula-
tion globally use cigarettes and other tobacco products. Consumption is on
the rise especially in low-middle income countries (LMICs) as shown by the
WHO 1980-2016 statistics [14], thereby presenting a possible double burden in
terms of NCDs and infectious diseases for these countries that already have
compromised health systems. The challenge for most LMIC’s are their growing
economies which are still largely dependent on developed countries, therefore
their tax laws with regards to the tobacco industry are still more favorable to
the industry and hence tobacco consumption is still on the rise [15].

Tobacco use causes cancer in multiple organs and is the main cause of lung
cancer, responsible for at least 82% of the cases [16]. Landmark reports by the

Royal College of Physicians in 1962 and the Advisory Commission to the Surgeon



General of the United States in 1964 provided indisputable proof that cigarette
smoking lay at the heart of the worldwide increase in deaths from lung cancer.
Environmental tobacco smoke (ETS) known as second hand smoke (SHS) or
passive smoking is an established risk factor for lung cancer, it is a mixture of
exhaled mainstream smoke and side stream smoke diluted with ambient air.
According to the Global Cancer Observatory (GLOBOCAN) estimates for 2020
[17], more than 2 million people received a new diagnosis of lung cancer and
1.8 million died of lung cancer, comprising of 11.4% and 18% of all cancer cases
respectively.

The year 2020 showed the world the crucial link between communicable dis-
eases and NCDs, and that the management of communicable diseases can have
a direct impact on the control strategies for NCDs. WHO completed a rapid as-
sessment survey in May 2020 and found that 75% of countries reported interrup-
tions to NCD services, amongst the most hard hit were public health campaigns
and NCD surveillance efforts [18]. COVID-19 has seen countries go into strict
lockdown situations, where day to day activities that were considered a norm
were prohibited. Movement between states or countries faced restrictions, the
education system encountered a complete shutdown especially in LMICs as they
could not cope with the evolution from face-to-face learning to online learning,
in hospitals COVID-19 cases took priority over other ailments, giving rise to
questions on whether our health systems can stand up to pandemics and how
sustainable these systems can be in the face of a major global health threat.

With the introduction of lockdown measures, only the most essential as-
pects of day to day life remained in place. Movement to and from shopping
malls to obtain necessities for the home though at a decreased frequency was
allowed, mandatory curfews with set times also meant individuals could still
move around within reason and all essential workers were provided with spe-
cial permits to be able to move to and from their workplaces during the strictest
lockdown levels. In view of these national lockdowns there is possibility of over-
looking households and communities as reservoirs that can worsen COVID-19
transmission as there is no foolproof way of restricting contact between indi-

viduals sharing the same house or that live within the same community. The



COVID-19 virus spreads mainly between people who are in close contact with
each other when aerosols or droplets containing the virus are inhaled or come
directly into contact with the eyes, nose or mouth [19], indoor environments
such as homes, offices, malls, and public transport vehicles pose a particular
challenge as these help fuel household and community transmission. As a re-
sult there is need to develop mathematical models that include household and
community transmission when exploring the strategies that policy makers can
use to contain COVID-19 transmission to combat the disease. In this thesis we
develop a mathematical model for the spread of COVID-19 which incorporates
adherence to disease prevention and the model also highlights how household

and community infection rates can alter the severity of the overall infection.

400
North America

300

200
Europe

100
South America
Asia
Africa

0
Mar 1, 2020 Aug 8, 2020 Nov 16, 2020 Feb 24, 2021 Aug 30, 2021

Figure 1.1: Daily new confirmed COVID-19 cases per million people.
Source: Johns Hopkins University CSSE COVID-19 Data.

The future is shaped by past experiences, in the approach to dealing with
disease outbreak instead of relying only on new measures or new methods it is
important to understand how in the past health systems withstood these sudden
outbreaks. Africa carries the greatest health burden in the world in any given

year, given its ongoing fight against recurring and new infectious diseases. On



average, 21 countries (45% of the continent) experience at least one epidemic
annually [20]. In the last 10 years sub-Sahara Africa has experienced a number
of epidemics including cholera, the Ebola virus disease (EVD), Lassa fever, mon-
keypox, Chikungunya fever and more recently COVID-19 [21]. Africa’s history
with epidemics seems to have worked to its advantage in the COVID-19 pan-
demic [22], fewer cases of COVID-19 have been reported in Africa as compared
to the rest of the world (Figure 1.1). It has been suggested that this is a result
of the lessons learned from the fight against EVD and cholera. For example the
2014-2016 outbreak (predominantly in West Africa) [23] and the 2018 cholera
outbreak in Zimbabwe [24]. Many African countries responded swiftly to the
WHO recommendation to ramp up preparedness even before the pandemic was
declared a public health emergency of international concern, for example Sierra
Leone a country devastated by the 2014 EVD outbreak closed its borders before
recording a single COVID-19 case [22].

Until 2013, EVD outbreaks consisted of small numbers of cases that were
contained by basic public health and containment measures. The largest EVD
epidemic occurred in West Africa between 2013 and 2016 and detection of EVD
cases in the United Kingdom (UK), Sardinia, Spain and the United States of
America (USA) focused global attention on the epidemic. Like COVID-19, the
rapid emergence of EVD required rapid response and targeted control mea-
sures. Africa with its poor health systems has had to rely largely on non-
pharmaceutical health interventions to suppress epidemic curves. Contact trac-
ing was used during the 2014 EVD outbreak with notable success in lowering
transmission rates, this has helped inform and improve contact tracing efforts
for COVID-19. Public health officials learnt to contact trace from these past
outbreaks by learning that trust and communication between governments and
members of the public are vital elements for contact tracing. The challenges of
accessibility of some areas and manpower that were experienced in West Africa
were improved upon as governments embraced modern day technology for con-
tact tracing and the quick dissemination of information on health measures
and steps that can be taken to prevent infection. Focusing on the challenges re-

garding resource allocation during the West African EVD outbreak, this thesis



presents a system of ordinary differential equations to model contact tracing in
Sierra Leone. The model illustrates potential areas of improvement in manag-
ing contact tracing efforts by including new features like counting total number
of people being traced and tying this directly to the number of contact tracers

doing the work.

1.2 Statement of the problem

Emerging infectious diseases due to globalization can spread rapidly across na-
tional boundaries and communities, challenging the ability of public health sys-
tems to prevent and control the spread of the diseases, especially in resource-
limited countries and regions. Contact tracing is an effective method to control
emerging infectious diseases like EVD and COVID-19. Better understanding of
the mechanisms of contact tracing is important for disease management as this
plays a key role in controlling communicable diseases by seeking to break the
chain of transmission between individuals.

To stop lung cancer being a major public health problem in the future, to-
bacco control is still needed to bring the rates down. It is imperative therefore
to develop models incorporating characteristics that link smoking habits and
lung cancer, as valuable tools to predict and understand the efficacy of smoking
cessation interventions. To date there is no known level of safe exposure for non
smokers to SHS resulting in non smokers acquiring lung cancer, there is need
to study the effects secondary smoking has on lung cancer and quantify the risk

that SHS confers on the development of lung cancer.

1.3 Objectives of the study

NCDs have received plenty of attention from governments but action to deal
with combating them clearly remains inadequate. Programs to reduce NCDs
remain chronically underfunded, only 2% of development funding goes toward
their prevention [25]. Cigarette smoking prevalence can be a deceiving indicator

of public health success since there is under reporting of socially disapproved



behaviors [26]. Much of the interpretation in changing lung cancer incidence
(or mortality) trends must take into account patterns of tobacco consumption
and related to this governmental efforts to reduce smoking prevalence [27]. For
a better understanding of smoking prevalence trends, lung cancer incidence and
mortality trends as well as strategies to help in the management of EVD and

COVID-19 we conduct a study whose objectives are as follows:

* To apply contact tracing techniques to increase understanding of disease

management.

* To determine isolation and quarantine strategies that will ensure that

health systems are not overwhelmed by COVID-19 infections.

* To contribute towards policy recommendations on the management of

COVID-109.

* To understand the dynamics between tobacco smoking and the reduction

of lung cancer.

* To investigate efficacy levels of control measures capable of clearing the

lung cancer caseload.

1.4 Organization of the work

This work is organized as follows: Chapter 2 reviews various studies about EVD,
COVID-19, tobacco smoking and lung cancer. Chapter 3 will discuss mathemat-
ical and numerical tools used in this study. In Chapter 4 we present a math-
ematical model for EVD which focuses on contact tracing and the role it could
possibly play in ending the EVD outbreaks. In Chapter 5 we present a math-
ematical model for COVID-19 which explores various strategies for controlling
the disease. In Chapter 6 we present a mathematical model that explores the ef-
fect of smoking habits on lung cancer incidence. Chapter 7 discusses the results,

recommendations and possibilities of future work.



Chapter 2

Literature Review

Throughout history, the spread of infectious diseases has been linked to hu-
man trade and travel, but in recent times, modern globalization and increasing
populations have increased the probability of occurrence and the impact of out-
breaks and pandemics. As new viruses and new pandemics emerge we face the
question as to whether our global health systems are well prepared to deal with
them. In the absence of vaccines or when vaccine quantities required are not
sufficient an alternative approach is to stop infections through non pharmaceu-
tical control measures. One such control measure is contact tracing and it has
been shown to be a key control measure in the battle against infectious diseases
[28].

Contact tracing involves identifying and monitoring individuals who have
been in close contact with an infected person. In its simplest form contact trac-
ing and isolation can be traced as far back as the medieval period in Europe,
whilst the Black death (plague) raged through towns and cities across the con-
tinent, sufferers were not only impelled to quarantine in their homes, but their
houses were marked with crosses on the door to alert others to avoid attempt-
ing contact with the infected individuals [29]. One of the most successful exam-
ples of contact tracing is probably the eradication of smallpox, due to a process
known as “ring vaccination” which consisted of monitoring smallpox cases in a
community and intervening for those who were at risk of infection. Small pox
was officially declared eradicated in 1979 [30]. Early forms of contact tracing

were applied to other infectious diseases for example tuberculosis, cholera, sex-



ually transmitted infections like HIV (human immunodeficiency virus) as the
late nineteenth century progressed [31].

Between 2014 and 2016, when the Ebola virus disease (EVD) was ravaging
communities in West Africa, healthcare workers extinguished the epidemic by
finding and quarantining contacts of anyone who caught the disease. To date
the 2014-2016 outbreak in West Africa has been the largest outbreak, 28 615
cases of EVD and 11310 deaths were reported in Guinea, Liberia and Sierra
Leone [32]. There were an additional 36 cases and 15 deaths that occurred
when the outbreak spread outside of these three countries [32].

Transmission of EVD to humans can occur via two routes. Primary infec-
tion, via infected animals and non-human primates, and secondary infection,
via human-to-human direct contact. in the latter case, transmission occurs via
blood or body fluids of an infected/dead person due to EVD or due to contami-
nated objects with body fluids containing the virus [33]. The incubation period
for EVD is between 2-21 days. EVD is not transmitted until the EVD-infected
individual develops symptoms such as fever, weakness, fatigue, gastrointestinal
symptoms and others [34].

Mathematical models are helpful in the process of linking biological pro-
cesses of transmission and the dynamics of infection at the population level,
allowing for optimal use of limited resources and efficient targeting of control
measures in public health systems. Since the 1980’s, modellers have developed
a consistent theory for contact tracing, with the aim to find effective and effi-
cient implementations and to assess the effects of contact tracing on the spread
of infectious diseases [35]. A general modeling framework for measuring the
population-level effect of contact tracing with epidemic data is needed for Ebola
and other emerging pathogens. Chowell and Nishiura [36] illustrated the in-
sights for disease management that can come from modeling, connected with
Ebola epidemiological data and discussed the need for understanding the ef-
fectiveness of contact tracing. They show that mathematical modeling can be
a valuable tool for assessing the risk of EVD epidemic and for predicting the
impact of health measures on disease spread.

Rivers et al [37] built an SEIHFR (Susceptible-Exposed-Infectious-



Hospitalized-Funeral-Recovered/removed) model of the epidemic in Sierra
Leone and Liberia while it was ongoing and before it had reached a peak. A
deterministic version of the model was fit and validated to the current outbreak
data, whilst forecasting into the future was done using a stochastic version of
the model. By increasing the proportion of diagnosed and hospitalized infected
cases and by decreasing the time for hospitalization of infected individuals,their
work showed that improved contact tracing can have a substantial impact on
the number of Ebola cases, but is not sufficient to control the EVD epidemic.
However since their model was calibrated using data before the peak of the epi-
demic in Liberia it is possible that the results could be biased as they could
not capture contact tracing when resources were overwhelmed and what may
be deemed a success during a period with lower reported number of cases may
differ when the numbers are increased. In resource strapped countries it is
important to take cognizance of such limitations and although they increased
contact tracing they did not take into consideration the number of contact trac-
ers needed in such a scenario.

Browne et al [38] in their SEIR model incorporated contact tracing by build-
ing separate compartments for exposed and infectious individuals being traced.
They considered key features of contact tracing and characterized the impact
of contact tracing on the effective reproduction number R. of Ebola. browne et
al [38] determined how incubation period, infectious period and case reporting,
along with varying monitoring protocols, affect the efficacy of contact tracing.
They found that increasing the fraction of cases reported and increasing the
fraction of reported contacts that were traced could bring R, below 1. They
also provided weekly point estimates for the effective reproduction number for
Guinea and Sierra Leone. However their model did not include spread from
contact with deceased individuals yet they are a significant source of infection
mainly due to traditional funeral practices where the washing or handling of
the dead body is done by relatives and before the body is laid to rest family
members or friends can kiss or embrace the body as a final farewell.

Webb et al [39] objective was to develop a mathematical model of the 2014

EVD epidemic in West Africa. Based on numerical simulations, they obtained
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a reasonable visual fit and identified rough rules of thumbs for containing the
epidemic. Webb et al [39] built an SEIR model form as well as a corresponding
stochastic model implementation, which included a compartment for contam-
inated deceased (improperly handled corpses of infected) individuals, but did
not include a hospitalized compartment. Projections by [39] indicated that the
containment of the epidemic required a high level of both general identification
and isolation process and contact process for removing infectious individuals
from the susceptible population. The model included the main features of con-
tact tracing, namely, the number of contacts per identified infectious case, the
likelihood that a traced contact is infectious and the efficiency of the contact
tracing process, but did not include the workload of tracing persons who do not
become infected. More questions still need to be answered regarding the effi-
cacy of tracing during times of heightened transmission as contact tracers could
have been overwhelmed with high numbers of contacts that needed tracing.

Viral outbreaks differ in many ways, despite these differences policy re-
sponses used to tackle viral epidemics tend to be similar across time and coun-
tries. Substantial progress has been made since the 2014-2016 EVD outbreak
with lessons learnt from previous and ongoing outbreaks followed by signifi-
cant investments into surveillance and preparedness [40, 41]. Recent history
of a similar event plays a role in altering the perceived threat from the disease
as the loss and pain suffered during the event would still be fresh on people’s
minds. The World Health Organization was more timely in declaring COVID-19
as a Public Health Emergency of International Concern (PHEIC) as compared
to the EVD outbreak. The first case of EVD was reported on 13 December 2013
and it was declared a PHEIC on 8 August 2014 (238 days) whereas the first case
of COVID-19 was reported on 31 December 2019 and it was declared a PHEIC
on 30 January 2020 (30 days) implying that having seen the devastating conse-
quences of delaying considering the EVD outbreak as a PHEIC the organization
could not afford to make the same mistake.

The EVD outbreak taught us that educating the public through the use of
visual aids and messages that highlight the signs and symptoms of a disease as

well as identifying risky behaviors has to be done in a timely manner, to allow
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for early case identification, isolation and reduced transmission in the commu-
nity [42]. The COVID-19 pandemic saw high media coverage as the messages
on COVID-19 were put out on television, radio, print media as well as social
media platforms to enable people to access the necessary information needed
for self-preservation.

Community engagement must form the cornerstone of any COVID-19 re-
sponse as it was key in ending the previous EVD outbreak in Africa [43, 44].
Swanson et al. [45] in their review of the usefulness of contact tracing during the
2014-2016 EVD outbreak recommend the implementation of intensified contact
tracing efforts early in the outbreak and focusing on strengthening surveillance
efforts on all fronts and electronic data systems, decentralizing management of
multidisciplinary teams for better harmonization and oversight, developing and
maintaining clear and well-detailed protocols and adapting community-led so-
lutions to foster cooperation, trust and ownership. COVID-19 has seen contact
tracing being a community led event, it was not restricted to qualified health
personnel only but in various countries daily lists were compiled of people visit-
ing various shopping malls, taxi drivers kept a record of passengers they would
have ferried, alerts on phones in some countries would notify a person’s contacts
if they tested positive, to mention a few. This gave everyone a sense of purpose
and created better contact tracing efforts that had a far greater outreach.

A united front goes a long way in helping achieving desired goals or attain-
ing desired results in most situations. Outbreak response requires concerted
effort and should not be left for any one government or organization. During
the 2014-2016 EVD outbreak the international community committed USD100
million to fight the epidemic. This enabled the deployment of more medical per-
sonnel to assist in combating the outbreak [46]. The same efforts have been
noted for COVID-19 with governments collaborating and coordinating events
such as lockdown measures, the development of vaccines as well as their dona-
tion to other countries with less access to these vaccines. Due to these efforts
the resilience of the human race amidst crisis has remained intact.

Since the first case of COVID-19, various mathematicians around the world

have developed different mathematical models to understand the transmission
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dynamics of the virus and have investigated the effects and impact of different
intervention strategies on the disease.

Deressa et al [47] developed an SEIAHR mathematical model to study the
transmission dynamics of COVID-19 in Ethiopia. Calibration of the model was
done using the actual data of confirmed COVID-19 cases in Ethiopia. From their
results intervention strategies greatly reduced the number of individuals in the
compartments of exposed, symptomatic, asymptomatic and hospitalized cases
for COVID-19. The much needed decreases in the compartments was achieved
through the proper usage of personal protective measures but this had to be
maintained for a long period of time. However, they only considered infection
from symptomatic and asymptomatic infected individuals but neglected infec-
tion from the environment which is applicable in the African context as good
sanitation and hygiene measures are difficult to maintain in countries with poor
economies and poor health systems.

Garba et al [48] used a compartmental model to analyze the transmission
dynamics of COVID-19 in South Africa. They used an SEIR model modified by
incorporating classes that accounted for asymptomatic transmission and isola-
tion/hospitalization. The model incorporated the role of environmental contam-
ination by COVID-infected individuals. Garba et al [48] assessed the impact
of various control and mitigation strategies and established that monitoring,
testing and following up on the contacts and confirmed COVID-19 cases was
important in curtailing the pandemic in South Africa. Garba et al [48] found
the reproduction number for South Africa R., to be 2.9562, suggesting an out-
break which was out of control in South Africa. Their study suggested that care
should be taken before reducing COVID-19 alerts so as to avoid loss of the gains
made in managing the pandemic up to that moment.

Kassa et al [49] formulated and analyzed a mathematical model for the
transmission of COVID-19. The model incorporated a behavior change func-
tion to account for the proportion of individuals who decided to use any of the
self-protective measures and adhered to them, as well as the concentration of
the pathogen in the environment. The study by [49] also considered a proportion

of individuals with a history/knowledge of similar infections from the past and

13



practiced necessary protective measures right from the onset of the epidemic.
Failure to develop permanent immunity against the disease for recovered indi-
viduals resulted in the model by [49] exhibiting a backward bifurcation. Kassa
et al [49] suggested that if countries were unable to carry out extensive vacci-
nation they needed to be able to identify and isolate at least 30% of the asymp-
tomatic infectious group of individuals while treating in isolation at least 50%
of symptomatic patients to control the disease. Although [49] consider trans-
mission from the environment they did not consider household and community
transmission as health personnel and key workers are possible infection agents
in the COVID-19 context.

Mukandavire et al [50] adapted an SEIR compartmental model to fit to the
observed cases of COVID-19 in South Africa and explored how the use of vac-
cines for different hypothetical vaccine efficacy scenarios could help in contain-
ing the disease. Early model estimates showed South Africa had a basic repro-
ductive number of 2.95, confirming COVID-19 was there to stay in South Africa
and the outbreak had the potential to crossover to other geographic locations.
A vaccine with more than 70% efficacy as well as a high vaccine coverage rate
of 94.44% would have enabled the containment of the COVID-19 pandemic as
findings by [50] suggest. [50] recommended that maintaining social distancing
measures at current levels will remain essential in controlling the infection in
the absence of widespread vaccines or therapeutic options. However, since the
study used hypothetical scenarios, the conclusions of this study could not be val-
idated and further studies are required using real time data after the COVID-19
vaccination roll-out program has been done. Furthermore, focus still needed to
be maintained to consider the efficacy of non-pharmaceutical control measures
for COVID-19.

Ngonghala et al [561] developed a Kermack-McKendric SEIR type com-
partmental deterministic model incorporating features pertinent to COVID-19
transmission dynamics and control such as the quarantine of suspected cases
and the isolation/hospitalization of confirmed COVID-19 cases. The model by
[51] showed that the worst-case scenario projections for cumulative community

mortality (based on the baseline levels of anti-COVID non-pharmaceutical in-
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terventions considered in the study) decreased dramatically if the strict social
distancing measures implemented are maintained until the study ended in May
or June 2020. They suggested that using face masks in public is very useful in
minimizing community transmission and burden of COVID-19 provided they
are used community-wide.

COVID-19 is primarily transmitted through the respiratory tract (saliva).
It is believed that smokers may be at increased risk of contracting the virus
due to reduced lung function, impaired immune systems, cross-infection and
susceptible hygiene habits [52]. For example, smokers tend to touch their lips
with their fingers regularly when smoking, a habit that increases the probabil-
ity of transmission of COVID-19 from hand to mouth [53]. On the other hand,
smokers may have lung disease (or reduced lung capacity) which would greatly
increase the risk of serious illnesses like COVID-19 [53]. The relationship be-
tween smoking and COVID-19 infection is contradictory. In particular, smoking
prevalence among patients hospitalized with COVID-19 has been reported to be
lower than the smoking prevalence in the general population [9]. Williamson
et al [64] and Miyara et al [55] reported a slight protective effect against death
from COVID-19 in current smokers. Although there may be contradictions on
smoking and COVID-19, what remains unchallenged is the fact that smoking is
a major risk factor for common chronic diseases, especially those closely related
to the occurrence and development of respiratory disease [56]. The question is
how COVID-19 and its management affects NCDs and their risk factors in the
long run.

Since the tobacco epidemic is a major health challenge worldwide, numer-
ous mathematical studies have been developed to explain the transmission dy-
namics and possible control measures to curb the epidemic. One of the earliest
mathematical models on smoking dynamics was presented by Castillo-Garsow
et al. [57]. In this model the population was sub-divided into 3 classes, po-
tential smokers, smokers and quitters. This model was later extended and
modified by other researchers [58, 59, 60, 61] by adding an extra class differ-
entiating those who quit smoking as either temporary or permanent quitters.

Other researchers [62, 63, 64] have classified smokers as occasional smokers or
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heavy (chain) smokers and have explored the impact this classification has on
the smoking epidemic.

Medical intervention such as behavioral guidance can be critical for recovery
from tobacco addiction. Several studies [65, 66, 67, 68, 69] have explored con-
trol measures to understand smoking cessation or other impediments to stop
smoking as a habit.

Cancer is a generic term for a large group of diseases that can affect any
part of the body, it is the rapid creation of abnormal cells that grow beyond their
usual boundaries to affect other parts of the body. Smoking is known to cause
cancer and to block the body from fighting it in two different ways [70], toxins

in cigarette smoke:

(i) can weaken the body’s immune system resulting in the failure by the body

to kill cancer cells and as a result the cells will grow without end.

(i1) can alter a cell’s DNA, which affects a cell’s normal growth and function.
When DNA is altered a cell can grow uncontrollably and create a cancer

tumor.

Tobacco supplies nicotine, an addictive substance in cigarette smoke and smoke-
less tobacco products, which leads to long term dependance on tobacco use and
continued exposure to these toxicants. More than 60 known carcinogens have
been detected in cigarette smoke, notably smoking confers a higher risk for lung
cancer, an average of between 5 and 10 fold [71].

Darby and Pike [72] proposed a multistage model to provide an accurate
summary of the patterns of lung cancer risk among active smokers, ex-smokers
and non-smokers. They looked at the stages of the carcinogenic process as af-
fected by cigarettes smoked per day. They used data on numbers of lung cancers
diagnosed and the distribution of man-years from a 20-year prospective study of
male British doctors for people who had a record of unchanging smoking habits.
Attention was restricted to smokers of cigarettes only. The results showed that
the relation between lung cancer incidence and number of cigarettes smoked
per day was greater than linear. The multistage model provided an accurate co-

herent summary of the patterns of lung cancer risk among active smokers. Epi-
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demiological studies of active smokers have shown that the duration of smok-
ing has much greater effect on lung cancer risk than the number of cigarettes
smoked, suggesting that passive smoking is much more harmful than is pre-
dicted from levels of exposure alone, as it is often of very long duration usually
beginning in early childhood [72].

Acevedo-Estefania et al. [73] investigated the long term impact of educating
susceptible smokers and the effect it had on the epidemic (getting lung cancer).
The average number of individuals who became smokers and the reduction of
this average by an education program are determined. Their model focused
on the impact peer pressure has on non smokers and the progression to lung
cancer via first and secondhand smoke (SHS). They concluded that the best way
to lower the number of smokers and individuals who developed lung cancer was
by increasing awareness among individuals of the effects of smoking. SHS is
now widely accepted as the third leading preventable health hazard after active
smoking and alcohol [74], and although Acevedo-Estefania et al. [73] looked at
the progression to lung cancer via SHS they considered its impact as negligible
yet failed to suggest a safe level of exposure for SHS.

The study by Andest [75] focused on the relationship between cigarette
smoking and the presence of nicotine in the lung. The analysis established
that cigarette smoking is a great contributory factor to the amount of nicotine
accumulation in the human lung, and concluded that reduction or stoppage of
cigarette smoking can reduce the risk of lung cancer.

Sebastian and Victor [76] formulated and analyzed a discrete mathematical
model for lung cancer involving smokers and non smokers. They considered an
exponential rate for production of cancer cells to illustrate the most striking fea-
tures of lung cancer cells growth and the genetic changes present in them. They
concluded that having more smokers in the population resulted in more lung
cancer cases. In their numerical simulations [76] looked only at how increasing
the number of non smokers in the population would impact the number of active
smokers and those who suffered from lung cancer. It is important though to con-
sider also how increasing the number of active smokers can affect the dynamics

explained by their model.
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Trisilowati [77] discussed the influence of smoking behavior on the growth
of the lung cancer population. The model [77] developed had four populations,
susceptibles, active smokers, passive smokers and lung cancer patients. Edu-
cation on smoking and its hazards was used as a control which was applied to
the susceptible population. The purpose of optimal control was to minimize the
population of smokers and lung cancer patients as well as the cost of educat-
ing individuals. The optimal control measure was effective in controlling the
growth of the populations of passive smokers, active smokers and lung cancer
patients. However the model by [77] focused on preventing the susceptible pop-
ulation from taking up smoking as a habit but did not address the need to also
encourage active smokers to quit smoking through the use of smoking cessation
interventions as a control in the model.

An SEIRS model with five classes namely susceptibles, exposed (smokers,
victims of smoking), individuals infected with lung cancer and individuals re-
covered from lung cancer was developed by Ahmed and Biswas [78] to explore
the dynamics of lung cancer. Their aim was to analyze the model of lung cancer
to show the effect of smoking on lung cancer, to determine the basic reproduc-
tion number and to investigate the existence and stability of the disease free
and endemic equilibrium points of the model. From numerical simulations it
was observed that increasing the number of active smokers resulted in increas-
ing the number of individuals in the victim population group as well as an in-
crease in the number of individuals with lung cancer. They concluded that this
can be minimized by controlling the number of active smokers, ensuring that
the victim group is safe from smokers as well as improving the recovery rate for
lung cancer. [78] state that improving recovery rate for lung cancer can only be
possible when the disease is identified at a lower stage because as the cancer
reaches a higher stage, it becomes more complicated and it is hard to recover
and survive. However, they do not separate the compartment of individuals in-
fected with lung cancer into stages yet they acknowledge that late detection of

lung cancer is complicated and affects recovery.
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2.1 Summary

The effectiveness and optimal levels of investment for contact tracing, particu-
larly for emerging diseases and for acute epidemics are subjects of ongoing re-
search and debate [45]. Contact tracing requires well organized databases, good
surveillance management systems as well as community led tracing efforts tai-
lored for the prevalent conditions [44, 45]. To contain outbreaks successfully
there is need to efficiently report and isolate infectious cases as well as efficient
monitoring of traced reported contacts [38, 39]. However as we experience more
viral outbreaks there is room for improvement in the contact tracing process,
thus inspiring further research in this area.

The emergence of COVID-19 required a rapid response and various math-
ematical models were developed to understand the transmission dynamics as
well as mitigation strategies necessary to control the outbreak. It is impor-
tant to maintain high standards of good sanitary and hygiene measure to
present an environment that prohibits virus spread [47, 49, 51]. As the vac-
cines for COVID-19 were being developed hypothetical vaccine efficacy studies
were already underway and showed how highly efficacious vaccines could con-
trol COVID-19 [50]. As an emerging infectious disease that affected the whole
world, the need to understand strategies needed to mitigate the disease moti-
vated this study.

The lung cancer epidemic is largely driven by smoking and it is important
to both stop smoking initiation as well as encourage smoking cessation efforts
[77, 78]. Though SHS exposure has received less attention when it comes to
mathematical modeling of smoking and lung cancer it is important to consider
it as there is no known safe level of exposure [72]. Smoking has such devastating
consequences which are being felt world-wide, more so in LMIC’s and yet there
are few mathematical models on smoking and lung cancer, thus motivating this

study to present insight into this area [73, 75, 76, 77, 78].
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Chapter 3

Mathematical tools

In this chapter basic mathematical concepts and results that are used in this

thesis are introduced.

3.1 Autonomous dynamical systems

A system of non-linear ordinary differential equations (ODEs) is said to be a
non-linear autonomous dynamical system if it does not explicitly involve time.

Consider a non-linear autonomous dynamical system:
T = f(x). 3.1)

Definition 3.1. The vector or point x = x* € R" will be an equilibrium point

(critical point) of (3.1) if f(z*) = 0, i.e., no change will appear in the system.

Definition 3.2. The corresponding Jacobian matrix of f = (fi, fo,..., fn) evalu-

ated at x* is given by:

oh oft
Ox1 U Oxn
Ja@y=11 1+ (3.2)
Ofn Ofn
ox1 U Oxp

where f; denotes the i'" component of f. The Jacobian matrix gives the best linear
approximation of f near the point x*. Therefore, it can be used to ensure stability

near the equilibrium point.
The major question is whether the trajectories z(¢) for system (3.1) with ini-
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tial condition z, will settle at x* as ¢ tends to infinity or will move way from the

equilibrium point z* as ¢t tends to infinity.

Definition 3.3. An equilibrium point x* of (3.1) will be stable, if for each ¢ > 0

there exists a positive 0. such that for any arbitrary solution x(t) the condition
|lx(to) — 2™ < 0 = ||lx(t) — 2*|| < e, forallt >ty to € R (3.3)

holds.

In Definition 3.3 ||.|| is the Euclidean vector norm. Furthermore, the equi-
librium point x* will be locally asymptotically stable (LAS) if it is stable, and if
each solution around the equilibrium point z* also converges to that equilibrium

point. Mathematically, it can be expressed as
|x(to) — «*|| < 6then tlim |lx(t) — «*|| = 0. (3.4)
—00

The point z* will be unstable if condition (3.3) is not satisfied. An equilibrium
point x* will be globally asymptotically stable (GAS) if it is stable and the con-
clusion of (3.4) holds for all solutions of the system (3.1).

The linearized system for (3.2) is given by

Then

(a) z* is asymptotically stable if R.(\;(J

(m*))) < 0Ofori =1,..,n.

(b) z* is locally unstable if R.(\;(J

@)) > 0 for at least one i.

Re(Ni(J](z+))) describes the real part of the i*" eigenvalue of the linearized system

J

(z*)-
For linear systems like a direction field, a phase portrait can be a tool to pre-

dict the behaviors of a system’s solutions. We have the following phase portrait

classifications in two dimensions [85]:
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if the eigenvalue is negative.
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/ UNSTABLE if the eigenvalue

Node - Asymptotically Stable
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the same sign.
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x2
%\ ASYMPTOTICALLY STABLE
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3.2

Theorem 3.4. Let J|-) denote the linearization of f at point x*. Let f : R" —
R" be a smooth map with a hyperbolic fixed point x* (the eigenvalues of J|-

evaluated at r* all have non-zero real parts). Then there exists a neighborhood

hx

Complex eigenvalues, with
non-zero real part.

UNSTABLE if real part is
positive.

ASYMPTOTICALLY STABLE

if real part is negative.

Complex eigenvalues, purely
imaginary (real part = 0).
STABLE, “NEUTRALLY

STABLE”.

or

Not asymptotically stable.

Two distinct real eigenvalues

: with opposite signs.

Always UNSTABLE.

Hartman-Grobman theorem
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U of x* and a homeomorphism
h:U — R

such that
fu =htoAoh, whered = J|,

that is, in the neighborhood U of =*, f is topologically conjugate to its lineariza-

tion [86].

Theorem 3.4 justifies drawing conclusions about a non-linear system from
studying the linearized system. The theorem roughly says that the solutions
of an n x n autonomous system of ODEs in a neighborhood of a steady state
behaves qualitatively just like the solutions of the linearized system near that

point.

3.3 Stability and Lyapunov functions

Consider system (3.1) and let V' : D — R be a continuously differentiable func-
tion defined on the domain D C R" containing a fixed point z*. The derivative of
the function V' (zy) = V(z(t)), where x(¢) is a solution of (3.1) with initial value

xo along the trajectories of (3.1) is defined as:

Ve = U0
_[oV((t) OV(x(t))  OV(x(t)) ch
oxry =~ Oxy 7 Oz, ’
= VV() f),

where V V(z) is the Jacobian of V with respect to = [82]. The necessary condition
of the Lyapunov stability theorem is that all trajectories of the system decrease

along the graph of V(z(t)) toward z*, i.e V(z(t)) < 0, Va(t).

Theorem 3.5. Consider system (3.1). Let D be an open subset of R" contain-
ing x*, where f(x*) = 0. Furthermore, suppose that V : — R is a real valued

positive-definite function. Then
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(@) if V(z(t)) < 0forall z(t) € D, then x* is stable.
) if V(z(t)) < 0forall z(t) € D — {z*}, then z* is asymptotically stable.
Proof. For the proof of Theorem 3.5, see [83]. [

Definition 3.6. A continuously differentiable real-valued function V- : D C

R™ — R satisfying the conditions in Theorem 3.5 is called a Lyapunov function.

3.4 Definition and computation of R,

The basic reproduction number is used to measure the ability of a disease to

reproduce, and is denoted by R,.

Definition 3.7. The basic reproduction number, Ry, of an infection is the av-
erage number of secondary cases caused by an infected individual in a wholly

susceptible population [79].

This important epidemiological parameter can be determined by assessing
the stability of equilibrium points using the Routh-Hurwitz criteria to analyze
the characteristic equation, a method sometimes referred to as the Jacobian
method (see [79] for examples). The Jacobian method gives a biologically rea-
sonable R, but for more complex compartmental models, especially those with
more infected compartments, the method is more difficult to apply as it works
well for models in which the necessary and sufficient conditions for stability
of the Jacobian can be reduced to a single condition. An alternative approach,
the next generation method as discussed by Van den Driessche and Watmough
[80] is a general method for deriving R, in cases where one or more classes of
infectives are involved.

Suppose we have a heterogeneous population whose individuals can be
grouped into n compartments. Let + = (z1,...,2,)" with each z; > 0, be the
number of individuals in each compartment. We sort the compartments so that
the first m compartments correspond to infected individuals. We define X, to
be the set of all disease free states, thatis, X; = =z > 0|z; = 0,7 = 1,....m. In

order to compute Ry, it is important to distinguish new infections from all other
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changes in the population. Let F;(z) be the rate of appearance of new infections
in compartment i, V;"(z) be the rate of transfer of individuals into compartment
i by all other means, and V; (z) be the rate of transfer of individuals out of com-
partment i. F;(x), V;"(z) and V; () are differentiable continuous functions. The
disease transmission model consists of non negative initial conditions together

with the following system of equations:

T = fi(z)

where V; = V. — V" and the functions satisfy the following:

(A1) : Ifz > 0, then F;(x), V" (z), V; (x) > Ofori = 1,...,n.

)

(A2) : If x = 0 thenV, = 0. In particular, if z € X thenV, = 0fori =

1,...,m.

(A3) : Ifi > m, F; = 0.

(A4) : Ifz € X,, then F;(z) = 0,and V;' = Ofori = 1,...,m.

(A5) : If F(z) = 0, then the eigenvalues of D f(z,) have negative real parts and
2o is the disease free equilibrium.

The conditions (A1) — (A5) allow us to partition the matrix DF(x) as shown:

Remark 3.8. DF(z) is the derivative [%} evaluated at the disease free equi-
librium. The conditions (Al) — (A5) allow us to partition the matrix DF(x,) and
DY (xp) as :

vV o
Js Jy

F 0
DE(Z‘()) = [ ] ,and DVZ($0) =
0 0

where ' and V are m x m matrices defined as F' = [gfj (xo)} andV = [%(:po)}
with 1,< i, j < m. The non-negativity of F follows from (A1) and (A4), V is a
non singular matrix by (A2) and (A4) and all eigenvalues of J, have positive real

parts by (A5).

If f(z) satisfies (A1) — (A5), then the reproduction number is defined as
Ry = p(FV~!) by Diekmann et al [81], where p is the spectral radius .
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3.5 Kamgang-Sallet stability theorem

Consider the system:

1:1 = Al (x)(xl - $T) + Am(l’) ) (35)

on the positively invariant set Q € R*7"2. The model (3.5)-(3.6) is studied and

anlyzed under the following assumptions:

(H1) The system is defined on a positively invariant set (2 of the non negative

orthant. The system is dissipative on ().

(H2) The sub-system 7y = A;(z1, 0) (x; — 27) is globally asymptotically stable at

the equilibrium 27 on the canonical projection of {2 on }’}".

(H3) The matrix A,(x) is a Metzler matrix, i.e. a matrix such that off diagonal

terms are non negative and is irreducible for any given x € Q.

(H4) There exists a matrix A,, which is an upper bound for the set M =

Ay(x) s x € Q.
(H5) 04(142) <0

Theorem 3.9. If the hypothesis H1-H5 are satisfied the disease free equilibrium
is globally asymptotically stable for system (3.5)-(3.6).

For proof and discussion on H1-H5, see [87].

3.6 Sensitivity analysis

For every mathematical model, input factors such as parameters are not always
known with a sufficient degree of certainty, they are subject to changes and er-
rors. Owing to uncertainty on parameter values, it is important to correctly
understand the possible effects of changes in parameter values to the antici-
pated model output [88, 89]. Sensitivity analysis can aid in identifying influen-

tial model parameters and optimizing model structure. The Latin Hypercube
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Sampling-Partial Rank Correlation Coefficient (LHS-PRCC), a sensitivity anal-
ysis method, can be used to explore the uncertainty of parameters . LHS-PRCC
sensitivity analysis determines the full parameter space of a model with an op-
timal number of computer simulations [88]. Within a given range of parameter
values, LHS samples them to generate different values at each simulation and
PRCC uses those values to describe the relation of parameters with the out-
put of a particular mathematical model [90]. The goal of LHS-PRCC sensitivity
analysis is to identify significant parameters which have great impact for model
prediction and to rank these parameters depending on their contribution for a
precise model prediction [91]. The combined LHS-PRCC procedure generally

involves [92]:

(1) LHS of the parameter space,
(i) obtaining model output for each set of sampled parameters

(iii) ranking parameter and output values and replacing their original values

with their ranks, and

(iv) calculating the PRCC for each input parameter.

3.7 Optimal Control

Consider the following general control problem:

min{T(tl, w(t)) + /Ot P(t,w(t),u(t))dt},

where, w = [wy, wo, ..., w,] and u = [uy, us, ..., u,] are respectively the state and

control variables. Further, w satisfies the following differential equation:

dw

— = ftww), w = w(0), t € [0.]. (3.7)

Pontryagin’s Maximum Principle transforms the maximization (or minimiza-
tion) of an objective functional along with the state variables into maximizing
(or minimizing) a point-wise Hamiltonian denoted by H with respect to u(t).

This principle can be stated as follows:
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Theorem 3.10. If v*(t) and w*(t) are respectively the optimal control and state

variables for (3.7) then there exists adjoint variables \(t) such that,

H(t,w,u, A) < H(t,w*,u™, N,

where H is given by,

H = P(t,w(t),u(t)) + A1) f(t,w(t),u(t))

with,
d\;  OH(t,w*,u*, \) B
dat ow M) =0,

where t, denotes the final time.
Proof. For the proof of Theorem 3.10, see [93]. O

The necessary conditions for the optimal state and control variables denoted

by w* and u* are given as follows:

dA(t) —  OH(t,w* u"A) )
dt ow ’
A(ty) =0, (3.8)
oH
ou =)

If w*, u* and )\ satisfy (3.8), then the corresponding control and the state vari-
ables are optimal.

To solve the optimality system, and thus, the optimal control problem we use
the Forward-Backward Sweep method [94]. A general outline of the algorithm is
given below. In the algorithm we take w* = (wy,...,wni1) and \* = (A, ..., Ay11)
as the vector approximations (where the indices refer to time points) for the

state and adjoint.
Step 1. Make an initial guess for u* over the interval.

Step 2. Using the initial condition w; = w(ty) = a and the values for u*, solve for
w* forward in time according to its differential equation in the optimality

system.
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Step 3. Using the transversality condition A\y,; = A(f;) = 0 and the values for u*
and w*, solve \* backward in time according to its differential equation in

the optimality system.

Step 4. Update u* by entering the new w* and \* values into the characterization

of the optimal control.

Step 5. Check convergence. If values of the variables in this iteration and the last
iteration are negligibly close, output the current values as solutions. If

values are not close, return to Step 2.

3.8 Brownian motion

Definition 3.11. A Brownian motion is a continuous time stochastic process

{B(t),t > 0} that satisfies the following conditions [95]:
(1) B(0)=0,
(ii) the pathst — B(t) are continuous,
(iii) for 0 < s <t < oo, the increment B(t) — B(s) is independent of B(s) and

(iv) for 0 < s <t < oo the increment B(t) — B(s) has the normal distribution

with mean 0 and variance t — s.

3.8.1 Ito Process

An It6 process X () is adapted (for every realisation and every n, X,,(¢) is known

at time n) and of the form:

X = X0 —i—/ot,u(s)ds+ /Ota(s)dB(s) (3.9)
—_—

Initial value
drift martingale noise (volatility)

Equation 3.9 can be written in differential form as:

dX (t) = pdt + o(t)dB(t); X(0) =z (3.10)
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3.8.2 The general Ito6 formula

Let dX; = Uydt + V,,, dB; be an m-dimensional It6 process and let g(¢t,z) =
(g1(t, ), - gp(t, x) be a C? map from [0, o0) xR into R?, Then the process Y (t,w) =
g(t, X (t)) is an It process whose component number £ is given by:

z; dx; 3.11)

dg(t, z) Ogx(t, ) 1 Pgi(t,x)
dY:—dt—i—g —dxl-—l——g —

ot

Example 3.12. Let B = (By, ..., B,) be a Brownian motion in R", n > 2, and

consider

R(t,w) = |B(t,w)|

= (BX(t,w) + ...+ BX(t,w))?,

that is, the distance to the origin of B(t,w). The function g(t,z) = |x|is not C*
at the origin, but since B, hits the origin with probability 0 when n > 2 Itd’s

formula still works and we get

"\ B;dB; n—1
dR = — dt.
; R * 2R
The process R is called the n-dimensional Bessel process because its genera-

tor is the Bessel differential operator Af(z) = 1 f"(z) + %=1 f'(z) [95].

2z
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Chapter 4

A Model for Contact Tracing of an

Infectious Disease: The West
African Ebola Outbreak As An

Example

In this chapter we present work that is part of a jointly-authored publication in

Mathematics [96].

4.1 Introduction

In March 2014, the most deadly outbreak to date of the Ebola virus disease
(EVD), a hemorrhagic fever, began in Guinea and rapidly spread to Liberia,
Nigeria, Senegal, and Sierra Leone [97]. In October 2014, the World Health
Organization (WHO) Ebola Response Team estimated an overall case fatality
rate of 70.8% and basic reproduction numbers (%) of 1.71 for Guinea, 1.83 for
Liberia and 1.38 for Sierra Leone [98]. Concern that Ebola might spread glob-
ally via airline travel led to recommendations for health assessments at airports
in the affected countries [99]. A review and meta-analysis of 31 reports found
that the main methods of spread were direct contact with an infected individual
and contact with deceased loved ones during traditional funeral practices [100].

In the 2014-2016 outbreak in Sierra Leone, amongst individuals confirmed to
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have EVD, 47.9% reported that they had had contact with someone suspected of
having EVD and 25.5% reported having attended a funeral [101]. These trans-
mission pathways are further indicated as important by both mathematical and
statistical models [102, 103, 104, 105].

Contact tracing for Ebola focuses primarily on people who have been in some
kind of close contact with the infected or deceased individual. Throughout the
outbreak, the Centers for Disease Control and Prevention’s Morbidity and Mor-
tality Weekly Report detailed the progress of the disease as well as some in-
formation about contact tracing efforts. We formulate a model to represent the
contact tracing process. The model uses a novel feature, which is explicitly
counting the people being traced and connecting the total persons traced with
the workload of contact tracer workers. Data used is from the Sierra Leone
Ministry of Health [106, 107].

In this chapter, we develop a model for contact tracing using Sierra Leone
data to fit the model. The model developed here can be applied to any infectious

disease such as the coronavirus with similar spread characteristics.

4.2 Model Description

We develop a compartmental model following an SEIR approach, similar to
[37, 38, 39, 44, 108]. In addition to the Susceptible, Exposed, Infected, and Re-
covered classes, we also include a class (D) to account for individuals who have
died from Ebola in the community (i.e., having not been effectively isolated in
a hospital or by other means), because they are a significant source of infection
due to traditional funeral practices such as hugging and kissing the body of a
deceased loved one. We also include a Hospitalized class(H), in which individ-
uals are assumed to be isolated and not contributing to infection, and if they
die their bodies are assumed to be disposed of safely. We place no upper limit
on the size of class H, which does not reflect the situation during the outbreak
where insufficient beds and staffing were a major limiting factor in controlling
the outbreak [109], but it allows us to examine the operation of a contact tracing

system assuming hospital resources are readily available.
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Figure 4.1: Flow diagram of population interactions.

Our investigation of contact tracing begins with the addition of two new
classes of individuals being traced. Since exposure is a hidden trait, individuals
being traced are either susceptible or exposed. We created a class F of suscepti-
ble individuals who are being traced because they came came into contact with
a suspected infected person or attended a funeral of an individual who died of
Ebola. These individuals are observed for 21 days. If they do not become ill they
return to S. A second class, Er, for individuals being traced who are exposed
and will become infectious, but these individuals could have moved elsewhere.

Two events can lead to initiation of contact tracing:
(i) either an individual is in contact with the D class or
(i) an individual enters the H class.

The contacts connected to the individuals involved in either of these two events
will be contacted each day for 21 days by a contact tracer. We assume that
individuals in the F' class being traced will follow isolation guidelines to prevent
them from becoming exposed. Individuals in £ are moved to the hospital when
they present symptoms. The function f alters the completion rate of key contact
tracing steps based on the amount of work to be done along with the number of
available contact tracing staff. There is a limited number of contact tracers, and
each contact tracer is able to trace a limited number of individuals at a time. To
account for this, we place a threshold on the total number of contacts that can be

traced at a time. Part of the work done by contact tracers is moving individuals
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to the hospital, and the remaining effort is dedicated to visiting contacts who
haven’t (yet) displayed any symptoms of Ebola. In Figure 4.1 one can see the
terms with coefficients f representing the effects of contact tracing. We consider

the following model:

S' = —3,SI — 5D — f% +0F (4.1)
, .S
F' = fﬁ —0F (4.2)
E
E’:ﬁ15[+525D—qu—aE (4.3)
, E
EF:qu—TEF (4.4)
1
I’:aE—fN—'y]—qbll—l/[ (4.5)
1
H/:rEF—i—fN—l—vf—(bgH—,uH (4.6)
R = ¢ I + oo H 4.7)
D' =vI—wD (4.8)

where N = S+ E + I. The function f depends on F', Er, and I and gives the rate

of finding new contacts,

kvl + kovl i F 4 Ep < (15)(1200)p
f= . (4.9)

0 else

Here 1 —p is the proportion of the total available contact tracing effort dedicated
to hospitalizing individuals identified as symptomatic. Note that the two events
(movement into H and D) can be seen in the function f with the rates v/ and
vI. In the cutoff for f, the number 15 is how many contacts on average one
contact tracer can trace and the number 1200 is the maximum number of contact
tracers that were employed in the Western Area, Sierra Leone (containing the
capital city of Freetown) during the 2014-2016 epidemic [110]. Although the
total number of contact tracers varied throughout the outbreak, we decided to
assume that the maximum of 1200 were available throughout the outbreak. The

units and interpretation of each parameter are listed in Table 4.1. Note that we
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Table 4.1: The parameters and compartment names in our model with their
interpretations and units.

Variable or Parameter Interpretation Units
51 transmission from interactions between I and S per person per time
B2 transmission from interactions between D and S per person per time
1/6 number of days a person is traced time
1/a length of the exposed period time
r rate of hospitalization for traced individuals per time
~ rate of hospitalization for untraced individuals per time
b1 recovery rate for untreated per time
b2 recovery rate for treated per time
v death rate for untreated per time
I death rate for treated per time
w rate at which dead bodies become non-infectious per time
K1 contacts recruited from hospitalization of one person unitless
Ko contacts recruited from funeral of one person unitless
q scaling factor for exposed contacts unitless
S susceptibles individuals
F susceptibles being traced individuals
E exposed individuals
Ep exposed being traced individuals
1 infectious individuals
H hospitalized individuals
D dead bodies individuals
R recovered individuals

do not account for births or for deaths from any other cause than Ebola.

People can move from the Susceptible class to the Exposed class by coming
into contact with a member of the Infectious class (term (3, 51) or by coming into
contact with an infectious dead body (term 3, DS). People who are being traced
move from the Susceptible class to F or from the Exposed class to Fr by coming
into contact with a person who has just been hospitalized or attending a funeral
for somebody who has just died of Ebola (term f£ = (k171 + kovI)3). This term
is scaled by N because the persons moving in tracing are moved proportionally
to the ratio of persons in their current class. For example, a person being traced
from S moves to F at a rate proportional to & = s—2—. A person is more likely
to be in £ while being traced than to be in F' because of the contact they had
with either an infected person or a dead body. To account for this, we multiply
the term f % by a number ¢ > 1, a scaling factor to increase the likelihood of
individuals in Er being traced relative to individuals in F being traced. People
who have completed their time being traced and haven’t developed symptoms
move back into S (term 6F’). Once a person has been in the Exposed class for an
average of 10 days, they move to the Infectious class (term aF). A person in the

class Fr is moved to the hospital once they develop symptoms (term rEr). If an

individual being traced shows symptoms the first time they are contacted, they
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are immediately moved to the hospital (term f %). Some Infectious people decide
to go to the hospital on their own (term ~7). Some Infectious people manage to
survive Ebola and move to R (term ¢,I) but others die of the disease and we
assume they are not safely buried and contribute to the class D (term v 7). This
is a simplifying assumption, because as the epidemic drew on many people who
died in the community were safely buried. Some Hospitalized individuals will
recover (term ¢, H) but others will die and be safely buried (term pH). After
some time has passed, an unsafely buried dead body is no longer able to infect

people (with decay term wD).

4.3 The Reproductive number, R,

We derive the basic reproductive number, &, using the next generation matrix
method [80, 111, 112, 113]. We expect that near the disease free equilibrium
(DFE), the number of infections will be small but nonzero. The population af-
fected by the outbreak consisted entirely of susceptibles at the beginning of the
outbreak. Therefore for this analysis we assume that f = k;v[ + kovl.

Equation (4.7) implies that
o1l = = H”, (4.10)

giving [* = H* = (.

From equation (4.8), we get D* = 0. Since [* = 0, equation (4.2) gives F* = 0 and
equation (4.5) gives £* = 0. Since [* = H* = 0, equation (4.6) gives F% = 0. Since
E* = I* =0, we conclude that S* = N(0). We have the DFE: (5*,0,0,0,0,0, R*,0),
but we take R* = 0 for computation of the next generation matrix. The diseased
classes are: F, Er, I, H, and D, with corresponding vectors F — ) forming the

right hand side of the system with only diseased classes,
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B1SI + 25D aE + q(ky] + kovl) g7y
0 rEr —q(kiyl + /‘62’/I)S+1+E
F= 0 v V= (o +v+)I+ (5] + ko) g — aE
0 (62 + WH — rEp — I — Sgtenr
0 wD — vl

Note that our DFE is not unique and this is not required. We get the Jaco-
bian matrices DF(E, Er,I,H, D) and DV(E, Er, I, H, D) at the DFE, (0,0,0,0,0)
with S = 5%,

0 0 B15* 0 poS”
o0 0 0 0
DF(0,0,0,0,0) = o0 0 0 0 )
00 0 0 O
00 0 0 0
a 0 0 0 0
r 0 0 0
DY(0,0,0,0,0) = —a 0 ¢g1+v+y 0 0
0 —r -y G2+p 0
0 0 -V 0 w

Thus the basic reproductive number we obtain as the spectral radius of the

matrix DF(0,0,0,0,0)(DV)~1(0,0,0,0,0) is

p1S* VPB2S™
drtvty wlgitv+q)

Ry = (4.11)

The first term describes the number of new infections that we expect per in-
dividual from the I class, and the second term describes the number of new

infections that we expect per body in the D class.
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Figure 4.2: The value of the objective for this simulation was J = 0.0423.

4.4 Numerical Simulations

4.4.1 Parameter estimation

Our data are taken from the Sierra Leone Ministry of Health daily situation
reports, published on their website during the epidemic. We accessed these old
web sites via the Wayback Machine at:
https://web.archive.org/web/20150314233800/http:/health.gov.sl/?page_id=583
(28/02/2020).

Data are listed in Appendix B. Situation reports were available beginning at
day 77 with the final day being day 504, but not every intermediate day had a
report. The missing data are for days when the Ministry of Health situation
report was unavailable. There were 343 total reports available for usage. From
these reports we used confirmed cases and deaths. There was one report we
chose to exclude because it listed more confirmed deaths than subsequent
reports, making the total number of data points 342. In Figure 4.2 the days
with missing data are represented by gaps in the red dots.

We chose some parameters from the literature and estimated others using
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data. The parameters

were taken from the literature [37, 114, 44, 108]. Data indicated that the initial
condition for the H class was H(0) = 94 individuals. We assumed the initial
condition for the recovered class was R(0) = 0 individuals, and that the initial
condition for S was roughly equivalent to the population of Sierra Leone at the

time, S(0) = 6, 348, 350 people. We estimated the following parameters:

51762777 K1, K2, T, D, Vﬂ:u7¢17 ¢2a

and the following initial conditions:

F(0), E(0), Ex(0), I(0), D(0).

The parameters were estimated in MATLAB using multistart to generate
many vectors of starting parameter estimates. Each vector was used to initialize
a search in fmincon (a local minimizer) and ode45 served as our ODE solver.
Parameter upper and lower bounds were based on ranges of parameters from
the literature [44, 37] and from the Sierra Leone data. For example, parameters
comparable to our i, fs, ¢1, and ¢, were found in Rivers [37]. Our lower limit
for r was based on both papers [44, 37]. There is also a parameter comparable to
our parameter x; in [44]. The upper bound for I, was taken as 2500 because our
data indicated that in the early days this was roughly the number of contacts
being traced. To estimate the cumulative simulated cases, we summed over the
entries into the H class, assuming that cases for people in the community were
unconfirmed. To estimate the cumulative simulated deaths, we summed over
the deaths from H and [ together. The data to be compared with simulation
results are cumulative confirmed cases and cumulative confirmed deaths. We

minimized the following

I Z ( (Casespsiimated(i) — Casespara(i))? +(De'cl’chsEsm-med(i) — Deathspa,(i))?
(Casespata(i))? (Deathspa(i))?

=77

(4.12)
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which is a type of sum of least squares for our model.

We had two primary goals during the process of parameter estimation:
(1) fit the data with a low J value and

(i1) in each class we wanted reasonable dynamics, meaning approximately the

correct magnitude in the size of each compartment.

We tried several ways of fitting the data. First, we estimated all the pa-
rameters listed above, holding them all constant throughout the epidemic. This
resulted in simulated epidemic curves that did not flatten at the end, indicat-
ing the epidemic would have kept going (see Appendix A). In order to achieve
a good simulation of the data with reasonable compartments, we modified the
model by inserting the parameter ¢. In order to achieve a simulated fit of the
data which would include a flattening of the cumulative cases and cumulative
deaths curves, rather than simulations which indicated the epidemic wouldn’t
have ended, we allowed some parameters (specifically 5, 52,7, k1, and k) to vary
over the course of the epidemic. These parameters were chosen because people’s
behavior change during an epidemic. We smoothed the transition from the first
value of each of these parameters to the second value using piecewise functions

such as the one below for each of the parameters,

6.68¢ % t < 160
Bi(t) =4 6.68¢75(1 — =10) 4+ 3.94¢8 (H150) 160 < ¢ < 190 (4.13)
3.94¢78 t > 190.

Chowell et al. [36] built a system of ODEs representing Ebola outbreaks in
Congo and Uganda and used a smooth transition between two transmission
rates due to control interventions (like education and contact tracing followed
by quarantine).

The literature supports the decision to allow f;, 55,7, x; and ky to change
over the course of the epidemic. Senga et al. [108] analyzed data on probable
and confirmed cases of EVD and their contacts in Kenema district, Sierra Leone
taken from the national database. They found that the number of contacts per

case increased over time. The low number of contacts per case reported early
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in the epidemic was much lower than those reported in other countries, which
they concluded meant that the contact listings were incomplete. Olu et al. found
that during the months of June 2014 to November 2014 the average number of
contacts per case was 9 and that during the months of December 2014 to May
2015 the average number of contacts per case increased to 16 [44]. Lokuge et al.
reported that later in the epidemic people were more likely to come to the hos-
pital of their own volition, less likely to report funeral contact, and that contact
tracing increased in efficacy [109]. These findings from the literature indicate it
is reasonable to conclude that values for i, 55,7, k1 and k3 changed during the
course of the epidemic due to changes in behavior and level of education in the
population about EVD.

However, we were unable to generate reasonable sizes for compartment
Er. Numerical simulations were showing very few people passing through Er,
which is not reflective of the success contact tracing achieved in locating exposed
individuals during the outbreak. We decided to modify the model by adding a
multiplier, ¢, in front of the f£ term. We tried several values and found that a
value of ¢ = 100 generated reasonable sizes for compartment Fr. This multiplier
indicates that people who were being traced had had contact with an individual
who was infectious or with a dead body, so they were more likely to have been
exposed to Ebola than a member of the population who hadn’t had such contact.
These changes resulted in the simulations shown in Figures 4.2, 4.3, and 4.4

which were generated using the parameters found in Table 4.2.
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Friends and Family

Contacts Being Traced

Figure 4.3: Dynamics of class F' in the upper left, class £ in the upper right,
their sum on the bottom left, and the integral of those leaving £ to
be hospitalized on the bottom right. These classes correspond to the
parameters from Table 4.2 and the data simulations from Figure
4.2.

Figure 4.3 shows the total number of cases that were identified as part of
contact tracing efforts. Near the end of the outbreak this number reaches about
1100, which represents more than a tenth of all confirmed cases. This demon-
strates the importance of successful contact tracing. The peak of contact tracing
numbers corresponds to the slowing of the increase in cumulative cases, around

day 200. This indicates that contact tracing efforts contributed to ending the

epidemic.
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Figure 4.4: The graphs above correspond to the parameters from Table 4.2 and
the data simulations from Figure 4.2. Note that the scales are all
different.

Note that in Figure 4.4 the increase later in the epidemic of S results from
people returning to S from F after being traced for 21 days and showing no
symptoms. In Figure 4.4, the peak in E occurs at day 164, the peak in H about
two weeks later on day 176, the peak in I about two weeks after that on day
192, and then the peak in D on day 197. It is not surprising that the peak in
E precedes the other peaks, but it is surprising that the peak in D is the last
peak to occur. This indicates that there may have been unsafely buried bodies
later in the epidemic, but that fewer people were catching Ebola from funeral
interactions despite this increase in funerals.

In Table 4.2, there is no difference between 3, early and (5, late. However,
B> changes from an early value of 1.00 x 10~® to a much lower later value of
1.00 * 10~". These parameter values indicate that while the rate of transmission
from interactions between S and I remained about the same throughout the
epidemic, the rate of transmission from D to S decreased dramatically as people
became more educated about Ebola. Oddly, v = 0.41 decreases to a later value
of v = 0.062, which does not agree with accounts from the literature that people

were more likely to come to the hospital once they developed symptoms later in
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Table 4.2: Values for parameters, with five parameters having early and late
values. Parameters with * were taken from the data or the
literature. Others were estimated.

Parameter | Value | Parameter | Value

3, early 1.00e™ | r 0.056

p1 late 1.00e= | p 0.90

3, early 1.00e7° | v 0.024

3, late 1.00e 7 | i 0.010

~ early 0.41 o 0.020

~ late 0.062 103 0.028

ki early | 2974 | F(0) 2451.10

r1 late 14.93 | E(0) 32.04

Ko early 44.62 | Er(0) 124.88

ks late 16.61 | 1(0) 7176
D(0) 6.09

o 0.1 1/w* 15

H(0)* 04 S(0)* 6, 348, 350

R(0) 0 1/6" 21

the epidemic than they were earlier in the epidemic. The value of k; = 29.74
early increases to x; = 44.93 late, corresponding to reports from the literature
that people were more likely to report more complete lists of contacts later in
the epidemic. However, x, = 44.62 early decreased to x, = 16.61 late, adding to
the conclusion that people were less likely to attend traditional funerals later in
the epidemic. The changes in these parameters during the outbreak might be
caused by a combination of factors including educating the public about Ebola
[115], increases in available beds at Ebola Treatment Centers, and more effec-
tive implementation of contact tracing.

The value of » = 0.056 means that contacts who were infected took an average
of 18 days to show symptoms. This value for r is probably unrealistically small,
as it should likely be closer to = 0.1. The parameter v was slightly larger
than p, since those who were treated had slightly lower chance of dying from
Ebola. Similarly, ¢, was larger than ¢, because those who were treated were

more likely to recover from the disease.
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Figure 4.5: Effect of varying the number of contact tracers available from 0 to
2000, with 1200 as the corresponding number in our model.

4.4.2 Importance of contact tracing

Figure 4.5 shows potential trajectories for epidemics with different numbers of
contact tracer workers available, either more or fewer than were actually avail-
able during the epidemic. We varied the number of these workers from 0 to
2000, and note that 1200 is the corresponding number in our model. Without
contact tracing at all, the highest blue curve, there would have been thousands
more cases and deaths. Even a much smaller work force than existed would
have made a dramatic improvement on the trajectory of the epidemic from what
would have happened without contact tracing. Once the number of contact trac-
ers reaches about 1000, each increase in the number of workers has much less
dramatic effect. More tracers still would have been better, but the difference in
trajectories is much less dramatic than the difference between 0 tracers and 200
tracers.

The number of persons traced from each hospitalization (x;) and the num-
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Figure 4.6: Effect of varying contact tracing parameters ~«; and x, on the total
number of deaths by day 504 of the epidemic.

ber from each funeral (x,), were estimated as x; = 29.7 early, k; = 44.9 late,
ko = 44.6 early, and ko, = 16.6 late in the model. We varied those numbers from
5 to 50 to see the effect on the epidemic. If we hold each of the contact trac-
ing parameters «; and x, constant at the values in Figure 4.6, the heat map
shows the total number of deaths by day 504 of the outbreak. Increasing each
of the two parameters reduces the total number of deaths, but x; has a much
more dramatic effect than x,. This seems to indicate that more deaths resulted
from people having contact with infected individuals than resulted from people

having contact with dead bodies.
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Chapter 5

COVID-19 changing the face of the
world. Can sub-Sahara Africa

cope?

5.1 Introduction

The coronavirus pandemic has disrupted global economies and health systems
in unprecedented ways. As of 19 November 2021 there were 256 507 133 recorded
cases with 5150613 deaths and 231 700 776 recoveries, [116].

Developed countries including the United States of America (USA), Italy,
Spain, United Kingdom (UK), France, Germany, Russia, Brazil and China have
experienced high numbers of COVID-19 cases. Most of these developed coun-
tries have excellent health facilities. However, the COVID-19 epidemic in Italy,
Spain, France and the USA has demonstrated that the current medical facili-
ties were not designed to serve the populations during a pandemic. The current
Western health systems performed well during the initial stages of the coron-
avirus disease progression but have since been challenged due to the acute rise
in infection rates. Various countries have had to make decisions over who is
offered or not offered a bed in an Intensive Care Unit (ICU). The decisions were
based on hospital bed capacity to avoid hospital overload and were dependent
on early testing and isolating those who test positive as was the case in South

Korea, Germany and China [117].
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The epidemic in these developed countries has had very serious effects on the
overall infrastructure and livelihoods of the people living there, and we believe
that the effects on the sub-Sahara Africa region could very likely overwhelm this
region where the economies are very weak and their ICU capacity compared to
population sizes averages only 9 beds per 10000 inhabitants [118]. The current
economic landscape will likely impact the ability of the various health systems
in the long term to supply personal protective equipment (PPE) required by the
frontline workers as they take care of infected patients.

Sub-Sahara African governments do not have the capacity to construct over-

flow hospital bed capacity. This study will address the following objectives:

(1) to determine the total number of individuals likely to be infected with

COVID-19.

(i1) to find possible hospitalization strategies that would not overload hospital
bed capacity and the number of infected individuals who would need to be

safely isolated.

(iii) to find a strategy which yields the lowest number of deaths.

5.2 Do people learn from previous epidemics:

Ebola

To date Africa has registered very few cases of Covid-19 infections and deaths.
One wonders whether frequent exposure of the African population to epidemics
has prepared it to prevention protocols. We give examples from Ebola in the
Democratic Republic of Congo (DRC) and the Sudan, where prior exposure to
the epidemic reduced the disease caseload.

The data for various epidemics in the DRC and the Sudan presented in Fig-
ures 5.1(a) and 5.1(b) shows a very high peak of total infections for the first
epidemic and declining number of total infected during subsequent epidemics.
The data suggests that the populations in the two countries have learnt how
to manage an epidemic (Ebola) which requires high standards of hygiene and

social distancing. Levy et al, [115] have shown that the severity of an outbreak
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is linked to the level of prior knowledge and education of the general population

as well as preparedness of health care facilities.
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Figure 5.1: Ebola outbreaks plots for (a) Sudan and (b) the Democratic
Republic of Congo.
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Figure 5.2: Democratic Republic of Congo plots for (a) new Ebola cases (b) new
Ebola deaths.

Using data from the Democratic Republic of Congo (DRC) for new Ebola
cases and new Ebola deaths (5 August 2018 to 21 July 2019), we notice a trend

of rising to a peak and then declining, indicating two phases
(i) naivety to the virus early in the infection and

(i1) experience towards adherence to prevention protocols (Figures 5.2(a) and

5.2(b)).

Ebola and COVID-19 management are similar in many ways. They both
rely on very high standards of hygiene, avoiding hand shaking and low density
occupancy in residential homes. The difficulty one encounters when modeling

Ebola or COVID-19 is modeling the infections arising from poor hygiene, social
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distancing etc. From Figures 5.1 and 5.2, we suggest modeling infections from
poor hygiene and lack of social distancing by a function fitted to the data and
depicted in Figure 5.3. This function represents high infections due to poor
understanding of the prevention measures early into the epidemic, but as the
infection progresses individuals who apply the knowledge from previous epi-
demics adapt to avoid infections as was the case for Ebola. The function in

Figure 5.3 mimics the process observed for Ebola and is adopted in this study.

@ F
a S
T T

@
S
T

— n
o =)
T

Environment, (’yl=0.65, 'yz=0.33)

o
T

o

200 400 600 800 1000 1200
Time (days)

o

Figure 5.3: Time course for the environment

5.3 Quality of the Lockdown

Since SARS-2 is a respiratory disease, we want to incorporate the effects of
household transmission due to an infected individual 4, in household / at time ¢
during the lockdown. The rate of exposure from a member of the family j to i is

given by:

Vpb = Mg X '(ﬁH X ¢i,inf (5.1)

where ¢y depends on household size and ¢, ;¢ represents asymptomatic or
symptomatic status of the infection. An individual in household / is also ex-
posed to community transmission because a member of the household has to

leave the house to transact with the community, for example to buy food or to go
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to work (if they are front-line workers) during the lockdown. This movement is
inevitable in poverty stricken Africa where food insecurity is common and food

must be sourced daily. The rate of community exposure is given by:

Ch =4 X f4(t) X 1;age age group, (5.2)

where ¢, is the baseline exposure from the community, f, is a time dependent
curve that modifies the community rate of exposure over time and v; age ac-
counts for disease susceptibility depending on age.

The rate of exposure of individual 7 in household % in which a member goes

out to transact with the community is given by:

A= Sig0) [Mi,h(t) ZVh + Cy (5.3)

J#i

(3) has been used to moderate transmission of respiratory synctial virus which
is similar to SARS-2, [119]. The approach described in (5.1), (5.2) and (5.3) is
described in detail in [119]. We have used the data from [119] to incorporate
the quality of the lockdown and to explain why the number of COVID-19 cases
exploded after the lockdown.

5.4 Model Description

We develop a simple model in the context of the sub-Sahara Africa environment
which consists of a class of individuals, S, who are susceptible to the disease, a
class of individuals, £/, who have been exposed to the disease, a class of asymp-
tomatic individuals, /,,. These are individuals who are not showing symptoms
but are transmitting the virus. A class of symptomatic infectives, I, a class
of individuals who require hospitalization or to be isolated, H, and a class of
recovered individuals, R. We note that I,, and I, can infect S directly and in-
directly by contaminating the environment ¢. For simplicity of notation, let
w(t) = (21(t), 22(1), w5(t), 2a(t), w5(t), 26(t)) = (S(t), E(t), Las(t), Ls(t), H(2), R(1)),
x7(t) = o(t) and N(t) = z1 (t) + 22 () + z3(t) + 24 (t) + x5 (t) + 26 (¢).
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We consider the following model:

% — - B +NB S Bswrry — py, (5.4)
% - B %_]\[52%)11 + Bszrar — (a1 + p)a, (5.5)
% = 12y — (11 + g + p + K1)z3, (5.6)
% = apx3 — (Y2 + 01 + Ko)1y, (5.7)
% = M3+ Yexry — (02 + K3)xs, (5.8)
% = Ki1X3 + KoX4 + K3T5 — UZg, (5.9)

where )

(0, 0) during lockdown

(m, ) = # (0, 0) no lockdown, inter-zonal (5.10)

movement allowed.

For short lockdown periods one can assume that ;¢ = 0. This assumption is not
valid for long lockdowns. The quality of the environment is described by the

equation:
% = —&3(%}\;— 2y — 17 (5.11)

The parameter a3 measures the rate of contaminating the environment, that
is, the rate at which the amount of pathogens are released into the environment
by both asymptomatic and symptomatic infectives. Equation 5.11 is also sup-
ported by Berge et al. [120] for their model on Ebola. The model flow diagram
is given below: where 0 = w + Baxrrxy.

Equation (5.4) describes the rate of change in the susceptible population, z;.
The first term in (5.4) represents recruitment of people into the susceptible class
through movement of people from different zones when this is allowed. This
term is zero during a lockdown but may be nonzero if inter-zone movements
are allowed. The second term represents loss due to infection of susceptible
individuals by asymptomatic infectives, x3, at the rate 5; and symptomatic in-

fectives, x4, at the rate 5,. The third term represents indirect infections due to

an unclean environment at the rate 5;. As time has progressed, it has become
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Figure 5.4: Model flow diagram

necessary to account for loss due to other causes such as natural death at the
rate p. There has been confusion over the number of covid deaths and it has
become pathologically necessary to ascertain that a covid infected individual
actually died of covid complications, [121, 122]. However, 1 was ignored during
early stages of the pandemic and every covid infected individual was assumed
to have died of covid.

Equation (5.5) describes the rate of change of the exposed class, x;. The first
two terms represent gain from infection of susceptible individuals and the third
term represents loss due to sero-conversion to the asymptomatic state at the
rate a; and natural death at a constant rate p, respectively. The same comment
regarding . in equation (5.4) applies in this case.

Equation (5.6) describes the rate of change of the asymptomatic infected class,
x3. The first term represents gain from exposed individuals who are converting
to sero-positive status without exhibiting symptoms. The second term repre-
sents loss due to conversion to symptomatic state and hospitalization at the

rates a, and 7, respectively. «; represents losses from this class due to recovery
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and p represents natural death as explained in (5.10).

The first term on the right hand side of equation (5.7) represents gain from the
asymptomatic state. The second term represents loss due to hospitalization or
isolation and a blanket term representing loss due to both natural death and
disease induced death at the rates v, and ¢; = (u + d,,), respectively. Loss from
this class due to recovery is assumed to occur at a constant rate «».

Equation (5.8) describes the rate of change of the hospitalized and isolated class.
The first two terms represent gain from testing and contact tracing of both
asymptomatic and symptomatic individuals. The third term represents loss due
to blanket death at the rate d, = (¢ + J,,) and recovery at the rate «;.

Equation (5.9) describes the rate of change of the recovered individuals. The
first three terms represent gain from recovery of asymptomatic, symptomatic
and hospitalized cases. The recovered class loses people through natural death
at a rate p for a long pandemic.

Equation (5.11) describes the rate of contaminating the environment due to the
release of pathogens into the environment by symptomatic and asymptomatic
infectives at the rate a3. The second term represents cleaning of the environ-

ment (naturally or due to interventions) at the rate ;.

5.5 Model Analysis

5.5.1 Positivity of solutions

Denote by RS the points x(t) = (z1(t), z2(t), x3(t), z4(t), z5(t), 26(t)) in R® with

positive coordinates and consider the system (5.4) -(5.9) with initial values

0O _ (0 .0 0 0 0 0 6
= (a1, xy, 3, Ty, Ty, Tg) € K.

We can state the following Lemma:

Lemma 5.1. If 2¥ > 0,i=1, ..., 6then z;(t) > Ofort > 0,i=1, ..., 6.

Proof:

First, we want to show that 0 < z,(t) < % where the lower bound signifies
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a clean environment and the upper bound signifies a Covid-19 contaminated

environment. From (5.11), we have

deg ag(ws + 24)
. N
< a3 — U1T7.

- M7

The solution for a totally contaminated COVID-19 environment is given by

wr(t) < wp(0) et 4 23 (1 — emmty,

M1
As
t — o0, z7(t) < %.
H1
For a clean environment, (5.11) becomes
des ag(zs+ma) .
at N pat
>~y
z7(t) = xoe Mt > 0.
Hence, we have
M1
From equation (5.4), we have
@ — i (Brr3 + Pory) 1 _ Byzoz
o N 3T7L1
—HT1

> T (51+52+53%) 1
H1

a
> —wry, w = (@14'52‘1‘53”—3)-
1

The solution is

xi(t) > 2%e ™t > 0,Vt > 0.
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Similarly, we can show that fori = 2,....,6

z;i(t) > 0,i = 2,...,6.

This completes the proof.

5.5.2 Invariance
The total population, N(¢), at time ¢ is given by

dN

< 7 —uN.

By Gronwall inequality, it is easy to show that

0 < N(t) <

=13

For the existence of a unique bounded solution, we infer that any so-
lution of the system (5.4)-(5.11) is non negative and bounded in Q =

6 . Q
{(I’l,IQ,LU37.T4,x5,LU6) S %J,- . N S Ea X7 S ”_i’}

5.5.3 Disease Free Equilibrium (DFE)

5.5.3.1 Disease Free Equilibrium for = =0

During a strict lockdown, we can take 7 = 0. The system (5.4) - (5.11) has two
equilibrium points, the disease eradication point ¢, = (0,0,0,0,0,0,0) and the
disease endemic point (; = (27, 23, x%, 2}, %, xf, 2%). To establish the stability of
(p, we use the Hartmann-Grobmann theorem which roughly states that near
an equilibrium point, the dynamics of the original (nonlinear) system are the
same as those for the linearized system. The linearized system for (5.4)-(5.11)

is given by:
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where

y(t) = (1(t) 22 (t)w3(t) wa(t) 5(8) w6 (1) 7())",

0 0 0 0 0
—a; 0 0 0 0
aq —b11 0 0

K1 R2 R3

e
I
o o o o o o o

Q
no
|
o
X
=
o
o o o o o o o
o

0
0 gs! Y2 —dn
0
0

and

b11 = (’71+C¥2+/€1>
c11 = (”)/2+/€2+61)

dll = (52+/€3)

The eigenvalues of |A — \I| are given by (0,0, —«ay, —by1, —c11, —di1, —11). The
reproduction number R, is given by the largest spectral radius of the matrix
|A — M| . In this instance the possible values of Ry are max{ay, b1y, ¢11, di1, i1}
Since \; < 0,7 =1, 2, ..., 7, the system (5.4) - (5.11) is stable and tends to (, as
t — oo. Provided the population maintains the covid control protocols and keeps

Ry below 1, the disease will fail to establish in the population.

5.5.3.2 Disease Free Equilibrium for 7 # 0

When inter-zone movements are allowed, that is, 7 # 0, the system (5.4) - (5.11)
has a disease free equilibrium point (, = (g, 0,0,0,0,0,0).

We use the technique by Van den Driessche and Watmough [80] to find the
model reproduction number. The matrix for new infections is given by F whilst

the matrix for other transitions is given by V, where
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Crost o) 4 Byar axs
F— 0 V= bxs — aq a9
0 CTy — Q2 T3
i 0 i | H1 7 — w_
and
a = (a+p)

b = (m+ax+r+p

¢ = (v2+ ke +01).

The Jacobian matrices F of F' and V of V are computed at the point ¢, with
respect to the infected classes (x9, x3, x4, x7). Thus, the basic reproduction num-
ber Ry, given by the spectral radius of the matrix FV ' is the maximum of the

moduli of the eigenvalues of that matrix FV ! given by,

RO = RCC,S + RZ’4 + Rx77

where,

oy B

R,. =

3 ab

g 52

R, =

* abce
R - a1 az B3 (¢ + an)
X7 - .
abc

Based on R, we can state the following theorem:

Theorem 5.2. The DFE point, (,, is locally asymptotically stable if Ry < 1 and
unstable if Ry > 1.

Remark 1: Ry can be greater than 1 even if R,, < 1, R,, < 1, R,, < 1.
It is necessary for each sub-reproduction number R,, , R,, and R,, to be less
than 1 and their sum to be less than 1 for the disease to fail to establish in the
population.

Remark 2: Unlike the case 7 = 0, now the adherence to the covid protocols
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by each infected sub-population, z;, i = 3, 4, is more strict (adherence to social
distancing, mask wearing etc) and the hygiene measures must be more strictly

observed for the stability of (; to be achieved.

5.5.3.3 Global stability of the Disease Free Equilibrium

Theorem 5.3. The DFE point, (,, of system (5.4)-(5.11) is globally asymptoti-
cally stable for Ry < 1.

Proof. To prove theorem 6.3, we use the Kamgang-Sallet stability theorem,
[87]. Let Z = (Z,, X,) with Z; = (z1, z) € R* and Zy = (29, 73, 74, 5, v7) € R°.
In terms of Z; and Z; system (5.4)-(5.11) can be written as:

7y = A(Z)( 21— 7))+ Aa(Z) Zy
Zy = Ay(Z)(Z)

where Z} = (7, 0), with

—n 0 0 —Hwm _bBm g _gog
Al(Z) == 5 Alg(Z) = N N
0 —pn 0 r ke kg 0

and

—q Bz B Bsz1
oy —b 0 0 0
AZ)=10 a —-c 0 0 |,

0O m 7 —-d 0

o0 ¥ ¥ 0 —-m

where d = (0 + k3). We want to show that the five sufficient conditions of

Kamgang-Sallet Theorem in [87] are satisfied as follows:

(1) The system (5.4)-(5.11) is a dynamical system on (2, as defined and shown

1n section V.

(i) The eigenvalues of A;(Z) are real and negative, thus the system Z, =
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A(Z)(Zy — Z7) + A2(Z) Z, is globally asymptotically stable at the equi-

librium Z;.

(iii)) The matrix A,(Z) is a Metzler matrix, i.e. a matrix such that off diagonal

terms are non negative and is irreducible for any given Z € Q.

(iv) There exists a matrix A,, which is an upper bound for the set M =

Ay(Z) : Z € Q). Indeed,

—a B1 B2 0 B3]
ar —b 0 0 0
Ar=10 a —c 0 0
0O 7 v —-d 0

is an upper bound for M.

(v) For Ry < 1, \is the eigenvalue of A,
a(Ay) = max{Re(\) : A} <0

To check condition (v) we will use the following lemma which is a characteriza-

tion of Metzler stable matrices:

Lemma 5.4. Let M be a square matrix written in block form

A B
C D

with A and D being square matrices. M is Metzler stable if and only if matri-

ces Aand D — CA~'B are Metzler stable.

Using Lemma 6.4, matrix A, can be expressed in the form of matrix M with:

—a i o 0 Bﬂf
A= a1 -b 0 5 B = 0 0
0 oy —c 0 0
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O:

0
0

—d 0
4! VQ,D:

% 0 —w

2lg

Clearly A, is a stable Metzler matrix and after computations we obtain D —

CA~1B is a stable Metzler matrix if and only if

mar — __
R{ =

aq 51 4 Qaq Qg 52

ab abc
Qq Q3 53 (C + OéQ)
abc
< 1

5.54 Endemic Equilibrium Point (EEP)

Solving for the system of equations (5.4) - (5.11) by equating the RHS to zero,

we find the coordinates of the EEP given by (; = (7}, x5, 3, «}, x%, xj, 2%), where

and

22

a33

Q44

Q55

abcN* 1y
&1 as33
929 (RO — 1)
a O azs
ao2 (RQ — 1)
abass
o 92 (RO — ].)
abcass
a2 aga (R — 1)
abecdass
K3 Q22 (44 G55 (Ro - 1)
abcdpass
Oz3(a2 + C)a22(R0 - 1)
abcN*uy ass

abe N* ppy
(c+ az)az B3+ (cB1 + oz B2) 1a

(22 +cm)
(cdry + dryas).

62

(5.12)
(5.13)
(5.14)
(5.15)
(5.16)
(5.17)

(5.18)



The coordinates (5.13) - (5.18) exist if and only if Ry > 1.

5.5.4.1 Global stability of the Endemic Equilibrium Point

The global stability of the EEP is explored by proving the following theorem:

Theorem 5.5. If Ry, > 1 then the EEP given by (i is globally asymptotically

stable in the region ).

Proof. Following the work of [47], we construct a Lyapunov function L of the

type:

Differentiating L with respect to x; gives:

dL ! x; —xp\ dz;

=1

Substituting for dg,i =1,..,7, we get
dL 5
— = — B3x7x1 — pX
dt o N 3L7T1 — UT1

(xl — ff) [W B (113 + Borg)
+

[(51333 +N@29C4)$1 + Bywray — a@}

+ ($3 — .1'3) [lez — bIg] + ($4 — $4) [O&Ql‘g — C$4]
Ty
(222
Is

[F1T3 + Koy + K3x5 — pg]

(Y )
T N

= A33 - A227

Te — T
[71$3+72x4—d335]+( 6x 6)
6
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where

N\ 2
A,y — (xl—%) {(5lx3+52x4)+53x7+4

T N

i T3+ Poxy)xy N «
+ {—17r+ (BrzatBoa) 1+/33£E7$1+[L[E1]

T N

£\ 2

To2 — Ty *

+ a+ ary
Z3

$_§ {5@3 + Boxy)xy

N

€2
2 *
T3 — T T3
+ 3) b+ bxs + T
T3

Ty — I 1
+ c+cry+ —aers
Ty

+ ﬁzﬂﬂl]

T i
+( . ) d+dzg+ (71$3+72$4)

Ts
x
+( == 6) A+ pg
g
+x_(/€11’3 + KoXy + f‘i3$5)
6
2
T — 1k rk og(r3+14)
Fmart =
+ ( . ) M1+ [Ty N
and
2
3 T3 + D2k
Agg=m 4+ —— {—(ﬁl s ¥ Frta) + Bs7 +M]
T N
T3 + Pox
+ {M + BSZ'? + H}
N
.17*2 *2 %2
412
I T3 Ty

*2

+’)/1l’3 + Y24 + d + K1%3 + KoXy

Ts .
az(x3 + 4) +x_7

%2
+f§3x5+x—6u+ 1
Tg N Ty

Since all the parameters used in the system (5.4)-(5.11) are non negative we
have L < () for Ay < Aoy and = 0if and only if 1 = 2], 20 = 23,23 = 2}, 24 =
Xy, Ts = XE, T = X§, X7 = T Thus by La-Salle’s invariance principle, the EEP is

globally asymptotically stable.
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5.6 Numerical Simulations

We want to find optimal isolation rates 7, and ., using Matlab programs, under
which the number of infected individuals will not overwhelm the hospital capac-
ity, H. We performed numerical simulations using data from the Italian coron-
avirus epidemic from 31* January to the 15" of May 2020 to demonstrate that
our model can accurately reproduce the recorded data on numbers of infected
and dead individuals. The parameter values used for numerical simulations are

given in Table 6.1.

Table 5.1: Numerical values for the parameters of the Italian case

Parameter | Value/range | Source
B1 0.492 [48]
B2 1.30 [50]
B3 0 estimate
01 0.015 [51]

4827

1
(03] ﬁ [50]

1
(&%) ﬁ [50]
asg 0 estimate
Y1 [0, 0.6] estimate
V2 [0, 0.6] estimate

1
K1 6 [48]

1
K2 0 [48]

1
R3 ﬁ [48]
1 0.00003032 [124]
1 0 estimate
s 1 % 400000 [49]

5.6.0.1 Sensitivity Analysis

Five parameters, 5, as, 71, 72 and u; in Table 6.1 have been estimated based
on the number of hospitalized cases in the Lombardy region of Northern Italy.

We have analyzed how sensitive the reproduction number is to the changes in
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Figure 5.5: A diagram showing the sensitivity of R, to various model
parameters.

these five parameters (Figure 5.5). The parameters a3 and 33 are important and
provide insight into understanding how the sub-Sahara Africa situation will
differ from the Italian or in general the situation in Western countries, where

we assumed a3 = 0.

5.6.1 Italy

Lombardy is a region with a population of approximately 10 million. By an it-
erative procedure, since we know the number of people infected with the coron-
avirus from 31° January to 22"¢ March 2020, we have estimated that the number
of people susceptible to infection by the virus, through their failure to observe
prevention measures such as self quarantine, social distancing etc at the start
of the coronavirus epidemic, was about 400000. As at 31¢ January 2020, the
number who were potentially exposed to the infection is estimated to be around
200 individuals. On the 31%" January 2020, Italy recorded its first 3 cases of in-
dividuals infected with the coronavirus. Based on this initial data, we present
examples of strategies by fixing the rate of isolating symptomatic infectives and
then finding the corresponding rate of isolating asymptomatic infectives which
ensures that the combined number of infectives does not exceed the hospital
bed capacity and vice versa. The examples discussed here are not unique but

are typical of other scenarios and provide insight into the following:
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(1) how the infection curve can be flattened to ensure that the hospital bed

capacity is not exceeded.

(i1) For non optimal cases, where hospital bed capacity is exceeded, to quantify
the number of infectives for each non optimal case which must be safely

isolated outside hospital facilities.

According to [125], Italy has 12.5 beds per 100000 individuals of Intensive
Care Unit (ICU) or critical care beds (CCB) beds and 3.18 beds per 1000 individ-
uals ordinary hospital beds. For Lombardy, this data (combining both ordinary
and ICU hospital beds) gives 33 182 beds.

Figure 5.6 presents an example for a fixed rate 7, = 0.33 of isolating symp-
tomatic infectives. We find that the optimal rate of securing asymptomatic in-
fectives when there is a lockdown, 7 = 0, should be v; = 0.46. Converting these
rates to time, we see that asymptomatic infectives should be identified, hospital-
ized in a time almost 1.5 times faster than the time of hospitalizing symptomatic
infectives. Currently, every nation is experiencing a lack of materials and equip-
ment to conduct tests. This rate of hospitalizing asymptomatic infectives would
be difficult to achieve as there has been a shortage of testing materials, and
most governments have decided they would only test individuals who present
with COVID-19 symptoms. Moreover, the time it is taking to obtain test results
2 — 3 days is slowing down the testing significantly.
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Hospital bed capacity=33182

—,=0, 7~=01]
”/1=0.3
—_—,=0.49

Hospitalised, (’yz=0.33)

—— ";I:O, =0
7,=0.3
7,=0.46

) ——— datal
0 50 100 150 200 250
Time (days)

Figure 5.6: Population level plots for hospitalized individuals for varying
values of
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For this strategy, we have determined the number of infected people that
should be safely secured for varying values of v, at peak infection. For v, = 0,
the number in excess of hospital bed capacity that must be secured is 22 408, for
v = 0.3, the number in excess of hospital bed capacity that must be secured
is 13407. For the non optimal cases, if the hospital overflow bed capacity is in-
creased by 50% (as was done in most Western countries) the only case that would
have accommodated the overflow is (v;,72) = (0.3,0.33). Figure 5.6 shows that
when inter zonal movement is allowed, 7 # 0, the number of people needing
hospitalization or to be safely isolated increases. The optimum removal rates
with inter-zonal movement are given by (vf,75) = (0.49,0.33), implying that
asymptomatic infectives must be isolated in a time 1.6 times faster than when
there is no inter zonal movement. The optimal solutions in Figure 5.6 show
that the peak hospitalization capacity occurs earlier when there is a lockdown
(m = 0) than when there is inter-zonal movement (7 # 0).

Figure 5.7 presents a strategy where the rate of hospitalizing symptomatic
infectives is fixed at 7, = 0.6. The optimal rate for v; which flattens the hospital
admission curve is found to be 7; = 0.16. In other words, almost one third of
the effort must be devoted to testing, contact tracing and hospitalizing asymp-

tomatic infectives.
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Figure 5.7: Population level plots for hospitalized individuals for varying
values of v,

For this strategy the situation regarding the non optimal cases is as follows:

for 44, = 0 the number needed to be secured is 10097, which is too high to accom-
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modate.
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Figure 5.8: Population level plots for hospitalized individuals for varying
values of v,

Using optimization techniques to find 7} and 75 we have found and demon-
strated in Figure 5.8 that the optimum rates are (v;, ;) = (0.6,0.26). This opti-
mum pair implies that the effort devoted to testing, contact tracing and isolating
symptomatic infectives must be 2.3 times higher than that of isolating asymp-
tomatic infectives.

Figure 5.9 shows that for 4, = 0.3 the optimum pair is (7, ;) = (0.3,0.45). This

x10*
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y2=0.3 |
—,=0.45

——— datal
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Figure 5.9: Population level plots for hospitalized individuals for varying
values of 7,

strategy targets to remove symptomatic infectives faster than the asymptomatic
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infectives. This strategy removes symptomatic infectives in a time at least one
and half times faster than the time of isolating asymptomatic infectives.

To illustrate the impact of non adherence to prevention measures, such as
social distancing, not wearing masks etc, on the optimal case given in Figure 5.9,
we considered how the case 5 # 0 for Italy would have altered the conclusions
presented in Figures 5.6 to 5.9. Figure 5.10 shows that if we vary the parameter
a3 the hospital bed capacity for Lombardy in Italy would have been exceeded
for any a3 > 0.01. This suggests that high standards of hygiene are key to
controlling COVID-19 infections.
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Figure 5.10: Population level plots for hospitalized individuals for varying
values of a3

We can see from the examples of the four strategies illustrated in Figures 5.6,
5.7, 5.8, 5.9 that there is no unique way of flattening the curve in order to pro-
tect the hospital bed capacity. The question we address is how does one choose
the best strategy among the optimal strategies? Table 7.1 gives the number
of deaths resulting from the four strategies above and compares each strategy
with the actual number of recorded deaths. We conclude that the best strategy
is one which reduces the number of deaths. In this case (Table II) any strat-
egy that isolates the symptomatic infectives faster is preferable as it is more

economical.
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Table 5.2: Comparison of deaths at different optimal cases

Strategy | 7 v | 30 days | 60 days | 90 days | 105 days 105 days
0=0016=0.03]0=0.02| 6=0.015 0 =0.09
Lockdown | No lockdown
1 0.49 | 0.33 210 10126 32108 31433 120200
(29) (11591) | (27682) (31 368)
2 0.16 | 0.6 226 12861 33994 31202 115690
(29) (11591) | (27682) (31368)
3 0.6 | 0.26 200 8989 30734 31162 120640
(29) (11591) | (27682) (31368)
4 0.3 | 0.45 217 11179 32771 31135 117600
(29) (11591) | (27682) (31368)

5.6.2 Optimal Control

5.6.2.1 Optimal control without incorporating household and commu-

nity exposure

To study measures that reduce disease transmission, such as lockdown or isola-
tion of infectives, we introduced two controls, u; and u, on the infection coeffi-

cients 5; and S, as shown below:

% - W_(l_ul)ﬁlxﬂl _(1_“2)523]8\;x1 — B3x7wy — pry (5.19)
dx 3T 4T

d_t2 = (1- Ul)ﬂl — + (1- U2)/82]\? -t Bsxrry — (a1 + p)z2 - (5.20)
dx-

% = Ty — (71 + g+ p+ k)3 (5.21)
dx

d_t4 = T3 — (72 + 61 + K2)1y (5.22)
dl’5

o s + Y2mq — (02 + K3)T5 (5.23)
d

% = K1%3 + Koy + K3T5 — [T (5.24)

and
de7 . 043(1'3 + .I'4)

We want to minimize the objective functional given by

tr 1 1
J(Ul, UQ) = / Al.CEQ + AQ.CE?, + A3$4 + §A4U% + §A5U§ (526)
0
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The goal is to find a set of controls that minimize the number of susceptible
individuals who come into contact with infected individuals. Let u], uj be the

optimal controls. The problem is to find

J(u, up) = min (uy, ug) , (ur, u2) € U, (5.27)

subject to system (5.19) - (5.25), where U is the set of measure functions defined
from [0, t7] to [0, 1].

The optimality conditions are given by,

u] =min {max {0, (Azy — Aay) (%)] ,ulmax} :
4

uy =min {max {0, (Azy — Aay) (52%\?1)] ,vgmax} ,
5

Calculation for u} and uj is based on Pontryagin’s Maximum Principle (see

[94]) for a detailed description.

5.6.2.2 Optimal control incorporating household and community ex-

posure.

To study the impact that household and community exposure has on disease
transmission control measures, we modify equations (5.19) - (5.25) by adding
an additional term A\ given in (3) which captures household and community

exposure of an individual. The modified equations are given by:
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dx T3x Tax
d_tl = 17— (1—u+ A\ frzaty — (1 —ug+ ) 52]\? L — Bywran
— Ty (5.28)
d
(TR Ptats () gy P e
—(on + p)z2 (5.29)
d.ﬁL’g
L = axe— (71 +ag + 1+ Kp)xs (5.30)
d
% = (T3 — (’)/2 + 51 + lig)l‘4 (531)
dl'g)
P Y& + YVoxq — (02 + K3)T5 (5.32)
dl'f;
o = K1T3 + KoXy + K3T5 — UTg (5.33)
and
d +
drr _os(wstaa) (5.34)

dt N

where ) is given by (3).

The optimality conditions that we want to satisfy are the same as those for
equations (5.19) - (5.25). We consider the non optimal strategy in Figure 5.6
using equations (5.19) - (5.25) and equations (5.28) - (5.34) for v; = 0.3 and
72 = 0.33 where u; = 0 and uy = 0. If we use the controls u; > 0.2, u; > 0.2 and
(71, 72) = (0.3, 0.33) we obtain Figures 5.11(a) - 5.11(e). It is clear from Figure
5.11(e) that household and community disease transmission would increase the
number hospitalized though the numbers would still be below the hospital bed
capacity for optimal values of 7; and 7,. The number of susceptible individuals

(Figure 5.11(a)) would decline due to increased infection rates.

5.6.3 Sub-Sahara Africa: South Africa as an example.

To provide insight into the sub-Sahara Africa outlook, simulations were done
using data from South Africa, one of the countries in this region with the highest
number of coronavirus cases and with the best medical facilities. It is our view

that if South Africa cannot cope then most, if not all, countries in sub-Sahara
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Figure 5.11: A comparison of state variables with and without controls

Africa would not cope. On the 4" of March 2020, South Africa recorded its first
case of the coronavirus. As of the 1% of April 2020 the highest case counts of
coronavirus had been reported in 3 provinces namely Gauteng, KwaZulu Natal
and the Western Cape. The 3 provinces had 1380 reported coronavirus cases
distributed as follows: 645 in Gauteng, 326 in KwaZulu Natal and 186 in the
Western Cape. These 3 provinces have a total population of 33309473 people.
The number of people infected with the coronavirus from the 4 of March to the
1t April 2020 is known, we have estimated that the number of people susceptible
to infection by the virus through failure to self quarantine, self isolate, observe
social distancing etc was about 1200000. At that time the number who were
potentially exposed to the infection is estimated to be about 1 000 individuals.

Except for g3, 7, as, i, 1 and d,, we use the parameters in Table 6.1 for Italy.
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Table 5.3: Numerical values for the parameters of the South African case

Parameter | Value/range | Source
5 0.492 [48]
B2 1.30 [50]
B3 0.001006082 [49]

01 0.015 [61]
5)
) — 12
2 1330 [123]
1
aq 3? [50]
1
(&%) 2—27 [50]
as 5.3346 x 1076 | estimate
Y1 [0, 0.77] estimate
Yo [0, 0.33] estimate
1
K1 6 [48]
1
R2 E [48]
s = (48]
i 0.00004290 [126]
R 0.00274 [49]
T 1x 1200000 | [49]

This is justified on the basis that Italian family bonds are similar to sub-Sahara
Africa. The values used for this simulation are given in Table 5.3. Accord-
ing to [127], Gauteng province, KwaZulu Natal Province and the Western Cape
province combined have a hospital bed capacity of 62 787. This number includes
both ICU and ordinary hospital beds.

Figure 5.12 compares real time epidemic curves for Italy, Spain, the United
Kingdom and South Africa for the first 40 days of the epidemic. Each coun-
try implemented the lockdown strategy at different stages of infection. Italy
introduced the lockdown on the 9" of March 2020 when the total number of in-
dividuals infected with COVID-19 was 9 172. Spain introduced the lockdown on
the 15" of March 2020 when the total number of those infected was 7798. The
United Kingdom introduced the lockdown on the 23" of March 2020 when the

number of individuals infected was 6 650. South Africa introduced the lockdown
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on the 27" of March 2020 when the number infected was only 1170. Figure 5.12
shows different infection trends for the four countries.

It is obvious that South Africa which introduced the lockdown early enough
displays an epidemic which rises at a gentle rate. We consider the problem of
finding the hospitalization rates v, and 7, for which the hospital bed capacity of
62 787 would suffice.

3000
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Total number of case
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0
1357 911131517 192123252729 3133353739
Day

— |ty Spain UK SAfrica

Figure 5.12: Total covid cases, UK, Spain, Italy, South Africa

5.6.3.1 Scenario with no lockdown measures

Figure 5.13 shows that for a fixed rate v, = 0.33 of symptomatic infectives, the
least rate of isolating asymptomatic infectives should be v, = 0.77 for ¢ = 0
(implying that the population must observe all the prevention measures ,social
distancing, mask wearing etc) but that for ¢ # 0 the hospital bed capacity is

never sufficient.

76



Table 5.4: Number of people who must be hospitalized.

001 Yo H H x 1.5 | H peak (Hp) | Oveflow
0 1033 |62787 | 94180 246174 151994
031033 |62787 | 94180 207 654 113474
0.6 033 | 62787 | 94180 112952 18772

5
25 x10

— =0
'y1=0.3
2r —,=06 |]

'}/1:0.77
——— datal

Hospital bed capacity=62787

Hospitalised, (72=O.33)
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Figure 5.13: Population level plots for hospitalized individuals for varying
values of v,

For the strategies in Figure 5.13, the numbers of people that must be isolated
are given in Table 5.4.

Table 5.4 presents cases when the hospital bed capacity, denoted by H, is
increased by 50% as was done in Italy, Spain and the State of New York, USA.
The overflow is given by (Hp — H x 1.5). We can see that no pair of isolating
infectives 7; and 7, would accommodate the number of infected individuals in
the 3 provinces of South Africa within hospital facilities. The overflow capacity
would be too large for any non-optimal pair 7; and 7, and ¢ # 0, to safely isolate
the overflow infected population. The only feasible solution is hospitalizing at
the optimal rates (v;,75) = (0.77,0.33) with ¢ = 0. This option requires isolating
asymptomatic infectives faster than symptomatic infectives, a strategy which
requires perfect hygiene and sanitary measures. This requirement cannot be
met in sub-Sahara Africa given the state of the economies.

To illustrate the impact of non adherence to disease prevention measures on
the optimal case in Figure 5.13, we varied the parameter as. Figure 5.14 shows

how the optimal solution in Figure 5.13 is altered by varying as. The hospital
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bed capacity is exceeded for any case a3 # 0. For the case ¢ # 0, no matter how
small ¢ is, no optimal strategy exists for the three provinces of South Africa. It
is unrealistic to expect perfect adherence to social distancing, wearing of masks
and lockdown measures, in a region where the population survives on less than

$1 per day and there are no food banks.
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Figure 5.14: Population level plots for hospitalized individuals for varying
values of as
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Figure 5.15: A comparison of state variables with and without controls

5.6.3.2 Effect of early lockdown

South Africa introduced the lockdown very early. The strategy discussed in sec-
tion 5.6.3.1 is therefore not relevant. Hence, we consider the modified system
with control given in (5.19) - (5.25) and (5.28) - (5.34). We consider hypotheti-
cally how the lockdown could have altered a non optimal strategy in Figure 5.12.
We chose 7; = 0.6 and 72 = 0.33 (uj > 0.1, u5 > 0.1) to illustrate this example
(see Figures 5.15(a) - 5.15(e)).

The number of deaths for a model with controls for South Africa for differ-
ent optimal cases of +; and 7, is given in Table 5.5. Table 5.5 compares the
actual number of recorded deaths, the controlled number of deaths and the un-

controlled number of deaths (no lockdown). It is clear that the lockdown was
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Table 5.5: Comparison of deaths at different optimal cases

" Yo 30 days | 60 days | 72 days | 90 days
0=0.003]6=0.01|6=0.01]06=0.01
0.77 | 0.33 | no lockdown 178 3358 5930 12394
lockdown 7 151 211 327
actual (5) (123) (23%) (705)
0.4 | 0.6 | nolockdown 187 3805 6834 14 287
lockdown 7 153 216 339
actual (5) (123) (23%) (705)

very effective.
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Chapter 6

The effect of smoking habits on

lung cancer incidence.

6.1 Introduction

Tobacco smoking is the world’s leading cause of preventable disease and is the
biggest risk factor for lung cancer [128]. This epidemic, including exposure to
secondhand smoke, accounts for 8 million non-communicable diseases deaths
globally every year and if preventive measures are not enforced, is projected to
increase markedly in the coming years (World Health Organisation (WHO) [6]).
Tobacco smoke was suspected as a cause for lung cancer as early as the late
1920s following an increasing trend in the numbers of patients with this type of
rare disease [129]. Proctor’s [130] chronological study of cigarette-lung cancer
trends has revealed that the epidemic started between the 1940s and 1950s, a
conclusion reached from a variety of studies. Globally, there has been a notice-
able increase in the number of lung cancer cases and deaths since 2011. The
increase is attributed mainly to an increasing number of smokers in developing
countries [131].

We used data provided by the Office for National Statistics (ONS) on smok-
ing habits in Wales to understand better the effect of smoking on lung cancer
development. Lung cancer is the third most common cancer in men and sec-
ond most common cancer in women in Wales (Welsh Cancer Intelligence and

Surveillance Unit (WCISU) [132]). At present around 50% of the people diag-
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nosed with lung cancer in Wales die from the disease within six months of di-
agnosis and almost 75% within a year [132] and the survival rates are amongst
the lowest in Europe [133]. The ill-effects of smoking on health, concern not
only the smokers but the entire population sharing the same environment and
economy. Its effect on healthcare, productivity (smokers take more sick leave),
social care (smokers require extra care later in life due to smoke-related illness)
and house fires, is a huge economic burden. For example, smoking costs the
National Health Service of Wales (NHSW) an estimated £302 million per year
[134], 7% of its total healthcare expenditure. To stop lung cancer being a major
public health problem in the future, tobacco control is still needed to bring the
rates down significantly [132]. This study seeks to understand the factors that
fuel or maintain this epidemic.

Not much has been done in terms of modeling the dynamics of smoking and
lung cancer at a population level. In this study we developed two models moti-
vated by the modeling framework in [73, 76]. Although the intervention mea-
sures on reducing smoking and consequently lung cancer cases are known, the
efficacies of these measures have not been addressed quantitatively. This study
addresses the efficacy of these measures and asks the question “what number
of new potential smokers should not be exceeded for the intervention measures
to succeed,” that is, for the epidemic to clear.

For the stochastic model, we developed a system of five equations consisting
of moderate and heavy smokers, lung cancer sufferers in limited and extensive
stages and lung cancer associated deaths, in line with the available data. In this
model, moderate and heavy smokers were defined as follows: moderate smokers
are those who smoke on average less than or equal to 10 cigarettes per day and
generally comprising individuals in the age group 18 — 34 years [135] and heavy
smokers are those who smoke on average more than 10 cigarettes per day and
generally comprising individuals over 35 years. Stage I - I1I clinical lung cancer
cases were defined as the limited stage lung cancer whilst stage IV was defined
as the extensive stage lung cancer. For the deterministic model, we developed a
system of seven non-linear ordinary differential equations, represented by the

susceptible population, moderate and heavy smokers, limited stage lung cancer
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sufferers and extensive stage lung cancer sufferers, ex-smokers and lung cancer

Survivors.

6.2 The Stochastic Model

Consider a stochastic model consisting of five classes namely, moderate smokers,
x1(t), heavy smokers, z,(t), limited stage lung cancer patients, x3(t), extensive
stage lung cancer patients, z4(t), and smoking lung cancer deaths, z5(¢). To
illustrate this, we fitted the model to ONS data in Wales. The plots are shown
in Figure 6.1. The actual data representing moderate and heavy smokers are
explained by linear functions with negative slopes (Figures 6.1(a) and 6.1(b)) for
the period 2001 to 2019. The populations of limited stage lung cancer, extensive
stage lung cancer and lung cancer deaths are explained by random processes.
To account for stochasticity in these populations, we propose to formulate a

stochastic model of the type:

dxy = p(z) dt + o(x) dB, (6.1)

where

xy = (21,2, 03,24, 75)", (@) = (fi(21), fo(@2), f3(@3), falza), f5(x5))",
o(x) = diag;,_, (0;), dB = (dBy,dBy,dBs,dBy,dBs)",

where B = (B, Bs, ..., Bs) is a 5-D Brownian motion.

The functions f;(x;), 7 = 1,...,5 are at most of linear growth. As an example,
we will illustrate this by finding functions f;(z;), i = 1,...,5, that explain the
actual Wales data in Figure 6.1. This fitting can be done to any data set.

First, we want to prove that the stochastic model (6.1) does not give negative
values of the state variables z;, i = 1...5, despite the inclusion of the noise terms.

We denote by %’ the points

xy = (21(), 22(t), 23(t), 24 (1), 75(1)) € R°
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with positive coordinates and consider the stochastic model with initial values

0 0.0 0 0 0 5
x° = (27, x5, 3,74, x5) € RN

We want to prove the following Lemma:

Lemma 6.1. (Positivity of Solutions)

For any finite T > 0, the solution x, of the system (6.1) with initial conditions
° € R} remains in R, for all t < T A 7 (where T A T denotes the smaller
between T and 1) so that the components of x; satisfy x; > 0ift < T A T for

i=1,..,5
Proof. We define a Lyapunov-type function as follows:

V(l’l,...,l‘5) = ZL’l—k110g$1+I2—]{?QIOgI2+ZL‘3—k310g£L‘3+$4

—kylogxy + x5 — k5 log x5
5

i=1

Applying Ito’s formula, we have

5
ki 1,
i=1 !
k 1 k
= (1 — —1) (ul T dt + 0121 dBl) + 5]6106%6# + (1 — —2>

X T2

1 k
(/,LQ i) dt + 02 X2 dB2) + §k2&§dt + (1 - £—3) (0'3 XT3 ng)
3

+ %kgagdt + (1 — i—i) (0424dBy) + %/@;aidt + <1 — i—i)
(05 x5dBs) + %kg,agdt.

= wmrrdt — kypydt + oy x1dBy —kio1dBy + %kla%dt
+ po xodt — ko o dt + 09 x9dBy — ko oy dBsy + %kgagdt
+03x3dBy — k3 o3dBs + %kgagdt + 0424dBy — kyo4dBy

1 1
+§/€4C¥idt + O'5£U5dB5 —kZ5O'5dB5 + 5]€5Oé§dt
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IN

1 1
5]61 Oé% dt —|—0'1(ZE1 — k?l)dBl + 5 ]’CQ Clég dt + 0'2(1'2 — k’g) dBQ

1 1
—|—§ ks a3 dt + os(ws — k3) dBs + 3 kyoi dt + o4(zy — ky) dBy

1
—{-5 ]{?5 O./g dt + 0'5(I5 — ]{55) dB5

5
i=1
where

5
1 .
M = 3 2_1 kial, m; < kjj=1,2

Integrating from 0 to 7" A 7, we get

TAT TAT TAr 5
/ dv < Mdt + / > oixi — ki) dB;. (6.3)
0 0 =1

0

Taking expectations, we get
EV(xaan)] < BV (") + M(T AT). (6.4)

Note that if a path z; is such that it exits R’ at T'A 7 then by definition (6.2) the
function VV becomes oo at the exit point. In view of (6.3) this probability is zero.

Hence 2, does not exit % O

We fitted the stochastic model to the actual Wales data and estimated the
drift coefficients, u(z), that fit the data to be:

pu(z) = (0.5754 — 0.0183 21, 1.0592 — 0.0336 25,0, 0, 0) 65

o(r) = diag,_, :(0;), dB = (dBi,dB,,dBs,dB,,dBs)".

-----

The solution set for the stochastic model (6.1) with drift coefficients (6.5) is given
in the Appendix C. The plots for the actual data and the simulated data from
the model (6.1) with drift coefficients (6.5) are compared in Figure 6.1 for the
period 2001 — 2019.

A linear fit was first used for the actual data, the stochastic model was then
developed with the linear fit being used as the deterministic part to assess how

the introduction of noise would compare with the actual data. The o;’s, i =
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1,...,5 were varied to improve data fit. The estimation of the parameters o; is

significantly difficult but the best fit was for o; = 0.001,7 = 1,...,5.
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Figure 6.1: Fitting the stochastic model to proportions of (a) moderate smokers,
(b) heavy smokers, (c) new cases for limited stage lung cancer, (d)
new cases for extensive stage lung cancer and (e) lung cancer
deaths

We can see that while the actual data yields a linear fit which predicts an end
to the epidemic as the populations of moderate and addicted smokers become
extinct, the expected solution suggests an initial decline but eventually tending
to a non-zero steady state for moderate and addicted smokers, implying that

there remains a proportion of smokers (both moderate and addicted) who never
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quit the habit of smoking. This point is well illustrated by the expected solution
represented by dotted lines in Figures 6.1 (a) and 6.1 (b).

In the absence of any intervention, the expected solution shows that the
population of moderate smokers declined by 28% and that of addicted smokers
by 22%. A proportion between 72 — 78% of the initial populations of moderate
and addicted smokers remain to fuel the epidemic. The number of lung cancer
cases, that is, the limited and extensive stages do not exhibit any trend (rising or
falling). The expected solutions for lung cancer cases and lung cancer deaths are
given by constant horizontal lines for both cases (Figures 6.1(c), 6.1(d)) and lung
cancer deaths (Figure 6.1(e)). This result suggests that the levels of lung cancer
cases and lung cancer deaths would remain the same for some time despite a
decrease in the population of both moderate and heavy smokers.

First, this analysis shows the danger associated with interpreting results
obtained from short data sets. However, if statistical approaches are used si-
multaneously with mathematical methods, long term patterns and trends can
be inferred to limit the danger of over-interpretation. The use of a stochastic
model fitted to the actual data has led to identification of long term trends for
the five classes of data.

These results do not take into account the role played by the susceptible pop-
ulation towards sustaining the smoking population and ultimately lung cancer
cases. Therefore, it is not correct to draw definitive conclusions without in-
cluding the population of susceptible individuals who feed into the classes of
smokers. In the next section, we intend to develop a deterministic model that
accounts for susceptible individuals. The justification for developing a determin-
istic model is provided by the fact that the populations of moderate and addicted
smokers progressed to stable states as suggested by the expected solutions in
Figures 1(a) and 1(b).

The deterministic model will investigate how the conclusions reached for the

system 6.1 for smokers are altered when intervention measures are introduced.
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pt+b:

Figure 6.2: Flowchart of population interactions for the deterministic model.

6.3 The Deterministic Model

We consider a population consisting of seven classes with the flow of interac-
tions described in Figure 6.2. The class, S(¢), represents susceptibles, that is,
individuals who do not smoke but have the potential to become smokers due to
influence of those who smoke. The class, M(t), represents moderate smokers,
that is, individuals who smoke occasionally but are not yet addicted to smoking.
The class, H(t), represents individuals who smoke heavily and are addicted to
the habit. The class, L (), represents individuals who have developed limited
stage lung cancer. The class, Lz(t), represents individuals who have developed
extensive stage lung cancer. The class, Rs(¢), represents those who have stopped
smoking due to intervention campaigns or treatment. Finally, the class R ()
represents those who have recovered from lung cancer due to treatment. The

population size, excluding deaths, at time ¢ denoted by N (¢) is given by,

N(t)=S(t)+M(t)+ H(t) + L(t) + Le(t) + Rs(t) + Ri(2).
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In the deterministic model the total lung cancer cases and deaths are han-
dled differently from the stochastic model. Therefore, a change in variable
names has been implemented to avoid confusion with the stochastic model.
However, the change still allows for comparison of some stochastic and de-
terministic classes. In what follows, we simplify the variable notation as fol-
lows: yo(t) == S(t), wi(t) == M), 1(t) == H(b), ys(t) == Lu(t), yalt) = Li(t),
y5(t) :== Rs(t) and ys(t) := R (t). The system of equations describing the dynam-

ics in Figure 6.2 is given by,

d

% = A —(p+ X+ Boy,y2) %o (6.6)
d

% = Ayo — ay; (6.7)
dyo

— = —b 6.8
7 YY1 Y2 (6.8)
dys . 6.9
T Bo(yi,y2) Yo + €101 + €292 — Y3 (6.9)
d

% = ay; — dy (6.10)
d

% = p1y1 + p2Y2 — HYs (6.11)
d

% = thys + Oays — pys, (6.12)

where

a = (u+e1+v+p), b=(u+es+p2), c=p+0d + 6 +a)

513/1 52312
d = + 03 + 65), A= + .
( ’ 2) IL+kyr 14+kye

All the parameters, A, u, €1, €2, 7, p1, P2, @, 01, 02, 01, 02, B, B1, P2 and k are as-
sumed to be positive. The parameters 5, and 3, define rates at which a suscep-
tible becomes a smoker due to influence from the moderate and heavy smokers,
respectively. A detailed description of the model parameters is given in Table

6.1. The terms ﬁ and : +i " describe the inhibition effect from the behavioral

change of the susceptible individuals when their number increases or from the
crowding effect of the infected individuals.

Equation (6.6) describes the rate of change in the susceptible class. The first
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Table 6.1: Model variables and parameters

Variable or Parameter Description Value Source
S or yo Susceptible individuals
M or y1 Moderate smokers
H or ys Heavy smokers
Ly orys Limited stage lung cancer sufferers
L orys Extensive stage ung cancer sufferers
Rgs or ys Ex-smokers
Ry, or ys Lung cancer survivors
Recruitment rate into S 0.0125 [136, 137]
B1 Progression rate from S to M due to M 0.372858 estimate
B2 Progression rate from S to M due to H 0.299826 estimate
10} Level of ETS 0<¢p<1 variable
B8 Progression rate from S to M due to ETS 2.72766 x 1077 estimate
I Natural death rate of the general population 0.0125 yr—1t [136, 137]
1 Recovery rate for moderate smokers 0.07653913 yr—1 estimate
P2 Recovery rate for heavy smokers 0.11yr=1t estimate
5 Progression rate from M to H 0.15611077 estimate
€1 Progression rate from M to Ly, 0.0011 estimate
€2 Progression rate from H to L, 0.0011 estimate
k Inhibition factor 0.25 estimate
01 Recovery rate for limited stage lung cancer 0.015yr—1 [138]
02 Recovery rate for extensive stage lung cancer 0.01yr—1t [139]
a Progression rate from Ly to Lg 3.7174 x 10~4 estimate
81 Disease induced death rate for L, 2.89982 x 1075 yr—1 estimate
9 Disease induced death rate L 0.0001 yr—1t estimate
Ny Initial size of total population 2910 200 [132, 136, 138]

term represents recruitment into this class through births or immigration at a
constant rate A. The second term represents losses due to natural death at a
constant rate ; and addiction to smoking at a rate \. 5 ¢(y1, y2) yo represents loss
due to the effects of secondhand smoke, and we have assumed that these indi-
viduals develop limited stage lung cancer. The function ¢(y;, y2) is an indication

of the level of environmental tobacco smoke (ETS), defined as:

0 if 1 =1y2 =0,
A(y1,y2) = (6.13)
L if y #y #0.

Equation (6.7) describes the rate of change in the moderate smokers’ class.
The first term represents gain of individuals from the susceptible class who
acquire smoking habits. The second term represents total losses from this class
consisting of those who die naturally at a constant rate p, those who develop
limited stage lung cancer at a constant rate ¢;, those whose addiction worsens
and become heavy smokers at a constant rate v and those who quit smoking at
a constant rate p;.

Equation (6.8) describes the rate of change in the heavy smokers class. The

first term represents gain from conversion of moderate smokers to heavy smok-
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ers as their addiction worsens at a constant rate 7. The second term represents
losses due to natural death at a constant rate 1, some heavy smokers developing
limited stage lung cancer at a constant rate <, and some heavy smokers quitting
smoking at a constant rate ps.

Equation (6.9) describes the rate of change in the limited stage lung cancer
class. The first three terms represent gains from susceptibles who develop lim-
ited stage lung cancer from secondhand smoke and moderate and heavy smok-
ers who develop limited stage lung cancer at constant rates ¢; and ¢,, respec-
tively. The fourth term represents total losses resulting from natural death at a
constant rate y, disease induced death at a constant rate 4;, some limited stage
lung cancer sufferers recovering at a constant rate 6; and some limited stage
lung cancer sufferers progressing to the extensive stage lung cancer class at a
constant rate «.

Equation (6.10) describes the rate of change in the extensive stage lung can-
cer class. The first term represents gain from the limited stage lung cancer
as the disease worsens at a constant rate . The second term represents to-
tal losses from natural death at a constant rate u, disease induced death at a
constant rate J, and recovery at a constant rate 6s.

Equation (6.11) describes the rate of change in the recovered smokers class.
The first two terms represent gain from individuals who quit smoking from the
moderate and heavy smokers classes at constant rates p; and p,, respectively.
The third term represents loss from natural death at a constant rate .

Equation (6.12) describes the rate of change in the recovered lung cancer
sufferers class. The first two terms represent gain from individuals who recover
from limited stage lung cancer and extensive stage lung cancer at constant rates
0; and 6,, respectively. The third term represents loss from natural death at a

constant rate p.
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6.3.1 Model Analysis

6.3.1.1 Positivity and Boundedness of Solutions

We will show that all state variables of the system (6.6)-(6.12) are non-negative
for all ¢ > 0. Denote by R’ the points,

y(t) - (yO(t)7 Y1 (t)a yQ(t)J y3<t)7 ?/4(t)7 y5(t)7 yﬁ(t)) S ER? Wlth pOSitive coordinates
and consider the system (6.6)-(6.12) with initial values,

y° = (v, yi, v5, v, v, v, yg) € RL. We prove the following theorem:

Theorem 6.2. If ¢ > 0,7 = 0,...,6 then y;(t) > Ofort > 0,7 = 0,...,6.

Proof. We can write the system of equations (6.6)-(6.12) in the form:

dy

- A B
o (y)y + B,

Where y= (907 Y1, Y2, Y3, Y4, Ys, yG)T )

—(u+A+8p) 0 0 0 0 0 0 A

A —a 0 0 0 0 0 0

0 Yy =b 0 0 0 0 0

Aly) = Bé g6 & —c 0 0 0 |andB= |0
0 0 0 a —d 0 0 0

0 p1 P2 0 —u O 0
I 0 0 0 6 6 0 —pu 0]

We can see that all the off-diagonal elements of A(y) are non-negative, hence the
matrix A(y) is a Metzler matrix implying that the given system can not admit

negative solutions y for ¢t > 0, (see Ngeleja et al. [140]) for detalils. H

6.3.2 The Reproduction Number

At the disease free equilibrium (DFE) there are no secondary smokers

(¢(y1,y2) = 0), hence, the DFE is obtained by equating the right hand side of
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(6.6)-(6.12) to zero. This gives

Co

A
(yOm Y105 Y205 Y305 Ydo» Y50, y60) = (;a 07 O, 07 07 07 O) (614)

Using the technique by Van den Driessche and Watmough [80], we have com-
puted the basic reproduction number, R,, as shown below. From the system

(6.6)-(6.12), we define the matrices for new infections F and other transitions V

as follows:
( filky;l 1&213;2 ) Yo ayi
0 by, —
F— V= Y2 U
B9 yo cys — (e1y1 + €290)
i 0 i | dys — ays

The Jacobians for F, V and the inverse of V are given by:

[ b1y B2 y ! [ i i
1+1k;;)0 1+2k73§0 0 a 0 0 0 . 0
1
| 0 S ] I L
0 0 00 - —& ¢ 0 763—251[) be
a(yea+e1d) ae
i 0 0 0 O_ i O 0 —Q d_ 'YabT ﬁ

The spectral radius of the matrix F'V~! denoted by p is the maximum of the

moduli of the eigenvalues of matrix FV~!. Thus, Ry = p(FV ') given
[ 6 Yo 7 B2 Yo, B2 yog 0 0-
a(l4+kyy) * ab(l+kyzy) b(1+kyz,)
B 0 0 00
FV— =
0 0 0 0
0 0 00
is given by Ry = ﬁl + ijbA

Remark: Ry,, = 5 14 is a sub-reproduction number for secondary infection gen-
erated by inﬂuence of moderate smokers and Ry, = Vszé‘ is a sub-reproduction

number for secondary infection generated by influence of heavy smokers.

Both 51 A and ”32 can be less than one but the sum can be greater than 1. It is

1mp0rtant to stress that the disease clears if the sum of the two fractions does
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not exceed 1. The epidemic can only clear if both groups of smokers adhere to

the intervention measures.

Theorem 6.3. If Ry < 1 then the DFE, (,, is stable, otherwise it is unstable.

6.3.2.1 Global Stability of the DFE

We present the conditions that guarantee the global asymptotic stability of the
DFE. We can write the system (6.6)-(6.12) in the following form:

Y'(t) = F(Y, 2)
Z'(t) = G(Y,Z), G(Y,0)=0,

where Y = (yo, y5, ys) and Z = (y1, y2, y3, y4). The components of Y € R? rep-
resent the classes of uninfected states and the components of Z € R’ represent
the classes of infected states. Note that, the DFE can be written from the com-

ponents of {;, in (6.14) as

A
G =(Y",0,0), where Y*=—.
14

Following Castillo-Chavez et al. [141], two conditions H1 and H2 below must be
met to guarantee global asymptotic stability:

/

(H1) Y (t)=F(Y,0), Yvislocally asymptotically stable. (6.15)
(H2) G(Y,Z)=AZ — G(V,Z), G(V,Z2)>0 for (Y,Z) € Q. '

where A = D, G (Y*, 0,0) is an M —matrix and 2 is the region where the

model is well-posed.

Theorem 6.4. The DFE, {, = (Y*, 0, 0) of the system (6.6)-(6.12) is not globally
asymptotically stable (GAS).
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Proof. We have from (H1) and the definition of A = D, G (Y*, 0, 0),

—a 0 0 0
A — pyo
v —=b 0 0
FY,0)=| —pys |, A= .
&1 o9 —C
— KUYs
0 0 o —d

Condition (H2) simplifies to,

G1(Y,2) — Ao 0

. Gy (Y, 2) 0 0
G(Y.Z)= . = <

Gy (Y, 2) 0 0

Clearly the condition H, in (6.15) is not met, and we conclude that (; is not

GAS. O

Remark: Theorem 6.4 has implications regarding the control of the smoking
lung cancer epidemic. It is clear from this theorem that control of this epidemic
depends on the initial conditions. Hence, campaigns to educate susceptible in-
dividuals so that they do not start smoking and government regulation on the
price of tobacco products should be intensified in schools and hospitality places
such as bars and restaurants. The question is “what level of intervention is
needed to clear the epidemic?” This question is adressed in section 6.4.3 on

optimal control.

6.3.3 Existence of the Endemic Equilibrium Point (EEP)

At the endemic equilibrium point, we can take without loss of generality
the maximum possible value for ¢ = 1. Solving the system (6.6)-(6.12)
by equating the right hand side to zero, we find the EEP given by (; =
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(Yss YT, Y5, vss Ui, vi, yS), where in terms of \* is given by:

A . AN . ANy

Brxtp A AT PTG

* Aag . Nag o

Ys = « ) Yy = « 3
abc(B + M + p) abed (B + N+ p)

A)\*(bpl—i-’}/pg) . Aa0<d01+0492)

abp(B + M+ p) 7 abedpu(B + N+ p)’

A\ o= 51% 523/5
1+ kyt 1+ kys

and
ag = abfB +bXe + yA\ e
Using (6.8) we have found a polynomial for \* given by:
AN+ BN +C = 0, (6.16)

where the coefficients A, B and C are given by:

A= —[k2A27 +akAy + abkA +a2b}.
B = a*bu(Ry — 1) + kyBiA? + kA?Byy — (a*bB + a BkAvy + a®bp). (6.17)
C = a®bp*(Ry — 1) + abpBiA + aBfa\y — (a®b3% + a’bBu + a® ).

Proposition 6.5. If C < 0and B > 0 then the system (6.6)-(6.12) possesses two

real positive endemic equilibrium points.

Remark: We have not calculated the two endemic equilibrium points explic-
itly because it is tedious to do so even with numerical software but instead, we
want to determine the conditions under which backward bifurcation can occur

if one of the endemic equilibrium points is unstable and exists for R, < 1.
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6.3.3.1 Bifurcation Analysis

We shall investigate the nature of bifurcation involving the DFE, (,, using the
centre manifold theory described in Buonomo and Lacitgnola [142]. Using the

transcritical point Ry = 1, we can restate Theorem 6.3 as follows:

Lemma 6.6. The DFE, (,, is locally stable if p, < W and unstable if

b(pa—pB1A)
o > =5

The proof of Lemma 6.6 is given in Appendix D. Lemma 6.6 gives the impor-
tant relationship between the infection coefficient for heavy smoker, 3, and the
infection coefficient for moderate smokers, ;. In terms of the sub-reproduction

number, Ry,,, for moderate smokers, Lemma 6.6 can be restated as follows:

Lemma 6.7. The DFE, (,, is locally stable if By < ﬂ(l — Ry,,) and unstable

v Roy,
: b
lfﬁg > ﬁ(l — ROM)'

Remark: 1t is important to note that the positivity of 5, means that R,,, < 1.
Theorem 6.8. The epidemic persists for A > A* = ,/ﬁ, even for Ry < 1. In

other words one of the endemic equilibrium states of proposition 6.5 undergoes

backward bifurcation.
The proof of Theorem 6.8 is in two parts:

(i) to determine the right eigenvector w = (wy, wy, ws, ws, wy, ws, we) and the
left eigenvector v = (vg, vy, va, v3, V4, vs, ) associated with the Jacobian

(7.1) at B;.

(i1) to use the components w; and v;, i = 0,...,6 to define quadratic forms 7;
and 7, as defined in [143] and to use the positivity of Z; and Z; to show

the existence of backward bifurcation.

PrOOﬁ (1) Let w = (w07 Wy, W2, W3, Wy, Ws, UJG) and v = (UOa U1, U2, U3, V4, Us, UG)
be the right eigenvector and the left eigeinvector, respectively associated
with the Jacobian (7.1) in Appendix E at 5;. Following [142] and [143], we

can set up a system of linear equations for w and v given below:

Ruw' =0 (6.18)
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and

Lol =0 (6.19)

where R and L are given in Appendix E.

Solving the system (6.18) in terms of w, > 0 gives

a as as " w I w )
Wy = ——————1Wy, W =———1Wo, = —
T —a) —
Wy = ala W2, W5 = P2 (a1 a) G2 wy o (6.20)
cd(a; —a) p(a; — a)
by 'y
— w
e cdp(ay — a) 2’)
where

bg = d91+9206,

Iy = e9(a; — a) — ey as.

and solving the system (6.19) in terms of v, > 0 gives

-7
(a1 —a)

V1 =

Vo, Vg = V3 = Vg = Vg = Vg — O} (621)

(i1) Following (Castillo-Chavez and Song [143]), we can define the quadratic

forms 7, and 7, as follows:

n 2 n 2
Z = Z Vg W; i (Co, B3), “Za= Z UkwiM(C()a 53). (6.22)

Wjm——
ki =0 QY a?/j kim0 0y; 03
In terms of (6.20) and (6.21) we obtain:
2 D A
7, = 2Rui ( ) Zy= ———"—vuw,. (6.23)
plar —a)® \p(ar —a) p(ar — a)
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where

D = aasfip+ a3BiANkp(a; —a) +BaAk(a; —a)?

—paag P (a; — a), (6.24)

a; = M, (6.25)
L

ay = @, (6.26)
1

a = (,u + e+ + ,01) (627)

The coefficients of the right and left eigenvectors must always be positive
[143], so that:
Jo > 0, if(a1 — a) <0 (6.28)

and

Z >0, ifL > 0, (6.29)
p(ar —a)

The inequalities (6.23) and (6.28) mean that heavy smokers, for some
reasons, which could include heavy smokers reducing the number of
cigarettes, peer influence etc are becoming moderate smokers, that is
~v — —v. The signs of the terms in (6.24) are as follows: the first term
is positive, the second term is negative, the third term is positive and the

fourth term together with the sign is positive. We can solve the inequality

D

Ty 0 in (6.29) from the second and fourth terms in (6.24) as follows:

W = aipiAkp(ar —a) — paayBs(a; —a)

= (a1 — (a261Akﬂ_,Uaa262)
(51/\ ) (A36152ak—Aﬁ§a2u)

p 7
< (Aﬂl Aﬁz’Y ) (A?’ﬁlBQak— A B3 a? M)
< a
7 p
— a(Ry - 1) (A?’ﬁlﬁQakM— A B2 a? u)
< 0. (6.30)

The inequality (6.30) is true if either:
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(1)

A3 2 — AB2g2
Ry —1>0 and ( ﬁlﬁ?akﬂ 52““) <0 (6.31)
or
(ii)
A3 2 — AR2g2
Ry —1<0 and ( ﬁlﬁ?“ku 52‘“‘) >0 (6.32)
From (6.31) we have Ry > 1 and A < A* = £2  This is the usual en-

Bk
demic equilibrium requirement. It implies that the endemic equilibrium point

will persist even for recruitment levels into the susceptible smokers class below

A < A* = %. From (6.32), we obtain Ry < 1 and A > ﬁ. The en-
demic equilibrium point persists for R, < 1 if the recruitment levels into the
susceptible smokers class exceeds , /£5. This completes the proof. O

Remark: The possibility of backward bifurcation has implications regarding
clearance of the disease from the population as this can lead to wrong recom-
mendations arising from complacency by public health officials who may be led
to believe that the epidemic is under control. This study is suggesting a routine
survey to estimate the recruitment into the susceptible smokers class.

Figures 6.3(a) and 6.3(b) illustrate the fact that the reproduction number, R,
increases with increasing numbers of potential new susceptible smokers. It is
clear that if the number of new susceptible smokers exceeds A* = 11919 the
reproduction number exceeds one. Figure 6.3 shows that the endemic state can
be maintained even at low recruitment levels of new susceptible smokers for

Ry < 1.

6.4 Numerical Simulations

We performed numerical simulations for the system (6.6)-(6.12), with the initial

population values based on ONS data in Wales for the period 2001 — 2019 [132,
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Figure 6.3: (a) moderate smokers, (b) heavy smokers and (c) R, for varying
values of A.

138, 144]. The initial values for the seven populations, 1, ..., ys, are given by:

(Y0, y2, vs, y9, 3, v2, vd)
(765942, 275419, 507425, 1081, 1121, 1359063, 149).

6.4.1 Sensitivity Analysis

We conducted sensitivity analysis to assess how the reproduction number is
correlated to the model parameters since many of the parameters in Table 6.1
have been estimated. We have analyzed how sensitive R, is to the changes in
these parameters.

We used the method of Partial Correlation Coefficients (PRCC) to achieve the
objective mentioned above (See Table 7.1 in Appendix F). The sensitivity anal-
ysis revealed that the parameters 5; and A have a moderately strong positive
correlation, while the parameter 1 has a moderately strong negative correlation
with R,. We stress that caution must be exercised when interpreting the re-
sults as changes in $; and A can overestimate the severity of the epidemic. The

parameter ; is known clinically and is not an estimated parameter. Neverthe-
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Figure 6.4: PRCC showing the linear relationship between R, and certain
model parameters, when the effect of the other parameters is
discounted.

less, long life for smokers has the effect of prolonging the smoking lung cancer
pandemic. It is surprising that R, is weakly correlated to §; and 0., the disease

induced death rates.

6.4.2 Determination of lung cancer cases and deaths

To fit the deterministic model to data, we defined two additional state variables
representing the total number of lung cancer cases (y;) and lung cancer

deaths (y5) that are derived from the solution of the system (6.6)-(6.12):

d
% = Boyo+eiyi+eays— (4 01+ 601)ys
—(+ 09 + 63) ys (6.33)
d
% = 01Y3+ 2 s (6.34)

This step (equations (6.33) and (6.34)) is necessary because the data for lung
cancer cases is given as a sum for each year, and we want to account for the
two sources of lung cancer deaths. Figure 6.5 shows how our simulated results
compare to the actual data for moderate and heavy smokers, lung cancer cases
and lung cancer deaths. Figures 6.5(a) and 6.5(b) show a linear decline in both

moderate and heavy smokers. The simulated results (using equations (6.33)
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Figure 6.5: Simulations showing the comparison of actual and simulated cases
of (a) moderate smokers, (b) heavy smokers (c) lung cancer
sufferers and (d) lung cancer deaths using the deterministic model
(6.6)-(6.12).

and (6.34))show a very good fit. The correlation coefficient between the actual
and the simulated data for moderate smokers is r = 0.9870. Thus 7> = 0.974
or 97.4% of the variability of the recorded moderate smokers data can be ex-
plained by the simulated moderate smokers data or vice versa. The correla-
tion coefficient between the actual and the simulated data for heavy smokers is
r = 0.9875. Thus r? = 0.975 or 97.5% of the variability of the recorded moderate
smokers data can be explained by the simulated moderate smokers data or vice
versa. For lung cancer cases r = 0.972, implying that 94.4% of the variability of
the recorded lung cancer cases can be explained by the simulated lung cancer
cases or vice versa. Figure 6.5(d) shows a stochastic behaviour for lung cancer
deaths which agrees with the stochastic result (Figure 6.1(e)). The correlation
analysis shows that a good fit for the actual data to the proposed deterministic
model (6.6)-(6.12).

If we simulate to longer times (Figure 6.6), we see that a steady state is
achieved as opposed to extinction suggested by the actual data in Figure 6.1

and Figures 6.5(a) and 6.5(b). Figures 6.6(a)-(c) show that for moderate smok-
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Figure 6.6: Longterm model predictions of actual and simulated cases of (a)
moderate smokers, (b) heavy smokers (c) lung cancer sufferers and
(d) lung cancer deaths.

ers, heavy smokers and lung cancer cases, there is no permanent stability. In
particular, in Figures 6.6(a)-(b) the population for moderate and heavy smokers
decrease towards extinction but eventually these populations move away from
the axis of extinction. These results imply that interventions to curb the smok-
ing epidemic can work but extinction of the populations of smokers is not achiev-
able as there remains a group of die-hard smokers who will not quit smoking.

This is also confirmed by the stochastic model results in Figure 6.1.

6.4.3 Optimal Control

Tobacco control has become an important priority at both national and interna-
tional levels although the level of action varies from country to country [145].
The most efficient method to prevent lung cancer is to eliminate cigarette smok-
ing and exposure to secondhand smoke. This can result in reduced morbidity
and mortality not only of lung cancer, but also chronic obstructive pulmonary
disease, coronary heart disease, cerebrovascular disease and other conditions

[16]. We will use the system (6.6)-(6.12) to determine optimal control strategies.

104



Two possible controls are introduced to decrease the tendency towards smoking,
these are u; and u,, representing social and medical treatment support, respec-
tively. The governing equations for the control variables associated with the

system (6.6)-(6.12) are given by:

dyo B B2 Y2
- = A—[,Lb—i-(l—ul) (1+ky1+1+ky2>+5¢] Yo (6.35)

o (1—ul)< Aiin + Pa: )yo—(u+61+7)y1

dt L+ky 1+ ky

—(1+us) pryn (6.36)
d
% = yy1— (pte2)ya — (1 +u2) patn (6.37)
d
% = [Boyo+eiyi +eayp —Ccys (6.38)
d
% = ay;—dy, (6.39)
dys .
o (1 +ug) pran + (L4 u2) payo — pys (6.40)
d
% = O1ys+02ys — [1Ys (6.41)

Our goal is to minimize the objective functional defined as:
br 1 1
J(ur,up) = / Aryr + Az o + 5143“% + §A4U§7
0

where A; and A, are the weight constants associated with the number of mod-
erate and heavy smokers, respectively. The constants A; and A, are the weight
constants of the control variables u; and u,, respectively. Let uj, u; be the opti-

mal controls. We want to find a set of control functions such that
J(uﬁ u;) = min(u1,ug)€U J(uh UQ)

subject to (6.35)-(6.41), where U is the set of measure functions defined from
0, t7] to [0, 1]. We use Pontryagin’s Maximum Principle to solve the optimal

control problem that satisfies the necessary conditions. The Hamiltonian H
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from the objective function subject to the model system of equations is given by:

6

1 1 dy;

H = A1y1+A2yg+—A3u%+—A4u§+§ )\yi—y
=0

2 2 dt
1 2 1 2
= A1y1+A2yg+§A3u1+§A4u2

B1 11 B2 Y2
+)‘y0|:A (1 —u) (1—|—k:y1+1—|—ky2 Yo — BPYo — 1Yo

+ Ay [(1 — 1) (1 ililyl + 7 %f?ﬁ) yo— (+er+7)y — (1+uQ)p1y1]
T A YY1 — (L +e2) Y2 — (1 +u2) p2yo
+ Ay, (BOYyo+e1y1 +e2y2 — cys3)
+ Ay, (ays —dys)
+ Ays (1 +u2) prys + (1 +uz) pay2 — p1ys)
(

+ Ays (O1ys + 0294 — 11 y6)

where A\, Ay, Ayys Ay Ayss Ays 5 Ay, are adjoint variables satisfying the following

adjoint system:

Dy O A\, OH
dat Oy dt Oy

where
d)‘yo By B2 Y2

= (A, — A 1— Ay — A A
dt ( ) yl)( ul) (1+k:y1+1+ky2 +( Yo y3>/3¢+ yo M
Ay, = —A1+ (A — A )(1—U1)&+(>\ —Ays) (LF+u2) pr + Ay, (B+e1+7)
dt Yo Y1 1 + ky]_ Y1 Ys Y1

_AyQ/y_Ay3€1

d\ B2 Yo
Wy{z = _A2+(>\y0_)\yl)(l_ul)m+<)\yl_Ay5>(1+u2)p2+>\y2u_/\y3€2
dA
7@/3 = )‘ysc_)‘y404
d)‘y4

= A\, d
dt v
d\
i - ek
d\
i@ - wh
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The transversality conditions conditions are A, (t7) = 0 for i« = 0...6. The opti-

oH _ oH
Our ~ Ouo

x . B1 Yo y1 B2 Yo Y2
u; = min {max {0, (A — Ayo) (A3(1 . + L0 + k) , Nax Uy

uy; = min {max {O, (Ayy — Ays) % + (A — Ays) %} ,maxug}
4 4

mality conditions require that = 0 at u; = uj, us = uj, where

Figure 6.7 shows the positive impact that control measures (u;, us > 0.4) have
on the population of moderate smokers, heavy smokers, lung cancer sufferers ,
lung cancer deaths and susceptibles. Figures 6.7(a)-6.7(b) show that the com-
bined social and health policy measures to enhance smoking cessation can re-
duce the number of moderate and heavy smokers by up to 95%. This is 17%
lower for moderate smokers and 15% lower for the heavy smokers compared to
pre-control levels. Figures 6.7(c)-(d) show that these measures can reduce the
lung cancer cases and deaths by about 50%.

Figure 6.8 shows the profiles of the treatments u; and us,.
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Chapter 7

Discussion

The good health of a population depends on a number of important factors such
as disease outbreaks, their severity and transmissibility as well as to mount a
plan to execute a response. As the COVID-19 pandemic has demonstrated, a key
test for health systems worldwide is their resilience in simultaneously address-
ing emergencies and ongoing health needs [146]. Within a few months of the
COVID-19 pandemic the documented rates demonstrated that hospitalization,
added need for special care and deaths for people with pre-existing conditions
like hypertension, diabetes, chronic respiratory diseases or cancer were quite
high to the extent that facilities to attend to these needs were overwhelmed.
This in itself highlights the convergence that occurs between non communica-
ble diseases and infectious (communicable) diseases. The COVID-19 pandemic
has shown that we can not deal with one and ignore the other.

During the early stages of pandemics, pharmaceutical interventions such as
vaccines are not available, and in resource-limited settings, such interventions
are rarely readily available or affordable. Moreover, due to the emergence of
new viral strains /variants present challenges that render the pharmaceutical
interventions obsolete in some cases. In such instances non pharmaceutical
interventions become the most important public health interventions that gov-
ernments, communities and/or individuals can adopt.

In this study we explored one of the key non pharmaceutical intervention
used in disease management. The practical utility of the model we developed for

contact tracing during an Ebola epidemic is its use in infectious disease manage-

109



ment such as COVID-19. One conclusion of our model is that behavior change
over the course of an outbreak significantly impacts dynamics and should be
considered when formulating models and management responses. It would be
interesting to retrospectively analyze other past outbreaks, where data is avail-
able, to investigate the effect of allowing for time-dependent parameters. One
could try to connect behavior change with specific information campaigns. Fig-
ure 4.5 shows clearly how a linear decrease in the amount of adequate contact
tracing during an outbreak can result in a nonlinear increase in the number of
cases and deaths. As a result, our time-dependent modeling approach can be
used in future outbreaks to assess the amount of contact tracing that should be
conducted in order to limit the total number of cases and deaths.

There was a period when the contact tracing infrastructure was over-
whelmed by cases, as seen in the plateaus in Figures 4.4. More contact tracers
available to work would have prevented this plateau, but the number of contact
tracers available was sufficient to prevent many more cases and deaths from oc-
curring. Increasing either ; or k, would have decreased the number of deaths
that occurred, but x; had a stronger effect than «,. Overall this work makes a
strong contribution to understanding the effects of contact tracing and changes
in behavior on disease management.

In the future further exploration of the role of contact tracing in epidemics
could be undertaken, by adding international spread features, through consid-
ering mobility data [147]. A model with a more realistic form of the function
f which represents how contact tracing capacity grows in response to an epi-
demic could be developed. The mechanisms of contact tracing procedures for
other diseases might be quite different and require the development of disease-
specific models. Optimization techniques (such as optimal control) could be used
to design management strategies for contact tracing.

Human respiratory virus infections lead to a spectrum of respiratory symp-
toms and disease severity, contributing to substantial morbidity, mortality and
economic losses worldwide as seen in the COVID-19 pandemic [148]. The great-
est challenge presented by these infectious diseases is their reliance on control-

ling infections through good hygiene and sanitary practices which most resource
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limited countries are unable to meet as well as the fact that they can be trans-
mitted through the air.

In order to understand how sub-Sahara Africa, South Africa as an example,
could cope with the COVID-19 pandemic in view of limited resources and com-
promised health systems we explored different strategies that could be used to
protect hospital bed capacity and help flatten the infection curve. The analysis
revealed that there are several strategies that can flatten the infection curve
and protect hospital bed capacity. However, we found that of all the strate-
gies, the preferred strategy is either that which removes asymptomatic infec-
tives much faster than the symptomatic infectives or the strategy that removes
symptomatic infectives faster than asymptomatic infectives as either of these
strategies gives the least number of deaths.

South Africa introduced the lockdown early. This is evident from the flatness
of the infection curve (Figure 5.12), depicting that early lockdown slowed down
the number of infections. The question is why despite this measure the num-
ber of infected individuals has kept on rising. The number of infections in fact
rose rapidly after the lockdown. It is clear from Figure 5.14 that the lockdown
was ineffective because the individuals in various households came out to min-
gle with individuals from other households at community places such as shops,
markets etc. The lockdown did not have the desired effect. From Figure 5.14 it
is evident that if household and community transmission had been avoided due
to higher levels of adherence to control measures the situation would have re-
sulted in 33% fewer asymptomatic infectives, 33% fewer symptomatic infectives
and 62% less hospitalizations.

The difficulty for South Africa, and indeed any sub-Sahara African country,
will be how to ensure the populations living in high density areas observe social
distancing and good hygiene practices. It is easier in developed countries with
social security arrangements to maintain disease prevention measures. In sub-
Sahara Africa where the majority of the people live a subsistence life and are
self employed, it will be hard to enforce the measures employed in developed
countries.

Worlwide between 82000 and 99000 young people begin smoking everyday,
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80% of them from low-middle income countries (LMICs). If current trends con-
tinue more than 200 million young people under the age of 20 will die pre-
maturely from tobacco related diseases [149]. Adolescents’s exposure to norms
coming from their own social environment is the major factor responsible for
their taking up early smoking. They are especially vulnerable to social influ-
ence as they try to fit in with their peers [150, 151]. In addition to other effects
of cigarette smoking, early age at initiation of smoking increases risk of lung
cancer [16]. Any effort towards reducing lung cancer incidence or mortality
should start with promoting public health interventions that reduce smoking
initiation for young people and encourages smoking cessation efforts.

Sensitivity analysis has revealed that parameters representing the rate at
which susceptible individuals become smokers due to interaction with moderate
smokers as well as the rate at which moderate smokers become addicted have
the largest impact on the development of the smoking epidemic. Therefore,
to reduce the number of smokers, in addition to stricter measures on tobacco
advertising, tobacco pricing and programs offering help to quit tobacco use, this
study recommends targeting susceptibles to avoid taking up smoking as a habit
in the first place. Our model has shown that these measures can result in the
decline of lung cancer cases and deaths in the long run. Because we used the
data for Wales to fit our model, we want to caution that more publicly available
data on smoking habits for other countries is needed to extend the findings of
our study to a wider area.

We formulated a stochastic model and used it to predict smoking trends
and its consequences using ONS data in Wales for the period 2001 — 2019. The
stochastic solution revealed that the long-term outcome could be a quasi steady
state, where all classes will persist but at low levels. The deterministic model
suggests the existence of backward bifurcation which has the potential to com-
plicate the decision making regarding the effectiveness of control measures of
smoking and smoking lung cancer. This study recommends routine surveys to
find out the recruitment levels of new susceptible smokers. These surveys can
be paid for through value added tax on tobacco products. This levy of tobacco

products can also be used to strengthen the existing counseling clinics. The pos-
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sibility of backward bifurcation is a new result which relates the reproduction
number to the recruitment rate of new potential smokers. This result suggests
that the epidemic is sustained in two ways: first by the high influence rate of the
smokers and secondly by the high number of individuals who succumb to peer
influence. The health officials have the responsibility to monitor and protect
the non smokers from being converted to smoking and from the effect of second
hand smoke.

Our recommendation is for health officials to set targets towards the elim-
ination/reduction of smoking cancer as is being done for climate change. This
way the success of the campaigns will be quantifiable and the elimination tools
can be refined depending on the level of success. Some of the countries growing
tobacco as a cash crop will be reluctant to stop growing it but if incentives to
change to other cash crops are offered, the production of tobacco can be reduced
significantly. This will raise the price of tobacco and reduce consumption.

The optimal control analysis indicated that the effects of tobacco control
interventions in the form of u; (educational campaigns) and u, (treatment
options) can reduce the number of smokers by approximately 75% and the
number of lung cancer cases and related deaths by about 50% in the long run.
If this is coupled with the recommendation regarding the growing of tobacco

the success suggested by the optimal control would achievable.
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Appendix A

Initial Fitting Results

Figure 7.1:
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First attempt match to the data of cumulative cases and cumulative
deaths with all parameters constant. The value of J is 0.1963.

Note that in Figure 7.1 the curves are still increasing at day 500, indicating

that the epidemic would have continued.

Appendix B



Date Day | Cumulative | Cumulative | Date Day | Cumulative | Cumulative
Cases Deaths Cases Deaths
12-Aug-14 | 77 | 717 264 11-Feb-15 | 260 | 8183 3009
13-Aug-14 | 78 | 733 273 12-Feb-15 | 261 | 8193 3018
14-Aug-14 | 79 | 747 280 13-Feb-15 | 262 | 8208 3030
15-Aug-14 | 80 | 757 287 14-Feb-15 | 263 | 8213 3036
16-Aug-14 | 81 | 775 297 15-Feb-15 | 264 | 8226 3043
17-Aug-14 | 82 | 778 305 16-Feb-15 | 265 | 8230 3050
18-Aug-14 | 83 | 783 312 17-Feb-15 | 266 | 8237 3058
19-Aug-14 | 84 | 804 320 18-Feb-15 | 267 | 8239 3063
20-Aug-14 | 85 | 813 322 19-Feb-15 | 268 | 8244 3066
21-Aug-14 | 86 | 823 329 20-Feb-15 | 269 | 8260 3079
22-Aug-14 | 87 | 881 333 21-Feb-15 | 270 | 8275 3088
23-Aug-14 | 88 | 904 336 22-Feb-15 | 271 | 8289 3095
24-Aug-14 | 89 | 935 341 23-Feb-15 | 272 | 8301 3103
25-Aug-14 | 90 | 955 355 24-Feb-15 | 273 | 8308 3113
26-Aug-14 | 91 | 961 363 25-Feb-15 | 274 | 8320 3124
27-Aug-14 | 92 | 988 372 27-Feb-15 | 276 | 8349 3151
28-Aug-14 | 93 | 1018 377 28-Feb-15 | 277 | 8353 3164
29-Aug-14 | 94 | 1033 383 1-Mar-15 | 278 | 8370 3180
30-Aug-14 | 95 | 1077 387 2-Mar-15 | 279 | 8374 3188
31-Aug-14 | 96 | 1106 388 3-Mar-15 | 280 | 8383 3199
1-Sep-14 |97 | 1115 396 4-Mar-15 | 281 | 8389 3210
2-Sep-14 |98 | 1146 399 5-Mar-15 | 282 | 8398 3222
3-Sep-14 |99 | 1174 404 7-Mar-15 | 284 | 8416 3245
5-Sep-14 | 101 | 1234 413 8-Mar-15 | 285 | 8428 3263
6-Sep-14 | 102 | 1276 426 9-Mar-15 | 286 | 8444 3279
7-Sep-14 | 103 | 1287 428 10-Mar-15 | 287 | 8463 3289
8-Sep-14 | 104 | 1305 433 11-Mar-15 | 288 | 8469 3297
9-Sep-14 | 105 | 1341 436 12-Mar-15 | 289 | 8472 3303
10-Sep-14 | 106 | 1367 445 13-Mar-15 | 290 | 8476 3312
11-Sep-14 | 107 | 1401 450 15-Mar-15 | 292 | 8487 3325
12-Sep-14 | 108 | 1432 459 16-Mar-15 | 293 | 8501 3327
13-Sep-14 | 109 | 1464 463 17-Mar-15 | 294 | 8502 3336
14-Sep-14 | 110 | 1513 468 19-Mar-15 | 296 | 8508 3360
15-Sep-14 | 111 | 1542 474 20-Mar-15 | 297 | 8515 3370
16-Sep-14 | 112 | 1571 483 21-Mar-15 | 298 | 8518 3376
17-Sep-14 | 113 | 1585 489 22-Mar-15 | 299 | 8520 3381
18-Sep-14 | 114 | 1618 495 23-Mar-15 | 300 | 8528 3393
19-Sep-14 | 115 | 1640 497 24-Mar-15 | 301 | 8529 3398
20-Sep-14 | 116 | 1696 501 25-Mar-15 | 302 | 8532 3407
21-Sep-14 | 117 | 1745 502 26-Mar-15 | 303 | 8535 3413
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6-Sep-14 | 102 | 1276 426 9-Mar-15 | 286 | 8444 3279
7-Sep-14 | 103 | 1287 428 10-Mar-15 | 287 | 8463 3289
8-Sep-14 | 104 | 1305 433 11-Mar-15 | 288 | 8469 3297
9-Sep-14 | 105 | 1341 436 12-Mar-15 | 289 | 8472 3303
10-Sep-14 | 106 | 1367 445 13-Mar-15 | 290 | 8476 3312
11-Sep-14 | 107 | 1401 450 15-Mar-15 | 292 | 8487 3325
12-Sep-14 | 108 | 1432 459 16-Mar-15 | 293 | 8501 3327
13-Sep-14 | 109 | 1464 463 17-Mar-15 | 294 | 8502 3336
14-Sep-14 | 110 | 1513 468 19-Mar-15 | 296 | 8508 3360
15-Sep-14 | 111 | 1542 474 20-Mar-15 | 297 | 8515 3370
16-Sep-14 | 112 | 1571 483 21-Mar-15 | 298 | 8518 3376
17-Sep-14 | 113 | 1585 489 22-Mar-15 | 299 | 8520 3381
18-Sep-14 | 114 | 1618 495 23-Mar-15 | 300 | 8528 3393
19-Sep-14 | 115 | 1640 497 24-Mar-15 | 301 | 8529 3398
20-Sep-14 | 116 | 1696 501 25-Mar-15 | 302 | 8532 3407
21-Sep-14 | 117 | 1745 502 26-Mar-15 | 303 | 8535 3413
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Appendix C

The solution set for the stochastic model (6.5):

0.5754 0.5754
In <E[x1(t)] — > = In (mlo - > — 0.0183¢

0.0183 0.0183
1.0592 1.0592
In <E[$2(t)] -3 O336> = In (xgo ~ 3 0336> — 0.0336t

2

In(Elz;(t)]) = In(zy) —%t, i=3,4,5

Appendix D

Proof. The system (6.6)-(6.12) can be rewritten in the form

d

—<Z/0; Y1, Y2, Y3, Y4, Ys, yG)T = (f07 fla f27 f37 f47 f57 fﬁ)Ta
dt

where the functions f;, i =0, ...,6 are given by

B1 Y1 Yo _ B2 Y2 Yo
1+/€y1 1+l€y2’

fo = A—py — 5¢(3/17y2>yo -

o= B1y1 yo 4 B2 Y2 Yo —ay
' L+kyr 1 +ky v

foo = vy — by, f3=PBb(y1,y2)Y0 + €1y + €292 — cYs,

fo = ays —dys, fs=piyn + pay2 — pys, fe=01yzs + Oys — pys.

We want to investigate the occurrence of the transcritical bifurcation at Ry =

1. The Jacobian of the system of equations (6.6)-(6.12) evaluated at the DFE is

given by

4 -4, —ay 0 0 0 0]
0 (ag—a) a 0 0O 0 O
0 ~ -5 0 0 0 0

J(G)=1]0 €1 g —c 0 0 0],

0 0 0 a —d 0 0
0 P1 p2 0 0 —p O

0 0 0 6 6 0 —p

(7.1)
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where

al:ﬁly;a (12:522/8.

Now, let’s consider Ry = 1 and take 5, = (35 as the bifurcation parameter. Then,

we have
gy = e )
Y
It follows from Lemma 6.6 that the DFE, (,, is locally stable when 5, <
w and unstable when 3, > w -
Appendix E
-_M —a —as 0 0 0 0 |
0 (a—a) a 0 0 0 0
0 v b 0 0 0 0
R=10 €1 g —c 0 0 0],
0 0 0 o —d 0 0
0 P1 pe 0 0 —u O
L 0 0 0 6 6 0 wd
TR 0 0 0 0 0]
—a; (@—a) v e 0 p 0
—a2 Qo ~b g 0 pp O
L=10 0 0 — a 0 6/,
0 0 0 0 —d 0 6
0 0 0 0 0 —u O
0 0 00 0 0 —pu

Appendix F
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Table 7.1: Parameters and their ranges used for the sensitivity analysis

Parameter Range PRCC p-value
o} [0, 0.0000003] -0.02560785 0.5984
Io [0, 1] 0.43027179 0.0000
B2 [0,0.5] 0.06185022 0.01485
o [0,0.001] 0.01214754 0.07253
0 [0, 0.05] -0.55180 0.0000
P1 [0, 1] 0.23058413 | 0.0000000000006523
P2 [0, 1] -0.01121879 0.07523
ot [0,0.0001] -0.01248264 0.07523
o [0,0.001] 0.02990188 0.5391
vy [0, 1] 0.31186786 0.0000
A [0, 0.05] 0.52410196 0.0000
€1 [0,0.01] -0.02162308 0.6515
€9 [0,0.01] 0.05458266 0.2114
€3 [0,0.001] 0.040342646 0.4632
« [0,0.01] 0.05194083 0.2199
01 [0.0146,0.0421] | -0.03522090 0.5096
0o [0,0.0146] -0.03086953 0.7253
k [0, 1] -0.03086953 0.5391




