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ABSTRACT ARTICLE HISTORY
Kaposi Sarcoma (KS) is the most common AIDS-defining cancer, even Received 27 August 2020
as HIV-positive people live longer. Like other herpesviruses, human ~ Accepted 16 March 2021
herpesvirus-8 (HHV-8) establishes a lifelong infection of the host that KEYWORDS

in association with HIV infection may develop at any time during the HIV-1: HHV-8; mathematical
illness. With the increasing global incidence of KS, there is an urgent model; optimal control
need of designing optimal therapeutic strategies for HHV-8-related

infections. Here we formulate two models with innate and adaptive

immune mechanisms, relevant for non-AIDS KS (NAKS) and AIDS-KS,

where the initial condition of the second model is given by the equi-

librium state of the first one. For the model with innate mechanism

(MIM), we define an infectivity resistance threshold that will deter-

mine whether the primary HHV-8 infection of B-cells will progress to

secondary infection of progenitor cells, a concept relevant for viral

carriers in the asymptomatic phase. The optimal control strategy has

been employed to obtain treatment efficacy in case of a combined

antiretroviral therapy (cART). For the MIM we have shown that KS

therapy alone is capable of reducing the HHV-8 load. In the model

with adaptive mechanism (MAM), we show that if cART is adminis-

tered at optimal levels, that is, 0.48 for protease inhibitors, 0.79 for

reverse transcriptase inhibitors and 0.25 for KS therapy, both HIV-1

and HHV-8 can be reduced. The predictions of these mathemati-

cal models have the potential to offer more effective therapeutic

interventions in the treatment of NAKS and AIDS-KS.

1. Introduction

Despite significant progress made in ending the HIV/AIDS epidemic, an estimated 38
million people were living with HIV at the end of 2018, resulting in about 2% deaths.
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The African region remains to be the most affected, accounting for two-third of the peo-
ple living with HIV worldwide (https://www.who.int/gho/hiv/en/). Although HIV-positive
people who start antiretroviral therapy (HAART) have the same life expectancy as their
HIV negative peers, they develop co-morbidities on average 16 years earlier than HIV neg-
ative people (http://www.natap.org/2020/CROI/croi_134). KS is one of the most common
malignancies causing co-morbidity in patients with human immunodeficiency virus-1
(HIV-1) infection, especially at the later HIV stage (AIDS). Most of AIDS-related cancers
are caused by oncogenic viruses such as Epstein Barr virus (EBV), human herpesvirus 8
(HHV-8) and Human papillomavirus (HPV) [7].

There are four different forms of KS: Classic or sporadic KS, African or Endemic KS,
AIDS-associated or epidemic KS and Transplant or Immunosuppression-associated or
Tatrogenic KS [13]. The development of each of these forms is dependent on prior infec-
tion with HHV-8. However, HHV-8 infection alone is insufficient for the development of
KS and some form of immunodeficiency is necessary for disease progression [31].

Most individuals infected with African KS and Classic KS but with strong immune
responses have remained latently infected with HHV-8 throughout their lifetime [13,14]
The co-factors involved in the development of Classic and Endemic KS are not fully under-
stood although environmental and genetic factors such as age, sex, malnutrition and so on
have been implicated [13]. Progression from HHV-8 infection to KS is a complex process.
For instance, not every AIDS patient develops KS even in the face of profound immunosup-
pression, only a minority of HHV-8-infected transplant recipients develop iatrogenic KS,
and that people with Classic or Endemic KS are not typically immunosuppressed [17,20].

Whether HHV-8 infection develops into an asymptomatic or symptomatic KS, depends
on the interplay between HHV-8 and the host immune system. When HHV-8 infec-
tion occurs, the immune system promotes an environment where cellular proliferation,
cell migration, angiogenesis and cytokine/chemokine production are enhanced [13]. The
immune response occurs in two stages: first by triggering the innate response and second,
if the infection persists, the adaptive response [30]. A review by Foreman et al. [13] has
suggested how infection of progenitor cells by HHV-8 can initiate the development of all
forms of KS. For individuals dually infected with both HIV-1 and HHV-8, the HHV-8
infection is enhanced by the HIV-1 growth factors which stimulate both uninfected and
infected B-cells to proliferate in response to T-cell signals [13]. The T-cell signals stimulate
the latently infected B cells. These cells that were dormant are now capable to proliferate
and increase the population of HHV-8 producing cells.

With regard to mitigating the spread of the disease, especially in the case for childhood
diseases and malaria, preventive measures are given priority over treatment. Current pro-
tocol advises individuals going to malaria endemic areas to take malaria prophylaxis drugs
1 week before departure to prepare their immune system to fight and clear the infection
before it develops into active disease. In this study, our objective is to demonstrate how
administration of HAART to individuals co-infected with HIV-1 and HHV-8 can prevent
the occurrence of KS by ensuring low HIV-1 viremia which prevents reactivation of latently
infected B cells [13].

When a pathogen invades the body, the body triggers an innate, non-specific immune
response to clear the infection. This response consists of cellular (immune cells) and chem-
ical (e.g. cytokines) defenses to reduce the growth of the population of infected cells and
to eliminate the pathogens. The innate immune response may be viewed as a way to
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Figure 1. Schematic diagram of the MIM describing interactions for NAKS.

suppress and control HHV-8 infection before the adaptive immune response character-
ized by the clonal expansion of lymphocytes is activated. Using mathematical modelling,
we show that a dynamic motif in Figure 1 comprising of interactions between infected B
cells, infected progenitor cells, KS cells, HHV-8 virions and the innate immune response, is
able to prevent a potentially NAKS from developing into a clinical disease. This has twofold
implications. First, key innate immune signalling molecules induced by viral infection lead
to the production of a broad range of antiviral proteins and cytokines. Uncontrolled release
of these cytokines can lead to cytokine storm, causing tissue damage or indirectly causing
pathology even before the initiation of HAART [23]. Second, antibody test can detect HIV
infection as early as 1-2 weeks after exposure and testing after 2 or 3 weeks is not very use-
ful (http://i-base.info/guides/testing/what-is-the-window-period). Hence, it is essential to
understand at what level to deem the innate immune response or cytokine therapy to be
safe.

If the infection progresses despite the innate response, the immune system mounts a
more robust, longer lasting adaptive or acquired immune response. Hence, we construct
a second model that mimics the body’s adaptive immune response by including the inter-
actions as in Figure 4 between HIV-1 virions, HIV-1- and HHV-8-specific effector cells,
infected CD4 T cells, uninfected B- and CD4 T cells. The initial condition of MAMI will be
determined by the equilibrium states of the MIM, assuming an advanced stage of HIV-1
and HHV-8 co-infection. Importantly, we find an infectivity threshold that will be criti-
cal for the primary HHV-8 infection to develop into an advanced KS. To determine the
drug efficacy level of HAART alone or combined HAART and chemotherapy, we will
take an optimal control approach. This is motivated by the fact that HAART should be
the first step therapy in optimal control of HIV infection for AIDS-KS. However, patients
with high-risk KS rarely respond to HAART alone and hence, chemotherapy is recom-
mended which requires balancing the immunosuppressive effects of chemotherapy with
its potential benefit.
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To develop these models, we shall apply the Foreman et al. [13] approach. According to
this hypothesis, AIDS-KS arises from the erroneous infection of progenitor cells by HHV-
8 which is enhanced by action of HIV-1 infected host cells. These HIV-1 infected cells
produce cytokines and growth factors that stimulate the progenitors of the KS cells which
makes them susceptible to HHV-8 infection. In summary, we will show that early HHV-8-
specific intervention is important as it can control the HHV-8 infection from developing
into a progressive KS. We also determine eflicacy levels for cART therapy at which HIV-
1 and HHV-8 co-infection can be kept under control, thus providing valuable testable
predictions for clinical researchers.

2. Model with innate mechanism (MIM)
2.1. Model formulation and description

We formulate a model based on Foreman et al. [13] representing two subsystems as follows:
the first subsystem representing the primary infection of B cells leading to the production
of HHV-8 and the second subsystem representing the erroneous infection of progenitor
cells leading to the development of KS.

The MIM includes infected B-cells, X; (), HHV-8 virions, X, (), infected progenitor
cells, X3(t), KS cells, X4(¢), and the innate immune response, Xs5(t). The interaction among
the different classes are illustrated in Figure 1 and described by the following system of
ordinary differential equations:

Xt =K (1 Xs )X (1 X1 ) X (1)
1 = K2 9x5+X5 1 . Mox; Al

Equation (1) describes the dynamics of the infected B cells, X;. This class is assumed to
grow logistically but regulated by the efficacy threshold of the innate immune response.
The dependence on X itself rather than the HHV-8 load is plausible, since no correlation
has been observed between the B-cell subsets and the HHV-8 viremia [6]. The last term
accounts for natural death of infected B cells at a constant rate jiy,.

Xz(t) = Nxzﬂxlxl - MxZXZ- (2)

Equation (2) represents the dynamics of HHV-8, X;. The first term represents the produc-
tion of these virions from the bursting of infected B cells, where Ny, is the carrying capacity
or maximum number of virions that can be contained within an infected B cell. The last
term represents natural clearance of HHV-8 at a constant rate [y, .

X =K, (1 X Vx, (1% X (3)
3 = K1 9x5+X5 2 X Mx3 A3,

max

Equation (3) describes the dynamics of the infected progenitor cells, X3. The first term
represents a source term which grows logistically with respect to the viral level, X;, and
moderated by the innate immune response, Xs. The effect of the innate immune response,
Xs, is moderated by the saturation parameter, 0,5, which is significant in this study as it
mimics how administration of vaccines or drugs can alter the progression of the infec-
tion [19]. The logistic growth term is expressed in terms of HHV-8 viremia to emphasize
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that progenitor cells and in general stem cells proliferate in response to infectious stimuli
[3,5,8,15,19,24,27]. This formulation can assist to make decisions on viral load depen-
dent intervention measures depending on the viremia reservoir levels. The second term
represents the blanket death of these cells at a constant rate, fiy;.

X4(t) = /:LX3X3 - MX4X4' (4)

Equation (4) represents the concentration of KS, X4. The first term designates the growth
of KS, as the infected progenitor cells transform into cancerous cells, at a constant rate,
flxy < [y;. It is assumed that fiy, < [iy, as not all infected progenitor cells progress to KS
[13]. The second term is natural death of KS at a constant rate jiy,.

. X

X5(t) = K3 o+ X, Ks3Xs (5)
Equation (5) represents the innate immune response, Xs. The first term represents the stim-
ulation of the innate immunity due to the presence of infected B cells, X;. It is assumed that
X5 is stimulated by the infected B cells, X7, in a saturable manner with the scaling constant,
0y,> and decays at a constant rate K3 [4]. The model (1)-(5) is developed to demonstrate
how infection errors committed by HHV-8 by erroneously infecting progenitor cells lead to
a more serious problem of KS. This model can then be used to demonstrate that externally
administered drugs or immune boosters can alter the infection and stop the development
of KS.

2.2. Analysis of the model

2.2.1. Positivity and boundedness of solutions
We denote by Ri the set of points X; = (X1(t), X2(t), X3(t), X4(£), X5(t)) in R> with
positive coordinates and consider the system (1)-(5) with initial values

0 0 50 5
X0 = (X1, X3, X3, X3, X2) e R3.
In this section, we prove the following theorem.
Theorem 2.1: IfX? > 0, then X;(t) > O forallt > 0, i=1,...,5.

Before we prove Theorem 2.1, we rearrange the system into a subsystem of infected
progenitor and infected B cells, W = (X;(#), X3 (t))T, written in matrix form as

W =M,W+Q, (6)
where
— 0 XiiX X
M, = Moy  Fo 11(X1) Cand w= (X))
0 _ng, X2fZ(X2) X3
_ KZ 0 _ Xj .
K_(o Kl)’ i =(1-55) i, )
Xs
X5)=1— ———, = r(X5)KF,
r(Xs) 6+ X Q=r(X5)
F;(Xj) = Xjf;(X)) is the jth entry of the vector, F, j = 1,2
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Let Q; denote the jth entry of Q, j = 1,2, where Q; represents the jth source term in (6)
and r(X5) measures the efficacy of the innate immune response. Define a subsystem con-
sisting of HHV-8 and KS, Y = (Y2(1), Yi())T = (Xa(t), X4(1)T, which can be expressed
in matrix form as

Y =M,Y + EW, (8)

M=<_My2 0 ), Y=<Y2), and E=(N’CZM"1 AO>.
0 —Hyy Yy 0 Mxs

The proof is done in three steps: First, we prove that the source terms in (6) are nonneg-
ative, i.e. Q := r(X5)KF > 0. Second, we want to show that X;(t) > 0, i = 1,3, t > 0 and
finally, we conclude that Y;(t) > Ofort > 0,i = 2,4.

where

Proof: From Equation (5), we can deduce that X5(¢t) > X5(0) exp(—K3t) > 0. Notice that
q Y

_1_ X5 _ Oxs
r(Xs) =1 Oxs+X5 — Ox5+Xs5

The function Fj(X;) in (7) has zeros at Xj = 0 and X; = x;, ., has a peak at X; = meTa"
and is positive in the interval 0 < X; < x;, .. Since K > 0, we have Q; > 0, j = 1,2.

The matrix M,, in (6) is a Mertzler matrix and f;(X;) > 0, the solution of (6) is non-
negative for all t > 0. The matrix E > 0 since X; > 0 for i = 1, 3. The matrix M, is a
Mertzler matrix and hence, the solution of (8) is nonnegative for t > 0. We conclude that if

X? >0, i = 1,2,3,4,5, then the solution X;(t), of the system (1)-(5) remains in Ri_. [ |

> 0, for Oy, > 0.

2.3. Steady states and the basic reproduction number

The virus free equilibrium of the MIM given by Equations (1)-(5) is el = (XO,Xg,Xg,Xg,
X(s)) = (0,0,0,0,0). In what follows, we will calculate the basic reproduction number of
the system (1)-(5) using the next generation operator method [9]. The basic reproduction
number is determined by the number of newly infected B cells. Using this approach, we
first assume that the model system (1)-(5) can be written in the form

x_ XY, 2)

dt_ 2] bl bl

dy

— = XY, Z), 9
o 8( ) )
dz

— = hXY,Z),

5 ( )

where X e R, YeR and Z e R3 and h(X,0,0) = 0. Assuming that the equation
gX*,Y,Z) = 0 implicitly determines a function Y = g(X*,Z). We let A = Dzh(X¥,
£(X*,0),0) and further assume that A can be written in the form A = C — D, withC > 0
(thatis m;; > 0) and D > 0 is a diagonal M-matrix.

In system (9), X denotes the innate immune response, Y represents the HHV-8 virions
and the components of Z represent the HHV-8-associated cells,i.e. X = X5, Y = X5, Z =
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(X1,X3,X4). Let Uy = (X*,0,0) denote the virus free equilibrium, that is,
f(X*,0,0) = g(X*,0,0) =0, and Ah(X*,0,0)=0, with Y =gX"2),

where

Nxz Mxlxl
Mxy

We compute A = Dzh(X*, g(X*,0),0) and get

X" Z) = and D = diag (i s> [hxy) -

K, 0 0 = 0 0
Kl NX2 Mxl —1 !
C= —14 0 0 and D = 0 0
Hxy R Mxs )
0 Mx3 0 0 0 My

The reproduction number is given by the next generation spectral radius p(CD 1) to be

K
Ry = —=.
Moxy

2.4. Local stability of the virus free equilibrium, °

Lemma 2.1: The virus free equilibrium point &° is locally asymptotically stable if Ry < 1.

Proof: We consider the Jacobian matrix of the system (1)-(5), evaluated at the virus free
steady state denoted by J(&?).

Ky—piy, O 0 0 0
Ni, —Mx, 0 0 0
JH=] 0 Ky —pyy 00
0 0 /lx3 —Hxy 0

0 0 5—31 0 -K;

We note that J(°) is a lower triangular matrix. Hence, the corresponding eigenvalues are
the entries in the main diagonal. In other words,

)"1 = K2 - Mxp )"2 = _/-’l/xz> )"3 == _MJC3>)\-4 = _,u«x4,)\45 == _K3

For local stability of e =K, — Hx, = Mx (Ro — 1) < 0. Hence, all the eigenvalues are
negative and the result follows. |

2.5. Existence of the KS present equilibrium, ¢}

Setting the system (1)-(5) to zero and solving the resulting system simultaneously yields:

X; =0 K (1 Xs o 0
= or _—— —_ — =0,
1 2 '9x5 X X Mxy

Suppose X; # 0. Then,

K (1 Xs s =0 (10)
2 st + X5 X1 max Hoa =5
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Using (5) to solve for X5 and replacing in (10) yields
AyXE + A X1+ Ap =0,

where A; = KoOxss A1 = oy X1 + K20 Oxs + 1y Oxs X1y (1 — Ro) and Ag = pty, O,
Oxs X150 (1 — Ro). To establish the existence of a positive root for g(X;) = AzXf + A1 Xy +
Ay, say X|, we argue as follows:

Note that g(0) = tx, Ox, Oxs X1, (1 — Ro) < 0if Ry > 1 and by continuity of g, we have

lim g(X;) = +oo.
X1—> o0

This implies that there is a positive number, X} € (0, 4-00) such that g(X}) = 0. In par-

. —A1+A/A?—4A4A . .
ticular, we one can show that X = %. Hence, we obtain the following
coordinates for the KS present equilibrium, ¢ = (X}, X3, X3, X}, X%), where

X* _ My xzmafo

= 11
; e (11)
- Ors (64, + X7 11
X; = (xzmafo) = = ( . k) 1) * E o E i (12)
Mx3‘x2max 9355 (exl + Xl) + Xl f 0
), it Oxs (6, + X} 11
XZ _ (xzmafo) x1 Mx3 X5 ( X1 - 1) - ﬁ _ ﬁ (13)
/"LX3MX4x2max GXS (exl + Xl) + Xl f 0
X*
% 1
S (14)
> Oy + X}
KN, X¥
R = Kool as)
I’szxzmax

Theorem 2.2: The endemic equilibrium, €7, exists if Ry > max{1, Rf}.

We define Ry as the infectivity resistance threshold which must be exceeded for the
infection of progenitor cells to occur. The concept of pathogen load in relationship to
infectivity is discussed in many studies (see , e.g. [21]).

Remark 2.1: From (11)-(15), we deduce the following scenarios:

(a) If Rf < 1 < Ry, then the endemic steady state ] = (X}, X3, X3, X}, XZ) exists since,
X¥#0,i=1,2,3,4,5. For Rf < 1, the risk of developing KS exists for any Ry >
1. The review article by Jeffrey et al. [21] has summarized the circulating levels of
infectious agents and the likelihood of infectivity from these levels. We identify in this
study the state ] as one of the levels of infectivity of KS.

(b) Despite the inequality in Theorem 2.2, that is, Ry > max{l, Rf}, it is interesting to
note that for Ry = R the components X3 and Xj vanish but the components X and
X3 are nonzero giving rise to the KS free equilibrium, £5 = (X}, X3,0,0, X%). We can
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Sensitivity Analysis of R,
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Figure 2. PRCCs for parameters of the MIM and log(R) as a function of the most sensitive parameter,
K>: (a) scatter plot for Rg and (b) PRCCs for the model.

()

(d)
(e)

calculate the critical value X’zkf for specified parameter values in (11) below which the
HHV-8 viral load is sufficient to maintain the replication of HHV-8 virions only but
is not high enough to support the secondary infection of progenitor cells which can
lead to the development of KS. The endemic point & is, however, the starting point
for the next KS state , &3, discussed below.

For Ro € [1,00) \ [, Rf], Xp(t) > X*f, X* #0,1,2,3,4,5, giving rise to the KS
present equilibrium, &3. In this case like, in (a), the HHV-8 viral load is sufficient to
support both the primary infection of B cells and the secondary infection of progenitor
cells making the development of KS real.

Note that for I < R < Ry, the endemic equilibrium point does not exist by virtue
of Theorem 2.1.

We conclude that KS does not necessarily develop because Ry > 1, but it is sufficient
that Ro > Ry. (see (b) and (d)).

We can summarize the results for the innate model as follows:

Lemma 2.2: Consider the system (1)-(5). The following statements hold:

(@)
(ii)

(iii)

If Ro < 1, then the virus free equilibrium, &°, is the only equilibrium point.

If Ro > Ry, then there exist three possible equilibria: the KS-present equilibrium,
el for Ry < 1 < Ry, the KS-free equilibrium, &3, for Ro = Ry and the KS-present
equilibrium, €3, for Ro € [1,00) \ [1, Ry].

For 1 < Ro < Ry, no equilibrium point exists by virtue of Theorem 2.1.

3. Numerical simulations of the MIM

The parameter values used in Figure 2 are given in Table A1. Figure 2 shows the sensitiv-
ity analysis demonstrating how the model parameters are correlated to the reproduction
number, Ry. We have found that the rate of infected B-cell proliferation, K, is posi-
tively and significantly correlated with the reproduction number, a conclusion supported
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Table 1. Parameters of the MIM and their definitions.

Variable Definition Initial Value Reference
X Infected B cells 0cellmm—3 Estimated
Xa HHV-8 viral load 0cellmm—3 Estimated
X3 Infected progenitor cells 0cellmm—3 [25]
Xa KS cells 0cellmm—3 Estimated
Xs Innate immune response 1072 Estimated
Parameter Definition Value Reference
Kq Infected progenitor cell proliferation rate 0.2 day™! Estimated
K> Infected B-cell proliferation rate 0.36 day ™" [31]
K3 Innate immune response activation rate 0.01 day*1 [31]
O, Innate immune response activation threshold 200 cell mm~3 Estimated
Oxs Efficacy threshold for innate immune response 0.08 Estimated
X1 Infected B-cell carrying capacity 400 cell mm—3 [31]
X2max HHV-8 carrying capacity 5 x 10° virions mm~—3 [31]
o Death rate of infected B cells 0.33 day " [31]
Iy Clearance rate of HHV-8 0.57 day™’ [31]
s Blanket death rate of infected progenitor cells 0.1 day™’ [31]
Uy Death rate of KS cells 0.03 day ! 31
fx Progression rate of KS 0.09 day ™! [31]
Ny, Maximum carrying capacity of infected B cells 700 [31]

by experimental observations by [13]. The other model parameters are not significantly
correlated to R, and their effect on disease progression is peripheral.

The parameter values used in Figure 3 are given in Table 1. Figure 3 demonstrates the
effect of the parameter 6., on disease progression. In particular, we have found a threshold
value for 6, given by 67, ~ 0.0205, below which the HHV-8 infection clears even if R >
1. This condition suggests that a potential anti-KS therapy can be found, probably involving
pro-inflammatory cytokines such as IL-2 that have already demonstrated the potential to
stimulate type I immunity [28,29]. We recommend that experimental and clinical studies
should be conducted to assess the therapeutic effects associated with the parameter, 6y, , and
quantify its effect in reducing the KS load. We believe that clinical studies are necessary to
establish the severity of the infections in (a) and (c) and the possible location of the cancer
[19].

The MIM gave a very important result regarding the development of KS. First, the model
has identified three possible equilibria: £], which exists for Ry < 1 < R, the KS-free equi-
librium, &3, which exists for Ry = R and &3 which exists for Rg € [1,00) \ [1, Ryl We
recommend clinical studies to establish the severity and location of KS for the two equilib-
ria, £ and &3. The equilibrium state, 3, is possibly the most common in HHV-8 infected
individuals as most of them never develop KS as a result of a high infectivity resistance
threshold.

For Ry = Ry, the populations of infected progenitor cells and KS cells vanish. For this
value of Ry, only the primary infection of B cells and replication of HHV-8 take place.
Specifically, KS cannot develop, while for R¢ < R both the production of HHV-8 and KS
cells take place.

The MIM will be used to extract the initial conditions for the MAM in the next section
for the state variables, X;(t),i = 1,2,...,5 and the parameters 6, and Rf for which KS
can occur. We want to study the efficacy of the externally administered drugs that can
clear/reduce the KS load.
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Figure 3. Dynamics of the individual components of the MIM for different values of the efficacy thresh-
old 6. The HHV-8 infection clears for 6y, < 0;2 even if Ry > 1:(a) infected progenitor cells, (b) KS cell

dynamics, (c) infected B-cell dynamics, (d) HHV-8 dynamics, (e) Innate immune response.

4. MODEL WITH ADAPTIVE MECHANISM (MAM)

4.1. Model formulation and description

In case of HIV-1 and HHV-8 co-infection, a more robust adaptive immune response is
developed which includes virus-specific effector cells. Their interaction with the infected
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and uninfected cell and virus populations is modelled below and depicted in Figure 4. For
simplicity of notation, we denote

xi:=x(), and x):=x(0), i=12,...,10, (16)

where x1, %2, x3, X4 in that order denote the uninfected CD4 T, B-cell populations, HHV-
8 and HIV-1-specific effector cells, x5, xg, x7, x3 denote the infected CD4 T cells, B-cell,
progenitor cell populations and KS cells, respectively and finally, x9, x1¢9 are the HIV-1 and
HHV-8 virions.
We have formulated the adaptive immune response described by the following system
of equations:
Ihasxg — Tiaexio

x1 =TI + + — m1x1 — Bix1x9. 17
1 1t s T et s H1x1 — B1x1x9 (17)

Equation (17) describes the dynamics of the susceptible CD4 T cells, x;. The first term
in (17) represents the constant natural replacement, IT;, of the CD4 T cells, x;, the second
term represents proliferation of a proportion of circulating x; cells due to the presence
of HIV-1 virions, at the constant rate, o5, and the third term represents proliferation of a
proportion of circulating x; cells due to the presence of HHV-8 virions, at the constant rate,
6. There are two proliferation terms because proliferation is pathogen dependent [16,18].
The fourth term is the natural death of these cells at a constant rate, 111, and the fifth term
represents infection of x; cells by HIV-1 at a constant infection rate 8;, and Sg and S; are
half saturation constants of proliferation for HIV-1 and HHV-8, respectively.

) Ihasxe  Tlhaexio
xy = I + + — U2Xxy — Bax2X10- 18
2 2t s T et s m2x2 — Baxax10 (18)

Equation (18) describes the dynamics of the susceptible B cells, x,. The first term repre-
sents the constant natural replacement, I, of the B cells, x;, the second term represents
the proliferation of a proportion of circulating x; cells due to the presence of HIV-1 viri-
ons, at the constant rate, o5, and the third term represents proliferation of a proportion
of circulating x; cells due to the presence of HHV-8 virions, at the constant rate, g. As
in (17), there are two pathogen-dependent proliferation terms [16,18]. The fourth term is
the natural death of these cells at a constant rate, (1,, and the fifth term represents infection
of x cells by HHV-8 at a constant infection rate, .

IT3c10x10

iy = TTs +
’ } x10 + f10

H3x3. (19)
Equation (19) describes the dynamics of HHV-8 specific effector cells, x3. The first term
represents constant replenishment, I3, of these cells from precursors. The second term
represents the proliferation of a proportion of circulating x3 cells due to the presence of
the HHV-8 virions, at a constant rate, ¢j9 with the half saturation constant, f1o. The last
term represents natural death of HHV-8 specific effector cells at the constant death rate,
3.

IM4cox9
X9 + fo

x4 =Ty + — [L4X4. (20)
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Similar to above, Equation (20) describes the dynamics of HIV-1 specific effector cells, x4.

B [Masxe  Iiaexio
5 =
X9+ So  x10+ S0

+ B1X1X9 — M4X4X5 — [L5X5. (21)

Equation (21) represents a class of infected CD4 T cells, x5. The first term represents the
proliferation of a proportion of circulating,xs, cells due to the presence of HIV-1 virions
and the second term represents the proliferation of a proportion of circulating,xs, cells due
to the presence of HHV-8 virions. The third term is the gain from infection of T cells by
HIV-1. The fourth term is the lysing of infected CD4 T cells by HIV-1 specific effector cells,
at a constant term, my, and the last term represents natural death of these cells at a constant
rate, [4s.

) hasxg  Thaexio
X6 = + + Baxax10 — M3X3X6 — [heXe- (22)
X9+ S9  x10+ S0

Similar to above, Equation (22) represents a class of infected B cells, x¢. The first two terms
represent proliferation terms, the third is a gain from the infection of B cells and the fourth
term represents the killing of these cells by specific effector cells.

X10

X7 = 17X10 (1 - ) — U7x7 — d3x3%7. (23)

X10max

Equation (23) represents the dynamics of infected progenitor cells. The first term accounts
for the logistic growth rate of these cells that is assumed to depend on HHV-8. The sec-
ond term is the progression of these cells to KS at a constant rate j7 [13]. The third term
represents the killing of these cells by HHV-8 specific effector cells at a constant rate ds.

Xg = [7X7 — JL8Xg. (24)

Equation (24) represents the dynamics of KS. The first term represents the source from
infection of progenitor cells. The second term represents natural loss of KS cells.

X9 = Nojsx5 — [L9X9. (25)

Equation (25) represents the dynamics of HIV-1. The first term represents the production
of virions from the bursting of the infected CD4 T cells. The parameter Ny represents the
maximum carrying capacity of infected CD4 T cells. The second term is the clearance rate
of HIV-1.

x10 = NioMeXs — L10X10- (26)

Equation (26) represents the rate of change of HHV-8. The first term represents the rate
at which HHV-8 is produced from bursting of the infected B cells. The parameter N
represents the maximum carrying capacity of infected B cells. The last term accounts for
the clearance rate of HHV-8.
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4.2. Analysis of the model

4.2.1. Positivity and boundedness of solutions

From Equations (25)-(26), we have x;(t) > x;(0)exp(—u;t) > 0, forall t > 0 and i = 9,
10. To prove the positivity and ensure that the model (17)-(26) is well-posed, we use the
following two conditions, (C1) and (C2):

X9 X10 2
Cl): X9, X10) = + >0, forall (x9,x10) € R=.
(C1):  f(x9,x10) ot 5 oS (x9,x10) € R
X Xmax
(C2): g(x):rx(l——)zo, for0 <x < —/—.

Xmax 2

Lemma 4.1: Consider the system (17)-(26) and assume that (C1) and (C2) hold.

(a) Ifxi(0)>0,i=1,2,3,...,10, then the solution x;(t) > 0, forall t > 0.
(b) Moreover, x;i(t) < 00, i=1,2,...,10, forall t > 0.

First we will rearrange the system (17)-(26) into a subsystem of uninfected (S1) states
(Equations 17-20) and infected (S2) states (Equations 21-26). It will be shown that if the
noninfected states in (S1) are non-negative for all t > 0, then the infected states in (S2) are
non-negative for all t > 0.

Proof of Lemma 4.1(a): The subsystem of uninfected states (S1) can be written as a system
of differential inequalities

6
A — ZBiJ-xj Xi + f[,‘ (27)
=1

dx;
>
dt —

where B > 0, ﬁi = Li(x9,x10), for i=1,2,3,4. The last component is defined as
M(x9,x10) = (L1, L2, L3, Ly)T,

L :H1(1+ asXo X0 ) L= I <1+ €10X10 )
x9+S9  x10 + S10 x10 + fio

A5X9 d6X10 C9X9
L2=H2<1+ + >, L4=H4<1+—>.
X9 + Sg x10 + Sio X9 +f9

Clearly, fI(O, 0) > (0,0,0,0)T by virtue of (Al). Suppose the assertion x;(¢) > 0 for i =
1,2, 3,4 is not true. Then there exists a smallest number ¢y, such that

xi(t) <0 forl<i<4, 0<t<t

xi(tp) = 0 for at least one i, say i.
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Then, x;, is a decreasing function and we would have

dx;, (to) _
dt  —

However, from the differential inequality (27) for x;, (¢) we get

dx;, (to)
dt

which is a contradiction. Hence, if x;(0) > 0, i = 1,2, 3,4, then x;(t) > Oforallt > 0,i =
1,2,3,4.

The subsystem of infected states (S2) can be written in the matrix form Y(t) = MY,
where Y = [x5 x¢ X7 X3 X9 x10] T, and

> >0

—Mj; 0 0 0 M5 Mis
0 —Mp) 0 0 Mys My
M= 0 0 —M33 0 0 M36
0 0 mw7  —pusg 0 0
No s 0 0 0 —pe O
0 Nioues 0 0 0 —ue
with entries
My = us + myxy, My = e + msxs,
asIT;Sy
Ms3 = p7 + dsxs, Mis = G0 1 502 + Bix1,
asl11S10 as5I1,S9
6= "—> 5= —07,
(x10 + S10)? (x9 + S9)?
asl1,S10 2x10
26 = —————— + Bax, M36=T7<1— >
(x10 + S10)? X10max

By virtue of (A1) and (A2), M is a Metzler matrix. Hence, the infected states x;(¢) > 0 for
allt>0,i=5,6,7,8,9, 10. [ |

The proof of Lemma 4.1(b) is given in the Appendix.

4.3. Virus free equilibrium and the basic reproduction number
The system (17)-(26) has a virus free equilibrium, &Y, given by
I; I, I3 I1
80 == (_1)_23 _3) _4)0’0)030)070)~ (28)
H1 M2 U3 K4

Applying the next-generation matrix approach [32], the basic reproduction number for
model (17)-(26) reads as follows:

1
Ro= 3 [Ru+Roy /Ry, + R 4 4Ry Ry @], @9
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where
b — M1M20506 _ M1U20506 C0<d <1,
KiK> H1p20506 + 110582510 + 120t 1S9 + B1B2S9S10
and
papsNoITy (s + B1So) 3Nz (s ez + B2S10)
va = > RVg = > (30)
111989 (iafts + maTly) tam10810(ps e + m3Is)

are the reproduction numbers attributed to HIV-1 and HHV-8 infections, respectively.
Note that the effect of virus-specific effector cells in (30) varies from weak to perfect as
m; changes. It readily follows that

- NoTT; (aspe1 + B1S9)
11989

NI, (g2 + B2S10)
M210810

RV] = Rl, RVS < = RS: (31)
where R, Rs are the reproduction numbers when the virus-specific effector cells are
dysfunctional.

Given (29)-(30) we make the following observations:

Observation 4.1: If a5 = 0 or g = 0, then ® = 0 and the model reproduction number
is given by Ry = max{Rv,, Rv,}.

Observation 4.2: Decreasing/increasing o5 or o decreases/increases the reproduction
number. Since o5 and «g are the proliferation terms of the uninfected/infected B- and T-
cell populations, an optimal control approach will be necessary that will balance the level
of proliferation during a potential chemo- or immunotherapy.

Observation 4.3: When ® = 1, the reproduction number reduces to

1
Ro = E |:RV1 + RVS + (va + RV8)2:| = RVI + RVB' (32)

Itis possible in this case for the infection to persistif Ry, + Ry, > 1,evenifboth Ry, <1
and Ry, < 1-

Details on the computation of the reproduction number, Ry, and the interpretation of
Riand Ry, for i = 1, 8, the reader is directed to the appendix.
4.3.1. Global stability for the virus free equilibrium, e°
Theorem 4.1: Decompose the system (17)-(26) as in Lemma A.1 in the Appendix. Then
the steady state Uy = (X*,0) of the system (17)-(26) is globally asymptotically stable for
as =g =0and Ry < 1.

m 0O, M3 I .
Proof: Denote X* = <u_11 M—ZZ /T; u_:) Then following [9], we set X = (x1, X2, X3, X4),

Y = (x5, x¢, X7, X3, X9, X109) and define

I —
I —u
o= |20

Iy — pg
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My (xj — xZ)xs + B1 (X(l) — XT>X9 + H12'6_53'x]‘+4

My (x;‘ — xg>x6 + B2 (xg — x2>x10 + 1_122 ~_50iXj+4
X
G(X,Y) = ds (x;; — xg)x7 + 1,20 ,
xlomax
0
0
0

where

1 1
8 = o — , j=25,6.
g / <Sj+4 Xjy4 + Sj+4> /

The global stability of the system (17)-(26) at &° requires that G(X Y) > 0 [13]. Moreover,
xf > xY, for i =3,4and x > x* for j = 1,2. Then X* is a globally asymptotlcally sta-

ble solution of the system T = F(X,0) since F(X,0) is the limiting function of
F(X(1), Y(1)), that is, lim;_, oo X(#) = X*. It follows that G(X, Y) > 0andso e is globally
asymptotically stable. |

4.4. AIDS-KS-present equilibrium, E*

Theorem 4.2: Consider the system (17)-(26). The KS present equilibrium, E*, exists if 0 <
XJo < X10max and x5 > 0
where

m, (S9+x; (1+a5+2a6)>x}‘0+nlsm <89+x; (1+a5)>

- b
<x§+59> (XTO-O-Slo) <M1+51x§)

Hz<89(1+a6)+x;(1+a5+a6))x1‘0+nzslo So-+5 (1-+axs)

* _
xz =
(x3+39> <XTO+S10> <M2+ﬁ2x70)

I3 (fl()-'rxTO (1+C10)

>

u3 (xTO-Fflo)
o (f9+x;(1+@)) (33)
M= L <x§‘ +f9> ’

_ ngl(xg X10)+l31X1X9 _ H1§1(x;‘,x’f0)+;32x§xf0

x* — *
5 5+max; X6 = He+m3x; ’
Xt = “3’7x10 *10
7 xlOmax >
37 +ds I3 1+§2(X10)
* _ M7 % _osxg a6x]y %) _ C10Xp
Xg = M8x7, &1 (xgaxlo) = _x;-i-Sg X, ;2(3(10) = o

where x3 and x7, are proved to be positive solutions of the fourth degree polynomials
Qi>i = 1,2. The reader is directed to the appendix for details.
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Remark 4.1: Observe that when x§ = 0 and x7,, = 0, we obtain the virus free equilibrium,
&% in Equation (28).

4.5. Non-AIDS-KS-present equilibrium, E**

Theorem 4.3: Consider the system (17)-(26). The non-AIDS-KS-present equilibrium, E**,
exists if 0 < X5 < X10max and Ry, > 1
where

e
asxw

o _ I Fk 1, a6xTg xx _ I3 c10x7g
X1 = . (1 + x;*g;+sm), X = ( )<1 + TS )’ X5 = 1+ PR

H2+Baxiy

l'[zaex
*ok Fx *x $k Kk 10
X = — X =0 X = /3 X5 X
4 na’ 5 > 6 ( 6-+maxt )( 242 10 **+510>

K — 7X10 1 — 2 X = 777X ity
7 dax* X10max )’ 8 d xlOmux
M7+a3x3 us\ p7+daxy

(34)
where x} is a positive zero to

G(xlo) = Dsx3 + Dax7y + Dix10 + Do, (35)

D3 = —Bapio (M3M6 + m3T5(1 + 610)) <0,

Dy = Niollafapspee — zmzpapro — napspreiero — MaSioBamspiio
—I3B2fiomz o — Maciomspzitio — SioBart3tiettio
—Bafromsitsiiio + 2N1oaaeBopsine — M3S10B2c10m3 1410,

Dy = NyoIaS10Bam3ine — Mafromzpaiiro — StoMl2/43 1461410
—fiopapsprepiio — M3S1omspapio
+NioIT2Bafiomsite — M3S10B2f10m3 10 + NioTlapaps e — I13S10c10m3 12 410
—S10B2f1om3tsir1o + 2N1oTlaas Baofioms ue.

Dy = Siofromamio(pnsms + msIls) (RV8 - 1) >0, ifandonlyif Ry, > 1.

(36)

Note that G(0) = Dy > 0 if and only if Ry, > 1. Using the continuity property of cubic
polynomials, we have limy,, .o G(x19) = —00. Hence, there must be a positive value of
x10, namely, x75 € (0, 00) such that G(x[5) = 0.

5. Numerical simulations of the MAM

Figure 5 shows the sensitivity analysis of parameters from Table A2 on Ry. The maximum
carrying capacity of infected B cells is strongly positively correlated with R, whereas the
HHV-8 clearance rate has the opposite effect. The logarithm of the reproduction number
as a function of these two parameters is also shown. For small values of Ny, the increase is
fast, implying that one can overestimate the severity of the infection. For large values of Ny,
the increase is slow, implying that disease progression is stable and the conclusions are not
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Figure 4. Schematic diagram for the MAM.

adversely affected. The relationship between the log(R¢) and the clearance rate of HHV-8
virions is almost linear, suggesting a moderate negative correlation with the progression of
AIDS-KS.

The parameter values used in Figures 6-8 are given in Table 2. Assuming an advanced
HIV-1 and HHV-8 co-infection stage, the initial condition of the system (17)-(26) was
chosen to be the equilibrium point of the system (1)-(5). Figure 6 shows the dynamics
of the uninfected/infected B cells and CD4 T cells, infected progenitor cells, KS cells and
virions for a period of 300 days. The population of infected CD4 T cells reaches a peak
at 100 days by then the population of infected B cells have already reached a steady state.
These results, in line with experimental evidence, support the fact that KS may accelerate
the clinical course of HIV-1 infection.

Figure 7 compares the long-term dynamics of HIV-1 and HHV-8 populations with
uninfected CD4 T and B cells. The uninfected CD4 T-cell population starts declining
rapidly after about 300 days and the HIV-1 population switches from a stable to an expo-
nential growth after about 6 years. For the infected B-cell population, this switch occurs
after about 8 years. The delay in the switching time from a stable to exponential growth
between the HIV-1 and HHV-8 viral load indicates that HHV-1 supports the clinical course
of KS. Figure 8 shows that the uninfected CD4 T-cell population peaks at about 60 days, 40
days before the HIV-1 peak and that the KS cell population will have a steeper rise than the
relatively stable infected B-cell population. This suggests that at later stages of AIDS-KS,
the reservoirs of HHV-8 will be predominantly the infected progenitor cells.

6. Optimal control applied to the MAM

We now apply an optimal control approach to the system (17)-(26). In order to deter-
mine the optimal strategy for controlling AIDS-KS with cART, we introduce three time-
dependent controls: u; (), u(t) and u3(f). The control u; (¢) is the efficacy of HAART for
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Figure 5. PRCCs for parameters of the MAM and log(Ro) as a function of the two most sensitive
parameters, N1g and B;: (a) scatter plot for R, (b) scatter plot for R and (c) PRCCs for the model.

preventing the infection of CD4 T cells by HIV-1 and u, (¢) is the efficacy of HAART in pre-
venting the infection of B cells by HHV-8. The third control u3(t) represents the efficacy
of an anti-KS therapy by enhancing the proliferation of CD4 T and B cells.

(as(1 — u3(t))) x9 m, + (eas(1 — u3(t))) x10
X9 + Sy X 10

+ S10I11 — pax1 — (1 — ug(t)) Prx1xo. (37)

X =TI +

Equation (37) describes the dynamics of the uninfected CD4 T cells. The meanings of the
various terms are given in Equation (17). However, the proliferation constants, o, i =
5,6 in (17) are now replaced by (o5(1 — u3)) and (eas(1 — u3)), respectively. Note that
o is here assumed to be a multiple of o5, with € being the constant of proportionality,
which is purely done for technical reasons. The infection coefficient, f;, is replaced by
(1 — uy(t)) B1, where u; (¢) is the efficacy of HAART in preventing the infection of healthy
CDA4 T cells and hence, u; (¢) could represent treatment with either the fusion inhibitor or
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Figure 6. Dynamics of the individual components of the MAM for Ry = 1.7902: (a) uninfected CD4 T
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the reverse transcriptase inhibitor.

(as(1 — u3(t))) 5x9 -

o
X2 2+ o + S
(eas(1 — uz(t))) x10
[Ty — paxy — (1 — up (1) Baxaxi0. (38)
x10 + S10

Equation (38) describes the dynamics of the susceptible B cells. The meanings of the vari-
ous terms are given in Equation (18). The second and third terms are explained in E (37).
The first and fourth terms are explained in Equation (18). The infection coefficient, 8,, is
replaced by (1 — u;(t)) 82, where u; (¢) is the efficacy of HAART in preventing the infec-
tion of healthy B cells. It is well documented that AIDS-KS patients undergoing HAART
treatment undergo remission and hence, we assume that HAART treatment reduces the
infection rate of B cells by HHV-8.

c10ll3x10

39
x10 + f1o (39)

x3 =I5+ — U3X3.

Equation (39) describes the dynamics of HHV-8 specific effector cells, x3. The terms are as
explained in Equation (19).

c9Ilyx9
X9 + fo

x4 =Ty + — h4X4. (40)

Equation (40) describes the dynamics of HIV-1 specific effector cells, x4.The terms are as
explained in Equation (20).

_ (as(1 —u3(1)) x9 I (eas(1 — u3(t))) x10 I
B X9 + So x10 + S10

+ (1 — u1(?)) Brx1xg — Myxaxs — [L5Xs.

X5 1

(41)
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Table 2. Parameters of the MAM and their definitions.

235

Variable Definitions Initial value Reference
X Uninfected CD4 T cells 10° cell ml~! [25]

X2 Uninfected B cells 10* cell mI~? Estimated
X3 HHV-8 effector cells cellml~! MIM
X4 HIV-1 effector cells 10* cell mI~! Estimated
X5 Infected CD4 T cells 300 cell ml~! Estimated
Xo Infected B cells 324 cellml~! MIM

X7 Infected progenitor cells 61.3 cellml~! MM
Xg KS cells 30.1 cellml~! MIM
Xg HHV-1 virions 100 virions ml~" Estimated
X10 HHV-8 virions 83.6cellml~! MIM
Parameter  Definitions Value Reference
o5 HIV-1-dependent enhancement of CD4 T-cell proliferation 0.013 Estimated
'73 HHV-8-dependent enhancement of CD4 T-cell proliferation 0.045 Estimated
B Infection rate of CD4 T cells by HIV-1 2.4 x 1078 ml virion~" day™’ [31]
B2 Infection rate of B cells by HHV-8 1.5 x 1077 ml virion~" day~! [31]
I, Source of new CD4 T cells from the thymus 10* cell mI~! day*1 [31]
1, Source of new B cells from the bone marrow 48000 cell ml~! day*1 [31]
I1; Constant source of HHV-8 specific effector cells 5 % 103 cellml~" day~! Estimated
Iy Constant source of HIV-1 specific effector cells 2 x 10* cell ml~" day~! [31]

So Half saturation for HIV-1-stimulated CD4 T-cell proliferation 3 x 10° virions ml~! Estimated
S10 Half saturation for HHV-8-stimulated CD4-T cell proliferation 2 x 10° virions ml~! Estimated
m Death rate of CD4 T cells 0.01 day™! [31]
o Death rate of B cells 0.24 day™! [31]
U3 HHV-8 specific effector cell death rate 0.1day™" 31]
Ha HIV-1 specific effector cell death rate 0.1 day*1 [31]
s Lytic death rate of infected CD4 T cells 0.24 day™! [31]
e Death rate of free HHV-8 virus 0.33 day™! [31]

"7 KS progression rate 0.1day~" [31]
o Natural death rate of KS cells 0.21 day™! [31]
) Clearance rate of HIV-1 virions 3day”’ [31]
10 clearance rate of HHV-8 virions 0.57 day™! [31]
Nog Maximum carrying capacity of infected CD4 T cells 1000 virions cell " [31]
Nqo Maximum carrying capacity of infected B cells 700 virions cell ™" [31]
ms Killing rate of HHV-8 infected B cells 1.08 x 10~*mlcell=" day~™"  Estimated
my Killing rate of HIV-1 infected CD4 T cells 2 x 1077 ml cell~" day™" Estimated
Co Proliferation rate of HIV-1 specific CTLs due 0.03 [31]
C1o0 Proliferation rate of HHV-8 specific CTLs 0.047 [31]

d3 Killing rate of infected progenitor cells 5 % 10~* ml cell~" day™" Estimated
r7 Maximum proliferation rate of infected progenitor cells 0.33 cells virion—" day~" [31]

fo Half saturation for proliferation of HIV-1 specific CTLs 3 x 10° virions m|~! Estimated
f10 Half saturation for proliferation of HHV-8 specific CTLs 2 x 10° virions m|~! Estimated
X10max Maximum HHV-8 load 8 x 10 virions m|~! Estimated

Equation (41) represents a class of infected CD4 T cells, x5. The first two terms are as
explained in (37) and (38) above. The third term is the gain from Equation (37) and the

other terms are as explained in Equation (21).

_ (as(1 —u3(t)) x9 I (eas(1 — us(t))) x10
o X9 4+ So x10 + S10

+ (1 — u1(t)) Baxox10 — M3x3X6 — [eXe.

Xg I,

(42)

Equation (42) represents a class of infected B cells, x6. The first two terms are as explained
in (41) above. The third term is the gain from Equation (38) and the other terms are as
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explained in Equation (22).

X10

x7 = (1 —u1(t)) r7x10 (1 - ) — W7x7 — d3xzxy. (43)

X10max

Equation (43) represents the dynamics of infected progenitor cells. In the first term, the
logistic growth rate ry is reduced by a factor (1 — u;(¢)) due to the action of HAART in
blocking the infection of progenitor cells by HHV-8. The other terms are as explained
before in Equation (23).

X3 = [L7X7 — A8Xs. (44)

Equation (44) represents the dynamics of KS. The terms are already explained in
Equation (24).

X9 = Nous (1 — ua(t)) x5 — [LoXo. (45)

Equation (45) represents the HIV-1 dynamics. The first term is decreased by a factor 1 —
uy(t) to reflect the action of HAART in blocking the production of infectious and mature
HIV-1 virions. The other term is explained in Equation (25).

x10 = Niope (1 — ua(t)) X6 — [L10X10- (46)

Similar to Equation (45), Equation (46) represents the HHV-8 dynamics.
To this end, we consider the objective (or cost) functional

T
1 1 1
J (u1, uz, u3) = / [A1x5 + Axxe + Azxy + EBW% + EBzug + Eng} dt, (47)
0

where the control functions u;(f),us(t) and uz(¢t) are bounded, Lebesgue integrable
functions on [0, Tf] and A;, B;, i = 1,2, 3 are positive constants.

6.1. Existence of optimal control
Our control problem is formulated by minimizing the functional J subject to the sys-
tem (37)-(46). That is, we seek to find optimal controls u}, 5 and u3 such that

J (uf, b, u}) = min {J (u1, ua, u3) |ur, uz, u3 € U} (48)

where

U= {(ul, U, u3) suchthat 17, u,, u3 are measurable with 0 < u; <1, fort € [O, Tf]}
(49)

is the control set.

The necessary conditions that an optimal solution must satisfy come from the Pon-
tryagin et al. [26] maximum principle. This principle converts the system (37)-(46) with
Equation (47) into a problem of minimizing pointwise a Hamiltonian H, with respect to
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uy, up and u3. The Hamiltonian function of the optimal problem is given by
H (x, u, Ay, t)
1o, 1, 5 1,
= A1x5 + Ayxg + Azx; + EBlul + EBzuz + §B3u3

X9 €X10
X9 + 8o x10 + S10

+ )\’Xl <H1 +Ol5(1 — u3)1'[1 (

> —prx — (1— ul)ﬂ1x1x9)
) — paxy — (1— ul)ﬂzxzxm)

X9 €X10
X9 + Sg x10 + S10

H2+a5 1— u3)l'[2(

c1ollsx10 c9Ilyxg
M3 + — M3x3) + A (H4 + - M4x4>
x10 + fio " X9 + fo

X9 + 8o x10 + S10
X9 n €X10
X9 + 8o x10 + S10

X10

as(1 — u3)T, ( > +(1—ul)ﬂzxleo—m3x3x6—uﬁx6)

X9 €X10
+ Axs 065 l— us3 Hl + +(1—u1)ﬂ1x1x9—m4x4xs—M5x5

> — Wyx7 — d3x3x7> + Axg (U7x7 — pgxg)
1Omax

+ Ay (Nopes (1 — 12)X5 — 119X9) + Ay (N10pts(1 — t42) X6 — 210X10) (50)

where x = (xl,xz, . ,xlo), u= (ul, us, u3), }\x = ()\.xl,)\.xZ, e ’)‘Xlo) and )‘Xi’ i=
1,2,...,10 are the adjoint or co-state variable corresponding to the state variable x;. The
system of equations is found by taking appropriate partial derivatives of the Hamiltonian
with respect to the associated state variable, x;.

Theorem 6.1: Given optimal controls u}, u5, u3 that minimize J (uy, uz, u3) over U, and the
solutions x1, x, . . . X19 of the corresponding state system (37)-(46) with Equation (47), then
there exist adjoint variables A, satisfying

0H _ dhy,
0X; - dt’

(T =0, i=1,2,...,10

and
u} = min {1,max(0, fti>} , i=1,2 uj=min {0.5, max(O, ﬁg)}

where u}, i = 1,2,3 are given by

R X1hyx, + B1x1X9 ()»xs - )»xl) + ﬁzxleo()»x(, - )»x2> + r7X10 <1 - xl’;i:“) Ax,
uy = N
By

P Nopsxshyy + NiopeXeAx,
= 5 ,

N ( 5X9 €05X10 ) (Hl()‘xl + )”XS) + Hz()‘xz + )\x5)>
usz = .
X9 +S9  x10+ S10 B3
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Proof: Corollary 4.1 of Fleming and Rishel [12] gives the existence of an optimal con-
trol due to the convexity of the integrand of J with respect to u;, 4, and u3. In addition,
it also guarantees a-priori boundedness of the state solutions and the Lipschitz prop-
erty of the state system with respect to the state variables. The differential equations
governing the adjoint variables are obtained by differentiation of the Hamiltonian func-
tion, evaluated at the optimal control. Then the adjoint differential equations can be
written as

dA
d:l = H’l)"xl - (1 - ul)ﬁ1x9(}"x5 - }"xl)>
da
df = parx, — (1 — u1) Bax10(Axs — Axy)s
da
d_f = W3ky; + M3XeAxs + d3X7Ay,,
iy,
I WAy, + MaX5Ays,
diy,
Frale —Ay + (s 4+ maxs)hes — Nops(1 — t2) Ay,
diy,
i - —A; + (Ms + m3x3)?»x6 — Niopts(1 — u2) Ay
da
df = —A3 + (17 + d3x3) Ay, — M7hxg
dAy,
dts = /‘LS)"Xga

dx (1 —us)asS
U 0, ) )

coTl4fo

+ (1= u1) Brx1 (kg — hxs) — (o 1 1 )zxm + 19hxgs
9 9
dhag (1- u3)60!5510( )
& T Gt ) M1 (Ax, + Axs) 4 T2 (A, + Axg)

c103f10
(xlo +f10)2
(1 —uypry (xwmax—z:cw)

X10max

+ (]- - ul),BZxZ()"xz - )\’Xﬁ) - )\x3

+ :u“lo)\'xl() -

In what follows, we differentiate the Hamiltonian H with respect to u;(¢), i = 1,2,3 to
obtain

uj = min{l,max(O, 111> }, i=12. uj= min{O.S, max(O, it3> }
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Figure 9. Optimal controls in the first 20 days. (a) Control profiles of optimal controls, u7, uj, u3.

By standard control arguments involving the bounds on the controls, we conclude

u;, if0<u<l;
u;‘ =10, ifu <0
1, ifu;>1.

which can be compactly written as

£t3, if 0 < l:lg < 0.5;
ul = min{l,max(O, ﬁi>}, i=12 and uj=10, ifiz <0
1, ifii > 0.5.

Analogously, this can be written as

uj = min{0.5,max(0, ﬁ3>} [ |

7. Numerical simulations of optimal treatment regiments

Figure 9 shows the profiles of the optimal variables 7, 15 and 3 in the first 20 days. The
initial values 4} (20), i = 1,2, 3 are used in an iterative procedure for periods much longer
than 20 days. Figure 10 depicts the dynamics of the infected cell populations and viral
loads for fixed values of u; and u3 during 300 days for different values of the HAART
efficacy parameter u;. For optimal efficacy u} ~ 0.79, the HIV-1 and HHV-8 populations
drop below the level of detection. This parameter combination, however, is not unique as
illustrated in Figure 11, which shows that reduced infected CD4 T-cell-specific HAART
efficacy (from uj ~ 0.79 to u} ~ 0.67) and increased infected B-cell-specific HAART effi-
cacy (from uj ~ 0.48 to uj ~ 0.68) in combination with reduced KS therapy-specific
efficacy (from u} ~ 0.25 to u} ~ 0.15) is also able to control HIV-1 and HHV-8 co-
infection. It is possible to find the triple (47, 15, u3) but this is not unique. This conclusion
makes it easier to develop cheaper combinations that would suit the budgets of developing
countries.
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Figure 10. Population dynamics of infected cells and viruses during 300 days for varying values of the
infected CD4 T-cell-specific HAART efficacy us: (a) infected T cells with u; = 0.48, u3 = 0.25; (b) infected
B cells with u; = 0.48, u3 = 0.25; (c) infected progenitor cells with u; = 0.48, u3 = 0.25; (d) KS cells with
Uy = 0.48,u3 = 0.25; (e) HIV-1 with u = 0.48, u3 = 0.25; (f) HHV-8 with u, = 0.48,u3 = 0.25.

8. Discussion

Currently there is no treatment available to eradicate HHV-8 infection and the purpose
of anti-KS therapies is directed at slowing disease progression. KS is the most common
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Figure 11. Population dynamics of infected cells and viruses during 300 days for a new combination of
optimal controls: (a) Infected T cells with u; = 0.68, u3 = 0.15; (b) infected B cells with u; = 0.68, u3 =
0.15; (c) infected progenitor cells with u; = 0.68, u3 = 0.15; (d) KS cells with u; = 0.68, u3 = 0.15; (e)
HIV-1 with u, = 0.68, u3 = 0.15; (f) HHV-8 with u; = 0.68, u3 = 0.15.

neoplasm associated with AIDS and hence, therapies centre on the use of HAART in AIDS-
KS patients. In this work, we formulate two models with innate and adaptive mechanism,
in order to study the dynamics of non-AIDS KS and AIDS-KS and to make predictions

about the efficacy of anti-KS therapies.
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Some evidence suggests that immune activation is a requisite for the development of
Classic KS [11,22]. Hence, we included the effect of the immune response in the MIM and
showed that in silico treatment of NAKS can significantly reduce HHV-8 infection. We
determined a critical value of the efficacy threshold for the innate immune response below
which KS burden is diminished even if Ry > 1. This is completely novel to the best of our
knowledge and has important implications, since therapies involving cytokines such as IL-
2 [28] may have adverse side effects. Because it is not known how long the innate response
for HIV-1 and HHV-8 co-infection lasts, this study is not able to suggest the dosage and fre-
quency of treatment regimen. It is hoped a clinical study can explore the potential revealed
by this study.

About 30% of Classic KS patients develop a second malignancy like non-Hodgkin
lymphoma [10], hence, an early diagnosis that may prevent second malignancies is essen-
tial. The MIM demonstrated the potential for controlling HHV-8 infection and con-
sequently, also HIV-1 and HHV-8 co-infection. Currently, there are early HIV-1 tests
capable of revealing that an individual has been in contact with someone infected with
HIV-1 (http://hivinsite.ucsf.edu/insite?page = basics-01-01). The strategy described in this
study can be used to prevent HIV-1 infections before they develop for example in rape
victims who are treated with antiretroviral drugs for 28 days immediately after the
crime.

In the absence of any treatment the long-term prognosis of AIDS-KS is poor. This is
shown by Figures 7 and 8 of the MAM. However, if cART (e.g. HAART plus KS ther-
apy) is administered at optimal levels, both HIV-1 and HHV-8 infection can decline to
undetectable levels (Figures 10 and 11). The simulations indicate that HAART at subop-
timal levels cannot eradicate the viral load, which can possibly lead to the emergence of
drug-resistance mutations [2]. For cART, when the efficacy of a potential fusion inhibitor
or reverse transcriptase inhibitor is kept at optimal level, a very low level efficacy for KS
therapy is sufficient to control the HHV-8 infection.

The implications of our study are three-fold. First, early intervention in the form of KS-
therapy can control HHV-8 infection from developing into KS and possibly also slow HIV-
1 infection to develop into AIDS. Second, optimal control of HIV-1 infection using HAART
is an integral part of a successful AIDS-KS therapy and should be used in combination with
low-level KS therapy. These recommendations have the potential to impact the therapeutic
goal in KS, by focusing on short term control and thus, aiding long-term remission. Third,
itis hoped that the existence of an infectivity threshold, which is critical for the progression
of KS from asymptomatic to symptomatic stage, can help to study for example, the HHV-8
infectivity of transfusions [1].

The MIM revealed that externally administered cytokine drugs can reduce the chances
of KS developing. This is supported in part by a study by [29,33] involving IL-2
and IL-12 which showed that administration of cytokines can prevent or delay the
development of infection. However, to the best of our knowledge there are no clin-
ical studies that have determined the safe levels of these cytokine drugs that can be
taken. Because it is not known how long the innate response for HIV-1/HHV-8 co-
infection lasts, this study is not able to suggest the dosage and frequency of treat-
ment regimen. We believe a clinical study can explore the potential revealed by our
study.


http://hivinsite.ucsf.edu/insite?page=basics-01-01
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Appendix

(i) Positivity and boundedness of solution

Lemma4.1 (b): Lety;(t) = x1(t) + x5(¢) and y2(t) = x2(t) + x6(t) denote the total sub-populations
of the CDA™ T cells and B cells at time t, respectively, where x;(t) > 0 by Lemma 1(a).

Adding Equations (17) and (21), and then (18) and (22) we get
dyj(t) X10

+ 2«
x9 + S 6x10 + S1o

< H] <1 + 20!5 ) — ,LLJXJ - /Lj+4x]'+4, ] =12.

< Hj(l + 2(as + 056)) —[jyj(t), where fi; = min{u;, pjta}

M;

It is easy to show that ast — 00, yj(t) < %, j = 1,2. Equations (25) and (26) can be represented by
j

dx;j(t) Mj_s )
a = Nit—aNi-a = w5 < Nipjma—— = % j=9,10.
Lj—8
It is easy to show that
Nipi—aM;_
lim sup x;(¢) < M,j = 9,10,
t—00 Hiltj—8
IT5(1 + c10) + (1 + ¢
lim sup Z(t) < (14 c10) + Tl 9),
t— 00 ‘i:

where & = min{us, g} and Z(t) = x3(t) + x4(¢), }

NioM. NioM.
limsupx7(t)§ufr7 10 2(1_ weN1oM> )

t—>o00 fap7itio A2 10X10,5
r7N1oM NioM:

limsupxg(t)§ Mflw 7IN104M2 <1_ AMs 10412 )

t—00 M2 89 L10 M2 10X10max

(ii) Virus Free Equilibrium and the Basic Reproduction Number

The following refers to the reproduction numbers given in Section 4.3

_ NolIl; (o541 + B1S9) Halts _ Nolly (asp1 + B1S9)

va . Ri. (A1)
H19S9 (aps 4 myIly) 11989
Nyl S NipIl (o + B2S
Ry, = Mol (a2 + B2 10) M3 e _ Mo 2(as 2 + B2S10) — Re. (A2)
K2[10S10 (n3pe + m3Il3) K2H10S10
From (A2) we can deduce that
e Ry, i = 1, 8are the reproduction numbers when virus i specific effector cells are active but their

effect varies from being weak to perfect as m;, j = 3,4, increases -
e R;, i =1,8are the reproduction numbers when virus i specific effector cells are dysfunctional.

1.Letx = (x5,x6,x7,x8,x9,x10)T,y = (x1,%2,%3,%1) 7. The system (17)- 26) can be written as

dx
i Fxy) = Vixy),
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Ly
= O x,
a gi(x.y)
The matrices for new infections and other class transition, respectively given by F and V, are
I K agll
60 0 0 1Ky 6111
M11§I9 HSI}O{
o
0 0 0 0 51T 2K
F= So K2S10
0O 0 0 O 0 r7 ’
00 uy 0 0 0
0O 0 0 O 0 0
0O 0 0 O 0 0
a
an 0 0O 0 0 0
H4
a
0 2 0 0 0 0
Mn3 a
V=1 o 0 20 0 0
M3
0 0 0 s 0 0
—Nopus 0 0 0 wue 0
0 —Nwms 0 0 0 pi (A3)
apsNoll1 Ky uspeasN1oTTy 0 0 1Ky aslly
11i9a11Se 110422510 114989 110810
apsasNolly 3Nl Ky 0 0 asIl, ;K
H9a1189 2410422810 198y “2/410S10
7N, r
H10a22 Hio0
0 0 Hsk7 0 0
ass
0 0 0 0 0 0
0 0 0 0 0 0

Ky = aspy + B1Se, Ky = agiz + B2S10,  a11 = papis + mylly,
axy = uaps +mslls, azs = usuy + dsll;

(iii) Global stability for the virus free equilibrium, £°

Lemma 4.1: The lemma is based on the work of Castillo-Chavez et al. [9]. Consider the system

dx
@O F(X,D),
(A4)
dI
Ti G(X,1), G(X,0)=0,

where X € R™ denotes the components of the uninfected states, I € R" denotes the components of the
infected states and Uy = (X*, 0) denotes the disease-free equilibrium of (A4). Assume the conditions
(H1) and (H2) below are satisfied

dXx
(H1)For v F(X,0), X" isgloballyasymptoticallystable(g.a.s),

(H2) G(X,I) = AL — G(X,1), G(X,I) > 0 for (X, 1) € 2,

where A = D1G(X*, 0) is an M-matrix (the off diagonal elements of A are nonnegative) and S is the
region where the model makes biological sense. Then Uy is globally asymptotically stable.
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(iv) AIDS-KS present equilibrium, E*

The coordinates x§ and x7, in Theorem 4.2 are positive solutions to Q;, i = 1,2 where
Q1(x19) = B4xi‘0 + B3x%0 + Bzx%() + Bix10+ Bo =0, (A5)
with

By = —Bapr0(x9 + So) (Msus +(1+ Clo)mans) <0,
B3 = Niol12SoBapt3pbe — Sopapbapeibro — Tlamspapioxe — Uafbapteftioxe — M3Somapiapiio
—T1389810B2am3 10 — 389 Bafromspio — M3Sociomspziino
—SoS10B2103 1461410 + N1oTl2 B2 143 169
—I3S10B2am3 410%9 — SoBafroms Leitio
—TI3 B2 fiomsp10x9 — Tzcromapa 109 — S10B82443/46/410%9
—Bafiomsiteitroxe + NioTlios B2 pspeexe + NioTlisBansiexo+

NioTlhasBapspexe + Niollaos B2 a3 69
—I13810B82c10m3/410X%9 + N1oTT1Soas B2 a3 6 + N1oTl2Soots Bajuzjne — T13S9S10B2c10M3 10
By = N1oI12S1082 10306 %9 — T13Sof10m3 210 — SoS10M42/43 6110
—I13S10m3 210X — Softoizitsilsb10
—T3f1omsapt10X9 — S10M2/43M6M10X9 — froM2/43 L6 L10%9
—I1389S10m3 210 — T13S9S10m3 12 110
—S9S10Baf10m3 6t 10 + NioTlaBafromsitexe — I3S10B2fromspioxe + NioIlias oz exo
+N1ollyas a3 thexo
—II3S10c10m3 0210 10%9 — S10B2f10M3 /61 10%9 + N10T12S9S10 82143 146
+N10I12S9 B2 fr0m3 16 — T13S9S10B2f10m3 1410
+N1oI1Soas s ts + N1oTl1Soas Bafroitsiis + NioTlaSocts Bafiomsjns
+N10I11S10a5 B2 43 146%9 + N1oT12S10005 B2 143 6 X9
+NioIl10582f1014316X9 + NioIlias Bafromsusxs + NioIlaas Bafiomsiexo
+NioIl206 82110443 16 X9
By = N1oI12S9S10 821013106 — SoS10ftomapiaiteitio — TI3S10fi0m3 2 t10%9
—S10fioma i3 tesiti0x9 — T3S9S10f10M3 121010
+N1oIl1Soasfromapsits + NioT12S10B2f1014316%9 + NioTlyS100ts a2 143460
+NioIliasfiopamsitexs + Niolliosfloma s iteXo
+N1oIT1S100t5 82 fr0 13 146X + N1oTT2S1005 B2f10/43 L6 X9
B() = N10H1810a5f10,u2u3u6x9 > 0, forall X9 > 0.

(A6)

The existence of a positive value, x, for Q; (x10) can be justified as follows:

Note that Q;(0) = By > 0. Due to the continuity of Q (x10), we have lim,,,—, 0 Q1 (x19) = —00
since B4 < 0. Hence, there exists a positive value for x1¢, say, x], such that Q; (x};) = 0.

Using Equation (25) along with x7, just obtained above, we get

Qa(x9) = E4X3 + E3x3 + szg + Ejx9 + Eg = 0, (A7)
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with

E4

E;

E;

Ey

. O. MULENGA CHIMBOLA ET AL.

Table A1. Range of parameters for sensitivity analy-

sis for the MIM.

Parameter Range Units

K 0.11-0.39 day™!

K> 0.0154-0.0193 day™!

K3 0.013-0.054 day™’

O 100-500 cellmm~3
Oxs 0.002-0.069

X1 200-650 cellmm—3
X2max 10%-5.1 x 10° virions mm~3
s 0.1-0.3 day™’
Uxs 0.001-0.067 ml day~’
Py 0.2-0.5 day™!
oy 0.45-0.65 day™!
Ny, 100-1000 virions cell ™

= —Biuo(x}y + S10) (M4M5 + (1o + 69)m41'14) <0,

—T14S9S10B1m4pt9 — T4S10B1foapte — TySiocomapiy o
—S9S1081atts by + NoTly B Laptsxy,

—T14S9 Bimaproxiy — S10B1foltatts Lo

—TyBrfomapnoxty — TacomyfirproxTy — SoP1apisflox]y
+2NoIT 051 jhapusxyy + 2No Il o B1 fuafsxiy — TaSoBrcomapioxy
+2No I S105 B1tapts — T14SeS10B1comy sty

= NoIT1SoB11apsxty — MaSiofomasii it — SoS10/114/L5 Lo
—T14Somy 1 proxiy — Stofort1 hafhsthe

—Tyfornapuy jroxTy — Sofb1ibafisitoX]y — fofb1iads hoX],
—T14S9S10comapur vy — TgSoS10mapny iy

—S9S10B1fottattsite + NoTly B1fopuapnsxiy, — TaSoB1fornapuoxy,
+NoIl a5 ey phapesxyy + Nollias et haptsxyy

—T14Socomyjur poxyy — SoBrfortapisitoxyy + Noll1SoS1081matts
+NoIT1S10B1fortais — M4SeS10B1fomape

+NoIT; S1oas o1 fLapes + 2No Ty Syoars B forapes + 2No Ty Sots B1 fafisxyy
+2NoIT a5 B1foprapesxyy + 2No Il ots B1foaptsxyy

= NoIl11S9S10B1fottatts — SoStofor1muspisite — TgSofomypu poxy,
—SofoiL1paptsiLoxyy — T4SoS1ofomasi1 pho

+NoITySioasforur Lapts + NoIl1SoBforrapnsxty + NolliSoas ity puainsxy,
+NoTTyasfopu1 paftsxiy + NoTliasfo ey plapesxty + 2NoTT1 Soos B1foLaptsxy
= NoIlySoasfopr1 papsxyy > 0.

E3 = NolIl1S10B1/0ait5 — Stopt1fhafis e — Tlamapnr oxTy — p1pbapispboxyy — MaSiomapi pio

(A8)

Analogously, arguing as before, we can establish the existence of a positive value of x9, say, x§
satisfying Q2 (x5) = 0.
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Table A2. Range of parameters for sensitivity analysis for the MAM.

Parameter Range Units

Nog 100-1000 virions cell~!
N1o 100-1000 virions cell ™’
Iy 103—-10* cellml~" day™!
I, 70 x 103—4.275 x 10° cellml~" day™!
I3 102-10° cellml~" day™!
I, 104—3 x 10* cellml~" day™"
ry 0.045—0.055 cells virion~" day~"
d3 547 x 107°—=1.09 x 10~* ml cell~! day~!
ms 547 x 107°-1.09 x 10™* ml cell~! day~!
my 10~7-10° ml cell=" day~!
as 1072—15x 1074

o 14 % 1072-5.5 x 1072

So 2% 10°=5 x 10° virions m|~"
S10 10°—3 x 10° virions m|~"
B 24 x1078-25x%x 1077 ml virion~" day~"
B2 475 % 107°—4.75 x 1077 ml virion~" day~"
o 2-5 day~!

1o 0.45-0.65 day™!
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